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Abstract

This work is devoted to the investigation and subgrid-scale modeling of in-
trinsic flame instabilities occurring in the propagation of a deflagration wave.
Such instabilities, of hydrodynamic and thermodiffusive origin, are expected
to be of particular relevance in recent technological trends such as in the
use of hydrogen as a clean energy carrier or as a secondary fuel in hydrogen
enriched combustion. A dedicated set of direct numerical simulations is pre-
sented and used, in conjunction with coherent literature results, in order to
develop scaling arguments for the propagation speed of self-wrinkled flames
which are also supported by the outcomes of a weakly non-linear model.
The observed scaling is based on the number of unstable wavelengths in a
planar flame and is used to develop an algebraic model for the wrinkling
factor in the context of a flame surface density closure approach. An a-priori
analysis shows that the model correctly captures the flame wrinkling caused
by intrinsic instability at sub grid level. A strategy to include the developed
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1. Introduction

Intrinsic instabilities appear in premixed flames in different forms and
scales [1]. The two intrinsic mechanisms are the Darrieus-Landau (DL) or
hydrodynamic instability caused by the thermal expansion and the thermod-
iffusive (TD) instability generated by unbalanced heat and mass fluxes in
the reaction region [2-4]. While the former is ubiquitous and always desta-
bilizing, the latter can be either stabilizing or destabilizing depending on the
effective Lewis number of the controlling reactant [5]. The DL instability can
only develop for large-scale flames as the scale of its induced wrinkling is typ-
ically two orders of magnitude larger than flame thickness in both laminar as
well as turbulent settings [6]. The DL features have been studied both exper-
imentally [7-9] and numerically, employing techniques ranging from weakly
non-linear models to direct numerical simulations (DNS) [10-13]. Conversely,
TD instability manifests itself typically in lean hydrogen flames, with small
scale cellular structures on the order of some flame thicknesses as shown by
DNS [14-17] as well as experiments [18, 19].

From a phenomenological standpoint, a flame which is intrinsically un-
stable, tends to propagate faster than its corresponding stable case. The DL
or TD induced corrugations in its nonlinear evolution tends to increase the
instantaneous flame area and therefore the mean propagation of the entire
flame front creating a self-turbulent propagation regime, even in the absence
of any incoming turbulence [20]. The modeling of the self-wrinkling behavior
as well as the interplay of instabilities and turbulence still require a substan-
tial research effort. In fact, state-of-the-art premixed combustion models do

not include any instability-related parameter: see for instance the discussion



on flame surface density (FSD) in [6]. Nevertheless, some attempts have
been made, in the context of sub grid scale (SGS) modeling for large eddy
simulations (LES) of unconfined deflagration [21] and Bunsen flames[22].
This being said, the investigation of intrinsic instability is nowadays also
of practical importance, being motivated by recent technological trends such
as the increasing operating pressure of combustion chambers as well as the
use of hydrogen as a clean energy carrier or as a secondary fuel in hydrogen
enriched flames. These conditions are expected to promote the occurrence of
both TD and DL instability [23-26], creating challenging conditions to model
turbulent premixed combustion, which can lead to non-predictive results from
standard approaches: see for instance [27]. In this framework, the present
work aims at the analysis and modeling of the flame wrinkling ensuing from
intrinsic flame instabilities. To this end, a DNS dataset consisting of two
series of flames influenced by DL and TD instability is developed without
any turbulent forcing. The ensuing mean propagation speeds, in conjunction
with similar results from recent DNS works [13-15], are used to develop an
algebraic wrinkling factor model. Such model is tested in an a-priori fashion
following [28]. Finally the possibile inclusion of the model into turbulent

combustion closure based on the FSD concept, is discussed.

2. Theoretical and numerical framework

2.1. The lengthscales of intrinsic instabilities

In the context of intrinsic instabilities, linear stability analysis of a planar
flame is a viable technique to estimate the lengthscales at play. The ensuing

dispersion relation w(k), where w is the growth rate of a small perturba-



Figure 1: Lewis number effect on the dispersion relation

tion of wavelength A and wavenumber k = 27/, furnishes two reference
lenghtscales, namely the cutoff (or neutral) wavelength A\, = 27/k., where
w(k.) = 0 and the most unstable wavelength \,,,, for which dw/dk = 0.
Such lenghtscales as well as the shape of w(k) are largely influenced by the
Lewis number of the fuel Le as shown in Fig. 1, in which dispersion relations
have been obtained numerically by means of DNS, using the approach de-
scribed later. As Le decreases, k. becomes larger and around Le ~ 0.6, the
dispersion relation exhibits an overshoot above the linear behavior represent-
ing the DL mechanism. This indicates that below a critical Lewis number
Leg, thermal-diffusive effects are destabilizing for the flame front [5]. For
Le > Leg i.e. when thermal-diffusive effects are stabilizing, dispersion rela-
tions can be either reconstructed numerically by means of DNS or determined
analytically using variable fidelity hydrodynamic models [4, 5]. Conversely,
for Le < Ley i.e. for destabilizing thermal-diffusive effects, analytical models
are not available and w(k) can only be obtained numerically as in Fig. 1.
As discussed in [6], A, thus acquires the meaning of a characteristic flame

lengthscale, on equal footing with flame thickness to be compared to tur-



bulence lenghtscales. Indeed A. is uniquely defined by the thermochemical
conditions, such as the unburned flame temperature T,,, background pressure
po and mixture ratio ¢. A measure of the degree of instability is given by
n. = L/\., the number of unstable wavelengths within a reference hydrody-
namic length L, which is assumed as the largest lengthscale constraining the
flame. The higher the value of n, > 1, the larger the number of unstable

cells and the more severe the corrugation of the flame is to be expected.

2.2. DNS datasets

Intrinsically unstable flames are typically very large scale flames [6] and
their DNS requires long simulation times [15]. The computational cost of
large scale flame simulations is elevated even in 2D settings with simple chem-
istry, which are indeed used in this work. In order to have a dataset capable
of sustaining scaling arguments with good confidence, we employ, in addition
to our DNS data, coherent results from other groups. Our simulations em-
ploy a well established framework [6, 29-31], based on the low-Mach number
approximation and on a deficient reactant controlling a one-step irreversible
reaction. This approach is implemented in an equation-of-state-independent
version [32-35] of the highly-efficient parallel code nek5000 [36] based on the
spectral element method (SEM) [37].

