HIGHER DIMENSIONAL CLIFFORD-SEVERI EQUALITIES
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ABSTRACT. Let X be a smooth complex projective variety, a: X — A a mor-
phism to an abelian variety such that Pic’(A) injects into Pic®(X) and let L
be a line bundle on X; denote by h2(X, L) the minimum of h°(X, L ® a*«) for
o € Pic’(A). The so-called Clifford-Severi inequalities have been proven in [2]
and [5]; in particular, for any L there is a lower bound for the volume given
by:

vol(L) > n!h® (X, L),
and, if Kx — L is pseudoeffective,

vol(L) > 2n!hd (X, L).
In this paper we characterize varieties and line bundles for which the above
Clifford-Severi inequalities are equalities.
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1. INTRODUCTION AND STATEMENT OF RESULTS

A minimal surface S of general type and of maximal Albanese dimension sat-
isfies the Severi inequality K2 > 4x(Ks) ([I7]). The history of this result spans
more than 70 years, from the original (incorrect) proof of Severi [19] to the com-
plete proof given in [I7] by the second named author. Then the first named

The first author was supported by MINECO MTM2015-69135-P “Geometria y Topologia
de Variedades, Algebra y Aplicaciones” and by Generalitat de Catalunya 2017SGR932. The
second and third authors are members of G.N.S.A.G.A.—I.N.d.A.M. This research was partially
supported and by MIUR (Italy) through PRIN 2015 “Geometria delle varieta algebriche” and
PRIN 2012-13 “Moduli, strutture geometriche e loro applicazioni”.

COMMUNICATIONS IN CONTEMPORARY MATHEMATICS, VOLUME NO.22, IS-
SUE NO. 08. 173-190. HTTPS://DX.DOI.ORG/10.1142/S0219199719500792

1



2 MIGUEL ANGEL BARJA, RITA PARDINI, AND LIDIA STOPPINO

author observed that, thanks to the generic vanishing theorem, the Severi in-
equality can be interpreted as a lower bound for the ratio of the volume of Kg
to the general value of h°(S, Kg ® a) for a € Pic’(S), and that it makes sense to
look for lower bounds of this type also for line bundles other than the canonical
bundle. So in [2] he considered triples (X, a, L), where X is a smooth projective
variety of dimension n, a: X — A is a morphism such that dima(X) = n and
a*: Pic’(A) — Pic’(X) is injective, and L a nef line bundle on X. He defined the
continuous rank h2(X, L) as the generic value of h°(X, L ® a*a) for a € Pic’(A)
and gave a set of “Clifford—Severi inequalities” in arbitrary dimension, i.e. lower
bounds for the slope A\(L) := hg‘gl)(fg) The name of Clifford was added because
in dimension 1 these inequaliti%s are just a continuous version of the classical
Clifford’s Lemma for line bundles on a curve.

Finally, in [3] we strengthened and refined significantly the lower bounds for
A(L) given by the Clifford-Severi inequalities. At the same time we substantially
streamlined the proofs. This was made possible by the introduction of two new
tools, the continuous rank function and the eventual map, that are also essential
for proving the results of this paper.

The most relevant Clifford-Severi inequalities are the following:
(1.1) vol(L) > n!hd(X, L),
and, if Ky — L is pseudoeffective,
(1.2) vol(L) > 2n!hY(X, L).

Note that the Severi inequality for surfaces is a special case of .

When h2(X, L) > 0, inequalities and can be rephrased as A(L) >
n! and A(L) > 2n!, respectively. We say that a line bundle L belongs to the
first (respectively, second) Clifford-Severi line iff h2(X,L) > 0 and A(L) = n!
(respectively, A(L) = 2n!).

Both inequalities and are sharp: ample line bundles L on abelian
varieties X = A clearly belong to the first Clifford Severi line; in addition, if
a: X — A is a double cover of an abelian variety branched on a smooth ample
divisor B € |2R|, any line bundle L = a*N with 0 < N < R verifies A(L) = 2nl,
i.e. L belongs to the Second Clifford-Severi line.

