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Abstract

This paper is devoted to study a fractional Choquard problem with slightly subcritical expo-
nents on bounded domains. When the exponent of the convolution type nonlinearity tends to the
fractional critical one in the sense of Hardy-Littlewood-Sobolev inequality, we prove the existence
of multiple positive solutions via Lusternik-Schnirelmann category and nonlocal global compact-
ness. Moreover, the topology of the domain furnishes a lower bound for the number of positive
solutions.
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1 Introduction and a main result

In the present paper, we are concerned with the following fractional Choquard problem with slightly
subcritical exponents on bounded domains:

(—A)*u 4 Iu = (/Q Wdy) w1 inQ

[z —yl”
w=0 nRV\Q° .1y
u>0 in 0
where s € (0,1), A\ >0, N >4s,0< o <N, e >0, p. := 2, s—¢€, 25 5= %VN:Q‘; is the fractional
critical exponent in the sense of Hardy-Littlewood-Sobolev inequality, € is a bounded domain in RY
with Lipschitz boundary, and (—A)? is the fractional Laplacian defined by

: u(z) — u(y)
—A)Y’u(z) = Cyg lim ————="dy (1.2)

( ) ( ) ’sp~>0 RN\ B, (z) |x_y|N+2s
with Oy s == ([ Wi‘)ﬁgjdg )_1 being a dimensional constant and B,(x) being an open ball cen-
tered at x with radius p. As & — 0, namely, p. — 2% _, we prove that the problem (1.1) possesses at
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least catq (€2)+1 solutions if {2 is not contractible. Here catg(€2) denotes the Lusternik-Schnirelmann
category of ().

On this type of problem in history, we can go back to Bahri and Coron [3], Benci and Cerami [5]
and Benci, Cerami and Passaseo [6]. In the celebrated work [6], the authors considered

—Au+ \u = uP1 in
u=20 on 0¥ , (1.3)
u>0 in

where N >3, A >0,p € (2,2* := %) and Q C RY is a smooth bounded domain. They showed
to us how the number of solutions for (1.3) is affected by the topology of €2, and the nonlinearity
acts strongly on the problem (1.3) if the domain 2 is perturbed by cutting off or adding pieces, small
in some sense. To be precise, they applied variational methods to prove that there exists a function

D : [0,+00) — (2,2%) such that for every p € [p()),2*), the problem (1.3) has at least catg/(£2)
distinct solutions. Moreover, they also showed that the number of solutions is greater than catg () +1
when the domain is not contractible. More than a decade later, Benci, Bonanno and Micheletti [4]
extended this kind of result to a nonlinear elliptic problem on a Riemannian manifold and proved
that the number of solutions depends on the topological properties of the manifold. In the same spirit,
Siciliano [23] investigated the existence of multiple positive solutions to a Schrodinger-Poisson-Slater
system

—Au+u + Apu = |ulP~%u in Q

~A¢p = u? inQ (1.4)

u=¢=0 on 0f)

and showed that the number of positive solutions to (1.4) is bounded from below by catq(€2) + 1
under appropriate assumptions. Afterwards, Alves, Figueiredo and Furtado [1] also used this kind of
thought to establish an existence result of multiple solutions for a complex equation with magnetic
field when the parameter A has large values.

Recently, based on the work of Gao and Yang [14], Ghimenti and Pagliardini [15] used the con-
centration properties of the Talenti-Aubin functions to balance the nonlocal effect of the nonlinerity
and studied a Choquard equation in a bounded domain

e
—Au+ A u = </ u(y) dy> w1 in Q
olr—yl”

u=20 on 002’
u>0 in

(1.5)

where (2 is a regular bounded domain in RY, N > 3,0 € (0,N), A > 0, > 0and ¢. = 2% — ¢
with 2% := 2]]\,\[:2" . They also achieved a similar result, which is the existence of at least catg () + 1
solutions for (1.5) when the exponent ¢. is close to 2. and the domain is not contractible.

The aim of this paper is to investigate the fractional counterpart of the above problem (1.5). Indeed,
according to the large amount of literatures on fractional Laplacian appearing in the last years, it
is very natural to ask whether a similar result holds for the corresponding problem to (1.5) with
the fractional Laplacian. Therefore, we would like to study the slightly critical problem (1.1) with
two nonlocal framework caused by the fractional Laplacian and the convolution term, and finally

implement a multiplicity result.




It is known that if €) is a bounded starshaped domain and the nonlinearity is of critical growth,
namely, pe is replaced by 27 ., then the problem (1.1) has no solution according to the Pohozaev
identity (refer to [21])

2 2
—s)\/ u?dr = M/ (ﬂ) (x-v)dS, where o = dist(z,09Q).
Q 2 o0 \0°

However, if the critical exponent is perturbed slightly, namely, p. = 27 ; — ¢, then the existence of
solution can be shown and even multiple solutions exist. That is the theme of this paper. We also
want to mention [20] in which equation (1.1) with critical nonlinearity (that is € = 0) is studied on
a bounded domain and the analogous of Brézis-Nirenberg problem is proved. The main difference
between the two problems is that we use the perturbation of the exponent to obtain the multiplicity
result, while in the paper of Mukherjee and Sreenadh is the parameter A in front of the linear term
which plays a key role.

In order to complete the study to (1.1), we shall apply variational methods, nonlocal global com-
pactness, Lusternik-Schnirelmann category theory and the technique introduced by [5,6]. We hope to
make a comparison between the category of some sublevel set of the functional and the category of the
domain (). Hence we need to consider two limit problems and make a careful study on the behavior
of the associated functionals and their related minimal levels, where the concentration property of the
Talenti-Aubin functions is applied for more than once. About the nonlocal global compactness, we
would like to mention a recent work by He and Radulescu [16], in which they obtained a very useful
property (see Lemma 4.6) for the (PS)-sequence to the limit problem (4.1). By means of this prop-
erty, we establish a crucial splitting lemma (Lemma 4.7) to the second limit problem (4.8). Together
with the barycenter map (5.1), we can find the sublevels of the functional with barycenter not away
from ) and category greater than catq(£2), and then get the existence of at least catg () solutions as
¢ — 0 according to the Lusternik-Schnirelmann category theory. However, the barycenter map here
is different from that in Ghimenti and Pagliardini [15], since the fractional Laplacian makes nonlocal
effect. In order to give the existence of another solution when 2 is not contractible, we construct a
compact and contractible set 7. containing only positive functions and being a subset of the Nehari
manifold.

Apart from the case of p — 2%, the works in [5,6] also treat the situation of A — +o0. Although in
this paper we don’t explore the second situation in detail, our result still tells that the domain topology
gives a lower bound on the number of solutions to (1.1) when the parameter A is very large.

