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Abstract

In this paper we give elementary proofs of energy conservation for weak solutions to the Euler and
Navier-Stokes equations in the class of Holder continuous functions, relaxing some of the assumptions on
the time variable (both integrability and regularity at initial time) and presenting them in a unified way.

Then, in the final section we prove (for the Navier-Stokes equations) a result of energy conservation in
presence of a solid boundary and with Dirichlet boundary conditions. This result seems the first one —in the
viscous case— with Holder type hypotheses, but without additional assumptions on the pressure.
© 2023 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this paper we start proving (and we slightly improve) in an elementary way —that is without
resorting to Paley-Littlewood decomposition or other tools from harmonic analysis— results about
energy conservation for weak solutions to incompressible fluids. We consider weak solutions to
the Euler equations
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avE + F - v)E +vpf =0 (t,x) €0, T) x T3,
divvf =0 (t,x) € (0,T) x T3, (1)
vE(0,x) = vf (x) x e T3,

or Leray-Hopf weak solutions of the Navier-Stokes equations (NSE in the sequel)

v+ W-V)v—vAv+Vp=0 (t,x) € (0, T) x T3,
divv=0 (t,x) €(0,T) x T3, )
v(0, x) = vo(x) x eT?,

for fixed v > 0. We begin from the space-periodic case, under the additional assumption of having
a C%*(T3) velocity, as suggested by Onsager conjecture [29]. In the sequel we will us assume
f =0 for simplicity, but results can be easily adapted to consider also non-zero external forces.

The Onsager conjecture (only recently solved) suggested the value o = 1/3, especially for
the case of the Euler equations (1), but the conjecture was mainly considering only the Holder
regularity with respect the space variables. Here, we consider a combination of space-time con-
ditions, proving families of criteria depending on the Holder exponent.

The first rigorous results about Onsager conjecture are probably those of Eyink [21,22] and
Constantin, E, and Titi [15] in Fourier setting and in Besov spaces (slightly larger than Holder
ones), respectively. A well-known result is that if vZ is a weak solution to (1) is such that

1
vE e 130, T; BY™(T?) N C(O, T; L*(T%)  witha > 1

then | vE @) = IIU(I)E I, for all ¢ € [0, T']. As explained in [15] “...This is basically the content of
Onsager’s conjecture, except Onsager stated his conjecture in Holder spaces rather than Besov
spaces. Obviously the above theorem implies similar results in Holder spaces...”

Remark 1.1. In this paper we want to consider the Holder case, to keep the results the most
elementary as possible, to be understood also by an audience familiar with classical spaces of
mathematical analysis. This will also create links with the most recent developments of the the-
ory, especially after the work of De Lellis and Székelyhidi [16], which originated an intense
activity to prove the Onsager conjecture, mainly the non-conservation below the critical space
C1/3, with endpoint reached in Isett [25] and Buckmaster et al. [10]. We wish also to mention
the recent result of Cheskidov and Luo [14], again in the setting of Holder continuous solutions,
in connection with non-uniqueness, which treats scaling very similar to ones we obtain here. We
avoid using Besov spaces (which can produce some technical improvements), both to keep the
results elementary and to have a functional setting well-adapted also to the problem in a domain
with boundary.

The first five sections contain both a summary of known results and the simplification/exten-
sion of several theorems. The most original result of the paper is presented in the last section,
where we consider the Dirichlet problem for the NSE in the half-space. We prove energy conser-
vation for a class of (partial) Holder-type solutions, which is nevertheless larger than the scaling
invariant class, which provides uniqueness of weak solution and regularity of Leray-Hopf solu-
tions.
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The results we prove here in the Holder case follow easily from the method used in [15],
and we are here trying to focus on the hypotheses in the time variable (instead of the spatial
ones), showing how a slight more stringent assumption on the space variables (Holder instead
of Besov), produces some slight improvement in the time variable. We are not sure that all the
results we prove in the first five sections could be considered as fully original (even if we could
not find in the published literature), but nevertheless they are collected here in a unified way,
providing also a summary of the state of the art.

The result in [15], but in the setting of Holder functions has been recently extended also
to the boundary value problems for the Euler equations in Bardos and Titi [2], proving energy
conservation for weak solutions such that

_ 1
vEe 30, 7:c%Q)  witha > 3

while technical improvements in the space variables can be found in Beirdo da Veiga and
Yiang [6]. See also Duchon and Robert [19].

We observe that the situation for the NSE is a little different and in the final section we will
also prove some results in the case of a domain with solid boundaries and Dirichlet boundary
conditions for the NSE, for which the treatment of the pressure is problematic.

In the space periodic case recent results for the NSE are those by Cheskidov [12] in the
setting of standard (fractional) Sobolev spaces of and Cheskidov Luo [13], see also Farwig and
Taniuchi [23]. In the case of Leray-Hopf weak solutions to the NSE, the properties in the time
variable are a little improved and also the range of exponents is wider, if compared with the
Euler equations. The sharpest known result in the Besov setting seems to be the following one:
Suppose that | < < p < oo are such that 2 + < 1. If v is a weak solution such that

2,2
veLB(0,T; Bl (T3, 3)

then v satisfies the energy equality This result contains as a particular case the classical ones by
Prodi/Lions [30,26] and v € Lw O, T; Bl/ 3 (T3)), for all B > 3 is the borderline case. Recent
extensions (valid also for the Dirichlet problem) are those based on the condition on the gradient
of v in [9] and in Beirdo da Veiga and Yang [5]. The results therein can be “measured” in terms
of Holder spaces as follows

5 0, =
veL%2(0,T; CT%(Q)), “

which are the same as in (3), in terms of scaling. The results are in fact derived from Vv €
159/(54=6) (0,T; L1(2)), with ¢ > 3, by Morrey inclusion, which “almost” implies the con-
servation of energy for v € Lt (0, T; C%1/3(Q)). Nevertheless, results obtained by embedding
—even if valid also for the boundary value problem— are far away from being sharp. Hence, this
is why we prove here results directly in the class of Holder continuous functions.

A traditional way to take advantage from the additional Holder continuity of the solution is
to use properties of mollification operators and not Hilbert-space methods. For divergence-free
functions, this is particularly delicate to be handled in the presence of a boundary.

Plan of the paper: In Section 4 we first prove some results for the Euler equations, improv-
ing the conditions on the time-variable and extending the range of allowed Holder exponent.
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The next result in Section 5 is about the viscous case, where we again give a new condition in
the time variable, working in spaces with the same scaling as previous results but with different
hypotheses at ¢+ = 0. Finally, in the last and more original Section 6 we treat the viscous prob-
lem supplemented with Dirichlet conditions in the half-space, proving energy conservation for
velocities which are only partially Holder continuous.

