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Abstract

We establish an abstract quenched linear response result for random dynamical
systems, which we then apply to the case of smooth expanding on average cocycles
on the unit circle. In sharp contrast to the existing results in the literature, we deal
with the class of random dynamics that does not necessarily exhibit uniform decay
of correlations. Our techniques rely on the infinite-dimensional ergodic theory and
in particular, on the study of the top Oseledets space of a parametrized transfer
operator cocycle. Finally, we exhibit a surprising phenomenon: a random system
and a smooth observable for which quenched linear response holds, but annealed
response fails.

1 Introduction

1.1 Linear response for deterministic and random dynamical
systems

Let M be a (compact) Riemannian manifold and consider a family (Tω,ε) of suffi-
ciently smooth maps acting onM and indexed by ω ∈ Ω and ε ∈ I, where (Ω,F ,P)
is a probability space and 0 ∈ I ⊂ R is an interval. One can view Tω,ε as a
‘small’ perturbations of Tω,0. Endowing the probability space Ω with an invertible
map σ : Ω → Ω that is measure-preserving and ergodic, we may form the random
products over σ, defined by

Tn
ω,ε := Tσn−1ω,ε ◦ . . . ◦ Tσω,ε ◦ Tω,ε.

Let us assume that for each ε ∈ I, the cocycle (Tω,ε)ω∈Ω admits a unique physical
equivariant measure, that is, a measurable family of probability measures (hω,ε)ω∈Ω,
such that

T ∗
ω,εhω,ε = hσω,ε for P-a.e. ω ∈ Ω,
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where T ∗
ω,εhω,ε denotes the push-forward of hω,ε with respect to Tω,ε, and such that

the ergodic basin of hω,ε has a positive Riemannian volume. Then, it is natural
to ask the following questions: is the map ε 7→ hω,ε differentiable at ε = 0 (in a
suitable sense)? If so, can one give an explicit formula for its derivative? These
questions are known as the linear response problem.

We emphasize that in the context of deterministic dynamical systems (which
corresponds, in our setting, to the case when Ω is a singleton), the linear response
problem has been thoroughly studied: it was discussed for smooth expanding sys-
tems (either on the unit circle or in higher dimensions) [7, 8, 36], piecewise expand-
ing maps of the interval [6, 10], unimodal maps [11], intermittent maps [3, 12, 33],
hyperbolic diffeomorphisms and flows [15, 16, 29, 34], as well as for large classes of
partially hyperbolic systems [20]. We refer to [7] for a detailed survey of the linear
response theory for deterministic dynamical systems.

The setting of random dynamical systems can be divided in two different sub-
cases, the annealed case and the quenched case. The annealed case may be studied
by methods very similar to the deterministic case, via weak spectral perturbation
for the associated family of transfer operators, or quantitative stability statements
for fixed points of Markov operators, and often enjoy a convenient ‘regularization
property’: we refer to [4, 26, 27, 29, 31] for details.

Quenched statistical stability (i.e. continuity, in a suitable sense, of the map
ε 7→ hω,ε in ε = 0) has been studied for some time: see, e.g., [13] for random subshift
of finite type, [9] for smooth expanding maps, [18, 23] for Anosov systems. Closer
to the focus of the present paper, quenched statistical stability for an expanding on
average cocycles of piecewise expanding systems, exhibiting non-uniform decay of
correlations (as considered by Buzzi [17]) was established in [25].

On the other hand, quenched linear response has begun to receive adequate
attention only very recently. More precisely, the quenched linear response for
(smooth) random dynamical systems was discussed in [35] for expanding dynam-
ics, in [22] for hyperbolic dynamics, and finally in [19] for some classes of partially
hyperbolic dynamics.

A common feature of all those results is that they are restricted to the case when
the ‘unperturbed’ cocycle (Tω,0)ω∈Ω exhibits uniform (with respect to ω) decay of
correlations (see [35, Remark 4.20], [22, eq. (25)], [19, Definition 3.4] and [19,
eq. (QR0)]). In addition, various other assumptions, such as those on appropriate
Lasota-Yorke inequalities are of ‘uniform’-type, i.e. the associated constants are
not allowed to depend on the random parameter ω.

However, there are many interesting classes of random dynamical systems which,
in general, do not exhibit uniform decay of correlations. Those include smooth or
piecewise smooth random expanding on average maps [17, 32], as well as random
distance expanding maps [30]. For some recent results dealing with limit laws for
such systems, we refer to [23, 24, 30] and references therein.

1.2 Contributions of the present paper

The main objective of the present paper is to establish a linear response result (see
Theorem 20) for the so-called parameterized smooth expanding on average cocycles
on the unit circle (see Definition 14). For this purpose, we formulate abstract
statistical stability and linear response results for random dynamical systems (see
Theorem 8 and 11), and (see Section 4) verify all of their assumptions in the case of
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parameterized smooth expanding on average cocycles. In sharp contrast with the
previously discussed results in [19, 23, 35], our approach does not require stochastic
uniformity (i.e. uniformity w.r.t ω) and deal with systems exhibiting nonuniform
decay of correlations. We also note that our Theorem 8 allows to recover the
statistical stability results of [25], for a class of piecewise monotone, expanding
on average random systems introduced by Buzzi [17], which is, to the best of our
knowledge, the only result dealing with quenched stability in a stochastically non-
uniform setting.

Our methods rely on the infinite-dimensional version of the multiplicative er-
godic theorem (MET) established in [28], coupled with some perturbative estimates
on transfer operators generalizing those of [26, 27] and close to those in [22]. In
particular, our approach requires a detailed analysis of the so-called top Oseledets
space of a parameterized transfer operator cocycle (see for example Corollary 36).
We stress that unlike [19, 22], we do not use the so-called Mather operator, since
in our setting it is unclear on which space would this operator act on (due to
nonuniform behavior).

The reader will notice that our linear response results (Theorems 11 and 20)
require a suitable discretization of the parameter ε. The explanation behind this
is the following: for each ε ∈ I, the set of random parameters ω for which certain
estimates (as well as the existence) on the equivariant measure hω,ε hold is some
set Ωε with full probability. Hence, in order to study the behavior of hω,ε when
ε → 0, we would need to deal with the set

⋂
ε∈I Ωε, which could fail to even be

measurable. Our statements of Theorems 11 and 20 are tailored to overcome this
subtle issue. We refer to [22, p.3] for additional discussion.

Finally, in an appendix, we present an example of a surprising phenomenon:
a random system and an observable such that our Theorem 20 applies, so that
quenched response holds; but the annealed formula does not converge, implying
that annealed linear response cannot hold. We hope that this example convince
the reader of the richness of the class of examples considered in the present paper.

1.3 Organization of the paper

In Section 2, we recall some basic material from the infinite-dimensional ergodic
theory, which will be used in the paper. In Section 3, we formulate our abstract ver-
sion of the linear response result for random dynamical systems (see Theorem 11).
Finally, in Section 4, we introduce and study parameterized smooth expanding on
average cocycles on the unit circle. We establish several auxiliary results whose
aim is to verify that all assumptions of Theorem 11 are satisfied in this setting. We
conclude by establishing an explicit linear response result for parameterized smooth
expanding on average cocycles (see Theorem 20), as a corollary of Theorem 11.
In the Appendix, we present an example of a random system and a smooth observ-
able for which quenched response holds, but annealed response does not.

2 Preliminaries from multiplicative ergodic theory

The purpose of this section is to recall basic notions of the multiplicative ergodic
theory that will be used throughout this paper. Our presentation follows closely [23,
Section 2.1].

We begin by recalling the notion of a linear cocycle.

3



Definition 1. A tuple R = (Ω,F ,P, σ,B,L) is said to be a linear cocycle or simply
a cocycle if the following conditions hold:

• (Ω,F ,P) is a probability space and σ : Ω → Ω is an invertible and ergodic
P-preserving transformation;

• (B, ∥ · ∥) is a Banach space and L : Ω → L(B) is a family of bounded linear
operators.

We say that L is the generator of R.

We will often identify a cocycle R with its generator L. Moreover, we will write
Lω instead of L(ω).
Recall that a cocycle R is said to be strongly measurable if Ω is a Borel subset
of a separable, complete metric space, σ is a homeomorphism and ω 7→ Lωh is
measurable for each h ∈ B.
Set, for ω ∈ Ω and n ∈ N:

Ln
ω := Lσn−1ω ◦ . . . ◦ Lσω ◦ Lω.

If L is strongly measurable and such that∫
Ω
log+ ∥Lω∥ dP(ω) < +∞, (1)

where ∥Lω∥ denotes the operator norm of Lω, it follows from Kingman’s subadditive
ergodic theorem that, for P-a.e. ω ∈ Ω, the following limits exist:

Λ(R) := lim
n→∞

1

n
log ∥Ln

ω∥

and

κ(R) := lim
n→∞

1

n
log ic(Ln

ω),

where

ic(A) := inf
{
r > 0 : A(BB) admits a finite covering by balls of radius r

}
,

BB is the unit ball of B, and

−∞ ≤ κ(R) ≤ Λ(R) < +∞.

We recall that Λ(R) and κ(R) are called the top Lyapunov exponent and index of
the compactness of R respectively.

Definition 2. Let R be a strongly measurable cocycle such that (1) holds. We say
that R is quasi-compact if κ(R) < Λ(R).

The following result gives sufficient conditions under which a cocycle is quasi-
compact (see [21, Lemma 2.1]).

Lemma 3. Let R = (Ω,F ,P, σ,B,L) be a strongly measurable cocycle such that
(1) holds. Furthermore, let (B′, | · |) be a Banach space such that B ⊂ B′ and that
the inclusion (B, ∥ · ∥) ↪→ (B′, | · |) is compact. Finally, assume the following:

• Lω can be extended continuously to (B′, | · |) for P-a.e. ω ∈ Ω;
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• there are measurable functions αω, βω, γω : Ω → R such that for f ∈ B and
P-a.e. ω ∈ Ω,

∥Lωf∥ ≤ αω∥f∥+ βω|f |

and
∥Lω∥ ≤ γω;

• we have that ∫
Ω
logαω dP(ω) < Λ(R) and

∫
Ω
log γω dP(ω) <∞.

