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Abstract Several methods have been devised to mitigate the e�ects of outlier

values on survey estimates. If outliers are a concern for estimation of popula-

tion quantities, it is even more necessary to pay attention to them in a small

area estimation (SAE) context, where sample size is usually very small and

the estimation in often model based. In this paper we set two goals: The �rst

is to review recent developments in outlier robust SAE. In particular, we focus

on the use of partial bias corrections when outlier robust �tted values under a

working model generate biased predictions from sample data containing repre-

sentative outliers. Then we propose an outlier robust bootstrap MSE estimator

for M-quantile based small area predictors which considers a bounded-block-

bootstrap approach. We illustrate these methods through model based and

design based simulations and in the context of a particular survey data set

that has many of the outlier characteristics that are observed in business sur-

veys.

Keywords M-quantile regression � Small Area Estimation � Robust

Estimation � Survey Sampling Theory � Resampling Methods
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1 Introduction

1.1 Outliers in Business Survey Data

Sample outliers are a common feature of business and income surveys. They

are usually identi�ed and removed or corrected before estimation. This is non-

controversial if they are non-representative outliers (Chambers, 1986). Such

values correspond to data errors or are unique to the particular population el-

ement involved, and can be dealt with during the survey data editing process.

However, in some cases the values associated with sample outliers are actually

correct. It is just that they are quite unlike anything one might expect under

the often implicit working model one has for these values. Chambers (1986)

refers to these outliers as representative, i.e., there is no reason to believe that

there are no more such outliers in the non-sampled population values and as

a consequence they are relevant to inference about population parameters. In

this paper we assume that all outlying values in the sample data correspond

to representative values.

A common approach in this situation ensures that the sample outliers have

minimal or no e�ect on the population estimates derived from the sample data.

There are a variety of ways to do this, but one that is becoming increasingly

popular is to �t the working model to the sample data using outlier robust es-

timation methods, then use this robust �t to de�ne the population estimates,

typically via prediction of the non-sampled population values based on this

robust �t. As Chambers et al. (2014) note, this corresponds to `projecting' the

robust �t onto the non-sampled part of the population. Or, since the robust �t

is essentially a working model �t for those sample values that are not outliers,

e�ectively assuming that there are no outliers (relative to the working model)

in the non-sampled data. This is clearly not correct if there are representative

sample outliers, and implies that we can expect this approach to be biased. In

such cases, Chambers (1986) suggests the addition of an extra term to the ro-
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bust projective estimator that partially corrects for its bias under the working

model. Since outlier robust prediction is essentially a bias-variance trade-o�,

the purpose of this term is not to completely remove the bias associated with

the robust projective �t, since that would lead to a highly non-robust predic-

tor. This term allows the sample outliers to contribute to the prediction of the

non-sampled population values in a controlled fashion, typically by not giving

them full weight in the bias correction term.

The outlier problem can be magni�ed considerably if, rather than popula-

tion estimation, the target is estimation for small domains (Chambers and

Tzavidis, 2006; Sinha and Rao, 2009; Giusti et al., 2012; Jiongo et al., 2013;

Chambers et al., 2014). Clearly a single outlier in a large population sample

has much less relative impact than the same outlier in a much smaller do-

main sample. However, estimation for such domains, particularly when these

correspond to small geographic areas, or, in the case of business surveys, �ne

level industry classes, is now increasingly important for business surveys. In

this context, it seems appropriate to explore domain level implementation of

the strategy of outlier robust model �tting followed by partial bias correction

that was described in the previous paragraph. Chambers et al. (2014) refer

to such a strategy as being predictive while, as already noted above, one that

just replaces working model parameters by robust estimates is referred to as

being projective. They show that robust-predictive estimators are less biased

and can be more e�cient than the robust-projective estimators, e.g. the Ro-

bust EBLUP of Sinha and Rao (2009) and M-quantile predictor of Chambers

and Tzavidis (2006), that have been suggested in the literature. However, the

bias correction used by robust-predictive estimators comes at a cost of higher

variability, and so use of these estimators is recommended when model diag-

nostics suggest that the sample data contain values that represent signi�cant

departures from the �rst order properties of the working model.

Estimation of the mean squared error (MSE) of an outlier robust small area
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predictor is di�cult. In the absence of a suitable analytical approach for esti-

mating the MSE of the robust predictor developed in their paper, Sinha and

Rao (2009) propose a MSE estimator based on a parametric bootstrap. How-

ever, this approach has limitations since it essentially assumes that all sample

outliers are non-representative. Chambers et al. (2014) propose an analytic

linearization-based MSE estimator for an outlier robust predictor of a small

area mean based on �rst-order approximations to the variances of solutions

of robust estimating equations. The authors show that this approach o�ers

promising results when used in conjunction with robust-predictive estimation

methods. However, it is also complex to calculate, and can be unstable in the

large skewed samples characteristic of business surveys.

The purpose of this paper is two-fold. The �rst is to review recent devel-

opments in outlier robust small domain estimation, or, as it is more usually

referred to, small area estimation (SAE). In particular, we focus on the use

of partial bias corrections when outlier robust �tted values under a working

model generate biased predictions from sample data containing representative

outliers. The second is to propose an outlier robust bootstrap MSE estimator

for M-quantile based small area predictors (Chambers et al., 2014), extending

the block-bootstrap approach of Chambers and Chandra (2013). We illustrate

our ideas in the context of a particular survey data set (the ABI data, see

Section 1.2) that has many of the outlier characteristics that are observed in

business surveys. Sections 2 and 3 of the paper therefore review recent devel-

opments in outlier robust SAE, while Section 4 describes the proposed robust

bootstrap-based MSE estimator for M-quantile predictors. In Section 5 we then

apply the proposed methods to the ABI data. Section 6 concludes the paper

with a discussion. Model-based and Design-based simulations that replicates

the ABI data structure are carried out in order to compare the performance

of the predictors and corresponding MSE estimators discussed in Sections 2 to

4. In order to ensure that this paper remains a reasonable length, the results

of these simulations are provided in the Supplementary Materials.
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1.2 An Example: The ABI Sample

The Annual Business Inquiry (ABI) dataset was created by the UK O�ce

for National Statistics in order to provide a realistic demonstration of outlier-

prone business data for use in evaluating the automatic outlier detection edit-

ing methods that were developed as part of the Euredit project (O�ce for

National Statistics, 2000). Here we do not pursue that objective, but instead

view the n � 6, 099 cases making up this data set as illustrative of business

survey data containing outliers, and focus on domain estimation based on the

anonymised industrial classi�er CLASS that is part of the ABI data set. This

variable has 28 categories, with sample sizes that range from 9 to 1553, and

where 8 categories have sample sizes less than 50. The main auxiliary vari-

able in the ABI data set is the value of turnover as recorded in the business

population register, denoted TURNREG, while the main output variables are

actual total turnover (TURNOVER), total employment costs (EMPTOTC),

total purchases of goods and services (PURTOT), total taxes paid (TAXTOT)

and total number of employees (EMPLOY).