2. Notation and preliminaries
In the sequel we will use classical Lebesgue (L?(T3), || . | ») and Sobolev Whreer, || 1,p)
spaces; for simplicity we denote by (., .) and ||. || the L? scalar product and norm (while the

other norms are explicitly indicated). Moreover, we will use the Banach space of (uniformly)
Hélder continuous functions C*(T3) = C%%(T3), for 0 < & < 1, with the norm

llullce = max |u(x)| + [u]e,

xeT3
where
) lu(x) —u(y)l
[t]y := sup —_—
xX#y lx — yl

We will focus on space-time properties of functions and what will be relevant in the sequel is the
“homogeneous behavior”, that is the one of the Holder semi-norm [. ]y, and we denote by C“
the space of measurable functions such that this quantity is bounded.'
We say that
ueLP(0,T; C*(T?)),
if there exists f, : [0, T] — R* such that

a)  u(t,x)—u(t, )| < fu®Olx —y[*  VYx,yeT?, forae. t€l0,T],
T

b) fff(r)dr < 00,
0

and note that f,(¢#) = [u(?)]y for almost all ¢ € [0, T']. This space will be endowed with the
following semi-norm

T
B 1/8
”u”Lﬁ(O’T;Ca(’IG)) = [ fa (1) dl] .
0

We define properly the notions of weak solution which we will use in the sequel. We focus now
on the space periodic setting and we will explain needed changes in the last section. We denote

1 Note that for bounded domains the uniform Hélder property implies also boundedness.
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by H and V the closure of smooth, periodic, divergence-free, and with zero mean-value vector
fields in L2(T?3) and W1-2(T?3), respectively. As space for test functions we use

DT:[weC$anuI%:dw¢=o}
We define the notion of weak solution in the inviscid case.
Definition 2.1 (Weak solutions for the Euler equations). Let be given vg € H. A measurable

function vE : (0, 7) x T3> — R3 is called a weak solution to the Euler equations (2) if the
following hold true:

vE e L™, T; H),

and if vF solves the equations in the weak sense:

[ [0 a0+ @F @ 5). o) dr = (. g0, 5)
0

for all ¢ € Dr.

We also recall the definition of weak solution for the viscous problem.
Definition 2.2. (Space-periodic Leray-Hopf weak solution) Let be given vgp € H. A measurable
function v : (0, T') x @ — T3 is called a Leray-Hopf weak solution to the space-periodic NSE (2)

if ve L0, T; H)N L*(0, T; V); and the following hold true:
The function v solves the equations in the weak sense:

[ @80 = 27090 = (@ 90,00t = ~(20. 00, ©)
0

for all ¢ € Dr;
It holds the (global) energy inequality

1
1 2 2 L2
Ellv(t)llz +v [ IVv(@lzdr = Ellvollz Vi e[0,T]; )
0

The initial datum is strongly attained
lim [[v() — voll = 0. ®)
t—0t

It is well-known that for all vp € H there exists at least a Leray-Hopf weak solution in any
time interval (0, T).
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The energy inequality (7) can be rewritten as an equality

t
%nv(t)u%v//e[v(r,x)] dxdf:%llvollz Vielo,T], )
0 T3

where the total energy dissipation rate is given by
€[v]:=v|Vv|> + D(v),

with D(v) a non-negative distribution (Radon measure); if D(v) = 0, then energy dissipation
arises entirely from viscosity.

Remark 2.1. Other equivalent weak formulations can be used (especially for the NSE, see
Temam [34, Ch. II1,§3]) employing the time-derivative as an object at least in LI(O, T;V*.
This requires to find v € L>(0, T; H) N L?*(0, T; V) with 8;v € L'(0, T; V*) —which in fact it
will turn out to be in L%/ 3(0, T; V*)— such that the energy inequality is satisfied, v(0) = vy, and

T
/ [<a,v, 0) +v(Vv, Vo) + (v - V) v, (p)] dr =0,
0

for all divergence-free ¢ € C3°(]0, T[xT?3). Here (-, -) denotes the duality pairing between V
and its dual V*. The latter formulation will be particularly useful when using as test function a
regularized velocity.

As for what concerns the Euler equations, we will essentially apply the same classical strategy
as in [15,19,21]), based on mollifications to justify the calculations. Note that, very roughly
speaking the introduction of the Holder space C!/3 (or Besov generalizations) is based on the
idea of “equally distributing” in the integral

T

//(U'V)vmdxdt,

0 T3

a single space derivative, into 1/3-spatial derivative on all terms. Despite the approach being the
same, results can be greatly improved for the NSE, since one can take advantage of the already
known L’-integrability of the gradient and a different combination of estimates (which are v-
dependent) could be used.

3. Mollification and Holder spaces
To fully use the features of the Holder continuity extra-assumption on the solution, the approx-
imation should be done by a mollification argument. To this end we fix a symmetric p € C° (R3)

such that
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pz0.  spppcBONCE, [ prod=1.
R3
and we define, for ¢ € (0, 1], the family of Friedrichs mollifiers p.(x) := 3 p(s_lx). Then, for

any function f € L zlac(]R3) we set, by using the usual convolution (and not the circular convolu-
tion made by periodic kernels),

Sfe(x) :=fpa(x—y)f(y)dy=/ps(y)f(x—y)dy-

R3 R3

It turns out that the last integral is evaluated only for {y : |y| < ¢} C] — 7, 7[3, for small ¢ > 0.
So, if needed, we can restate the definition as follows

fox) = / pe) f(x — y)dy.

T3

If fe Ll(T3), then f € Llloc (IR3), and it turns out that f; is 27 -periodic along the x j-direction,
for j =1,2,3 since

Je(x +2mej) = / PV f(x +2mej —y)dy = / pe(¥) f(x —y)dy,
s 3
by the periodicity of f, where e, j = 1,2, 3, is the unit vector in the x; direction, and it turns

our that f, € C*°(T?).
We report now the basic calculus estimates which we will use in the sequel.

Lemma 3.1. Let p as above and let u € ol (T3 NLL (T3, then it follows

loc

maTglu(x+y)—u(x)l < [ulalyl®, (10)
max [u(x) — ug (x)] < [uly €%, (11)
xeT3
max |V (x)| < Cluly 67", (12)
xeT3

where C := [ |[Vp(x)|dx.

Proof. The first one is just the statement of Holder continuity. Concerning the second one we
can write that

|u(x) —ue ()] = julx) — / pe(Vulx — y)dy

B(0,¢)
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= / P (MW (x) —u(x —y))dy

0.¢)

< [ula / pe )yl dy

B(0,¢)

< Ce / pe(y) dy,
B(0,¢)

hence the thesis, where we used that p > 0.
The third estimate follows by observing that

dug(x) 0 1 xX—y p
ox; 3% 83 ( )u(y) y 2 ox e Jundy
R3 R3
1 i
=— | &(x—=yuy)dy,
>

R3

where gf; x):= 8% %(%) Note that fIR3 gé (x)dx =0, hence we can write

oug 1 ; i
us (x) :g/g,’;(x—y)u(y)dy—@/gé(x—ﬁdy’

Bx,-
R3 R3
1 . .
=2 / (gg(x —uy) — g.(x — y)u(x)) dy,
]R}

and then

‘—usm / lgh(x — y)[|u(y) — u(x)|dy,
\x yl<e
< [ug]a / lgh(x — y)Ily — x|“dy
[x—yl<e
< [“]gg / 180 — )l dy,
lx—yl<e

hence the thesis. O
3.1. A technical extension concerning the modulus of continuity

We observe, that some improvements in the results about energy conservation can be obtained
considering the following spaces CZ(’]T3) C C%(T?3) defined through the norm
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lullce = max |u(x)| + [ulo,a,
xeT?3

where

el o sup 1400 =10
CT Sy o = Dl =yl

with @ : R™ — R™ a non-decreasing function such that lim,_, ¢+ (s) = 0. This spaces have
been already considered by Duchon and Robert [19] and, more recently in [6] for « = 1/3. See
also the Besov counterpart in [11]. With the same approach used in the previous lemma one can
prove also the following extension of the properties of convolutions.

