
Multiple solutions for a fractional Choquard problem with
slightly subcritical exponents on bounded domains

MARCO GHIMENTI1 ∗, MIN LIU2 † and ZHONGWEI TANG3 ‡
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Abstract

This paper is devoted to study a fractional Choquard problem with slightly subcritical expo-
nents on bounded domains. When the exponent of the convolution type nonlinearity tends to the
fractional critical one in the sense of Hardy-Littlewood-Sobolev inequality, we prove the existence
of multiple positive solutions via Lusternik-Schnirelmann category and nonlocal global compact-
ness. Moreover, the topology of the domain furnishes a lower bound for the number of positive
solutions.
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1 Introduction and a main result

In the present paper, we are concerned with the following fractional Choquard problem with slightly
subcritical exponents on bounded domains:

(−∆)su+ λu =

(∫
Ω

upε(y)

|x− y|σ
dy
)
upε−1 in Ω

u = 0 in RN \ Ω

u > 0 in Ω

, (1.1)

where s ∈ (0, 1), λ ≥ 0, N > 4s, 0 < σ < N, ε > 0, pε := 2∗σ,s−ε, 2∗σ,s := 2N−σ
N−2s is the fractional

critical exponent in the sense of Hardy-Littlewood-Sobolev inequality, Ω is a bounded domain in RN
with Lipschitz boundary, and (−∆)s is the fractional Laplacian defined by

(−∆)su(x) = CN,s lim
ρ→0

∫
RN\Bρ(x)

u(x)− u(y)

|x− y|N+2s
dy (1.2)

with CN,s :=
( ∫

RN
1−cos ζ1
|ζ|N+2s dζ

)−1 being a dimensional constant and Bρ(x) being an open ball cen-
tered at x with radius ρ. As ε → 0, namely, pε → 2∗σ,s, we prove that the problem (1.1) possesses at
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least catΩ̄(Ω̄)+1 solutions if Ω is not contractible. Here catΩ̄(Ω̄) denotes the Lusternik-Schnirelmann
category of Ω.

On this type of problem in history, we can go back to Bahri and Coron [3], Benci and Cerami [5]
and Benci, Cerami and Passaseo [6]. In the celebrated work [6], the authors considered

−∆u+ λu = up−1 in Ω

u = 0 on ∂Ω

u > 0 in Ω

, (1.3)

where N ≥ 3, λ ≥ 0, p ∈ (2, 2∗ := 2N
N−2) and Ω ⊂ RN is a smooth bounded domain. They showed

to us how the number of solutions for (1.3) is affected by the topology of Ω, and the nonlinearity
acts strongly on the problem (1.3) if the domain Ω is perturbed by cutting off or adding pieces, small
in some sense. To be precise, they applied variational methods to prove that there exists a function
p̄ : [0,+∞) → (2, 2∗) such that for every p ∈ [p̄(λ), 2∗), the problem (1.3) has at least catΩ̄(Ω̄)
distinct solutions. Moreover, they also showed that the number of solutions is greater than catΩ̄(Ω̄)+1
when the domain is not contractible. More than a decade later, Benci, Bonanno and Micheletti [4]
extended this kind of result to a nonlinear elliptic problem on a Riemannian manifold and proved
that the number of solutions depends on the topological properties of the manifold. In the same spirit,
Siciliano [23] investigated the existence of multiple positive solutions to a Schrödinger-Poisson-Slater
system 

−∆u+ u+ λφu = |u|p−2u in Ω

−∆φ = u2 in Ω

u = φ = 0 on ∂Ω

, (1.4)

and showed that the number of positive solutions to (1.4) is bounded from below by catΩ̄(Ω̄) + 1
under appropriate assumptions. Afterwards, Alves, Figueiredo and Furtado [1] also used this kind of
thought to establish an existence result of multiple solutions for a complex equation with magnetic
field when the parameter λ has large values.

Recently, based on the work of Gao and Yang [14], Ghimenti and Pagliardini [15] used the con-
centration properties of the Talenti-Aubin functions to balance the nonlocal effect of the nonlinerity
and studied a Choquard equation in a bounded domain

−∆u+ λu =

(∫
Ω

uqε(y)

|x− y|σ
dy
)
uqε−1 in Ω

u = 0 on ∂Ω

u > 0 in Ω

, (1.5)

where Ω is a regular bounded domain in RN , N > 3, σ ∈ (0, N), λ ≥ 0, ε > 0 and qε = 2∗σ − ε
with 2∗σ := 2N−σ

N−2 . They also achieved a similar result, which is the existence of at least catΩ̄(Ω̄) + 1
solutions for (1.5) when the exponent qε is close to 2∗σ and the domain is not contractible.

The aim of this paper is to investigate the fractional counterpart of the above problem (1.5). Indeed,
according to the large amount of literatures on fractional Laplacian appearing in the last years, it
is very natural to ask whether a similar result holds for the corresponding problem to (1.5) with
the fractional Laplacian. Therefore, we would like to study the slightly critical problem (1.1) with
two nonlocal framework caused by the fractional Laplacian and the convolution term, and finally
implement a multiplicity result.
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It is known that if Ω is a bounded starshaped domain and the nonlinearity is of critical growth,
namely, pε is replaced by 2∗σ,s, then the problem (1.1) has no solution according to the Pohozaev
identity (refer to [21])

−sλ
∫

Ω
u2dx =

Γ(s+ 1)2

2

∫
∂Ω

( u
δs

)2
(x · ν)dS, where δ = dist(x, ∂Ω).

However, if the critical exponent is perturbed slightly, namely, pε = 2∗σ,s − ε, then the existence of
solution can be shown and even multiple solutions exist. That is the theme of this paper. We also
want to mention [20] in which equation (1.1) with critical nonlinearity (that is ε = 0) is studied on
a bounded domain and the analogous of Brézis-Nirenberg problem is proved. The main difference
between the two problems is that we use the perturbation of the exponent to obtain the multiplicity
result, while in the paper of Mukherjee and Sreenadh is the parameter λ in front of the linear term
which plays a key role.