Now we state our main result, which gives an affirmative answer on the possibility of extending
the result in Ghimenti and Pagliardini [15] to the fractional case.

Theorem 1.1. Assume that s € (0,1), A > 0, N > 4s and o € (0, N). Then there exists € > 0 such

that for each € € (0, €], the problem (1.1) has at least caty(S2) low energy solutions. Moreover; if
is not contractible, there is another solution with higher energy.

Remark 1.2. The assumption N > 4s is needed to estimate some integrals related to the bubbles of
the limit problem, such as (4.4), (4.5) and (4.6). Indeed, it is (4.6) that requires N > 4s, while for
(4.4) and (4.5), N > 2s is enough.

Remark 1.3. If caty(Q) = 1, then it’s easy to achieve the existence of one solution. Indeed, it
can be obtained in a simplier way by the famous Mountain Pass Theorem. Additionally, if Q is
not contractible, we finally obtain catg(S)) low energy solutions and another high energy solution.

Therefore, we assume catg(€) > 1 in what follows.



Our paper in the following is organized like this: Section 2 contains the working spaces, some
essential definitions, several classical results and useful relations. Section 3 gives the variational
structure of this problem, the functional setting and some preliminary results. Section 4 serves two
limit problems and especially a nonlocal splitting lemma, which play a key role in the arguments of
the main theorem. Section 5 contributes to the proof of our main result.

2 Notations and preliminaries

For s € (0,1), we denote 2% := <2Y¥_ as the fractional critical Sobolev exponent, and define two

N—-2s
Hilbert spaces:

N+2s

|z —y|

with the inner product

(’LL, U)HS(]RN) == /

R2N

1
) — uly) P AL
e = ([, Mt [ i)

Ds’2(RN) _ {u c LQI(RN) |u(x) _£| e L2(RN XRN)}

(u() —u(y))(v(r) —v(y))
[ — y| Vs dzdy + /]RN uvdx

and the norm

and

|z —y| 2

with the inner product

(u, U)DS»Q(]RN) = /

R2N

1
_ Ju(a) — u(y)[? 2
HU||D5,2(RN) = </RQN Wdl’dy .

Here we have used the fractional Sobolev inequality (see Theorem 1.1 in Cotsiolis et al [8] and Propo-
sition 3.6 in Di Nezza et al [10])

(u(z) = u(y))(v(z) = v(y))

|l’ _ y‘N+2s

dady

and the norm

2 |u(z) —u(y)? 00 (N
HUHLQ?(RN) < SN,s /RZN dedy, Yu € CO (R ), 2.1

2s
] Yo N,s 1s achieved if and only if

N-—2s
where Sy s := §(4m) ™ sl {F(N)

D(55%) LT(5)
2 2\ —N=2s N
u(z) =Ala* + (r—x0)*)” 2 , z€R
for some fixed constant A € R and parameters o € R \ {0}, 7o € R, Meanwhile, (2.1) means that
D*2(R¥) is continuously embedded in L2 (RY).
Let
H5(Q) ={ue HSRY):u=0ae. inRN\Q}
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and
Dy?*(Q) = {ue D**RY) :u=0ae inRY\ Q}.

Since €2 is a bounded domain with Lipschitz boundary, it follows from Corollary 5.5 in Di Nezza [10]
that H§(€) can be regarded as the closure of C§°(€2) in H*(RY) and D8’2(Q) is the closure of
Cs°(Q) in D%2(RY). Moreover, H3(Q) = DS’Q(Q). According to Theorems 6.5 and 7.2 in Di Nezza
et al [10], H(€?) is continuously embedded in L?(12) for ¢ € [1,2}], and is compactly embedded in
L1(Q) for g € [1,2%). Notice that A > 0, we can choose

1
u(z
llu|ly := (/ fud |N+2s d:ndy+/\/ 2d:E>

as an equivalent norm in H3(9), where Y := R*V \ (Q¢ x Q) with Q¢ := RV \ Q.
Recall the well-known Lion’s Lemma, which will be useful for showing the achievement of the
least energy on Nehari manifold.

Lemma 2.1. (Felmer et al [12]) Let s € (0,1) and r > 0. If {uy, }nen is bounded in H*(RY) and

sup / lun (z)?dz — 0 as n — oo,
yERN J By (y)

then w, — 0 in LY(RYN) for q € (2,2%).
Now we recall some information on Lusternik-Schnirelmann category.

Definition 2.2. Let A be a closed subset of a topological space X. The category of A in X, denoted
by catx (A), is the least integer k such that A C A1 U Ay U --- U Ay with A; closed and contractible
in X foreachi=1,2,--- k.

We set catx (@) = 0, and catx (A) = +o0 if there is no integer with the above property. Without
confusion, we write cat(X) for cat x (X).

Remark 2.3. (Bencietal [5]) Let X and Y be two topological spaces. If f : X — Y andg:Y — X
are continuous operators such that g o f is homotopic to the identity on X, then cat(X) < cat(Y).

Proposition 2.4. (Benci et al [6]) Let J be a C* real functional on a complete C**' Banach manifold
M. If J is bounded from below and satisfies Palais-Smale condition on M, then J has at least
cat(J%) critical points in J%, where J¢ := {u € M : J(u) < d}. Moreover, if M is contractible and
cat(J%) > 1, then there is at least one critical point u ¢ J°.

We also remind the famous Hardy-Littlewood-Sobolev inequality and some results linked to it.

Lemma 2.5. (Lieb et al [17]) Let r,t > 1 and 0 < o < N with % + %+ % =2 f e L"(RN) and
g € LYRN). Then there exists a constant C N.,o,r independent of f and g such that

‘ F@9W) 4| < & llgll .

R2N |$ —yl7

Moreover, this equality holds if and only if r =t = QJ%NU, g = Cf (Cis a constant) and

2N—oc

flz)=B@®+|z—zo>)" "2, zeRV

for some B € C, « € R\ {0} and g € RY.



Due to Lemma 2.5, embedding result and the equivalence of the norms || - || and || - |
following result.