Still, the classification of these extremal cases has proven surprisingly hard,
due to the fact that the proof of the inequalities in [I7] and in [2] is based on a
limiting argument. For example, the classification of surfaces on the Severi line
K?% = 4x(Kg) was achieved only in 2015 ([3] and [I5], independently), ten years
later than [I7]. The higher dimensional cases and the case of a general L (even
for surfaces) were completely open.
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In this paper, we classify the triples (X, L,a) achieving equality in and
; the classification essentially reduces to the known examples described above.
Let us state our main results.

Given a morphism a: X — A of a n-dimensional variety X to an abelian variety
A, we say that a is strongly generating if a*: Pic’(A) — Pic’(X) is injective, and
of mazimal a-dimension if dima(X) = n (i.e, if a is finite onto its image).

First we give a characterization of pairs (X, L) on the first Severi line:

Theorem 1.1. Let X be a smooth variety of dimensionn > 1, let a: X — A be
a strongly generating map to a q-dimensional abelian variety such that X is of
mazximal a-dimension; let L € Pic(X) be a line bundle with h%(X, L) > 0.

If N\(L) =n!, then ¢ =n and a: X — A is a birational morphism.

Next we consider pairs (X, L) on the second Clifford-Severi line.

If the assumptions of Theorem are satisfied, one can define the eventual
map given by L ([5], cf. §2.4): this is a generically finite map whose degree we
denote by my. For n > 2, we have the following characterization:

Theorem 1.2. Let X be a smooth variety of dimensionn > 2, leta: X — A be
a strongly generating map to a q-dimensional abelian variety such that X s of
mazximal a-dimension; let L € Pic(X) be a line bundle with h%(X, L) > 0.

If Kx — L is pseudoeffective and A\(L) = 2n!, then:

(i) ¢ =n, dega = 2;

(ii) if x(Kx) > 0, then Kx = a*N + E for some ample N in A and some
(possibly non effective) a-exceptional divisor E, my, = 2 and a is bira-
tionally equivalent to the eventual map of Kx;

(i) if in addition Kx — L+« is effective for some a € Pic’(A), then my, = 2
and a is birationally equivalent to the eventual map of L.

The case of curves is dealt with separately (Theorem . It is worth observing
that the above results are new in any dimension.

Remark 1.3. It is natural to ask whether one can improve the bound A(L) > 2n!
if dega # 2 and Kx — L is pseudoeffective. We have indeed proven stronger
bounds in [3] under the hypotheses that dega = 1 or that a not composed with
an involution. In the same paper however, we have constructed examples of
varieties with Albanese morphism of arbitrarily large degree and slope arbitrarily
close to 2n! (Example 7.8). So, the answer to the above question is negative.
Note that the examples given in [3] have dega = 2* for some k.

Theorem gives the following characterization of varieties on the second
Clifford-Severi line for L = Kx, extending the analogous result for surfaces ([3],

[15]).
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Corollary 1.4. Let X be a complex projective minimal variety of dimension
n > 2 with terminal singularities, let a: X — A be the Albanese map and let
wx = Ox(Kx) be the canonical sheaf.

If X is of maximal Albanese dimension and K% = 2nlx(wx) > 0, then:

(i) ¢ =n and dega = 2;

(ii) if X! — X is a desingularization and o': X' — A is the Albanese map,
then Kx» = a/*N + E for some ample N in A and o -exceptional divisor
E, mg,, = 2 and a' is birationally equivalent to the eventual map of Kx:.

The key point in our proofs are the new techniques introduced in [5], i.e. the
construction of the eventual map associated to a line bundle such that h%(X, L) >
0 (see [2.4]), and the continuous rank function (see [2.2)): given any ample line
bundle H on A there is a natural way to define a real valued function ¢(x) =
hO(X,L + za*H) of x € R, which is convex and continuous. With this new
approach the limiting argument of [17] and [2] is embodied in the definition of
the rank function. Moreover, the Clifford-Severi inequalities imply a relation
between the rank function and the volume function volx (L + xza*H) ([14]), i.e
the non-negativity of the functions voly(L + xa*H) — n!h®(X, L + za*H) and
volx (L+xza*H)—2n!hd(X, L+za*H), respectively. We approach the classification
problem by studying the minima of these two functions.