We focus on TAXTOT and restrict attention to those business with TAX-

TOT ¡ 0 and with TURNREG strictly between 0 and 100,000. There are

5,554 such cases, corresponding to an estimated population (de�ned by the

sum of the sample weights of these businesses) of 193,164 businesses. Table 1

shows the samples and estimated populations counts for the 28 CLASS groups.

Our objective is estimation of the population mean of TAXTOT for each level

of CLASS.

The relationship between TURNREG and TAXTOT for the ABI businesses is

shown in Figure 1,vand indicates a level of heterogeneity that is not unusual for

a business survey data set. As a consequence, it may not be appropriate to use

a linear mixed model to estimate population quantities relating to TAXTOT

for the ABI population. One of the assumptions in such a model is that within-
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CLASS 11 21 22 23 24 25 26

n 226 134 293 1489 183 201 62

N 4896 3253 7076 44247 5069 4711 1548

CLASS 27 28 31 32 33 34 35

n 586 323 27 103 181 153 143

N 17316 10080 1533 5291 10087 10554 6745

CLASS 36 37 41 42 43 51 52

n 83 63 35 66 131 266 409

N 4948 2547 1106 1693 3773 14151 20807

CLASS 61 62 63 71 72 73 74

n 269 47 18 7 17 17 22

N 6693 715 200 614 1461 796 1254

Table 1 CLASS level sample and population counts for the restricted ABI sample.

domain variances are homogeneous. This assumption may not be appropriate

when the heterogeneity in the data is high, particularly when estimation of

domain-speci�c variances is of interest, with the aim of predicting domain-

speci�c random e�ects. In Figure 2 we show four examples of the CLASS level

relationships between TAXTOT and TURNREG, noting the presence of a

large number of representative outlier values. Sections 2 to 4 discuss methods

for controlling their impact on estimation of the CLASS means of TAXTOT,

and we apply these methods to the ABI data set in Section 5.

2 Outlier Robust SAE

We assume that the target population (and sample) can be divided into D

domains or small areas, indexed by i below, with population units indexed

by j. The overall population (sample) size is denoted by Npnq, with Nipniq

population (sample) units in area i. We denote the population (sample) units

in area i by Uipsiq. The variable of interest is denoted y, with values yij and

is assumed to be measured (at least conceptually) on a continuous scale. The

target parameters are the overall population mean, denoted yU , as well as

the small area means yi . Note that `small' in this context usually means
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Fig. 1 Plot of TAXTOT vs. TURNREG for ABI sample. Plot on left is for all 5,554 sample

businesses, while plot on right is for the 5,363 sample businesses with TURNREG < 20,000

and TAXTOT < 1,000. Di�erent CLASS groups are indicated by di�erent plotting symbols.

that the sample size ni in area i is too small to allow standard domain esti-

mation with su�cient accuracy, and so models are typically used to `borrow

strength' from other areas for estimating yi. See Rao and Molina (2015) for

an overview of what this concept implies. We just note here that it includes

two key assumptions. The �rst is that our working model for the conditional
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Fig. 2 Plot of TAXTOT vs. TURNREG for four CLASS groups. Dotted lines are mean

values.

distribution of yij given the value xij of suitable covariates whose values are

assumed known for all population units adequately characterises the between

and within area variability of yij . The second is that our method of sampling

is non-informative for this conditional distribution. That is, we can validly

assume that the non-sampled population units have the same conditional dis-

tribution as the sampled population units.

Under this set up it is not di�cult to see that a representative sample outlier

can call into question the overall adequacy of the working model, insofar as it

clearly implies that there are sample values yij that are not well �tted by it.
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Furthermore, since these sample outliers are correct population values, there

is no indication that similar values might not also exist in the non-sampled

values of y. It is then a small step to realising that, given the much smaller

sample sizes involved, such a population outlier in area i can have a much

greater impact on estimation for the mean yi of the area than it will have

on estimation for the overall population mean yU . Use of outlier robust SAE

methods with business survey data therefore seems a sensible strategy.

2.1 Linear Random E�ects Modeling for SAE

Most business survey estimation methods are based on the implicit use of

working models that are linear in the covariates. Consequently, we restrict

ourselves in what follows to SAE models that are also linear. In this section

we summarise the standard random intercepts unit level working model used

in SAE. This is the linear mixed model

yij � x
T
ijβ � ui � eij , (1)

where ui is an area (level 2) random e�ect and eij is an individual (level 1)

random e�ect. The area e�ects are assumed to all have zero mean and the

same variance, and are distributed independently of the individual e�ects,

which are also assumed to have zero mean and the same variance. We write

this as u � puiq � iidp0, σ2
uq and e � peijq � iidp0, σ2

eq, where u and e are

independent. The parameters σ2
u and σ

2
e are usually referred to as the variance

components of the model and the covariance matrix of the vector yi � pyijq

of population values of y in area i is then Vi � σ2
eINi � σ2

u1Ni1
T
Ni
, where INi

is the identity matrix of order Ni and 1Ni
is a vector of ones of the same order.

Methods for �tting a model (1) are now widely available. These typically

assume random e�ects are normally distributed and lead to an estimate pβ
of the regression parameters (typically referred to as �xed e�ects) as well as

predicted values pui for the area i random e�ects (which depends on pβ as well
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as on the estimates of the model variance components). The predicted value

for yij for non-sampled population unit j in area i is then

pyij � xTij pβ � pui, (2)

and Empirical Best Linear Unbiased Predictor of small area mean for area i,

yi, is (Battese et al., 1988)

EBLUPi � N�1
i

# ¸
jPSi

yij�
¸

jPUizsi

�
xTij

pβ�pui	+ � N�1
i

# ¸
jPsi

yij�
¸

jPUizsi

pyij+,
(3)

where Uizsi indicates the non-sample units in small area i. A linearisation-

based estimator of the MSE of (3) was developed by Prasad and Rao (1990).

See also Rao and Molina (2015, Section 7.2, pp.179-186). This estimator is

known to work well when the model (1) holds. It is denoted by PR in what

follows. Alternatively, a bootstrap method can be used for MSE estimation.

For details see González-Manteiga et al. (2007) and Hall and Maiti (2006).