\, we have the

Remark 2.6. For any u € H{ (), there exists a constant C' > 0 such that

Pe Pe
/ dedy < Css
Qx0 |95 - ZJ|

2pe

uH avpe < Ol
L2N=0 (Q)

Using again the Hardy-Littlewood-Sobolev inequality and embedding result, we also get that for
allu € DS2(RY),

2% 2% 1
u\xr 75 Uy 0,8 25 s
( /RQN ( )|x _\y|(o)| d;pdy) < Onosllull? &) (2.2)

Define 9
/ |u(x) —x(y)l drdy
geN  |x — y|N T2

S = inf T (2.3)
’ ueDs2(RNV)\{0} 255 25 7=
( [ i) dxdy> ,
R2N |z —yl|”
and it follows from Lemma 2.5, (2.1) and (2.2) that S, ; is achieved if and only if
R N—2s
2
_ — N

where A > 0 is some fixed constant, R > 0 and a € RY are parameters. Absolutely, St =
(Sn,sCN,o,s) "' We can also define

B 2
) P
s . T —
iy = B = —— 2.5)
uweD? 0 o,s ] 2(’;’5
N ([ )
QxQ |z —yl°

By means of Lemma 2.2 in Mukherjee et al [20], S;{% = S% ; and S;_IQL is never achieved unless
Q =RV,
In the following arguments, we denote
[ulls.2 := llull psaay,  lulg = llull paa),
= max{0,u}, u :=min{0,u}, RT:=(0,+00).

For simplicity and without destruction, we drop the constant Cy ; in the definition of (—A)®, and we
shall use C' to represent various positive constants, which may be different in different places.
3 Variational setting

To study the problem (1.1), we consider the associated functional J. : H;(€2) — R given by

1 (u™ ()P (u™ (y))P=
2p: Jaxa |z —yl|o

1
To(w) = Sl - drdy,
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and the associated Nehari manifold

N = {u € H3(9)\ {0} : (J/(u),u) = 0}.

We set the least energy by
Ve = inf Jo(u).

ueN
It is easy to verify that J. € C’l(Hg(Q), R), since for any v € Hj(2),
y))(v(z) —v(y))
J/ v> / y|N+2s dzdy + A ; wvdx
-/ e Do)
QxQ [z —yl”

Now we establish some preliminary results.
Proposition 3.1. The nonzero critical points of J. coincide with the solutions of the problem (1.1).
Proof. It is clear that the nonzero critical points of J. are solutions of
+ Pe
(=A)u+ Au = </ (u(y))dy> (uT)Pe—1 in Q2
o lz—yl”
u=0 inRY\ Q"
u#0 in Q

3.1

We claim that (3.1) is equivalent to (1.1).
On one hand, if u € H§(£2) is a solution of (1.1), then u = T, and thus w is a solution of (3.1).
On the other hand, if v € H§() is a solution of (3.1), then w is a critical point of J.. It follows
from

u” () —u”(y)? | —u()?
/ |x— |N2s drdy = ( |N+23dxdy

us0}x{u<0} [T =Y
ul\xr 2
" /{u<0}><{u>0} |z ’—(Z/|B\L+2S drdy
+/ u(z) — u(y)?
{u<0}x{u<o} [T —y|[V T2
</ |u(z) — u(y)|?
= Jus0yxqu<oy |z —y[NT2S
+/ u(z) — u(y)|?
(u<0}x{us>0} [T —y[VF2s
+/ lu(z) — U(y)|2d dy
(u<0}xfu<oy |z —y[NT2s

|u(z) — u(y)?
o — e Y

dxdy

dxdy

dady



that u~ € H§(£2). Now we use u~ as a test function and obtain that

0= <Jé(u),u*> —A (ufz) - ug)_)(;v_\,%)s_ u_(y))dxdy + )\/Q(u)Qda:

v (o ()P e @)yt (@)
QxQ

|z —yl°

—N = (2
_ / (u”(z) xéy)) dzdy
{u<O}x{u<oy |2 —y|NT2s

(uh(x) —u (y)(—u (v))
* /{u>0}><{u<0} |z — y|N+2s

J— _ Jr —
+/ (u(z) —u Jg?i)gsu (x)d:xdy+>\/(u_)2d:n
{u<0} x {u>0} lz -y Q

u (r)—u 2
. /T (@) = w W)y /(u_)2dx

|x—y|N+23 Q

dxdy

=[lu~ I3,

which implies v~ = 0. Hence u = u* > 0. By Theorem 3.2 in d’Avenia et al [9], we get u €
CO#(RN) with 1 € (0,1). Thus u € L>(RY). Due to Theorem 1 and its proof in Du Plessis [11],
we have |z|~7 * uP: € COFTO (RN if 4+ o € (0,1), and |2|~7 x uPs € COLRN)if p + o €
[1, N + 1). As Theorem 1.4 in Felmer et al [12], we obtain that u € CO2+#(RN) if 25 + p < 1,
and v € CH25+HH=1(RN) if 25 4+ p > 1. This regularity makes sure (1.2) hold for u in the pointwise
sense. Suppose u(xg) = 0 for some x( € €2, then the equation in (3.1) deduces ((—A)*u) (zg) = 0.
By using (1.2) again, we get u = 0, which is impossible. Hence v > 0 in {2. Concequently, u is also
a solution of (1.1). ]

By Remark 2.6, we can get the common property of Nehari manifold, that is, there exists a constant
C > 0 such that ||u||y > C and J.(u) > C for all w € N.. In addition, we also see that for any
0 # u € Hy(RQ), there is an unique constant ¢-(u) > 0 such that ¢.(u)u € N.. Based on these
information and a standard proof, we have the following result.

Lemma 3.2. There holds

= inf = inf
0 <. WEHF @0} 120 Je(tu) JeT. telo.] 0 (®),

where
I'e:={y € C([0,1], H5(22)) : 7(0) =0, J=(v(1)) < 0}.

From Lemma 2.1, Lemma 3.2, and a similar proof to that of Theorem 1 in Moroz et al [19] or
Lemma 3.5 in Liu et al [18], the following result is true.

Lemma 3.3. 9. is achieved by a function u. € N, that is V. = J-(u.).
Finally, we review Palais-Smale sequence simplified by (PS)-sequence.
Definition 3.4. A sequence {uy, }nen is called a (PS)-sequence of J., if
{J:(un) }nen is bounded in R and J.(u,) — 0in Hy *(Q),

where H °(Q) signifies the dual space of H5(2). If every (PS)-sequence of J. has a convergent
subsequence, then we say J. satisfies the (PS)-condition on H§(S2).



In fact, J. does satisfy the (PS)-condition on H{(€2) globally.

Lemma 3.5. If {uy, }neny C N isa (PS)-sequence of the constrained functional J¢| . (u) = p;p_sl

then it is a (PS)-sequence of the free functional J. on Hj(€2).

2
\

[

The above lemma means that the Nehari manifold is a natural constraint for .J., whose proof is
standard and is omitted (see [2] for details). For simplicity, we write J; instead of J.| ..