In order to complete the study to (1.1), we shall apply variational methods, nonlocal global com-
pactness, Lusternik-Schnirelmann category theory and the technique introduced by [5,6]. We hope to
make a comparison between the category of some sublevel set of the functional and the category of the
domain Ω. Hence we need to consider two limit problems and make a careful study on the behavior
of the associated functionals and their related minimal levels, where the concentration property of the
Talenti-Aubin functions is applied for more than once. About the nonlocal global compactness, we
would like to mention a recent work by He and Rădulescu [16], in which they obtained a very useful
property (see Lemma 4.6) for the (PS)-sequence to the limit problem (4.1). By means of this prop-
erty, we establish a crucial splitting lemma (Lemma 4.7) to the second limit problem (4.8). Together
with the barycenter map (5.1), we can find the sublevels of the functional with barycenter not away
from Ω and category greater than catΩ̄(Ω̄), and then get the existence of at least catΩ̄(Ω̄) solutions as
ε → 0 according to the Lusternik-Schnirelmann category theory. However, the barycenter map here
is different from that in Ghimenti and Pagliardini [15], since the fractional Laplacian makes nonlocal
effect. In order to give the existence of another solution when Ω is not contractible, we construct a
compact and contractible set Tε containing only positive functions and being a subset of the Nehari
manifold.

Apart from the case of p→ 2∗, the works in [5,6] also treat the situation of λ→ +∞. Although in
this paper we don’t explore the second situation in detail, our result still tells that the domain topology
gives a lower bound on the number of solutions to (1.1) when the parameter λ is very large.

Now we state our main result, which gives an affirmative answer on the possibility of extending
the result in Ghimenti and Pagliardini [15] to the fractional case.

Theorem 1.1. Assume that s ∈ (0, 1), λ ≥ 0, N > 4s and σ ∈ (0, N). Then there exists ε̂ > 0 such
that for each ε ∈ (0, ε̂], the problem (1.1) has at least catΩ̄(Ω̄) low energy solutions. Moreover, if Ω
is not contractible, there is another solution with higher energy.

Remark 1.2. The assumption N > 4s is needed to estimate some integrals related to the bubbles of
the limit problem, such as (4.4), (4.5) and (4.6). Indeed, it is (4.6) that requires N > 4s, while for
(4.4) and (4.5), N > 2s is enough.

Remark 1.3. If catΩ̄(Ω̄) = 1, then it’s easy to achieve the existence of one solution. Indeed, it
can be obtained in a simplier way by the famous Mountain Pass Theorem. Additionally, if Ω is
not contractible, we finally obtain catΩ̄(Ω̄) low energy solutions and another high energy solution.
Therefore, we assume catΩ̄(Ω̄) > 1 in what follows.
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Our paper in the following is organized like this: Section 2 contains the working spaces, some
essential definitions, several classical results and useful relations. Section 3 gives the variational
structure of this problem, the functional setting and some preliminary results. Section 4 serves two
limit problems and especially a nonlocal splitting lemma, which play a key role in the arguments of
the main theorem. Section 5 contributes to the proof of our main result.

2 Notations and preliminaries

For s ∈ (0, 1), we denote 2∗s := 2N
N−2s as the fractional critical Sobolev exponent, and define two

Hilbert spaces:

Hs(RN ) =

{
u ∈ L2(RN ) :

|u(x)− u(y)|
|x− y|

N+2s
2

∈ L2(RN × RN )

}
with the inner product

(u, v)Hs(RN ) =

∫
R2N

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy +

∫
RN

uvdx

and the norm

‖u‖Hs(RN ) =

(∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy +

∫
RN

u2dx
) 1

2

,

and

Ds,2(RN ) =

{
u ∈ L2∗s (RN ) :

|u(x)− u(y)|
|x− y|

N+2s
2

∈ L2(RN × RN )

}
with the inner product

(u, v)Ds,2(RN ) =

∫
R2N

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy

and the norm

‖u‖Ds,2(RN ) =

(∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy

) 1
2

.

Here we have used the fractional Sobolev inequality (see Theorem 1.1 in Cotsiolis et al [8] and Propo-
sition 3.6 in Di Nezza et al [10])

‖u‖2
L2∗s (RN )

≤ SN,s
∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy, ∀u ∈ C∞0 (RN ), (2.1)

where SN,s := 1
2(4π)−s

Γ(N−2s
2

)

Γ(N+2s
2

)

[
Γ(N)

Γ(N
2

)

] 2s
N
CN,s is achieved if and only if

u(x) = A(α2 + (x− x0)2)−
N−2s

2 , x ∈ RN

for some fixed constant A ∈ R and parameters α ∈ R \ {0}, x0 ∈ RN . Meanwhile, (2.1) means that
Ds,2(RN ) is continuously embedded in L2∗s (RN ).

Let
Hs

0(Ω) =
{
u ∈ Hs(RN ) : u = 0 a.e. in RN \ Ω

}
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and
Ds,2

0 (Ω) =
{
u ∈ Ds,2(RN ) : u = 0 a.e. in RN \ Ω

}
.

Since Ω is a bounded domain with Lipschitz boundary, it follows from Corollary 5.5 in Di Nezza [10]
that Hs

0(Ω) can be regarded as the closure of C∞0 (Ω) in Hs(RN ) and Ds,2
0 (Ω) is the closure of

C∞0 (Ω) in Ds,2(RN ). Moreover, Hs
0(Ω) = Ds,2

0 (Ω). According to Theorems 6.5 and 7.2 in Di Nezza
et al [10], Hs

0(Ω) is continuously embedded in Lq(Ω) for q ∈ [1, 2∗s], and is compactly embedded in
Lq(Ω) for q ∈ [1, 2∗s). Notice that λ ≥ 0, we can choose

‖u‖λ :=

(∫
Υ

|u(x)− u(y)|2

|x− y|N+2s
dxdy + λ

∫
Ω
u2dx

) 1
2

as an equivalent norm in Hs
0(Ω), where Υ := R2N \ (Ωc × Ωc) with Ωc := RN \ Ω.

Recall the well-known Lion’s Lemma, which will be useful for showing the achievement of the
least energy on Nehari manifold.

Lemma 2.1. (Felmer et al [12]) Let s ∈ (0, 1) and r > 0. If {un}n∈N is bounded in Hs(RN ) and

sup
y∈RN

∫
Br(y)

|un(x)|2dx→ 0 as n→∞,

then un → 0 in Lq(RN ) for q ∈ (2, 2∗s).

Now we recall some information on Lusternik-Schnirelmann category.

Definition 2.2. Let A be a closed subset of a topological space X . The category of A in X , denoted
by catX(A), is the least integer k such that A ⊆ A1 ∪A2 ∪ · · · ∪Ak with Ai closed and contractible
in X for each i = 1, 2, · · · , k.

We set catX(∅) = 0, and catX(A) = +∞ if there is no integer with the above property. Without
confusion, we write cat(X) for catX(X).