Lemma 3.2. Let p as above and let u € Cff) (T3HNLL (T3, then it follows

loc
mglgg lu(x +y) —u(x)| < [ulp,oe oy 1y|%, (13)
xel”
max |u(x) — ug(x)| < [U]ew,« w(€)e”, (14)
xeT3
max |Vie (x)| < Clu)y.q w(e)e® L. (15)
xeT3

4. Energy conservation for the Euler equations

The results in this section concern energy conservation for weak solutions to the Euler equa-
tions: Theorem 4.1 gives a small improvement in the time integrability, and extends the results
to the full range of o €]1/3, 1[, see [2,15]. Note that the result about non-conservation of energy
below the exponent 1/3 in Isett [25] are proved with L°°-bounds in time. Even if the original
conjecture detected the value o = 1/3 as a borderline case, we identify L'/%(0, T; C%) as a
critical space (for all > 1/3).

On the other hand, the second result, namely Theorem 4.2, was already known for « = 1/3
and here we prove just an extension to the full range of exponents, see [6].

Theorem 4.1. Let vE be a weak solution to the Euler equation (1) such that

. 1
v e Lat3(0, T: ¢ (T3)) with € ]3. 1], (16)

E

and with § > 0. Then, the weak solutions v*® conserves the energy.

Proof. We define vSE = pe * vE and consider the following equality obtained by testing with
e * (pe % vE) = pe * vE (which is justified for instance in [2])

t
1 1
5||vf(t)||2 - 5||vf(0)||2 = / /(uE ®vE), : Vof dxdr. (17)
0 T3

The key observation to handle the convective term from the right-hand side is the following
(Constantin-E-Titi) commutator-type identity, valid for any u € L2(T?)
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WM@u)e=us Que+re(u,u) —(u—ug) U —ug), (18)
with
re(u, u) 1=/Pe(y)(fsyu(x)@fsyu(x))dy,
3

where (using a now common notation borrowed from [15]) we set

Syu(x) :=u(x —y) —u(x).

We apply the decomposition (18) to a mollified weak solution vZ. By integration by parts, it
follows that

/(vf@vf):vadx =0,
T3

so we are reduced to study only the contribution of the remaining two terms in (18), which are
coming from the decomposition of the right-hand side of (17).
We start from the last one and we split the integrand as follows

E E\2v. E E En. E E|2— E
v — v |7 Vug | = [v° — v |Tv® — v |77 Vo | for some 0 <n < 2.
Hence, by using (16), we get
E E2\v, E 1 -1 E E|2—
/lv —vEPP IVl |dx < £, (1) et /|v —vE P dx,
IS I

and, by Holder inequality (since the measure of the domain is finite), we get ng lg1>~21dx <

C||g||§_2". Using the fact that JvE ()| < [|[vE(7)|| < C, by the properties of convolution and the
Definition 2.1 of weak solution, one obtains

T T
//|UE—v£|2|w£|dxdt5c8“"+“*‘/f;“'(z)dz.

0 T3 0

If we want that this term vanishes as ¢ — 0 we have to satisfy the following two facts:
i) to fix n € [0, 2] such that & n + o — 1 > 0. The constraints to be satisfied are

l—«
—— <n<2,
o

and such a choice of 7 is possible only if ¢ > 1/3;
ii) the integral from the right-hand side should be finite, which means f, € LH”(O, T) and
consequently the inequality 1 + 1 < 1/« + & should be verified.
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Collecting the two estimates we find that we have to choose 1 such that 1/o — 1 < n <
Ijaa—1+56.

The other term arising from the commutator is estimated as follows, by fixing 7 in the same
way as above:

e WE, 05| s/pg<y)|vE<x—y>—vE(x)|2dy
]R3

= / peMVE (x — y) —vE )" (x — y) —vE ()] dy
B(0,¢)

=Jd® / eIy E (x = y) = v ()P dy,
B(0,¢)

< C fult)6 / P (VE (x = P + E)[2) dy.
T3

Next,
f/m(y)dwa(xnz‘”dx =/ WE@) > dx < C (),
T3 T3 3

again by using the Holder inequality and the fact that p > 0 is a mollifier. By the properties of
the convolution in L? we have also

< lpellIVE =11 < C O,
L1(T?)

H / pe(MIVE (x — y)[*7"dy
T3

where we used Holder inequality and the uniform bound in L2. Consequently

/re(vE,vE):vadx §/|r£(v,v)||va|dx
3 T3

< C fo(r)Tngemte=l

showing that also this term can be treated as the previous one. Hence, we obtain that

t T
//(UE @vE), : vuEdxde| < Ce” / flerdyde — 0,
0 T3 0

under the hypothesis (16), being the integral finite and y =an+a —1>0. O
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Remark 4.1. The above result means that, apart some “é-technical conditions”, the energy con-
servation holds for weak solutions vZ € LY%(0, T; C%), for a > 1 /3. Observe also that if
a > 1/3, then 1/a < 3, and beside having a full-range of scaled space/time results, we have
a technical-improvement in the time variable with respect to the previous results: we can have
vE € L9(0, T; C¥(T?)) for some q < 3, even for o > 1/3 arbitrarily close to 1/3.

By using the slightly smaller space C"‘(’]I‘3) we can get a little gain in the time variable. The
space C"‘(T3) can be considered as a counterpart of the space B (N)’ introduced in [11], and
nevertheless in the same spirit of the results in [19], which were limited to the case o = 1 /3. The

result which holds is the following

Theorem 4.2. Let vE be a weak solution to the Euler equation (1) such that
. 1
vE e LY(0, T; C2(T%) witha e [3-1]- (19)

Then vE conserves the energy.

Proof. The proof is exactly the same as before, the only difference is the following estimation
(and an analogous one for the other term in the commutator)

T T
// WE —vE 2|V | dxdr < w(e)! TTeante! f M@y dr,
0 T3 0
which allows us to fix n = =% < 2, a choice which is possible now also in the case « = 1/3.

Due to the presence of the term w(¢g), the space-time integral vanishes, as ¢ — 0, if f, €
L'Y*0, 7). O

Remark 4.2. Results in this section can be extended to the boundary value problem for the Euler
equations, with the assumption that vZ . n = 0 at the boundary 9, with n the unit outward
vector. This is possible but with a certain amount of technicalities, by following word-by-word
the approach in [2]. Mainly, the localization does not preserve the divergence-free condition and
consequently an estimate on the pressure should be obtained by solving in the Holder spaces the
(formal) steady Poisson-Neumann problem

—ApE =divdiv(e? ® vF) in 2,
—n-VpE=0wEfvE):vn on 9L,

where the time ¢ € [0, T'] is just a parameter. See also the recent work by Bardos, Boutros, and
Titi [3] for a precise interpretation of this problem.