4 Two Limit problems

In this section, we track hH(l) ¢, for which we consider two limit problems.
e—>

The first limit problem is

2*
U "’S(y) 2% 1 . N
_A S — d 0,8 R
(ZA)" (/RN @ —yl7 y)“ e @.1)
u>0 in RV

For (4.1), we define the corresponding functional .J, : D$?(R"V) — R by

L[ Jul@) - uly)P? L (u* (@))% (ur+ () 2o
Jo(u) == [ MUYV g, dedy,
() 2/Rw oy YT e Ty #dy

the Nehari manifold associated to J, by
Ne={ue D*2(RM)\ {0} : (Ji(u),u)y =0},

and the least energy by
Uy i= inf J,(u).

ueN«

In the following result, we compute the relation between ¢ and S7; ; given in (2.3).

Lemma 4.1. There holds
2;3 -1 2.5
0= (o ) (00,
2-25 '

1

and U, is achieved only by functions (Sf{’L) 226,52 Up o with Ug o defined in (2.4).

Proof. For u € D*2(R")\ {0}, we have

25,5
2 2 .1
u(z) —u o,
A | /2N | |;zy|N(JZJz)S| dzdy
max J, (tu) = ( s > - " "
8 PEI\ ([ i )
R2N |z —yl°

2*

. 25 ,—1 s

Therefore, U, = inf,c ps.2(mv)\ {0y MaXe>0 J«(tu) > ( o ) (S5, )%
1 ® 7

Additionally, notice that @ := (S§, ;) *?»s2Up,, satisfies (4.1), we get that & € N, and

P () — a(y)? 2, — 1 2,
s < s = \5 7 5. 9% 2 M dedy = (| ——=—— | (53 21




We want to use the minimizers of ¥, to construct the approximating sequences for ¢.. Since 2 is
a bounded domain in RY with Lipschitz boundary, we choose r > 0 small enough such that

QF = {z e RY : dist(z, Q) <7}

and
Q. = {x € Q:dist(z,00) > r}
are homotopically equivalent to 2. For R > 1 and zq € (2., define

N—2s

U’R,xo(') =R Ul,O(R(' - xU))QST,CCo(') = UR,xo(‘)d)T,l’o(')v 4.2)

where Uy ¢ is the standard bubble function defined in (2.4) with R = 1 and a = 0, and ¢, 4, is a
cut-off function defined by

1 if |z — 20| < §
Orao(®) =4 (0,1)  if § <o —mzo[ <7 4.3)
0 if |x — x| > r

It follows from xg € Q that up 5, € HG(2).
Noticing N > 4s and referring to Proposition 21 in Servadei et al [22], we can verify that

[UR .20 (T) — UR g ()] / [Ur,0(z) — Uro(y)[?
’ ’ dzdy < : : dxd 1 4.4
/T e @y
2% 2* 2% 2%
a,8 0,8 U 0,8 U 0,8
QxQ |z —y|° R2N |z —yl°
1
/ R 2 (2)[Pde = — / Ur0(2)Pdz + og(1) = or(1), (4.6)
9] R S RN

where or(1) denotes the quantities that tend to 0 as R — +o0.

Lemma 4.2. limsup ¢, < 4.
e—0

Proof. For any ¢ > 0, there is an unique t.(upr 5,) > 0 satisfying t. (g z,)uR 2, € Nz. Thus

[t (UR 2o )URo (%) P |te(UR o ) UR o (¥)[P°
o[ = [ Pt il e o D g,
Qx0 Y
which implies
) [
0 / |UR 2o () P2 [UuR 20 (y)]
axQ |z —y|”

tgps -2 (

Pe :
dxdy
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In virtue of (4.4), (4.5) and (4.6), we get

lupa |3

2:2% =2

lim to(uR 4 ) =
e=0 = [0 (%) 272 [ 20 (3)]

2%

o

. dxdy

/QXQ

|z —y|7

1
225 -2

4.7)

1U10l125 + 0r(1)

IN

U1 o(z) % | U1 o(y) [

|z —yl7

fon
1

(StL)**=~* + or(1),

and then
pe — 1
2pe

Je (ts (uR,Io)uR@o) = Hta (uRﬂCo)uRJCO Hg\ =

Therefore,

*

21_1}(1] JE(tE(uR@o)UR,rO) < 20’_82;78 (

s
H,L

)

Pe —
2pe

dzdy + or(1)

1

t2(uRay)|UL0lI% 2 + 0r(1).

1
)% 7| U olI2 2 + or(1).

For any 6 > 0, we can choose R large enough such that og(1) < 0. By Lemma 4.1, we obtain that

*
20’,3 -

2-2%

limsup 9, <

lm J. (te(UR .z )UR ) <
30 e—0

This completes the proof by letting 6 — 0.

1 1
(SiL) > Uroll22 + 6 = 0u + 6.

Remark 4.3. The groundstates u. are also bounded uniformly in €. Indeed, by Lemma 3.3,

2pe
—1

Hue\li = Je(ue) =

€

2pe
pe—1°

v

Now we introduce the second limit problem which acts as the mediator between the problem (1.1)
and the first limit problem (4.1). In particular, it will play an important role in computing lin% Je.
E—

Consider .
(—A)Su+ du = ( u(y) dy> u?os
alr—yl°
u=2~0
u>0

-1 in Q

inRV\ Q" “.8)

in

The existence, nonexistence and regularity results of weak solutions to (4.8) have been studied in
Mukherjee et al [20]. As usual, we define the energy functional JS : H§(2) — R for (4.8) by

1

(u* ()%

(u (y))%

1
To(w) = Sl -

/Q><Q

225 |z

the associated Nehari manifold by

dxdy,
— y|0

N2 = {u € HY@Q)\ {0} : (J2) (w),u) = 0}

and the least energy by

inf J(u).

Q.
92 ;
ueN$?

11



Lemma 4.4. 9 = 9, and 99 is not achieved.

Proof. We first show ¥¢ = 1. For one thing, for any v € N}, we extend u to zero outside €2, and
then there is an unique ¢, (u) € (0, 1) such that ¢, (u)u € N.. Hence

1 1 1 1
0. < L(te() = (5~ g ) Il < (5 - 5y ) Il

which implies 9, < 9. For another, for all 2 € 2 and R > 1, we take up 4, defined in (4.2) and
an unique t$}(upg ) > 0 satisfying £ (ug +, )Rz, € NI Proceeding as the proof of Lemma 4.2,
we obtain that for any § > 0, there exists R > 1 such that

B < JXEHUR 20 UR ) < x4 0.

We get 95! < 1, by means of the arbitrariness of 6. Hence 9% = ©,.