Remark 2.3. (Benci et al [5]) LetX and Y be two topological spaces. If f : X → Y and g : Y → X
are continuous operators such that g ◦ f is homotopic to the identity on X , then cat(X) ≤ cat(Y ).

Proposition 2.4. (Benci et al [6]) Let J be a C1 real functional on a complete C1,1 Banach manifold
M . If J is bounded from below and satisfies Palais-Smale condition on M , then J has at least
cat(Jd) critical points in Jd, where Jd := {u ∈M : J(u) ≤ d}. Moreover, if M is contractible and
cat(Jd) > 1, then there is at least one critical point u /∈ Jd.

We also remind the famous Hardy-Littlewood-Sobolev inequality and some results linked to it.

Lemma 2.5. (Lieb et al [17]) Let r, t > 1 and 0 < σ < N with 1
r + σ

N + 1
t = 2, f ∈ Lr(RN ) and

g ∈ Lt(RN ). Then there exists a constant CN,σ,r independent of f and g such that∣∣∣∣ ∫
R2N

f(x)g(y)

|x− y|σ
dxdy

∣∣∣∣ ≤ CN,σ,r‖f‖Lr(RN )‖g‖Lt(RN ).

Moreover, this equality holds if and only if r = t = 2N
2N−σ , g = Cf (C is a constant) and

f(x) = B(α2 + |x− x0|2)−
2N−σ

2 , x ∈ RN

for some B ∈ C, α ∈ R \ {0} and x0 ∈ RN .
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Due to Lemma 2.5, embedding result and the equivalence of the norms ‖ · ‖ and ‖ · ‖λ, we have the
following result.

Remark 2.6. For any u ∈ Hs
0(Ω), there exists a constant C > 0 such that∫

Ω×Ω

|u(x)|pε |u(y)|pε
|x− y|σ

dxdy ≤ CN,σ,s,ε
∥∥∥u∥∥∥2pε

L
2Npε
2N−σ (Ω)

≤ C‖u‖2pελ .

Using again the Hardy-Littlewood-Sobolev inequality and embedding result, we also get that for
all u ∈ Ds,2(RN ), (∫

R2N

|u(x)|2∗σ,s |u(y)|2∗σ,s
|x− y|σ

dxdy
) 1

2∗σ,s
≤ CN,σ,s‖u‖2L2∗s (RN )

. (2.2)

Define

SsH,L := inf
u∈Ds,2(RN )\{0}

∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy(∫

R2N

|u(x)|2∗σ,s |u(y)|2∗σ,s
|x− y|σ

dxdy
) 1

2∗σ,s

(2.3)

and it follows from Lemma 2.5, (2.1) and (2.2) that SsH,L is achieved if and only if

u(x) = UR,a(x) := A

(
R

1 +R2|x− a|2

)N−2s
2

, x ∈ RN , (2.4)

where A > 0 is some fixed constant, R > 0 and a ∈ RN are parameters. Absolutely, SsH,L =

(SN,sCN,σ,s)
−1. We can also define

Ss,ΩH,L := inf
u∈Ds,20 (Ω)\{0}

∫
Υ

|u(x)− u(y)|2

|x− y|N+2s
dxdy(∫

Ω×Ω

|u(x)|2∗σ,s |u(y)|2∗σ,s
|x− y|σ

dxdy
) 1

2∗σ,s

. (2.5)

By means of Lemma 2.2 in Mukherjee et al [20], Ss,ΩH,L = SsH,L and Ss,ΩH,L is never achieved unless
Ω = RN .

In the following arguments, we denote

‖u‖s,2 := ‖u‖Ds,2(RN ), |u|q := ‖u‖Lq(RN ),

u+ := max{0, u}, u− := min{0, u}, R+ := (0,+∞).

For simplicity and without destruction, we drop the constant CN,s in the definition of (−∆)s, and we
shall use C to represent various positive constants, which may be different in different places.

3 Variational setting

To study the problem (1.1), we consider the associated functional Jε : Hs
0(Ω)→ R given by

Jε(u) :=
1

2
‖u‖2λ −

1

2pε

∫
Ω×Ω

(u+(x))pε(u+(y))pε

|x− y|σ
dxdy,

6



and the associated Nehari manifold

Nε :=
{
u ∈ Hs

0(Ω) \ {0} :
〈
J ′ε(u), u

〉
= 0
}
.

We set the least energy by
ϑε := inf

u∈Nε
Jε(u).

It is easy to verify that Jε ∈ C1(Hs
0(Ω),R), since for any v ∈ Hs

0(Ω),

〈
J ′ε(u), v

〉
=

∫
Υ

(u(x)− u(y))(v(x)− v(y))

|x− y|N+2s
dxdy + λ

∫
Ω
uvdx

−
∫

Ω×Ω

(u+(y))pε(u+(x))pε−1v(x)

|x− y|σ
dxdy.

Now we establish some preliminary results.

Proposition 3.1. The nonzero critical points of Jε coincide with the solutions of the problem (1.1).

Proof. It is clear that the nonzero critical points of Jε are solutions of
(−∆)su+ λu =

(∫
Ω

(u+(y))pε

|x− y|σ
dy
)

(u+)pε−1 in Ω

u = 0 in RN \ Ω

u 6= 0 in Ω

. (3.1)

We claim that (3.1) is equivalent to (1.1).
On one hand, if u ∈ Hs

0(Ω) is a solution of (1.1), then u = u+, and thus u is a solution of (3.1).
On the other hand, if u ∈ Hs

0(Ω) is a solution of (3.1), then u is a critical point of Jε. It follows
from ∫

Υ

|u−(x)− u−(y)|2

|x− y|N+2s
dxdy =

∫
{u>0}×{u<0}

| − u(y)|2

|x− y|N+2s
dxdy

+

∫
{u<0}×{u>0}

|u(x)|2

|x− y|N+2s
dxdy

+

∫
{u<0}×{u<0}

|u(x)− u(y)|2

|x− y|N+2s
dxdy

≤
∫
{u>0}×{u<0}

|u(x)− u(y)|2

|x− y|N+2s
dxdy

+

∫
{u<0}×{u>0}

|u(x)− u(y)|2

|x− y|N+2s
dxdy

+

∫
{u<0}×{u<0}

|u(x)− u(y)|2

|x− y|N+2s
dxdy

≤
∫

Υ

|u(x)− u(y)|2

|x− y|N+2s
dxdy
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that u− ∈ Hs
0(Ω). Now we use u− as a test function and obtain that

