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Abstract. W   B--C       -
        . U  
   . T          -
  -        
 ,             
    . T B--C       B
 ,            -
       . T        
         - . W 
 B--C    -   ,     
- . A         G
             
-    -      
,         .

Key words. M-  , C- , O
, H .

AMS subject classications. 90C11, 90C15, 90C57, 90C90.

1. Introduction. M       
-        . H,
      (.., )  
    50, , .., [C  ., 1958, P, 1970]. I  -
   ,     (-) 
        ;    -
   α,           
              
        1 − α. T  
            ,   
         α. T     
 chance-constrained mathematical programming     [C
 ., 1958].

W   ,  -    
 

(CCP) cx : P(x  Cx(w)) ≥ 1− α, x  X,

 w    , Cx(w)          w
(    ),  X        

∗S    S 21, 2016.
†D  M  I E, P M́, M́,

Q́, C (.@.).
‡D  I ’E E  ’I, U  B,
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B, I (.@.).
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 [P, 1970]. W    Cx     ,
 w, Cx(w)       x  ;    
      . A     
    Cx(w)         P(x  Cx(w)) 
         ,     
  x  Cx(w),    . C- 
       , , .., [T
 ., 2008, W  E, 1993]. T  (CCP)   -
   ,    Cx(w)     
- . T        
          x  Cx(w).

A   (CCP)          recov-
ery mode:   ,  x 6 Cx(w),        
     . T         
     x  Cx(w),         
 1−α,            
         . T  
   L  . [2014],           
. I    ϕ(x,w)      
,   ϕ̄(x, w)       ,
    :

cx + P(x  Cx(w))E[ϕ(x, w)x  Cx(w)] +

P(x 6 Cx(w))E[ϕ̄(x,w)x 6 Cx(w)] :(CCPR-OBJ)

P(x  Cx(w)) ≥ 1− α, x  X

F ,            
 ,           
       ,       . I
 ,           
  - ,        
    . T       
E (CCPR-OBJ)    (CCP),     .

I     -       
    ,         
   (CCP), .., [C  C, 1963, L, 2012]. A
              
   Cx(w). U    ,   
    (CCPR-OBJ). I ,  

(A1)   ,   Ω,    ,    Ω =
wi : i = 1,    , k.

W           ,  -
,        : , -
              -
    . F,      -
     ,       
          -
  [L  A, 2008]. F  ,   
Ω = wi : i = 1,    , k. T  w1,    , wk    scenarios.
L pi = P(w = wi). W      zi   
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Cx(w
i),   (CCPR-OBJ)     :

 cx+ P(x  Cx(w))E[ϕ(x,w)x  Cx(w)]
P(x 6 Cx(w))E[ϕ̄(x, w)x 6 Cx(w)]

..: x  X
i = 1,    , k zi = 0 ⇔ x  Cx(w

i)k
i=1 pizi ≤ α

i = 1,    , k zi  0, 1

T   ,     :
(A2) ϕ(x, wi) ≥ ϕ̄(x, wi) ∀x  X, i = 1,    , k.

T    x  Cx(w
i),      -

 ϕ(x,wi)          ϕ̄(x, wi). T
   ..,  ϕ      ϕ̄ -
  , ..,   . A (A2)     
    -  [T  A, 2004]. G (A2),
   zi = 0 ⇔ x  Cx(w

i)  zi = 0 ⇒ x  Cx(w
i). T  

        ,  n    
x  (CCPR-OBJ);    x      ,
 xn+i  xn+k+i   i = 1,    , k,   c    
  (p1,    , pk). T,         Cx(w

i)
   xn+i ≤ ϕ((x1,    , xn), w

i), xn+k+i ≤ 0,   
 C̄x(w

i) := x  Rn+2k : xn+i ≤ 0, xn+k+i ≤ ϕ̄((x1,    , xn), w
i). I   

   (CCPR-OBJ)     :

(CCPR)

 cx
..: x  X

i = 1,    , k zi = 0 ⇒ x  Cx(w
i)

i = 1,    , k zi = 1 ⇒ x  C̄x(w
i)k

i=1 pizi ≤ α
i = 1,    , k zi  0, 1,

   x, c  (CCPR-OBJ)       n  
x  c .

O           
 (CCPR),    . P,

(A3)   Cx(w
i)’  C̄x(w

i)’     .
T            
   Cx(w

i)  C̄x(w
i),      zi   wi  -

/     -M . A
(A3)           -
          Cx(w

i), C̄x(w
i), i = 1,    , k,

     (CCPR)         
      ,           
   ( [J, 1987]).

U,         - -
       ,  , 
            
 ,        (, .., [B  .,
2015]). H,          
    . T       , 
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   /       . T, 
B--C  [P  R, 1991]      

x,zcx : x  X, z  0, 1k,k
i=1 pizi ≤ α. T      -

. W       x̂     
 (CCPR),       Cx(w

i)  C̄x(w
i),    -

    . T        . T
       (CCPR),      
     [L, 2014, L  ., 2014]. H,  
               
  . W          
      - , .., [S  ., 2014,
G  ., 2014],       , ,  -
      . T    
-     B  [G, 1972],
        /    
    ;   ,       
      , - (.., -)
        .

I          Cx(w
i), C̄x(w

i)  
,      B--C . T 
           [D 
G, 1986]    ,      B 
 G [1972],      . O   
      B :    ,
             
    ,     . T   -
             -  [B
 B, 2011, C  ., 2012, K, 1998]. W   -
           
   V--R (, .., [MN  ., 2015]),   
       10-    G,    
  - . I ,     -
            Cx(w

i), 
  B--C       ,  
     . C    
           B  B
[2011]  ,          .
W             
(CCP)      (CCPR)       
 . H,         
 .