2.2 Outlier Robust EBLUP

Sinha and Rao (2009) tackle the problem of how to deal with outliers in SAE

under the working model (1) by replacing pβ and pui in (2) with outlier robust

versions pβΨ and puΨi , leading to the outlier robust predictor
pyΨij � xTij pβΨ � puΨi . (4)

The outlier robust estimates of the �xed and random e�ects in (1) are de�ned

by combining a modi�ed version of the robust estimating equations for β,¸
i

XT
i V

�1
i U

1{2
i ΨpU

�1{2
i riq � 0, (5)

with the robust Maximum Likelihood Estimation Method 2 (MLE2) estimat-

ing equations for the variance components θ � pθlq � pσ2
u, σ

2
eq developed by

Sinha and Rao (2009),¸
i

#
ΨT pU�1{2riqU

1{2V �1
i

BV i

Bθl
V �1
i U1{2ΨpU�1{2riq�k2tr

�
V �1
i

BVi
Bθl

�+
� 0

(6)
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leading to a robust EBLUP for yi,

SRi � N�1
i

# ¸
jPsi

yij �
¸

jPUizsi

pyΨij
+
, (7)

where the vector of random area-speci�c e�ect u � puiq is estimated following

Fellner (1986). Here Ψ is a bounded, skew-symmetric in�uence function that

controls the in�uence of level 2 and level 1 outliers on the estimates of β and

θ, ri � yi �X
T
i β, U � diagpV q and k2 � ErΨ2pZqs where Z � Np0, 1q. A

popular choice for Ψ is the Huber type in�uence function with tuning constant

c � 1.345 in (5) and c � 2 in (6). As an aside, we note that use of (6) to esti-

mate the variance components associated with the `non-outliers' in a data set

leads to downward bias when outliers are present, an inevitable compromise

when trying to estimate variances while simultaneously restricting the in�u-

ence of large positive residuals on the variance estimates.

Sinha and Rao (2009) proposed a parametric bootstrap for estimating the

MSE of estimator (7), but also noted that this model-based bootstrap tech-

nique has a limitation, in the sense that it depends on the working assumption

about the distributions of the area-speci�c e�ects and the random unit errors.

A linearisation-based MSE estimator for (7) was developed by Chambers et al.

(2014). This combines the approach of Booth and Hobert (1998) with the lin-

earisation approach to estimation of prediction variance of Street et al. (1988),

to obtain the approximation

msepSRiq � V arpSRiq � tBiaspSRiqu
2,

where V arpSRiq � h1iprδq � h2iprδq � h3iprδq with rδ � prβΨT , ruΨT qT and

BiaspSRiq is the conditional (i.e., given the value of the area i e�ect) bias

of SRi as a predictor of yi. Here
rδ � prβΨT , ruΨT qT are estimated values of β

and u that are obtained by solving (5) when variance components are known

and

� h1iprδq � p1 � niN
�1
i q2pxTri z

T
riq

pVuprδqpxTri zTriqT is the variance contribu-

tion due to robust estimation of the �xed and random e�ects in the linear
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mixed model, where xri and zri denote the vectors of average values of xij

and zij respectively for the Ni � ni non sampled units in area i, with zij

denoting the vector of dimension D with value one in position i and zeros

elsewhere and pVuprδq is the �rst order approximation to the conditional

covariance matrix V arprδ|uq de�ned in Chambers et al. (2014).

� h2iprδq � p1� niN
�1
i q2Vuperiq is the variance contribution associated with

prediction of yri, the area i non-sample average value of y, i.e.

Vuperiq � V arpyri|uq � V ar

�
pNi � niq

�1
¸

jPUizsi

pyij � x
T
ij
rβΨ � ruΨi q|u

�
.

� h3iprδq � �
N�1
i

°
jPUizsi

zTij

�
Υ

�
N�1
i

°
jPUizsi

zTij

�T
is the variance con-

tribution due to robust estimation of the variance components of the linear

mixed model, with

Υ �
2̧

a�1

2̧

b�1

#�
BθaG

	� Ḑ

i�1

Ḑ

k�1

!ruΨi ruΨk � σ2
eIpi � kq

)�
pBθbGq

TVuabppθq+,
where Vuppθq � rVuabppθqs � V arppθ|uq and G is an D � n matrix

G �

�
ZT pσ2

eInq
�1{2W2pσ

2
eInq

�1{2Z � pσ2
uImq

�1{2W3pσ
2
uImq

�1{2

��1

�
ZT pσ2

eInq
�1{2W2pσ

2
eInq

�1{2

�
,

with W2 an n� n diagonal matrix of weights with j�th component

w2ij �
�
pσeq

�1pyij � x
T
ij
rβΨ � ruΨi q��1

Ψ
 
pσeq

�1pyij � x
T
ij
rβΨ � ruΨi q(,

and W3 an D �D diagonal matrix of weights with i�th component

w3ij �
�
pσuq

�1ruΨi ��1
Ψ
 
pσuq

�1ruΨi (.
See Chambers et al. (2014) for further details. This MSE approximation can

be estimated by plugging in robust estimates of the model parameters and the

area e�ects. We denote the resulting estimator by CST in what follows, and

note that there are two ways in which the marginal variance Vuperiq can be

estimated:
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� conditionally, via

pVuperiq � pNi � niq
�1pni � pq�1

¸
jPsi

pyij � x
T
ij
pβΨ � puΨi q2,

� unconditionally, via

pVuperiq � pNi � niq
�1pn� pq�1

¸
k

¸
jPsk

pykj � x
T
kj
pβΨ � puΨk q2,

where p is the number of covariates. The version of CST that is based on

the unconditional (pooled) estimator above is usually more stable, and hence

preferred.

2.3 Predictive Outlier Robust SAE

Since the outlier robust predictor SRi minimises the in�uence of sample out-

liers on prediction, it will be biased when representative sample outliers are

drawn from a distribution with a mean structure that di�ers from that im-

plied by the working model. As a consequence, Chambers et al. (2014) refer

to a predictor like SRi as `projective', insofar as it projects working model be-

haviour on to all non-sample population units. On the other hand, the outlier

robust predictor of Chambers (1986) modi�es a projective predictor to allow

for representative outliers to contribute, albeit in a controlled way. Chambers

et al. (2014) refer to this approach as `predictive', and use it to develop an

alternative to SRi. This alternative predictor corresponds to the mean func-

tional de�ned by the Welsh and Ronchetti (1998) outlier robust predictor of

the �nite population distribution of y in area i. This is

pFΨΦi ptq � N�1
i

� ¸
jPsi

Ipyij ¤ tq �
¸

jPUizsi

pPΨΦij ptq
�
, (8)

where pPΨΦij ptq � n�1
i

°
kPsi

I
�pyΨij � pωΨi ΦtrΨik{pωΨi u ¤ t

�
, rΨik � yik � pyΨik,pωΨi

is a robust estimate of the scale of the rΨik; k P si and Φ is another bounded

in�uence function that is not as restrictive as Ψ , i.e. |Φ| ¥ |Ψ |. Typically,

both Φ and Ψ are Huber-type in�uence functions de�ned by tuning constants
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k and c respectively, and we have k ¤ c. In what follows we put k � 1.345

and c � 3. The proposed predictor of yi is then obtained by integrating the

identity function with respect to (8), which leads to

SRBi �

»
td pFΨΦi ptq � SRi �

�
1 � niN

�1
i

	 pBi, (9)

where pBi � n�1
i

°
jPsi

pωΨi ΦprΨik{pωΨi q is a robust bias correction that allows

representative outliers to have a larger e�ect on the predicted value of yi than

allowed by SRi. MSE estimation for (9) can also be carried out using CST,

which in this case is based on the approximation

msepSRBiq � hB1ip
rδq � h2iprδq � hB3ip

rδq � hB4ip
rδq,

where h2i was de�ned earlier in Section 2.2 and, under the working model (1),

� hB1ip
rδq � p1�niN

�1
i q2

��xri � xsi
0D

�
T pVuprδq
��xri � xsi

0D

�
, where pVuprδq was
de�ned earlier in Section 2.2, and xsi is the simple average of xij in area

i;

