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Abstract

The aim of this note is to prove the monotonicity formula of Caffarelli-Jerison-Kenig
for functions, which are not necessarily continuous. We also give a detailed proof of the
multiphase version of the monotonicity formula in R
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1 Introduction

The Alt-Caffarelli-Friedman monotonicity formula is one of the most powerful tools in
the study of the regularity of multiphase optimization problems as, for example, optimal
partition problems for functionals involving some partial differential equation, a prototype
being the multiphase Alt-Caffarelli problem

min { Z/ ‘VUZ|2 — fzu, + Qz]l{ui>0} dz : (ul, e um) S .A(Q)}, (1.1)
=174

where Q C R? is a given (Lipschitz) bounded open set, @ : Q — R is a measurable function,
fisooy fm € L°(R2) and the admissible set A(Q) is given by

A(Q) = {(ul,...,um) € [HI(Q)]m cu; >0, uy =con df), wu; =0a.e on Q,Vi# j},
(1.2)
where ¢ > 0 is a given constant.

Remark 1.1. o If ) =0, then we have a classical optimal partition problem as the ones
studied in [8], [10],[11],[12] and [15].

elfc=1,m=1,ff=0and 0 < a < Q% <b< +oo, then (1.1 reduces to the problem
considered in [I].

e Ifm=1 Q=1, fi = f and fo = —f, then the solution of (1.1)) is given by
uj] = u’y :=sup{u”, 0}, uy = u = sup{—u*,0},

where u* € H}(2) is a solution of the following problem, considered in [4],
min{/ Vu? — fudz + |{u# 0} we HYQ)}
Q

e If Q=1and f; = -+ = f,,, = f, then (L.1)) reduces to a problem considered in [6]
and [3].



One of the main tools in the study of the Lipschitz continuity of the solutions (uf, ..., u},)
of the multiphase problem is the monotonicity formula, which relates the behaviour of
the different phases u; in the points on the common boundary d{u; > 0} N d{uj > 0}, the
main purpose being to provide a bound for the gradients |Vu;| and [Vuj| in these points.
The following estimate was proved in [7], as a generalization of the monotonicity formula
from [2], and was widely used (for example in [4] and also [5]) in the study of free-boundary
problems.

Theorem 1.2 (Caffarelli-Jerison-Kenig). Let By C R? be the unit ball in R and let uy, us €
H(Bj) be non-negative and continuous functions such that

Au; +1>0, for i=1,2, and uiug =0 on Bj.
Then there is a dimensional constant Cy such that for each r € (0,1) we have

[((5 ), Spiw) < (5 o). o

=1

The aim of this paper is to show that the continuity assumption in Theorem can be
dropped (Theorem and to provide the reader with a detailed proof of the multiphase
version (Theorem |4.1{and Corollary of Theorem which was proved in [6]. We note
that the proof of Theorem follows precisely the one of Theorem given in [7]. We
report the estimates, in which the continuity assumption was used, in Section [2| and we
adapt them, essentially by approximation, to the non-continuous case.

A strong initial motivation was provided by the multiphase version of the Alt-Caffarelli-
Friedman monotonicity formula, proved in [10] in the special case of sub—harmoniﬂ func-
tions w; in R?, which avoids the continuity assumption and applies also in the presence
of more phases. As a conclusion of the Introduction section, we give the proof of this re-
sult, which has the advantage of avoiding the technicalities, emphasising the presence of
a stronger decay in the multiphase case and showing that the continuous assumption is
unnecessary.

Theorem 1.3 (Alt-Caffarelli-Friedman; Conti-Terracini-Verzini). Consider the unit ball
B C R? and let uq, ..., um € Hl(Bl) be m mnon-negative subharmonic functions such that
fRQ ujuj dx = 0, for every choice of different indices i,j € {1,...,m}. Then the function

/1
O(r) = ( / |Vu; d:r> 1.4)
il;[l . ° (
is non-decreasing on [0,1]. In particular,
(] 2 2 "
H — Vu|? dz ) < |Vui|“de + -+ + Vum|“dz ) . (1.5)
i1\ JB, B B
Proof. The function ® is of bounded variation and calculating its derivative we get

faB |Vug|? dH?
fBr |Vu;|? da

d'(r) m?
D(r) = T +;

The result in [10] is more general and applies to (non-linear) eigenfunctions.



We now prove that the right-hand side is positive for every r € (0,1) such that w; €

HY(0B,), for every i = 1,...,m, and / Ui dH' =0, for every i # j € {1,...,m}. We
0B,
use the sub-harmonicity of u; to calculate

ou; 3 3
Vug)? dz < / wj— dH! < / u? dH! / Voui*dH' ), 1.7
/BT‘ [ dz < aB, On - ( 9B, ) ( 8BT| | ) .7

and decomposing the gradient Vu; in the tangent and normal parts V., u; and V,u;, we

have
/ |V, |? dH! :/ |Vnui|2d’H1+/ |Vru|* dH!
OB, OB, OB,

(1.8)
1 1
> 2 / Voul? dH) / Vw2 dH') .
(aBT\ | )(aBT| 2an')
Putting together (1.7) and (1.8)), we obtain
1
f@B ‘V'LLZFCZIHl fBB ’VTUZ'Pd,Hl 2
: > 9 298 > 2./ M (0B, N <Y), 1.9
fBT\Vuz‘de - faBr“?dHI - i ) (1.9)

where we use the notation €; := {u; > 0} and for an H'-measurable set w C 9B, we define

A . f@Br [Vrol* dH!
1(w) := min T V2 Y

: ve HYOB,), Hl({v;&O}\w) :O}.

