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Abstract

This article develops a theory to explain economic development in a neoclassical growth

model. The (co)existence of endogenous labour supply and endogenous lifetime (a¤ected

by public and private expenditures on health) allows to e¤ectively observe multiple de-

velopment scenarios under the assumption of gross substitutability between consumption

and leisure. The initial condition of a macro-economy (history) and expectation-driven

coordination failures (indeterminacy) become alternative explanations of long-term demo-

economic outcomes of nations. The novelty of this study is to link the theoretical literature

on endogenous lifetime and economic growth with the theoretical literature on endogenous

labour supply and indeterminacy by concentrating on the global analysis. The model also

allows to explain the coexistence of least-developed, developing and developed countries

in the same setting.
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1 Introduction

"We should continue to use simple models where they capture enough of the core underlying

structure and incentives that they usefully predict outcomes. When the world we are trying

to explain and improve, however, is not well described by a simple model, we must continue

to improve our frameworks and theories so as to be able to understand complexity and not

simply reject it."
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Beyond Markets and States: Polycentric Governance of Complex Economic Systems

Elinor Ostrom

Nobel Prize Lecture, December 8th, 2009

This is a challenging theoretical study that belongs to three strands of economic literature:

the literature on poverty trap, the literature on health and development and the literature on

local and global (in)determinacy. There are plenty of pieces of research on these issues. Then,

the article begins by discussing the main motivations and the links to the related contributions.

Demographic and macroeconomic outcomes were recognised to be thoroughly correlated in

the process of economic growth and development (de la Croix and Doepke, 2003, 2004; Fogel,

2004; Galor, 2005, 2011; Acemoglu and Johnson, 2007; Hall and Jones, 2007; Weil, 2007;

Lorentzen et al., 2008; Livi-Bacci, 2017; Fiaschi and Fioroni, 2019), and both demographers

and macroeconomists inquiring into the causes of poverty or prosperity of nations are currently

wondering the nature of the causal relationship between demographic and economic variables,

which is often bidirectional.

Since Leibenstein (1957), Becker (1960) and the origin of the new home economics, the

study of the interaction amongst fertility, mortality and income has become a pillar of the

macroeconomic theory, representing also an empirical challenging open question. Including

fertility and mortality as endogenous variables in an economic model has opened the route to

causes for re�ection giving birth to several works with the aim of explaining the demographic

and economic transitions (e.g., Galor andWeil, 1999, 2000; Blackburn and Cipriani, 2002; Galor

and Moav, 2002; Kalemli-Ozcan, 2002; Cervellati and Sunde, 2005, 2011; Galor, 2005, 2011;

Fioroni, 2010), i.e. the long-term process describing the transition from high birth and death

rates to low birth and death rates as a country develops, moving from a pre-industrial to an

industrialised environment. Emphasis was placed on the role the individual state of health can

play on life expectancy and long-term outcomes at the economy-wide level. As was pointed out

by Weil (2007, p. 1265), �People in poor countries are, on average, much less healthy than their

counterparts in rich countries. How much of the gap in income between rich and poor countries

is accounted for by this di¤erence in health?�This and other similar questions are the object

of a growing body of studies aiming at explaining the relationship amongst mortality decline,

economic growth and the historical patterns of the demographic transition (e.g., Ehrlich and

Lui, 1991; Kalemli-Ozcan et al., 2000; Kalemli-Ozcan, 2002, 2008; Cervellati and Sunde, 2005,

2015; Cervellati et al., 2017).

It is widely accepted that adult mortality has a negative impact on economic growth be-

cause the individual (life)time horizon reduces, physical and human capital accumulation reduce

and fertility increases (Lorentzen et al., 2008; Kalemli-Ozcan and Turan, 2011; Kalemli-Ozcan,
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2012; Juhn et al., 2013; Gori et al., 2019a, 2019b).1 In the words of Lorentzen et al. (2008,

pp. 81-82), �Development occurs only if people make provision for the future. If they see no

future, there is no growth.�Improving health conditions, therefore, represents a challenge for

several governments around the world, especially in developing and least-developed countries.

From theoretical grounds, the overlapping generations (OLG) model with production à la Di-

amond (1965) has become a natural basis where studying this issue. Within this framework,

some studies consider life expectancy as an endogenous variable trying to give an answer to

questions related to poverty or prosperity of nations. Endogenous life expectancy may take

the form of (private) choices of individuals about health investments that contribute to im-

prove education, the state of health and labour productivity (Blackburn and Cipriani, 2002;

Chakraborty and Das, 2005). The awareness that comes from being educated improves the

knowledge of the bene�ts of investing in health. The increase in labour productivity favours

the increase in human capital accumulation that in turn allows a reduction in both adult mor-

tality and fertility eventually determining a virtuous circle to escape from poverty. The state of

health of individuals can also be improved by speci�c public interventions (Chakraborty, 2004;

Fanti and Gori, 2014), with the aim of furnishing health services to increase life expectancy,

savings (individuals save more because they live longer) and economic growth. Private and

public health expenditures may also be considered together in the same setting, as private

and public healthcare systems often coexist in several actual economies. There are only a few

studies accounting for both these wings in a general equilibrium context. We recall here the

works of Bhattacharya and Qiao (2007), Varvarigos and Zakaria (2013) and Agénor (2015).

Bhattacharya and Qiao (2007), BQ henceforth, were the �rst to analyse the simultaneous role

of private health expenditure (in terms of resources) and public health expenditure in an OLG

macroeconomic model. The main motivation of their work was to provide a framework where

explaining how the coexistence of these two wings of the health service may cause (long-term)

�uctuations in demo-economic outcomes. In this regard, the authors considered a set up where

private health spending are incurred when individuals are young and the public expenditure

complements the private one in the same period with the purpose of improving the quantity of

life (adult survival), which indirectly provides utility as individuals live longer. Non-monotonic

dynamics occur because the provision of public health services causes two counterbalancing

e¤ects: a reduction in the disposable income of agents (through taxation) that in turn implies

a reduction in saving and capital accumulation, and an increase in private health care that

contributes to increase the health status, life expectancy and capital accumulation.2 Their

1Hazan and Zoabi (2006) criticised this view �nding that increases in health and longevity have not been the

main source of human capital accumulation when countries moved from stagnation to modern growth promoting

the quantity/quality trade-o¤. Recently, however, by combining theoretical and empirical assessments, Fiaschi

and Fioroni (2019, p. 2) found that "Technological progress plays the major role before the mid-nineteenth

century, while adult mortality has a negligible impact; thereafter, the decline in adult mortality and factor

accumulation emerge as the most important sources of growth" of Great Britain during the period 1541-1914.
2This is essentially because of a health technology capturing changes in the elasticity of longevity with respect
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model was used to interpret the di¤erent behaviours of countries such as South Korea (high

performance) and the Philippines (under performance) - as was mentioned in Lucas (1993) -

about the di¤erent economic development trajectories they followed in the last decades though

their conditions were similar at the beginning of the sixties and they came from a reversed

situation. Unfortunately, the model of BQ cannot support the explanation provided by the

authors of this phenomenon. This is because the dynamics of their economy is characterised

by a one-dimensional (uni-modal) map with a unique regular or chaotic attractor. When an

attractor is chaotic, there exist non-regular trajectories related to distinct (but similar) initial

conditions implying �uctuations in the variables get involved. However, this scenario does not

allow explaining the existence of distinct regimes of development as the statistical properties of

the resulting di¤erent time series are the same. This means that if one considers the same set

of parameters and imagines two economies that di¤er regarding their initial conditions, they

will intend to experience the same development scenario though this may happen at di¤erent

dates. In other words, the model of BQ cannot be used to explain the reasons why distinct

economies starting close to each other eventually experience di¤erent levels of real activity and

di¤erent values of life expectancy.3 Later, Varvarigos and Zakaria (2013) modi�ed BQ�s model

by including endogenous fertility. Unlike BQ, they considered that private e¤ort to better

health is incurred by old individuals with the aim of improving the (quality of their) health

status (which directly provides utility) instead of spending on health when they are young to

lengthen their life span (which indirectly provides utility). Their model was capable to provide

an additional interpretation of the demographic transition in a context where initial conditions

(history) matter(s). Finally, Agénor (2015) enriched the setting by adding endogenous labour

supply and using three ingredients that may contribute to determine the long-term outcome of

poor countries. These assumptions are the "interactions between public capital in infrastruc-

ture and health outcomes; the dependence of health in adulthood on health in childhood; and

a cross-generation e¤ect, in the sense of parental health a¤ecting directly the health of their

children, possibly in utero." (Agénor, 2015, p. 124). The third assumption is crucial for the

author to describe an inter-generational health e¤ect that can to characterise a poverty trap

environment in the health variable. In this scenario, Agénor (2015) stressed the importance of

initial conditions for determining long-term outcomes (history matters, again). By assuming an

exogenous longevity,4 the health status of an individual may be improved privately depending

on how much time an agent chooses to spend on its accumulation (health is viewed as a durable

stock). When he came to extend the model by including endogenous longevity, he did not link

to private investments when public investments vary.
3In addition, nonlinear dynamics in their model can be generated only when the public input in the longevity

technology is a convex function of the public health expenditure, so that the returns of public investments are

very large. Indeed, this is quite questionable from an empirical point of view, especially if one wants to explain

the process of economic growth of least developed or developing countries. Di¤erently, the results of the present

work hold when all the functions are concave.
4Agénor assumed exogenous longevity in the �rst part of his work for analytical tractability.
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individual decisions about the labour supply with the individual�s own health status, i.e. agents

did not internalise the e¤ects of their labour/leisure decisions on health outcomes. Then, there

are two critical modelling assumptions in Agénor�s setting. (1) Individuals do not internalise

the implications of their labour supply decisions on their own health status. (2) The dynamics

of the labour supply is sterilised because preferences are represented by a log-utility function.

The present research takes BQ seriously and builds on a theory to e¤ectively explain eco-

nomic development by including endogenous labour supply. This assumption comes from the

strong evidence that health investments a¤ect individual decisions about how much time to

spend at work and investments in longevity (Garthwaite et al., 2013).5 Under gross substi-

tutability between consumption and leisure (de Vilder, 1996; Grandmont et al., 1998), the

present article shows that the complementarity between public and private expenditures on

health is responsible for the existence of di¤erent development regimes. This result is impos-

sible with private expenditure alone as there exists only one stationary state (saddle point) in

that case. Underdevelopment becomes a matter of coordination failures (global indeterminacy)

so that history alone may not be su¢ cient to determine the long-term demo-economic outcome

of an economy. The work enters directly into the debate about history versus expectations as

discussed in the seminal articles of Krugman (1991) and Matsuyama (1991).

Although there exists an important tradition of works dealing with (in)determinacy and/or

(in)stability of stationary equilibria in OLG economies with endogenous labour supply (Caz-

zavillan, 2001; Nourry, 2001; Cazzavillan and Pintus, 2006; Nourry and Venditti, 2006; Sorger,

2018), the existing literature has essentially tackled out these issues from a local perspective

by neglecting the global analysis.6 However, focusing just on the local analysis may not allow

bringing some results out that can be at odds with those emerging through a global study. This

is even more important in models aiming to explain economic development, which is a long-

term phenomenon whose evolution cannot be regarded solely in a neighbourhood of the steady

state (transitional dynamics matter). This article wants to �ll this gap and represents the

�rst attempt of inquiring about long-term demo-economic behaviour by explicitly considering

individual lifetime related to speci�c health investments in the OLG literature with endoge-

nous labour supply. In this setting, economic development can be explained based on two

distinct reasons: history (path dependence) and global indeterminacy (expectations driven).