� hB3ip
rδq � p1�niN

�1
i q2n�1

i pni�p�1q�1
°
jPsi

#
ωΨi Φ

#
ωΨi Φ

�
yik�x

T
ij

rβΨ�ruΨ
i

ωΨ
i

�+2

;

� hB4ip
rδq � p1 � niN

�1
i q2DT

i ΥDi, where Υ was de�ned in Section 2.2, and

Di � zri � n�1
i

¸
jPsi

Φ
1
�!
yij � x

T
ij
rβΨ � zTijGpys �Xs

rβΨ q){ωΨi �zij .
HereG is the same as in Section 2.2., ys is the n�1 vector of sample values

of y and Xs is the n� p matrix of sample values for the model covariates.

See Chambers (1986) for details.

2.4 A More Suitable Outlier Robust Predictor

From (9), we see that the bias correction pBi in SRBi is a direct estimate.

This has the advantage that no information from representative outliers not

in area i is used in calculating this bias correction. However, it also means

that pBi can be variable when the area sample size ni is small. Jiongo et al.
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(2013) have proposed a more stable bias correction that allows representative

outlier information to be `shared' across areas when computing the correction

for a particular area. Using an extension of the argument used to motivate the

Chambers (1986) robust predictor the authors �rst write

EBLUPi �N
�1
i

¸
h

¸
kPsh

wihkyhk �

� EBLUPi �N�1
i

�� °
jPsi

pwiij � 1qrij � p
°
jPsi

wiij �Niqpui°
h�i

°
kPsh

wihkrhk �
°
h�ip

°
kPsh

wihkqpuh
�


where rij � yij � x
T
ij
pβ � pui and the weights satisfy the relations

wihkpδq �

$&%D�1aiX
T
hC

pjq
h (k P sh),

1 �D�1aiX
T
i C

pjq
i � pNi � niqσ

2
v1

T
ni
C
pjq
i (j P si)

with

ai �

$&% ¸
kPUi\si

xTij � σ2
vpNi � niq1

T
ni
V �1
i pδqXiutD

�1
Ḑ

i�1

XT
i V

�1
i pδqXi

,.-
�1

and Cipδq � V �1
i pδq is a matrix satisfying Cipδq � Ci � pC

p1q
i , . . . ,C

pniq
i q

with C
pkq
i corresponding to the kth column of Ci (see Jiongo et al., 2013, for

further details). Replacing all non-robust quantities on the right hand side of

this identity by corresponding robust values and then bounding residuals leads

to the predictor

SRCi �SRi �N�1
i

�� °
jPsi

Φc1tpwiij � 1qrΨiju �Φc2tp
°
jPsi

wiij �NiqpuΨi u°
h�i

°
kPsh

Φc1twihkr
Ψ
hku �

°
h�iΦc2tp

°
kPsh

wihkqpuΨh u
�


� SRi �N�1
i

¸
h

¸
jPsh

Φ1tpwihj � Ipj P iqqr
Ψ
kju �N�1

i

¸
h

Φ2tWihpuΨh u,
(10)

where Wih � p
°
kPsh

wihkq � Iph � 1qNiq and Φ1 and Φ2 are two other

bounded in�uence functions. Again, these are typically Huber-type functions

with tuning constants c1 and c2 respectively. Jiongo et al. (2013) suggest

c1 � cpσΨe � medianpwihjq and c2 � cpσΨu � medianpWihq where c could be
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3, 6 and 9. For details on this choice see the results of the simulation exper-

iments in Jiongo et al. (2013). Observe that the robust bias correction term

in SRCi is an indirect estimate that uses information from the entire sample.

Also note that since weighted residuals are bounded, this correction term is

essentially protected against extreme EBLUP weights as well as against ex-

treme residuals. Finally, we note that Jiongo et al. (2013) suggest that MSE

estimation of (10) be carried out by a parametric bootstrap.

2.5 Numerical Issues with SR-based Predictors

The algorithm used to calculate the robust predictor SRi is complex and does

not always converge, as demonstrated in the ABI data analysis reported in

Section 5. Furthermore, even when it does converge, it can do so quite slowly.

To illustrate, in Table 2 we show, for di�erent sample sizes of ABI data, the

time to convergence (in minutes) of the R functions

� lme (nlme package in R) - used to calculate the REML �t to the linear

mixed model used in EBLUPi;

� rlmer (robustlmm package in R) - used to calculate the robust �t to the

linear mixed model employed in SRi;

� QRLM (a slightly modi�ed version of the rlm code in the mass package

of R) - used to calculate the M-quantile model �t underpinning the MQ

approach described in Section 3. It is available from the authors on request.

In all cases these times were obtained using R operating under MacOS on a 2

GHz Intel i7 with 16 Gb RAM. The time to convergence obviously increases

with the sample size, but looks reasonable for lme and QRLM. The rlmer

times, on the other hand, are much greater and indicate that this function

might not be practical for large sample sizes. Furthermore, although we do not

show it here, these execution and convergence issues can become even more

problematic when we compute the linearised mean squared error estimate CST

for SRBi and SRCi. Finally, as mentioned earlier, we note that there are also
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n lme rlmer QRLM

1000 0.00052 0.46567 0.00082

2000 0.00047 0.89308 0.00065

4000 0.00067 3.10560 0.00445

6099 0.00100 6.82303 0.00220

Table 2 Convergence times (in minutes) of R functions used to �t di�erent models to

samples from the ABI data.

bias issues for the robust estimates of the variance components calculated

by solving (5) and (6). This can a�ect choice of the tuning constants, but

more importantly can impact on the bias of the linearised mean squared error

estimator CST for the robust predictors SRi and SRBi and as well as on the

validity of the parametric bootstrap-based mean squared error estimator that

might be considered as an alternative.

3 M-quantile Models: A Distribution Free Alternative to Mixed

E�ects Models

3.1 M-quantiles Regression

The basis of the model-based approach to SAE is that population units in

di�erent areas exhibit su�ciently di�erent distributions for the target variable

y (even after conditioning on the values of the covariates x) to warrant also

conditioning on knowledge of which area a unit is drawn from. Sometimes,

these di�erences are ascribed to between area di�erences due to the values of

unknown variables. In any case, when there are relatively few areas (or do-

mains of interest) one can usually extend the working model to include �xed

area e�ects, thus allowing these di�erences to be modelled. However, when

there are many areas, with small samples in each, the more common strategy

is to make the area e�ects random and move to a mixed e�ects working model.