0 =
〈
J ′ε(u), u−

〉
=

∫
Υ

(u(x)− u(y))(u−(x)− u−(y))

|x− y|N+2s
dxdy + λ

∫
Ω

(u−)2dx

+

∫
Ω×Ω

(u+(y))pε(u+(x))pε−1u−(x)

|x− y|σ
dxdy

=

∫
{u<0}×{u<0}

(u−(x)− u−(y))2

|x− y|N+2s
dxdy

+

∫
{u>0}×{u<0}

(u+(x)− u−(y))(−u−(y))

|x− y|N+2s
dxdy

+

∫
{u<0}×{u>0}

(u−(x)− u+(y))u−(x)

|x− y|N+2s
dxdy + λ

∫
Ω

(u−)2dx

≥
∫

Υ

(u−(x)− u−(y))2

|x− y|N+2s
dxdy + λ

∫
Ω

(u−)2dx

=‖u−‖2λ,

which implies u− = 0. Hence u = u+ ≥ 0. By Theorem 3.2 in d’Avenia et al [9], we get u ∈
C0,µ(RN ) with µ ∈ (0, 1). Thus u ∈ L∞(RN ). Due to Theorem 1 and its proof in Du Plessis [11],
we have |x|−σ ∗ upε ∈ C0,µ+σ(RN ) if µ + σ ∈ (0, 1), and |x|−σ ∗ upε ∈ C0,1(RN ) if µ + σ ∈
[1, N + 1). As Theorem 1.4 in Felmer et al [12], we obtain that u ∈ C0,2s+µ(RN ) if 2s + µ ≤ 1,
and u ∈ C1,2s+µ−1(RN ) if 2s + µ > 1. This regularity makes sure (1.2) hold for u in the pointwise
sense. Suppose u(x0) = 0 for some x0 ∈ Ω, then the equation in (3.1) deduces ((−∆)su) (x0) = 0.
By using (1.2) again, we get u ≡ 0, which is impossible. Hence u > 0 in Ω. Concequently, u is also
a solution of (1.1).

By Remark 2.6, we can get the common property of Nehari manifold, that is, there exists a constant
C > 0 such that ‖u‖λ > C and Jε(u) > C for all u ∈ Nε. In addition, we also see that for any
0 6= u ∈ Hs

0(Ω), there is an unique constant tε(u) > 0 such that tε(u)u ∈ Nε. Based on these
information and a standard proof, we have the following result.

Lemma 3.2. There holds

0 < ϑε = inf
u∈Hs

0(Ω)\{0}
max
t≥0

Jε(tu) = inf
γ∈Γε

max
t∈[0,1]

Jε(γ(t)),

where
Γε := {γ ∈ C ([0, 1], Hs

0(Ω)) : γ(0) = 0, Jε(γ(1)) < 0} .

From Lemma 2.1, Lemma 3.2, and a similar proof to that of Theorem 1 in Moroz et al [19] or
Lemma 3.5 in Liu et al [18], the following result is true.

Lemma 3.3. ϑε is achieved by a function uε ∈ Nε, that is ϑε = Jε(uε).

Finally, we review Palais-Smale sequence simplified by (PS)-sequence.

Definition 3.4. A sequence {un}n∈N is called a (PS)-sequence of Jε, if

{Jε(un)}n∈N is bounded in R and J ′ε(un)→ 0 in H−s0 (Ω),

where H−s0 (Ω) signifies the dual space of Hs
0(Ω). If every (PS)-sequence of Jε has a convergent

subsequence, then we say Jε satisfies the (PS)-condition on Hs
0(Ω).

8



In fact, Jε does satisfy the (PS)-condition on Hs
0(Ω) globally.

Lemma 3.5. If {un}n∈N ⊂ Nε is a (PS)-sequence of the constrained functional Jε|Nε(u) = pε−1
2pε
‖u‖2λ,

then it is a (PS)-sequence of the free functional Jε on Hs
0(Ω).

The above lemma means that the Nehari manifold is a natural constraint for Jε, whose proof is
standard and is omitted (see [2] for details). For simplicity, we write Jε instead of Jε|Nε .

4 Two Limit problems

In this section, we track lim
ε→0

ϑε, for which we consider two limit problems.

The first limit problem is(−∆)su =

(∫
RN

u2∗σ,s(y)

|x− y|σ
dy
)
u2∗σ,s−1 in RN

u > 0 in RN
. (4.1)

For (4.1), we define the corresponding functional J∗ : Ds,2(RN )→ R by

J∗(u) :=
1

2

∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy − 1

2 · 2∗σ,s

∫
R2N

(u+(x))2∗σ,s(u+(y))2∗σ,s

|x− y|σ
dxdy,

the Nehari manifold associated to J∗ by

N∗ :=
{
u ∈ Ds,2(RN ) \ {0} :

〈
J ′∗(u), u

〉
= 0
}
,

and the least energy by
ϑ∗ := inf

u∈N∗
J∗(u).

In the following result, we compute the relation between ϑ∗ and SsH,L given in (2.3).

Lemma 4.1. There holds

ϑ∗ =

(
2∗σ,s − 1

2 · 2∗σ,s

)
(SsH,L)

2∗σ,s
2∗σ,s−1 ,

and ϑ∗ is achieved only by functions (SsH,L)
1

2·2∗σ,s−2UR,a with UR,a defined in (2.4).

Proof. For u ∈ Ds,2(RN ) \ {0}, we have

max
t>0

J∗(tu) =

(
2∗σ,s − 1

2 · 2∗σ,s

)
∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy(∫

R2N

(u+(x))2∗σ,s(u+(y))2∗σ,s

|x− y|σ
dxdy

) 1
2∗σ,s


2∗σ,s

2∗σ,s−1

.

Therefore, ϑ∗ = infu∈Ds,2(RN )\{0}maxt≥0 J∗(tu) ≥
(

2∗σ,s−1

2·2∗σ,s

)
(SsH,L)

2∗σ,s
2∗σ,s−1 .