Next we show that 19! can not be achieved. Indeed, suppose by contradiction that v € N’ satisfies
J(v) = 9. We extend v to zero outside §2. There is an unique ¢, (v) > 0 satisfying t.(v)v € N;.
Thus

*

ﬂwmmgﬁ?%%w/ (W @) @)

R2N |z —yl|”
+ 255 (vt 25
:tz-2 O',S(,U)/ (v (:L‘)) (v a(y)) dxdy
QxQ |z — y|

=t (v)]v]3,

which together with A > 0 implies that

1
ol ) 2577

1 + o's + 2;,5
ﬂ*SJ*(t*(v)v)—<2 ! >t22‘” /}RzN v W)™ 4y

!af —yl°

— <1 — 1 > 2 2*0'8 / UJ’_ ‘(U+(y))2;73 dxdy
2 2-25,) " axQ Il‘ —yl

+ 255
SERE G VE WP ey
2 2'20,5 Qx0 ‘x_y‘g

Hence

which is a contradiction.
If A = 0, then it follows from v € N}? that ¢,(v) = 1 and then v € N,. Moreover,

J.(v) = JHw) =0¢ =0, = inf. J,.(u),

UEN

1
which implies that v = (S§; ;)*?>s 2Ug,, > 0. But it is impossible by the construction of v. O

Now we prove the main result in this section.
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Proposition 4.5. There holds
lim 9, = 9.

e—0

Proof. In virtue of Lemma 4.2, it is sufficient to show that

liminf ¥, > ¥,. 4.9)

e—0

By Lemma 3.3, we choose u. € N, satisfying .J.(u.) = .. There is an unique $}(u.) > 0 such
that 5 (ue)u. € N, namely,

(til( ) HueH)\ (tQ( ))2'23,3 /QXQ (u;"(z))%vs (uj(y))%vs dzdy.

|z —yl7

Noticing u. € N;, we get that

2.2 2 [Juc 3
(t?(us)) = = =
[ OO,
QxQ lz —yl°
[ erer,, (4.10)
__Jaxo |z —ylo
[ RO,
QxQ lz —ylo
We claim that
lim sup ¢ (u.) < 1. (4.11)
e—0
It follows from
+ De (4,+ Pe + Pe (4,+ Pe 1
[P, [P gy» R B
QxQ |z =yl axQ g — gyl |z —y|” %

and the Holder inequality that

[ (@)@t @)™ o
QxQ

|z —yl|o

F ()20 (ut (1) 205 35 1 25
Qx0 |$*y| Qx0 |$*y|

We take a change of variables £ = x — y, 7 = x + y. Then for p = p(2) > 0 large enough, we have

1 1 1
dzdy < / ——dédn < C, —dé =C,,
/stz lz —yl° 2 0)x B, ( ’f\” B,(0) 1§17 g

p

where we have used the assumption o € (0, N). Since p depends only on €2, we obtain that

Pe

+ e (0 F < + 255 (T 255 2%, e
/ (u )P (W) 4 ( / (u ()% (uZ (4) dxdy) o an
QxQ QxQ

lz —ylo lz —ylo

13



By inserting (4.12) into (4.10), we get that

x + 2:;,5 + 2:;,3 5s 5%
(tg(u5)>2'2a,s 2 <</Q ) (us (IE)) (U’E (y)) dfl?dy) 20, . C;lo',s
X

- |z —yl°
ﬁ 4.13)
Cq 7
foQ (ud (ﬂc))tigrg— (v)*7s dzdy

255 255 . . .
Due to Remark 4.3 and (2.5), we see that [, (v (z) ‘x_(;rfj W) 42dy is bounded uniformly in &.
Hence we deduce (4.11) from (4.13).
Concequently,

1 1
9. =02 < 222 = (5 - 55

Q 2 ) ;,s 1 1 2
= (' (ue)) . <2 - 2pg> [Juellx
< (1 + 0-(1))Ye,
where 0-(1) — 0 as ¢ — 0 and 9, is bounded by Lemma 4.2. Thus (4.9) is showed. O

) (€2000)” el

In the end of this section, we give a technical lemma from He and Radulescu [16], and state a
nonlocal splitting lemma which gives a complete description for the functional J$:. This nonlocal
splitting lemma is a variant of the classical one contained in Struwe [24].

Lemma 4.6. (Lemma 3.1 in [16]) Let {v,, } nen be a (PS).-sequence for the functional J, with v, — 0
and v, -+ 0in DS?(RN) as n — oc. Then there exists a sequence { Ry, }nen C R, a point sequence
{Zn}nen C RN and a nontrival solution vy € DS’Q(RN ) of (4.1) such that, up to a subsequence of
{vn tnen, we have that
N—2s
On(x) =vp(x) — Rn 2 vo(Rp(z — ) + 0n(1)
is a (PS)._ j, (vy)-sequence for J., where on(1) = 0asn — oo.

The above property on (PS)-sequence to the first limit problem (4.1) is very important in proving
the following nonlocal splitting lemma for the fractional critical Choquard problem (4.8).

Lemma 4.7. Let {v,}nen be a (PS)-sequence of JS in HE(QY). Then there exist k € N, a point
sequence {xh}nen C 2, a radius sequence {R}}nen C R, a solution v € HE(Q) of (4.8), and
nontrivial solutions vi € D$?(RN) to (4.1), where j = 1,2,--- ,k, such that a subsequence of
{vn }nen, denoted also by {vy, }nen, satisfies

k
J
‘vn—v— E Ui i
J=1

—0 asn— oo,

nsTn lls2
where ' o |
o @)= (R) V(R —a)), j=12- k.
Moreover,
k
T (on) = JE @)+ Y Ju(v) asn — oo, (4.14)
j=1



Proof. Step 1. The (PS)-sequence {v, }nen of J< is bounded in H(£2). Thus up to a subsequence,
we may assume that v, — v in H§(£2) as n — oco. Moreover, v solves (4.8). Set v} := v,, — v. Then
by Brézis-Lieb Lemma (see Lemma 1.32 and Remark 1.33 in Willem [25]), we get

loall2 = llopllze = ol asn — oo,
|onl3 = og[3 = [0]3  asn — oo,
(U+)2*J’S _ ((Ul)-‘r)Q*a,s N (v+)2*o',8 in LT%JJL; (Q) as n — 0o.

n n

By Lemma 2.1 in Liu et al [18], we have

|z| 7 (U:)Q*U’S — |77 * ((U}L)JF)Q*U’S — |27 * (U+)2*J’S in L¥(Q) as n — 00.