2
By a standard symmetrization argument, we have \; (w) > <’H1L()) and so, by (/1.6
w

and the mean arithmetic-mean harmonic inequality, we obtain the estimate

' (r) m? & 27
> >
o) > T m@s e 2"

1=

which concludes the proof. O

2 Preliminary results on the monotonicity factors

In this section we consider non-negative functions u € H'(Bs) such that
Au+1>0  weaklyin  [H}(Bo)],

and we study the energy functional

[Vu/?
Ay(r) == /B ]2 dx,

for r € (0,1), which is precisely the quantity that appears in (3.2) and (4.1)). We start with
a lemma, which was first proved in [7, Remark 1.5].

Lemma 2.1. Suppose that u € H(Bs) is a non-negative Sobolev function such that Au +
1>1 on By C R%. Then, there is a dimensional constant Cy such that

2
[Vl de <Cy |1+ w?dzx | . (2.1)
d—2
B, |7l Bs\B:




Proof. Let us. = ¢ * u, where ¢, € C°(B;) is a standard molifier. Then u. — u strongly
in H'(Bs), us € C*®°(B3) and Au. +1 > 0 on By_.. We will prove (2.1)) for u.. We note
that a brief computation gives the inequality

A(u?) = 2|Vue|* + 2uAue > 2|Vu|* — 2u, in [H&(BQ_E)]/. (2.2)

We now choose a positive and radially decreasing function ¢ € CZ°(Bs/;) such that ¢ =1

on Bj. By ([2.2)) we get

6()|Vucf?
]

2ue + A(u?)

M= dx

2 dzx < (z)

B3/
_ p(@)us | o, ( ()
= J 2 () &

p(@)u 5 A¢(x) )

Bs /s

(z)ue

<2 dr + Cd/ u? dx. 2.3
|2[d=2 Bo\B; : (2:3)

B3z

Thus, in order to obtain (2.1), it is sufficient to estimate the norm |[Juc||pe(p,) with the
r.hs. of (2.1). To do that, we first note that since A(us(z) + |#|?/2d) > 0, we have

ma {uc(2) + 224} < Ca+ 4 f wdHT Ve (3/2.2—20),  (24)
reB; 9B,

and, after integration in r and the Cauchy-Schwartz inequality, we get

1/2
fucliemy < Cat Ca( [ aZds) (2.5)
Bo\B1
which, together with (2.3)), gives ([2.1)). O

Remark 2.2. For a non-negative function u € H'(B,), satisfying

/

Au+1>0 in  [Hy(B)],
we denote with A, (r) the quantity

Ay (r) == /B M dx < 4o0. (2.6)

a2
e The function r — A, (r) is bounded and increasing in r.

e We note that A,(r) is invariant with respect to the rescaling u,(x) := u(rz). Indeed,
for any 0 < r <1 we have

Au, +1>0 and Ay, (1) = Ay(r).

The next result is implicitly contained in [7, Lemma 2.8] and it is the point in which
the continuity of u; was used. The inequality (2.7 is the analogue of the estimate ([1.9)),
which is the main ingredient of the proof of Theorem



Lemma 2.3. Let u € H'(By) be a non-negative function such that Au+1 > 0 on Bs.
Then for Lebesgue almost every r € (0,1) we have the estimate

1 |Vul? 1 o a1\ 1/2 1 duwy o
o), e s Callt 5 d ~ =4 d 2,
ré /B gz 4 = G ( " ﬁ< ]{;BT [Vul i ) t5a Jop, VT 2D)

where

| Sop, IV0[? dHAT
A :=min faBr 2 AT

cve HYOB,), H ' ({v#0}n{u=0}) = 0} . (2.8)

and o € R is the characteristic constant of {u > 0} N OB, i.e. the non-negative solution
of the equation

a(a+d72) — (2.9)

r

Proof. We start by determining the subset of the interval (0, 1) for which we will prove that
(2.7) holds. Let u. := u * ¢, where ¢. is a standard molifier. Then we have that:

(i) for almost every r € (0, 1) the restriction of u to dB, is Sobolev. i.e. ugp, € H*(0B,);

(ii) for almost every r € (0,1) the sequence of restrictions (Vue)sp, converges strongly
in L2(0B,; RY) to (Vu)pp,-

We now consider r € (0,1) such that both (i) and (i) hold. By using the scaling u,(z) :=

r~2u(rz), we can suppose that r = 1.

If # ({u = 0}y N OB1) = 0, then A = 0. Now if [, [Vu[?dH* > 0, then the
inequality (2.7) is trivial. If on the other hand, [, 9B, |Vul?2 dH! = 0, then u is a constant

on 0B; and so, we may suppose that u = 0 on R?\ By, which again gives , by choosing

Cy large enough. Thus, it remains to prove the Lemma in the case H*~! ({u = 0}NdB;) > 0.
We first note that since H4~!({u = 0} N dB;) > 0, the constant A defined in is

strictly positive. Using the restriction of u on dB; as a test function in we get

)\/ u2d7-[d1§/ |V ul? dHA1,
831 aBl

where V. is the tangential gradient on dBj. In particular, we have
/\/ u? dH < / \V,ul? dHIt < / (Vul? dHY =: B,(1). (2.10)
8B1 8B1 831
For every € > 0, using the inequality
A(u?) = 2ucAue + 2|V |* > —2ue + 2| Vue|?,

and the fact that A(uE + |x|2/2d> > 0, we have

2 2
2 [ s < [ 2D 0
B || By |z

1/2 2
< Cy+Cy (/ u? de‘1> +/ A(;‘jg de.
dB1 B |z|

(2.11)




We now estimate the last term on the right-hand side.