T      . F,    B-
-C      (CCPR),     
(CCP),         . D  -
 ,       L  . [2014]  
:  (A2)  L  . [2014]  L [2014],  -
    ,         
 ,   (B2)  L  . [2014],   -
      ,  . O   , L
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 . [2014]    (A2)    ,      
            , 
[L  ., 2014, S. 2.2.2];          
,    (A2)        
,       . S,    
           B 
      ,       -
 B . T,       
    ,      
          .

T     . S 2    -
    B--C ,   -
   . S 3       
 . S 4       -
          ,  
  . F,      S 5.

2. Decomposition algorithm for (CCPR). U  (A1)-(A3),
   S 1        
(CCPR)   . W       
 ,            
 ,       .

I   ,    x     (CCPR),  yi 
    wi,  ȳi      wi (..,
        C̄x(w

i)),   z    
  zi = 0 ⇒ x  Cx(w

i), zi = 1 ⇒ x  C̄x(w
i). L X = x : Ax ≤ b,

Cx(w
i) = x : ∃yi Aix + Hiyi ≤ bi, C̄x(w

i) = x : ∃ȳi Āix + H̄iyi ≤ b̄i. H
   ,      X   
            
 ,          
 . T, (CCPR)     :

(1)

 cx
..: Ax ≤ b

A1x + H1y1 ≤ b1 +M1z1
Ā1x + H̄1ȳ1 ≤ b̄1 + M̄1(1− z1)
...

. . .
...

Akx + Hkyk ≤ bk +Mkzk
Ākx + H̄kȳk ≤ b̄k + M̄k(1− zk)

p1z1 +    + pkzk ≤ α
z1    zk,  0, 1

I  , M i            
    Aix+Hiyi  zi = 1,  M̄ i      
   Āix + H̄iȳi  zi = 0;      
   (A2). T   

k
i=1 pizi ≤ α 

          α. T -
 (1)   -         
     ,   - -
   . O   S 1   (CCPR-OBJ)
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     ,     -  x  .
P (1)   mixed-integer linear programming  (MILP)  
   B  ,      , ..,
 L  . [2014]  (CCPR),  L [2014]  (CCP).

T           
,   Cx(w

i) = x : ∃yi gij(x, y
i) ≤ 0, j = 1,    ,mi,  C̄x(w

i) =

x : ∃ȳi ḡij(x, ȳ
i) ≤ 0, j = 1,    , m̄i. F  i,     

gi(x, yi) = (gi1(x, y
i),    , gimi

(x, yi))T , ḡi(x, yi) = (ḡi1(x, ȳ
i),    , ḡim̄i

(x, ȳi))T . F
        X = x : Ax ≤ b,    
          X    
,    ,  . I   Cx(w

i) 
   ,     MINLP   (CCP)  :

(2)

 cx
..: Ax ≤ b

g1(x, y1) ≤ M1z1
ḡ1(x, ȳ1) ≤ M̄1(1− z1)
...

. . .
...

gk(x, yk) ≤ Mkzk
ḡk(x, ȳk) ≤ M̄k(1− zk)

p1z1 +    + pkzk ≤ α
z1    zk,  0, 1

A   gij , ḡ
i
j  , (2)    MINLP     

    .

2.1. Overview of the approach. S   MINLP  (2) 
 ,          
master problem     x  X,  2k  ,
            , 
- . L Cx,y(w

i)        
,   Cx(w

i) = PxCx,y(w
i). S, x̂     i  x̂ 

Cx(w
i). S,    Cx,y(w

i)       
,   C̄x(w

i) = PxC̄x,y(w
i). S Cx(w

i), C̄x(w
i)   

,          Cx(w
i)’,    

   C̄x(w
i)’.

T           ,   
           ,  
 . T    B     (2). I
   (1),             
 B . I    (2),     B
. T         ,  
  B     :     
 S 2.2;     B  [G,
1972]    S 2.4.

I     B    (2),   
B--C    L [2014],      -
     (1)   (2). H,     -
   ,      B :  
      () ,   B  C 
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 B        . T  
      ,     z. A
        A 1.

Algorithm 1 Decomposition Algorithm

1: D      

(3)

 cx
..: Ax ≤ bk

i=1 pizi ≤ α
z  0, 1k





2: repeat
3: P B  B  (3)
4: A        (x̂, ẑ), ẑ  0, 1k,   :
5: for i = 1,    , k do
6: for ẑi = 0  x̂ 6 Cx(w

i) do
7:  x̂  Cx(w

i)    γx ≤ βi

8:   γx ≤ βi +Mzi     (3)
9: end for

10: for ẑi = 1  x̂ 6 C̄x(w
i) do

11:  x̂  C̄x(w
i)    γx ≤ βi

12:   γx ≤ βi +M(1− zi)     (3)
13: end for
14: end for
15: I (x̂, ẑ)   ,   ( ).
16: until      

I                Cx(w
i)

          ,  -
     . W       nonlinear
        7  A 1,   
  B  [G, 1972]. H,  
   ,         
   z   L [2014]. W     
S 2.4      ,        z
    S 4.1;         
  .