Additionally, notice that ũ := (SsH,L)
1

2·2∗σ,s−2UR,a satisfies (4.1), we get that ũ ∈ N∗ and

ϑ∗ ≤ J∗(ũ) =

(
1

2
− 1

2 · 2∗σ,s

)∫
R2N

|ũ(x)− ũ(y)|2

|x− y|N+2s
dxdy =

(
2∗σ,s − 1

2 · 2∗σ,s

)
(SsH,L)

2∗σ,s
2∗σ,s−1 .
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We want to use the minimizers of ϑ∗ to construct the approximating sequences for ϑε. Since Ω is
a bounded domain in RN with Lipschitz boundary, we choose r > 0 small enough such that

Ω+
r := {x ∈ RN : dist(x,Ω) ≤ r}

and
Ω−r := {x ∈ Ω : dist(x, ∂Ω) ≥ r}

are homotopically equivalent to Ω. For R > 1 and x0 ∈ Ω−r , define

uR,x0(·) := R
N−2s

2 U1,0(R(· − x0))φr,x0(·) = UR,x0(·)φr,x0(·), (4.2)

where U1,0 is the standard bubble function defined in (2.4) with R = 1 and a = 0, and φr,x0 is a
cut-off function defined by

φr,x0(x) :=


1 if |x− x0| < r

2

(0, 1) if r
2 ≤ |x− x0| ≤ r

0 if |x− x0| > r

. (4.3)

It follows from x0 ∈ Ω−r that uR,x0 ∈ Hs
0(Ω).

Noticing N > 4s and referring to Proposition 21 in Servadei et al [22], we can verify that∫
Υ

|uR,x0(x)− uR,x0(y)|2

|x− y|N+2s
dxdy ≤

∫
R2N

|U1,0(x)− U1,0(y)|2

|x− y|N+2s
dxdy + oR(1), (4.4)∫

Ω×Ω

|uR,x0(x)|2∗σ,s |uR,x0(y)|2∗σ,s
|x− y|σ

dxdy =

∫
R2N

|U1,0(x)|2∗σ,s |U1,0(y)|2∗σ,s
|x− y|σ

dxdy + oR(1), (4.5)∫
Ω
|uR,x0(x)|2dx =

1

R2s

∫
RN
|U1,0(x)|2dx+ oR(1) = oR(1), (4.6)

where oR(1) denotes the quantities that tend to 0 as R→ +∞.

Lemma 4.2. lim sup
ε→0

ϑε ≤ ϑ∗.

Proof. For any ε > 0, there is an unique tε(uR,x0) > 0 satisfying tε(uR,x0)uR,x0 ∈ Nε. Thus

‖tε(uR,x0)uR,x0‖2λ =

∫
Ω×Ω

|tε(uR,x0)uR,x0(x)|pε |tε(uR,x0)uR,x0(y)|pε
|x− y|σ

dxdy,

which implies

t2pε−2
ε (uR,x0) =

‖uR,x0‖2λ∫
Ω×Ω

|uR,x0(x)|pε |uR,x0(y)|pε
|x− y|σ

dxdy
.
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In virtue of (4.4), (4.5) and (4.6), we get

lim
ε→0

tε(uR,x0) =

 ‖uR,x0‖2λ∫
Ω×Ω

|uR,x0(x)|2∗σ,s |uR,x0(y)|2∗σ,s
|x− y|σ

dxdy


1

2·2∗σ,s−2

≤

 ‖U1,0‖2s,2 + oR(1)∫
R2N

|U1,0(x)|2∗σ,s |U1,0(y)|2∗σ,s
|x− y|σ

dxdy + oR(1)


1

2·2∗σ,s−2

=(SsH,L)
1

2·2∗σ,s−2 + oR(1),

(4.7)

and then

Jε(tε(uR,x0)uR,x0) =
pε − 1

2pε
‖tε(uR,x0)uR,x0‖2λ =

pε − 1

2pε
t2ε(uR,x0)‖U1,0‖2s,2 + oR(1).

Therefore,

lim
ε→0

Jε(tε(uR,x0)uR,x0) ≤
2∗σ,s − 1

2 · 2∗σ,s
(SsH,L)

1
2∗σ,s−1 ‖U1,0‖2s,2 + oR(1).

For any δ > 0, we can choose R large enough such that oR(1) < δ. By Lemma 4.1, we obtain that

lim sup
ε→0

ϑε ≤ lim
ε→0

Jε(tε(uR,x0)uR,x0) <
2∗σ,s − 1

2 · 2∗σ,s
(SsH,L)

1
2∗σ,s−1 ‖U1,0‖2s,2 + δ = ϑ∗ + δ.

This completes the proof by letting δ → 0.

Remark 4.3. The groundstates uε are also bounded uniformly in ε. Indeed, by Lemma 3.3,

‖uε‖2λ =
2pε
pε − 1

Jε(uε) =
2pε
pε − 1

ϑε.

Now we introduce the second limit problem which acts as the mediator between the problem (1.1)
and the first limit problem (4.1). In particular, it will play an important role in computing lim

ε→0
ϑε.

Consider 
(−∆)su+ λu =

(∫
Ω

u2∗σ,s(y)

|x− y|σ
dy
)
u2∗σ,s−1 in Ω

u = 0 in RN \ Ω

u > 0 in Ω

. (4.8)

The existence, nonexistence and regularity results of weak solutions to (4.8) have been studied in
Mukherjee et al [20]. As usual, we define the energy functional JΩ

∗ : Hs
0(Ω)→ R for (4.8) by

JΩ
∗ (u) :=

1

2
‖u‖2λ −

1

2 · 2∗σ,s

∫
Ω×Ω

(u+(x))2∗σ,s(u+(y))2∗σ,s

|x− y|σ
dxdy,

the associated Nehari manifold by

NΩ
∗ :=

{
u ∈ Hs

0(Ω) \ {0} :
〈
(JΩ
∗ )′(u), u

〉
= 0
}
,

and the least energy by
ϑΩ
∗ := inf

u∈NΩ
∗
JΩ
∗ (u).
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Lemma 4.4. ϑΩ
∗ = ϑ∗ and ϑΩ

∗ is not achieved.

Proof. We first show ϑΩ
∗ = ϑ∗. For one thing, for any u ∈ NΩ

∗ , we extend u to zero outside Ω, and
then there is an unique t∗(u) ∈ (0, 1) such that t∗(u)u ∈ N∗. Hence

ϑ∗ ≤ J∗(t∗(u)u) =

(
1

2
− 1

2 · 2∗σ,s

)
‖t∗(u)u‖2s,2 <

(
1

2
− 1

2 · 2∗σ,s

)
‖u‖2λ,

which implies ϑ∗ ≤ ϑΩ
∗ . For another, for all x0 ∈ Ω−r and R > 1, we take uR,x0 defined in (4.2) and

an unique tΩ∗ (uR,x0) > 0 satisfying tΩ∗ (uR,x0)uR,x0 ∈ NΩ
∗ . Proceeding as the proof of Lemma 4.2,

we obtain that for any δ > 0, there exists R > 1 such that

ϑΩ
∗ ≤ JΩ

∗ (tΩ∗ (uR,x0)uR,x0) < ϑ∗ + δ.