Proceeding as the arguments of Lemma 2.5 in Liu et al [18] with slight amendment, we obtain

/ (@) P @)™ / () @) (@) )7
QxQ QxQ

[ —y|7 | —yl7
: * (4.15)
+ 2%0,8 (,,+ 2%0,s
. (v (2)" (v (y)) dzdy asn — oo,
OxQ [z —yl°
and
+ 2%0,8(,,+ 2%0,5—1
[T,
QxQ |z —y|7
- ()P (@) @) ) “.16)
QxQ |z —yl°
+ 2*0,8 (), + 2%0,5—1
N (" (1)) |(; (;)U) w(x)dxdy as n — oo uniformly in ¢ € Hj(Q).
QOxQ -

Indeed, the main differences with the proof of Lemma 2.5 in Liu et al [18] are

/Q (lo177 @57 ) () (@) ™" (@) da

N+2s

_2N N oSN
< (/ <‘JZ"7O’ * ‘1}’2 ‘775> N+2s "0711(1')’(2 073—1)N24]-V25d$) ‘w‘ oN
Q N—2s

<on(L)[|9]]a,
and
Y 2 g, 2*g,5—1
[ (= (@) (0 @) oo

N+2s

_2N N 2N
< </ (‘J}‘_J * "U}L’Q Uvs> N+2s ‘U(x)’(Q o,sl)NQJJerS(lx) ‘w‘ IN
Q N—-2s

<on(D[#]lx,

* N * _ N
where the former is ensured by (|z|=7 * |v|? os)Nrn € LT (Q) and vl (2o Drm — 0

N+2s * 2N N+2s
in [¥¥2-a () as n — oo, and the latter is due to |v|(2 o5~ UNt5 € Lo (Q) and |z|77 *
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|v}1|2*”’5)% — 0in L%(Q) as n — oo. Therefore, as n — oo,
T w) = JE (vy) = T2 (v)
(J2) (vn) = (J) (vp) = (J)'(v)  in Hy*(Q).
Since (J2) (v,,) — 0in Hy *(2) as n — oo and (J£)/(v) = 0, we get
(J (vl) =0 in Hy*(Q) as n — oo.
Moreover, it follows from v} — 0in L?(£2) as n — oo that

To(vg) = T (vg) + 0n(1) = JH(vn) = T2 (v) + 0n(1)

“4.17)
Tuvg) = (I (v3) + 0n(1) = 0a(1).
Thus {v}},en is a (PS)-sequence of J,.
Step 2. If v} — 0in D%2(R™) as n — oo, then the proof is completed with k = 0. If v} - 0 in
D%2(RN) as n — oo, then it follows from Lemma 4.6 that there exist { R. },en € RT, {2} }en C
R™ and a nontrival solution v! € D®2?(R¥) of (4.1) such that

N—-2s
> 1

n(2) = vp(x) = (R,) 2 v (Ry(z — 2p)) + on(1)

is a (PS)-sequence for J,.
Define

2s—N T

o) = (R) 7 o) (5 + ).

- 2s—N X
o2 (x) ;= (R) ™2 vﬁ(@ —i—x%)

Obviously, #2(z) = 9} (z) — v(z) + 0,(1). Meanwhile, 32 — 0 in D*2(R") due to the proof of
Lemma 3.1 in [16]. Similarly as before,

lalls2 = 1520132 = 19al22 = 01132 + 0a(1) = vall2s — l[0ll22 — 0132 + 0n(1).
Since J.(vt) = 0 and JL(3}) = 0,(1), we have ||J.(v2)|| = ||JL(32)]| = 0,(1). In addition, by
(4.17), we get
Ju(vp) = Ju(07) = Ju(@y) = Je(0!) + 0a(1) = JH(vp) = JH(0) = Ju(0!) + 0,(1).

n n n

If 92 — 0in DS?(RY) as n — oo, then v2 — 0 in D*2(R™) as n — oo, and the proof is
completed with k = 1. If 32 - 0 in D*?(RY) as n — oo, then v2 - 0 in D*2(R") as n — oo, and
it follows from Lemma 4.6 that there exist { R2},eny C RT, {22},en C R and a nontrival solution
v?2 € D%2(RY) of (4.1) such that

N—-2s

(@) = vn(2) = (B7) = v*(Rp(z — 7)) + 0a(1)

n

is a (PS)-sequence for J,.

16



Iterating the above procedure, we construct sequences v/, 7, and RY, such that

k—1
oh = v — v = DO (RY) T (R~ a}) + oa(1),
j=1
k—1
lonll22 = | —[ollZ2 = > 17132 + oa(1),
7j=1
k—1
To(of) = T (vn) — T2(0) = > L(v?) + (1),

7=1
Jl(vf’;)zon(l), Ji(vj):(]’ ]:1727 7k_1

Step 3. By means of (2.1) and (2.2), we obtain that any nontrival critical point u of J, satisfies

+ 2% s(qyt 255 .
lu3. < Snsllull?y = SNs/ (@) (u"(y)) drdy < SNSCNUS|U\§*2” 5
° ’ ’ " JR2N lz —yl°
which implies that
J 1 20, 1—1 S5 )% T 50 4.18
" — (= _ os™ 5 > 0. .
(u) 5 3. S 78( L) (4.18)

Theorefore, the above iteration must terminate at some finite index k by (4.18). Hence |[vf||s2 =
O

In virtue of the above nonlocal splitting lemma and Lemmas 4.1, 4.4, we have the following im-
mediate result.

Remark 4.8. If there exists a (PS)-sequence for J at level ¥}, then
1
v=0, k=1, =(SyL)” 2% 2Up 4

and vn, — (5§ 1) 225.52UR, an — 0in D¥2(R™) as n — oo.

5 Proof of the main result

In order to apply Proposition 2.4 to prove Theorem 1.1, we need to construct a map from €2~ to NV and
a function from A to ;7. We denote with the same symbol w its trivial extension out of the support
of u. Referring to Figueiredo et al [13], we introduce the barycenter of a function u € D*?(R™) with

compact support as 3(u) := (B (u), f%(u),- - - , BV (u)), where

‘ /mi|u|2:dx
Biu) =B i=12---N. (5.1)
/ lu|% da
RN

This barycenter map allows us to compare the topology of ) with the topology of some suitable
sublevels of J.. Exectly, we can show the following result according to Remark 4.8.
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Proposition 5.1. There exist 69 > 0 and 9 = £¢(dp) > 0 such that for any 6 € (0, o] and for any
e € (0,¢eq), it holds
u€ N and J-(u) < V. + 0 = B(u) € QF.
Proof. Suppose on the contrary that there exist sequences 6,, — 0, &, — 0 and u,, € N, such that
Jen(tn) €9, + 6, and  Bluy) ¢ Q. (5.2)
It follows from (5.2) and Proposition 4.5 that