When L = Kx, we have proven (Theorem (ii)) that Kx is the pullback of
an ample divisor on A plus an a-exceptional divisor. In the case of surfaces we
can say more (cf. [3]): the a-exceptional divisor is effective. This is equivalent
to the fact that, given the Stein factorization of a: X — X — A, the surface X
has canonical singularities. It is thus very natural to pose the following question,
which at the moment seems to be out of reach.

Question 1.5. In the hypotheses of Theorem or of [[.2] is it true that L =
a*N + FE for some ample N in A and some effective a-exceptional divisor E?

2. PRELIMINARY RESULTS

2.1. Notation and conventions. We work over the complex numbers; varieties
and subvarieties are assumed to be irreducible and projective. Since our focus is
on birational geometry, a map is a rational map and we denote all maps by solid
arrows. We say that two dominant maps f: X — Z, f': X — Z’ are birationally
equivalent if there exists a birational isomorphism h: Z — Z’ such that f’ = ho f.

We do not distinguish between divisors and line bundles and use both the
additive and multiplicative notation, depending on the situation.

If d is a non-negative integer, we write “d > 0” instead of “d large and divisible
enough”.
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We recall briefly some definitions and results from [5], Sections 3 and 4. We
refer the reader to [5] for more details.

2.2. The continuous rank. The starting point is a smooth variety X of dimen-
sion n with a map a: X — A to an abelian variety of dimension q. We say that
a is strongly generating if a*: Pic’(A) — Pic’(X) is injective and we say that
X is of mazimal a-dimension if dima(X) = n. We assume throughout all the
section that both these conditions hold for a: X — A; to simplify the notation,
given a € Pic’(A4) we write a instead of a*a. Given a line bundle L € Pic(X),
we define its continuous rank (with respect to a) as the minimum h(X, L) of
RO(X,L ® a) for a € Pic’(A).
Consider the cartesian diagram:

X Py x

(2.1) adl la

A A
where 114 denotes multiplication by d. The map iq is étale of degree d?? and X (4
is connected since a is strongly generating; we set L(® := L.
One of the reasons for introducing the continuous rank is the following multi-
plicative property:

(2.2) h (XD, L) = *h%(X, L) for any d € N.

Now fix a very ample line bundle H € Pic’(A) and set M := a*H, and, more
generally, M, := a;H for all d € N. The line bundles M@ and M; on X¥ are
related by the formula (see for example [16] pag. 75 formula (iv)):

(2.3) M@ = @M, mod Pic’(A).

For x € R consider the R-line bundle L, := L + xM; if x is rational, then
we have that for d > 0 (meaning d big and divisible enough, see the line
bundle LY + zd?M, is integral and by it is equivalent modulo Pic’(A) to
(L)@ = L@ + 2 M@, Thus

1

RA(X, L,) == T

R (XD LD + zd®M,)

is well defined thanks to (2.2)).

The function z — h2(X, L,) just defined for z € Q can be extended to a
continuous, convex function ¢(z) on R. In particular, ¢ has one-sided derivatives
at every point x € R and is differentiable except at most at countably many
points.

Given a subvariety 7' C X, we define the restricted continuous rank hd(Xr, L)
as the generic value of dim Im(H°(X, L&a) — H(T, (L®a)r)), for a € Pic’(A).
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The restricted continuous rank also satisfies the multiplicative property , SO
for rational values of z one can define h°(Xr, L,) as above, and also in this case
the function h°(X;r, L,) extends to a continuous function of x € R. Using this
definition we are able to give an explicit formula for the left derivative of ¢ (cf.
[5, Theorem 4.2]):

(2.4) D™ ¢(x) = lim

d
d—oco 29—2 hgd(X|(M)d> (Lx>(d)), Vo € R.

2.3. Slope and degree of subcanonicity. Assume that h2(X,L) > 0 and
define the slope of L as:
vol(L)
ML) = ———~.
W)
Note that by [5, Proposition 3.2] the line bundle L is big, and so A(L) > 0.