Then,

κ(R) ≤
∫
Ω
logαω dP(ω).

In particular, R is quasi-compact.

We are now in a position to recall the version of the multiplicative ergodic
theorem (MET) established in [28].

Theorem 4. Let R = (Ω,F ,P, σ,B,L) be a quasi-compact strongly measurable
cocyle such that B is separable. Then, there exists 1 ≤ l ≤ ∞ and a sequence of
exceptional Lyapunov exponents

Λ(R) = λ1 > λ2 > . . . > λl > κ(R) (if 1 ≤ l <∞)

or
Λ(R) = λ1 > λ2 > . . . and lim

n→∞
λn = κ(R) (if l = ∞).

Furthermore, for P-a.e. ω ∈ Ω there exists a unique splitting (called the Oseledets
splitting) of B into closed subspaces

B = V (ω)⊕
l⊕

j=1

Yj(ω), (2)

depending measurably on ω and such that:

1. For each 1 ≤ j ≤ l, Yj(ω) is finite-dimensional (i.e. mj := dimYj(ω) < ∞),
Yj is equivariant i.e. LωYj(ω) = Yj(σω) and for every y ∈ Yj(ω) \ {0},

lim
n→∞

1

n
log ∥Ln

ωy∥ = λj .

2. V is weakly equivariant i.e. LωV (ω) ⊆ V (σω) and for every v ∈ V (ω),

lim
n→∞

1

n
log ∥Ln

ωv∥ ≤ κ(R).
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3 An abstract quenched linear response result for random
dynamics

The purpose of this section is to establish an abstract linear response result for
random dynamics that in principle could be applied in a variety of situations.
However, our result is tailored to be applicable in the case of smooth expanding on
average cocycles, which will be discussed in Section 4.

Let (Ω,F ,P) be a probability space and let σ : Ω → Ω be an arbitrary invertible
P-preserving transformation. Moreover, let us assume that σ is ergodic. We recall
that a random variable K : Ω → (0,∞) is said to be tempered if

lim
n→±∞

1

n
logK(σnω) = 0, for P-a.e. ω ∈ Ω.

By K we denote the set of all tempered random variables K : Ω → (0,∞).

Remark 5. It is straightforward to verify that for K1,K2 ∈ K, we have that
K1 + K2, K1 · K2 and max{K1,K2} also belong to K. Moreover, as a simple
consequence of Birkhoff’s ergodic theorem, we conclude that each random variable
K : Ω → (0,∞) such that logK ∈ L1(Ω,P), belongs to K. We will use these
properties often throughout this paper, and mostly without explicitly referring to
this remark.

In addition, we will often use the following well-known result (see [1, Proposition
4.3.3]).

Proposition 6. Let K ∈ K. Then, for each a > 0 there exists Ka ∈ K such that

K(ω) ≤ Ka(ω) and Ka(σ
nω) ≤ Ka(ω)e

a|n|, (3)

for P-a.e. ω ∈ Ω and n ∈ Z.

Remark 7. For the convenience of the reader, we recall that Ka is given by

Ka(ω) = sup
n∈Z

(K(σnω)e−a|n|), ω ∈ Ω.

3.1 Quenched statistical stability

Let Bw = (Bw, ∥·∥w) and Bs = (Bs, ∥·∥s) be two Banach spaces such that Bs is
embedded in Bw and that ∥·∥w ≤ ∥·∥s on Bs.

In addition, let I ⊂ (−1, 1) be an arbitrary interval such that 0 ∈ I and assume
that for ω ∈ Ω and ε ∈ I, Lω,ε is a bounded operator on both spaces Bw and Bs.
We will denote Lω,0 simply by Lω. Finally, we assume that ψ ∈ B′

s is a nonzero
functional, that admits a bounded extension to Bw (that we still denote by ψ) such
that

L∗
ω,εψ = ψ for ω ∈ Ω and ε ∈ I. (4)

For ω ∈ Ω, ε ∈ I and n ∈ N, set

Ln
ω,ε := Lσn−1ω,ε ◦ . . .Lσω,ε ◦ Lω,ε. (5)

The following is our quenched statistical stability result.
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Theorem 8. Let (εk)k∈N be a sequence in I \ {0} such that limk→∞ εk = 0 and
write Lω,k instead of Lω,εk . We assume that there exists a σ-invariant set of full
measure Ω′ ⊂ Ω and C ∈ K such that:

• for ω ∈ Ω′ and k ∈ N0, there exists hω,k ∈ Bs such that ψ(hω,k) = 1,

Lω,khω,k = hσω,k, (6)

and
∥hω,k∥s ≤ C(ω); (7)

• for ω ∈ Ω′, h ∈ Bs and n ∈ N,

∥Ln
σ−nωh∥w ≤ C(ω)∥h∥w; (8)

• there exists λ > 0 such that

∥Ln
ωh∥w ≤ C(ω)e−λn∥h∥w, (9)

for ω ∈ Ω′, n ∈ N and h ∈ Vs, where

Vs := {h ∈ Bs : ψ(h) = 0};

• for ω ∈ Ω′, k ∈ N and h ∈ Bs,

∥(Lω,k − Lω)h∥w ≤ C(ω)|εk|∥h∥s. (10)

Then, there exist C̃ ∈ K and r > 0 such that

∥hω,k − hω∥w ≤ C̃(ω)|εk|r, (11)

for P-a.e. ω ∈ Ω and k ∈ N, where hω := hω,0. In particular,

lim
k→∞

hω,k = hω in Bw, for P-a.e. ω ∈ Ω.

Remark 9. Our Theorem 8 can be applied to expanding on average cocycles of
piecewise monotone maps as considered by [17] and thus recover the results of [25].

Proof. Take an arbitrary a such that 0 < a < min{1
2 ,

λ
2}, and let Ca be the tempered

random variable given by Proposition 6 (corresponding to C). For an arbitrary
N ∈ N, by using the property (6), we have that

∥hω,k − hω∥w = ∥LN
σ−Nω,khσ−Nω,k − LN

σ−Nωhσ−Nω∥w
≤ ∥(LN

σ−Nω,k − LN
σ−Nω)hσ−Nω,k∥w + ∥LN

σ−Nω(hσ−Nω,k − hσ−Nω)∥w,(12)

for ω ∈ Ω′ and k ∈ N. Since ψ(hσ−Nω,k) = ψ(hσ−Nω) = 1, we have that hσ−Nω,k −
hσ−Nω ∈ Vs, and thus it follows from (7) and (9) that

∥LN
σ−Nω(hσ−Nω,k − hσ−Nω)∥w ≤ 2C(σ−Nω)2e−λN , (13)

for ω ∈ Ω′ and k ∈ N. Moreover, since

LN
σ−Nω,k − LN

σ−Nω =
N∑
j=1

LN−j

σ−(N−j)ω
(Lσ−N+j−1ω,k − Lσ−N+j−1ω)L

j−1
σ−Nω,k

,
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by (6), (7), (8) and (10) we have that

∥(LN
σ−Nω,k − LN

σ−Nω)hσ−Nω,k∥w

≤
N∑
j=1

∥LN−j

σ−(N−j)ω
∥Bw→Bw∥(Lσ−N+j−1ω,k − Lσ−N+j−1ω)hσ−N+j−1ω,k∥w

≤ C(ω)|εk|
N∑
j=1

C(σ−N+j−1ω)2

≤ C(ω)|εk|N max
0≤j≤N−1

C(σ−N+jω)2.

Hence, by using (3) (for C and Ca instead of K and Ka respectively), we conclude
that

∥(LN
σ−Nω,k − LN

σ−Nω)hσ−Nω,k∥w ≤ C(ω)Ca(ω)
2|εk|Ne2aN , (14)

for P-a.e. ω ∈ Ω and k ∈ N. It follows from (3), (12), (13) and (14) that

∥hω,k − hω∥w ≤ 2Ca(ω)
2e−(λ−2a)N + C(ω)Ca(ω)

2|εk|Ne2aN ,

for P-a.e. ω ∈ Ω and k ∈ N. Choosing N = ⌊| log |εk||⌋, yields the desired result.

Remark 10. We stress that the requirement that conditions (7), (8), (9) and (10)
hold with the same C ∈ K does not impose any restriction. Indeed, if conditions
(7)-(10) are fulfilled with Ci ∈ K, for i ∈ {1, 2, 3, 4} respectively, then we can take
C = max{C1, C2, C3, C4} (see Remark 5).

3.2 Quenched linear response

In order to formulate our abstract quenched linear response result for random dy-
namics, besides requiring the existence of spaces Bw and Bs as in Subsection 3.1, we
also require the existence of a third space Bss = (Bss, ∥·∥ss) that can be embedded
in Bs and such that ∥·∥s ≤ ∥·∥ss on Bss.

As in Subsection 3.1, we assume that ψ is a nonzero functional on Bs, and we
shall also assume that it admits a bounded extension to Bw. We still denote its
restriction (resp. extension) to Bss (resp. Bw) by ψ. We denote Vss := {h ∈
Bss : ψ(h) = 0} and let Vs and Vw denote images of Vss via the natural injections
Bss ↪→ Bs and Bss ↪→ Bw respectively.

Furthermore, we let (Lω,ε)ω∈Ω,ε∈I be a family such that each Lω,ε is a bounded
operator on each of those three spaces satisfying (4), where I ⊂ (−1, 1) is an interval
that contains 0. We continue to denote Lω,0 by Lω. Moreover, we suppose that
ω 7→ Lω is strongly measurable on Bw, i.e. for each h ∈ Bw the map ω 7→ Lωh is
measurable.