Je, (up) = 9« asn — oo, (5.3)

and {un, }nen is bounded in H(Q2). There is an unique 5, (u,) > 0 such that ¢, (u,)u, € N Set
Pp = 2; < — €n, We next evaluate

Ten (tn) = 2 (£20 (un)tn)
1 1 1 1 5
:<2_%)>W”K_<2_22*>@%@0)Wmﬁ
<2 2pn> ( (tin(un))™) llunllx <2pn 2'2;73) (£ (un)) ™ Nunll3

Similar to (4.11) in the proof of Proposition 4.5, we have t?n(un) <1+ o0,(1). Hence

(;—11>0—u&mmf)mw§z%u»

2pn

and by p, — 27 ; as n — oo, we have

(1 ! )u%wmfwmmzomu

Wn 225,
Therefore,
Je, (un) — Jf (t?n(un)un) > op(1).
Due to (5.3), we get
99 < lim P (8, (un)un) < lim (Je, (un) 4 0n(1)) = 95 = 9%,

n—oo n—oo

which implies

. Q (,Q _ 99
nh—>120 J, (t*n(un)un) = ;.

In terms of Ekeland variational principle (see Theorem 8.5 in Willem [25]), there exist sequences
{vn}nen C N and {vp, }nen C R such that as n — oo,

[vn — £ (un)un | x — O, (5.4)

1 1
52000) = (5= g ) Ionl = 02,
0,8




where G (v,) == ((J) (vn),vn). By Lemma 3.5, we get that {vy, }nen is a (PS)-sequence for the
free functional J<* at level ¥!. Then Remark 4.8 implies that

1
vn = (S3.0)*% 2 URyz, — 0 in D**(RY) asn — oo,

where {z, }neny C Q and R,, — 400 as n — oco. Write

1

S 2.2% 2
vp = (St )% % UR, xn + Wn,

)

where ||wy|[s,2 — 0 as n — oo, which implies |wy,[2: — 0 as n — oo. Unless to relabel wy,, we get
from (5.4) that

1

t?,n(un)un = (Sfai,L)Zzg’f2 UR, zn + Wn.

According to (5.1), we get that for z = (2,22, .-, 2V) € RV,

% / 2[4, (2 )i
s RN ’

23 s \T3E T3
_’(SHL) o UR, x,

)

2 dz

B /N @ (’ (S;{,L) >25,02 URr, z, + wn
R
23

+(S3y) T / 2 Up, o | da
]RN

:le + IQ.

2:>d$ (5.5)

N—2s
Since Ug,, 4, () = Rn ? Ui o(Rn(z — x,,)), we take the change of variables T = R,,(x — x,,)

and use the property of integral for odd functions in symmetric domain to obtain that
%,
I = (Sfp)*%="2 (mel,O

— (S8 VT2 0 (s |5
= ( H,L) =2y | 1,0|2;'

* 1 - *
%+R/fWMW%@
n SR (5.6)

Notice that {v, },,crn~ is supported in €2, we have

1
_ s 22% 9 . c
Wy, = _(SH,L) 7,8 URrumn in Q°.

By the mean value theorem, the Holder inequality and the change of variables & = R, (x — ), we
get that

% Nwpldz (0< 0 < 1)

. 1
01 <2; [ (i) T Uy, 40,
R

<c / (Usy [ o] + )z + C / 12| Up o [P
Q Qc

1 2 A |+ Je]| o7
SOMhobslunles 0l T CJ oy G RPN
=on(1).
Similarly, we also have
-
12, (53 = (S57.0) 772 U 0l3 + on(1). (5.8)
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Inserting (5.6), (5.7) and (5.8) into (5.5), we obtain that

) N 9%
: » 23, (S 1) V=72 |Ur|5s + on(1)
B () = B (£2, (up i) = ——" 2 . (5.9)

_ N 2%
(S;{’L)NfaJr% Uio 2 + op(1)

Noticing {Z,, }nen C £, we get from (5.9) that 3(u,,) € Q, for n sufficiently large, which contradicts
with (5.2). This completes the proof. O

Now we are ready to prove the main theorem in this paper.

Proof of Theorem 1.1:

Step 1. We show the existence of cat(£2) low energy solutions for the problem (1.1).
Let’s fix 5o > 0 and £¢(dp) > 0 as in Proposition 5.1. Then for all £ < £((dp), there holds

u €Nz and J-(u) < Je + 8o = B(u) € Q. (5.10)

By Proposition 4.5, for the above dy, there exists £(dy) such that
90 _
[0 — 0i] < o Ve < &(dp). (5.11)

Due to the proof of Lemma 4.2, there exists £(dp) > 0 such that for all ¢ < &(dp), there is R =

R(dp,&) > 1 such that
1)
Te(te(ur o) urae (1)) < 0u + 3, (5.12)
where up 4, is defined in (4.2) and ¢, (up z,) > 0 is the unique value satisfying t. (4R 2, )UR.z, € N
After taking 0 < ¢ < min{eo(do),£0(d0),E0(d0)} and choosing R = R(dp,c) > 1 sufficiently
large, we define

e 2 Q. = Nz and oo () = te(UR,zo)UR 2o (T)- (5.13)
It follows from (5.11), (5.12) and (5.13) that
0e(Q7) SN N J2+%0/2 ¢ N JPetoo, (5.14)

where J¢ := {u € Hj(Q) : J-(u) < ¢} (c € R) denotes the level set of J.
By means of (5.10) and (5.14), the following maps are well-defined

TS N g o

T

and f3 o @, is homotopic to the identity on 2. Due to Remark 2.3, we get that

cat jo-+oy (9= () = cat () = cat(2) > 1.

Thus we find a sublevel of J. on N with category greater than cat(2). Notice that J; satisfies the
(PS)-condition on N;, we obtain from Proposition 2.4 that there exist at least cat(2) critical points of
Je in Jf =% which correspond to the low energy solutions of the problem (1.1).

Step 2. We prove the existence of another high energy solution for (1.1) when €2 is not contractible.

20



Given arbitrarily a positive function v € D*2(R") and z¢ € 2, we let
77($) = U(gj)gﬁr,xo (SC),
where ¢, ;, is defined as in (4.3). Then v € H{(€2). Set
E. = {017(35) +(1—0)e(z):0€[0,1],e € goe(Q,T)} ,

then p- () C E. C H{(Q2). Moreover, E; is compact and contractible in H{(€2). Notice that the
functions in . (§2;) are all positive, we get that E. contains only positive functions. For u € FE.,
there is an unique ¢-(u) > 0 such that . (u)u € N, and then

(t (u))2p5—2 — HuHi — HuHi (5 15)
5 GG SO, |
QxQ [z —y|” axe |z =yl

Define
T. = {t-(w)u:ue E.},

then p-(Q,) C T. C N.. Additionally, T is compact and contractible in Az, and T; contains only
positive functions. Finally, we denote

me = max Je(te(u)u) = max Je(u).