The Clifford-Severi inequalities give explicit lower bounds for A(L), which in-
volve the dimension of X and the so called numerical degree of subcanonicity of
L (with respect to M). This is defined as:

LMnfl
(25) T(L,M) = W € (O, OO]
If 7(L, M) = oo, namely if KxM" ! =0 then x(X) < 0, because M is big. On
the other hand, we have x(X) > 0 since X is of maximal a-dimension, so we
conclude that r(L, M) = oo implies k(X ) = 0.

2.4. The eventual map and the eventual degree. Assume that h2(X, L) >
0. One of the main results of [5] (Theorem 3.7) is the definition of the eventual
map associated with L: it is a generically finite dominant map ¢: X — Z|
characterized up to birational equivalence by the following properties:

(a) a: X — A factorizes as X - Z % A for some map g.

(b) By property (a), we have a cartesian diagram:

x@ Y L@ 4y

Ha l lﬂd
X2 57954

Then the map (¥ is birationally equivalent to the map given by | L@ ®
al for d > 0 and a € Pic’(A) general.

The degree of ¢ is denoted by my and is called the eventual degree of L. 1t is
immediate to see that L and LY have the same eventual degree, so for z € Q
we choose d such that Lx(d) is integral and we set my, = LTIGE The function
x — myp, is non increasing and takes integer values, so it can be extended to a
left continuous function of z € R.
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2.5. Continuous resolution of the base locus. Let o: X — X be a birational
morphism, set L := ¢*L and denote by a: X — A the map induced by a; we
have

h(X,L) =h(X,L), vol(L) = vol(L)

and the eventual map @ given by L is equal to g o o (in particular, mz = my).
So, for many purposes, we may replace (X, L) by ()A(i , E)

Since it is easier to deal with morphisms than with rational maps, the following
construction (continuous resolution of the base locus) is often useful. It is possible
(cf. [2, Sec. 3] [3, Sec. 2.4]) to choose the morphism o X — X in such a way

that there is a decomposition L = P+ D as a sum of effective divisors, such that
for d > 0:

(a) the system |P@ ® af is free for all a € Pic’(A);
(b) [P ® a| is the moving part of LY @ a| for a € Pic’(A) general.

Clearly, one has hY (X@, P@) = ph9 (XD, L@) = p0 (XD L@D) = d2h)(X, L),
where a: X — A s the morphism induced by a. Note that P and D are divisors
on X and that the modification o: X — X satifying the above properties is not
unique; however we will usually assume that a suitable o has been chosen and we
will call P and D the continuous moving part and the continuous fized part of L,
respectively. Actually, given z € Q such that h%(X, L,) > 0 it is convenient to
be able to speak about the continuous moving part P, of L, and its continuous
fixed part D,. In order to do this we choose d € N such that (L,)@ is integral
and then choose a modification 7: Y — X on which n* ((Lx)(d)) decomposes
as the sum P + D of its continuous moving and fixed part. One would like to
have divisors P, and D, on (a modification of) X that pull back to P and D on
Y and call these the continuous moving and fixed part of L,, but such P, and
D, usually do not exist. Moreover the construction of P and D involves choosing
first an integer d > 0 and then a suitable birational morphism 7: Y — X@,
However, some of the invariants attached to the decomposition do not depend on
these choices and so it makes sense to define them, in particular we can define:

o W(X,P,) == &:h0((Y, P) = %:h2(X, (L)), where a: Y — A is the
map induced by ag;
o (P)"IM = déqP" Ynp* M);

® Mmp, =Mmp=mp,.
Moreover, we will sometimes write (P,)?, implying that we have chosen d and

n:Y — X@ as above and we are considering the continuous moving part P of
" ((La)@).



8 MIGUEL ANGEL BARJA, RITA PARDINI, AND LIDIA STOPPINO

2.6. The volume function. We refer the reader to [12], [13], § 2.2.C] and [9] for
a complete account of the properties of the volume and of the restricted volume.
Here we just recall what we need in our proofs.