Two series of planar flames have been simulated, designated TD and
DL to highlight respectively the presence or absence of thermal-diffusive in-
stabilities, with increasing values of n.. For each simulation \., needed to
determine n., has been evaluated numerically and, where possible, compared
to analytical dispersion relations [5]. The computational domain is periodic

in the crosswise direction while outflow conditions are imposed at the up-
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Table 1: Summary of DNS parameters and characteristics.
Label Le o Ze n. L/lp Sr/SY
DL1 1.36 10.0 80 9.2 400 1.57
DL2 1.00 6.67 8.0 13.7 400 1.32
DL3 1.00 10.0 8.0 16.3 400 1.85
TD1 0.49 6.67 80 7.6 40 2.03
TD2 0.49 6.67 8.0 20.0 105 4.03
TD3 0.49 6.67 8.0 76.0 400 4.52

per boundary in the streamwise direction. Statistically planar flames are
obtained by means of an inflow/outflow configuration, imposing the instan-
taneous burning velocity as the inflow velocity at the lower boundary [3§]
without introducing any turbulent perturbation. The SEM discretization is
uniform and the resolution chosen in order to have, for the less resolved case,
at least 14 grid points within the thermal thickness of a 1D unstretched flame,
defined as 07 = (T, — T,,)/max(dT/dx). The simulations are initialized by
means of a 1D flame with the superimposition of a small broadband velocity
disturbance to trigger the instability and statistics are collected only after
reaching the non-linear regime.

The TD series is characterized by a ratio between the domain width and
the flame thickness L/{p ranging from 40 up to 400, resulting in a wide
range of n.. The size of the computational domain in the streamwise di-
rection L, is two times the periodic dimension L, which was verified to be

large enough to correctly contain the corrugated flame for the entire non-
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Figure 2: Progress variable fields for the largest flames of the dataset. Color code from

blue (¢ = 0 unburnt) to yellow (¢ = 1 burnt).

linear evolution studied. Conversely, the DL series is obtained by varying
both the expansion ratio ¢ and the Lewis number Le while keeping constant
L/lp = 400. In this series a computational domain in the streamwise direc-
tion of L, = L was deemed large enough, except for the simulation labeled
as DL3 in which L, = 2L. As a result, being A. larger in units of ¢ for
thermal-diffusively stable flames, the range of n. that can be explored by
the DL series using similar computational resources is clearly narrower than
the TD series. A summary of the DNS parameters is reported in table 1 in
conjunction with the mean propagation speeds S7/S? while instantaneous
realizations of the largest flames, namely TD3 and DL3, are displayed in
Fig. 2. We also employ literature data from other recent DNS simulations
of two-dimensional, self-turbulent flames. In particular, mean propagation

speed of statistically planar flames are taken from the following: (i) Yu et
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al. [13], hydrodynamically unstable one-step chemistry flames with Le = 1,
o =5,8,10 and n, = 1 — 95; (ii) Berger et al. [15], TD unstable, lean hydro-
gen flames (¢ = 0.44) at an estimated effective Lewis number of Le = 0.39
and ¢ = 4.4 data taken only in the range n. = 2 — 300; (iii) Frouzakis et
al. [14], TD unstable lean hydrogen flames (¢ = 0.5, estimated Le = 0.53

and o0 = 5) in the range n, = 2 — 4.

3. Results and discussion

3.1. Analysis and modeling of self-wrinkling

Phenomenologically, the self wrinkling caused by intrinsic flame insta-
bility is associated to a flame area increase responsible for the overall flame
speed enhancement. Any attempt to model such wrinkling should involve the
determination of a scaling law for S7/S? and the adequate set of indepen-
dent parameters governing it. Valuable information can be obtained from
the Sivashinsly equation [39], modeling the unsteady perturbation u(z,t),
about the nominal planar conformation, of a potentially hydrodynamically
and thermodiffusively unstable flame with weak thermal expansion. The in-
tegrodifferential model in a periodic domain of size L is originally cast as a
function of the expansion ratio ¢ and of a parameter ¢ measuring the devi-
ation of the Lewis number from the critical value Ley. This can be reduced
through variable transformation to a one parameter equation in one spatial
dimension:

where 3 is the only surviving parameter and I(u) is the non-local Hilbert

transform of the derivative of u representing thermal expansion effects. As
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Figure 3: Incremental propagation speed obtained averaging the solutions of the

Sivashinsly equation.

[ is varied, the enhanced propagation speed of a cellular flame, solution of
the model, is obtained by time averaging the flame area. Noting that the
associated dispersion relation depends on the unique parameter 3, so will
the suitably rescaled cutoff wavelength ). and rescaled number of unstable
wavelengths n... One thus expects the averaged propagation speed to exhibit
a universal scaling law as a function of n. This is indeed the case as shown
in Fig. 3 displaying, for a large number of solutions, the incremental propa-
gation speed [(S7/SY) — 1] rescaled by (1 —o0~!)? to compensate for thermal
expansion which tends to increase the amplitude of corrugations. For small
values of n/, > 1 one observes flame conformations similar to pole solutions
(0.125 asymptotic value) [40] typical of DL instability, while for larger n, ad-
ditional wrinkling due to growing effects of TD instability further increases
the propagation speed.