A 1      LP/NLP-BB   A
 . [2010]   H   B  . [2008],    
     B--C    
           .
H,    :    B  . [2008],
A  . [2010]    (2)        
      ,  NLP   
      . I    A 1,
              
 yi     ȳi. T,       
   (2),       (z  x)  
    . I         
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x2

Cx,y(w)

x̂ProjxCx,y(w)

y

x1

arg min
(x,y)Cx,y(w)

‖(x̂, 0)− (x, y)‖x

Fig. 1. Separating hyperplane.

        .

2.2. Separation algorithm. I       
  7  A 1      , ..,   .
T      11. F   ,    -
  w    Cx,y, Cx       
  w, ..,  . T,     i,   

(4) Cx,y = (x, y) : gj(x, y) ≤ 0, j = 1,    , d

 gj(x, y)     j. (N    i,  (4)  
 Cx,y(w

i) = (x, yi) : gij(x, yi) ≤ 0, j = 1,    ,mi, .., d = mi.) G  
    x̂,      :    ŷ 
 (x̂, ŷ)  Cx,y? I  ŷ   ,      :
       .

N       x  . F  , 
        x . O      
  B  [G, 1972]. H    
          ;
      B   S 2.4.

D  

(PROJ) 
(x,y)∈Cx,y

1

2
‖x− x̂‖2x,

  ‖ · ‖x    E    x  . I x̂ 6 Cx, 
   (PROJ)      0.

Theorem 1. Let Cx,y be a closed set such that Cx = ProjxCx,y is convex, and
x̂ 6 Cx. Let (x̄, ȳ) be the optimal solution to (PROJ), `∗ > 0 the optimal objective
function value. Then, the hyperplane

(x̂− x̄)T (x− x̄) ≤ 0
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separates x̂ from Cx. This hyperplane is the deepest valid cut that separates x̂ from
Cx, if depth is computed in `2-norm.

Proof. P. B Cx,y  , Cx  ,    .
T,      v   ‖v − x̂‖   v  Cx. B
  (PROJ), v = x̄. T,       (, ..,
[B, 1999, P. B.11 ()])  

(x̂− x̄)T (x− x̄) ≤ 0 ∀x  Cx

H,      Cx,    x̂  ‖x̂− x̄‖2 = `∗ > 0
 . T        ,   x(x̂, x̄) = 2`∗.
A    x̂    2`∗  E     x 
  x̄ ,  .

A       T 1     F. 1. I  
     T 1    . O
    D  G [1986]     
     -   [B  ., 2008,
2009, F  L, 1994]. O        
         ,      
     . I  ,       
   projection      - ,     
     :   ,    
       - ,   
              
   .

T    T 1   Cx,y      :
       ( P. 3     -
        ). H,
          (PROJ),    
  Cx,y:          
 Cx,y. I ,     Cx,y       (-
)   ,        
.

2.3. Termination of the Branch-and-Cut algorithm. W   
A 1,          (x̂−x̄)T (x−
x̄) ≤ 0   T 1,    .

T [K, 1960, S. 2]      G(x) -
      X  ,    x̂  X,   
  y = p(x, x̂)     G(x)      
. G    c,  x̂h        cx̂h =
cxx  Xh, h = 0, 1,    ,  X0 = X  Xh = Xh−1  xp(x, x̂h−1) ≤ 0,
   x̂h         ξ  X 
G(ξ) ≤ 0.

W       .

Theorem 2. Consider a problem of the form

(CCP) cx : P(x  Cx(w)) ≥ 1− α, x  X,
where X is compact, Cx(w) is a closed and convex set for all w = w1,    , wk, and
assumptions (A1)-(A3) are satised. Assume further that we have an algorithm to
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solve (PROJ) to optimality. Then, given any εc > 0, if an optimal solution x∗ to
(CCP) exists, Algorithm 1 nds a solution x̃ with ‖x∗ − x̃‖ ≤ εc after a nite number
of iterations.

Proof. P. B      zi  k < ∞,  B--
B   zi          z .
I     LP      (3)    
(CCPR),         . T,  
      , ..,     
   ,   εc-  (CCPR). N    (x̂, ẑ)
    A 1   ẑ  ,  x̂    
     . H,      
          ẑ,     
 x̂   Cx(w

i) (  εc-)   i   ẑi = 0,  
 C̄x(w

i)   i   ẑi = 1. T       ẑ  0, 1k,
      ,     .
T         L [2014]  Cx,y(w

i)  
,          
  B   ,     . I   
  ,    .

F ,         Cx(w
i)   C̄x(w

i) 
 ,     T 1     
  εc-. T   εc-   
 Cx(w

i)   i   ẑi = 0   C̄x(w
i)   i   ẑ = 1. F

  ,   wi      Cx,y   Cx,  
      Cx(w

i)  C̄x(w
i).

W       T [K, 1960, S. 2]  .
L X           ,   G(x) =
x̃∈Cx

‖x − x̃‖, ..,         Cx. T,
G(x)  . B ,     G(x)      X,
,     G(x),    . W  G(x) = 0 ⇔ x  Cx,
G(x) > 0 ⇔ x  Cx. G x̂  X, x̂  Cx,  x̄ = x̃∈Cx

‖x̂ − x̃‖,  
G(x̂) = ‖x̂− x̄‖. A   y = p(x, x̂)  G(x)  x̂ 

y = G(x̂) +TG(x̂)(x− x̂) = ‖x̂− x̄‖+ (x̂− x̄)

‖x̂− x̄‖ (x− x̂)

T,  x̂ = x̄+ x̂− x̄,   p(x, x̂) ≤ 0  

(x̂− x̄)(x− x̄) ≤ 0,

        ()  x̂. B T [K,
1960, S. 2],       x̂h     ξ  X, G(ξ) ≤ 0,
.., ξ  Cx. B   ,   εc,     v 
  v , ‖x̂− ξ‖ ≤ εc. T   .