The volume of a line bundle L € Pic(X) is defined as:

IhO(X, mL
vol(L) = volx (L) := limsup nih (X, mL)
m m"
and, more generally, given a k-dimensional subvariety 17" C X the restricted vol-
ume is defined as:

kRO (X L
volx (L) := limsup ( IZ:m )
m m
For t € N one has vol(tL) = t" vol(L) and volyr(tL) = t* volxr(L), so both
definitions generalize naturally to Q-line bundles. Below we state in our setting
some useful consequences of the properties of the volume of a Q-line bundle (cf.
also [5]). We assume h2(X, L) > 0 and we denote by M a general element of
|M| = |a*H| and by My a general element of |My| = |ajH]|.
(i) if L = P+ D, with D effective, then vol(L) > vol(P) and volxa (L) >
VOleA{,(P)7
(ii) if n: X — X is a birational morphism, then volg(n*L) = volx (L) and
volg 57(L) = volx|a (L), where M := n*M;
(iii) volyw (LY) = d*?volx(L) and VOlX(d)‘M(d)(L(d)> = d*volxy (L) for
M € |M| general;
(iv) if L is nef then volx (L) = L™ and volya (L) = L™ ' M = voly (L) for
M € |M| general.

The definition of volume can be extended to R-line bundles, giving a continuous
function on N'(X,R). We consider the continuous function ¢ (z) := vol(L,), for
x € R:if vol(L,) > 0 (i.e., if L, is big), ¢ is differentiable and we have (cf Thm. A
and Cor. C of [6], and also [14, Cor. C]):

(2.6) V' (x) = nvolxa (L),

where volx s is the restricted volume.

We close this section with a remark that allows us to compare the derivatives
of ¢(x) and of the continuous rank function ¢(z). This will be a key point of our
arguments.

Remark 2.1. Fix x € Q such that AY(X, L,) > 0 and consider the continuous
moving and fixed part P, and D, of L, as in Section [2.5]

Although P, and D, are not defined on X, thanks to the above properties (ii)
and (iii) of the volume, we can nevertheless define their volume as we did in
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for the continuous rank as follows:

1
T2 volxw e ((Po) ™),
where d > 0. Note that using property (iii) we still have property (i): volxa(Ls) >
volx|m(P;). By property (iv) we have:

1
74

volx| v (Py) =

1
d2q—2

() @) 21 =

1
= s ol ((P)9)

(2.7) voly s (Ps) = (P D) M, =

Assume now that the inequality volywa, ((Pr)?) > Ch) (XD, (Pr)@))
holds for some constant C' > 0 and all d > 0. By (2.7 . we obtaln

volx|a(La) > volxm(Py) > C (X(d)lMd7 (P) D) = ——Chl (X(d iy (L)),

d2q
where the first inequality follows by property (i) and the final equality comes

from the very definition of P, (see §2.5). Combining (2.4), (2.6) and (2.7), we

obtain:

d2q 2

U(x) > nCD™ ().

3. PROOFS OF THE MAIN RESULTS

This section is devoted to proving our main results; we use freely the notation
introduced in Section 2
3.1. The first Clifford-Severi line.

Proof of Theorem[1.1. Take H very ample on A and let M = a*H. By Theorem
6.7 in [5] we have:

2r(L, M)
3.1 ML) > ————>—nl
(3-1) L) = 5 an =1
where r(L, M) = KLXMTH;; is the subcanonicity index of L with respect to M

(2-3). Since by hypothesis A(L) = n!, we have that r(L, M) = +oo and therefore
k(X) =0 (cf. §[2.3).

Now, X is of maximal Albanese dimension and hence, by a criterion of Kawa-
mata ([LI]) we have that X is birational to an abelian variety. Since n = dim X <
g = dim A and the map a is strongly generating, we have that ¢ = n and a is
birational. U
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Remark 3.1. The following analogue of (3.1]) has been proved in [2] for L nef:

2r(L)

(3.2) A(L) > (L) —1 n!
where (L) is the infimum of the r such that rKx — L is pseudoeffective. Of
course (L, M) < r(L) for the pullback M of any very ample H on A, so is
a stronger inequality than above. This is a significant improvement: when
A(L) = n! inequality tells us only that Kx is not big, while inequality
gives the much stronger condition x(X) = 0, which is crucial for proving Theorem
and, as a consequence, Theorem [1.2

3.2. The second Clifford-Severi line. As in Section [2 we fix a very ample
line bundle H on A, let M = a*H and L, = L + xM, for x € R; recall that the
eventual degree mp, is defined for all z such that h%(X, L,) > 0.