In the former case, for a given level of public health expenditure, convergence towards either

a low-development regime or a high-development regime is determined by the initial condition

5Other works dealing with labour supply and health expenditure are Hokayem and Ziliak (2014) and French

(2005). See also the survey of Currie and Madrian (1999), where it clearly emerges a strong relationship between

health and labour market outcomes including the supply of labour.
6Two exceptions are the works of Gori and Sodini (2014) and Antoci et al. (2016) that analysed global

(in)determinacy in OLG models with endogenous preferences (habits) and environmental issues (free-access

natural resources), respectively. More recently, Antoci et al. (2019) tackled out this issue in a growth model

with production-induced environmental degradation and maladaptation.
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of the economy (i.e. the stock of capital installed at the very beginning). However, as history

alone cannot always be taken as a reasonable matter of a long-term scenario an economy may

approach with, the model provides an alternative explanation for which setting the initial con-

dition on the state variable (the capital stock) is no more su¢ cient to characterise the long-term

dynamics of the system. This holds for (initial) values of the stock of capital close to (local

indeterminacy) or far away from (global indeterminacy) the stationary state value of K. In

fact, agents can coordinate themselves on di¤erent values of the control variable (labour sup-

ply) leading an economy towards very di¤erent development regimes. These outcomes depend

on both an individual�s own decision and decisions of the others. When there are multiple

equilibria and indeterminacy there may be problems of coordination failures that can be solved

with an element of self-ful�lling prophecy. For a given value of public health spending, if every-

one believes that the economy will approach a low-growth regime where labour supply, capital

stock, private health spending, longevity and welfare are little, then this outcome will occur

despite the existence of a high-growth regime (that Pareto dominates the other one).

Although the approach used here is mainly theoretical, it is also related to the political

debate regarding whether transforming or not the public-based European welfare system (the

public health expenditure is one of the pillars of the welfare state in Europe) to a private-based

one. The welfare state in several European countries is experiencing some concerns. This is

because of the reduction in per capita GDP and the demographic shift leading to observing a

steadily reducing number of young workers and a steadily increasing number of old and healthy

pensioners in these countries. The article contributes to explain how the choices on how much

spending on health determines di¤erent dynamic paths in income, longevity and labour supply

in a macroeconomic setting and stresses the importance of public health investments as a source

of economic development.

The rest of the article is organised as follows. Sections 2 outlines the model and provides

the main analytical results. Section 3 describes the global properties of the map and gives a

detailed description of three di¤erent development scenarios the model can generate. Scenario 1

explains economic development based on initial conditions (history). Scenarios 2 and 3 instead

focus on local and global (in)determinacy as possible theoretical justi�cations for observing

di¤erent development trajectories of economies whose initial values of the state variable are quite

similar (expectations). These last two scenarios are able to provide a reason why an originally

less developed country such as South Korea (experiencing low values of capital accumulation

and longevity) has entered a tremendous growth trajectory leading towards high values of

capital accumulation and longevity, whereas an originally (su¢ ciently) rich country such as

the Philippines (experiencing relatively high values of capital accumulation and longevity) has

moved to a lower level of economic development with low values of capital accumulation and

longevity. Section 4 discusses the main results and Section 5 outlines the conclusions. Appendix

A reports some analytical details of the model. Appendix B augments the model developed in

the main text with young-age consumption and brie�y sketches some outcomes.
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2 The model

The model is developed along the lines of the work of BQ. Consider an OLG closed economy

inhabited by a continuum of rational and identical individuals of measure one per generation.

In every period, three generations are alive, two of which are economically active (Diamond,

1965): the young and the old. Each (economically active) generation overlaps for one period

with the previous generation and then overlaps for one period with the next generation. Time is

discrete and indexed by t = 0; 1; 2; ::: Economic life of the typical agent born at time t is divided

between youth and old age and the length of each period consists of 30 years.7 In the �rst period

of active life (youth), the individual of generation t is endowed with �̀units of time and supplies

the share `t 2 [0; �̀] to �rms in exchange for wage wt per unit of labour. The remaining share
�̀� `t is used for leisure activities. The individual also chooses the amount of resources that
should be allocated between (private) health investments and saving. Material consumption

when young is not a choice variable. This assumption follows a well-established literature that

includes, amongst others, the contributions of Woodford (1984), Reichlin (1986), Galor and

Weil (1996), Grandmont et al. (1998), Bhattacharya and Qiao (2007), Gori and Sodini (2019).

In the second period of life (old age), the individual retires and consumes based on his saving

(capitalised at the expected interest rate that will prevail from time t to time t + 1). The

narrative behind this story is the following. The representative individual in the standard

OLG model à la Diamond (1965), whose (lifetime) preferences are de�ned over consumption

bundles of material goods in two subsequent periods, faces a trade-o¤ between consumption

when young and consumption when old, so that increasing material consumption during youth

(time t) reduces (ceteris paribus) resources for saving and material consumption in the next

period (time t+1). Therefore, competition for resources when young (available working income)

is between consumption and saving. In the present model, choosing consumption when young is

not an economic problem (i.e., the time endowment spent for labour force participation is high

enough to avoid struggle for existence) and competition for resources during youth (available

working income) is between private health expenditure and saving. In addition, the individual

allocates his time endowment �̀ between working and leisure activities. This choice a¤ects his

total labour income (determined by the wage per unit of labour multiplied by the amount

of time spent working) as well as the amount of private health investments and saving that

will in turn represent the basis for determining the consumption bundle when old. Therefore,

the individual trades leisure o¤ for health investment and saving when young and consumption

when old. Ceteris paribus, enjoying leisure today reduces labour income, health investment and

future consumption. Appendix B shows details of the model (individual optimisation problem

and dynamic system) augmented with material consumption when young.

7As a child, an individual does not make economic decisions. He spends time in the parent�s household

by consuming resources directly from him and enters young age with certainty. The length of this period is

conventionally set at 30 years as well.
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An individual survives at the onset of old age with certainty, and he is alive only for a

fraction � 2 (0; 1] of the second period of his lifetime. Then, 1 + � represents a measure of
individual longevity. The probability of surviving when old is endogenous and determined by

the individual state of health. An agent can lengthen his lifetime horizon when old by incurring

private investments in health when young. These investments are accompanied by tax-�nanced

health expenditure. This (toy) structure can adequately describe health systems in several

actual European economies, where both public and private components coexist and the former

component represents a relevant portion of total expenditure on health over per capita GDP

(World Health Statistics, 2015).8 Therefore, population is endogenous because the length of

life of the typical agent when old varies as long as adult mortality varies due to changes in

health spending when young. Therefore, the lifetime of an individual when old depends upon

his health status when young. This health status is augmented by incurring private investments

in health and tax-�nanced public investments in health. The former is represented by private

e¤ort to better health and longevity directly �nanced by individuals, which can reasonably be

represented by �annual diagnostic health screening, opportunity cost of regular exercise, taking

vitamins, nutrients, and other supplements, eating organically grown food, health bene�ts from

quitting unhealthy habits such as smoking, etc.�(Bhattacharya and Qiao, 2007, p. 2520). The

latter ones can be summarised, following Chakraborty (2004, p. 121), by the provision of �clin-

ical facilities, sanitation, inoculation and disease control programs�, or being represented by

policies to promote healthy environments. Therefore, adult mortality can be reduced through

the rise in health spending when young. In this regard, we assume that the survival probability

when old of the typical agent of generation t is determined by �t = �(xt; �t), where � is the

so-called longevity production function, with xt being the private input (private investments

in health) and �t the public input (public investments in health). Unlike BQ, we assume that

these two inputs can generally be viewed as complements irrespective of the size of the private

e¤ort. This is because an increase in public investments in health always acts as an incentive

to increase private investments. In other words, the public expenditure on health increases the

marginal productivity of the private one. This assumption enables to capture the interrelation-

ship between private and public inputs for developed (rather than developing) countries, where

there is no crowding out e¤ects of the public health spending on the private health spending.

It represents a di¤erence with respect to the longevity production function used by BQ, which

is reported here for clarity: �t = b�tx
b�t
t , where b > 0. In that case the elasticity of longevity

with respect to private investments in health depends on public investments in health, and the

expression �00xt;�t = b
2�tx

b�t
t

�
2+b�t ln(xt)

xt

�
is negative for small values of xt. This in turn implies

8In the European Union the ratio of domestic general government health expenditure to total health expen-

diture was almost 79.5 percent in 2016 (in Italy, it reached a peak of 78 per cent in 2010 and then decreased

to 74 per cent in 2016). In the US this ratio was almost 48 per cent until 2013 and sharply raised to slightly

above 80 percent in 2016. In Sub Saharan Africa, it �uctuated around 30-38 per cent from 2000 to 2016

(https://data.worldbank.org/indicator).
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that an increase in public health spending reduces the productivity of the private input to

higher longevity when the private health spending is su¢ ciently low, so that xt and �t are sub-

stitutes in such a case. The formulation of the longevity production function used by BQ may

represent a realistic scenario for least-developed and developing countries, where individuals

earn low wages and cannot allocate adequate private resources for health care, but it does not

capture the e¤ects of health spending on longevity in developed countries. Complementarity

between public and private inputs in the longevity production function means that a marginal

increase in private e¤ort to better health is more e¢ cient as a means of higher longevity when

public investments in health are high (Dow et al., 1999). The present work considers a tech-

nology where both the private and public inputs are complements for every xt. Therefore, an

increase in public health investments always generates an increase in the marginal productiv-

ity of private health investments, that is �00xt;�t(xt; �t) > 0. This is captured by the following

Cobb-Douglas longevity production function:

�(xt; �t) :=
x�t �

1��
t

Z
; (1)

where � 2 (0; 1) is the constant elasticity of longevity with respect to private investments in
health and Z is a positive parameter that will appropriately be �xed to get well-de�ned economic

dynamics (�(xt; �t) 2 (0; 1]).9 We note that Z is a scaling constant that has the same unit of
measurement of xt and �t. The expression in (1) implies that public and private inputs tend to

be complementary in forming the society�s health capital. As an example, one may think about

the bene�cial e¤ects that some health programmes �nanced via public health investments can

play in reducing air or water pollution as well as how they can indeed complement (private)

health support via, for instance, better nutrition or medical screening.

The public input in the longevity production function is determined by public investments

in health per young person at time t, pt, that is �t = �(pt). These services are provided by the

government at a balanced budget by levying labour income taxes at the constant rate 0 � � < 1
(Chakraborty, 2004; Bhattacharya and Qiao, 2007; Fanti and Gori, 2014). Therefore,

pt = �wt`t: (2)

We assume that �(pt) takes the form:

�(pt) := � + p
�
t ; (3)

where 0 < � � 1 is a parameter that weights the intensity of the e¤ects of the public health

expenditure as a means of higher longevity (i.e., � is always an increasing concave function).