A(u2) 2—dy, 2 / 6( 2 o d_ |z~ d—1
— A Ut
/Bl |x’d_2 dx B, (|lz|*"")uz dx + o5, on |z| on uz| dH
< —d(d — 2)wqu?(0) + / e i1 +(d—2) / u?dH*!
0B, On 0B

g/ 202U gyt 4 (d—2)/ W2 A,
0B, On 9B
(2.12)

where we used that —A(|z|>~%) = d(d — 2)wadp (see for example [I3, Section 2.2.1]). Since

(ii) holds, we may pass to the limit in (2.11) and (2.12), as ¢ — 0. Using ([2.10) we obtain

the inequality

2 1/2 1
2/ |ij|2dx < Cy+Cy (/ u2d7¢d—1> +2</ u2d%d_1>2 /
B |7l 0B, 0B, 0B,

+(d— 2)/ u? dH!
0B,

2 3
de_1>

@
on

d—2 2
<Oyt Opy 2 / @ d?—[d1+a+()/ Gul” gy
0B, A 0B, | OT
B,(1 B, (1
=Cyq+Cy (1) + ( ),
A «
where the last equality is due to the definition of a from (2.9)). O

3 The two-phase monotonicity formula

In this section we prove the Caffarelli-Jerison-Kenig monotonicity formula for Sobolev func-
tions. We follow precisely the proof given in [7], since the only estimates, where the conti-
nuity of u; was used are now isolated in Lemma [2.I] and Lemma [2.3]

Theorem 3.1 (Two-phase monotonicity formula). Let By C R? be the unit ball in R? and
U1, Ug € Hl(Bl) be two non-negative Sobolev functions such that

Au; +1>0, for i=1,2, and uiug =0 a.e. in  Bj. (3.1)
Then there is a dimensional constant Cy such that for each r € (0,1) we have

2

fI(2) o) (B ) o

=1

For the sake of simplicity of the notation, for ¢ = 1,2 and uy, us as in Theorem we

set v |2
Usg
Ai(r) == Ay, (r) = /BT = dx. (3.3)

In the next Lemma we estimate the derivative (with respect to r) of the quantity that
appears in the left-hand side of (3.2) from Theorem

6



Lemma 3.2. Let uy and us be as in Theorem [3.1 Then there is a dimensional constant
Cyq > 0 such that the following implication holds: if A1(1/4) > Cyq and Az(1/4) > Cy, then

i Al(T)AQ(T) _ 1 1 Al(T)AQ(T)
{ rt ]2 Cd<¢A1<r>+¢A2<r>> e

dr

for Lebesgue almost every r € [1/4,1].

Proof. We set, for i = 1,2 and r > 0,
Bi(r) = / |V |* dHI,
0B,

Since A; and As are increasing functions, they are differentiable almost everywhere on
(0,400). Moreover, A, = B;, for i = 1,2, in sense of distributions. Thus, the function

rr A (r) Ag(r),

is of bounded variation and we have

d [Ai)As()] (4 Bir) | Balr)) Au(r)Aa(r)
e - (e )

dr rd r o Ai(r) + As(r) r4

Thus, it is sufficient to prove, that for almost every r € [1/4, 1] we have

4 B B 1 1
2y 1(7’)4r 2(r

A (r) " Ay(r) = Y (w/Al(r) - m) |

By rescaling, it is sufficient to prove (3.4)) in the case r = 1. We consider two cases:

~—

(3.4)

(A) Suppose that Bi(1) > 4A;(1) or Ba(1) > 4A2(1). In both cases we have

Bi(1) = Ba(1)

B NEY RV WeY

>0,

which gives (3.4)).
(B) Suppose that Bi(1) < 4A4;(1) and Ba(1) < 4A45(1). By Lemma [2.3| we have

Bill) B0 ¢y g, A0 B)

A <Cc;+C .
1( )_ a+Cd A 201 A 200

(3.5)

We now consider two sub-cases:

(B1) Suppose that a3 >4 or ag > 4. By (3.5), we get

A(1) | Bi(1)
/\1 + a1 '

Ai(1) < Cy

Now since VA1 > oy > 4 we obtain

Y e )

which gives (3.4)).



(B2) Suppose that a; <4 and ae < 4. Then for both i = 1,2, we have Cy < \/A4;/\
and so, by (3.5))
2047;141'(1) < Cyv/ Az(l) + Bz(l)

Thus (3.4)) reduces to ay + as > 2, which was proved in [I4] (see also [9]).
O

The following is the discretized version of Lemma [3.2] and also the main ingredient in
the proof of Theorem

Lemma 3.3. Let u; and ug be as in Theorem [3.1] Then there is a dimensional constant
Cyq > 0 such that the following implication holds: if for some r € (0,1)

1 V|2 1 [Vugl?
"A/Td.'EZCd and M/;Tm“dﬁzc(i,

then we have the estimate

44A1(T‘/4)A2(T/4) < (1 + 512(T))A1(T‘)A2(T), (36)

TR AR N B o I
512(7“)3:Cd<<7,4/3 [z]d—2 dz + 7’4/3 lz]d—2 dz : (3.7)

2

where

Proof. Using the rescaling u,(z) = r~
cases:

u(rz), we can suppose that r = 1. We consider two

(A) If Ay(1) > 4*A1(1/4) or Ax(1) > 4*Ay(1/4), then
Ap(1)Az(1) — 441 (1/4) Az (1/4) > A1(1)<A2(1) - 44A2(1/4)> >0,

and so, we have the claim.