Theorem 11. Let (εk)k∈N be a sequence in I \ {0} such that limk→∞ εk = 0 and
write Lω,k instead of Lω,εk . We assume that there exists a σ-invariant set of full
measure Ω′ ⊂ Ω and C ∈ K such that:

• for ω ∈ Ω′ and k ∈ N0, there exists hω,k ∈ Bss such that Lω,khω,k = hσω,k,
ψ(hω,k) = 1 and

∥hω,k∥ss ≤ C(ω). (15)

Moreover, suppose that ω 7→ hω,0 is measurable;
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• for ω ∈ Ω′, h ∈ Bi, i ∈ {w, s} and n ∈ N,

∥Ln
σ−nωh∥i ≤ C(ω)∥h∥i; (16)

• there exists λ > 0 such that for any ω ∈ Ω′, n ∈ N and i ∈ {w, s},

∥Ln
ωh∥i ≤ C(ω)e−λn∥h∥i for n ∈ N and h ∈ Vi; (17)

• for ω ∈ Ω′, h ∈ Bs and k ∈ N,

∥(Lω,k − Lω)h∥w ≤ C(ω)|εk| · ∥h∥s. (18)

Moreover,
∥(Lω,k − Lω)h∥s ≤ C(ω)|εk| · ∥h∥ss, (19)

for ω ∈ Ω′, h ∈ Bss and k ∈ N;

• for ω ∈ Ω′, there exists a bounded operator L̂ω : Bss → Vw such that∥∥∥∥ 1

εk
(Lω,k − Lω)h− L̂ωh

∥∥∥∥
w

≤ C(ω)|εk|∥h∥ss, (20)

for ω ∈ Ω′, h ∈ Bss and k ∈ N. Moreover, assume that for each k ∈ N and
h ∈ Bss, ω 7→ L̂ωh is measurable.

Then, there exist a measurable ω ∈ Ω 7→ ĥω ∈ Vw, K ∈ K and r > 0 such that∥∥∥∥ 1

εk
(hω,k − hω)− ĥω

∥∥∥∥
w

≤ K(ω)|εk|r, (21)

for P-a.e. ω ∈ Ω and k ∈ N, where hω := hω,0. In addition,

ĥω :=

∞∑
n=0

Ln
σ−nωL̂σ−(n+1)ωhσ−(n+1)ω, for P-a.e. ω ∈ Ω. (22)

Remark 12. Theorem 11 is a direct generalization to the quenched case of the
‘quantitative stability for fixed points of Markov operators’ result in [27]: when
Ω = {ω0} is reduced to a singleton, we recover [27, Theorem 1] (see also [26,
Theorem 3]).

Remark 13. The main novelty of Theorem 11 when compared with the similar
results in the literature (see for example [22, Theorem 12]) is that we allow for C
to depend on ω. Our requirement that λ appearing in (17) is independent on ω
does not represent a serious restriction: indeed, in applications λ can be expressed
in terms of the second Lyapunov exponent associated with the cocycle (Lω)ω∈Ω
acting on Bs and Bw, which due to our ergodicity assumption for the base space
(Ω,F ,P, σ) is a deterministic quantity. Finally, we note that in our applications,
the requirement that C ∈ K will again be fulfilled by applying known results from
the multiplicative ergodic theory. We refer to Lemma 28 and Proposition 31 for
details.
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Proof. We first show that ĥω given by (22) is well-defined for P-a.e. ω ∈ Ω. Indeed,
observe that (17), (18) and (20) imply that∥∥∥∥ ∞∑

n=0

Ln
σ−nωL̂σ−(n+1)ωhσ−(n+1)ω

∥∥∥∥
w

≤
∞∑
n=0

C(σ−nω)e−λn∥L̂σ−(n+1)ωhσ−(n+1)ω∥w

≤
∞∑
n=0

C(σ−nω)e−λn

∥∥∥∥ 1

ε1
(Lσ−(n+1)ω,1 − Lσ−(n+1)ω)hσ−(n+1)ω

∥∥∥∥
w

+
∞∑
n=0

C(σ−nω)e−λn

∥∥∥∥( 1

ε1
(Lσ−(n+1)ω,1 − Lσ−(n+1)ω)− L̂σ−(n+1)ω

)
hσ−(n+1)ω

∥∥∥∥
w

≤
∞∑
n=0

C(σ−nω)e−λnC(σ−(n+1)ω)∥hσ−(n+1)ω∥ss

+ |ε1|
∞∑
n=0

C(σ−nω)e−λnC(σ−(n+1)ω)∥hσ−(n+1)ω∥ss

≤ (1 + |ε1|)
∞∑
n=0

C(σ−nω)e−λnC(σ−(n+1)ω)2

≤ (1 + |ε1|)e2Cλ/4(ω)
3

∞∑
n=0

e−
λ
4
n < +∞,

for P-a.e. ω ∈ Ω, where Cλ/4 is given by Proposition 6. Hence, ĥω is well-defined for
P-a.e. ω ∈ Ω. In addition, due to our measurability assumptions for maps ω 7→ Lω,
ω 7→ L̂ω and ω 7→ hω, we conclude that ω 7→ ĥω is measurable.

In order to establish the statement of the theorem, we begin by observing that
by introducing Lσ−1ωhσ−1ω,k, we have that

hω,k − hω = Lσ−1ω,khσ−1ω,k − Lσ−1ωhσ−1ω

= Lσ−1ω(hσ−1ω,k − hσ−1ω) + (Lσ−1ω,k − Lσ−1ω)hσ−1ω,k,
(23)

for ω ∈ Ω′ and k ∈ N. By iterating (23) and noting that Lσ−1ω◦Lσ−2ω◦. . .◦Lσ−Nω =
LN
σ−Nω

, we have that

hω,k−hω = LN
σ−Nω(hσ−Nω,k−hσ−Nω)+

N−1∑
n=0

Ln
σ−nω(Lσ−(n+1)ω,k−Lσ−(n+1)ω)hσ−(n+1)ω,k,

(24)
for ω ∈ Ω′ and k,N ∈ N. On the other hand, (15) and (17) imply that

∥LN
σ−Nω(hσ−Nω,k − hσ−Nω)∥w ≤ 2C(σ−Nω)2e−λN ≤ 2Cλ/4(ω)

2e−
λ
2
N , (25)

for P-a.e. ω ∈ Ω and k,N ∈ N. Dividing (24) by εk, letting N → ∞ and using (25),
yields that

1

εk
(hω,k − hω) =

∞∑
n=0

Ln
σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)hσ−(n+1)ω,k

)
, (26)
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for P-a.e. ω ∈ Ω and k ∈ N. Thus, it follows from (22) and (26) that

1

εk
(hω,k − hω)− ĥω = (I) + (II),

where

(I) :=
∞∑
n=0

Ln
σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)− L̂σ−(n+1)ω

)
hσ−(n+1)ω

and

(II) :=
∞∑
n=0

Ln
σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)(hσ−(n+1)ω,k − hσ−(n+1)ω)

)
.

Now, applying Theorem 8 for the pair of spaces (Bss,Bs) and using (17) and (18),
we observe that∥∥∥∥Ln

σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)(hσ−(n+1)ω,k − hσ−(n+1)ω)

)∥∥∥∥
w

≤ C(σ−nω)e−λn

∥∥∥∥ 1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)(hσ−(n+1)ω,k − hσ−(n+1)ω)

∥∥∥∥
w

≤ C(σ−nω)e−λnC(σ−(n+1)ω)∥hσ−(n+1)ω,k − hσ−(n+1)ω∥s
≤ C(σ−nω)e−λnC(σ−(n+1)ω)C̃(σ−(n+1)ω)|εk|r,

for P-a.e. ω ∈ Ω, n ∈ N and k ∈ N, where C̃ and r > 0 are given by Theorem 8.
By applying Proposition 6, we find that∥∥∥∥Ln

σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)(hσ−(n+1)ω,k − hσ−(n+1)ω)

)∥∥∥∥
w

≤ e2Cλ/4(ω)
2C̃λ/4(ω)e

−λ
4
n|εk|r,

and therefore we conclude that there exists D1 ∈ K such that

∥(II)∥w ≤ D1(ω)|εk|r, for P-a.e. ω ∈ Ω and k ∈ N. (27)

On the other hand, by (15), (17), (20) and Proposition 6 we have that∥∥∥∥Ln
σ−nω

(
1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)− L̂σ−(n+1)ω

)
hσ−(n+1)ω

∥∥∥∥
w

≤ C(σ−nω)e−λn

∥∥∥∥( 1

εk
(Lσ−(n+1)ω,k − Lσ−(n+1)ω)− L̂σ−(n+1)ω

)
hσ−(n+1)ω

∥∥∥∥
w

≤ |εk|C(σ−nω)e−λnC(σ−(n+1)ω)∥hσ−(n+1)ω∥ss
≤ |εk|C(σ−nω)e−λnC(σ−(n+1)ω)2

≤ e2|εk|Cλ/4(ω)
3e−

λ
4
n,

for P-a.e. ω ∈ Ω and n, k ∈ N. Thus, there exists D2 ∈ K such that

∥(I)∥w ≤ D2(ω)|εk|, for P-a.e. ω ∈ Ω and k ∈ N. (28)

Finally, we observe that it follows from the estimates (27) and (28) that (21) holds
with K = D1 +D2 ∈ K. The proof of the theorem is completed.
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4 Parameterized smooth expanding on average cocycles

In this section, we introduce and study parameterized smooth expanding on av-
erage cocycles. More precisely, we establish several auxiliary results in which we
essentially verify that assumptions of Theorem 11 are fulfilled in our setting.

Throughout this section, S1 will denote the unit circle endowed with the Lebesgue
measure m.

We begin by introducing the notion of a parameterized smooth expanding on
average cocycle.