9To obtain endogenous �uctuations, BQ assumed that the elasticity of longevity with respect to private

investments depends on public health investments. This elasticity measures how private health spending reacts

to a change in the public component. More importantly, BQ adjusted parameter b to get � < 1 at the steady

state. However, in their model nothing guarantees that longevity remains below unity if the economy lies on a

trajectory that generates either monotonic or complex dynamics.
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The expression in (3) implies that if � = 0, �(0) = � > 0 (i.e., a minimum level of public health

support exists even in the absence of public intervention) and if � > 0, �(pt) > �.

The budget constraint of a young individual of generation t is st + xt = wt`t(1 � �). This
constraint implies that available labour income is divided between saving, st, and private health

expenditure, xt. From (1), (2), (3) and the budget constraint when young, the government takes

resources away from the private sector through a proportional (linear) income taxation uses

the revenue so collected to �nance health services in a non-linear way. Consumption when

old, Ct+1, is constrained by the amount of resources saved when young plus expected interest

accrued from t time to time t + 1, Ct+1 = Ret+1st, where R
e
t+1 is the expected interest factor,

which will be realised at time t + 1. The return to savings when young is used starting from

the end of youth or, alternatively, the beginning of old age. Therefore, the lifetime budget

constraint of an individual of generation t can be written as follows:

Ct+1 = R
e
t+1[wt`t(1� �)� xt]: (4)

By normalising the utility from death to zero, the individual representative of generation t

has preferences (over the lifetime) towards leisure, private health spending and consumption

described by the following Constant Inter-temporal Elasticity of Substitution (CIES) expected

utility function:

U(�̀� `t; xt; Ct+1) =
(�̀� `t)1�

1� 
 + �(xt; �t)

C1��t+1

1� �; (5)

where �(xt; �t) is de�ned in (1), 
 > 0 (
 6= 1) measures the constant elasticity of marginal

utility of leisure and � > 0 measures the constant elasticity of marginal utility of material

consumption. We additionally require that � < 1 to avoid paradoxical e¤ects of longevity on

utility (Rosen, 1988; Hall and Jones, 2007; Gori et al., 2019a). The condition � < 1 also implies

gross substitutability between leisure and consumption, that is �CU 00C=U 0C < 1 (Grandmont et
al., 1998). The general isoelastic speci�cation for the expected utility function in (5) is concave

if and only if � < �, which is assumed to hold throughout the article. Decisions about leisure

and private health spending when young, and decisions about consumption when old determine

saving behaviour of the individual, who takes �t, � , and wt and R
e
t+1 as given. By using (4)

and (5), the optimisation programme can be written as follows:

max
xt;`t

(
(�̀� `t)1�

1� 
 +

x�t �
1��
t

Z

�
Ret+1[wt`t(1� �)� xt]

	1��
1� �

)
; (6)

with 0 � xt � wt`t(1� �); and 0 � `t � �̀. Maximising (6) with respect to `t and xt gives the

�rst order conditions:

x�t �
1��
t fRet+1[wt`t(1� �)� xt]g1��wt(1� �)

Z[wt`t(1� �)� xt]
= (�̀� `t)�
; (7)

xt
`t
=
�wt(1� �)
1 + �� � : (8)
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Eq. (8) implies that the ratio between xt and `t is independent of the interest factor, Ret+1,

but depends on the constant elasticity of the health technology with respect to the private

input, �. By using the implicit function theorem, it follows that (see Appendix A for details):

1) an increase in the wage per unit of labour always increases the labour supply, @`t
@wt

> 0

(i.e., the substitution e¤ect dominates the income e¤ect); an increase in the interest factor

positively a¤ects the return to labour in the current period so that leisure reduces, @`t
@Ret+1

> 0;

an increase in public health investments improves the individual health status and the labour

supply, @`t
@�t
> 0; 2) an increase in the wage per unit of labour makes the individual richer and

increases the resources for private health investments @xt
@wt

> 0; an increase in the interest factor

positively a¤ects the return to private health investments in the current period, @xt
@Ret+1

> 0;

private health investments complement the public ones, that is @xt
@�t
> 0. By using these results

and Eq. (8), it follows that the ratio of private health spending to labour and the ratio of private

health spending to leisure are both increasing functions of the wage rate. In fact, we have that

@(xt
`t
)=@wt =

�(1��)
1+��� > 0 and @( xt

�̀�`t )=@wt =
@xt
@wt
=(�̀� `t) + xt @`t@wt

=(�̀� `t)2 > 0. Therefore, an

increase in the wage rate makes private health investment more important for the welfare of

individuals. In addition, given the individual budget constraint when young st = wt`t(1��)�xt
and the expression in (8) we get @st

@wt
= (1��)(1��)

1+���

h
`t(wt) +

@`t
@wt
wt

i
> 0. Therefore, an increase

in wt generates an increase in the available working income (wt`t(1 � �)) that more than
compensates the increase in private health spending so that saving and consumption increase.

Finally, @st
@Ret+1

= wt(1��)(1��)
1+���

@`t
@Ret+1

> 0. This implies that an increase in the interest factor

increases saving and consumption.

At time t identical and competitive �rms produce a homogeneous good (Yt) by combining

capital (Kt) and labour (Lt) through a Cobb-Douglas production function with constant returns

to scale, that is:

Yt = AF (Kt; Lt) = AK
�
t L

1��
t ; (9)

where A > 0 is a parameter that measures technological progress and 0 < � < 1 is the capital

share. Pro�ts are given by AK�
t L

1��
t �wtLt�RtKt. Then, by assuming that the capital stock

fully depreciates at the end of every period and output is sold at unit price, pro�t maximisation

by the typical �rm that takes factor prices as given implies that the marginal productivity of

labour and the marginal productivity of capital are respectively equal to the wage rate and

the interest factor. Knowing that the temporary equilibrium condition in the labour market is

Lt = `t, we have that:

wt = (1� �)AK�
t `
��
t ; (10)

Rt = �AK
��1
t `1��t : (11)

The market-clearing condition in the capital market is given by the condition Kt+1 = st =

wt`t(1 � �) � xt. Then, by using (2), (3), (7), (8), (10), (11) and knowing that individuals
have perfect foresight, the two-dimensional map characterising the equilibrium dynamics of the

economy is the following:
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M :

8>><>>:
Kt+1 = V1(Kt; `t) := A(1� �)

h
(1��)(1��)
1+���

i
K�
t `
1��
t

`t+1 = V2(Kt; `t) := PK
��[(1��)�+�]

(1��)(1��)
t

`

(1��)�2+(1��)(1��)+��
(1��)(1��)

t

(�̀�`t)



(1��)(1��)
f� + [�A(1� �)K�

t `
1��
t ]�g

��1
(1��)(1��)

;

(12)

where

P :=

�
Z(1 + �� �)(1��)��1+�(1� �)1�(1��)�

��A(1��)�+1+����1��[(1� �)(1� �)](1��)�+�

� 1
(1��)(1��)

: (13)

Compared to the equation of capital accumulation in a standard model with endogenous labour

supply, the extra term in brackets in the �rst equation of (12) is due to the coexistence of

private and public expenditures in health. In fact, if � = � = 0, function V1 boils down to

A(1� �)K�
t `
1��
t .

Given the couple (Kt; `t), it is possible to compute its subsequent iterate if and only if we

start from a point in set:

W1 = f(Kt; `t) 2 R2 : Kt > 0; 0 < `t < �̀g: (14)

Nevertheless, feasible trajectories lie in a set smaller than W1. This is because by starting

from an initial condition in W1 it is possible to have an iterate from which the existence of the

subsequent one is not guaranteed. Then, we introduce the set of feasible trajectories, which is

de�ned as follows:

W2 = f(Kt; `t) 2 R2 :Mn(Kt; `t) 2 W1;8n > 0g; (15)

where Mn(Kt; `t) is the nth iterate of the map applied to point (Kt; `t).

As one of the main objectives of this article is the global analysis of map M , we should

guarantee that � 2 (0; 1] for every iterate by de�ning an appropriate threshold value of Z. From
a mathematical point of view, this procedure would not apply due to the existence of basins of

attraction for which K may take values without bounds. However, from the �rst equation in

(12) we have that:

Kt+1 = A(1��)
�
(1� �)(1� �)
1 + �� �

�
K�
t `
1��
t � d(Kt) := A(1��)

�
(1� �)(1� �)
1 + �� �

�
K�
t
�̀1��; (16)

where the right-hand side of the inequality in (16) gives the accumulation of capital if individuals

entirely allocate their time endowment to labour. Let Kmax be the stationary-state value of

map d. Then, every feasible trajectory (i.e., belonging to set W2) generated by map M is

economically meaningful if K0 < Kmax. Starting from K0 < Kmax then Kt < Kmax for any t.

By substituting Kmax and �̀ for Kt and `t, respectively, in (1) we can de�ne the threshold value

eZ := (�̀�)� �A(1� �)(1� �)(1� �)�
1 + �� �

� �
1��
(
� + (�̀�)�

�
A(1� �)

�
(1� �)(1� �)
1 + �� �

��� �
1��
)1��

;

(17)
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such that �(xt; �t) < 1 holds for every t by letting Z > eZ. In what follows, we will consider
feasible trajectories such that K0 < Kmax.

Regarding the existence of �xed points of map M , we have the following result.

Proposition 1 (a) Map M always admits at least a �xed point in W2. (b) The number of �xed

points is generically odd and it is at most three.

Proof. Fixed points of map M are solutions of the system:(
K = V1(K; `)

` = V2(K; `)
: (18)

From the �rst equation in (18), we have that

K = q(`) :=

�
A(1� �)(1� �)(1� �)

1 + �� �

� 1
1��

`: (19)

By substituting (19) in the second equation of system (18) forK, the stationary-state coordinate

values of ` are solutions of the following equation:

g(`) = 1; (20)

where

g(`) :=
V2(q(`); `)

`
= N`

���
(1��)(1��) (�̀�`)

�

(1��)(1��)

(
� + (`�)�

�
A(1� �)

�
(1� �)(1� �)
1 + �� �

��� �
1��
) ��1

(1��)(1��)

;

(21)

and

N := P

�
1 + �� �

A(1� �)(1� �)(1� �)

� (1��)�+�
(1��)2(1��)

: (22)

Then, lim`!0+ g(`) = 0, lim`!�̀� g(`) = +1 as � < � holds. From the continuity of g it

follows that at least a �xed point always exists. In order to determine the number of �xed

points of map M , we characterise the monotonic intervals of g. For 0 < `t < �̀ we have that

sgn fg0(`)g = sgn fH(`)g, where

H(`) := (�`)� (1 + �� �)
��
��1f[�� (1� �)�� �](�̀� `) + 
`g+ (23)

+ � [A(1� �)(1� �)�(1� �)�]
�

��1
�
(�� �)(�̀� `) + 
`

�
:

By computing H 00(`), there exists at most a point ^̀ 2 (0; �̀) such that H 00(^̀) = 0. Then, H 00

changes sign at most once in the interval (0; �̀) so that H 0 changes sign at most twice. From

lim`!0+ H(`) > 0 and lim`!�̀� H(`) > 0, it follows that H changes sign at most twice in the
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interval (0; �̀) (+, �, +). Therefore, g can have at most two changes in its monotonicity and
the maximum number of �xed points of map M is three.