(B) Suppose that A;(1) < 4*A;(1/4) or Ax(1) < 4*A5(1/4). Then A;(r) > Cy and Ay(r) >
Cy, for every r € (1/4,1) and so, we may apply Lemma

1
) VA0

Al(l)AQ(l) — 44A1(1/4)A2(1/4> > —Cd /1;1 (\/1411(?” ) Al(T)AQ(T) dr

3 1 1
= ~Cay <\/A1(1/4) N \/A2(1/4)> Ar(1)4(1)

3 16 16
> —Ca; (Wh(l) + \/A2(1)> A1 (1)A2(1),

where in the second inequality we used the monotonicity of A; and As.

O

The following lemma corresponds to [7, Lemma 2.9] and its proof implicitely contains
[7, Lemma 2.1] and [7, Lemma 2.3]. We state it here as a single separate result since it is
only used in the proof of the two-phase monotonicity formula (Theorem [3.1)).



Lemma 3.4. Let uy and ug be as in Theorem [3.1] Then there are dimensional constants
Cq > 0 and € > 0 such that the following implication holds: if A1(1) > Cy4, A2(1) > Cy and
42 A1(1/4) > A1(1), then Aa(1/4) < (1 —¢)Ax(1).
Proof. The idea of the proof is roughly speaking to show that if A;(1/4) is not too small
with respect to A;(1), then there is a big portion of the set {u; > 0} in the annulus
By s\ Bijs. This of course implies that there is a small portion of {ug > 0} in By /s \ B4
and so A2(1/4) is much smaller than As(1). We will prove the Lemma in two steps.

Step 1. There are dimensional constants C > 0 and 6 > 0 such that if A;(1) > C and
414, (1/4) > A1 (1), then [{ur > 0} N Byyg \ Bija| = 6|B1jz \ Buyal-

By Lemma 2.1] we have that

M <CorCa b
B1/2\B1/4
and by choosing C > 0 large enough we get
A1(1/4) < Cd/ u% dz.
B1/2\B1/4

Now if [{u1 > 0} N By 2\ By /4| > 1/2|By 3\ By 4/, then there is nothing to prove. Otherwise,
there is a dimensional constant Cy such that the Sobolev inequality holds

a—2

d
(/ ui™’ dw) < Cd/ |Vuq |? do < CgAq(1).
B1/2\Bi /4 B1/2\Bi/4

By the Holder inequality, we get
A1(1/4) < Cal{ur > 0} N Byjg \ By a7 A1 (1) < Cyl{ur > 0} N By jy \ Byl 24 A1 (1/4),

which gives the claimP] of Step I since A1(1/4) > 0.

Step 2. Let 6 € (0,1). Then there are constants C > 0 and € > 0, depending on 6 and
the dimension, such that if A2(1) > C and [{uz > 0} N Bys \ Biyg| < (1 —0)[Byy2 \ Biyal,
then Ax(1/4) < (1 —¢e)Aa(1).

Since [{ug = 0} N By3 \ Byya| > 0|By )3 \ Byyal, there is a constant Cs > 0 such that

/ ud dr < C(;/ |Vug|? da.
B1/2\B1/4 B1/2\B1/4

1
/ |Vus|* de > / |Vug|? da > g,
Bija 2/p 2

since otherwise the claim holds with e = 1/2. Applying Lemma we obtain

We can suppose that

/ \VuQPda: SC’d—i—Cd/ u%dw
By B1/2\By /4
< Cy+ CyCs / |Vus|? do — / |Vug|? da (3.8)
By Bia
1
< <Cd05 + > / ‘VUQ’Q dr — Cd05/ ‘VUQ’Q dx,
2) JB B4
where for the last inequality we chose C' > 0 large enough. O

2In dimension 2 the argument is analogous.



The proof of Theorem continues exactly as in [7]. In what follows, for i = 1,2, we
adopt the notation

AF = 4478, b =4t 4,(47%) and 6 = 01247,

where A; was defined in (3.3]) and d12 in (3.7)).

Proof of Theorem B.1l Let M > 0 be a fixed constant, larger than the dimensional
constants in Lemma Lemma [3.3] and Lemma
Suppose that k& € N is such that

atak Al > M(1+ A9+ A9)°. (3.9)

Then we have
W=4'AF>M  and b =4'A5> M. (3.10)

Thus, applying Lemma we obtain if £ € N does not satisfy , then
AP AR AT < (1 4 6;,) AT AL (3.11)
We now denote with S1(M) the set
Sy(M) = {k EN: 4045 4K < M(1+ A0+ Ag)Z},

and with Sy the set
Syi={k e N: 1Al AST < Afal}.