We get ϑΩ
∗ ≤ ϑ∗ by means of the arbitrariness of δ. Hence ϑΩ

∗ = ϑ∗.
Next we show that ϑΩ

∗ can not be achieved. Indeed, suppose by contradiction that v ∈ NΩ
∗ satisfies

JΩ
∗ (v) = ϑΩ

∗ . We extend v to zero outside Ω. There is an unique t∗(v) > 0 satisfying t∗(v)v ∈ N∗.
Thus

t2∗(v)‖v‖2s,2 =t2·2
∗σ,s

∗ (v)

∫
R2N

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy

=t2·2
∗σ,s

∗ (v)

∫
Ω×Ω

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy

=t2·2
∗σ,s

∗ (v)‖v‖2λ,

which together with λ > 0 implies that

t∗(v) =

(
‖v‖2s,2
‖v‖2λ

) 1
2·2∗σ,s−2

< 1.

Hence

ϑ∗ ≤ J∗(t∗(v)v) =

(
1

2
− 1

2 · 2∗σ,s

)
t2·2

∗σ,s
∗ (v)

∫
R2N

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy

=

(
1

2
− 1

2 · 2∗σ,s

)
t2·2

∗σ,s
∗ (v)

∫
Ω×Ω

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy

<

(
1

2
− 1

2 · 2∗σ,s

)∫
Ω×Ω

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy = ϑΩ

∗ = ϑ∗,

which is a contradiction.
If λ = 0, then it follows from v ∈ NΩ

∗ that t∗(v) = 1 and then v ∈ N∗. Moreover,

J∗(v) = JΩ
∗ (v) = ϑΩ

∗ = ϑ∗ = inf
u∈N∗

J∗(u),

which implies that v = (SsH,L)
1

2·2∗σ,s−2UR,a > 0. But it is impossible by the construction of v.

Now we prove the main result in this section.
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Proposition 4.5. There holds
lim
ε→0

ϑε = ϑ∗.

Proof. In virtue of Lemma 4.2, it is sufficient to show that

lim inf
ε→0

ϑε ≥ ϑ∗. (4.9)

By Lemma 3.3, we choose uε ∈ Nε satisfying Jε(uε) = ϑε. There is an unique tΩ∗ (uε) > 0 such
that tΩ∗ (uε)uε ∈ NΩ

∗ , namely,

(
tΩ∗ (uε)

)2 ‖uε‖2λ =
(
tΩ∗ (uε)

)2·2∗σ,s ∫
Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy.

Noticing uε ∈ Nε, we get that

(
tΩ∗ (uε)

)2·2∗σ,s−2
=

‖uε‖2λ∫
Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy

=

∫
Ω×Ω

(u+
ε (x))pε(u+

ε (y))pε

|x− y|σ
dxdy∫

Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy

.

(4.10)

We claim that
lim sup
ε→0

tΩ∗ (uε) ≤ 1. (4.11)

It follows from∫
Ω×Ω

(u+
ε (x))pε(u+

ε (y))pε

|x− y|σ
dxdy =

∫
Ω×Ω

(u+
ε (x))pε(u+

ε (y))pε

|x− y|σ·
pε

2∗σ,s
· 1

|x− y|σ·
ε

2∗σ,s
dxdy

and the Hölder inequality that∫
Ω×Ω

(u+
ε (x))pε(u+

ε (y))pε

|x− y|σ
dxdy

≤
(∫

Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy

) pε
2∗σ,s
·
(∫

Ω×Ω

1

|x− y|σ
dxdy

) ε
2∗σ,s

.

We take a change of variables ξ = x− y, η = x+ y. Then for ρ = ρ(Ω) > 0 large enough, we have∫
Ω×Ω

1

|x− y|σ
dxdy ≤ 1

2

∫
Bρ(0)×Bρ(0)

1

|ξ|σ
dξdη ≤ Cρ

∫
Bρ(0)

1

|ξ|σ
dξ = Cρ,

where we have used the assumption σ ∈ (0, N). Since ρ depends only on Ω, we obtain that∫
Ω×Ω

(u+
ε (x))pε(u+

ε (y))pε

|x− y|σ
dxdy ≤

(∫
Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy

) pε
2∗σ,s
· C

ε
2∗σ,s
Ω . (4.12)
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By inserting (4.12) into (4.10), we get that

(
tΩ∗ (uε)

)2·2∗σ,s−2 ≤
(∫

Ω×Ω

(u+
ε (x))2∗σ,s(u+

ε (y))2∗σ,s

|x− y|σ
dxdy

) −ε
2∗σ,s
· C

ε
2∗σ,s
Ω

=

 CΩ∫
Ω×Ω

(u+
ε (x))2∗σ,s (u+

ε (y))2∗σ,s

|x−y|σ dxdy

 ε
2∗σ,s

.

(4.13)

Due to Remark 4.3 and (2.5), we see that
∫

Ω×Ω
(u+
ε (x))

2∗σ,s (u+
ε (y))

2∗σ,s

|x−y|σ dxdy is bounded uniformly in ε.
Hence we deduce (4.11) from (4.13).

Concequently,

ϑ∗ = ϑΩ
∗ ≤ JΩ

∗ (tΩ∗ (uε)uε) =

(
1

2
− 1

2 · 2∗σ,s

)(
tΩ∗ (uε)

)2 ‖uε‖2λ
=
(
tΩ∗ (uε)

)2 1
2 −

1
2·2∗σ,s

1
2 −

1
2pε

(
1

2
− 1

2pε

)
‖uε‖2λ

≤ (1 + oε(1))ϑε,

where oε(1)→ 0 as ε→ 0 and ϑε is bounded by Lemma 4.2. Thus (4.9) is showed.

In the end of this section, we give a technical lemma from He and Rădulescu [16], and state a
nonlocal splitting lemma which gives a complete description for the functional JΩ

∗ . This nonlocal
splitting lemma is a variant of the classical one contained in Struwe [24].