We need the following result, which strenghtens [5, Theorem 6.9 (i)]. The
argument is a slight modification of the proof of that theorem. Since that proof
is spread in several intermediate results, for the ease of the reader we sketch here
the main steps and refer to [5] for further details.

Proposition 3.2. In the assumptions of Theorem 1.2, assume that we have that
my, =1 for all 0 > x € Q such that h2(X, L,) > 0. Then

(3.3) vol(L) > gn! h(X,L).

Proof. First of all observe that the hypothesis about the eventual degree is stable
under multiplication maps, under passing to the continuous moving part and
restricting to a general section My (see .

More concretely, if z € Q, d > 0 and My is a smooth general member of
la’(H)| then we have
(3.4) mr, = 1 = mp, = 1 = m ) = 1 = mp @ = 1.

z TIM,
We can assume hY(X, L) > 0, since the result is trivially true otherwise. The
proof works by induction on n.

For n = 2 we only need to follow the chain of implications given in [5], where
Proposition 5.4 (ii) implies Theorem 5.5 (ii) which finally implies Proposition 6.14
(i): vol(L) > 5h2(X, L). The assumption made in [5] is that a is of degree 1. We
do not have this hypothesis here; however, the only fact used is that the linear
systems |(P,)@| s, (and hence |(Px)‘(;3d|) are generically injective for d > 0, and
this is true by .

For the inductive step, take 0 > = € Q with h2(X, L,) > 0 and consider its
continuous moving part P, (cf. § . Note that Kx — L, = (Kx — L) —aM
is pseudoeffective, since x < 0 and Kx — L is pseudoeffective. If ¢ is such that
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(L,)® is integral and we have chosen a continuous resolution 7: Y — X® of the
continuous base locus of (L,)®, then it is easy to see that Ky — (P,)® also is
pseudoeffective.

So, since mp, = 1, for d > 0 the inductive hypothesis gives:

(3.5) volyw g, (Po)@) = (P.D)" M, = vol, ((Pw)(d)wd) >
5 5
> 2 0, (Mo, (P)D)0,) = 2 n— 1A, (X (P2)),

where the first equalities hold since (P,)@ is nef (cf. § . As in , denote
by ¢(z) = h2(X, L,) the continuous rank function and by v (x) = vol(L,) the
volume function; by Remark , inequality (3.5)) gives:

¥/(@) > ZnlD o)

for 0 > x € Q. Since ¢'(z) is continuous and D~ ¢(z) is non decreasing, the same
inequality holds for € R. Now the desired inequality is obtained by taking the
integral:

vol(L) = /0 Y (x)dz > gn! /0 D™ ¢(x)dx = gn!hg(X, L).
U

Remark 3.3. The inequality of Proposition is one of the new stronger
Clifford—Severi inequalities proven in [5]. We do not know whether this inequality
is sharp (i.e. whether there are triples (X, a, L), with a of degree 1 such that
ML) = (5/2)n!). In any case, the fact that the condition my, = 1 for all 0 >
x € Q implies an inequality sharper than (1.2]) is a key step for proving the
characterization of the triples on the second Clifford—Severi line.

We are now able to complete the proof of Theorem

Proof of Theorem[1.3. (i) Let us define the following real numbers:
zo := max{z | volx(L,) =0} and Z:=max{z | h2(X,L,) =0}.

Since h?(X, L,) > 0 implies that L, is big, we have that > x,. Consider the
function

v(x) :=volx(L,) — 2n!h2 (X, L,).
We are going to prove that v(z) is identically zero for x < 0. We have v(0) = 0

by assumption and v(z) > 0 for < 0 by [5, Theorem 6.7]. Hence, it suffices to
show that the left derivative D~v(z) is > 0 for z < 0.