Let L € N be such that L ¢ S1(M) and let [ € {0,1,..., L} be the largest index such that
l € S1(M). Note that if {{+1,...,L —1}\ Sy =0, then we have

44LA1LA§ < 44(L—1)A{/71A571 <. < 44(Z+I)Al1+1Al2+1 < 4444l141114l27

which gives that L € Sy (4*M).
Repeating the proof of [7, Theorem 1.3], we consider the decreasing sequence of indices

I+1<k, < - <ky<k <L,
constructed as follows:
e Fkj is the largest index in the set {l + 1,..., L} such that k; ¢ Sa;
e kji1 is the largest integer in {{ +1,...,k; — 1} \ S2 such that
by . (3.12)

BT < (146, b and WEPT < (144,

j+1) j+1)

We now conclude the proof in four steps.

Step 1. 441 AL AL < 440n+1) gl ghr
Indeed, since {k1 +1,...,L} C S2, we have

44LA1LA% < 44(L71)A%—1A§1—1 <. < 44(k1+1)A]1€1+1A12€1+1 < 4444k1A]1€1A12€1.

Step 2. 4%m Akm Akm < 4401 (1 4 A9 4 A9)°.

10



Let k € {{+1,...,ky —1} be the smallest integer such that k ¢ Sy. If no such k exists,
then we have

2
A Am pbme << g 8D AT AT < gAg 1AL AL < 400 (14 A9 + A9)”
Otherwise, since k,, is the last index in the sequence constructed above, we have that
DT> (L4 6p)bim  or bETL > (14 5p)b5m.
Assuming, without loss of generality that the first inequality holds, we get

k k
44(k+1)A1+1

4 Al Alm <
L2 = 1+ 5];

Ai““544’5A’5A’~“§.--§44441A1Al < 4*'M(1+ A9 + A9 2,
2 1412 1412 1 2

where in the second inequality we used Lemma -3 and afterwards we used the fact that
{l+1,...,k—1} C S,.

Step 3. 41 AV AY < (14 0y,,,) 40 AP AT
We reason as in Step 2 choosing k € {kjt1+1,...,kj — 1} to be the smallest integer
such that k ¢ S>. If no such k exists, then {k;41 +1,...,k; — 1} C S2 and so we have

dk; ki 4kj A(k;—1) gki—=1 4ki—1 4(kjr14+1) gki+1t+1 4kj41+1
4%k AT AT < 4R AT AT << AR l) AT 40

S (1 +5k.+1)44kj+1Al;;j+1A§j+l’

J

where the last inequality is due to Lemma Suppose now that k exists. Since k; and
;41 are consecutive indices, we have that

BFLS (L4 ap)by or  BhTU > (14 8y
As in Step 2, we assume that the first inequality holds. By Lemma [3.3| we have
44(/::+1)Al~€+1

1 AI?:-i-l < 44IEAIEAIE <. < 44(kj+1+1)A’€j+1+1Akj+1+1
1 _|_5i€ 2 — 1442 = = 1 2

44ij]1€jA12€j S
< (1 gy et A A
which concludes the proof of Step 3.

Step 4. Conclusion. Combining the results of Steps 1, 2 and 3, we get

AP Ab AL <30 (1+ AQ + A9 TT (1 + 6n,).- (3.13)
j=1

We now prove that the sequences blfj and b];j can both be estimated from above by a
geometric progression. Indeed, since k; ¢ Sa, we have

AV AL < A AT AR < gr Al gl
Thus Alfj < 44Alfj 1 and analogously Agj < 44A§j 1 Applying Lemma we get

At < 1-gAb and AV <(1-e)AY.

11



Using again the fact that k; ¢ Sa, we obtain

AN AN < gt AT AT < il (o)Al

and so
blfj <(1- z-:)b]ffrl and bgj <(1- 5)b§j+1, for every j=1,...,m. (3.14)
By the construction of the sequence k;, we have that for i = 1,2
phir1tl bfj+1

k; € k
b7 > — > > <1 — 7> b7,
YT+ 0k, (L0 —e) T 2 !

J+1

where for the last inequality we choose M large enough such that k& ¢ S;(M) implies
0k < /2, where ¢ is the dimensional constant from Lemma E Setting o = (1 — £/2)1/2,
we have that

bfj > 0‘_2bfj+1 > ... > UQ(J'—m)bfm > Mo2U0-m),

which by the definition of dy; gives dx; < %om*j < Cy0™ 9, for M > 0 large enough, and
LAl AL < H + Cao? )43 M (1 + A + A9)°
< exp (Zlog (1+ Cdaﬂ))48M(1 + AY 4 A9)°

7j=1 (315)
< exp (CdZtﬂ)leM(l + A% + Ag)2

which concludes the proof.

4 Multiphase monotonicity formula

This section is dedicated to the multiphase version of Theorem proved in [6]. The proof
follows the same idea as in [7]. The major technical difference with respect to the two-phase
case consists in the fact that we only need Lemma and its three-phase analogue Lemma
while the estimate from Lemma [3.4] is not necessary.

Theorem 4.1 (Three-phase monotonicity formula). Let By C R? be the unit ball in R?
and let u; € HY(By), i = 1,2,3, be three non-negative Sobolev functions such that

Au; +1>0, Vi=1,2,3, and uiuj =0 a.e. in By, Vi # j.
Then there are dimensional constants € > 0 and Cq > 0 such that for each r € (0,1) we

have
S0 1 [Vl Vil ’
H<r2+6/BT |:c|d—2d><cd<”z/ ]2 ) .