On the basis of the indications gleaned through the Sivashinsky model, it
is reasonable to scale the averaged burning velocity from the DNS database

as a function of: (i) n., as a measure of the degree of intrinsic instability and
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(ii) o, to account for the effect of thermal expansion on the amplitude of the
corrugation. To compensate for thermal expansion, we employ this time the
function U,, (o), in lieu of (1 —o~')?, derived for realistic values of o by By-
chkov [41], representing the incremental propagation speed of a corrugated
stationary flame subject to DL instability. Such function, was verified against
dedicated DNS data, although we do not show this for brevity. Figure 4 fi-
nally shows the rescaled incremental propagation speed (Sr/S%—1)/U,,, as a
function of n.. It is clearly noticeable that flames influenced by TD instability
propagate faster, for a given n., than the purely hydrodynamically unstable
flames. The latter (Le > Leg) seem to follow reasonably well the analytical
incremental propagation speed of pole solutions Uy (n.) = %nﬂp(l — nﬂ,,) with
N = int(n./2 4+ 1/2) [41]. This trend remains valid up to a secondary cut-
off limit, that can be identified between n. values of 4-4.5 [42] and 7-8 [13],
when the well-known global steady DL structure becomes again unstable as
the large scale flame starts behaving as a set of quasi-planar, smaller scale
unstable flames [42] exhibiting additional wrinkling and a fractal conforma-
tion [13, 40]. This additional wrinkling is also present in the simulations
DL1-3 from this study, and clearly shown for DL3 case in Fig.2. However, in
the case of extremely large domains L, namely more than 2 orders of mag-
nitude larger than A. (n. > 100), it is still unclear if a domain independence
will be reached. Conversely, for TD unstable flames (Le < Ley) a plateau is
reached beyond n. ~ 30 with the largest DNS presented in this work, namely
the TD3 case shown in Fig. 2 that confirms the trend recently explained by
Berger et al. [15]. On the other hand smaller flames, n. ~ 2 — 30, show a

steady increase before reaching the mentioned plateau.
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Figure 4: Rescaled incremental propagation speed (St/S% — 1)/U,, plotted against n.:
diamonds () Yu et al. data [13], crosses (x) Berger et al. data [15], circles (O) Frouzakis
et al. data and squares (O) this study. Continuos lines represent wrinkling factor models

in the presence of intrinsic instability for TD and DL cases.

The foregoing observations on propagation speed in the presence of in-
trinsic instabilities suggest a possible modeling strategy in the context of
the generalized FSD approach [43]. The generalized FSD Yy, = [Ve| can
be modeled by introducing an algebraic expression for the wrinkling factor
= = |Vc|/|Vd|, representing the effect of subgrid wrinkling [28, 43]. In the
present context of laminar, self-corrugated, unstable flames, the wrinkling
factor can be directly related to flame speed, i.e. = ~ Sp/S?. This suggests
that the rescaled propagation speed of Fig. 4 can be used directly to model
the wrinkling factor in a data-driven fashion. Indeed we can conjecture that
in a generic setting of turbulent propagation, the overall wrinkling factor =

will be a function of both the intrinsic laminar wrinkling =; and the standard

contribution of the turbulent wrinkling =r. The continuous lines shown in
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Fig. 4, fitting the DNS data with a ~ 20% mean error, can thus effectively

represent the model = ~ S7/S?, as summarized in Tab. 2.

Table 2: Wrinkling factor model 21, for TD and DL flames.

Le range n,. range model expression

any ne < 1 = =1
ne<6  ZEp=1+4Un(0)(Un(n.))
Le > Leg 23
ne>6  Zp=14U,(0)(.04n")
ne>1 Ep=1+Uy(0)(.19n)?)
Le < Leg
ne>30 Zp=1+4+U,(0)(1.5)

Note that for n. < 1 all models should collapse on Z; = 1 as the flame is
stable within the hydrodynamic domain of interest. Different ranges on n.
are introduced due to the additional cut-off values previously discussed for
both TD and DL instability.

The concept of n. in the context of SGS models should be further ex-
plored. The definition of n. = L/, expresses the number of unstable wave-
lengths within the hydrodynamic length L. In a RANS context, where all
the instability-induced wrinkling is unresolved, we should consider L as being
the reference hydrodynamic length (e.g. a Bunsen or injector diameter). As
a result, n. is generally expected to be large, thus yielding correspondingly
non-unity values of =Z;. On the other hand, in an LES context, a portion
of the wrinkling may well be resolved on the grid, implying that the hydro-
dynamic length should be considered as the local grid size L = A so that

ne = AJ/A.. For Le > Ley mixtures (such as rich hydrocarbon mixtures), A.
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can be assumed to be of the order of 10? flame thicknesses [6], thus making
it extremely likely that n, = O(1) or less (unless A > 10? flame thicknesses
or larger), thus not requiring any modeling. Conversely, for Le < Leg (such
as lean hydrogen mixtures) A, is generally far smaller and can be assumed to
be of the order of 107 or less [15], such as in the present TD series of DNS
where A\, ~ 40p. This entails a possible value for n,. > 1 if the LES filter
width is some flame thicknesses wide, which is a far more likely scenario.
This reasoning shows that LES of hydrogen or hydrogen-diluted flames may
likely require SGS modeling for the unresolved instability-induced wrinkling
as confirmed by the a-priori analysis in the next subsection. This being said,
whether in a RANS or LES context, a global or local value of n. should
invariably be determined, for the given fuel mixture and given geometry or
grid. A good practice would thus require the determination of A, for the given
mixture and conditions, by numerically determining the flame’s dispersion

relation.

3.2. A priori analysis of the proposed model

The proposed modeling strategy based on =, is now a-priori tested by
filtering DNS data using a Gaussian shaped kernel. The overbar - denotes
LES filtering and the assessment of the FSD based modeling strategy follows
standard criteria [28]: (1) the total modeled flame surface area, i.e. the
volume-averaged generalized FSD (X,.,), should be equal to the DNS value
and as independent as possible from A; (2) the statistical correlation between
the modeled X, and the DNS value should be close to unity, (3) the model
should be able to capture the correct variation of conditionally averaged

values of ¥4, with filtered reaction progress variable across the flame brush.
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The two largest simulations of the dataset, namely DL3 and TD3, are filtered
using a wide range of filter sizes from A = Apng up to A = 4007.