Then T, C N:N JM and me > V..
Claim: There exists a constant ¢ > 0 such that for each € > 0 small, it holds m. < c.

Proof. For u € E., we have

T.ltelupu) = P )Pl

It follows from the definition of F. and (5.13), (4.7) that

1

522085 1) 7% 2 [upallse < C (5.16)

[ulls2 <[]

and .
luly < |92 + 2(SF1)* 7 [urzol2 < C. (5.17)

Since the domain 2 is bounded, we denote with diam{? as its diameter. For any =,y € (), we have
|z — y| < 2diam(). Hence for u € E.,

Pe Pe
[y,
Qx0

> uPe (x)uP (y)dzedy > C > 0. (5.18)
|z =yl (2diam{2)~ /Br/2($0)><Br/2(x0)

Indeed, we get from (4.7) that for ¢ > 0 small enough and = € B, /»(70),
1
u(z) 20v(x) + (1= 0)1/2(Sk 1) **> 2 Ur,ey ()
1
> max {B0(a). (1= 0)1/2(S5.0) 7P Uy (0)
1 1
> max {0 min {v,1/2(S51.1) 7%+ U,y }, (1 = 0) min {0, 1/2(S51.1) 7%+ Uy } }

1

>1/2 min {v, 1/2(S§{’L)2‘238*2UR7I0}, Vu € E,
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and then uP< (z) > C min {v, UR,xO}Q;vS, which ensures the correctness of (5.18).
According to (5.15), (5.16), (5.17) and (5.18), we see that ¢.(u) is bounded on E. uniformly in €.
Concequently, J; is bounded on 7; uniformly in €. This finishes the proof of the claim. O

Similarly to Section 6 in Benci et al [4] and as the same argument of Proposition 2.4 in the con-
tractible case, we conclude that there exists another solution 4 to the problem (1.1) such that

Pe + 6o < J5<ﬁ) < me.

We complete the proof of Theorem 1.1.

References

(1]

(2]

(3]

(4]

(5]

(6]

(71

(8]

(9]

[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

C.O. Alves, G.M. Figueiredo and M.F. Furtado, On the number of solutions of NLS equations with magnetics fields in
expanding domains, J. Differ. Equations, 251 (2011) 2534-2548

A. Ambrosetti and A. Malchiodi, Nonlinear Analysis and Semilinear Elliptic Problems, Cambridge Studies in Ad-
vanced Mathematics, vol. 104. Cambridge University Press, Cambridge (2007)

A. Bahri and J.M. Coron, On a nonlinear elliptic equation involving the critical Sobolev exponent: the effect of the
topology of the domain, Commun. Pure Appl. Math. 41(3) (1988) 253-294

V. Benci, C. Bonanno and A.M. Micheletti, On the multiplicity of solutions of a nonlinear elliptic problem on Rieman-
nian manifolds, J. Funct. Anal. 252 (2007) 464-489

V. Benci and G. Cerami, The effect of the domain topology on the number of positive solutions of nonlinear elliptic
problems, Arch. Ration. Mech. Anal. 114(1) (1991) 79-93

V. Benci, G. Cerami and D. Passaseo, On the number of the positive solutions of some nonlinear elliptic problems,
Nonlinear analysis, Sc. Norm. Super. di Pisa Quaderni, Scuola Norm. Sup., Pisa, (1991) 93-107

G. Cerami, S. Solimini and M. Struwe, Some existence results for superlinear elliptic boundary value problems in-
volving critical exponents, J. Funct. Anal. 69 (1986) 289-306

A. Cotsiolis and N.K. Tavoularis, Best constants for Sobolev inequalities for higher order fractional derivatives, J.
Math. Anal. Appl. 295 (2004) 225-236

P. d’Avenia, G. Siciliano and M. Squassina, On fractional Choquard equations, Math. Models Methods Appl. Sci.
25(8) (2015) 1447-1476

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math. 136
(2012) 521-573

N. Du Plessis, Some theorems about the Riesz fractional integral, Trans. Amer. Math. Soc. 80 (1955) 124-134

P. Felmer, A. Quaas and J. Tan, Positive solutions of the nonlinear Schrodinger equation with the fractional Laplacian,
Proc. Roy. Soc. Edinburgh Sect. A, 142 (2012) 1237-1262

G.M. Figueiredo and G. Siciliano, Positive solutions for the fractional Laplacian in the almost critical case in a
bounded domain, Nonlinear Anal., Real World Appl. 36 (2017) 89-100

F. Gao and M. Yang, The Brézis-Nirenberg type critical problem for the nonlinear Choquard equation, Sci. China
Math. 61(7) (2018) 1219-1242

M. Ghimenti and D. Pagliardini, Multiple positive solutions for a slightly subcritical Choquard problem on bounded
domains, Calc. Var. Partial Differ. Equ. (2019) 58:167

X. He and V.D. Radulescu, Small linear perturbations of fractional Choquard equations with critical exponent, J.
Differ. Equations, 282 (2021) 481-540

E.L. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, 2nd edn. American Mathematical Society,
Providence (2001)

22



(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

M. Liu and Z. Tang, Multiplicity and concentration of solutions for Choquard equation via Nehari method and pseudo-
index theory, Discrete Contin. Dyn. Syst. 39(6) (2019) 3365-3398

V. Moroz and J. Van Schaftingen, Groundstates of nonlinear Choquard equations: existence, qualitative properties
and decay asymptotics, J. Funct. Anal. 265 (2013) 153-184

T. Mukherjee and K. Sreenadh, Fractional Choquard equation with critical nonlinearities, Nonlinear Differ. Equ.
Appl. (2017) 24:63

X. Ros-Oton and J. Serra, The Pohozaev identity for the fractional Laplacian, Arch. Ration. Mech. Anal. 213 (2014)
587-628

R. Servadei and E. Valdinoci, The Brézis-Nirenberg result for the fractional Laplacian, Trans. Amer. Math. Soc. 367
(2015) 67-102

G. Siciliano, Multiple positive solutions for a Schréodinger-Poisson-Slater system, J. Math. Anal. Appl. 365 (2010)
288-299

M. Struwe, Variational methods, Applications to nonlinear partial differential equations and Hamiltonian systems.
Fourth edition. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathe-
matics, 34. Springer-Verlag, Berlin, (2008)

M. Willem, Minimax theorems, Birckhauser, Boston, (1996)

23