=1

As a corollary, we obtain the following result.
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Corollary 4.2 (Multiphase monotonicity formula). Let m > 2 and By C R be the unit
ball in R, Let u; € HY(By),i=1,...,m, be m non-negative Sobolev functions such that

Au; +1>0, Vi=1,....,m, and wuj =0 a.e. in By, Vi #j.

Then there are dimensional constants € > 0 and Cy > 0 such that for each r € (0,1) we

have
m

1 V|2 Vuil® "
< 1 . 4.2
l I <r2+5 /Br |z]d-2 dx) Cd( "‘Z/ z]d- 5 d (4.2)

i=1

Remark 4.3. We note that the additional decay r—¢ provided by the presence of a third phase
is not optimal. Indeed, at least in dimension two, we expect that ¢ = m — 2, where m is the
number of phases involved. In our proof the constant £ cannot exceed 2/3 in any dimension.

We now proceed with the proof of the three-phase formula. Before we start with the
proof of Theorem we will need some preliminary results, analogous to Lemma and
Lemma 3.3

We recall that, for u1, us and ug as in Theorem we use the notation

|V |? .
Ai(r) = /B ]2 dr,  for i=1,2,3. (4.3)

Lemma 4.4. Let ui, uy and ug be as in Theorem[d.1]. Then there are dimensional constants
Cyq >0 and € > 0 such that if A;(1/4) > Cy, for every i = 1,2,3, then

d [A1(r)As(r)As(r 1 1 1 Aq1(r)As(r)As(r
[ )]Z_Cd<¢A1<r>+¢A2<r>+¢Ag<r>> B

for Lebesgue almost every r € [1/4,1].

Proof. We set, for i =1,2,3 and r > 0,
Bi(r) = / |V |* dHI
0By

Since A;, for ¢ = 1,2, 3, are increasing functions they are differentiable almost everywhere
on R and A} = B; + p; in sense of distributions. Thus, the function

s v O3 AL (1) Ay (r) As(r),

is differentiable a.e. and we have

d [A1(r)As(r)As(r 6+3 Bi(r By(r Bs(r)\ Ai(r)As(r)As(r
R

Thus, it is sufficient to prove that for almost every r € [1/4,1] we have

_ 6+3€ Bl(’l“) BQ(T) Bg(T‘) B 1 1 1
Ta) T A Cd<¢A1<r>+¢A2<r>+ A3<r>>’ 4

>
r Ai(r)  As(r)  As(r) —
and, by rescaling, we may assume that r = 1. We consider two cases.
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(A) Suppose that there is some i = 1,2,3, say ¢ = 1, such that (6 + 3¢)A;(1) < Bi(1).
Then we have
Bi(1)  Bs(1) Bs(1) Bi(1)

(
_(6+35)+A1(1)+A2(1)+A3(1)2—(6—1—35)—1—

which proves (4.4) and the lemma.

(B) Suppose that for each ¢ = 1,2,3 we have (6 + 3¢)A;(1) > B;(1). Since, for every
i =1,2,3 we have 4;(1) > Cy, Lemma [2.3 gives

2Ai(1) < Cd\/Bi(l)/Ai -+ Bi(l)/ai < Cd\/Ai(l)/)\i + Bz(l)/OéZ

Moreover, o < );, implies

20;Ai(1) < Can/ Ai(1) + Bi(1). (4.5)

Dividing both sides by A;(1) and summing for i = 1,2, 3, we obtain

3 3
1 B;(1
2(a1+a2+a3)§C’dE +E (),
=1

\/Ai(l) i— Az(l)
and so, in order to prove (4.4) and (B), it is sufficient to prove that

6+ 3¢
a1+ ag + as > 5 (4.6)

Let Q7,Q5,Q35 C 0By be the optimal partition of the sphere 0By for the characteristic
constant «, i.e. the triple {2}, Q5,Q3} is a solution of the problem

min {a(91)+a(92)+a(93); O C OBy Vi; HEH (N Q) :O,Viyéj}. (4.7)

We recall that for a set 2 C 9B, the characteristic constant «(§2) is the unique positive
real number such that A(Q) = a(Q)(«(2) + d — 2), where

Yo ZHd—l
A(2) = min faBl Vel
faBl v2/Hd*1

:ve HYOB), ’Hd_l({u #01\Q) = O}.

We note that, by [14], a(§2) + a(Q}) > 2, for i # j and so summing on i and j, we
have
6 < a(Q]) +a(Q3) + a(23) < a1 + az + as.

Moreover, the first inequality is strict. Indeed, if this is not the case, then a(Q}) +
a(€%5) = 2, which in turn gives that ] and % are two opposite hemispheres (see for
example [9]). Thus Qf = (), which is impossibleﬂ Choosing € to be such that 6 + 3¢ is
smaller than the minimum in , the proof is concluded.