2.4. Comparison with generalized Benders cuts. T  
          B-
  [G, 1972],        
   ,        (2). H  
     -    , 
   S 1. T   G [1972]     -
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        ,  ,   
         . I  
          
     , ,   

L(x,λ) = 
y∈Cx,y

λT g(x, y)

      x  X,λ  Rm,λ ≥ 0. I     
          . T    
  ,          x 
y (, .., [B, 1983, F̧  L, 1982]),       
       y   x. E    
,   :     G [1972]    
B      ,        
g(x, y). I  g(x, y)  ,         
      . T    
   ,       
       -    , 
   [G̈̈  P, 2001]. O ,    
  B :           .

Proposition 3. Assume that constraint qualication conditions are met, and let
(x̄, ȳ) be the optimal solution to (PROJ), µ be the corresponding KKT multipliers.
Then, the cut

(x̂− x̄)T (x− x̄) ≤ 0

is the linearization of a generalized Benders cut obtained from x̂ with multipliers µ.

Proof. P. A  B     L(x,λ) ≤ 0,  L(x,λ) =
y∈Cx,y

λT g(x, y)  λ       y∈Cx,y
λT g(x̂, y) > 0;

 [G, 1972]. B ,  
(

j∈I µjgj(x̄, ȳ)
)
((x, y) −

(x̄, ȳ)) = (x̂−x̄)T (x−x̄) ≤ 0   


j∈I µjgj(x, y)  (x̄, ȳ), 


j∈I µjgj(x, y) ≥
(x̂ − x̄)T (x − x̄)   (x, y)  Cx,y   -    .
I  


y

∑

j∈I

µjgj(x̂, y) ≥ (x̂− x̄)T (x̂− x̄) = `∗ > 0

T     µ     B . F-
,


j∈I µjgj(x̄, y) ≥ (x̂ − x̄)T (x̄ − x̄) = 0   y, 


j∈I µjgj(x̄, ȳ) = 0

  ,  ȳ = y


j∈I µjgj(x̄, y). I  

(x̂− x̄)T (x− x̄)      L(x, µ)    x̄.

T          B
   :        gj  
   B ,      Cx   -
    B . [A  ., 2010, S. 3.1]  
         
 ,         .

I             -
    B ,      -
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. I ,  λ ≥ 0           
  B , .., y∈Cx,y

λT g(x̂, y) > 0. S  
y∈Cx,y

λT g(x̂, y) ≤ 0  ,       . T
  G [1972]     λ ,     -
   ,         
 . T  , A  . [2010]     , 
       ECP  [W  ., 1998]  
    ,         
 NLP     . N    ,   
 y   ,      NLP    
    . F,        
     Cx,y        
Cx,          .

I ,          
      Cx,y   ,     B 
      . T      
            
,            (
F  . [2010]). T       
        ,   
    B        ,
         , ..,      
   B .

3. (CCP) for mid-term hydro scheduling. W    -
   -   S 2    
    . O      (CCP),   
   (CCPR).

A           
             .
H         , 
,       :      
    ,          , .., 
    .

T -          -
      . T  ,    
    ,    ,    
     . A    
             
     ,       
   . M        -
, .., [C  ., 1990]. M ,     
       ,   [B  B,
2011, C  ., 2012, K, 1998]. W       
  -    -   -
,           , ..,
[ A, 2014, W  ., 2012]. E      , -
          ,
    [T  ., 2015, S. 4.4].

T          :   n -
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,      . T      
       . O      - -
 ,  ,           ,
      ,       . T
            , 
         . I   ,  
            . A 
       t    t + 1,     
   ,     . T  
       , :    ,
      .

3.1. Choice of the objective function. W     
   ,          -
(..,  ) :         
     . C,      
,    ,          
  t > 1.

I              
  -    , ..,    w. T,  
       ,     
     . W      
       - . O   
    :         
- V--R [MN  ., 2015],      
  -    . I ,  0 ≤ α < 1, 
       α-   . W  
    V--R.

L ϕ(x, wi)          wi  -
  x;    x  wi,    ϕ(x, wi)   
     . D    ϕx : Ω →
R, ϕx(w) = ϕ(x,w). S ϕx        ,  
   Lx = −ϕx. T α-V--R   

VRα(Lx) = `  R : P(Lx > `) ≤ 1− α

I        


x

VR1−α(Lx) = 
x

q  R : P(ϕx ≥ q) ≥ 1− α = 
x

Qα(ϕx),

 Qα   α-. I  ,     , ..,
  α-   ,      (1−α)-V-
-R   . W         
             
     (..,     ),   
         .

3.2. Optimization model. W   -   
T  (  t = 1,    , T ),      1 
 ,        . W
         ,   
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            , 
      . O    
             
. E          
 ,   ,       . T
 n   ,   h = 1,    , n. W   xth   
    t   h,   wth     
h       (w0h        ).
P fth        t   h. T 
   h          
   gh(w, x). E   ,   eth   t
  h,     ;        
 ,       ,     
πt(·)              t, ,
et =

n
h=1 eth. I   ,     

        :



T∑

t=1

πt(et)et(5)

..:w(t−1)h − xth + fth ≥ wth t = 1,    , T, h = 1,    , n(5)

0 ≤ xth ≤ uth t = 1,    , T, h = 1,    , n(5)

qth ≤ wth ≤ Qth t = 1,    , T, h = 1,    , n(5)

eth ≤ gh(wth, xth) t = 1,    , T, h = 1,    , n(5)

dt ≤ et ≤ mt t = 1,    , T(5)

et =

n∑

h=1

eth t = 1,    , T (5)

T   (5)        
. C (5)         
  :        
(),    . C (5)  (5)    
              
  , . C (5)      
          h. F, (5) 
          . N  
      gh  .