Definition 14. Let (Ω,F ,P) be a probability space such that Ω is a Borel subset of
a separable complete metric space. Furthermore, let σ : Ω → Ω be a homeomorphism
that preserves P and that P is ergodic. Moreover, take an interval I ⊂ (−1, 1) that
contains 0 and let r ∈ N, r ≥ 4. We say that a measurable map T : Ω → Cr(I ×
S1,S1) is a parameterized smooth expanding on average cocycle if the following
holds:

• there exists a log-integrable random variable K : Ω → (0,∞) such that for
ε ∈ I and P-a.e. ω ∈ Ω,

∥Tω,ε∥Cr ≤ K(ω) (29)

and, for i ∈ {1, 2},
∥∂iεTω,ε∥Cr−i ≤ K(ω), (30)

where Tω,ε := T(ω)(ε, ·) ∈ Cr(S1, S1);

• for each ε ∈ I, ω 7→ λω,ε := min |T ′
ω,ε| and ω 7→

∫
S1

|T ′′
ω,ε|

(T ′
ω,ε)

2 dm are measurable;

• there exists a random variable λ : Ω → (0,+∞) such that for any ε ∈ I,
λω,ε ≥ λ(ω) for P-a.e. ω ∈ Ω. Moreover,∫

Ω
log λ(ω) dP(ω) > 0. (31)

Remark 15. It follows from (31) that λ ∈ K (see Remark 5).

Remark 16. The class of systems introduced in Definition 14 admits a natural
higher dimensional counterpart: on the d-dimensional torus Td, endowed with its
Haar-Lebesgue measure m, one may consider a measurable mapping T : Ω →
Cr(I × Td,Td) for some r > 4. Setting Tω,ε := T(ω)(ε, ·), we assume that:

• (29) and (30) hold.

• for each ε ∈ I, λω,ε := minx∈Td minv∈Rd

∥v∥=1

∥DTω,ε(x) · v∥ is measurable.

Furthermore, there exists a random variable λ : Ω → (0,+∞) such that for
any ε ∈ I, λω,ε ≥ λ(ω) for P-a.e ω ∈ Ω. In addition, we suppose that (31)
holds;

• setting gω,ε := det(DTω,ε(·)), we assume that ω 7→
∫
Td ∥Dgω,ε(x)∥dm(x) is

log-integrable (with respect to P), for each ε ∈ I.

All the results of the present section apply also in this setting, modulo some obvious
changes.
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Example 17. Let (Ω,F ,P), σ : Ω → Ω and r ∈ N be as in Definition 14. Choose a
log-integrable random variable β : Ω → N such that P({β > 1}) > 0. Hence,∫

Ω
log β(ω) dP(ω) > 0.

For ω ∈ Ω, we define Tω : S1 → S1 by

Tω(x) = β(ω)x (mod 1), x ∈ S1.

Furthermore, let D : Ω → Cr(S1,S1) be a measurable map such that ω 7→ ∥Dω∥Cr

is log-integrable and D′
ω(x) ≥ 0 for x ∈ S1 and ω ∈ Ω. We define T : Ω →

Cr((−1, 1)× S1,S1) by

T(ω)(ε, ·) = (Id + ε2Dω) ◦ Tω.

It is straightforward to verify that T is a parameterized smooth expanding on
average cocycle. In particular, using the same notation as in Definition 14, we have
λ = β.

Example 18. Consider, for m ∈ N and r > 4, a family {T0, . . . , Tm} of local Cr

diffeomorphisms of S1, and a family {d0, . . . , dm} of Cr mappings di : S1 → R.
Setting λi := minx∈S1 |T ′

i (x)| > 0, we assume that
∑m−1

i=0 log λi > 0.
Consider now the full-shift on the alphabet {0, . . . ,m}, i.e. set Ω := {0, . . . ,m}Z,
and for ω = (ωn)n∈Z, (σω)n = ωn+1, endowed with a Markov measure P associated
to a probability vector (p0, . . . , pm). Let ε0 > 0 be small enough, and set I =
(−ε0, ε0). We then define a measurable mapping T : Ω → Cr(I × S1,S1) by

T(ω)(ε, ·) := Ti + εdi if ω0 = i.

This data defines a cocycle over σ, which is simply the i.i.d composition of maps
Tω,ε = T(ω)(ε, ·). It is easy to see that it satisfies the requirements of Definition
14: in particular, (29), (30) are satisfied with constant K, and the expansion on
average condition is satisfied with λ(ω) := λi − ε0min |d′i| if ω0 = i; (31) holds up
to shrinking ε0.

The following auxiliary result shows that parameterized smooth expanding on
average cocycles exhibit the so-called random covering condition (of uniform type
with respect to the parameter ε). For the proof, we refer to [24, Example 6].

Proposition 19. Let T : Ω → Cr(I × S1, S1) be a parameterized smooth expanding
on average cocycle. Then, for any interval J ⊂ S1 and P-a.e. ω ∈ Ω, there exists
nc = nc(ω, J) ∈ N such that

Tn
ω,ε(J) = S1, for n ≥ nc and ε ∈ I.

The following is the main result of this section: a linear response result for
parameterized smooth expanding on average cocycles.

Theorem 20. Let T : Ω → Cr(I × S1,S1) be an arbitrary parameterized smooth
expanding on average cocycle. For ε ∈ I, let (hω,ε)ω∈Ω be the family given by

Lemma 27. Then, there exists a measurable family (ĥω)ω∈Ω ⊂ W 1,1, r > 0 and
K ∈ K such that ∥∥∥∥ 1

εk
(hω,k − hω)− ĥω

∥∥∥∥
W 1,1

≤ K(ω)|εk|r,
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for P-a.e. ω ∈ Ω and k ∈ N, where hω,k := hω,εk , hω := hω,0 and (εk)k∈N is a

sequence in I \ {0} such that εk → 0. Moreover, ĥω is given by (22), where Lω is
the transfer operator associated to T(ω)(0, ·) and L̂ω is given by (59).

The proof of Theorem 20 is given in §.4.5.

4.1 Lasota-Yorke inequalities

By W ℓ,1 := W ℓ,1(S1) we will denote the Sobolev space consisting of all f ∈ L1(S1)
with the property that its derivatives f (j) exist in the weak sense for j ≤ ℓ and
∥f (j)∥L1 < +∞. Then, W ℓ,1(S1) is a Banach space with respect to the norm

∥f∥W ℓ,1 :=
∑

0≤j≤ℓ

∥f (j)∥L1 .

We start by recalling the following well-known lemma (see for example [18, Lemma
5.9]).

Lemma 21. Let T ∈ Cr(S1, S1) and let ℓ ∈ N be such that ℓ + 1 ≤ r. Then, for
any f ∈W ℓ,1 we have that

LT (f)
(ℓ) = LT

 1

(T ′)2ℓ

ℓ∑
j=0

Gℓ,j(T
′, . . . , T (ℓ+1))f (j)

 ,

where Gℓ,j(·, . . . , ·) : Rℓ+1 → R are polynomials, LT denotes the transfer operator
associated to T and LT (f)

(ℓ) is the ℓ-derivative of LT (f).

Remark 22. We note that polynomialsGℓ,j can be constructed explicitly via simple
recursive relations. Indeed, setting G0,0 := 1, we have that

Gℓ+1,0 = (1− 2ℓ)x2Gℓ,0 + x1G
′
ℓ,0

Gℓ+1,k = (1− 2ℓ)x2Gℓ,k + x1(G
′
ℓ,k +Gℓ,k−1), for k ∈ {1, . . . , ℓ}

Gℓ+1,ℓ+1 = xℓ+1
1 .

Here, we define P ′ of an arbitrary polynomial P by setting (1)′ = 0, (xj)
′ = xj+1

and by requiring that (P + Q)′ = P ′ + Q′ and (PQ)′ = P ′Q + PQ′ for arbitrary
polynomials P and Q. For example, (−x22 + x1x3)

′ = −2x2x3 + x1x4 + x2x3 =
−x2x3 + x1x4.

It is easy to verify that

(Gℓ,j(T
′, . . . , T (ℓ+1)))′ = G′

ℓ,j(T
′, . . . , T (ℓ+2)), (32)

where (Gℓ,j(T
′, . . . , T (ℓ+1)))′ denotes the usual derivative of the mapGℓ,j(T

′, . . . , T (ℓ+1)).

Lemma 23. Let T : Ω → Cr(I × S1, S1) be a parameterized smooth expanding on
average cocycle. For any ℓ ∈ N such that ℓ+1 ≤ r, there exist log-integrable random
variables Bℓ, Cℓ : Ω → (0,∞) such that, for any ε ∈ I, P-a.e ω ∈ Ω1 and f ∈W ℓ,1,

∥Lω,εf∥W ℓ,1 ≤ Cℓ(ω)∥f∥W ℓ,1 (33)

1Here and throughout the paper this means that for each ε ∈ I, there exists a full measure set Ωε ⊂ Ω
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and

∥Lω,εf∥W ℓ,1 ≤ 1

λ(ω)ℓ
∥f∥W ℓ,1 +Bℓ(ω)∥f∥W ℓ−1,1 , (34)

where Lω,ε denotes the transfer operator of Tω,ε := T(ω)(ε, ·), λ(ω) is as in Defini-
tion 14 and ∥ · ∥W 0,1 := ∥ · ∥L1.

Proof. Starting from Lemma 21, applying (29) and using the same notation as in
Definition 14, we have that

∫
S1

∣∣∣(Lω,εf)
(ℓ)
∣∣∣ dm ≤

∫
S1

∣∣∣∣∣∣ 1

(T ′
ω,ε)

2ℓ

ℓ∑
j=0

Gℓ,j(T
′
ω,ε, . . . , T

(ℓ+1)
ω,ε )f (j)

∣∣∣∣∣∣ dm
≤ λ−2ℓ

ω,ε max
0≤j≤ℓ

|Gℓ,j(T
′
ω,ε, . . . , T

(ℓ+1)
ω,ε )|∞

ℓ∑
j=0

∫
S1
|f (j)| dm

≤ λ(ω)−2ℓ max
0≤j≤ℓ

G̃ℓ,j(K(ω), . . . ,K(ω)) · ∥f∥W ℓ,1 ,

for any ε ∈ I, P-a.e. ω ∈ Ω and f ∈ W ℓ,1, for some polynomials G̃ℓ,j satisfying
G̃ℓ,j(x1, . . . , xℓ+1) ≥ 0 for xi ≥ 0, 1 ≤ i ≤ ℓ+ 1. We conclude that (33) holds with

Cℓ(ω) :=
ℓ∑

i=0

λ(ω)−2i max
0≤j≤i

G̃i,j(K(ω), . . . ,K(ω)).