The study of the expression in H shows that a necessary condition for the existence of

multiple equilibria is

� < � < (1� �)�+ �; (24)

whereas a su¢ cient condition for the existence of a unique equilibrium is

(1� �)�+ � < � < 1: (25)

We recall that � < 1 implies gross substitutability between material consumption and leisure.

Therefore, multiple equilibria can exist only when the degree of substitutability between con-

sumption and leisure is su¢ ciently low (i.e., the degree of complementarity between consump-

tion and labour is su¢ ciently high). This result is con�rmed by 1) the assumption of exogenous

labour supply (i.e. individuals inelastically supply their whole time endowment to �rms)10 and

2) the existence of either young-age material consumption or young-age and old-age material

consumption. In these cases, in fact, the model exhibits one and only one globally asymptot-

ically stable steady-state equilibrium (starting from K0 > 0). Therefore, the more anelastic

the labour supply, the less an increase in the marginal health tax rate of a proportional tax

scheme distorts individual choices about labour and the less the excess burden or deadweight

loss of taxation (if the labour supply were perfectly anelastic there would be no distortion and

no deadweight loss when the marginal tax rate changes). Therefore, the number of �xed points

(i.e., the number of the long-term outcomes) of the economy changes depending on whether

labour is supplied elastically or inelastically to �rms. In the former case, labour is a control

variable and an increase in the marginal health tax rate changes the individual incentives to

substitute out leisure with material consumption and private health spending. An increase in

the marginal tax rate reduces the opportunity cost of leisure time as it reduces the net wage

per unit of labour and thus increases the demand for leisure by reducing the supply of labour (if

the substitution e¤ect dominates). This contributes to change the magnitude of the marginal

rates of substitution between labour and consumption and between labour and private health

expenditure. The reduction in the net wage also implies a reduction in the disposable income.

Therefore, if the individual wants to maintain consumption and private health expenditure at

the level before the increase in the marginal tax rate, he must increase the labour supply. A

change in the marginal tax rate also a¤ects the amount of resources allocated to public expen-

diture in health. This is because an increase in � causes a direct increase in the tax revenue but

also causes an indirect reduction in it through the reduction in the labour supply and the tax

base. If the tax rate is not too high the direct e¤ect dominates and the tax revenue increases

following an increase in � . This in turn contributes to increase (ceteris paribus) the weight of

10The proof is available on request.
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the public component in the longevity production function, which positively a¤ects the health

status of the representative individual by also lengthening his quantity of life. This contributes

to raise both the labour supply and savings. De�nitively, a change in � produces counterbalanc-

ing e¤ects on longevity, savings, the dynamics of the labour supply and the dynamics of capital

accumulation (map M). Therefore, also the shape of g, which determines the mechanism of

creation and disruption of �xed points, changes when � varies (Figure 2). By the analysis of g,

it is possible to verify that for values of the marginal tax rate close or equal to 0 or close to 1

there exists one and only one stationary-state equilibrium (irrespective of the other parameters

of the model). The intuition is simple as for � ! 0 the distortions on the labour supply are

low and the weight of the public component in the longevity production function is also low.

When � ! 1 the government tends to con�scate the income produced by the individuals so

that the labour supply, savings and the accumulation of capital tend to 0. From this discussion,

we can conclude that the conditions for the existence of multiple equilibria are a low degree of

substitutability between consumption and leisure and an intermediate value of the health tax

rate by avoiding to distort (reduce) too much the individual choices about labour through the

e¤ects on the tax base and thus the relative weight of the public component in the longevity

production function. We stress that these two conditions are only necessary as the �nal out-

come depends on the magnitude of the other parameters of the model. In contrast, in the latter

(limit) case the whole time endowment is inelastically supplied to �rms and an increase in the

marginal tax rate does not change individual incentives to substitute out leisure with material

consumption and private health spending. The reduction in the disposable income following

the increase in � reduces capital accumulation (as a direct e¤ect) but also increases the gov-

ernment total revenue, the public health expenditure, the weight of the public component in

the longevity production function and eventually the quantity of life and the incentive to save

(as an indirect e¤ect) as individuals live longer. In this case, there are no e¤ects on the tax

base as the labour supply is constant. Unlike Chakraborty (2004), the assumption of exogenous

labour supply in the present context implies that the negative direct e¤ect always dominates

and capital accumulation monotonically reduces.

In the case of multiple �xed points, we introduce the following notation to de�ne the

stationary-state values ofK and `: (K�; `�), (K��; `��) and (K���; `���), whereK� < K�� < K���

and (see Eq. (19)) `� < `�� < `���. It is now interesting to analyse the individual wellbeing

corresponding to each of them for comparison purposes. In this regard, we have the following

result.

Proposition 2 In the case of three �xed points we have that U jK=K�;`=`� < U jK=K��;`=`�� <

U jK=K���;`=`��� .

Proof. The result follows by using the expressions in (1), (2), (3), (4), (8), (10), (11), (19),
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and by noting that the utility function (5) evaluated at a generic stationary state (Kss; `ss)

U(`ss) := (�̀�`ss)1�

1�
 + 1

Z
���1��A

1+���
1��

h
(1��)(1��)
1+���

i (1��)�+�
1��

(1� �)
1�(2+���)�

��1 (`ss)1+����

�
�
� + (�`ss)�

h
A(1� �)

�
(1��)(1��)
1+���

��i �
1��
�1�� ; (26)

is increasing in `ss.

We now discuss the e¤ects of a change in � on the long-term values of both the labour sup-

ply and capital accumulation (comparative statics) if there exists only one �xed point, (K�; `�).

Following the narrative of Chakraborty (2004), an increase in � generates a twofold e¤ect on `

(andK) at the stationary state:11 a direct depressing e¤ect through the reduction in the dispos-

able income of the individual and an indirect positive feedback e¤ect that passes through the

increase in the public health expenditure and the improvement in the individual health status

that causes an increase in longevity. This in turn generates an increase in saving that makes

resources available to increase private health investments, thus implying an additional positive

feedback e¤ect on longevity. If the former (resp. the latter) e¤ect dominates, an increase in

� reduces (resp. increases) the labour supply (and capital accumulation). This is illustrated

in Figure 1, Panels (a) and (b). Panel (a) shows a monotonic decreasing relationship between

the stationary-state value of ` and the health tax rate � . Di¤erently, Panel (b) illustrates an

inverted U-shaped relationship between the stationary-state value of ` and the health tax rate

� . In this case, the indirect positive feedback of an increase in � on the stationary-state value

of ` dominates for values of � smaller than almost 0:3. When � increases further, the negative

e¤ect due to the reduction in the disposable income overcomes the indirect positive e¤ect and

the labour supply reduces. The narrative behind this story may also be explained, according to

standard economic theory, in terms of substitution e¤ect and income e¤ect. An increase in the

marginal tax rate causes a reduction in the net wage per unit of time spent working (disposable

income), but also implies a reduction in the price that the representative agent must pay to buy

one additional unit of leisure. As leisure is now cheaper, the representative agent substitutes

the demand of material consumption and private health spending out with the demand for

leisure so that the labour supply reduces through this channel. An increase in the marginal

tax rate also causes a reduction in the purchasing power of the representative agent. As leisure

is a normal good (see Eq. (43), Appendix A), this leads to a reduction in demand for leisure

and an increase in labour supply through this channel. Panel (a) shows that the substitution

e¤ects always dominates, whereas in Panel (b) the substitution e¤ects dominates only when �

is su¢ ciently high. However, this is only part of the story as Figure 1 illustrates the behaviour

of the labour supply in the long term, i.e. once the general equilibrium e¤ects of a change in �

have been considered. In fact, an increase in the tax rate also implies better health and higher

11We recall that there exists a monotonic increasing relationship between K and ` at the stationary state (see

Eq. (19)). Therefore, an increase in ` always implies an increase in K.

16



longevity. As an individual life is longer, he also tends to increase savings to �nance future

consumption. For doing this, the labour supply must increase. When the elasticity of marginal

utility of leisure (
) is su¢ ciently high (alternatively, when the proxy for measuring the (con-

stant) elasticity of substitution in leisure (1=
) is su¢ ciently low) (Panel (a)), the substitution

e¤ect dominates and labour supply reduces as the disposable income reduces. This is because

the long-term demand for leisure does not react su¢ ciently to let the income and general equi-

librium e¤ects dominate over the substitution e¤ect. When the elasticity of marginal utility

of leisure (
) is su¢ ciently low (alternatively, when the proxy for measuring the (constant)

elasticity of substitution in leisure (1=
) is su¢ ciently high) (Panel (b)), the income e¤ect and

the general equilibrium e¤ects dominate and labour supply increases as the disposable income

reduces.

In addition, as was stressed in the discussion above, � can also play an important role on

the existence of one �xed point or three �xed points. This is shown in Figure 2 that illustrates

the graph of g and its intersection points with the horizontal straight line at 1 (according to Eq.

(20)) when � varies. The red (resp. blue) [resp. black] line refers to � = 0:2 (resp. � = 0:4) [resp.

� = 0:55]. When the health tax rate is su¢ ciently small (red line) there exists only one �xed

point (K�; `�). For an intermediate value of � (blue line) there exist three �xed points, (K�; `�),

(K��; `��) and (K���; `���). With this parameter set (see the caption of Figure 2), an increase

in the health tax rate generates an increase in the public health expenditure and longevity that

imply an increase in the supply of labour and savings that in turn change the shape of g (see the

discussion above) and cause an increase in the accumulation of capital (and private spending

on health) to give birth to two additional �xed points, (K��; `��) and (K���; `���), that Pareto

dominate (K�; `�) thus following a development trajectory. If � increases further (black line),

the direct negative e¤ect on the individual disposable labour income dominates and both the

labour supply and capital accumulation reduce so that the economy comes back one �xed point

with smaller stationary-state values of K and ` than those observed at � = 0:2 (red line).

(a) (b)
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Figure 1. Comparative statics with respect to � if there exists one �xed point (K�; `�). (a)

Parameter set: A = 3, Z = 2, �̀ = 1, � = 0:33, � = 1, 
 = 9:9, � = 0:9, � = 0:5 and � = 0:53.

(b) Parameter set: A = 8, Z = 2, �̀ = 1, � = 0:33, � = 1, 
 = 0:9, � = 0:9, � = 0:5 and

� = 0:013.

Figure 2. Mechanism of creation and disruption of �xed points when � varies. Parameter

set: A = 5, Z = 2:1, �̀= 1, � = 0:33, � = 1, 
 = 0:29, � = 0:19, � = 0:5 and � = 0:5. Red line

(� = 0:2); blue line (� = 0:4); black line (� = 0:55).

We now study the local stability properties of the stationary states and summarize the

results in Proposition 3. Before doing this, however, we recall that a �xed point is locally

indeterminate (resp. locally determinate)12 if for every arbitrarily small neighbourhood of it,

and for a given value of the state variable close enough to its coordinate value at the stationary

state, there exists a continuum of values (resp. a unique value) of the control variable for

which an equilibrium trajectory converges (resp. approaches) towards the �xed point. From a

mathematical point of view, the �xed point is a sink (resp. a saddle).