O

3For example, it is in contradiction with the equality a(QF) + «(Q5) = 2, which is also implied by the
contradiction assumption.
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Lemma 4.5. Letuq, us and us be as in Theorem . Then, there are dimensional constants
Cq > 0 and € > 0 such that the following implication holds: if for some r > 0
rt g, Ja|d2

dx > Cy, forall 1=1,2,3,

then we have the estimate

4(6+39) 4 (%) Ay (%) As (%) < (1 + b193(r)) A1 (r) Ao (r) As(r), (4.8)
where
S10(r) = Cdg <r14 /B ,« ‘,Zf(fi’j dx> " (4.9)

Proof. We first note that the (4.8) is invariant under the rescaling u,(z) = r~2u(zr). Thus,
we may suppose that » = 1. We consider two cases:

(A) Suppose that for some i = 1,2,3, say i = 1, we have 4573 4;(1/4) < A;(1). Then we
have
4973 A1 (1/4) A2(1/4) A3(1/4) < A1(1)A2(1) A5(1).

(B) Suppose that for every i = 1,2,3, we have 453 4;(1/4) > A;(1). Then A;(1/4) > Cy4
for some Cy large enough and so, we can apply Lemma [£.4] obtaining that

A1(1)Ax(1)A3(1)— 45734 (1/4)Ax(1/4) A3(1/4)

1 3 1
> —Cy /1/4 (; AZ(T')> Ax(r)Ag(r)As(r) dr

<Z \/ﬁ) Az(1)A3(1)

3
_3Cd42+%€ (Z

| \/

Vv

) (1)A2(1)A5(1),

which gives the claim.

O]

In what follows we give two proofs of Theorem The first one follows precisely the
proof of Theorem while the second one is more direct and is contained in [6].

Proof I of Theorem (4.1l For i = 1,2, 3, we adopt the notation
Af = A, 478, bF =4t 4,47 and 6 = 13(47P), (4.10)

where A; was defined in (3.3) and d123 in (4.9)).
Let M > 0 and let

S1(M) = {k €N A3k gk gk Ak < Np(1 4 AD 4 AY+ Ag)?)}’
So={k e N: 45T AELALH AR < Ababal )
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We first note that if k ¢ S1, then we have
M(1+ A+ A + 49)% < al6+32)k gk gk A
< 4—(2—35)kbllc44kAlzfAl§
< OECq(1+ A + AY + A9)2,

where the last inequality is due to the two-phase monotonicity formula (Theorem [3.1)).
Choosing M > 0 big enough, we have that

(k¢51(M)) = (bfzcd, Vi:1,2,3).

Fix L € N and suppose that L ¢ S;(M). Let [ € {0,..., L} be the largest index such
that [ € S;(M). We now consider two cases for the interval [l 4 1, L].
(Case 1) If {l+1,...,L} C S, then we have

4(6+3€)LA%A§A§/ <. < 4(6+35)(l+1)All+1Al2+1Aé+1 < 46+3epr (1 + A(l] + A(2) + Ag)27

and so L € Sy (4513 M1).
(Case 2) If {l +1,...,L} \ So # (), then we choose k; to be the largest index in
{l+1,...,L}\ S32. Then we define the sequence

l+1<kn< <k <L,

by induction as

kj

7 0

kj41 -= max {k E{l4+ 1,k — 13\ So: BT < (145, )b

[

Vi=1, 2,3} .
The proof now proceeds in four steps.

Step 1. 46F3LAL AL AL < 4(6+36) (b D) ghr gl g1

Indeed, since {k1 + 1,... L} C So, we have

4(6+35)LAfA2LA§ <. < 4(6+35)("“1+1)A’f1+1A§1+1A§1+1 < 46+354(6+35)k1A’f1A§1 Algl'
Step 2. 4(0+3)km ghm ghm ghn < 4643 pp(1 4 A9 4 A9 + A9)°.

Let k € {{4+1,...,ky — 1} be the smallest index such that k ¢ Sp. If no such k exists,
then we have

S46+384(6+35)ZA%_A12A§ S 46+38M(1+A?+A3+Ag)3

Otherwise, since k,, is the last index in the sequence constructed above, there exists ¢ €
{1,2, 3} such that

B > (14 67)bl. (4.11)
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Assuming, without loss of generality that ¢ = 1, we get
6+3e)km Akm pAkm pAkm _ g(=243€)kmpkm g4km pkm pkm
AL6+3)km glm pkm pgkm — 4(=243)km phm g4k gkm gF

< 4(72+35)km(1 +5,~€)’1b§;+1 (1 +523(47km+1))44(km71)Al2~cm—1AI§:m—1

(4.12)
< 42439 (bm=1) (1 4 5%)711)1;%1 44 km=1) ghin=1 gk =1 (4.13)
< 42894 (g 4 5,5)‘1b’;“+1 gA(E+1) gR+1 4R (4.14)
_ 4(6+3s)(k+1)(1 + 5];)_1/1’1”114]2““/1’;“

< ACHIRATAL AL < - < 4TI AIFL AT AL (4.15)
< 46+354(6+39) 4l AL AL < 45351 (1 + AQ + A + AD)°, (4.16)

where in order to obtain we used and the two-phase estimate from Lemma
for , we absorb the term that appears after applying Lemma using that if M is
large enough and € < 2/3, then (1 + 523(4_km+1))4_2+35 < 1; repeating the same estimate
as above we obtain (4.14)); for (4.15]), we use the three-phase Lemma and then the fact
that {I+1,...,k} C Sy; for the last inequality we just observed that [ € Sy (M).