T  , B  B [2011]     -
         . T -
         (..,  ), 
           -
,     [B  B, 2011]      
             
. W     B  B [2011]. T   
,              
, ..,   . A          
 ,        ,   
    . T         , 
       k.



NONLINEAR CHANCE-CONSTRAINED PROBLEMS APPL. TO HYDRO SCHEDULING15

3.3. Decomposition. W        
k  . E   i    xi

ht,
       (5) – (5). I ,      
              
 ψ   ,      :

(6) ψ ≤
T∑

t=1

πi
t(et)et i = 1,    , k

H,             (
     ,     ψ)     (5)
– (5)       ,       
     ψ. S        
           
 1− α,       α-   .

F B  B [2011],        -
   1k (       
  ),        
    k − p   ,  p = bαkc. N-
      ,     t, 
   t             t. G
   i  r,  τ(i, r)        
      i  r     . W  
     (     )  
 MILP:

ψ(7)

..:
∑

i=1,...,k

zi ≤ p,(7)

xi
th = xr

th,i = 1,    , k − 1, r = i+ 1,    , k, t ≤ τ(i, r), h = 1,    , n(7)

0 ≤ xi
th ≤ utht = 1,    , T − 1, i = 1,    , k, h = 1,    , n(7)

zi  0, 1,i = 1,    , k(7)

 (7)     ,  (7)  -
,  (7)        . W 
         (7),     
   x           , 
  . T        
 .

3.3.1. Electricity generation function. T     -
             
vh(w, x)          w   h. W 
           ,   
            
     θt. H,   

(8) gh(wth, xth) = vh(wth, xthθt)θt

S           vh(w, x),
 .., [B  ., 2001, S  ., 1998, C  C, 1998]. T
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            
 .

T           
 ,  vh = ρ(xθt)

2 + νxθt + σ,       ρ, ν, 
σ,  ,       - .
T        ,       
  ,       w (, .., [R́  ., 1996]). I
      ,       ρ, ν, σ 
      w [S  ., 1998],    
 

(9) vh(w, x) = (w + η)(ρ(xθt)
2 + νxθt + σ),

 η         .

3.3.2. Demand and price function. O     
       ;       
    ,      , ..,  -
          . W   
   - :       
  () -   B  B [2011]. A 
              
  ,   B  B [2011]. H,  
        . I  , 
            -
   ,          :
     S 4.3. W        
    .

• U   - ,  -   
(5)         ,   ( 
et =

n
h=1 eth)

(10) πt(et)et = (π1tet + π0t)et

• U   -    ,  - -
   (5)   

πt(et)et ≤ π1tett = 1,    , T(11)

πt(et)et ≤ π2tet + (π1t − π2t)m1tytt = 1,    , T(11)

et ≤ m1tyt +m2t(1− yt)t = 1,    , T(11)

yt  0, 1,t = 1,    , T(11)

 m1t             π1t 
 t, m2t (> m1t)    ()     
    π2t (< π1t)   t,  yt     
       ≤ m1t (yt = 1)  > m1t (yt = 0).

3.4. Data. T        
       B  B [2011],    
   10     G  , 
    2720 MW. A  [B  B, 2011],   
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    12 . T       
  G     ,     
   ,        :     
  O,      N  F,   
  M  S. I      
  ;      [B  B, 2011]  . T
    ,   ;    
90      5     3 
     ,  3     2 
     .

4. Computational experiments. I       
     B--C    -
 - ,       .
W          S. 3    -
       S 3.3.2,    
       (10);       
          ,  
          MINLP (2)  
-    MINLP. S,  S 4.3  
           -
 (11)-(11),           
        . T   
  :    ,       
     ;    ,     
    -   ,   
        ,    -
      .

4.1. Implementation details. W   B--C 
  IBM ILOG CPLEX 12.6 MILP ,     
 IPOPT 3.12      BONMIN. I  ,
CPLEX        ,    
  -           
 .

W   ,      (PROJ)  
 i    zi = 0, ..,     
 . P (PROJ)     IPOPT. I    
 (PROJ)        j,  ,  
  x̂      j,     () 
 γx ≤ βj  x̂       j,    S
2.2.

T,             -
 :
big M T            γx ≤ βj +Mzj .

W      M  : M =


l:γl>0 γlul−βj , 
l      x      ul    
    ;

lifted T          zi  -
   , .., i 6= j,    L [2014].

I   ,   i      βi  
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      wi,    

(12) βi = γxx  X  Cx(w
i)

A  βi , i = 1,    , k,    - ,  
  p+1  ( p = bαkc),       
( [L, 2014, L 1]):

(13) γx+ (βi − βp+1)zi ≤ βi, i = 1,    , p

F     ,       (
[A̈  ., 2000]). T    ,     T =
t1, t2,    , tl  1,    , p,       ,  βtl+1

=
βp+1 ( [L, 2014]   ):

(14) γx+

l∑

i=1

(βti − βti+1
))zi ≤ βt1 

S    (14)    ,     .
S             .
H,         z ,   
    (x̂, z)     (13)    
ti      zti = 0. T,      
 (13).