12 MIGUEL ANGEL BARJA, RITA PARDINI, AND LIDIA STOPPINO

Using the formulae (2.4) and (2.6)) for the left derivatives given in Section [2|

we have

D u(x) 0 T < xg
vV\xr) =
nvolx(Ly) — 2n! im0 ez hl (X‘Md (L)) 2> x

Observe that for 0 > x € Q the inequality:
volyw g, (Pe)®) > 2(n — D)h) (X[, (Pr) )

holds for d > 0 by [5, Theorem 6.7], since we can show that Ky — (P,)@
is pseudoeffective arguing as in the proof of Proposition [3.2l So for rational
0 > x > 29 Remark 2.1] gives:

D v(z) =n('(z) — 2(n — 1)!¢'(x)) > 0.
Since ¢’ is continuous for z # zy and ¢’ is non decreasing, the above inequality

actually holds for all x < 0.
We have thus proven that for all x < 0 one has:

volx(L,) = 2n!h2(X, L,).

Now we can apply Theorem 6.8 of [5] and deduce that for all x € QN (z,0]
we have my, = 1 or 2. Indeed, if L, is integral, this follows directly. Otherwise

take ¢ such that LY is integral. Since the volume and the continuous rank are
multiplicative, the same inequality holds for LY
mL;t) =1or 2.

Assume that for all rational z < 0 with h%(X, L,) > 0, we have that mp, =

1. Then by Proposition we would have that volx(L) > 2nlhd(X,L), a
contradiction. So there ex1sts a rational ty = eg/d% < 0 such that mr,, = 2.

As in § ﬂ up to passing to X for d > 0, taking a suitable blow-up of X ()
and tensoring by a general, we can assume that Ly, is integral and | L, | = |P|+D,
where D is effective, | P| is base point free and h?(X, Ly,) = h%(X, P). Moreover,
we may assume that the map ¢: X — Z induced by |P| is the eventual map
(see § and has degree my, = 2. Finally, up to replacing both X and Z
by modifications, we can assume that Z is smooth, so that there is a morphism
a': Z—>Aw1tha—a op. Let N € Pic(Z) be such that P = ¢*(N); we have
h(X,P)=1%(Z,N). Hence we have that

2n!hl (Z, N) = 2n!'hY(X, Ly,) = volx(Ly,) >
> volx (P) = 2volz(N) > 2n!h?, (Z N)

where the last inequality follows by [5, Theorem 6.7] - So volz(N) =
n!hl,(Z,N) and we can apply Theorem [1.1 . to Conclude that ¢ = n and that
a: Z — A is birational. Hence dega = 2.

and so we have that my, =
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(i) Let X 5 X % A be the Stein factorization of a; since X is normal and
A is smooth, a is a flat double cover and, in particular, X is Gorenstein and
K+ = a*N for some line bundle N on A. It follows that Ky = a*N + E, where
E is n-exceptional. Note that N is ample, since otherwise Kx would not be big.
The usual projection formulae for double covers give hd(X, K+) = hi,(A, N),
hence for general a € Pic’(A) the paracanonical system |K+ ® af is a pull back
from A. Since the moving part of |Kx ® « is a subsystem of n*| K+ ® a/, the map
given by |Kx ®al is composed with a (recall that h(X, Kx) = x(Kx) by generic
vanishing, so the paracanonical systems | Ky ® | are non empty by assumption).
One can argue exactly in the same way for the degree 2 map aq: X@ — A
and show that for « general the map given by |K y@ ® «af is composed with ay.
It follows that mg, = 2 and the eventual map of Kx is birationally equivalent
to a.
(iii) Under this hypothesis, since h)(X, L) > 0, we have x(Kx) = h2(X, Kx) > 0.
As we have shown in (i), there is 0 > t, € Q such that h%(X, L) > 0 and
mr,, = 2. Up to passing to an étale cover induced by a multiplication map,
we have an inclusion L;,, — L and by assumption we also have an inclusion
L — Kx ® a, for some a € Pic’(A). Since by (ii) my, = mg, = 2, we can
conclude that m; = 2 and that a is also birationally equivalent to the eventual

map of L.
O

Remark 3.4. From the above argument it follows that for any x < 0 the limit
for d — oo of

(3.6) # (volxpag, ((P)®) = 2(n = 1A, (X[) L (P)®))

is zero. However, notice that a posteriori we can observe that for any d the
quantity (3.6) is strictly positive. Indeed, if for some = € Q we had

d

volxwy, (P)?) =2(n — 1)!h2d(X|(M)d, (Pp) D) < 2(n — 1)K (Mg, (Px)(d)‘Md),
then by the second Clifford Severi inequality we would have equality and by
Theorem n on the triple (My, (ngd))‘Md, (aq)im,) we would have ¢ = dim(M,) =
n — 1, a contradiction.