5. Energy conservation for the Navier-Stokes equations

In this section we focus on the viscous case and recall that the classical results on scale invari-
ant spaces by LadyZhenskaya-Prodi-Serrin imply regularity within the class v € L" (0, T'; LY),
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with % + % =1, s > 3. Even the limiting case s = 3 is a regularity class, but in our setting it is
relevant the other limiting case

ve L*0,T; L®(Q)).

In the light of this observation, full classical regularity (and consequently also energy conserva-
tion) holds true in the class of weak solutions such that v € L2(0, T; C%*(Q)), for all @ > 0. In
the bounded domain this implies that conditions involving an exponent for the time-integrability
strictly smaller than two will make the results proved here non-trivial (The role of this limiting
space is also stressed in [14, Thm. 1.6] in connection with non-uniqueness).

The main result we prove (improving the known ones in terms of properties in the time vari-
able) is the following.

Theorem 5.1. Let v be a Leray-Hopf weak solution in (0, T) x T3 such that for all » €10, T[
vE LT (A, T: C¥(T3)) with « €]0, 1[. (20)
Then, v satisfies the energy equality in [0, T].

The condition (20) means that there exists f : [0, T] — R* such that |v(¢, x) — v(t, y)| <

Sfou(t)|x —y|* foralmost all t €]0, T'] and f, € Ll%a (A, T) forall A €]0, T, but it is not excluded
that

T

f fa% (1) dr = o0,

0

2
which can be restated as f, € L, (10, T1]).

loc

Remark 5.1. Since for all 0 < o < 1 we have IJ%Q < é, the conditions proved in Theorem 5.1
are less restrictive than those proved for the Euler equations in the previous section. This is due
to the fact we have at disposal some additional regularity, being v a Leray-Hopf weak solution.
Recent results considering the vanishing viscosity limit in connection with energy conservation
are also reported in [8].

Note also that the conditions in Theorem 5.1 have the same scaling of the recent results
from [13] (recalled in (3)) in the case p = oo. Nevertheless, in this case the two results are
not completely comparable, since the space Lﬁ (0, T) is larger than L#(0, T). On the other hand,
our results allow for less regularity near r = 0, using the properties of Leray-Hopf solutions, as
exploited also in Maremonti [27].

The two limiting cases « = 0 and o = 1 in condition (20) correspond to

a)  L*A,T; L®(Q),
by L'\, T; W),
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and if A = 0O the case a) is the case covered by the scaling invariant condition of LadyZhenskaya-

Prodi-Serrin [24], while b) corresponds to the Beale-Kato-Majda criterion. In terms of scaling

(using DeVore diagrams to “measure” the regularity of Sobolev and Holder spaces) we can asso-
3 —

ciate to the space C% the Sobolev space whe c c%e(Q) by Morrey theorem. Results from

Theorem 5.1 are comparable with Vv € L% A, T, L% (£2)) which is, in terms of scaling, such
that

23
-t =2
e T

hence with the same scaling-invariant class of regularity from [4,7].

Moreover, note that the relation between Ladyzhenskaya-Prodi-Serrin results and non-
uniqueness has been recently considered in [14] obtaining as by product non-uniqueness in the
class L3270, T; C'/3(T3) N L1(0, T; C'~% (T?)) for any small 8,8’ > 0. Note that this has
exactly the same scaling as our results for « = 1/3 and o = 1, hence showing the critical role of
the condition (at least for very-weak solutions of the NSE).

Proof of Theorem 5.1. First, we restrict to some interval [s, t], with O <s <t < T. We use as
test function a double smoothed velocity pg * v, := pg * (¢ * v), obtaining the following equality

t

t
1 1
S @I = S )1 + v/ IVoe (D)2 dr = / /(v ®v)e: Voo dxdr. Q1)
S N ’_U_":i
To justify the calculations, observe that for weak solution it holds that d;v € L4/3 0,T; V),

hence the coupling

(0rv, e * (pe * U))L4/3(0,T;V’),L4(O,T;V)’

is well defined, being the right-hand side at least in L4(s, T; V). By means of a further time-
mollification one can immediately deduce that

t

1 1
/<atv,pg * (pe * v))dr = znvs(t)n2 —~ Euvg(s)nz.

s
Hence, see for instance Galdi [24],

t

1 1
lim [ (3,0, pe * (pe + v)) dT = Env(t)n2 - Env(s)nz.

N

Next, the same classical arguments show also that

t t
//VUS:vadxdr 8:))0//|Vv|2dxdr.

s T3 s T3
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Next, since by integration by parts
/(vs ®ve) : Vugdx =0,
3
we are reduced (as in the previous section) to study only the contribution of the remaining two

terms from (18) in the decomposition of the right-hand side of (21). By using the properties
(11)-(12) of the convolution we get

f(v—vg>®(v—vs>:vadx s/|v—vg|2|wg|dx
3 T%

s/|v—vs|1+“|v—vg|1—“|wg|“|ws|‘—“dx
’]I‘3

< / [o — e |7 fo (1) 74619 £ (1)*e* @D |V, |17 dx
T3

sfam/|v—vs|1+“|we|1—“dx.
’]I‘3

. .. . . . 2 ;2
By using the Holder inequality with exponents r = 1 and r’ = =7 we get

[@=00® @ u: Yoty < oo = vl Tu
3
< Cllvold ™ fu @IV |9,
where in the last step we used elementary properties of convolutions and the energy inequality to

get o () < vl < [lvoll-
This proves, by using again Holder inequality, now with respect to the time variable, that

. T
//(v—w)@(v—vg):vadxdT SC/fa(T)”VUs(T)”;adT

s T3
T I—a
<Cllfall 2 (f ||va<r>||%dr>
S

T l—a
SC”fa”ﬁ(/”VU(T)”%dT) ,
K
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which is uniform in & > 0, since Vv € L?(0, T; L*(T?3)). Concerning the remainder term
re (v, v) we can use the same argument based on Young theorem on convolutions to prove that

t T 1—a
[ [ rew.0: Vuarar sclnfauﬂ%(f||Vv(r)||%dr) .
N

N T}

The above calculations prove that the family of functions F : (0, T] — R, indexed by & > 0,
and defined by

Fe(7):= /(U(‘L’, X) ®v(t,x))e: Ve (r,x)dx Vtel0, T],
T3

is such that for any fixed v > 0 and for any s € (0, T')
1. |F¢(7)] is uniformly bounded in (s, 7) by the function G(7) := C> f,, (7) ||Vv(t)||%_"‘ which
belongs to L! (s, T) by hypothesis;

2. Due to the a.e. in (0,T) convergence of v.(r) towards v(r) € V (valid being v €
L%(0, T; V)) it follows that

lin%) F.(r)= /(v(r,x) Qu(t,x)):Vu(r,x)dx =0 forae.t€(0,T).
T3

By using the Lebesgue dominated convergence theorem, the two properties imply that, along a
sub-sequence,

t t

lim / F.(t)dr = lim / /(v(t,x) Q@ v(t,x))e : Vue(t, x)dxdr =0,

e—>0 e—0
s s T3

for all ¢ €]s, T'], hence finally proving that
13
1 2 2 1 2
§||v(t)|| +v | |Vu(r)||*dr = §||v(s)|| Vs, tst.0<s<t<T.
S