However, this is not the only strategy one can adopt in this situation. Another

strategy is to directly model the between area di�erences in the conditional
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distribution of y given x by associating di�erent regions in the support for this

conditional distribution with di�erent areas. Such regions can be de�ned by

a suitable indexing of this support, and recent SAE research has focussed on

one particular indexing, corresponding to the M-quantiles of the conditional

distribution of y given x across the target population. This approach has three

major advantages over mixed modelling: it is distribution free, it is intrinsi-

cally robust to population outliers and it is very simple to implement. In this

section we therefore �rst describe this approach, before contrasting it with

outlier robust mixed modelling in subsequent sections.

To start, we introduce the concept of regression M-quantiles as a general way

of indexing a conditional distribution. By de�nition, regression models are

models for a conditional mean Epy|xq, with mixed models extending this to

Epyij |xij � x, j P iq. But we could also modelMedianpy|xq, or more generally,

for 0   q   1, regression quantiles Qpxij ; qq, where Prpy ¤ Qpx; qq|xijq � q

(Koenker and Bassett Jr, 1978). Newey and Powell (1987) developed a similar

generalisation for conditional expectations, introducing regression expectiles

Epxij ; qq , where Epxij ; 0.5q � Epyij |xijq. Both regression quantiles and re-

gression expectiles can be used to index the support of the conditional dis-

tribution of y given x via the quantile index q, and both are special cases of

regression M-quantiles Mpxij ; qq (Breckling and Chambers, 1988).

Let y denote a continuously distributed scalar random variable with condi-

tional distribution function F pt|xq. The regression M-quantile of order q for y

at x is the value Mpx, qq that satis�es»
Ψqpσ

�1
q pt�Mpx; qqqqdF pt|xq � 0,

where σq is the scale of the random variable y�Mpx; qq; Ψqpuq � 2ΨpuqtqIpu ¡

0q�p1�qqIpu ¤ 0qu and Ψ is a user-de�ned in�uence function. That is,Mpx; qq

is a robust M-functional when Ψ is bounded. In this paper we use the Huber-

type in�uence function Ψptq � tIp�c   t   cq � csgnptqIp|t| ¥ cq, so our
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notation does not distinguish between di�erent types of in�uence functions.

We also note that the value of the tuning constant c will not be explicitly

denoted unless we wish to compare di�erent Huber-type in�uence functions.

Thus, when c tends to 8, so Ψptq � t, Mpx; qq is the regression expectile of

order q, and when c tends to 0, so Ψptq � sgnptq, Mpx; qq is the regression

quantile of order q. A linear M-quantile regression model is one where we write

Mpxij ; qiq � x
T
ijβq, (11)

noting that the parameter βq here, besides depending on q, also depends on

Ψ , and hence on c.

Given a sample s of n values of xij and a corresponding set of n indepen-

dent draws of y from F pt|xq, an estimate pβq of βq can be calculated for any

value of q in the interval p0, 1q as the solution to the estimating equations

n�1
¸
iPD

¸
jPsi

Ψq
�
s�1
q pyij � x

T
ij
pβqq�xij � 0, (12)

where sq is a robust estimate of σq , e.g. the median of the absolute values of

the residuals yij � xTij
pβq. Provided that the tuning constant c is bounded

away from 0, we can easily solve (12) via standard iteratively reweighted

least squares (IRLS). The R function QRLM that we use to �t regression

M-quantiles in this paper is based on the IRLS algorithm underpinning the

rlm function of the mass package in R. It is fast and stable and is available

from the authors upon request. An issue that occasionally rises is where two

distinct values of q lead to solutions to (12) that `cross' within the support

of the sample x values. This type of behaviour is usually an indication that

a linear speci�cation for Mpx; qq may not be appropriate. In any case, if one

wishes to persist with the linear speci�cation, then the approach described by

He (1997) and Salvati et al. (2012) can be used when solving (12).

M-quantile regression models are ensemble models, i.e. they model a range

of potential realisations for y given x by �tting (11) for a range of values of
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q. To illustrate, in Figure 3 we show the linear regression M-quantile �ts for

TAXTOT given TURNREG in the ABI data set when c � 1.345 (the standard

default tuning constant value for a Huber-type in�uence function) and with

q varying from 0.005 to 0.995. By construction, these �ts are robust to large

residuals since they are based on M-estimates. Figure 3 shows also the line of

the least squares �t. This �t is strongly a�ected by outlying observations with

relatively high TAXTOT values. Note also that by �tting linear regression M-

quantiles at di�erent values of q (i.e. by �tting an ensemble model) we have a

very straightforward way of modelling the heteroskedasticity in the ABI data.

Finally, we see that the entire M-quantile regression modelling exercise is dis-

tribution free. Our only strong assumption is one of linearity for the di�erent

regression M-quantiles. And, though we do not pursue this issue here, even

this assumption is not necessary since we can easily modify the M-quantile �ts

to be non-parametric (Pratesi et al., 2009).

3.2 M-quantile Models for SAE

M-quantile regression ensemble models were suggested as an alternative to

mixed models for SAE by Chambers and Tzavidis (2006). Their use in SAE

is based on the observation that these ensemble models can be used to create

an indexing of the areas not dissimilar to that de�ned by the random area

e�ects used in mixed models. In particular, if there is signi�cant between area

variation in y not explained by between-area variation in x, then observations

yij from area i with the same value of x will tend to cluster together in the

conditional density fpy|xq, or equivalently, if we de�ne qij as the solution to

yij � Mpxij ; qijq, then the random unit-speci�c indexes qij for area i will be

correlated. An area-speci�c index qi can then be de�ned as the expected value

of these unit-speci�c indices, and we can model the area i speci�c regression

of y on x by the regression M-quantile Mpxij ; qiq. In practice, we substitute

estimates for these indices, �rst by solving yij � xMpxij ; pqijq for pqij , wherexMpxij ; qq � x
T pβq, and then setting pqi � n�1

i

°
jPsi

pqij . Under this approach,



Title Suppressed Due to Excessive Length 21

0e+00 2e+04 4e+04 6e+04 8e+04 1e+05

0
20

00
40

00
60

00
80

00

TURNREG

TA
X

TO
T

q=0.8

q=0.6

Fig. 3 Regression M-quantile lines for TAXTOT given TURNREG in ABI data with q

varying from 0.005 to 0.995. Red bold dotted line is least squares �t. Labels for identifying

the q-values close to the OLS-line are reported.

the predicted value of non-sampled unit j in area i is xMpxij ; pqiq, and the

corresponding predictor of small area mean yi is

MQi � N�1
i

! ¸
jPsi

yij �
¸

jPUizsi

xMpxij ; pqiq). (13)