Lemma 4.6. (Lemma 3.1 in [16]) Let {vn}n∈N be a (PS)c-sequence for the functional J∗ with vn ⇀ 0
and vn 9 0 in Ds,2(RN ) as n→∞. Then there exists a sequence {Rn}n∈N ⊂ R+, a point sequence
{xn}n∈N ⊂ RN and a nontrival solution v0 ∈ Ds,2(RN ) of (4.1) such that, up to a subsequence of
{vn}n∈N, we have that

ṽn(x) = vn(x)−R
N−2s

2
n v0(Rn(x− xn)) + on(1)

is a (PS)c−J∗(v0)-sequence for J∗, where on(1)→ 0 as n→∞.

The above property on (PS)-sequence to the first limit problem (4.1) is very important in proving
the following nonlocal splitting lemma for the fractional critical Choquard problem (4.8).

Lemma 4.7. Let {vn}n∈N be a (PS)-sequence of JΩ
∗ in Hs

0(Ω). Then there exist k ∈ N, a point
sequence {xjn}n∈N ⊂ Ω, a radius sequence {Rjn}n∈N ⊂ R+, a solution v ∈ Hs

0(Ω) of (4.8), and
nontrivial solutions vj ∈ Ds,2(RN ) to (4.1), where j = 1, 2, · · · , k, such that a subsequence of
{vn}n∈N, denoted also by {vn}n∈N, satisfies∥∥∥vn − v − k∑

j=1

vj
Rjn,x

j
n

∥∥∥
s,2
→ 0 as n→∞,

where
vj
Rjn,x

j
n
(x) := (Rjn)

N−2s
2 vj(Rjn(x− xjn)), j = 1, 2, · · · , k.

Moreover,

JΩ
∗ (vn)→ JΩ

∗ (v) +

k∑
j=1

J∗(v
j) as n→∞. (4.14)
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Proof. Step 1. The (PS)-sequence {vn}n∈N of JΩ
∗ is bounded in Hs

0(Ω). Thus up to a subsequence,
we may assume that vn ⇀ v in Hs

0(Ω) as n→∞. Moreover, v solves (4.8). Set v1
n := vn − v. Then

by Brézis-Lieb Lemma (see Lemma 1.32 and Remark 1.33 in Willem [25]), we get

‖vn‖2s,2 − ‖v1
n‖2s,2 → ‖v‖2s,2 as n→∞,

|vn|22 − |v1
n|22 → |v|22 as n→∞,

(v+
n )2∗σ,s − ((v1

n)+)2∗σ,s → (v+)2∗σ,s in L
2N

2N−σ (Ω) as n→∞.

By Lemma 2.1 in Liu et al [18], we have

|x|−σ ∗ (v+
n )2∗σ,s − |x|−σ ∗ ((v1

n)+)2∗σ,s → |x|−σ ∗ (v+)2∗σ,s in L
2N
σ (Ω) as n→∞.

Proceeding as the arguments of Lemma 2.5 in Liu et al [18] with slight amendment, we obtain∫
Ω×Ω

(v+
n (x))2∗σ,s(v+

n (y))2∗σ,s

|x− y|σ
dxdy −

∫
Ω×Ω

((v1
n)+(x))2∗σ,s((v1

n)+(y))2∗σ,s

|x− y|σ
dxdy

→
∫

Ω×Ω

(v+(x))2∗σ,s(v+(y))2∗σ,s

|x− y|σ
dxdy as n→∞,

(4.15)

and ∫
Ω×Ω

(v+
n (y))2∗σ,s(v+

n (x))2∗σ,s−1ψ(x)

|x− y|σ
dxdy

−
∫

Ω×Ω

((v1
n)+(y))2∗σ,s((v1

n)+(x))2∗σ,s−1ψ(x)

|x− y|σ
dxdy

→
∫

Ω×Ω

(v+(y))2∗σ,s(v+(x))2∗σ,s−1ψ(x)

|x− y|σ
dxdy as n→∞ uniformly in ψ ∈ Hs

0(Ω).

(4.16)

Indeed, the main differences with the proof of Lemma 2.5 in Liu et al [18] are∫
Ω

(
|x|−σ ∗ (v+)2∗σ,s

) (
(v1
n)+(x)

)2∗σ,s−1 |ψ(x)|dx

≤
(∫

Ω

(
|x|−σ ∗ |v|2∗σ,s

) 2N
N+2s |v1

n(x)|(2
∗σ,s−1) 2N

N+2s dx
)N+2s

2N

|ψ| 2N
N−2s

≤on(1)‖ψ‖λ,

and ∫
Ω

(
|x|−σ ∗

(
(v1
n)+
)2∗σ,s) (

v+(x)
)2∗σ,s−1 |ψ(x)|dx

≤
(∫

Ω

(
|x|−σ ∗ |v1

n|2
∗σ,s
) 2N
N+2s |v(x)|(2

∗σ,s−1) 2N
N+2s dx

)N+2s
2N

|ψ| 2N
N−2s

≤on(1)‖ψ‖λ,

where the former is ensured by (|x|−σ ∗ |v|2∗σ,s)
2N
N+2s ∈ L

N+2s
σ (Ω) and |v1

n|
(2∗σ,s−1) 2N

N+2s ⇀ 0

in L
N+2s

N+2s−σ (Ω) as n → ∞, and the latter is due to |v|(2
∗σ,s−1) 2N

N+2s ∈ L
N+2s

N+2s−σ (Ω) and |x|−σ ∗
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|v1
n|2
∗σ,s)

2N
N+2s ⇀ 0 in L

N+2s
σ (Ω) as n→∞. Therefore, as n→∞,

JΩ
∗ (vn)− JΩ

∗ (v1
n)→ JΩ

∗ (v)

(JΩ
∗ )′(vn)− (JΩ

∗ )′(v1
n)→ (JΩ

∗ )′(v) in H−s0 (Ω).

Since (JΩ
∗ )′(vn)→ 0 in H−s0 (Ω) as n→∞ and (JΩ

∗ )′(v) = 0, we get

(JΩ
∗ )′(v1

n)→ 0 in H−s0 (Ω) as n→∞.

Moreover, it follows from v1
n → 0 in L2(Ω) as n→∞ that

J∗(v
1
n) = JΩ

∗ (v1
n) + on(1) = JΩ

∗ (vn)− JΩ
∗ (v) + on(1)

J ′∗(v
1
n) = (JΩ

∗ )′(v1
n) + on(1) = on(1).

(4.17)

Thus {v1
n}n∈N is a (PS)-sequence of J∗.