N   –     –   C̄x(w
i)  

      B--C ,    
    i    zi = 0,     
   (PROJ)    : ,   
  zi = 0  ,         
. I         
     :
sepAll S         i  -

  zi = 0;
sepGroup S    ,     

            
 (..,           
). S        ,  
  i       zi = 0  .

T   sepGroup          -
      ,         
          . W   -
         . H, 
   ,        . N:
sep1 S           i

   zi = 0  .
sepFrac W            

  .
B sep1  sepFrac      :   
     , ,         ,
     CPU         
,          .
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Nodes Time
B&C algorithm B&B Sep. CPU [s] % NLP NLP solved Added cuts
sepAll-bigM 30.4 4.2 121.1 99.5 8,228.0 1,384.2
sepGroup-bigM 28.9 4.0 154.5 99.5 10,504.2 1,346.9
sepAll-lifted 10.3 2.7 1,251.1 100.0 (8,309.6) 102,529.3 1,409.1
sepGroup-lifted 13.3 2.7 1,098.2 100.0 (9,829.5) 87,653.6 1,188.3

Table 1
Performance summary for the four main variants of the B&C algorithm.

C   MINLP (2),     BONMIN,  IPOPT
3.12    . F     MINLP  
 /    z ,     
  M       x      
           .

4.2. Computational performance with linear price function. T 
 B  B [2011]  10      
90  . F  ,   5  
         1, 2, 5, 7, 10. F  ,
       :      
α   α = 05    01   α = 01 ( 
          1 − α). I 
        S 4.4  
   α = 005,           
 . M,  5  10      α,  
      30, 48, 60  72 . W 
 65    . A      
         I X E3-1220 
  3.10 GH  8 GB RAM.

I T 1            
   B--C        -
  sepAll  sepGroup   bigM  lifted   
    . M ,       
   B--B  ( ),   B--
B       ( ),   
          (  
 ),      ( ),  
      ( ). F  bigM ,  
 NLP             .
F  lifted ,           
              
(    ),     NLP   
NLP    .

A    B&C         2 
    . T sepAll-bigM      
,       . T 1      B-
-B       ( 30),     
     NLP ( , 8,228 NLP  ). M  
         B--C  (-
 3/4  ). W        
    . I     ,   -
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          - 
         . O  
 -       z ,    
        B--B . T -
          (7)-(7)    
      ,    
        ,     
 . R  sepGroup-bigM  ,      
  NLP ,       .

C  lifted ,       γx ≤ βi   
 i,           
  NLP. T         
            
 bigM . T 1       :    
B--B   ,       
  . A  , sepAll-lifted  sepGroup-lifted 
  NLP   CPU   . T  
              
 :      (12)     i 
   γx,           γ
    (..,   )   i. H,
         . T  
           
      [Q  ., 2014],   -
    .

T    BONMIN’ NLP- B--B
,     MINLP (2),      65 
. T    BONMIN    10 . I F 2   
    sepAll-bigM B--C   BONMIN,
     . T B--C     ,
 BONMIN’ B--B       7 . I -
,           
        MINLP (2). B  -
      ,     
   MINLP (2)        ,
,  BONMIN O A ,  BONMIN  -
   FMINT B--C . N    
    MINLP (2),        -
 ;   ,        
    ,       
 .

I T 2            -
,  sepAll-bigM  BONMIN B  B. A 
    90 . T        
   α     . S     -
   B--C ,   T 1. T    
   BONMIN B--B ,    CPU
     B--B . T B--C 
      10  ,       
B--B . I       
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Fig. 2. Performance proles for 65 instances (linear price function).

Branch and Cut BONMIN

B&B Sep. % time NLP Added
Plants α nodes nodes Time (s) NLP solved cuts Time (s) Nodes
1 0.1 31 5 22.3 100.0 2,520 228 155.6 365
1 0.2 9 3 26.5 100.0 3,114 289 2,775.4 14,173
1 0.3 21 4 23.0 99.9 2,799 304 2,291.6 12,955
1 0.4 14 4 20.9 99.9 2,845 327 4,331.8 26,144
1 0.5 16 3 15.7 99.8 2,160 273 3,691.6 22,856
2 0.1 16 5 27.0 99.9 2,844 395 1,836.7 2,606
2 0.2 1 1 16.0 99.7 1,746 339 14,279.8 24,749
2 0.3 31 3 27.1 99.7 2,925 418 14,961.3 29,606
2 0.4 35 4 32.4 99.8 3,514 482 6,326.3 20,554
2 0.5 7 2 8.1 99.8 990 329 7,996.1 27,761
5 0.1 12 2 98.6 99.9 7,887 1,315 2,471.5 3,060
5 0.2 34 5 82.3 99.7 6,720 1,258 5,331.1 6,255
5 0.3 17 3 93.6 99.8 7,676 1,339 13,086.6 17,800
5 0.4 63 7 89.1 99.6 7,380 1,338 9,376.6 11,745
5 0.5 27 5 88.7 99.7 7,427 1,325 8,011.3 10,742
7 0.1 9 3 205.3 99.8 14,883 2,021 9,554.3 7,001
7 0.2 36 3 136.7 99.7 9,977 1,803 7,107.8 6,338
7 0.3 47 6 180.3 99.6 13,201 2,424 5,776.8 4,445
7 0.4 115 6 131.8 99.1 9,052 1,605 16,619.1 13,397
7 0.5 74 9 175.1 99.5 11,783 1,785 7,520.0 6,159
10 0.1 45 7 237.6 99.6 14,375 2,295 4,520.6 2,189
10 0.2 33 4 200.9 99.6 11,822 2,062 9,186.7 4,811
10 0.3 29 5 383.6 99.6 23,904 3,602 14,136.2 6,380
10 0.4 131 9 429.7 99.1 26,668 3,845 13,818.4 7,035
10 0.5 94 8 414.2 99.2 26,280 3,821 T.L. 17,077

Table 2
Comparison between sepAll-bigM and BONMIN Branch and Bound on congurations of 1, 2,

5, 7, and 10 hydroplants and 90 scenarios (linear price function).