Figure 5 displays the capabilities of ¥, = Z|V¢| of reproducing the
total flame surface area obtained from the DNS (criterion 1). An overall
agreement between the model and the DNS data is observed. In the DL case,
the model shows an under-prediction throughout the filter sizes explored.
In particular we have Z; = 1 until A ~ A\, ~ 137 where n. becomes
greater than unity. For A/d7 > 13 the wrinkling factor =, > 1 reduces
the difference between =1 |V¢| and the DNS value. Note that, even for the
largest filter size A/d7 ~ 40, the second part of the model, which activates
for n. greater than the secondary cut-off, was never utilized. Such region
would have been explored if A were large enough to accommodate at SGS
level a large enough flame to exhibit a fractal-like wrinkling. However, such
large size filters, compared to the instability and flame lengthscales, cannot
be expected in a turbulent scenario as this would imply unrealistically low-
Karlovitz numbers, see e.g. Fig.2 of [6]. In the TD case, the model activates
at a smaller A, around A/dr ~ 4, causing a temporary over-prediction of
(Xgen) until A/op ~ 13. To some extent, this is a good scenario for the
interaction between modeling strategies and numerical errors in LES [44]. In
addition, the largest filter size A/d; ~ 40 is characterized by n. ~ 12 and,
as a result, also in this case the second part of model has not been explored.
Nonetheless, contrary to DL flames, for TD unstable flames the plateauing
region of the =y model could be realistically used in an LES of a sufficiently
large scale flame.

In order to further test the model we now focus on three filter sizes A/dr ~

15
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Figure 5: Total volume-averaged value of the generalized FSD as a function of the filter
width: DNS value (dashed lines, ——), modeled X, (circles, O) and resolved part of the
FSD |Ve| (crosses, x).

5,15, 30 namely fine, medium and coarse. The effect of A on c-fields of the
TD3 and DL3 cases are shown in Fig.6. It is clearly observable that the
secondary wrinkling of the DL case is resolved on the fine grid while for
the coarse it is undetectable as the only structure resolved is the large scale
DL cusp. In the TD case, the small scale wrinkling is barely visible on the
fine grid and undetectable on others, conversely large scale flame fingers are
resolved on both fine and medium grids, while at the largest A it starts being
undetected. As a partial conclusion, in an LES setting, large scale features
of both TD and DL type flames can be considered always resolved on the
computational grid.

The model is further assessed by investigating the conditionally averaged
values of ¥, to € (criterion 3). These quantities are displayed in Fig. 7
showing that the model can reproduce both in shape and magnitude the

DNS data. Moreover, Fig. 7 also reports the correlation coefficient between
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(a) DL3, fine (b) DL3, medium (c) DL3, coarse
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(d) TD3, fine (e) TD3, medium (f) TD3, coarse

Figure 6: The effect of filtering on the instantaneous realizations displayed in Fig. 2: left

column TD3 case, right column DL3 case.
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(b) TD3, fine, Ceopy = 0.92
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Figure 7: Conditionally averaged values of Y4., = Z.|V¢| to ¢, using the three filters
A/ép ~ 5,15,30 namely fine, medium and coarse: DNS (dashed lines, ——), modeled X ey,
(circles, ) and resolved part of the generalized FSD |V¢| (crosses, x). Also reported for

each case the correlation coeflicient Ceo,» between the exact and modeled ey, .
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the modeled X, and DNS values (criterion 2), which remain sufficiently
close to unity. For the DL flame, Fig. 7(a) and 7(c) statistically confirm the
conclusions drawn by observing the ¢ fields as =Z; — 1 for the medium and
fine grid. Only using a large A, = is appreciably higher than unity and its
effect on X, clearly visible. Indeed, for such filter size, the secondary DL
structures are statistically not resolved on the mesh. On the other hand, in
this case the X4, of the DNS is slightly skewed towards the burnt gas side
and not perfectly reproduced by the model for ¢ > 0.4. For the TD flame, the
scenario is completely different since the small scale wrinkles require modeling
in both the medium and fine grids and the model correctly captures the DNS
data across the entire flame brush. In the coarse mesh case, similarly to the
DL flame, the exact ¥, is slightly skewed toward ¢ = 1 and the model
perfectly reproduces the DNS data for ¢ < 0.5.

3.3. Extension to the turbulent case

A final note is dedicated to the extension of the model of Tab. 2 to a re-
alistic turbulent scenario. Indeed, we recall that such model was derived in a
self-wrinkling setting and its characteristics may vary in a turbulent scenario.
Previous studies have shown [29, 31], albeit limited to Le > Ley, that for
increasing turbulence intensity, the effects of instability-induced wrinkling
tend to be mitigated. This may suggest that at high turbulence intensity,
the model may have a reduced or even vanishing effect (=, — 1). Therefore,
to tentatively introduce the mitigation of instability, it is of interest to use
the concept of turbulence-induced DL cutoff \., a function of turbulence and
instability parameters [42].

A simple way to incorporate turbulence effects is to define a turbulent n.
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based on the filter size and )\, as f. = A / Ae. The overall wrinkling factor
model can be expressed as = = 2 (i, 0)Zr where Z (71, o) is the model of
Tab. 2 using 7. in lieu of the laminar value, while = is a standard model
for turbulent premixed combustion. In the limit case of a laminar setting
n. — n. while for elevated turbulence intensity n. — 0 resulting in = =
1. This being said, the effectiveness of this extension is based on a proper
estimation of S\C that defines n. on the LES grid. While for DL flames
the definition in [42] could be tested, for TD flames it still remains to be
investigated /proposed. It is not known, in fact, whether this mitigation
effect will also occur for Le < Ley, where it may be delayed by the small

scale and persistent nature of thermal-diffusive corrugations.

4. Conclusion

The propagation of intrinsically unstable flames has been investigated
and a model to incorporate the possibile occurrence of instability-induced
wrinkling at subgrid level has been introduced. The model is based on scal-
ing arguments of the average propagation speed as a function of the number
of unstable wavelengths for a planar premixed flame n.. The scaling has
been sustained by the results of a weakly non-linear model and by the de-
velopment of a dedicated DNS dataset as well as other coherent literature
results. In particular, purely hydrodynamically unstable flames seem to ex-
hibit incremental propagation speeds which follow quite well analytical pole
solutions until reaching the secondary cut-off value beyond which additional
wrinkling appears. Conversely, thermodiffusively unstable flames show a

different scaling with n. leading to incremental propagation speeds which
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are larger than for the corresponding purely hydrodynamic case, eventually
reaching a plateau at a large scale cut-off value. The ensuing data have been
used to introduce an algebraic model for the wrinkling factor due to intrinsic
instability. The model is based on the grid value of n. representing the num-
ber of unstable wavelengths inside the LES filter size. Such model has been
shown to adequately perform on a wide range of filter sizes by means of an
a-priori analysis and a strategy to include the proposed model in a turbulent

combustion closure has also been discussed.
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1. Introduction