Remarking that ω 7→ max0≤j≤i G̃i,j(K(ω), . . . ,K(ω)) is log-integrable and recalling
that the same holds for λ , we have that Cℓ is log-integrable.

Furthermore, we have (recall that Gℓ,ℓ = xℓ1) that∫
S1

∣∣∣(Lω,εf)
(ℓ)
∣∣∣ dm ≤

∫
S1

∣∣∣∣∣∣ 1

(T ′
ω,ε)

2ℓ

ℓ∑
j=0

Gℓ,j(T
′
ω,ε, . . . , T

(ℓ+1)
ω,ε )f (j)

∣∣∣∣∣∣ dm
≤ 1

λℓω,ε

∫
S1
|f (ℓ)| dm+

ℓ−1∑
j=0

∫
S1

∣∣∣∣ 1

(T ′
ω,ε)

2ℓ
Gℓ,j(T

′
ω,ε, . . . , T

(ℓ+1)
ω,ε )f (j)

∣∣∣∣ dm
≤ λ(ω)−ℓ

∫
S1
|f (ℓ)| dm+ λ(ω)−2ℓ max

0≤j≤ℓ−1
G̃ℓ,j(K(ω), . . . ,K(ω))

ℓ−1∑
j=0

∫
S1
|f (j)| dm,

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W ℓ,1, which implies that (34) holds with

Bℓ(ω) := λ(ω)−2ℓ max
0≤j≤ℓ−1

G̃ℓ,j(K(ω), . . . ,K(ω)) + Cℓ−1(ω).

The proof of the lemma is completed.

4.2 Lyapunov exponents and Oseledets splittings

Throughout this subsection, we fix an arbitrary parameterized smooth expanding
on average cocycle T : Ω → Cr(I × S1,S1). We continue to denote by Lω,ε the
transfer operator associated to Tω,ε := T(ω)(ε, ·).

Proposition 24. For each ε ∈ I, the cocycle (Lω,ε)ω∈Ω is strongly measurable and
quasi-compact on W ℓ,1 for 1 ≤ ℓ ≤ r − 1.
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Proof. Take an arbitrary 1 ≤ ℓ ≤ r− 1. The strong measurability of (Lω,ε)ω∈Ω, for
ε ∈ I follows from [14, Prop 4.11] (by arguing as in [18, Proof of Proposition 5.2])
and Definition 14.

Observe that (33) implies that the cocycle (Lω,ε)ω∈Ω satisfies integrability as-
sumptions (1). The quasi-compactness now follows directly from (31), (34) and
Lemma 3.

Remark 25. Observe that Proposition 24 enables us to apply Theorem 4 for the
cocycle (Lω,ε)ω∈Ω on W ℓ,1, for every 1 ≤ ℓ ≤ r − 1 and ε ∈ I. Since (Lω,ε)ω∈Ω is
a cocycle of transfer operators, we have that its largest Lyapunov exponent is zero
on each W ℓ,1.

Remark 26. Setting Var(f) = ∥f ′∥L1 , we note that the BV space introduced
in [23, p.10] coincides with W 1,1. Thus, it follows easily from Definition 14 and
Proposition 19 that for each ε ∈ I, the cocycle (Lω,ε)ω∈Ω on W 1,1 satisfies all
requirements of [23, Definition 13] except P-continuity (see [23, Definition 5]). Nev-
ertheless, all the results from [23, Section 2] are applicable to the cocycle (Lω,ε)ω∈Ω
on W 1,1, for each ε ∈ I. Indeed, the P-continuity assumption imposed in [23] en-
sured that in the context of [23, Definition 13], the version of the multiplicative
ergodic theorem (dealing with cocycles acting on non-separable Banach spaces) as
stated in [23, Theorem 9] can be applied. In the present context, one can easily
check that the arguments in [23, Section 2] can be repeated verbatim by simply
applying Theorem 4 instead of [23, Theorem 9] when needed.

Taking into account Remark 26, the following result is a direct consequence
of [23, Theorem 20] and [23, Proposition 24].

Lemma 27. For ε ∈ I, there exists a unique measurable family (hω,ε)ω∈Ω ⊂ W 1,1

such that hω,ε ≥ 0,
∫
S1 hω,ε dm = 1 and

Lω,εhω,ε = hσω,ε, for P-a.e. ω ∈ Ω.

Moreover, there is ρ(ε) ∈ (0, 1) such that

lim
n→∞

1

n
log ∥Ln

ω,εf∥W 1,1 ≤ log(ρ(ε)),

for P-a.e. ω ∈ Ω and f ∈W 1,1,
∫
S1 f dm = 0.

Our next goal is to extend the second part of Lemma 27 to any W ℓ,1, 1 ≤ ℓ ≤
r − 1.

Lemma 28. For ε ∈ I and 1 ≤ ℓ ≤ r − 1, we have that

lim
n→∞

1

n
log ∥Ln

ω,εf∥W ℓ,1 ≤ log(ρ(ε)), (35)

for P-a.e. ω ∈ Ω and f ∈W ℓ,1,
∫
S1 f dm = 0, where ρ(ε) is given by Lemma 27.

Proof. Let us fix an arbitrary ε ∈ I. We note that the existence of the limit in (35)
follows from Theorem 4. Moreover, without any loss of generality, we may assume
that

− log ρ(ε)−
∫
Ω
log λ(ω) dP(ω) < 0. (36)
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We proceed by induction on ℓ. For ℓ = 1, the desired conclusion follows from
Lemma 27. Assume now that the conclusion holds for some 2 ≤ ℓ ≤ r− 2 and take
f ∈W ℓ+1,1,

∫
S1 f dm = 0. By our induction hypothesis,

lim
n→∞

1

n
log ∥Ln

ω,εf∥W ℓ,1 ≤ log(ρ(ε)), for P-a.e. ω ∈ Ω. (37)

We consider the cocycle (L̄ω,ε)ω∈Ω over σ, where L̄ω,ε =
1

ρ(ε)Lω,ε. Observe that (37)
implies that

lim
n→∞

1

n
log ∥L̄n

ω,εf∥W ℓ,1 ≤ 0, for P-a.e. ω ∈ Ω. (38)

Moreover, (33) and (34) give that for P-a.e. ω ∈ Ω and h ∈W ℓ+1,1,

∥L̄ω,εh∥W ℓ+1,1 ≤ 1

ρ(ε)
Cℓ+1(ω)∥f∥W ℓ+1,1 (39)

and

∥L̄ω,εh∥W ℓ+1,1 ≤ 1

ρ(ε)λ(ω)ℓ+1
∥h∥W ℓ+1,1 +

1

ρ(ε)
Bℓ+1(ω)∥h∥W ℓ,1 . (40)

Furthermore, (36) implies that∫
Ω
log

(
1

ρ(ε)λ(ω)ℓ+1

)
dP(ω) < 0. (41)

Since the inclusion W ℓ+1,1 ↪→W ℓ,1 is compact, it follows from (38), (39), (40), (41)
and [28, Lemma C.5] that

lim
n→∞

1

n
log ∥L̄n

ω,εf∥W ℓ+1,1 ≤ 0, for P-a.e. ω ∈ Ω.

Hence,

lim
n→∞

1

n
log ∥Ln

ω,εf∥W ℓ+1,1 ≤ log ρ(ε), for P-a.e. ω ∈ Ω.

The proof of the proposition is completed.

Let Y ℓ,ε
1 (ω) ⊂W ℓ,1, ω ∈ Ω denote the Oseledets subspace corresponding to the

largest Lyapunov exponent (which is zero) of the cocycle (Lω,ε)ω∈Ω on W ℓ,1.

Proposition 29. We have that dimY ℓ,ε
1 (ω) = 1 and Y ℓ,ε

1 (ω) is spanned by hω,ε,
for ε ∈ I, P-a.e. ω ∈ Ω and 1 ≤ ℓ ≤ r − 1.

Proof. Take an arbitrary ε ∈ I. For ℓ = 1, the desired conclusions follow directly
from Lemma 27. Assume now that ℓ > 1. By arguing as in the proof of [21, Lemma

2.10], we find that there exists hℓω,ε ∈ Y ℓ,ε
1 (ω) ⊂ W ℓ,1 satisfying

∫
S1 h

ℓ
ω,ε dm = 1,

hℓω,ε ≥ 0 and such that Lω,εh
ℓ
ω,ε = hℓσω,ε for P-a.e. ω ∈ Ω. Moreover, ω 7→ hℓω,ε is

measurable. Since W ℓ,1 ⊂ W 1,1, it follows from the uniqueness in Lemma 27 that
hℓω,ε = hω,ε for P-a.e. ω ∈ Ω. Finally, the fact that hω,ε spans Y ℓ,ε

1 follows from
Lemma 28.

Remark 30. From the previous observations, we find that for each ε ∈ I and
1 ≤ ℓ ≤ r − 1, the Oseledets splitting of the cocycle (Lω,ε)ω∈Ω on W ℓ,1 is given by

W ℓ,1 = span{hω,ε} ⊕W ℓ,1
0 ,

for P-a.e ω ∈ Ω, where

W ℓ,1
0 :=

{
h ∈W ℓ,1 :

∫
S1
h dm = 0

}
.
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By taking into account Lemma 28 and applying [2, Proposition 3.2], we obtain
the following result.

Proposition 31. For ε ∈ I, there exist λ(ε) > 0 and Kε ∈ K such that

∥Ln
ω,εf∥W ℓ,1 ≤ Kε(ω)e−λ(ε)n∥f∥W ℓ,1 ,

for P-a.e. ω ∈ Ω, f ∈W ℓ,1
0 , n ≥ 0 and 1 ≤ ℓ ≤ r − 1.