Exactly the same argument as that used to derive the predictor SRBi (9) as

the mean functional de�ned by the area i distribution function predictor (8)

can now be applied in reverse to show that (13) is the mean functional de�ned

by the M-quantile based area i distribution function predictor

pFMQ
i ptq � N�1

i

� ¸
jPsi

Ipyij ¤ tq �
¸

jPUizsi

pPMQ
ij ptq

�
, (14)

where pPMQ
ij ptq � n�1

i

°
jPsi

IpxMpxij ; pqiq ¤ tq. An MSE estimator for (13),

based on the linearization approach of Booth and Hobert (1998), is described
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in Chambers et al. (2014). This is

ymsepMQiq � pV pMQiq �
! pBpMQiq

)2

, (15)

where

� pV pMQiq � p1 � niN
�1
i q2

!
xTri

pV ppβqiqxri)� p1 � niN
�1
i q2 pV periq;

� pBpMQiq � N�1
i

!°
k

°
jPsk

wkjx
T
kj
pβ
pqk �

°
jPsi

xTij
pβ
pqi

)
;

� pV periq � pNi � niq
�1pn� 1q�1

°
k

°
jPsk

�
ykj � x

T
kj
pβ
pqk

	2

.

Here pV ppβqiq is the estimated variance of the �tted M-quantile regression coe�-

cients at q � pqi, wij � bij�Nin
�1
i Ipj P iq, bi � pbijq �W ppqiqXspX

T
s W ppqiqXsq

�1pNi�

niqpxri � xsiq and W ppqiq is the diagonal weight matrix obtained from IRLS

procedure to calculate pβ
pqi .

As with the SRi predictor, the predictorMQi de�ned by (13) is robust projec-

tive since it assumes all non-sampled units follow the working model de�ned

by the M-quantile indexing of the di�erent areas of interest. Given individual

x values, this model characterises the y values of area i units as satisfying

yij � x
T
ijβqij � x

T
ijpβqi � γijq � x

T
ijβqi � uij , (16)

where the γij are noise variables with zero expectation over area i, but with

unspeci�ed variability. As a consequence, the errors uij are heteroskedastic.

Tzavidis et al. (2010) note that this heteroskedasticity implies that (14) is

then typically biased, and consequently so is (13). They propose replacing

(13) by the mean functional of a bias-corrected M-quantile based predictor for

the area i distribution function for y, extending the approach of Welsh and

Ronchetti (1998) to robust prediction based on M-quantile modelling. This

replaces pPMQ
ij ptq in (14) by a robust bias-corrected alternative

pPMQB
ij ptq � n�1

i

¸
kPsi

I
�xMpxij ; pqiq � pωMQ

i Φ
 
rMQ
ik {pωMQ

i

(
¤ t

	
,

where rMQ
ik � yik � xMpxik; pqiq, Φ is another bounded in�uence function that

satis�es |Φ| ¥ |Ψ | and pωMQ
i is a robust estimator of the scale of the residuals
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rMQ
ik in area i. The mean functional de�ned by this alternative distribution

function estimator is then a corresponding bias-corrected version of (13) of the

form

MQBi � N�1
i

� ¸
jPsi

yij �
¸

jPUizsi

xMpxij ; pqiq � n�1
i pNi � niq

¸
jPsi

ωMQ
ij Φ

!�
yij � xMpxij ; pqiq�MωMQ

ij

)�

�MQi � p1 � niN
�1
i qn�1

i

¸
jPsi

ωMQ
ij Φ

!
rMQ
ij

L
ωMQ
ij

)
.

(17)

Here ωMQ
ij is a robust estimator of the scale of the residual rMQ

ij in area i. The

use of the two in�uence functions, Ψ used to de�ne the working M-quantile

model (16), see (12), and Φ in the bias correction term in (17), is worthy of

comment. The aim of the Ψ function is to ensure that sample outliers have

little or no in�uence on the �t of the working M-quantile model. The second,

Φ, is still bounded but `less restrictive' than Ψ (since |Φ| ¥ |Ψ |), and its

purpose is to de�ne an adjustment for the bias caused by the fact that the

�rst two terms on the right hand side of (17) treat sample outliers as not being

representative. Finally, we note that the MSE of (17) can also be estimated via

CST (Chambers et al., 2014), which in this case is based on the approximation

msepMQBiq �p1 � niN
�1
i q2��!

xri � xsi

)T pV � pβ
pqi

� 
xri � xsi

(
� pV periq �

1

n2i

¸
jPsi

!
ωMQ
ij Φ

�
pωMQ

ij q�1rMQ
ij

�)2
�
.

(18)

Note that in expression (18) there is no squared bias term, since this bias is

(approximately) removed by the bias correction term of MBQ. An alternative

pseudo-linearization estimator of the conditional MSE of MQ and MQB has

been developed in Chambers et al. (2014), applying the ideas that are set out

in Chambers et al. (2011).
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4 Outlier robust bootstrapping via the Bounded Block Bootstrap

in SAE

The bootstrap technique, see Efron (1992) and Tibshirani and Efron (1993), is

a computational approach to sample inference that provides answers to a large

class of statistical problems. In particular, its main use is in con�dence inter-

val estimation. It was originally developed for parametric inference given i.i.d.

data and it often recommended as an alternative when distributional assump-

tions are questionable (Davison et al., 1997). However, random e�ects models

for hierarchically dependent data, e.g. clustered or multilevel data, are now

in wide use. With such data, it is important to use bootstrap techniques that

replicate the hierarchical dependence structure of the data under the mixed

model, typically via a percentile bootstrap with resampling of scaled level one

(unit level) and level two (area level) residuals (Fama and French, 1988).

A standard approach to SAE for means or totals uses a working model with

mixed e�ects like (1) to characterise between area variability. Bootstrap es-

timation of the MSE and of con�dence intervals for a predictor like (3) is

straightforward when it is based on this working model, i.e. when resampling

is carried out from simulated population data based on this model. However,

the validity of this parametric bootstrap is dependent on the working model

providing an adequate �t to the unobserved population values. In particu-

lar, this bootstrap cannot replicate the true population structure if outliers in

the sample data imply that the stochastic assumptions of the working model

(1) are questionable. Substitution of outlier robust parameter estimates leads

to biased estimates of variance components that can in turn lead to a biased

parametric bootstrap. Use of a non-parametric bootstrap also has issues in this

case since with replacement resampling from working model-based empirical

residuals that include outlier values can lead to bootstrap error distributions

that are too wide.
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In what follows, we propose an M-quantile ensemble modelling approach to

recreating the hierarchical population variability in the original population,

combining it with a modi�ed block bootstrap that allows outliers to have a

controlled e�ect on the bootstrap variability. Chambers and Chandra (2013)

introduced a random e�ects block bootstrap that allows arbitrary level one er-

ror distributions, but assumes exchangeability at level two. We use an adapta-

tion of this bootstrap, which we refer to as a bounded block bootstrap (BBB).