Next, we take a sequence {s,,} of strictly positive times such that s,, — 0. By the definition of
weak solution it holds that: i)

lim [lv(sm) Il = llvoll,
m——+00

being the initial datum strongly attained; ii)

t t
lim f||Vv(r)||2dt=/||Vv(r)||2d1:,
m——+00
Sm 0
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by the absolute continuity of the time-integral of || Vv(z)||>. Hence, passing to the limit as m —
+o00 in the energy equality over [sy,, t] is justified and we get that

t
! 2 2 Lo
F @I +v [ Ve dT=§|Ivoll Vie[0,T]. O
0

6. Energy conservation in presence of boundaries: the half-space case

In this section we prove a result concerning the energy conservation in Holder spaces, in
the case of a domain with boundary, and with homogeneous Dirichlet conditions. The presence
of a solid boundary makes the problem more complex: obtaining smooth and with compact
support approximations is generally subject to a localization process, which is not preserving the
divergence-free constraint and requires the derivation of appropriate estimates on the pressure.
Correction of the divergence is a non-local process, which seems at present not easily obtainable
preserving all the pointwise estimates, as needed to take benefit from the extra Holder-continuity
assumptions on the solution.

For the (time evolution) NSE the estimates on the pressure are much more technical to be
proved than for the Euler equations: the estimates for the problem in domain 2 with boundary
0€2 are generally obtainable through the solution of a linear evolution Stokes problem

v —VvAv+Vp=—@w-V)v (t,x) e (0, T) x ,
divv=0 (t,x)e(0,T) x L,

v=0 (t,x)e(0,T) x 0L,

v(0, x) = vo(x) x € Q.

This requires the construction of a strong solution (v, p), with right-hand side —(v - V) v which
has to belong at least to some Lebesgue space (and a negative Sobolev is not enough); the pres-
sure cannot be simply constructed time-by-time solving a family of Poisson problem, (see [32,
p- 247]), as for the Euler equations, cf. [2, Prop. 1]. In addition, another technical obstruction
is that if v € LP(0, T: C¥()) (with B < 2 not to fall into classical regularity classes) then the
right-hand side is not time-integrable, since at most Vv € L%(0, T; L*(Q)). This excludes the
possibility of using fully and directly the additional Holder regularity of the solution.

Other possibilities of constructing directly divergence-free approximations (as for instance in
Masuda [28, Appendix] or by transversal expansion of Lipschitz domains as in Ern and Guer-
mond [20]) seem at the moment not to produce conclusive results. If we call R, a smoothing
operator preserving zero boundary data and divergence, a critical technical point would be that
of using the vanishing of f (ve ®vg) : Vugdx =0, where u, = R.u. Recall that the latter integral
is obtained, after using the commutation identity on the term

/(u®u)R6R5udx=/R:(u®u)R5udx,

requiring R} = R,, which is not valid for the above operators. Note that this property is valid
for the localize (by means of bump function y ) and mollify operator, which results in testing by
XPs * (e * (xu)), as in [2], but which does not preserve divergence-free constraint.
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Up to our best knowledge, the results of energy conservation in presence of boundaries (in
the Holder/Besov case for the NSE) are always subject to extra assumptions on the pressure.
In this respect (with additional condition on p) we wish to mention the results of Drivas and
Nguyen [ 18] where, to study weak limits, conditions uniform in v €]0, 1] are identified. See also
Bardos, Titi, and Wiedemann [ 1], with additional conditions on the pressure, and the results in
Drivas and Nguyen [17] with an extra L3-equi-continuity near boundary.

In this paper we prove a new result in the half-space, by using a suitable decomposi-
tion of variables, into horizontal and vertical ones. We consider the NSE in the half-space
]Ri_ = {x eR3:x3> O} with vanishing Dirichlet condition v =0 on {x € R3: x3 = 0}. In the
sequel denote by H and V the closure of smooth, periodic, divergence-free and with zero mean-
value vector fields in Lz(Ri) and W(; ’Q(Ri). The notion of Leray-Hopf weak solution remains
the same as in Definition 2.2, just changing the function spaces and taking test functions with
compact support in [0, T') X ]Ri.

The particular geometry of the domain will make the problem tractable, by means of a natural
splitting of variables and unknowns. To this end, any x = (x1, x2, x3) € R3 will be considered
as x = (xp, x3) and the same decomposition will be applied also to vector valued functions u =
(u", u). We will also denote by Vpu := (0x,u, dx,u) and divy, ul = Oy, ul + 8x2u2 the gradient
and the divergence in the horizontal variables, respectively.

Remark 6.1. Different from what done for the Euler equations by Robinson, Rodrigo, and Skip-
per [31], for the NSE the reflection principle does not apply in the Dirichlet case. On the other
hand it is well-known that for the problem with Navier boundary conditions in the half-space the
reflection principle can be used, giving a direct way to adapt Theorem 5.1 to the half-space.

We introduce the following class of functions:

Definition 6.1. We say that u € C"w,h(,r (]Ri) if for almost all z3 > 0

sup |u(xp,z3) —u(yn, 23)| < o(xp — yul),
Xn#Yh

with @ : R* — R™" a non-decreasing function such that lim,_, + w(s) = 0. This means that, for
almost all z3 > 0, the function u is uniformly continuous with modulus of continuity w(. ), with
respect to the horizontal variables xj,.

The main result of this section is the following one:

Theorem 6.1. Let v be a Leray-Hopf weak solution of the NSE in the half space, such that

v € L*(0,T; Co por (R2)). (22)
Then, v conserves the energy.
Remark 6.2. The result can be interpreted as (especially near to a flat boundary) energy is con-
served if some regularity of the translations parallel to the boundary is assumed. No conditions

on the pressure or on vertical increments are required.
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The same result applies also to a channel flow, that is if the domain is R? x (0, 1), or a periodic
strip T2 x (0, 1), as studied in [31] with a reflection principle. Note that the regularity assumed
in the time variable is more restrictive than in the previous section.

The proof of the main result of this section is based on the use of a partial mollification. We
fix a symmetric p € C(C)>o (IR?) such that

5>0, supp p C B(0,1) Cc R?, /ﬁ(xh)dxh:l,
R2
and we define, for ¢ € (0, 1], 5. (xp,) := 25 (e 'xp).
Definition 6.2 (Horizontal mollification). We set, foru € LP (K x Ry), forall K CC R?
U (xp, x3) = (De *p u)(Xp, X3) = / Pe(Yn)u(xp — yn, x3) dyn,
RZ

where *;, is a mollification only with respect to the horizontal variables, obtained by the convo-
lution with a 2d kernel.