Proof of Corollary[1.4} Given a desingularization X’ — X, we have volx: (Kx/) =
volx (K x) = K%. Since the singularities of X are rational and wx is the dualizing
sheaf of X, we also have that hl, (X', Kx/) = x(wx/) = x(wx) and the result
follows directly from Theorem [I.2] O

Finally we consider the case of curves on the second Severi line. In contrast to
the case n > 2, here the map a: X — A is not always a double cover:
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Theorem 3.5. Let C' be a smooth curve of genus g > 4, let a: C — A be a
strongly generating map to an abelian variety and let L € Pic(C) be a line bundle
with h2(C, L) > 2. Ifdeg L < 29 — 2 and degL = 2h2(C, L), then one of the
following cases occurs:

(i) A is an elliptic curve, the map a has degree 2, L = a*N for some line
bundle N on A and |L ® af is not birational for general o € Pic’(A);
(ii) deg L = 29 — 2 and |L ® af is birational for general o € Pic’(A).

Proof. Up to replacing L by L ® « for some general a € Pic”(A), we may assume
that h°(C, L) = h2(C, L) =: r + 1. Plugging the relation deg L = 2h°(C, L) into
the Riemann-Roch formula we get h°(C, L) + h%(C, Kc — L) = g — 1, hence in
particular r < g — 2.

Assume r < g — 2. In this case we can apply an inequality of Debarre and
Fahlaoui [8, Proposition 3.3] on the dimension of the abelian varieties contained
in the Brill-Noether locus W) (C'), that in our case gives dim A < (d —2r)/2 = 1.
The Brill-Noether locus W3, ,(C) is a proper subset of J**2(C') hence by [7,
Cor. 3.9] either we are in case (i), or a: C' — A has degree 2, C' is hyperelliptic
and L = rA + a*P, where A is the hyperelliptic g5 and P € A is a point. To
exclude the latter case, we claim that a hyperelliptic and bielliptic curve has
always genus g < 3.

Indeed, since the hyperelliptic involution commutes with all the automor-
phisms, the composition of the bielliptic and the hyperelliptic involutions gives a
third involution on C'. The first two involutions act on H°(C,w¢) with invariant
subspaces of eigenvalue -1 of dimensions g and g — 1 respectively. So the compo-
sition induces a double cover from C to a curve of genus g — 1. By the Hurwitz
formula we obtain the bound g < 3.

So we have L = a*N, where N is a line bundle of degree r +1 on A and
L®a=a*(N®a) for every a € Pic’(A); since h°(A, N ®a) =r+1=h%(C, L),
it follows that |L ® «| is not birational for general .

Assume now r = g—2, namely deg L = 2g—2. If | L®«| is birational for general
a in Pic’(A), then we have case (ii). So assume that |L ® a/ is not birational for
general a in Pic’(A). Since g > 3, by the Clifford+ Theorem [I, 1I1.3. ex.B.7]
the induced map ¢|rzq| factorizes as a double cover o of a curve D, of genus 0
or 1, composed with a birational map ¢y, such that the moving part of |L ® «f
is 0*|M,|. Since the group Aut(C) is finite, the double cover o: C' — D, is
independent of a € Pic’(A) general and we may write D = D,.

If g(D) = 0, then C is hyperelliptic, o is the hyperelliptic double cover and
L = rA + F,, where A is the gi and F, is an effective divisor of degree 2.
Sending « to F,, defines a generically injective rational map f: A — W5(C'). By
[7, Cor. 3.9] we have, as before, dim A = 1, and there is a degree 2 map : C' — A
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such that f = 8*. So C'is both bielliptic and hyperelliptic, hence by the argument
previously used it has genus at most 3, against our assumptions.
If g(D) =1, then L ® « is a pull-back from D. Since a is strongly generating

we have that A = D and hence in particular dega = 2 and dim A = 1. O
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