Proposition 32. For each 1 ≤ ℓ ≤ r − 1, there exists Dℓ ∈ K such that

∥Ln
σ−nωf∥W ℓ,1 ≤ Dℓ(ω)∥f∥W ℓ,1 , (42)

for P-a.e. ω ∈ Ω, n ∈ N and f ∈W ℓ,1.

Proof. WritingK instead ofK0 and λ instead of λ(0), it follows from Propositions 6
and 31 that

∥Ln
σ−nωf∥W ℓ,1 =

∥∥∥∥Ln
σ−nω

(
f −

(∫
S1
f dm

)
hσ−nω,0 +

(∫
S1
f dm

)
hσ−nω,0

)∥∥∥∥
W ℓ,1

≤ K(σ−nω)e−λn

∥∥∥∥f −
(∫

S1
f dm

)
hσ−nω,0

∥∥∥∥
W ℓ,1

+ ∥f∥W ℓ,1 · ∥hω,0∥W ℓ,1

≤ Kλ/2(ω)e
−λ

2
n(1 + ∥hσ−nω,0∥W ℓ,1)∥f∥W ℓ,1 + ∥f∥W ℓ,1 · ∥hω,0∥W ℓ,1 .

Since ω 7→ ∥hω,0∥W ℓ,1 is tempered, by Proposition 6 there exists Q ∈ K such that

∥hω,0∥W ℓ,1 ≤ Q(ω), Q(σnω) ≤ e
λ
2
|n|Q(ω),

for P-a.e. ω ∈ Ω and n ∈ Z. We conclude that (42) holds with

Dℓ(ω) = Kλ/2(ω) +Kλ/2(ω)Q(ω) +Q(ω).

Lemma 33. For each 1 ≤ ℓ ≤ r − 1, there exists Pℓ : Ω → (0,∞) measurable such
that

∥Ln
σ−nω,ε1∥W ℓ,1 ≤ Pℓ(ω), (43)

for ε ∈ I, P-a.e. ω ∈ Ω and n ∈ N.

Proof. Fix an arbitrary 1 ≤ ℓ ≤ r − 1. It follows from Lemma 23 and the proof
of [28, Lemma C.5] that there exist α : Ω → (0,∞) measurable and D > 02 such
that

∫
Ω logαdP < 0 and

∥Lω,εh∥W ℓ,1 ≤ α(ω)∥h∥W ℓ,1 +D∥h∥W ℓ−1,1 , (44)

for ε ∈ I, P-a.e. ω ∈ Ω and h ∈W ℓ,1. By iterating (44), we have that

∥Ln
σ−nω,ε1∥W ℓ,1 ≤ D

(
1 +

n∑
j=1

α(j)(σ−jω)

)
, (45)

2We drop the ℓ dependency in both α,D to alleviate the notation.
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for ε ∈ I, P-a.e. ω ∈ Ω and n ∈ N, where

α(j)(σ−jω) := α(σ−1ω) · · ·α(σ−jω).

Note that

lim
j→∞

1

j
logα(j)(σ−jω) = lim

j→∞

1

j

j∑
t=1

logα(σ−tω) =

∫
Ω
logαdP < 0, for P-a.e. ω ∈ Ω.

Hence, there exists δ > 0 such that for P-a.e. ω ∈ Ω, α(j)(σ−jω) ≤ e−δj for
j ≥ j(ω). Set

C̄(ω) = sup
j
(α(j)(σ−jω)eδj), ω ∈ Ω.

Now it follows readily from (45) that (43) holds with

Pℓ(ω) := D

(
1 + C̄(ω)

e−δ

1− e−δ

)
, ω ∈ Ω.

Lemma 34. For each 1 ≤ ℓ ≤ r − 1, we have that

∥hω,ε∥W ℓ,1 ≤ Pℓ(ω),

for ε ∈ I and P-a.e. ω ∈ Ω, where Pℓ is given by Lemma 33.

Proof. Take an arbitrary ε ∈ I. We claim that

hω,ε = lim
n→∞

Ln
σ−nω,ε1, for P-a.e. ω ∈ Ω. (46)

Once we establish (46), the conclusion of the lemma follows directly from Lemma 33.
Writing K and λ instead of Kε and λ(ε) respectively, it follows from Proposition 31
that

∥hω,ε − Ln
σ−nω,ε1∥W ℓ,1 = ∥Ln

σ−nω,ε(hσ−nω,ε − 1)∥W ℓ,1

≤ K(σ−nω)e−λn∥hσ−nω,ε − 1∥W ℓ,1

≤ Kλ/2(ω)e
−λ

2
n∥hσ−nω,ε − 1∥W ℓ,1 ,

(47)

for P-a.e. ω ∈ Ω and n ∈ N.
On the other hand, since ω 7→ ∥hω,ε∥W ℓ,1 is tempered, there exists C ∈ K

(depending on ε) such that

∥hω,ε − 1∥W ℓ,1 ≤ C(ω) and C(σnω) ≤ C(ω)e
λ
4
|n|, (48)

for P-a.e. ω ∈ Ω and n ∈ Z. By (47) and (48), we have that

∥hω,ε − Ln
σ−nω,ε1∥W ℓ,1 ≤ C(ω)Kλ/2(ω)e

−λ
4
n, (49)

for P-a.e. ω ∈ Ω and n ∈ N. Letting n → ∞ in (49) yields (46). The proof of the
lemma is completed.
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Proposition 35. Take an arbitrary 1 ≤ ℓ ≤ r − 1. Then, for each s > 0 there
exists a measurable C : Ω → (0,∞) such that

∥hσnω,ε∥W ℓ,1 ≤ C(ω)es|n|, (50)

for ε ∈ I, P-a.e. ω ∈ Ω and n ∈ Z.

Proof. We follow closely the proof of [17, Lemma 4.2]. Since Cℓ in (33) is log-
integrable, we have that σ0 :=

∫
Ω logCℓ(ω) dP(ω) is finite. Without any loss of

generality, we may assume that s
2(σ0+1) < 1. By applying Birkhoff’s ergodic theo-

rem, we have that there exists Ω2 ⊂ Ω, P(Ω2) > 1 − s
4(σ0+1) such that for ω ∈ Ω2,

sufficiently large n and each choice of the sign ± we have that∑
0≤j<n

logCℓ(σ
±jω) ≤ (σ0 + 1)n.

Let Pℓ be given by Lemma 33. Note that there exists A > 1 such that P({ω ∈
Ω : Pℓ(ω) > A}) < s

4(σ0+1) . By applying Birkhoff’s ergodic theorem once again, we
have that for P-a.e. ω ∈ Ω and each choice of ±,

lim
k→±∞

1

|k|
#{0 ≤ j < |k| : Pℓ(ω) > A or σ±jω /∈ Ω2} <

s

2(σ0 + 1)
< 1.

By using (33), Lemma 34 and arguing exactly as in the proof of [17, Lemma 4.2],
we find that there exists N0 : Ω → N such that for each ε ∈ I and P-a.e. ω ∈ Ω,

∥hσnω,ε∥W ℓ,1 ≤ Aes|n| for n ∈ Z, |n| ≥ N0(ω).

By writing hσnω,ε = Ln+N0(ω)

σ−N0(ω)ω
hσ−N0(ω)ω,ε for |n| < N0(ω) and invoking (33) again,

we conclude that (50) holds with

C(ω) = Ae2sN0(ω)

N0(ω)−2∏
i=−N0(ω)

max{Cℓ(σ
iω), 1}.

The proof of the proposition is completed.

As a direct consequence of the previous result, we obtain the following:

Corollary 36. Let (εk)k∈N be an arbitrary sequence in I. Then, for each 1 ≤ ℓ ≤
r − 1, ω 7→ supk ∥hω,εk∥W ℓ,1 is a tempered random variable.

4.3 Estimates in the triple norm

Let T : Ω → Cr(I × S1,S1) be an arbitrary parameterized smooth expanding on
average cocycle. We continue to use the same notation as in the previous subsection.
In addition, we will write Tω and Lω instead of Tω,0 and Lω,0 respectively.

Lemma 37. There exists Q1 ∈ K such that

∥(Lω,ε − Lω)f∥L1 ≤ Q1(ω)dC1(Tω,ε, Tω)∥f∥W 1,1 ,

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W 1,1.
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Proof. For every f ∈W 1,1, φ ∈ C1(S1), ε ∈ I and ω ∈ Ω, we have that∫
S1
(Lω,εf − Lωf)φdm =

∫
S1
f(φ ◦ Tω,ε − φ ◦ Tω) dm.

Set Φω,ε(x) :=
1

T ′
ω(x)

∫ Tω,εx
Tωx

φ(z) dm(z). Then,

Φ′
ω,ε(x) = − 1

T ′
ω(x)

T ′′
ω (x)Φω,ε(x) +

T ′
ω,ε(x)

T ′
ω(x)

φ(Tω,εx)− φ(Tωx).

Hence substituting for φ(Tωx) and integrating by parts,∫
S1
(Lω,εf − Lωf)φdm =

∫
S1
fΦ′

ω,ε dm+

∫
S1
f

[
T ′′
ω

T ′
ω

Φω,ε +

(
1−

T ′
ω,ε

T ′
ω

)
φ ◦ Tω,ε

]
dm

= −
∫
S1
f ′Φω,ε dm+

∫
S1
f

[
T ′′
ω

T ′
ω

Φω,ε +

(
1−

T ′
ω,ε

T ′
ω

)
φ ◦ Tω,ε

]
dm.

Observe that

|Φω,ε|∞ ≤ λ(ω)−1|φ|∞dC1(Tω,ε, Tω) and

∣∣∣∣1− T ′
ω,ε

T ′
ω

∣∣∣∣
∞

≤ λ(ω)−1dC1(Tω,ε, Tω).

Moreover, (29) implies that∣∣∣∣T ′′
ω

T ′
ω

Φω,ε

∣∣∣∣
∞

≤ λ(ω)−1K(ω)|Φω,ε|∞ ≤ λ(ω)−2K(ω)dC1(Tω,ε, Tω)|φ|∞.