Lemma 6.1. We have the following properties: Let iy be the horizontal mollification of u €
Wy 2 (R3) N Cop or (RY), then it holds

e (xp,0) =0, (23)
ifdivu =0, then diviiy =0, 24)

sup u(x) —us(x)| < w(e). (25)
xe]R3+

Proof. The first statement comes from u(xj, 0), which implies directly p *j, u(xj, 0) = 0, being

the integral evaluated in a set where the function u vanishes. The divergence of the mollified

function can be evaluated explicitly, to prove that is preserved by the horizontal mollification.
The third property follows by observing that

lu(x) — e (x)| = M(Xh,X3)—/ﬁs(yh)u(Xh — Yn,x3)dyp
RZ

= / Pe () u(xp, x3) — u(xp — yp, x3) dyy,
B(0,¢)

IA

Pe(yn) @ (lynl) dyn
B(0,¢)
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Sw(e)/ﬁs(yh)dyh,
RZ

hence the thesis, where we used that ¢ > 0 and the total mass equals one. O

The main fact is that if v is a Leray-Hopf weak solution, then v, is still vanishing at the
boundary, divergence-free, and it is smooth “enough” with respect to the space variables xj.

Remark 6.3. The special geometry of the domain allows for a neat and elementary treatment
of the problem. Nevertheless the main difficulty in treating more general smooth and bounded
domains would be that of having a smoothing operator which is: commuting with the standard
differential operators as the divergence, self-adjoint, and with strong convergence properties in
the entire domain.

Also in [20] it is noted how using a partition of unity subordinated to a covering of the bound-
ary is (seemingly) incompatible with the above constraints. Nevertheless, if the boundary of the
domain is not flat but it can be described by means of a single Lipschitz function x3 = H (xp)
(such that after rotation V;, H (0, 0) = 0 and €2 is defined by {x : x3 > H (x;,}) one can probably
adapt the same process by flattening the domain with the transformation x* = 7'(x) such that
(xp)* = xp, (x3)* = x3 — H(xp). Next, one can transform vectors with the covariant (Piola type)
map which preserves divergence

(uh)* — Mh (u3)* — u3 _ I/lh . VhH,

where u*(x*) = u(T ~'x*) and the transformed function is defined in the upper half-space. On
the new velocity u* one can then apply the mollification only in the new horizontal variables
x; and then transform back to Q. Technical details, to verify all the steps involve presumably
lengthy calculations, which are outside the scope of the paper. Nevertheless, this extension will
not improve significantly the result, since we think (for the reasons already explained concerning
localization) that the case of a general smooth and bounded domain cannot be treated in this way
and, if possible, different tools should be applied.

Proof of Theorem 6.1. To justify the use of Uy ¢ := p¢ *j, (D *, v) as a test function, a further
smoothing in the time-variable will be needed. As in the previous section we fix 0 <s <t < T,
to work (for the moment) in the fixed closed interval [s, t] C]0, T']. Next, we define u, : [s, ] X
R} — R by

t
ue(o, x) ::/]K(a—t)u(t,x)dt withO <k <t —s,

N

which is obtained through another mollification with respect to the time-variable (this time by
means of the scaled non-negative, even with respect to t = s, smooth and compactly supported

function J,, such that fssfll J(t)dr =1,e.g.onecanuse J(7) = p(t —5).)
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Then, we will use as test function in the weak formulation of the NSE the function

t

Ve (0 %) = / Je( —)(Pe 4 (Bo %1 v)) (x. x) d.

N

Observe that, the use as test function is justified, because it is zero at the boundary, divergence-
free and, from

Ve € WHS(s, 55 V)N L= (s, 15 V),
the following estimates

t

/ <V, 8t’56,8,l( >dr| < ||8l‘v”L4/3(V/)”’68,8,1(”[,4(\/)9

N
t

//(U-V)%,g,x-vdxdt < Cllvll s34 IVe,e.ll oo 22y

SRz_

hold true. This shows that the left-hand sides are properly defined. Moreover, by using the reg-
ularity of solutions to the linear evolution Stokes problem, we can infer (as in Sohr and von
Wahl [33]) that the pressure can be selected such that Vp € L/ 4((sn, t) X Ri) for a sequence of
times s, > 0 such that s,, — 0. These are chosen, for instance, such that v(s,) € HOl (]Ri). This

shows also that
t
f / Vp - Veedxdr =0,

s Ri
since
Ve € L(s, 15 L2(R3) N L®(s, 13 Wy 2 (R3)) € L®(s, 1; L2 (R3) N LO(RY)).

This finally proves that, by using the so-called Hopf-lemma (cf., e.g., [24]) that

t

t
/ < Vg, 0V >dr — v/ / Ve : VU dxdt

N s ]R%r
t
+/ f (V® )y : Vg dxdt = f Ve (t) - Ve i (1) dx — / Ve (8) - Vg i () dx.
S RY R3 R3
Note that
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t tot
/ <, 0V s >dr = / // J (0 — T)Ve(0)Ve(r) dodr dx =0,

N RZ_S s

being the kernel J'(-) odd with respect to ¢ = s5. By a standard limiting procedure « — 0, by using
the weak L?-continuity of Leray-Hopf weak solutions, and with the fact that f YH'K Je(r)dr = %
one obtains that

~ ~ ~ ~ k=01 2 I . 2
Vg (2) * Ve (1) dx — Ve (8) * Vg e () dx —> E”vs(t)” _5”08(5)“ )
R3 R}

.. ~ ~ —0 ~ . ~ ~
and also trivially fst fIR3 Vg : Vg dxdr = fst ||Vv5,,((t)||2d1:, since we know that vg , — Vg
+

at least in L2((s, 1) x ]Ri). To handle the nonlinear term observe that for any Banach space X,
ifu e L9(s,t; X), then u,, — u strongly in L9 (s, t; X), hence if the limiting object is finite, then
it would follow

t

t
/ / (v @ V), : VT ¢ drdr <22 / / (v @), : V¥, dxdr. (26)

'R 'R
To show the validity of the limit (26) we write as usual
(U @ ), = il @ Tp + T, u) — (u — 1) ® (u — ), @7
with

A / 7 ()G u(r) @ 5u(x)) dy,
3

where we set

gyu(x) =ulx —yp) —ux).
We first handle the resulting integral [73 (Ve ® V;) : VU, dx which we will prove to be finite by
the following observations: by properties of smoothing we have that V,U; = (3, Ve, 9x,Vs) €
L%, T; H! (IRi)). The same holds also for any “horizontal” derivative D} V= 8?1‘ 8?225, with

la| = a1 + a2 =k, acting only on the horizontal variables and of arbitrary order k > 1.
This implies in particular that

3,02 = —div, 3" € L*(0, T; H'(RY)),

hence T)'g’ is such that (V;[ﬁ?, 8X3T)/§’) = VT)E’ e L*(0,T; H 1(]1{1)). In particular, this implies that
5{; eL?(0,T: H 2(lRi)). By standard properties of convolution we also have that

IViellgr = —lvligr - and[ogll g2 < (vl
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Next, observe that by using the decomposition
(:JE ' V)Tja ‘58 = (5f ' Vh)’l\;s ‘Es +53 8355 '58»
then we can estimate the following integral as

1 t

/f(EE-V)58~Udedr - //(US@)UE):V?Idedr

S]Ri S]Ri

T
~h ~ ~ ~3 ~ ~
=< / 0 1211 Vi Ve ll6 Ve I3 + 10 1o |93 Ve N2 [l Ve [l2 d
s

T
~ ~ ~ ~3 ~ ~
= C/ 06 121 VA e ll 1 1V Vell2 + IV 1 g2 IV Ve l12[[ Ve 12 d,
s

S Cgil ”U”ioo(H)mLZ(‘/)'

This shows that, for any fixed ¢ > 0,

t

t
f/(a@m;):wg,x dxdr”lﬁ’/f(m@ig):vvgdxdr,

s T3 s T3
and, by integration by parts (which is legitimate since the integral is well defined), it follows that

t

//(5g®5g):VU€dxdT=O.

s T3

Next, by using the same argument as before, we estimate the first term in the decomposition as
follows

f(v—%)@(v—%):wgdx s/w—ﬁguv—vgnvmdx
: e

=< fo@@)llv — Ve [l2[ Ve ll2

=2fu®o@)lv]2[Vv]2.