Intrinsic instabilities appear in premixed flames in
different forms and scales [1]. The two intrinsic mech-
anisms are the Darrieus-Landau (DL) or hydrodynamic
instability caused by the thermal expansion and the ther-
modiffusive (TD) instability generated by unbalanced
heat and mass fluxes in the reaction region [2—4]. While
the former is ubiquitous and always destabilizing, the
latter can be either stabilizing or destabilizing depend-
ing on the effective Lewis number of the controlling
reactant [5]. The DL instability can only develop for
large-scale flames as the scale of its induced wrin-
kling is typically two orders of magnitude larger than
flame thickness in both laminar as well as turbulent set-
tings [6]. The DL features have been studied both exper-
imentally [7-9] and numerically, employing techniques
ranging from weakly non-linear models to direct numer-
ical simulations (DNS) [10-13]. Conversely, TD insta-
bility manifests itself typically in lean hydrogen flames,
with small scale cellular structures on the order of some
flame thicknesses as shown by DNS [14—17] as well as
experiments [18, 19].

From a phenomenological standpoint, a flame which
is intrinsically unstable, tends to propagate faster than
its corresponding stable case. The DL or TD induced
corrugations in its nonlinear evolution tends to increase
the instantaneous flame area and therefore the mean
propagation of the entire flame front creating a self-
turbulent propagation regime, even in the absence of
any incoming turbulence [20]. The modeling of the
self-wrinkling behavior as well as the interplay of in-
stabilities and turbulence still require a substantial re-
search effort. In fact, state-of-the-art premixed combus-
tion models do not include any instability-related pa-
rameter: see for instance the discussion on flame sur-
face density (FSD) in [6]. Nevertheless, some attempts
have been made, in the context of sub grid scale (SGS)
modeling for large eddy simulations (LES) of uncon-
fined deflagration [21] and Bunsen flames[22].

This being said, the investigation of intrinsic insta-
bility is nowadays also of practical importance, being
motivated by recent technological trends such as the in-
creasing operating pressure of combustion chambers as
well as the use of hydrogen as a clean energy carrier or
as a secondary fuel in hydrogen enriched flames. These
conditions are expected to promote the occurrence of
both TD and DL instability [23-26], creating challeng-
ing conditions to model turbulent premixed combustion,
which can lead to non-predictive results from standard
approaches: see for instance [27]. In this framework,
the present work aims at the analysis and modeling of

the flame wrinkling ensuing from intrinsic flame insta-
bilities. To this end, a DNS dataset consisting of two
series of flames influenced by DL and TD instability is
developed without any turbulent forcing. The ensuing
mean propagation speeds, in conjunction with similar
results from recent DNS works [13—-15], are used to de-
velop an algebraic wrinkling factor model. Such model
is tested in an a-priori fashion following [28]. Finally
the possibile inclusion of the model into turbulent com-
bustion closure based on the FSD concept, is discussed.

2. Theoretical and numerical framework

2.1. The lengthscales of intrinsic instabilities

In the context of intrinsic instabilities, linear stability
analysis of a planar flame is a viable technique to esti-
mate the lengthscales at play. The ensuing dispersion re-
lation w(k), where w is the growth rate of a small pertur-
bation of wavelength A and wavenumber k = 27/ A, fur-
nishes two reference lenghtscales, namely the cutoff (or
neutral) wavelength A, = 2n/k., where w(k.) = 0 and
the most unstable wavelength A,,,, for which dw/dk =
0. Such lenghtscales as well as the shape of w(k) are
largely influenced by the Lewis number of the fuel Le
as shown in Fig. 1, in which dispersion relations have
been obtained numerically by means of DNS, using the
approach described later. As Le decreases, k. becomes
larger and around Le =~ 0.6, the dispersion relation ex-
hibits an overshoot above the linear behavior represent-
ing the DL mechanism. This indicates that below a
critical Lewis number Leg, thermal-diffusive effects are
destabilizing for the flame front [5]. For Le > Ley i.e.
when thermal-diffusive effects are stabilizing, disper-
sion relations can be either reconstructed numerically
by means of DNS or determined analytically using vari-
able fidelity hydrodynamic models [4, 5]. Conversely,
for Le < Leg i.e. for destabilizing thermal-diffusive ef-
fects, analytical models are not available and w(k) can
only be obtained numerically as in Fig. 1.

Figure 1: Lewis number effect on the dispersion relation

As discussed in [6], A, thus acquires the meaning
of a characteristic flame lengthscale, on equal foot-



ing with flame thickness to be compared to turbulence
lenghtscales. Indeed A, is uniquely defined by the ther-
mochemical conditions, such as the unburned flame
temperature 7,, background pressure py and mixture ra-
tio ¢. A measure of the degree of instability is given by
n. = L/A., the number of unstable wavelengths within
a reference hydrodynamic length L, which is assumed
as the largest lengthscale constraining the flame. The
higher the value of n, > 1, the larger the number of un-
stable cells and the more severe the corrugation of the
flame is to be expected.

2.2. DNS datasets

Intrinsically unstable flames are typically very large
scale flames [6] and their DNS requires long simulation
times [15]. The computational cost of large scale flame
simulations is elevated even in 2D settings with simple
chemistry, which are indeed used in this work. In or-
der to have a dataset capable of sustaining scaling argu-
ments with good confidence, we employ, in addition to
our DNS data, coherent results from other groups. Our
simulations employ a well established framework [6,
29-31], based on the low-Mach number approximation
and on a deficient reactant controlling a one-step ir-
reversible reaction. This approach is implemented in
an equation-of-state-independent version [32-35] of the
highly-efficient parallel code nek5000 [36] based on the
spectral element method (SEM) [37].