   B--C ,      α   
   . S  BONMIN B--B   
        (    
 ). V        1   
.

S      T 3,      
 10  ,     ,   
  . I ,         
    ,    B--C   
BONMIN B--B .
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Branch and Cut BONMIN

B&B Sep. % time NLP Added
# scen. α nodes nodes Time (s) NLP solved cuts Time (s) Nodes
30 0.1 1 1 74.9 99.7 4,506 780 27.2 7
30 0.2 2 2 23.5 99.7 1,470 512 39.7 34
30 0.3 1 1 34.7 99.6 2,171 666 85.0 117
30 0.4 15 3 55.0 99.7 3,396 788 60.1 85
30 0.5 1 1 24.9 99.8 1,425 409 36.0 30
48 0.1 30 3 115.1 99.7 6,643 1,378 868.9 347
48 0.2 29 5 187.3 99.5 11,278 2,121 6,286.4 2,029
48 0.3 38 7 266.5 99.5 16,702 2,642 2,301.4 1,169
48 0.4 14 3 190.4 99.6 11,304 1,615 5,785.1 2,907
48 0.5 19 3 71.0 99.5 4,283 974 52.6 1
60 0.1 1 1 215.4 99.7 12,992 1,956 1,299.7 615
60 0.2 11 3 209.1 99.6 13,091 2,182 1,472.1 891
60 0.3 31 5 377.1 99.4 22,024 3,408 1,111.1 746
60 0.4 106 8 294.9 99.4 18,419 2,659 1,155.8 769
60 0.5 39 6 127.7 99.4 7,923 1,869 406.7 329
72 0.1 3 2 183.8 99.6 11,181 2,399 7,896.0 2,692
72 0.2 29 4 221.9 99.4 13,700 2,698 T.L. 8,575
72 0.3 48 7 284.4 99.5 17,814 2,942 T.L. 11,505
72 0.4 112 8 458.5 99.1 28,658 3,905 T.L. 10,471
72 0.5 161 11 260.1 99.0 16,522 2,844 4,421.3 2,860
90 0.1 45 7 237.6 99.6 14,375 2,295 4,520.6 2,189
90 0.2 33 4 200.9 99.6 11,822 2,062 9,186.7 4,811
90 0.3 29 5 383.6 99.6 23,904 3,602 14,136.2 6,380
90 0.4 131 9 429.7 99.1 26,668 3,845 13,818.4 7,035
90 0.5 94 8 414.2 99.2 26,280 3,821 T.L. 17,077

Table 3
Comparison between sepAll-bigM and BONMIN Branch and Bound on congurations with 10

hydroplants and 30, 48, 60, 72, and 90 scenarios (linear price function).

4.3. Computational performance with step price function. T  
   (11)–(11)   ,   Cx(w

i) 
  (    ). H,   -
  (11)–(11)  ,        
      - . S  
 , .., , . O      
  . F,    B--C     
   -   ,     
. T    B--C ,     -
 ,          
 , ..,   (PROJ). T ,  B--C -
       ,     
. I            
 ,         . N 
             
     ,        
             
 :

• I   ,         t 
         (     
 ),     yt    
    ’ , ..,  ;

• I   ,         
            -
 . T         
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Branch and Cut MINLP

B&B Sep. % time MINLP Added
Plants α nodes nodes Time (s) MINLP solved cuts Time (s) Nodes
1 0.1 17 6 24.0 100.0 2529 208 184.4 262
1 0.2 12 5 54.1 100.0 3780 289 283.0 552
1 0.3 25 7 61.1 99.9 4149 319 1,863.4 7,202
1 0.4 30 7 32.0 100.0 3042 340 13,844.6 50,827
1 0.5 2 2 48.2 99.9 3510 315 1,724.7 6,402
2 0.1 42 6 44.7 99.9 4068 430 11,184.3 14,579
2 0.2 19 6 80.1 99.9 4932 459 t.l. 44,120
2 0.3 28 7 67.6 99.9 6102 544 t.l. 48,410
2 0.4 145 15 80.9 99.8 5424 509 t.l. 43,913
2 0.5 2 2 51.4 100.0 3669 463 2,144.2 3,537
5 0.1 10 4 203.5 100.0 11975 1373 7,272.0 5,097
5 0.2 17 6 171.2 99.9 9612 1314 13,161.5 11,400
5 0.3 33 7 206.8 99.9 12414 1546 t.l. 30,940
5 0.4 74 9 204.5 99.8 9630 1535 t.l. 23,131
5 0.5 43 8 132.0 99.9 6684 1350 3,277.8 3,232
7 0.1 26 5 155.7 99.8 7470 1633 8,531.0 4,400
7 0.2 64 9 301.8 99.9 14972 2076 23,673.6 12,202
7 0.3 61 8 356.8 99.8 15826 2232 t.l. 19,806
7 0.4 46 7 267.6 99.9 12491 2008 9,765.6 7,094
7 0.5 100 13 227.9 99.7 11050 1896 3,731.0 2,572
10 0.1 19 4 266.0 99.8 12165 2144 5,890.2 2,226
10 0.2 56 7 476.0 99.7 20477 2796 t.l. 14,775
10 0.3 113 10 622.2 99.3 29469 4041 t.l. 14,027
10 0.4 340 20 903.3 99.2 35838 4793 t.l. 13,922
10 0.5 106 12 647.9 99.3 25136 3933 t.l. 15,833

Table 4
Comparison between sepAll-bigM and BONMIN Branch and Bound on congurations of 1, 2,

5, 7, and 10 hydroplants and 90 scenarios (step price function).