Proposition 3 (a) The �xed point (K�; `�) is a saddle (locally determinate). (b) If there exist

three distinct �xed points, (K���; `���) is a saddle (locally determinate) and the intermediate

one (K��; `��) is either unstable (source) or a sink (locally indeterminate).

Proof. In order to evaluate the stability properties of the system at a generic �xed point

(Kss; `ss) let us consider the following Jacobian matrix:

J(Kss; `ss) :=

 
J1;1 J1;2

J2;1 J2;2

!
; (27)

12A locally determinate �xed point is usually de�ned as a saddle-path stable equilibrium.
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where

J1;1 := �; (28)

J1;2 := (1� �)
�
A(1� �)(1� �)(1� �)

1 + �� �

� 1
1��

; (29)

J2;1 :=
�[(�� 1)�� �]
(1� �)(1� �)

`ss

Kss
+

��(�� 1)
(1� �)(1� �)

`sspss

Kss�ss
; (30)

J2;2 :=
(1� �)�2 + (�+ �� 1)�+ 1� �

(1� �)(1� �) +



(1� �)(1� �)
`ss

(�̀� `ss)
+
(�� 1)(1� �)�
(1� �)(1� �)

pss

�ss
; (31)

�ss and pss are the value of � and p evaluated at a generic �xed point (Kss; `ss). From (27) we

have that:

Det(J(Kss; `ss)) :=
(�̀�`ss)

�

(1��)(1��) (�̀�`ss+
`ss)[�+(�A(1��)(Kss)�(`ss)1��)� ]

��1
(1��)(1��)

(1+���)Kss`ss(�̀�`ss) �

�P�A(1� �) (Kss)� (`ss)1�� (Kss)
�[(��1)���]
(1��)(1��) (`ss)

(1��)�2+(�+��1)�+1��
(1��)(1��) > 0

: (32)

Focusing on the dependence of `t+1 on `t, such an expression is the ratio of two positive

and increasing functions of `t, I1(`t) := PK
��[(1��)�+�]

(1��)(1��)
t

`

(1��)�2+(1��)(1��)+��
(1��)(1��)

t

(�̀�`t)



(1��)(1��)
and I2(`t) := [� +

I3(`t)]
1��

(1��)(1��) , with I3(`t) := (�A(1 � �)K�
t `
1��
t )�. By evaluating @`t+1=@`t when � = 0 (im-

plying I2(`t) = I3(`t)
1��

(1��)(1��) ), we get:

@`t+1
@`t

����=0 = PK
��[(1��)�+�]
(1��)(1��)

t [A(1��)K��
t ]

��1
(1��)(1��)

(1��)(1��) �

�
(

`

�[(1��)�+�]
(1��)(1��)
t (�̀� `t)

(1��)�+��1�

(1��)(1��) + �[�+ (1� �)�]`

(1��)�2+��1+�
(1��)(1��)

t (�̀� `t)



(1��)(1��)

)
> 0

:

(33)

By direct computation, it follows that

@

�
I1(`t)

I3(`t)
1��

(1��)(1��)

�
@`t

> 0)
@
�
I1(`t)
I2(`t)

�
@`t

> 0; (34)

and then J2;2 > 0. It follows that Tr(J(Kss; `ss)) > 0. From the results on trace and deter-

minant of J(Kss; `ss), a �xed point is a saddle (locally determinate) if 1 � Tr(J(Kss; `ss)) +

Det(J(Kss; `ss)) < 0, whereas it is a sink (locally indeterminate) or unstable if 1�Tr(J(Kss; `ss))+

Det(J(Kss; `ss)) > 0. It is possible to study the sign of 1� Tr(J(Kss; `ss)) +Det(J(Kss; `ss))

by considering how the graph of g(`) = V2(q(`);`)
`

intersects the horizontal line ` = 1. In fact, we

have that

g0(`) =

"
@V2(q(`); `)

@Kt

@V1(q(`);`)
@`t

1� @V1(q(`);`)
@Kt

+
@V2(q(`); `)

@`t

#
1

`
� V2(q(`); `)

`2
; (35)

and
g0(`ss) = �1+(J1;1+J2;2)�(J1;1J2;2�J2;1J1;2)

(1��)`ss =

= �1�Tr(J(Kss;`ss))+Det(J(Kss;`ss))
(1��)`ss

: (36)
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The expression in (36) is positive at the �rst �xed point (K�; `�) and possibly at the third one

(K���; `���) if it exists, and it is negative at the intermediate �xed point (K��; `��) if it exists.

A possible scenario �referred to the case in which the intermediate equilibrium (K��; `��)

is indeterminate �about the existence and stability of the �xed points is depicted in Figure 3,

Panel (a). The �gure shows the behaviour of the stationary-state values of ` of the system and

their stability when � varies. For low values of � there exists only one stationary state, (K�; `�),

which is a saddle point (black line). Then, the map undergoes a saddle-node bifurcation at

� �= 0:258 through which both a locally asymptotically stable equilibrium (K��; `��) (blue-solid

line) and another saddle path stable �xed point (K���; `���) (red line) also arise. For � �= 0:476,
the interior �xed point (K��; `��) becomes unstable (source, which is represented by the blue-

dashed line) through a (sub-critical) Neimark-Sacker bifurcation. For � �= 0:488, the �xed

points (K��; `��) and (K���; `���) disappear as a second saddle-node bifurcation occurs. For

larger values of � , the system admits only one �xed point, (K�; `�), which is saddle path stable.

However, it is possible to have scenarios in which the �xed point (K��; `��) born through the

occurrence of a saddle-node bifurcation is a source instead of an indeterminate equilibrium.

Also, this last event can give rise to interesting phenomena that will analysed in the next

section by using global analysis techniques.

Figure 3, Panel B shows a two-dimensional bifurcation diagram in the plane (� ; �). The

�gure is important as it outlines several possible long-term scenarios depending on whether the

longevity production function depends on (i) private investment in health only (� = 0), (ii)

public investment in health only (� = 0) or (iii) both public and private investments in health.

The white regions in the �gure identify the existence of a unique saddle point (K�; `�). The

dark grey region shows the existence of an indeterminate equilibrium (K��; `��) that coexists

with two saddles (K�; `�) and (K���; `���). The light grey region identi�es the parameter space

in which the interior equilibrium (K��; `��) is a source coexisting with the saddles (K�; `�) and

(K���; `���). The transition from a scenario in which there are three stationary states to the

one in which there is only one stationary state can take place through the disappearance of

(K�; `�) and (K��; `��) or the disappearance of (K��; `��) and (K���; `���) (in this case, given the

notation introduced above, the �xed point (K���; `���) becomes (K�; `�)). We pinpoint that for

� = 0 or � = 0 the �xed point is unique and it is a saddle (determinate). From the continuity of

g with respect to � it follows that multiple equilibria are possible only for values of � su¢ ciently

large (for a given positive value of �). This implies that the existence of a public expenditure in

health that complements the private one is responsible for the existence of distinct development

regimes. From a theoretical point of view, we stress that multiple equilibria exist by satisfying

the gross substitutability condition between consumption and leisure (� < 1).
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(a)

(b)

Figure 3. Parameter set: A = 5, Z = 2:1, �̀ = 1, � = 0:33, � = 1, 
 = 0:29, � = 0:39

and � = 0:5. (a) One-dimensional bifurcation diagram for � (� = 0:19). (b) Two-dimensional

bifurcation diagram in the (� ; �) plane (� < �).

3 Global analysis

Since Cazzavillan et al. (1998) and Grandmont et al. (1998), several works belonging to either

the classical OLG literature with �nite lived agents or the discrete-time set up with in�nite

horizon optimising agents focused on the study of the local dynamics around the normalised

equilibrium or models producing multiple equilibria, but leaving the issue of the global analysis

unexplored. This is the case, for instance, of the relevant works of Nourry (2001) and Lloyd-

Braga et al. (2007), who respectively studied problems of existence and local stability of

steady-state equilibria in a general equilibrium economy à la Diamond (1965) with endogenous
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labour supply and problems of indeterminacy in a model with production externalities. The

continuous-time framework, instead, generally accounts for models with a unique steady state

in which the global study of the system does not provide further insights than those shown by

the local analysis (Benhabib and Farmer, 1994; Benhabib and Perli, 1994).

None of the articles belonging to this literature, however, deals with health expenditure

and endogenous longevity, and few of them concentrate on the study of the dynamics of a gen-

eral equilibrium economy with productive public spending (Cazzavillan, 1996) or unproductive

public spending (Guo and Lansing, 1998; Nourry et al., 2013; Nishimura et al., 2015) focusing

just on the local analysis.

Instead, especially when multiple stationary equilibria exist and there are both state and

control variables, the global analysis allows to clarify what happens far away from a station-

ary equilibrium and then get deeper results both from a theoretical point of view and policy

perspective. Notably, this is relevant in growth models dealing with economic development,

which is a long-term phenomenon. By global analysis, we consider the study of the basins

of attraction of the stationary equilibria and the manifolds of the saddle points. As for the

study of manifolds, we resort to several numerical exercises and techniques: from the simple

backward iteration of the local approximation of the stable manifold of a saddle point to more

sophisticated techniques (see Panchuck, 2015). Related to the global analysis of a dynamic

system there exists the concept of global indeterminacy. In this regard, we recall that a system

is globally indeterminate when there exist values of the state variable such that di¤erent choices

on the control variable lead to di¤erent invariant sets. In this case, the initial condition of the

stock of capital is not su¢ cient to de�ne the long-term dynamics of the economy.

As a �rst step in the global analysis, the following Lemma shows that map M is invertible

on the non-negative orthant. This property is shared with Agliari and Vachadze (2011), but

not with Grandmont et al. (1998), where the map is invertible only in a neighbourhood of the

�xed point.

Lemma 4 Map M is invertible on W2.

Proof. The inverse map of M , i.e. M�1, is solution of the following system:

M�1 :

8>><>>:
`t

(�̀�`t)
 =
���1��(1��)(1��)��1[ 1+���A(1��) ]

(1��)�+�

ZA(1��)(1+�)��(1+���)(1��)�+��1 `
(1��)(1��)
t+1 K

(1��)�+�
t+1

�
� +

h
�(1+���)
(1��)(1��)

i�
K�
t+1

�1��
Kt = K

1
�
t+1

h
1+���

A(1��)(1��)(1��)

i 1
�
`
��1
�
t

:

(37)

The invertibility of a map is an important result for the study of the global properties

of a dynamic system. For instance, it implies that the basins of attraction of any attracting
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set of a map are connected sets. Furthermore, as was previously recalled, the inverse map

may allow to obtain the boundary of the basins of attraction and, more generally, the stable

manifolds of the saddles. The importance of studying invariant manifolds in dynamic models

with control variables relies on the fact that economic agents may coordinate themselves on

these manifolds through their choices. In other words, these curves represent sets on which an

economy develops.