This finally shows that, being the integral finite, then the limit process in ¥k — 0 is valid also in
the other term deriving from the commutator decomposition; moreover
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t

//(v—58)®(v—38):V5gdxdr

s ]R'i'r

12

T 12 - r
< w()lvol? / 21 di f Vo2 dr

<Cw(e).

The term arising from 7, (u, u) is treated in the same way, hence showing that, for each fixed
& > 0, the following equality holds true

t

t
1 - — - 1
§||vs<t>||2+vf||Vvs<r>||2dr—f/(v@v)s:wgdxdr=5nvg(s>u2.
s s ]Ri

Moreover, the bounds proved show also that in the limit ¢ — 0

t
//(vfgg)gzvﬁgdxdr <Cuwe) 300,
N R}%—

due to the hypothesis (22). This proves that
1 t 1
§||v(t)||2 + v/ Vv (r)|?dr = §||v(s)||2, forall0<s <t <T.
N
The arbitrariness of s, ¢ and the strong limit (8) is used to end the proof. O
Data availability
No data was used for the research described in the article.
Acknowledgments
The authors acknowledge support by INdAM-GNAMPA and by MIUR, within
PRIN20204NT8W4_004: Nonlinear evolution PDEs, fluid dynamics and transport equations:

theoretical foundations and applications.

References

[1] C. Bardos, E.S. Titi, E. Wiedemann, Onsager’s conjecture with physical boundaries and an application to the van-
ishing viscosity limit, Commun. Math. Phys. 370 (1) (2019) 291-310.

[2] C. Bardos, E.S. Titi, Onsager’s conjecture for the incompressible Euler equations in bounded domains, Arch. Ration.
Mech. Anal. 228 (1) (2018) 197-207.

373


http://refhub.elsevier.com/S0022-0396(23)00403-5/bib2AA61FC63E253B3D6FD1BC1CC6AE90D0s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib2AA61FC63E253B3D6FD1BC1CC6AE90D0s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib47B5C68E1C4CF54FB37A05FC67F876C1s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib47B5C68E1C4CF54FB37A05FC67F876C1s1

L.C. Berselli Journal of Differential Equations 368 (2023) 350-375

[3] C. Bardos, D.W. Boutros, E.S. Titi, Holder regularity of the pressure for weak solutions of the 3D Euler equations
in bounded domains, arXiv:2304.01952, 2023.

[4] H. Beirdo da Veiga, A new regularity class for the Navier-Stokes equations in R”, Chin. Ann. Math., Ser. B 16 (4)
(1995) 407-412. A Chinese summary appears in Chin. Ann. Math., Ser. A 16 (6) (1995) 797.

[5] H. Beirao da Veiga, J. Yang, On the energy equality for solutions to Newtonian and non-Newtonian fluids, Nonlinear
Anal. 185 (2019) 388-402.

[6] H. Beirdo da Veiga, J. Yang, Onsager’s conjecture for the incompressible Euler equations in the Holog spaces
€% (Q), 1. Math. Fluid Mech. 22 (2) (2020) 27.

[7] L.C. Berselli, On a regularity criterion for the solutions to the 3D Navier-Stokes equations, Differ. Integral Equ.
15 (9) (2002) 1129-1137.

[8] L.C. Berselli, Remarks on the “Onsager Singularity Theorem” for Leray-Hopf weak solutions: the Holder continu-
ous case, Mathematics 11 (4) (2023) 1062.

[9] L.C. Berselli, E. Chiodaroli, On the energy equality for the 3D Navier-Stokes equations, Nonlinear Anal. 192 (2020)
111704.

[10] T. Buckmaster, C. de Lellis, L. Székelyhidi Jr., V. Vicol, Onsager’s conjecture for admissible weak solutions, Com-
mun. Pure Appl. Math. 72 (2) (2019) 229-274.

[11] A. Cheskidov, P. Constantin, S. Friedlander, R. Shvydkoy, Energy conservation and Onsager’s conjecture for the
Euler equations, Nonlinearity 21 (6) (2008) 1233-1252.

[12] A. Cheskidov, S. Friedlander, R. Shvydkoy, On the energy equality for weak solutions of the 3D Navier-Stokes
equations, in: Contributions to Current Challenges in Mathematical Fluid Mechanics, in: Adv. Math. Fluid Mech.,
Birkhéuser, Basel, 2010, pp. 171-175.

[13] A. Cheskidov, X. Luo, Energy equality for the Navier-Stokes equations in weak-in-time Onsager spaces, Nonlin-
earity 33 (4) (2020) 1388-1403.

[14] A. Cheskidov, X. Luo, Sharp nonuniqueness for the Navier-Stokes equations, Invent. Math. 229 (2022) 987-1054.

[15] P. Constantin, W. E, E.S. Titi, Onsager’s conjecture on the energy conservation for solutions of Euler’s equation,
Commun. Math. Phys. 165 (1) (1994) 207-209.

[16] C. De Lellis, L. Székelyhidi Jr., The Euler equations as a differential inclusion, Ann. Math. (2) 170 (3) (2009)
1417-1436.

[17] T.D. Drivas, H.Q. Nguyen, Onsager’s conjecture and anomalous dissipation on domains with boundary, SIAM J.
Math. Anal. 50 (5) (2018) 4785-4811.

[18] T.D. Drivas, H.Q. Nguyen, Remarks on the emergence of weak Euler solutions in the vanishing viscosity limit,
J. Nonlinear Sci. 29 (2) (2019) 709-721.

[19] J. Duchon, R. Robert, Inertial energy dissipation for weak solutions of incompressible Euler and Navier-Stokes
equations, Nonlinearity 13 (1) (2000) 249-255.

[20] A. Ern, J.-L. Guermond, Mollification in strongly Lipschitz domains w ith application to continuous and discrete de
Rham complexes, Comput. Methods Appl. Math. 16 (1) (2016) 51-75.

[21] G.L. Eyink, Energy dissipation without viscosity in ideal hydrodynamics. I. Fourier analysis and local energy trans-
fer, Physica D 78 (3—4) (1994) 222-240.