Hence, ∣∣∣∣ ∫
S1
(Lω,εf − Lωf)φdm

∣∣∣∣ ≤ λ(ω)−1∥f ′∥L1 |φ|∞dC1(Tω,ε, Tω)

+ λ(ω)−2K(ω)∥f∥L1dC1(Tω,ε, Tω)|φ|∞
+ ∥f∥L1 |φ|∞λ(ω)−1dC1(Tω,ε, Tω),

which implies that the desired conclusion holds with

Q1(ω) = λ(ω)−1 + λ(ω)−2K(ω),

which due to log-integrability of λ and K belongs to K.

The proof of the following lemma is inspired by the proof of [18, Proposition
5.11].

Lemma 38. For each ℓ ∈ N such that 2 ≤ ℓ and ℓ + 1 ≤ r, there exists Qℓ ∈ K
such that

∥(Lω,ε − Lω)f∥W ℓ−1,1 ≤ Qℓ(ω)∥f∥W ℓ,1dCℓ(Tω,ε, Tω),

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W ℓ,1.

Proof. Throughout the proof, C will denote a generic element of K (depending on
ℓ but not on ε) that can change values from one occurrence to the next.
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By Lemma 21, we have that for g ∈ L∞(S1),∫
S1
((Lω,ε − Lω)f)

(ℓ−1)g dm

=

∫
S1
Lω,ε

ℓ−1∑
j=0

(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)f

(j)

 g dm

−
∫
S1
Lω

ℓ−1∑
j=0

(T ′
ω)

−2(ℓ−1)Gℓ−1,j(T
′
ω, . . . , T

(ℓ)
ω )f (j)

 g dm

=

∫
S1
(Lω,ε − Lω)

ℓ−1∑
j=0

(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)f

(j)

 g dm

+

∫
S1

ℓ−1∑
j=0

(
Gℓ−1,j(T

′
ω,ε, . . . , T

(ℓ)
ω,ε)

(T ′
ω,ε)

2(ℓ−1)
−
Gℓ−1,j(T

′
ω, . . . , T

(ℓ)
ω )

(T ′
ω)

2(ℓ−1)

)
f (j)g ◦ Tω dm

=: (I) + (II).

By Lemma 37, we have (using that ∥ψh∥W 1,1 ≤ ∥ψ∥C1 · ∥h∥W 1,1 for ψ ∈ C1(S1) and
h ∈W 1,1) that

∣∣∣∣ ∫
S1
(Lω,ε − Lω)

ℓ−1∑
j=0

(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)f

(j)

 g dm

∣∣∣∣
≤ C(ω)dC1(Tω,ε, Tω)|g|∞

∥∥∥∥∥∥
ℓ−1∑
j=0

(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)f

(j)

∥∥∥∥∥∥
W 1,1

≤ C(ω)dC1(Tω,ε, Tω)|g|∞∥f∥W ℓ,1

ℓ−1∑
j=0

∥(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)∥C1

≤ C(ω)dC1(Tω,ε, Tω)|g|∞∥f∥W ℓ,1

ℓ−1∑
j=0

∥(T ′
ω,ε)

−2(ℓ−1)∥C1 · ∥Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)∥C1 .

(51)

Moreover, (29) implies that

∥(T ′
ω,ε)

−2(ℓ−1)∥C1 ≤ λ(ω)−2(ℓ−1) + 2(l − 1)λ(ω)−2ℓ+1K(ω).

By taking into account (32), we conclude that

∣∣∣∣ ∫
S1
(Lω,ε − Lω)

ℓ−1∑
j=0

(T ′
ω,ε)

−2(ℓ−1)Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)f

(j)

 g dm

∣∣∣∣
≤ C(ω)dC1(Tω,ε, Tω)|g|∞∥f∥W ℓ,1 ,

(52)

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W ℓ,1.
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Similarly,∣∣∣∣ ∫
S1

ℓ−1∑
j=0

(
Gℓ−1,j(T

′
ω,ε, . . . , T

(ℓ)
ω,ε)

(T ′
ω,ε)

2(ℓ−1)
−
Gℓ−1,j(T

′
ω, . . . , T

(ℓ)
ω )

(T ′
ω)

2(ℓ−1)

)
f (j)g ◦ Tω dm

∣∣∣∣
≤ |g|∞

ℓ−1∑
j=0

∣∣∣∣Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)

(T ′
ω,ε)

2(ℓ−1)
−
Gℓ−1,j(T

′
ω, . . . , T

(ℓ)
ω )

(T ′
ω)

2(ℓ−1)

∣∣∣∣
∞

· ∥f (j)∥L1

≤ |g|∞λ(ω)−4(l−1)∥f∥W ℓ,1

ℓ−1∑
j=0

Pω,ε,j,ℓ

≤ C(ω)|g|∞∥f∥W ℓ,1 ,

(53)

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W ℓ,1, where

Pω,ε,j,ℓ =

∣∣∣∣Gℓ−1,j(T
′
ω,ε, . . . , T

(ℓ)
ω,ε)(T

′
ω)

2(ℓ−1) −Gℓ−1,j(T
′
ω, . . . , T

(ℓ)
ω )(T ′

ω,ε)
2(ℓ−1)

∣∣∣∣
∞
.

The conclusion of the lemma follows readily from (51), (52) and (53).

The following result is a simple consequence of (30), Lemmas 37 and 38 and the
mean-value theorem.

Corollary 39. For each ℓ ∈ N, ℓ+ 1 ≤ r there exists Q̃l ∈ K such that

∥(Lω,ε − Lω)f∥W ℓ−1,1 ≤ |ε|Q̃ℓ(ω)∥f∥W ℓ,1 ,

for ε ∈ I, P-a.e. ω ∈ Ω and f ∈W ℓ,1, where ∥ · ∥W 0,1 := ∥ · ∥L1.

4.4 Derivative operator

We again take an arbitrary parameterized smooth expanding on average cocycle
T : Ω → Cr(I × S1, S1). We start this section by recalling some elementary facts.
For f ∈ Cℓ(S1,R), we set Mf (ϕ) := fϕ. Then, Mf is a bounded operator on
W ℓ,1(S1,R). More precisely, there exists a constant C (depending only on ℓ) such
that

∥Mf (ϕ)∥W ℓ,1 = ∥fϕ∥W ℓ,1 ≤ C∥f∥Cℓ · ∥ϕ∥W ℓ,1 , for ϕ ∈W ℓ,1. (54)

For ϕ ∈ Cr(S1,R), set

gω,ε :=
1

|T ′
ω,ε|

∈ Cr−1(S1,R) (55)

Vω,ε(ϕ) := − ϕ′

T ′
ω,ε

· ∂εTω,ε ∈ Cr−1(S1,R). (56)

Remark that ϕ 7→ Vω,ε(ϕ) defines a bounded operator from W ℓ,1 to W ℓ−1,1, for any
ℓ ≤ r.
We also define

Jω,ε :=
∂εgω,ε + Vω,ε(gω,ε)

gω,ε
∈ Cr−2(S1,R). (57)

A direct consequence of Definition 14, equations (29) and (30) is that there exists
K̃ ∈ K such that for ε ∈ I and P-a.e. ω ∈ Ω,

∥gω,ε∥Cr−1 ≤ K̃(ω), ∥∂εgω,ε∥Cr−2 ≤ K̃(ω) and ∥Jω,ε∥Cr−2 ≤ K̃(ω). (58)
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We note that K̃ is a polynomial in the tempered random variable K appearing in
(29) and (30). As before, let Lω,ε be the transfer operator associated to Tω,ε :=
T(ω)(ε, ·). By formal differentiation (see also [22, p.18]), we have that

∂ε[Lω,εϕ] = Lω,ε(Jω,εϕ+ Vω,εϕ)

∂2ε [Lω,εϕ] = Lω,ε

(
J2
ω,εϕ+ Jω,ε(Vω,εϕ) + Vω,ε(Jω,εϕ) + Vω,ε(Vω,εϕ) + [∂εJω,ε] · ϕ+ ∂ε[Vω,εϕ]

)
.

For later usage we will need the differentiation in absence of the perturbation.
Namely, we define L̂ω by

L̂ωϕ := Lω(Jω,0ϕ+ Vω,0ϕ). (59)

By Lemma 23, we have, for 1 ≤ j ≤ r − 3,

∥∂2ε [Lω,εϕ]∥W j,1

= ∥Lω,ε

(
J2
ω,εϕ+ Jω,ε(Vω,εϕ) + Vω,ε(Jω,εϕ) + Vω,ε(Vω,εϕ) + [∂εJω,ε] · ϕ+ ∂ε[Vω,εϕ]

)
∥W j,1

≤ Cj(ω)∥J2
ω,εϕ+ Jω,ε(Vω,εϕ) + Vω,ε(Jω,εϕ) + Vω,ε(Vω,εϕ) + [∂εJω,ε] · ϕ+ ∂ε[Vω,εϕ]∥W j,1 .

We will now estimate the W j,1 norm of each term appearing on the R.H.S above.
By C we will denote a generic constant (that doesn’t depend on ω, ε or ϕ). Firstly,
we have (see (54) and (58))

∥J2
ω,εϕ∥W j,1 ≤ C∥Jω,ε∥Cj∥Jω,εϕ∥W j,1 ≤ C∥Jω,ε∥2Cj∥ϕ∥W j,1 ≤ CK̃2(ω)∥ϕ∥W j,1 .

Secondly,

∥Jω,ε(Vω,εϕ)∥W j,1 ≤ C∥Jω,ε∥Cj · ∥ϕ′gω,ε∂εTω,ε(·)∥W j,1

≤ C∥Jω,ε∥Cj · ∥gω,ε∂εTω,ε(·)∥Cj · ∥ϕ∥W j+1,1

≤ CK̃2(ω)K(ω)∥ϕ∥W j+1,1 .