Before performing the global analysis of mapM , we recall the de�nitions of both the stable

manifold

Gs(a) = fx :Mn(x)! a as n! +1g

and unstable manifold

Gu(a) = fx :Mn(x)! a as n! �1g

of a �xed point a. If the periodic point a 2 R2 is a saddle, then the stable (resp. unstable)
manifold is a smooth curve through a, tangent at a to the eigenvector of the Jacobian matrix

evaluated at a corresponding to the eigenvalue � with j�j < 1 (resp. j�j > 1), see, e.g.,

Guckenheimer and Holmes (1983). Outside the neighbourhood of a, the stable and unstable

manifolds may even intersect each other with dramatic consequences on the global dynamics of

the model (Guckenheimer and Holmes, 1983, p. 22).13 The global analysis of the map allows us

to identify some scenarios (summarised below) related to di¤erent explanations (history driven

or expectations driven) of economic development.14

Scenario 1. History matters (path dependence). Depending on the initial condition of the state
variable (K), it is possible to converge towards di¤erent �xed points (path dependence). This

phenomenon cannot be observed in BQ, where the labour supply is exogenous. This is because

the long-term behaviour of their model is characterised by the convergence towards a unique

regular or chaotic attractor and these two scenarios are mutually alternative. The authors

interpret the second one as a possible explanation for the existence of di¤erent development

paths the economy may follow. However, although it is well known that in a chaotic system

small changes in the initial conditions may let an economy follow very di¤erent trajectories,

the statistical properties of the resulting di¤erent time series are the same. This means that

the frequencies with which the various levels of the state variable (capital stock) arise over

time are the same for di¤erent initial conditions.15 Therefore, the model of BQ (with exogenous

labour supply and private and public expenditures on health) cannot explain the existence of

13Non-trivial intersection points of stable and unstable manifolds of a unique saddle cycle, or non-trivial

intersection points between the stable manifold of one cycle and the unstable manifold of the other one are

really important from a dynamic point of view because they sharply change the topological structure of the

phase plane (global bifurcations). About this phenomenon, which is not deepen in this article, we refer to

Agliari and Vachadze (2011).
14All the �gures that follow have been obtained by numerical techniques and the arrows are added manually

for reasons of clarity.
15Consider the following sentence reported in Bhattacharya and Qiao (2007, p. 2531-2532): "...imagine two
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di¤erent development regimes. In other words, even starting from di¤erent initial conditions all

economies will experience the same development scenario though this may happen at di¤erent

dates. Things change dramatically by considering endogenous labour supply. To show how

the model can generate di¤erent development trajectories, we use the following parameter

set: A = 10, Z = 3:35, �̀ = 1, � = 0:34 (Gollin, 2002), � = 0:96, 
 = 0:014, � = 0:8,

� = 0:3, � = 0:041 and � = 0:04. Figure 4 shows the existence of two (determinate) saddle

points (K�; `�) and (K���; `���), represented by the black dot and red dot respectively, towards

which the economy approaches depending on the initial condition of the state variable K. In

fact, these two saddles are separated by the unstable equilibrium (K��; `��) (the white dot in

the �gure). For every K� < K��, there exists one and only one initial value of the control

variable ` leading the economy on the stable manifold approaching16 (K�; `�) (the black stable

manifold). For every K� > K��, there exists one and only one initial value of the control

variable ` leading the economy on the stable manifold approaching (K���; `���) (the black stable

manifold). The stationary equilibrium (K�; `�) represents a low-development regime (poverty

trap), corresponding to which individuals o¤er a small fraction of their time endowment to

�rms and capital accumulation is small. Consequently, longevity will be low as the small

capital stock installed in the economy does not allow adequate private investments in health,

a subsequent improvement in the health status and an increase in the individual life span

(there exists a vicious circle due to poorly treated diseases that keeps the productivity of

labour and the individual willingness to invest in health at small levels). The economy is

not able to capture the possible bene�ts that the complementarity between the public and

private inputs in the longevity of the production technology may cause, so that a takeo¤

towards economic development is prevented. In contrast, the stationary equilibrium (K���; `���)

represents a high-development regime in which individuals choose to o¤er a larger fraction of

their time endowment to �rms and capital accumulation is high. Both the productivity of

labour and capital accumulation increase, and this contributes to make private investments in

health adequate to capture the bene�ts of the complementarity between the private and public

economies that di¤er only slightly in their initial conditions. One may approach k� monotonically and eventually

achieve a high per capita income and high level of life expectancy for its residents. The other may get "infected"

by cyclical �uctuations in all its endogenous variables, sometimes coming �very close�to the steady state k�,

but eventually being repelled away. Such an economy will not be able to sustain a permanently high level of

real activity or a high level of life expectancy for its citizens. In other words, the model can generate dramatic

reversals in life expectancy. This is in line with such reversals experienced by many countries in the last three

decades". This sentence is not correct. This is because a unimodal map admits the existence of a unique

attractor. Therefore, unless one decides to vary some key parameters of the model (not the initial conditions)

all trajectories converge towards the same !-limit set. De�nitely, the model of BQ is about nonlinear (long-term)

dynamics in an economic growth model. It is not a work about economic development as it cannot explain the

coexistence of di¤erent long-term equilibria.
16This represents the unique possible choice of ` such that the economy approaches the long-term equilibrium

(given an initial condition K0). Other choices for ` de�ne unfeasible trajectories (i.e., trajectories that do not

belong to W2).
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inputs in the longevity production function. This in turn causes an increase in the health status

and longevity. Saving therefore will be larger as individuals live longer producing an additional

positive e¤ect at the macroeconomic level. In this case, there exists a virtuous circle due to

well treated diseases that makes economic development possible. Converging towards the low

regime of development or the high regime of development is a matter of the initial condition

(history matters) of the state variable (Chakraborty, 2004; Blackburn and Cipriani, 2002).

Although the results detailed in this scenario can help understanding some reasons (related

to health investments and mortality) why some countries prosper and others are entrapped

in stagnation or poverty, the model is not yet able to explain the reasons why two economies

starting from similar states (or the same state) converge towards di¤erent long-term regimes.

We refer to the example of Korea and Philippines described by Lucas (1993) and reported in

BQ. In other words, " "History" alone cannot in general determinates where the economy will

end up." (Matsuyama, 1991, p. 617). To overcome this concern, the cases studied in Scenario

2 and Scenario 3 will allow to get plausible explanations of economic development based on

reasons di¤erent from path dependence.

Figure 4. History matters (path dependence). Parameter set: A = 10, Z = 3:35, �̀ = 1,
� = 0:34, � = 0:96, 
 = 0:014, � = 0:8, � = 0:3, � = 0:041 and � = 0:04. The black (resp.

red) curve is the stable manifold of the (black) saddle (K�; `�) [resp. (red) saddle (K���; `���)].

(K���; `���) Pareto dominates (K�; `�). The steady-state coordinate values of K and ` are:

(K�; `�) = (0:7713; 0:1888), (K��; `��) = (1:4124; 0:3457) and (K���; `���) = (4:0806; 0:9987).

Scenarios 2.A, 2.B and 3.A below illustrate the behaviour of the system in the cases of local

and global indeterminacy by using the parameter set of Figure 3 for three di¤erent values of

the health tax rate � (Scenario 2.A: � = 0:4; Scenario 2.B: � = 0:47; Scenario 3.A: � = 0:477).

These scenarios generally show that the initial conditions of the state variable are no longer able
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to determine where the economy will end up in the long term. Therefore, underdevelopment

becomes a matter of coordination failure.

Scenario 2.A. Local and global indeterminacy (expectations driven). This scenario shows the
possibility of di¤erent long-term regimes capturing the existence of least developed, developing

and developed countries in the same setting. Figure 5, Panel (a), depicts a phase plane for

� = 0:4 showing the two (locally determinate) saddle points (K�; `�) and (K���; `���) as well as

the interior (locally indeterminate) attractor (K��; `��) with its basin of attraction (grey region).

The �rst steady-state equilibrium (K�; `�) resembles the case of a poverty trap. The economy

in this case produces a low level of real activity and adult mortality is high. In this scenario,

labour income is low and private health expenditure is not adequate to complement public

health services. This implies that the labour productivity is low because of the resulting poor

state of health. The second equilibrium represents the paradigm of developing countries, where

the transition from a pre-industrial environment to an industrialised one has not yet completed.

There exist damped �uctuations and the economy is not able to sustain a permanently high

level of income or a high level of life expectancy. The third equilibrium describes the case of a

developed economy producing a high level of real activity and adult mortality is low. In this

scenario, labour income is high and private health expenditure is adequate to complement the

public one thus getting larger values of labour productivity because of the resulting good state of

health. We note that any initial condition ofK belonging to the grey region allows individuals to

coordinate on di¤erent choices of `0 leading towards di¤erent development regimes. Speci�cally,

(i) there exists a su¢ ciently small value of `0 such that the economy approaches the poverty

trap (the black stable manifold), (ii) there exist two other values of `0 such that the economy

approaches the high saddle point (the red stable manifold), (iii) there exist in�nite values of `0
that generate trajectories converging towards the intermediate equilibrium.

Scenario 2.B. Local and global indeterminacy (expectations driven). Figure 5, Panel (b), shows
a phase plane for � = 0:47. The basin of attraction of the indeterminate equilibrium (K��; `��)

is bounded by the closed invariant curve generated by a sub-critical Neimark-Sacker bifurca-

tion. In this case, the (red) stable manifold of (K���; `���) twists around the invariant curve.

Therefore, even if individuals coordinate themselves on the stable manifold of the high saddle

point, the economy can be characterised by several �uctuations of economic and demographic

variables.
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(a)

(b)

Figure 5. Local and global indeterminacy (expectations driven). Parameter set: A =

5, Z = 2:1, �̀ = 1, � = 0:33, � = 1, 
 = 0:29, � = 0:39, � = 0:19 and � = 0:5. (a)

Phase plane for � = 0:4. The steady-state coordinate values of K and ` are: (K�; `�) =

(0:1040; 0:0550), (K��; `��) = (0:5920; 0:3130) and (K���; `���) = (1:2965; 0:6855). The blue

trajectory in Panel (a) is a heteroclinic connection between (K���; `���) and (K��; `��). (b)

Phase plane for � = 0:47. The steady-state coordinate values of K and ` are: (K�; `�) =

(0:0491; 0:0312), (K��; `��) = (0:6803; 0:4328) and (K���; `���) = (0:9935; 0:6321). The blue

trajectory in Panel (b) is generated byK0 = 0:574 in the case individuals coordinate themselves

on `0 = 0:3609. The black (resp. red) curve in both panels is the stable manifold of the (black)

saddle (K�; `�) [resp. (red) saddle (K���; `���)]. (K���; `���) Pareto dominates (K��; `��) and

(K��; `��) Pareto dominates (K�; `�).

Scenario 3.A. Local determinacy and global indeterminacy (expectations driven). In this

scenario obtained for � = 0:477 there are no attractors of the system. In fact, there exist

the (locally determinate) saddle points (K�; `�) and (K���; `���) and the unstable equilibrium
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(K��; `��). Although the two �xed points the economy can reach in the long term are locally

determinate, the numerical approximation of the stable manifolds allows to show that the sys-

tem is globally indeterminate. In fact, there exist values of the state variable such that di¤erent

choices on the control variable lead to di¤erent development trajectories (Figure 6, Panel (a)).