Two series of planar flames have been simulated, des-
ignated TD and DL to highlight respectively the pres-
ence or absence of thermal-diffusive instabilities, with
increasing values of n.. For each simulation A., needed
to determine n., has been evaluated numerically and,
where possible, compared to analytical dispersion re-
lations [S]. The computational domain is periodic in
the crosswise direction while outflow conditions are im-
posed at the upper boundary in the streamwise direc-
tion. Statistically planar flames are obtained by means
of an inflow/outflow configuration, imposing the instan-
taneous burning velocity as the inflow velocity at the
lower boundary [38] without introducing any turbulent
perturbation. The SEM discretization is uniform and
the resolution chosen in order to have, for the less re-
solved case, at least 14 grid points within the ther-
mal thickness of a 1D unstretched flame, defined as
or = (Tp—T,)/max(dT/dx). The simulations are initial-
ized by means of a 1D flame with the superimposition
of a small broadband velocity disturbance to trigger the
instability and statistics are collected only after reaching
the non-linear regime.

The TD series is characterized by a ratio between
the domain width and the flame thickness L/¢p rang-

Table 1: Summary of DNS parameters and characteristics.

Label Le o Ze n. Lilp Sr/SY

DL1 136 100 80 9.2 400 1.57
DL2 1.00 6.67 80 13.7 400 1.32
DL3 1.00 100 80 163 400 1.85
TD1 049 6.67 80 7.6 40 2.03
TD2 049 6.67 80 200 105 4.03
TD3 049 6.67 80 76.0 400 4.52

0 0.5 1 0 0.5 1
T T

(a) DL3 (b) TD3

Figure 2: Progress variable fields for the largest flames of the dataset.
Color code from blue (¢ = 0 unburnt) to yellow (¢ = 1 burnt).

ing from 40 up to 400, resulting in a wide range of
n.. The size of the computational domain in the stream-
wise direction L, is two times the periodic dimension L,
which was verified to be large enough to correctly con-
tain the corrugated flame for the entire non-linear evo-
lution studied. Conversely, the DL series is obtained by
varying both the expansion ratio o and the Lewis num-
ber Le while keeping constant L/€p = 400. In this series
a computational domain in the streamwise direction of
L, = L was deemed large enough, except for the simu-
lation labeled as DL3 in which L, = 2L. As aresult, be-
ing A, larger in units of £ for thermal-diffusively stable
flames, the range of n, that can be explored by the DL
series using similar computational resources is clearly
narrower than the TD series. A summary of the DNS
parameters is reported in table 1 in conjunction with the
mean propagation speeds S7/S 2 while instantaneous
realizations of the largest flames, namely TD3 and DL3,
are displayed in Fig. 2. We also employ literature data
from other recent DNS simulations of two-dimensional,
self-turbulent flames. In particular, mean propagation
speed of statistically planar flames are taken from the
following: (i) Yu et al. [13], hydrodynamically unstable
one-step chemistry flames with Le = 1, o0 = 5,8,10



and n, = 1 —95; (ii) Berger et al. [15], TD unstable,
lean hydrogen flames (¢ = 0.44) at an estimated effec-
tive Lewis number of Le = 0.39 and o = 4.4 data taken
only in the range n. = 2—-300; (iii) Frouzakis et al. [14],
TD unstable lean hydrogen flames (¢ = 0.5, estimated
Le = 0.53 and o = 5) in the range n, = 2 — 4.

3. Results and discussion

3.1. Analysis and modeling of self-wrinkling
Phenomenologically, the self wrinkling caused by in-
trinsic flame instability is associated to a flame area in-
crease responsible for the overall flame speed enhance-
ment. Any attempt to model such wrinkling should
involve the determination of a scaling law for Sr /Sg
and the adequate set of independent parameters govern-
ing it. Valuable information can be obtained from the
Sivashinsly equation [39], modeling the unsteady per-
turbation u(x, ), about the nominal planar conforma-
tion, of a potentially hydrodynamically and thermodif-
fusively unstable flame with weak thermal expansion.
The integrodifferential model in a periodic domain of
size L is originally cast as a function of the expansion
ratio o and of a parameter € measuring the deviation
of the Lewis number from the critical value Ley. This
can be reduced through variable transformation to a one
parameter equation in one spatial dimension:

Uy + Urs + Bl + 1/2u7 = 1(u) (1)

where 3 is the only surviving parameter and /(u) is the
non-local Hilbert transform of the derivative of u rep-
resenting thermal expansion effects. As (8 is varied, the
enhanced propagation speed of a cellular flame, solu-
tion of the model, is obtained by time averaging the
flame area. Noting that the associated dispersion rela-
tion depends on the unique parameter 3, so will the suit-
ably rescaled cutoff wavelength A, and rescaled num-
ber of unstable wavelengths n.. One thus expects the
averaged propagation speed to exhibit a universal scal-
ing law as a function of n. This is indeed the case as
shown in Fig. 3 displaying, for a large number of solu-
tions, the incremental propagation speed [(S7/S 2) - 1]
rescaled by (1—0~")? to compensate for thermal expan-
sion which tends to increase the amplitude of corruga-
tions. For small values of n. > 1 one observes flame
conformations similar to pole solutions (0.125 asymp-
totic value) [40] typical of DL instability, while for
larger n.. additional wrinkling due to growing effects of
TD instability further increases the propagation speed.
On the basis of the indications gleaned through the
Sivashinsky model, it is reasonable to scale the aver-
aged burning velocity from the DNS database as a func-
tion of: (i) n., as a measure of the degree of intrinsic

[(Sr/SD) —1]/(1 —o71)?

Figure 3: Incremental propagation speed obtained averaging the solu-
tions of the Sivashinsly equation.

instability and (ii) o, to account for the effect of ther-
mal expansion on the amplitude of the corrugation. To
compensate for thermal expansion, we employ this time
the function U,,(¢), in lieu of (1 — o 1)?, derived for
realistic values of o by Bychkov [41], representing the
incremental propagation speed of a corrugated station-
ary flame subject to DL instability. Such function, was
verified against dedicated DNS data, although we do not
show this for brevity. Figure 4 finally shows the rescaled
incremental propagation speed (S7/S 2 -D/U,, as a
function of n.. It is clearly noticeable that flames influ-
enced by TD instability propagate faster, for a given n,
than the purely hydrodynamically unstable flames. The
latter (Le > Leg) seem to follow reasonably well the an-
alytical incremental propagation speed of pole solutions
Uy(ne) = %%(1—}%) with N = int(n./2+1/2) [41]. This
trend remains valid up to a secondary cutoff limit, that
can be identified between n, values of 4-4.5 [42] and 7-
8 [13], when the well-known global steady DL structure
becomes again unstable as the large scale flame starts
behaving as a set of quasi-planar, smaller scale unstable
flames [42] exhibiting additional wrinkling and a fractal
conformation [13, 40]. This additional wrinkling is also
present in the simulations DL1-3 from this study, and
clearly shown for DL3 case in Fig.2. However, in the
case of extremely large domains L, namely more than 2
orders of magnitude larger than A, (n. > 100), it is still
unclear if a domain independence will be reached. Con-
versely, for TD unstable flames (Le < Leg) a plateau is
reached beyond n, ~ 30 with the largest DNS presented
in this work, namely the TD3 case shown in Fig. 2
that confirms the trend recently explained by Berger et
al. [15]. On the other hand smaller flames, n. ~ 2 — 30,
show a steady increase before reaching the mentioned
plateau.