    ,        
       . N       
     ,      
           
  .

W              -
,            
yt  1  yt > 0       ,  -
   ,      . H,  
    ,       
  ( )     -  
    . R        
 BONMIN B--B     T 4  5. T
    B--C      
 . O ,      395%  
 ,   786%   . BONMIN     -
   ,            
      . T       
F 3. S,          
            
      BONMIN       
 ,            . H,
              
               
   .
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Branch and Cut MINLP

B&B Sep. % time MINLP Added
# scen. α nodes nodes Time (s) MINLP solved cuts Time (s) Nodes
30 0.1 2 2 38.4 100.0 1788 419 272.2 195
30 0.2 10 4 131.1 99.8 3993 1065 218.2 268
30 0.3 21 6 168.8 99.9 4392 1038 2,139.5 3,602
30 0.4 18 4 248.3 99.7 8543 1541 2,713.2 4,137
30 0.5 8 6 109.0 99.9 3300 865 228.1 229
48 0.1 31 5 494.9 99.7 14482 2319 10,709.1 6,724
48 0.2 42 6 396.7 99.6 17485 2625 t.l. 16,838
48 0.3 60 11 679.4 99.5 29203 3747 t.l. 23,453
48 0.4 73 11 422.8 99.5 21396 2753 t.l. 21,517
48 0.5 8 3 105.0 99.8 3143 897 508.7 372
60 0.1 4 3 220.2 99.9 10424 1789 4,508.2 3,000
60 0.2 39 7 475.3 99.7 22994 3588 t.l. 23,961
60 0.3 93 10 708.1 99.4 27992 4096 t.l. 23,582
60 0.4 165 17 660.2 99.3 27661 3696 t.l. 20,994
60 0.5 78 8 132.5 99.8 8515 1631 t.l. 23,648
72 0.1 39 7 311.9 99.8 16260 2884 t.l. 9,584
72 0.2 118 11 663.9 99.4 34044 4450 t.l. 8,920
72 0.3 137 12 814.7 99.4 27280 3881 t.l. 10,680
72 0.4 135 12 701.5 99.5 26291 3466 t.l. 12,087
72 0.5 179 15 655.2 99.3 25632 3844 t.l. 20,070
90 0.1 19 4 266.0 99.8 12165 2144 5,890.2 2,226
90 0.2 56 7 476.0 99.7 20477 2796 t.l. 14,775
90 0.3 113 10 622.2 99.3 29469 4041 t.l. 14,027
90 0.4 340 20 903.3 99.2 35838 4793 t.l. 13,922
90 0.5 106 12 647.9 99.3 25136 3933 t.l. 15,833

Table 5
Comparison between sepAll-bigM and BONMIN Branch and Bound on congurations with 10

hydroplants and 30, 48, 60, 72, and 90 scenarios (step price function).
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Fig. 3. Performance proles for 65 instances (step price function).

4.4. The eect of α on the prot. W    - 
      -    - 
 . T         
,  S. 3.3.2. F 4 ,       (1 
10 ),     (   )   
        α,      90 . T 
         ()    
      ,         
    . O ,      
  α           
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α E[ϕ] σ
0.00 561.0 198.9
0.05 595.3 203.1
0.10 600.3 211.5
0.20 588.3 252.5
0.30 594.0 257.4
0.40 582.6 257.7
0.50 518.7 330.1

Table 6
Expected prot in eM (second column) and standard deviation (third column) for dierent

values of α.
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Fig. 4. Trade-o between prot in eM and level of risk: the x-axis reports the risk level α, and
the y-axis the corresponding objective function value.

1−α,         α. I  , α = 005
       α   .

O            α,  
            
. I,            
:            ,
             -
   (..,        
 ,   (6)  ). F 5    
        10 . W   ,   
    ,         -
       . T  
 α = 0 (   )       
  ,         . A
,             x-  
    α  . I        -
 (α = 005)           -
 (α = 05),       (    ),
α = 05      α = 005. O   ,   
 ,        0.5,   
α = 005  α = 01      α = 05. S 
 α  02, 03, 04     ,      
α = 01        02,  ,   
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Fig. 5. Inverse distribution function of the prot.

    ,   50M    
. T 6           -
       α. W       
    (≤ 005)       
 6.1%       α = 0,    
        . T    
  α = 01,      7%    α = 0. A
          
  ,          .
W α    (α = 05),        ,
      10%      
α = 0.

S,        -
      ,      
     (0.05  0.1),       
 . H,       α,  
         ,  
-        ,   
    .

5. Conclusions. W    B--C     
 -       -
  . T       B  ,
           -
       .

T         
 -           G.
W            
      -    -
      ,   
     .

F   ,       
         ,   
       ≤ 5%,      6.1%
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