If the initial condition of K is su¢ ciently small, the stationary state the economy will approach

is (K�; `�). This is because there exists one and only one (small) initial value of ` allowing the

economy to be on the stable manifold of the low-development regime. The economy, therefore,

is entrapped in poverty as capital accumulation do not allow an adequate private health in-

vestment and the subsequent triggering of the bene�cial (multiplier) e¤ects that endogenous

lifetime introduces via the productivity of labour and the saving rate. A takeo¤ towards eco-

nomic development is prevented and this leads individuals to live in a low-longevity scenario.

For larger values of the initial condition of K, agents may coordinate themselves either on the

stable manifold of the saddle leading towards the low regime of development (K�; `�) (for small

values of the labour supply) or on the stable manifold of the saddle leading towards the high

regime of development (K���; `���) (for larger values of the labour supply). Like in Scenario

2.A, also in this case even if agents coordinate on the stable manifold (red line) of the high

saddle point, the growth trajectory of K and ` can be non-monotonic and characterised by

several oscillations. This is illustrated in Figure 6, Panel (b) that shows the time series `.

(a)
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(b)

Figure 6. Local determinacy and global indeterminacy (expectations driven). Parameter
set: A = 5, Z = 2:1, �̀ = 1, � = 0:33, � = 1, 
 = 0:29, � = 0:39, � = 0:19 and � = 0:5.

(a) Phase plane for � = 0:477. The black (resp. red) curve is the stable manifold of the

(black) saddle (K�; `�) [resp. (red) saddle (K���; `���)]. (K���; `���) Pareto dominates (K�; `�).

The steady-state coordinate values of K and ` and the following: (K�; `�) = (0:0455; 0:0295),

(K��; `��) = (0:7023; 0:4558) and (K���; `���) = (0:9484; 0:61553). (b) Time series of `.

Scenario 3.B. Local determinacy and global indeterminacy (expectations driven). By using
a di¤erent parameter set i.e., A = 10, Z = 3:35, �̀ = 1, � = 0:34, � = 0:96, 
 = 0:014,

� = 0:75, � = 0:3, � = 0:04 and � = 0:041, Figure 7, Panel (a) depicts a phase plane in

which the saddles (K�; `�) and (K���; `���) (the black dot and red dot, respectively) belong

to the boundary of the basin of attraction of the dynamics created by map M�1 (backward

dynamics). The example shows that starting from an initial condition of K (K0) close to K��

agents may coordinate on (slightly) di¤erent values of ` (see also Figure 7, Panel (b) that

represents an enlargement of Panel (a) close to the unstable equilibrium (K��; `��)) leading to

two opposite development regimes: the red stable manifold represents the growth trajectory

towards the saddle point (K���; `���) with high values of demo-economic variables; the black

stable manifold, instead, represents the trajectory leading to the poverty trap with low values of

demo-economic variables. To further clarify the evolution of the system and the importance of

the choices on the control variable, Figure 7, Panel (c) shows a time series of ` followed by two

economies starting (very close to the coordinate value of the unstable equilibrium K��) from

the same initial condition of K (K0 = 2:807817). The example shows that choosing two slightly

di¤erent values of ` (that is, `0 = 0:566243 and `0 = 0:566246) leads towards trajectories that

share at the beginning a similar development pathway ending up however in two completely

di¤erent long-term equilibria.
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(a)

(b)

(c)

Figure 7. Local determinacy and global indeterminacy (expectations driven). Parameter
set: A = 10, Z = 3:35, �̀ = 1, � = 0:34, � = 0:96, 
 = 0:014, � = 0:75, � = 0:3 and � = 0:04.

(a) Phase plane for � = 0:041. The steady-state coordinate values of K and ` and the following:

(K�; `�) = (0:267; 0:0538), (K��; `��) = (2:8078; 0:5662) and (K���; `���) = (4:9546; 0:9991). (b)
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Enlarged view of the phase plane of Panel (a). (c) Time series of ` showing underdevelopment

(black) and development (red) trajectories.

De�nitively, the model always shows simple dynamics if an economy starts close to the

two saddles. The most complex situation occurs when the economy is su¢ ciently far from

these two equilibria and there exists an attracting intermediate equilibrium (Figures 5 and 6).

In this case, �nancing a public expenditure on health may remove the obstacles to economic

development by eliminating the (intermediate) poverty trap thus favouring in the medium-long

term (this is because the dynamics are oscillatory close to the equilibrium) an increase in labour

supply (for the reasons discussed above) and therefore an increase in capital accumulation.

Given the complex chain of interactions and transmission mechanisms amongst the variables,

a small change in the marginal health tax rate can generate sharp di¤erences in the long-term

outcomes. The importance of health investment policies can also be observed if there is no

attracting intermediate equilibrium. In fact, by considering a parameter set for which history

matters (Figure 4) and taking an initial value of the capital stock lower than the value of the

unstable equilibrium, then an appropriate change (i.e., neither too high nor too low, otherwise

we would observe the existence of a unique equilibrium) of the health tax rate makes possible

(i.e. if agents coordinate on the path leading to the Pareto dominant equilibrium), due to

the property of global indeterminacy (i.e., from a mathematical point of view the intermediate

equilibrium passes from node to focus), the convergence to the high equilibrium, as shown in

Figure 7 (Krugman, 1991).

4 Discussion of the main results

Scenario 2.A outlined in Figure 5, Panel (a) provided an interesting result to interpret the

development process of some countries, for example the case of South Korea and the Philippines

outlined in Lucas (1993). "In 1960, The Philippines and South Korea had about the same

standard of living, as measured by their per capita GDPs of about $640 U.S. 1975. The two

countries were similar in many other respects..." (Lucas, 1993, p. 251). Indeed, GDP per capita

(current US$) and life expectancy at birth (years) in South Korea were 158$ and 53 years in

1960, whereas the corresponding values for the Philippines were 254$ and 57 years. In the last

decades, South Korea transformed dramatically its society experiencing a growth "miracle"

and the Philippines did not.17 Marked di¤erences can in fact can be observed regarding the

trend of both the total health expenditure over GDP and domestic general government health

expenditure (as a percentage of current health expenditure) in the two countries. On one

hand, South Korea observed a steady growth in total health expenditure compared to GDP

17GDP per capita in 2018 (current US$) in South Korea and The Philippines were 31,362$ and 3,102$,

respectively. This is even more impressive knowing that in the 1960s, GDP per capita was comparable with

levels in the poorer countries of Africa and Asia.
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from 4% in 2000 to 7:3% in 2016, whereas this ratio �uctuated around 3-4% over the same

period adjusting downwards to 2:7% in 2002 in the Philippines. On the other hand, the general

government health expenditure was almost 50% of total health expenditure in South Korea and

this ratio rose to 60% in 2006, settling on those values until 2016. The Philippines experienced

a monotonic reduction in this ratio from around 44% in 2000 to 26% in 2013 and then increased

to 31% in 2016 (https://data.worldbank.org/indicator) under the Aquino administration that

worked out to raise the budgets for education, health and cash transfers to the poor.

While much of the literature since Lucas (1993) has interpreted di¤erent development sce-

narios due to changes in labour productivity, technology, knowledge and human capital accu-

mulation, little attention was devoted to how changes in life expectancy a¤ected individual

decisions about labour supply, savings and health expenditures as well as how these decisions

in turn fed back on demography.18 Our theory explained this gap by considering a model,

where the public health expenditure complements the private one, in which individuals�ex-

pectations can a¤ect labour supply and saving that in turn cause changes in private health

investment and life expectancy. For instance, with the parameter values used in Scenario 2.A,

the interior equilibrium (K��; `��) and the saddle (K���; `���) can be used to interpret the di¤er-

ent development process experienced in those countries by concentrating on demography.19 In

this regard, the values of life expectancy at birth corresponding to the (long-term) stationary

states in (K���; `���) (South Korea) and (K��; `��) (The Philippines) are 78 and 70, respectively

(these values are close to the actual values of life expectancy observed in those countries in

2018 as detailed in the World Bank Indicator). As these two economies switched after 1960,

history cannot explain their development process. Scenario 2.A can then explain the reason

for the existence of distinct development paths that countries may follow starting from the

same (or similar) initial conditions of the state variable. One of the two economies can co-

ordinate on the saddle path allowing to follow a development trajectory and the achievement

of the stationary equilibrium (K���; `���). The other one can de�ne a choice on ` allowing

the achievement of (K��; `��) (middle income scenario). The existence of di¤erent regular or

non-regular paths of similarly endowed economies can therefore be explained by coordination

18An interesting recent contribution by Fiaschi et al. (2019) pinpointed - amongst other things - the role of

religious beliefs on life expectancy. In this regard, South Korea is essentially characterised by no formal a¢ liation

with a religion, though Protestantism and Buddhism represent the most relevant religious organisations in the

country. Di¤erently, The Philippines is the only Christian nation in Asia. This may determine di¤erent

participation in the labour market (especially between male and female), income and life expectancy.
19We recall that in this model an individual becomes economically active at the beginning of youth. As

we assumed the length of each generation consists of 30 years, an individual becomes economically active at

30 and enters old age at 60 (the very �rst period of life represents a paradigm of a non-economically active

generation consuming resources in the parents�household). As we assumed the length of the interval between t

and t+1 consists of 30 years, all individuals get healthy at the age of 60 with probability one. Then, one faces

a probability smaller than one, measured by �, describing the percentage of 30 years of old age an individual is

staying alive the last part of his time horizon.
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failures (global indeterminacy). In this case, the initial condition of the state variable is not

su¢ cient to de�ne the long-term behaviour of the system. Interestingly, if agents coordinate

themselves on the stable manifold of the saddle leading towards (K���; `���), the convergence

behaviour can be monotonic or non-monotonic (endogenous damped �uctuations) depending

on the initial condition of the state variable. Fluctuations are related to choices of ` associated

with values of K far away from the steady state. Monotonic behaviour instead is related to

choices of ` associated with values of K closer to the steady state. There exists a twofold e¤ect

of health taxation on labour at the macroeconomic level. The former e¤ect is the standard

negative (partial equilibrium) direct e¤ect that contributes to reduce disposable income and

thus saving, private health spending, capital accumulation and labour supply. The latter one is

a positive (general equilibrium) indirect e¤ect that passes through the increase in public health

expenditure, the individual health status and the longevity rate causing, in turn, an increase

in saving, capital accumulation and the labour supply. When the initial value of the stock of

capital is su¢ ciently large, the choice of a (large) value of ` makes the positive indirect e¤ect

of taxation high enough to compensate the negative direct e¤ect, thus favouring labour supply

and capital accumulation. When the initial value of capital is smaller, �uctuations are possi-

ble. This is because the combination of not too large values of both capital and labour supply

makes the bene�cial e¤ects of an improvement in the individual health status and labour pro-

ductivity at relatively small levels. Then, an increase in the private health expenditure and a

reduction in saving and capital accumulation are indeed required. This in turn causes a further

reduction in labour supply. However, private health expenditure plays a positive role on the

individual health status and thus on labour productivity. This tends to favour labour supply

and capital accumulation. When this combined e¤ect of private and public health expendi-

tures becomes important enough, the indirect e¤ect dominates and a monotonic behaviour is

established leading the economy towards the saddle (K���; `���).