The foregoing observations on propagation speed in
the presence of intrinsic instabilities suggest a possible
modeling strategy in the context of the generalized FSD
approach [43]. The generalized FSD Z,., = [Vc| can be
modeled by introducing an algebraic expression for the



(ST/Sg = 1)/Upn(o)

— Le > Ley
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Figure 4: Rescaled incremental propagation speed (Sr/S 2 -1)/Upn
plotted against n.: diamonds (¢) Yu et al. data [13], crosses (x) Berger
et al. data [15], circles (O) Frouzakis et al. data and squares (0)
this study. Continuos lines represent wrinkling factor models in the
presence of intrinsic instability for TD and DL cases.

wrinkling factor £ = Vel/Ivel, representing the effect
of subgrid wrinkling [28, 43]. In the present context
of laminar, self-corrugated, unstable flames, the wrin-
kling factor can be directly related to flame speed, i.e.
2, ~ Sr/S 2 This suggests that the rescaled propa-
gation speed of Fig. 4 can be used directly to model the
wrinkling factor in a data-driven fashion. Indeed we can
conjecture that in a generic setting of turbulent propaga-
tion, the overall wrinkling factor Z will be a function of
both the intrinsic laminar wrinkling =; and the standard
contribution of the turbulent wrinkling =7. The contin-
uous lines shown in Fig. 4, fitting the DNS data with
a ~ 20% mean error, can thus effectively represent the
model Z; ~ S7/S (2, as summarized in Tab. 2.

Table 2: Wrinkling factor model Z;, for TD and DL flames.
Lerange n.range model expression

any ne<1 5. =1

ne<6  E. =1+ Uyu(o)(Un(n))
ne>6 . =1+ Uy(o)(.04n?)
ne>1  Zp=1+Un(o).1917)
ne>30  Ep =1+ Un(o)1.5)

I

Le > Leg

I

Le < Le

Note that for n. < 1 all models should collapse on &, =
1 as the flame is stable within the hydrodynamic domain
of interest. Different ranges on n. are introduced due
to the additional cut-off values previously discussed for
both TD and DL instability.

The concept of n. in the context of SGS models
should be further explored. The definition of n, = L/A,
expresses the number of unstable wavelengths within
the hydrodynamic length L. In a RANS context, where
all the instability-induced wrinkling is unresolved, we
should consider L as being the reference hydrodynamic

length (e.g. a Bunsen or injector diameter). As a re-
sult, n. is generally expected to be large, thus yielding
correspondingly non-unity values of Z;. On the other
hand, in an LES context, a portion of the wrinkling may
well be resolved on the grid, implying that the hydrody-
namic length should be considered as the local grid size
L = A so that n. = A/A.. For Le > Ley mixtures (such
as rich hydrocarbon mixtures), 4. can be assumed to be
of the order of 10% flame thicknesses [6], thus making it
extremely likely that n, = O(1) or less (unless A > 10?
flame thicknesses or larger), thus not requiring any mod-
eling. Conversely, for Le < Ley (such as lean hydrogen
mixtures) A. is generally far smaller and can be assumed
to be of the order of 1067 or less [15], such as in the
present TD series of DNS where A, ~ 407. This entails
a possible value for n, > 1 if the LES filter width is
some flame thicknesses wide, which is a far more likely
scenario. This reasoning shows that LES of hydrogen or
hydrogen-diluted flames may likely require SGS mod-
eling for the unresolved instability-induced wrinkling as
confirmed by the a-priori analysis in the next subsection.
This being said, whether in a RANS or LES context, a
global or local value of n, should invariably be deter-
mined, for the given fuel mixture and given geometry
or grid. A good practice would thus require the deter-
mination of A, for the given mixture and conditions, by
numerically determining the flame’s dispersion relation.

3.2. A priori analysis of the proposed model

The proposed modeling strategy based on Z, is now
a-priori tested by filtering DNS data using a Gaussian
shaped kernel. The overbar -~ denotes LES filtering and
the assessment of the FSD based modeling strategy fol-
lows standard criteria [28]: (1) the total modeled flame
surface area, i.e. the volume-averaged generalized FSD
(Zgen), should be equal to the DNS value and as inde-
pendent as possible from A; (2) the statistical correlation
between the modeled Z,,, and the DNS value should be
close to unity, (3) the model should be able to capture
the correct variation of conditionally averaged values of
Yeen With filtered reaction progress variable across the
flame brush. The two largest simulations of the dataset,
namely DL3 and TD3, are filtered using a wide range of
filter sizes from A = Apys up to A = 4067.

Figure 5 displays the capabilities of X4, = Z;|Vc| of
reproducing the total flame surface area obtained from
the DNS (criterion 1). An overall agreement between
the model and the DNS data is observed. In the DL
case, the model shows an under-prediction throughout
the filter sizes explored. In particular we have & = 1
until A ~ A, ~ 1367 where n. becomes greater than
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Figure 5: Total volume-averaged value of the generalized FSD as a
function of the filter width: DNS value (dashed lines, ——), modeled
Zgen (circles, O) and resolved part of the FSD |V¢| (crosses, X).

unity. For A/é7 > 13 the wrinkling factor £; > 1 re-
duces the difference between Z; |Vc| and the DNS value.
Note that, even for the largest filter size A/d7 ~ 40, the
second part of the model, which activates for n, greater
than the secondary cut-off, was never utilized. Such re-
gion would have been explored if A were large enough
to accommodate at SGS level a large enough flame to
exhibit a fractal-like wrinkling. However, such large
size filters, compared to the instability and flame length-
scales, cannot be expected in a turbulent scenario as this
would imply unrealistically low-Karlovitz numbers, see
e.g. Fig.2 of [6]. In the TD case, the model activates
at a smaller A, around A/6r ~ 4, causing a temporary
over-prediction of (X.,) until A/§7 ~ 13. To some ex-
tent, this is a good scenario for the interaction between
modeling strategies and numerical errors in LES [44].
In addition, the largest filter size A/d7 ~ 40 is charac-
terized by n. ~ 12 and, as a result, also in this case the
second part of model has not been explored. Nonethe-
less, contrary to DL flames, for TD unstable flames the
plateauing region of the E; model could be realistically
used in an LES of a sufficiently large scale flame.