This is a non-parametric bootstrap procedure that replicates hierarchical data

structure, but uses `Huberized' level one and level two working model residuals

to restrict the in�uence of outliers on the bootstrap populations and a block

bootstrap resampling procedure to ensure that actual level one (unit level)

variability within areas is replicated. The steps in this bootstrap procedure

are as follows:

1. Calculate the robust estimate pβ0.5 for the �xed e�ects vector de�ning the

linear regression M-quantile of order q � 0.5, as well as the marginal resid-

uals de�ned by this �t rij � yij � x
T
ij
pβ0.5;

2. Calculate the level two and level one empirical residuals generated by the

�tted linear quantile regression of order q � 0.5 as r
p2q
i � n�1

i

°
jPsi

rij and

r
p1q
ij � rij � r

p2q
i respectively;

3. Calculate the moment-based estimates rσ2
u and rσ2

e of the between area and

within area variance components de�ned by the hierarchical linear model

(1), e.g. using the mbest package within R, and then scale the level two and

level one empirical residuals calculated in the previous step so that their

sample variances are equal to rσ2
u and rσ2

e respectively;

4. Compute `Huberized' versions of these level two and level one empirical

residuals

r̆
p2q
i � r

p2q
i I

�
|r
p2q
i | ¤ crσ2

u

�
� crσ2

usgn
�
r
p2q
i

�
I
�
|r
p2q
i | ¡ crσ2

u

�
r̆
p1q
ij � r

p1q
ij I

�
|r
p1q
ij | ¤ crσ2

e

�
� crσ2

esgn
�
r
p1q
ij

�
I
�
|r
p1q
ij | ¡ crσ2

e

�
,

and then mean correct these bounded residuals. The tuning constant c here

is set high enough to allow outliers to have an impact on the residuals. We
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set c � 3 for the results reported in this paper, but larger values (e.g. c � 6)

could also be used;

5. Implement a two level random e�ects block bootstrap based on these

bounded and mean corrected empirical residuals. That is, for each boot-

strap iteration b,

a. Generate level two errors for the D areas by drawing a simple random

sample of size D with replacement from the set tr̆
p2q
i ; i � 1, . . . , Du

of bounded and mean corrected empirical level two residuals. Denote

this sample by tr̆
p�2q
i ; i � 1, . . . , Du. Similarly, generate level one errors

within each area i by independently drawing simple random samples

of size Ni with replacement from tr̆1i�j ; j P Ui�u where i
� is a random

drawn from 1, . . . , D. Denote this sample by tr̆
p�1q
ij ; i � 1, . . . , Niu;

b. Simulate bootstrap population data py�ij ,xijq using y�ij � xij pβ0.5 �

r̆
p�2q
i � r̆

p�1q
ij and compute the corresponding bootstrap small area mean

y
pbq
i at iteration b;

c. draw a bootstrap sample from the bootstrap population using the sam-

pling method used to obtain the original sample;

d. Fit a linear M-quantile regression ensemble model to the bootstrap

sample data drawn in step 3 to obtain bootstrap estimates for the

model parameters and for the individual M-quantile indices pqij and the

area-level indices pqi. Use these to compute the bootstrap M-quantile

estimates MQ
pbq
i and MQB

pbq
i for y

pbq
i at bootstrap iteration b;

e. Repeat steps a-d B times to obtain B sets of bootstrap small area

estimates. The MSE estimates for MQi and MQBi are then computed

as

mseipMQiq �
1

B

B̧

b�1

�
MQ

pbq
i � y

pbq
i

�2
(19)

and

mseipMQBiq �
1

B

B̧

b�1

�
MQB

pbq
i � y

pbq
i

�2
. (20)

Con�dence intervals can also be computed from this bootstrap distri-

bution, again using the percentile method.
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5 Analysis of the ABI data

5.1 Initial Raw Scale Modelling

In order to apply the outlier robust methods discussed in Sections 2 - 4, sample

data for TAXTOT and TURNREG as well as register values of TURNREG are

required. These register values are not available for the ABI sample data. Con-

sequently, the sample values of TURNREG were independently bootstrapped

within each level of CLASS in order to create a synthetic register containing

the same number of businesses as the estimated CLASS populations shown in

Table 1. This synthetic register was then held �xed for the purpose of illustra-

tion, with the target being estimation of the CLASS averages of TAXTOT.

To start, values of the direct estimator (here denoted DIRECT) as well as

that of the EBLUP (3) were calculated for each CLASS group. Since the syn-

thetic register is, by construction, almost perfectly balanced on TURNREG

within each CLASS group, DIRECT was de�ned as the CLASS level sample

mean of TAXTOT. Figure 4 illustrates the relationship between the CLASS

values for DIRECT and EBLUP by showing the scatterplots of the direct es-

timates and the EBLUP estimates and their relative standard errors (RSEs).

The relative standard error (Gonzalez et al., 1975) is de�ned here as:

RSE �

bymseppθqpθ � 100,

where pθ is an estimator of actual mean θ. We see that values of EBLUP and

DIRECT generally line up in the left hand plot in Figure 4, but there are some

notable di�erences. We also note that there is no obvious shrinkage, indicat-

ing that there may be a problem with the EBLUP estimates. Inspection of

the ABI values for TAXTOT within di�erent CLASS groups shows two major

issues. The �rst is that the EBLUP estimates for CLASS = 31, 71 and 72 are

negative, with extremely high estimated RSEs. The second was noted earlier

in Section 1, and corresponds to the presence of a large number of outlier
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values in the ABI. Their impact on the corresponding EBLUP estimates can

be seen in the right hand plot in Figure 4, which shows that the estimated

EBLUP RSEs for over half of the 28 CLASS groups are greater than the cor-

responding RSEs of the DIRECT estimator. We have also computed the MSE

estimates of the EBLUP using a parametric bootstrap procedure proposed by

González-Manteiga et al. (2007). The empirical correlation between the RSEs

calculated via the PR and the bootstrap methods is 0.99. The two procedures

give practically identical results, but the bootstrap procedure has lower com-

putational time than the PR method (0.22 vs. 24.71 minutes using optimised

R code on a laptop with a 2 GHz Intel Core i7 and 16 Gb RAM).

We also calculated the SR predictors using the package rsae (Schoch, 2014).

Here we noted that the algorithm used to calculate these estimate often failed

to converge, and, even when it did converge, the estimates that were produced

were substantially smaller than the direct estimates (Figure 5). This could be

due to the fact that the predicted area e�ects were almost zero under this

approach.