[22] G.L. Eyink, Besov spaces and the multifractal hypothesis, J. Stat. Phys. 78 (1-2) (1995) 353-375, Papers dedicated
to the memory of Lars Onsager.

[23] R. Farwig, Y. Taniuchi, On the energy equality of Navier-Stokes equations in general unbounded domains, Arch.
Math. (Basel) 95 (5) (2010) 447-456.

[24] G.P. Galdi, An introduction to the Navier-Stokes initial-boundary value problem, in: Fundamental Directions in
Mathematical Fluid Mechanics, in: Adv. Math. Fluid Mech., Birkhéuser, Basel, 2000, pp. 1-70.

[25] P. Isett, A proof of Onsager’s conjecture, Ann. Math. (2) 188 (3) (2018) 871-963.

[26] J.-L. Lions, Sur la régularité et 1’unicité des solutions turbulentes des équations de Navier Stokes, Rend. Semin.
Mat. Univ. Padova 30 (1960) 16-23.

[27] P. Maremonti, A note on Prodi—Serrin conditions for the regularity of a weak solution to the Navier—Stokes equa-
tions, J. Math. Fluid Mech. 20 (2) (2018) 379-392.

[28] K. Masuda, Weak solutions of Navier-Stokes equations, Tohoku Math. J. (2) 36 (4) (1984) 623-646.

[29] L. Onsager, Statistical hydrodynamics, Nuovo Cimento (9) 6 (Supplemento, 2), Convegno Internazionale di Mec-
canica Statistica (1949) 279-287.

[30] G. Prodi, Un teorema di unicita per le equazioni di Navier-Stokes, Ann. Mat. Pura Appl. (4) 48 (1959) 173-182.

[31] J.C. Robinson, J.L. Rodrigo, J.W.D. Skipper, Energy conservation for the Euler equations on T2 x R4 for weak
solutions defined without reference to the pressure, Asymptot. Anal. 110 (3—4) (2018) 185-202.

[32] H. Sohr, The Navier-Stokes Equations: An Elementary Functional Analytic Approach, Birkhiduser Advanced Texts:
Basler Lehrbiicher. [Birkhduser Advanced Texts: Basel Textbooks], Birkhéduser Verlag, Basel, 2001.

374


http://refhub.elsevier.com/S0022-0396(23)00403-5/bib0694E7965176EBA9FF81ECA4ACF60C0Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib0694E7965176EBA9FF81ECA4ACF60C0Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4726EFBF37E9062DA1C717EC6FDB3A1Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4726EFBF37E9062DA1C717EC6FDB3A1Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib5A7FD9F4BF90692D521BA01B6746527Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib5A7FD9F4BF90692D521BA01B6746527Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibED94A62CD6EE5A446E56E1B7A9D96D06s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibED94A62CD6EE5A446E56E1B7A9D96D06s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4C20F9FCAD992581A2F83B3C12BC2F4Es1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4C20F9FCAD992581A2F83B3C12BC2F4Es1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4CC2F731EC349DDF2A1637BE66AEDCB8s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4CC2F731EC349DDF2A1637BE66AEDCB8s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib904467D1AAF20F2A9D0CC11C3AA27F30s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib904467D1AAF20F2A9D0CC11C3AA27F30s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4538B4A601BA0FA24546941E7C77AA2Es1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4538B4A601BA0FA24546941E7C77AA2Es1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibB075F02690BA4D698FED65A00F116535s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibB075F02690BA4D698FED65A00F116535s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib8AAB3BB6715E71671FCBBB6CCEFA7B63s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib8AAB3BB6715E71671FCBBB6CCEFA7B63s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib8AAB3BB6715E71671FCBBB6CCEFA7B63s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA6367964894767EC10D46616711CFD52s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA6367964894767EC10D46616711CFD52s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib3C9D06C80F8BD8636A04B4EF5F5A6A4Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibB942556703244BF46A4103D03ED22EA2s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibB942556703244BF46A4103D03ED22EA2s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA250E48F9288C15A3DC32015380F3EA6s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA250E48F9288C15A3DC32015380F3EA6s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib690B8F512E8ED463F2A219F2E3423CC7s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib690B8F512E8ED463F2A219F2E3423CC7s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibAE5AAD361511D5DB459AE9D43B7E558Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibAE5AAD361511D5DB459AE9D43B7E558Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib7D2C6F0EBA44D826799086900B77F189s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib7D2C6F0EBA44D826799086900B77F189s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib731D0E48C93F0BA05D5075FED9B0F05Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib731D0E48C93F0BA05D5075FED9B0F05Bs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib39744F6A9BB516A37560D8D0EB21A93Ds1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib39744F6A9BB516A37560D8D0EB21A93Ds1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibD0CDB631A3A5D65842EA35D506AD6062s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibD0CDB631A3A5D65842EA35D506AD6062s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib12D85405DCEC215D032CF0FC70130C4Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib12D85405DCEC215D032CF0FC70130C4Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibED22980CAD0BF1F5B5BD7F7A5AD0662Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibED22980CAD0BF1F5B5BD7F7A5AD0662Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibC555E1B576F3907C8F6FD7DE2B6F50D0s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibD29B97BCFE0A85032A22910937855AFBs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibD29B97BCFE0A85032A22910937855AFBs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib70FBE3BD7DA4653CDDAF89D3708D596Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib70FBE3BD7DA4653CDDAF89D3708D596Fs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib44C7075EC2DDD456BFDA70DF4D210498s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA1673BF9490FAF2C19EA567E62776253s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA1673BF9490FAF2C19EA567E62776253s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib289BF0FFD29EC5274F2543E6D90808FCs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4DE9DE13DC1CE6CAE7A4C6664E26FA30s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib4DE9DE13DC1CE6CAE7A4C6664E26FA30s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibC7674426F6C127065AC6183D4713DED3s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibC7674426F6C127065AC6183D4713DED3s1

L.C. Berselli Journal of Differential Equations 368 (2023) 350-375

[33] H. Sohr, W. von Wahl, On the regularity of the pressure of weak solutions of Navier-Stokes equations, Arch. Math.
(Basel) 46 (5) (1986) 428-439.

[34] R. Temam, Navier-Stokes Equations. Theory and Numerical Analysis, Studies in Mathematics and Its Applications,
vol. 2, North-Holland Publishing Co., Amsterdam-New York-Oxford, 1977.

375


http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA296F1A5032AC9D12B033E22D2B97D8Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bibA296F1A5032AC9D12B033E22D2B97D8Cs1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib5214A6AF1AB4814237C4E797D331CD06s1
http://refhub.elsevier.com/S0022-0396(23)00403-5/bib5214A6AF1AB4814237C4E797D331CD06s1

	Energy conservation for weak solutions of incompressible fluid equations: The Hölder case and connections with Onsager’s co...
	1 Introduction
	2 Notation and preliminaries
	3 Mollification and Hölder spaces
	3.1 A technical extension concerning the modulus of continuity

	4 Energy conservation for the Euler equations
	5 Energy conservation for the Navier-Stokes equations
	6 Energy conservation in presence of boundaries: the half-space case
	Data availability
	Acknowledgments
	References