Thirdly,

∥Vω,ε(Jω,εϕ)∥W j,1 ≤ C∥gω,ε∂εTω,ε(·)∥Cj · ∥(Jω,εϕ)′∥W j,1

≤ C∥gω,ε∂εTω,ε(·)∥Cj∥Jω,εϕ∥W j+1,1

≤ C∥gω,ε∂εTω,ε(·)∥Cj∥Jω,ε∥Cj+1∥ϕ∥W j+1,1

≤ CK̃2(ω)K(ω)∥ϕ∥W j+1,1 .

Fourthly,

∥Vω,ε(Vω,εϕ)∥W j,1 ≤ C∥gω,ε∂εTω,ε(·)∥Cj · ∥(Vω,εϕ)′∥W j,1

≤ C∥gω,ε∂εTω,ε(·)∥Cj∥Vω,εϕ∥W j+1,1

≤ C∥gω,ε∂εTω,ε(·)∥Cj∥gω,ε∂εTω,ε(·)∥Cj+1 · ∥ϕ′∥W j+1,1

≤ C∥gω,ε∂εTω,ε(·)∥Cj∥gω,ε∂εTω,ε(·)∥Cj+1 · ∥ϕ∥W j+2,1

≤ CK̃2(ω)K2(ω)∥ϕ∥W j+2,1 .

Fifthly,

∥[∂εJω,ε] · ϕ∥W j,1 ≤ C∥∂εJω,ε∥Cj · ∥ϕ∥W j,1 .
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Noting that

∂εJω,ε = ∂εT
′
ω,ε

(
∂εgω,ε − g′ω,εgω,ε∂εTω,ε

)
+ T ′

ω,ε

(
∂2εgω,ε − ∂εg

′
ω,εgω,ε∂εTω,ε − g′ω,ε∂εgω,ε∂εTω,ε − g′ω,εgω,ε∂

2
εTω,ε

)
,

we obtain that
∥[∂εJω,ε] · ϕ∥W j,1 ≤ CK̄(ω)∥ϕ∥W j,1 ,

where K̄ is a tempered random variable, which is a polynomial in the tempered
random variable K appearing in (29) and (30).
Finally,

∥∂ε[Vω,εϕ]∥W j,1 = ∥ϕ′∂εgω,ε∂εTω,ε + ϕ′gω,ε∂
2
εTω,ε∥W j,1

≤ C
(
∥∂εgω,ε∂εTω,ε∥Cj + ∥gω,ε∂2εTω,ε∥Cj

)
∥ϕ′∥W j,1

≤ C
(
∥∂εgω,ε∂εTω,ε∥Cj + ∥gω,ε∂2εTω,ε∥Cj

)
∥ϕ∥W j+1,1

≤ 2CK̃(ω)K(ω)∥ϕ∥W j+1,1 .

Putting the last six estimates together, we conclude that for each 1 ≤ j ≤ r−3,
there exists C̃j ∈ K such that

∥∂2ε [Lω,εϕ]∥W j,1 ≤ C̃j(ω)∥ϕ∥W j+2,1 .

We can now proceed as in [22, p. 18]: by Taylor’s formula of order two, we have
that

∥Lω,εϕ− Lωϕ− εL̂ωϕ∥W j,1 =

∥∥∥∥∫ ε

0

∫ η

0
∂2ε [Lω,εϕ]|ε=ξ dξ dη

∥∥∥∥
W j,1

≤ ε2

2
C̃j(ω)∥ϕ∥W j+2,1 .

Hence, for 1 ≤ j ≤ r − 3, ε ∈ I \ {0}, ϕ ∈W j+2,1 and P-a.e. ω ∈ Ω,∥∥∥∥1ε
(
Lω,εϕ− Lωϕ

)
− L̂ωϕ

∥∥∥∥
W j,1

≤ |ε|
2
C̃j(ω)∥ϕ∥W j+2,1 . (60)

4.5 Proof of Theorem 20

In order to establish Theorem 20, we apply Theorem 11 for the choice of spaces

Bw =W 1,1, Bs =W 2,1, Bss =W 3,1,

and with the functional ψ given by ψ(h) =
∫
S1 h dm. It remains to observe the

following:

• (15) follows from Corollary 36;

• (16) is established in Proposition 32;

• (17) is a consequence of Proposition 31 (applied for ε = 0);

• (18) and (19) are proved in Corollary 39;

• (20) is established in (60), where L̂ω is given by (59).
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A An example where quenched response holds and annealed
response fails

Let us remind the reader that whenever quenched linear response holds (see e.g.
Theorem 20), one has, for any smooth observable ϕ, that∫

S1
ϕĥωdm =

∞∑
n=0

∫
S1
ϕ · Ln

σ−nωL̂σ−n−1ωhσ−n−1ωdm

=
∞∑
n=0

∫
S1
ϕ ◦ Tn

σ−nω · L̂σ−n−1ωhσ−n−1ωdm.

In particular, the integral on the L.H.S is well-defined.
If one is interested in annealed linear response, the object of interest becomes the
(double) integral

∫
Ω

∫
S1 ϕĥωdm dP: when it holds this integral is well-defined, and

one has ∫
Ω

∫
S1
ϕĥωdm dP =

∞∑
n=0

∫
Ω

∫
S1
ϕ ◦ Tn

ω · L̂σ−1ωhσ−1ωdm dP.

Given that quenched results concerns a.e trajectory, and that annealed one are
on average, in general one expects that a quenched result implies its annealed
counterpart. This intuition is validated in the context of response theory by the
existing results [23, 35, 19]. However, when there is no stochastic uniformity, this
intuition can fail, as the next example shows:

Consider (Ω̃,B,Q, S) the full-shift over {1, 2, . . . }, with probability vector
(Z,Z/22+δ, . . . , Z/n2+δ, . . . ), for some 0 ≤ δ ≤ 1, Z being the normalization con-
stant.
Let h : Ω̃ → R be the (positive) observable defined by h(ω) = ω0 if ω := (ωn)n∈Z ∈
Ω̃. Note that ∫

Ω̃
h dQ =

∑
i≥1

i · Z

i2+δ
= Z

∞∑
i=1

1

i1+δ
< +∞,

when 0 < δ ≤ 1.
Define (Ω,F ,P, σ) to be the suspension over S with roof function h, i.e. Ω :=
{(ω, i) ∈ Ω̃× N, 0 ≤ i < h(ω)}, σ : Ω ⟲ is given by

σ(ω, i) :=

{
(ω, i+ 1) if i < h(ω)− 1

(Sω, 0) if i = h(ω)− 1

and P(A) :=
(∫

Ω̃ h dQ
)−1∑

i≥0Q
(
A ∩ (Ω̃× {i})

)
.

We can now define our random system: take T0 : S1 ⟲ to be the doubling map,
i.e. T0(x) = 2x (mod 1), and let T1 be the identity map on S1. We consider the
random circle map T(ω,i), (ω, i) ∈ Ω defined by

T(ω,i) :=

{
T1 if i < h(ω)− 1

T0 if i = h(ω)− 1.

Clearly, (T(ω,i))(ω,i)∈Ω is an expanding on average cocycle, i.e.∫
Ω
log λ(ω,i) dP((ω, i)) > 0.
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Indeed, observe that (T(ω,i))(ω,i)∈Ω is a particular case of cocycles (Tω)ω introduced
in Example 17. Moreover, µ(ω,i) = m for (ω, i) ∈ Ω, where m denotes the Lebesgue
measure on S1.

Let nc be the (random) covering time for the interval [0, 1/2]:

nc(ω, i) := min{k ∈ N : T k
(ω,i)([0, 1/2]) = S1}, (ω, i) ∈ Ω.

Then, it is easy to see that nc(ω, i) = h(ω) − i. Observe that nc is not integrable.
Indeed, for each N ∈ N we have that

P(nc(ω, i) = N) =

(∫
Ω̃
h dQ

)−1∑
i≥0

Q(h(ω)− i = N)

=

(∫
Ω̃
h dQ

)−1∑
i≥N

Q(ω0 = i)

=

(∫
Ω̃
h dQ

)−1∑
i≥N

Z

i2+δ
∼ C

N1+δ
,

for some constant C > 0, which easily implies that nc is not integrable.
We now introduce the observable: consider a ψ ∈ C∞(S1), such that:

(i) supp ψ ⊂ I, where I ⊂ S1 is an interval such that I ∩ 1

2
I = ∅ (in particular,

we can take any small enough I ̸∋ 0).

(ii)
∫
S1 ψ dm = 0 and

∫
S1 ψ

2 dm = 1.

It is easy to see that
∫
S1 ψ · ψ ◦ T0 dm = 0. Therefore, we have∫
S1
ψ · ψ ◦ Tn

(ω,i) dm =

{
1 if n < nc(ω, i)

0 otherwise.

In particular, it follows from the non-integrability of nc that∫
Ω

∞∑
n=0

∫
S1
ψ · ψ ◦ Tn

(ω,i) dm dP = +∞ (61)

Let us now introduce the perturbed cocycle T(ω,i),ε := Dε ◦ T(ω,i), where Dε : S1 ⟲
is given by

Dε(x) := x− ε

∫ x

0
ψ dm (mod 1).

Denote by S(x) := −
∫ x
0 ψ dm. Since this perturbation is smooth and deterministic

(Dε does not depend on ω), we may apply Theorem 20, and obtain that for a.e.
(ω, i) ∈ Ω, the integral

∫
S1 ψĥ(ω,i)dm is well defined, and satisfies∫

S1
ψĥ(ω,i)dm =

∞∑
n=0

∫
S1
ψLn

σ−n(ω,i)L̂σ−n−1(ω,i)hσ−n−1(ω,i)dm

= −
∞∑
n=0

∫
S1
ψ ◦ Tn

σ−n(ω,i)S
′dm

=

∞∑
n=0

∫
S1
ψ ◦ Tn

σ−n(ω,i)ψdm,
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where we used that L̂(ω,i)f = −(L(ω,i)(f) · S)′ (which can be proved by arguing as
in [27, Sec 6.2]) and h(ω,i) = 1 for our particular example.

Hence, from (61) ∫
Ω

∫
S1
ψĥω,idmdP = +∞. (62)

In particular, annealed response cannot hold.
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