We therefore focussed on the use of an M-quantile modeling approach for

estimation of the CLASS means of TAXTOT. The �t of this model to the

ABI data is shown in Figure 6, while Figure 7 shows how the CLASS level

estimates generated by MQ and MQB based on this �tted M-quantile model

compare with the corresponding DIRECT estimates. More precisely, Figure 6

shows the M-quantile regression �ts to the di�erent CLASS groups. These �ts

show how the M-quantile regression model captures the between area varia-

tion in the response variable (TAXTOT) that not explained by the covariate

(TURNREG). We can also note that the slope of the �xed e�ects �tted line

based on the linear mixed model (dashed line in Figure 6) is higher than the

corresponding slopes of the di�erent CLASS level M-quantile regression �ts.

This suggests that outlying data values for TAXTOT in the ABI data lead to
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Fig. 4 Left plot (a) shows DIRECT vs. EBLUP estimates for ABI sample. Dotted line

is the identity line. Right plot (b) shows corresponding estimated relative standard errors

for DIRECT vs. those for EBLUP, calculated via the PR method, with estimated relative

standard errors for three CLASS groups with negative EBLUP estimates excluded.
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Fig. 5 DIRECT vs SR estimates for ABI sample. Dotted line is the identity line.

biased CLASS estimates when a linear mixed model is �tted to these data.

Figure 7 displays bias diagnostic plots (left column) where CLASS values

of DIRECT have been plotted against corresponding values of MQ and MQB.

Athough there is evidence of shrinkage, the MQ and MQB estimates appear
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Fig. 6 Linear regression M-quantile �ts to the CLASS groups. Dashed line is �xed e�ects

�tted values from linear mixed model underpinning the EBLUP estimates.

to be generally consistent with the direct estimates. However, there are �ve

CLASS values for which the MQ, MQB and direct estimates are notably dif-

ferent. The right column of Figure 7 shows the estimated RSEs for DIRECT

plotted against the corresponding estimated RSEs for MQ and MQB, where

the latter are based on the analytic MSE estimator CST. As already noted,

there are large number of outlier values in the ABI, but their impact on the

corresponding MQ and MQB estimates is smaller than their impact on the

EBLUP estimates: the estimated RSEs of DIRECT are greater than the cor-

responding estimated RSEs of the MQ and MQB estimators in over half of

the 28 CLASS groups, with the estimated RSEs of DIRECT lower than the

estimated RSEs of MQB in just 7 out of the 28 CLASS groups. This provides

some evidence that the bias correction used in MQB improves the performance

of the MQ predictor.
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Fig. 7 CLASS values of DIRECT plotted against corresponding values of MQ and MQB

(left column) and estimated RSEs for DIRECT plotted against corresponding RSEs for MQ

and MQB (right column). Note that the dotted line is the identity line. Estimated RSEs for

MQ and MQB are based on the analytic MSE estimator CST.

5.2 A Log Scale Bounded Block Bootstrap

A log-log linear speci�cation is a standard way of modelling income and

expenditure data in economics (Emerson and Stoto, 1983). This is because

most economic variables exhibit multiplicative, rather than additive, behaviour

(Oltean, 2016). As a consequence, we now �t an M-quantile regression ensem-

ble model to log-scale ABI data. The log-scale-M-quantile regression �ts to the

CLASS groups are shown in Figure 8. There still appear to be some outlying
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Fig. 8 Log scale regression M-quantile lines (q = 0.005, 0.01, 0.02,0. 05, 0.1, 0.2, 0.3, 0.4,

0.5, 0.6, 0.7, 0.8, 0.9, 0.95, 0.98, 0.99, 0.995) for TAXTOT given TURNREG in ABI data.

Red bold dotted line is least squares �t.

data points, however, and it is possible that these values can lead to biased

small area estimates using a log-scale mixed model. Consequently, we again

consider outlier robust small area estimators based on M-quantile regression,

but now applied to log-scale ABI data.

Figure 9 shows the estimated RSEs for DIRECT plotted against corresponding

RSEs for MQ and MQB where the estimated RSEs for MQ and MQB are

based on a log-scale Bounded Block Bootstrap (see Section 4), followed by

exponentiation of the log-scale bootstrapped population values. There are a

large number of outlier values in the ABI, but their impact on the bootstrap

MSEs for MQ and MQB is smaller than their impact on corresponding MSE

estimates derived using the analytic MSE estimator CST (Figure 10).
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Fig. 9 Estimated RSEs of MQ (a) and MQB (b) computed via log scale bounded block

bootstrap compared with estimated RSEs generated by DIRECT for CLASS groups in ABI

data.
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Fig. 10 Estimated RSEs of MQ (a) and MQB (b) computed via log scale bounded block

bootstrap compared with estimated RSEs of MQ and MQB based on the analytic MSE

estimator CST for CLASS groups in ABI data.

6 Concluding remarks

In this paper we have examined how the presence of outliers in business and

income surveys can impact on small area estimates calculated using data from

these surveys. After a review of recent developments in outlier robust small

domain estimation based on the projective and predictive approaches, we have
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proposed an outlier robust bootstrap MSE estimator for small area predictors

based on the M-quantile modelling approach. We focused on this approach be-

cause M-quantile modelling is fast and stable, and o�ers a practical approach

to robust SAE for business surveys. We then illustrated this approach using

data that closely mimics data that were observed in the UK ABI.

The empirical results that are reported in Section 5, and in the model-based

and design-based simulations reported in the Supplementary Materials, show

that the bias corrected version of the M-quantile method works quite well. In

particular, when there are signi�cant departures from the assumed working

small area model, the robust-predictive estimators de�ned via this approach

are less biased and can be more e�cient than the robust-projective estimators

associated with the standard M-quantile approach.

The CST linearisation MSE estimator o�ers a promising approach to analytic

estimation of the MSE of robust-predictive estimators: it shows small bias but

has problems with under-coverage (see the results in Supplementary Materials

for model and design based simulations). This could occur because the CST es-

timator is based on an unconditional approach, and its variance and squared

bias terms su�er from instability at small sample sizes. It is also re�ected

in the unstable coverage behaviour of the nominal 95% con�dence intervals

that are generated using CST. To overcome this problem a Bounded Block

Bootstrap approach to estimating the MSEs of MQ-based SAE predictors has

been proposed. It is very stable under all simulation scenarios described in

the Supplementary Materials, but also displays positive bias with increasing

heteroskedasticity due to outlying values in both area and individual e�ects.

In this context we conjecture that a larger value of the tuning constant used

to compute the `Huberized' versions of the level two and level one empirical

residuals used in the block bootstrap procedure could potentially reduce this

bias. However, this requires further research. We also note that the proposed

bootstrap procedure improves on the coverage rate of nominal 95% con�dence
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intervals generated by the CST MSE estimator.

Finally, we note that the good performance of the Bounded Block Bootstrap

procedure for MQ-based SAE predictors does suggest extension of this method

to the SR and SRB predictors. This is left for further research, together with

the development of algorithms for �tting robust mixed models that exhibit

improved convergence behaviour (Schoch, 2012).
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