In order to further test the model we now focus on
three filter sizes A/dr ~ 5, 15,30 namely fine, medium
and coarse. The effect of A on c-fields of the TD3 and
DL3 cases are shown in Fig.6. It is clearly observable
that the secondary wrinkling of the DL case is resolved
on the fine grid while for the coarse it is undetectable as
the only structure resolved is the large scale DL cusp. In
the TD case, the small scale wrinkling is barely visible
on the fine grid and undetectable on others, conversely
large scale flame fingers are resolved on both fine and
medium grids, while at the largest A it starts being unde-
tected. As a partial conclusion, in an LES setting, large
scale features of both TD and DL type flames can be
considered always resolved on the computational grid.

The model is further assessed by investigating the
conditionally averaged values of X, to ¢ (criterion 3).

0 0.5 1

(a) DL3, fine (b) DL3, medium

2 T 2 T
5 15 { 4
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(e) TD3, medium

(c) DL3, coarse

(d) TD3, fine

(f) TD3, coarse

Figure 6: The effect of filtering on the instantaneous realizations dis-
played in Fig. 2: left column TD3 case, right column DL3 case.

These quantities are displayed in Fig. 7 showing that
the model can reproduce both in shape and magnitude
the DNS data. Moreover, Fig. 7 also reports the cor-
relation coefficient between the modeled X, and DNS
values (criterion 2), which remain sufficiently close to
unity. For the DL flame, Fig. 7(a) and 7(c) statistically
confirm the conclusions drawn by observing the c fields
as Z;, — 1 for the medium and fine grid. Only using a
large A, £ is appreciably higher than unity and its effect
on X, clearly visible. Indeed, for such filter size, the
secondary DL structures are statistically not resolved on
the mesh. On the other hand, in this case the Zg,, of the
DNS is slightly skewed towards the burnt gas side and
not perfectly reproduced by the model for ¢ > 0.4. For
the TD flame, the scenario is completely different since
the small scale wrinkles require modeling in both the
medium and fine grids and the model correctly captures
the DN data across the entire flame brush. In the coarse
mesh case, similarly to the DL flame, the exact X, is
slightly skewed toward ¢ = 1 and the model perfectly
reproduces the DNS data for ¢ < 0.5.

3.3. Extension to the turbulent case

A final note is dedicated to the extension of the model
of Tab. 2 to a realistic turbulent scenario. Indeed, we
recall that such model was derived in a self-wrinkling
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Figure 7: Conditionally averaged values of X¢., = Z.|Vc] to ¢, using
the three filters A/67 ~ 5, 15,30 namely fine, medium and coarse:
DNS (dashed lines, ——), modeled Zg,, (circles, O) and resolved part
of the generalized FSD |V¢| (crosses, x). Also reported for each case
the correlation coefficient C¢,, between the exact and modeled Zg,.

setting and its characteristics may vary in a turbulent
scenario. Previous studies have shown [29, 31], albeit
limited to Le > Ley, that for increasing turbulence in-
tensity, the effects of instability-induced wrinkling tend
to be mitigated. This may suggest that at high turbu-
lence intensity, the model may have a reduced or even
vanishing effect (£, — 1). Therefore, to tentatively in-
troduce the mitigation of instability, it is of interest to
use the concept of turbulence-induced DL cutoff A, a
function of turbulence and instability parameters [42].

A simple way to incorporate turbulence effects is to
define a turbulent n, based on the filter size and A, as
fi. = AJA.. The overall wrinkling factor model can
be expressed as E = E(fi.,0)Er where E; (i, 0) is
the model of Tab. 2 using 7. in lieu of the laminar
value, while Z7 is a standard model for turbulent pre-
mixed combustion. In the limit case of a laminar setting
fi. — n, while for elevated turbulence intensity /i, — 0
resulting in =7 = 1. This being said, the effectiveness of

this extension is based on a proper estimation of A, that
defines 7i. on the LES grid. While for DL flames the
definition in [42] could be tested, for TD flames it still
remains to be investigated/proposed. It is not known, in
fact, whether this mitigation effect will also occur for
Le < Ley, where it may be delayed by the small scale
and persistent nature of thermal-diffusive corrugations.

4. Conclusion

The propagation of intrinsically unstable flames has
been investigated and a model to incorporate the possi-
bile occurrence of instability-induced wrinkling at sub-
grid level has been introduced. The model is based on
scaling arguments of the average propagation speed as
a function of the number of unstable wavelengths for
a planar premixed flame n.. The scaling has been sus-
tained by the results of a weakly non-linear model and
by the development of a dedicated DNS dataset as well
as other coherent literature results. In particular, purely
hydrodynamically unstable flames seem to exhibit in-
cremental propagation speeds which follow quite well
analytical pole solutions until reaching the secondary
cut-off value beyond which additional wrinkling ap-
pears. Conversely, thermodiffusively unstable flames
show a different scaling with n, leading to incremental
propagation speeds which are larger than for the corre-
sponding purely hydrodynamic case, eventually reach-
ing a plateau at a large scale cut-off value. The ensu-
ing data have been used to introduce an algebraic model
for the wrinkling factor due to intrinsic instability. The
model is based on the grid value of n, representing the
number of unstable wavelengths inside the LES filter
size. Such model has been shown to adequately perform
on a wide range of filter sizes by means of an a-priori
analysis and a strategy to include the proposed model in
a turbulent combustion closure has also been discussed.
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