Scenario 2.A pinpoints the importance of the role played by individual choices about labour

supply and health investment and public health support regarding whether a country can

eventually experience a phase of economic development with low mortality.

5 Conclusions

Economic development is a multi-dimensional phenomenon by which a nation is aiming at

improving economic conditions, institutional and political environments, environmental qual-

ity as well as individual and social well-being. Economic development is also related to the

magnitude and shape of some demographic variables, fertility and mortality in the �rst place

(Galor, 2011). Economic growth is a phenomenon of market productivity, which is strictly

dependent on GDP growth. Economic growth therefore represents only a part of the process of

development of nations. Ill health can produce losses in individual utility or social welfare, or
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it can compromise other economic objectives such as the production of market goods. It is well

recognised that some key channels through which disease or injury can a¤ect macroeconomic

outcomes include (public and private) health expenditures, the productivity of labour, and

investments in human and physical capital. The aim of this research is to build on a theory to

explain economic development based on the interaction between private expenditure and public

expenditure on health by using an economic growth model with overlapping generations and

endogenous labour supply. Speci�cally, it links the theoretical literature on endogenous labour

supply and indeterminacy with the theoretical literature on endogenous lifetime and economic

growth by revisiting the work of Bhattacharya and Qiao (2007), and the main �ndings are

in sharp contrast with the existing ones. Due to the combined e¤ect of the externality of

the health technology on the macro-economy and the assumption of endogenous labour supply,

multiple equilibria are possible and history or global indeterminacy become the main alternative

driving forces of economic development of nations. These results hold under the assumption of

gross substitutability between consumption and leisure and without production externalities.

Often, history alone is not su¢ cient to determine which kind of trajectories an economy may

follow. History can e¤ectively be referred to in cases where the initial conditions of two or more

economies are di¤erent enough. In contrast, when the initial conditions of countries are equal

or like each other what determines the reason why an economy develops and others instead

fail to develop, thus moving towards a lower development regime with higher mortality, can

be a matter of coordination failures (self-ful�lling expectations). In this regard, the present

work can e¤ectively be invoked to explain the puzzle raised in Lucas (1993) for which although

South Korea and the Philippines started with very similar initial conditions some years after

the end of the Korean war they ended up in very di¤erent development environments some

decades later.20 Citizens in the former country spent a larger amount of time at work (given

the rise of the Korean manufacturing industry) than citizens in the latter country. The increase

in labour productivity has contributed to the rise of an e¢ cient health system that has been

a source of better health and steadily increasing longevity eventually producing a development

trajectory in South Korea.21 This happened though it was one of the poorest countries in

East Asia until the early 1960s. In contrast, the Philippines, one of the richest countries in

East Asia until the early 1960s, started experiencing under-performances that, amongst other

things, cause a contraction in the supply of labour in the manufacturing industry. The fall

in labour productivity just triggered a vicious circle that prevented improving private health

20By taking human capital as the main engine of (endogenous) growth, Lucas tried to explain the economic

"miracle" of the steadily increasing South Korea output growth rate in comparison with the stagnating ones of

the Philippines and other East Asian countries, especially during the late 1970s and the early 1980s, based on

the observed marked di¤erences in investment rates.
21For an analysis of growth trajectories in South Korea and the Philippines, labour productivity, the wage gap

between high-income and lower-middle-income countries see ILO (2013). A recent thoughtful study of labour

shares in several countries around the world including South Korea and the Philippines is Guerriero (2019).

These values are in line with those used in the present paper.
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care and health conditions of people at the economy-wide level, implying a steadily reducing

longevity that eventually produced an underdevelopment trajectory in the Philippine economy.

The present work explains these di¤erences based on individual expectations and coordination.

The novel contribution of this work is to create a link between the theoretical literature on

endogenous lifetime and economic growth and the theoretical literature on endogenous labour

supply and indeterminacy. Existing articles belonging to the former group have often concerned

about the study of the nature and causes of economic development in neoclassical growth

models that bring forth to mechanisms leading towards multiple stationary state equilibria. The

existence of least-developed, developing or developed countries is explained based on historical

reasons (initial conditions) and sometimes there exist possible policy recipes to escape from the

poverty trap (investing in education, strengthening the public healthcare system, family policies

and so on). Articles belonging to the latter group have generally analysed the possibility of

(in)determinacy of one of the stationary-state equilibria and tackled out this issue by means

of the local analysis. This article proposes a model that can explain economic development in

a neoclassical growth set up by concentrating on the global study of a two-dimensional map

characterising the evolution of the capital stock (state variable) and the labour supply (control

variable). The existence of distinct development trajectories is possible due to historical reasons

or they may depend on individual expectations about some key variables of the model (labour

supply). Individuals may coordinate on a (development) trajectory with high levels of labor

supply allowing an adequate accumulation of capital. This in turn increases the amount of

resources available to private investments in health allowing an increase in life expectancy.

However, they may also coordinate on a Pareto dominated trajectory with low levels of labour

supply, inadequate accumulation of capital and a lack of health investments leading to lower

values of life expectancy (underdevelopment).

Though this article is mainly theoretical it may also contribute to the debate on the e¤ects

of the so-called austerity measures in Europe on the side of the health of people with dramatic

potential e¤ects on child survival rates and longevity rates reversals. To this purpose, Ken-

tikelenis et al. (2014) has reported the Greek public health tragedy due to the cuts in health

services in Greece (see also Kentikelenis et al., 2011), including expenditures to prevent and

treat illicit drug and infectious diseases (such as HIV/AIDS).22 This topic, therefore, deserves

attention also in theoretical macroeconomic models, given the importance of mortality in the

process of economic development.
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Appendix A

We show here how a change in the wage rate, the interest factor and the public health invest-

ment a¤ects the individual choices about the labour supply and the private health investment.

Substituting out (8) in (7) for xt we get:


(`t; wt; R
e
t+1; �t) := (

�̀�`t)�
+wt(1��)Ret+1
�1��t

Z

�
�wt`t(1� �)
1 + �� �

�� �wt`t(1� �)(1� �)Ret+1
1 + �� �

���
= 0:

(38)

From (38), we obtain:

@
(:)

@`t
= �
(�̀�`t)�
�1�(���)wt(1��)Ret+1

�1��t

Z`t

�
�wt`t(1� �)
1 + �� �

�� �wt`t(1� �)(1� �)Ret+1
1 + �� �

���
< 0;

(39)

@
(:)

@wt
= (1� �)(1 + �� �)Ret+1

�1��t

Z

�
�wt`t(1� �)
1 + �� �

�� �wt`t(1� �)(1� �)Ret+1
1 + �� �

���
> 0; (40)

@
(:)

@Ret+1
= wt(1� �)(1� �)

�1��t

Z

�
�wt`t(1� �)
1 + �� �

�� �wt`t(1� �)(1� �)Ret+1
1 + �� �

���
> 0; (41)

and

@
(:)

@�t
= wt(1� �)(1� �)Ret+1

���t
Z

�
�wt`t(1� �)
1 + �� �

�� �wt`t(1� �)(1� �)Ret+1
1 + �� �

���
> 0: (42)

Then, by applying the implicit function theorem the following results hold:

@`t
@wt

= �
@
(:)
@wt
@
(:)
@`t

> 0; (43)
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@`t
@Ret+1

= �
@
(:)
@Ret+1

@
(:)
@`t

> 0; (44)

@`t
@�t

= �
@
(:)
@�t
@
(:)
@`t

> 0: (45)

From (8) and (43)-(45) we also �nd that:

@xt
@wt

=
�(1� �)
1 + �� �

�
`t(wt) +

@`t
@wt

wt

�
> 0; (46)

@xt
@Ret+1

=
�(1� �)
1 + �� �

@`t
@Ret+1

wt > 0; (47)

and
@xt
@�t

=
�(1� �)
1 + �� �

@`t
@�t

> 0: (48)

Appendix B

This appendix shows the functioning of the model by including material consumption during

youth (ct). The lifetime utility function of the individual representative of generation t modi�es

to become the following:

U(ct; �̀� `t; xt; Ct+1) =
c1��t

1� � +
(�̀� `t)1�

1� 
 + �(xt; �t)

C1��t+1

1� �; (49)

whereas his budget constraint when young now implies that available labour income is divided

between saving, st, private health expenditure, xt, and young-age material consumption, that

is ct+st+xt = wt`t(1��). Consumption when old is still given by the equation Ct+1 = Ret+1st.
Therefore, the inter-temporal budget constraint can be written as follows:

Ct+1 = R
e
t+1[wt`t(1� �)� ct � xt]: (50)

The conditions � < 1 (to avoid paradoxical e¤ects of longevity on utility) and � > � (to pre-

serve concavity of the utility function) continue to hold. Decisions about consumption, leisure

and private health spending when young, and decisions about consumption when old determine

saving behaviour of the individual. By using (49) and (50), the optimisation programme can

be written as follows:

max
ct;xt;`t

(
c1��t

1� � +
(�̀� `t)1�

1� 
 +

x�t �
1��
t

Z

�
Ret+1[wt`t(1� �)� ct � xt]

	1��
1� �

)
; (51)

with 0 � xt � wt`t(1� �)� ct; and 0 � `t � �̀. The the �rst order conditions for this problem

are given by:

x�t �
1��
t fRet+1[wt`t(1� �)� ct � xt]g1��wt(1� �)

Z[wt`t(1� �)� ct � xt]
= (�̀� `t)�
; (52)
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[wt`t(1� �)� ct � xt]� = (1� �+ �)xt; (53)

x�t �
1��
t fRet+1[wt`t(1� �)� ct � xt]g1��

Z[wt`t(1� �)� ct � xt]
= c��t : (54)

The market-clearing condition in the capital market is given byKt+1 = st = wt`t(1��)�ct�xt.
Then, by using (2), (3), (10), (11), (52), (53), (54) and knowing that individuals have perfect

foresight, the two-dimensional map characterising the equilibrium dynamics of the economy is

the following:

~M :

(
Kt+1 = V3(Kt; `t)

`t+1 = V4(Kt; `t)
; (55)

where
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��1
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(�̀� `t)


�

)
; (56)

V4(Kt; `t) : = ~P
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i 1
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n
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t `
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;

and

~P :=

�
Z(1 + �� �)(1��)��1+�(1� �)1�(1��)�

��A2���1��(1� �)(1� �)

� 1
(1��)(1��)

: (58)

As can be seen from map ~M , in this case it is di¢ cult to obtain clear-cut results about

existence of stationary states and their stability. However, it is possible to show that multiple

equilibria can exist even with young-age consumption. To illustrate this result, let us take

the following parameter set: A = 5, Z = 2:1, �̀ = 1, � = 0:33, � = 1, 
 = 0:29, � = 0:19,

� = 0:2, � = 0:5 and � = 0:5. Then, we get the stationary states (K�; `�) = (0:0075; 0:1363),

(K��; `��) = (0:0677; 0:4105) and (K���; `���) = (0:1988; 0:6232). The �rst and third equilibria

are saddles and the second one is a source. The parameters used to show the existence of

three equilibria in this case are di¤erent than those used in the main text. This is because

the existence of young-age consumption modi�es the optimal allocation of resources of the

representative individual by reducing resources available for saving and capital accumulation.
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