Step 5. A SHLAL A A < (11 3,407 A 4
We reason as in Step 2 choosing k € {kj41 +1,...,k; — 1} to be the smallest index
such that k ¢ S>. If no such k exists, then {k; 41 +1,...,k; — 1} C S2 and so we have

4(6+3a)ij]fjA§jA§j <...< 4(6—}—35)(kj+1+1)A]fj+1+lA’2€j+1+1A§j+1+l
< (1 + 5kj+1)4(6+38)kj+1A1]+1A2J+1A3J+17

where the last inequality is due to Lemma Suppose now that & exists. Since k; and
kj;1 are consecutive indices, there exists some ¢ € {1, 2,3} such that

B > (14 6)b0. (4.17)
Without loss of generality we may assume that ¢ = 1.
4(6+32)k; A’ff Agj A':,fj — 4(=2+3)k; b'fj 44k; A;“j A]?ff

< A2 (1 5 )T IpRL (1 4 Gy (4ot ) )adlhs—1) gt gl

(4.18)
< 42439k =1 (1 4 5,;)‘119’%“ 44(kj—1)A’;j—1A/§j—1 (4.19)
< 4(72+3€)(l~€+1)(1 + 5%)711)11%1 44(15+1)A§+1A§+1 (4.20)

— 4(E+3) (1) (1 5];)—1A11€+1A72€+1Al§+1

< 4(6+3e)l~cAl;cA§A§ <. < 4(6+3e)(kj+1+1)Allﬂj+1+1A12€j+1+1A§j+1+1
(4.21)

< (14 Gy, )AL g1 gT0+1 AL+ (4.22)

where for (4.18) we used (4.17) and Lemma for (4.19) and (4.20), we use that for
M > 0 large enough and € < 2/3 we have (14 da3(4 #m11))472+3¢ < 1; for ([£.21)), we apply
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Lemma and then the fact that {I +1,... ,l~c} C So; for the last inequality (4.22) we use
Lemma [£.5]

Step 4. Conclusion. By the steps 1, 2 and 3 we have that

4EH3L AL AL AL < 420639 01 (1 4 A + AS + A9) H (1+ 6,) (4.23)

we now prove that for each ¢ = 1,2, 3 the sequence bfj is majorized by a geometric progres-
sion depending on M. Indeed, since k; ¢ Sz, we have

A’fjA’;jAlgj < 46+35Alfj+1A§j+1A§j+1
< 4@ AT T (1 4 6p3(47R)) Ay AY

< o244 Al Ak Als
for some dimensional constant o < 1, where the second inequality is due to Lemma [3.3| and
the last inequality is due to the choice of M large enough and € < 2/3. Thus we obtain

k—i—l

b < g2 b Vi=1,23 and Vj=1,...,m. (4.24)

for each i = 1,2,3 and each k; € S3. Now using the definition of the finite sequence k; and
(4.24)), we deduce that for all i = 1,2,3 and j = 2,...,m we have

b < o%b T < 0?1+ 8 )bt < bl
and so, repeating the above estimate, we get
bfﬂ' > o I > > gl ke > G

and, by the definition (4.27)) (and . ) )of O,

C .
Sk, <Md c'T, Yi=1,...,m. (4.25)
By (4.23) and (4.25) and reasoning as in (3.15)) we deduce
C,
AGH3ILAL AL AL < exp <1_C\l/5> 42(6+3¢) r (1+ A7+ AY+ Ag)?’, (4.26)
which concludes the proof of Theorem O

Proof IT of Theorem [4.1l For i = 1,2, 3, we adopt the notation
AF = A;(47F),  bF =4 A,47%) and 6y = 103(47F), (4.27)

where A; was defined in (3.3]) and 4123 in (4.9).
Let M > 0 and let

S(M) = {k €N 4Ok Ak Ak Ak < N(1+ AD + AD + Ag)3}.

We will prove that if € > 0 is small enough, then there is M large enough such that for
every k ¢ S(M), we have

4630k Ak Ak Ak < M (1+ A9 + AY + A9)°,
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where C' is a constant depending on d and ¢.
We first note that if k¥ ¢ S(M), then we have

M(1+ A9+ A3+ AQ)® < 4(6+3)k 4k A% Ak
< 4—(2—35)kblf44kA12cAl§
< 47(39kpkCy (1 + A + A + A9)%,
and so b} > C’JIM 42=39)k where Cy is the constant from Theorem Thus, choosing
e < 2/3 and M > 0 large enough, we can suppose that, for every i = 1,2, 3, bf > Cy, where

Cy is the constant from Lemma
Suppose now that L € N is such that L ¢ S(M) and let

l:max{keN: ke S(M)O[O,L]} < I,
where we note that the set S(M) N [0, L] is non-empty for large M, since for k = 0,1, we

can apply Theorem [3.1] Applying Lemma fork=1+1,...,L —1 we obtain

A6+3)L AL AL AL < ( (1+ 5k)> 4(6+3) (1) gL 4L+ gl

k= l+1

< (TTFSh (1 +6) ) 4CH30) AL AL AL (4.28)

< (TTZA (1 -+ 60) ) 4575 M (14 A9 + A + A9)*,

where 6% is the variable from Lemma [4.5]

Now it is sufficient to notice that for k =1+ 1,..., L — 1, the sequence ¢ is bounded
by a geometric progression. Indeed, setting o = 4-113¢/2 < 1, we have that, for k ¢ S(M),
0 < Cak, which gives

it (L0 < TLZh, (1 + Co®)
_ L-1 k
= exp (Zk:l+1 log(1+ Co )) (4.29)

<exp<C’Zk 110 ) SGXD(&>>

which concludes the proof. O
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