Step 2. If v1
n → 0 in Ds,2(RN ) as n→∞, then the proof is completed with k = 0. If v1

n 9 0 in
Ds,2(RN ) as n → ∞, then it follows from Lemma 4.6 that there exist {R1

n}n∈N ⊂ R+, {x1
n}n∈N ⊂

RN and a nontrival solution v1 ∈ Ds,2(RN ) of (4.1) such that

v2
n(x) := v1

n(x)− (R1
n)

N−2s
2 v1(R1

n(x− x1
n)) + on(1)

is a (PS)-sequence for J∗.
Define

ṽ1
n(x) := (R1

n)
2s−N

2 v1
n

( x

R1
n

+ x1
n

)
,

ṽ2
n(x) := (R1

n)
2s−N

2 v2
n

( x

R1
n

+ x1
n

)
.

Obviously, ṽ2
n(x) = ṽ1

n(x) − v1(x) + on(1). Meanwhile, ṽ2
n ⇀ 0 in Ds,2(RN ) due to the proof of

Lemma 3.1 in [16]. Similarly as before,

‖v2
n‖2s,2 = ‖ṽ2

n‖2s,2 = ‖ṽ1
n‖2s,2 − ‖v1‖2s,2 + on(1) = ‖vn‖2s,2 − ‖v‖2s,2 − ‖v1‖2s,2 + on(1).

Since J ′∗(v
1) = 0 and J ′∗(ṽ

1
n) = on(1), we have ‖J ′∗(v2

n)‖ = ‖J ′∗(ṽ2
n)‖ = on(1). In addition, by

(4.17), we get

J∗(v
2
n) = J∗(ṽ

2
n) = J∗(ṽ

1
n)− J∗(v1) + on(1) = JΩ

∗ (vn)− JΩ
∗ (v)− J∗(v1) + on(1).

If ṽ2
n → 0 in Ds,2(RN ) as n → ∞, then v2

n → 0 in Ds,2(RN ) as n → ∞, and the proof is
completed with k = 1. If ṽ2

n 9 0 in Ds,2(RN ) as n→∞, then v2
n 9 0 in Ds,2(RN ) as n→∞, and

it follows from Lemma 4.6 that there exist {R2
n}n∈N ⊂ R+, {x2

n}n∈N ⊂ RN and a nontrival solution
v2 ∈ Ds,2(RN ) of (4.1) such that

v3
n(x) := v2

n(x)− (R2
n)

N−2s
2 v2(R2

n(x− x2
n)) + on(1)

is a (PS)-sequence for J∗.
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Iterating the above procedure, we construct sequences vj , xjn and Rjn such that

vkn := vn − v −
k−1∑
j=1

(Rjn)
N−2s

2 vj
(
Rjn(· − xjn)

)
+ on(1),

‖vkn‖2s,2 = ‖vn‖2s,2 − ‖v‖2s,2 −
k−1∑
j=1

‖vj‖2s,2 + on(1),

J∗(v
k
n) = JΩ

∗ (vn)− JΩ
∗ (v)−

k−1∑
j=1

J∗(v
j) + on(1),

J ′∗(v
k
n) = on(1), J ′∗(v

j) = 0, j = 1, 2, · · · , k − 1.

Step 3. By means of (2.1) and (2.2), we obtain that any nontrival critical point u of J∗ satisfies

|u|22∗s ≤ SN,s‖u‖
2
s,2 = SN,s

∫
R2N

(u+(x))2∗σ,s(u+(y))2∗σ,s

|x− y|σ
dxdy ≤ SN,sCN,σ,s|u|

2·2∗σ,s
2∗s

,

which implies that

J∗(u) =

(
1

2
− 1

2 · 2∗σ,s

)
‖u‖2s,2 ≥

2∗σ,s − 1

2 · 2∗σ,s
1

SN,s
(SsH,L)

1
2∗σ,s−1 > 0. (4.18)

Theorefore, the above iteration must terminate at some finite index k by (4.18). Hence ‖vkn‖s,2 =
‖ṽkn‖s,2 → 0 as n→∞. The proof of Lemma 4.7 is finished.

In virtue of the above nonlocal splitting lemma and Lemmas 4.1, 4.4, we have the following im-
mediate result.

Remark 4.8. If there exists a (PS)-sequence for JΩ
∗ at level ϑΩ

∗ , then

v = 0, k = 1, v1 = (SsH,L)
1

2·2∗σ,s−2UR,a

and vn − (SsH,L)
1

2·2∗σ,s−2URn,an → 0 in Ds,2(Rn) as n→∞.

5 Proof of the main result

In order to apply Proposition 2.4 to prove Theorem 1.1, we need to construct a map from Ω−r toNε and
a function from Nε to Ω+

r . We denote with the same symbol u its trivial extension out of the support
of u. Referring to Figueiredo et al [13], we introduce the barycenter of a function u ∈ Ds,2(RN ) with
compact support as β(u) := (β1(u), β2(u), · · · , βN (u)), where

βi(u) :=

∫
RN

xi|u|2∗sdx∫
RN
|u|2∗sdx

, i = 1, 2, · · ·N. (5.1)

This barycenter map allows us to compare the topology of Ω with the topology of some suitable
sublevels of Jε. Exectly, we can show the following result according to Remark 4.8.
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Proposition 5.1. There exist δ0 > 0 and ε0 = ε0(δ0) > 0 such that for any δ ∈ (0, δ0] and for any
ε ∈ (0, ε0], it holds

u ∈ Nε and Jε(u) < ϑε + δ =⇒ β(u) ∈ Ω+
r .

Proof. Suppose on the contrary that there exist sequences δn → 0, εn → 0 and un ∈ Nεn such that

Jεn(un) ≤ ϑεn + δn and β(un) /∈ Ω+
r . (5.2)

It follows from (5.2) and Proposition 4.5 that

Jεn(un)→ ϑ∗ as n→∞, (5.3)

and {un}n∈N is bounded in Hs
0(Ω). There is an unique tΩ∗,n(un) > 0 such that tΩ∗,n(un)un ∈ NΩ

∗ . Set
pn := 2∗σ,s − εn, we next evaluate

Jεn(un)− JΩ
∗
(
tΩ∗,n(un)un

)
=

(
1

2
− 1

2pn

)
‖un‖2λ −

(
1

2
− 1

2 · 2∗σ,s

)(
tΩ∗,n(un)

)2 ‖un‖2λ
=

(
1

2
− 1

2pn

)(
1−

(
tΩ∗,n(un)

)2) ‖un‖2λ − ( 1

2pn
− 1

2 · 2∗σ,s

)(
tΩ∗,n(un)

)2 ‖un‖2λ.
Similar to (4.11) in the proof of Proposition 4.5, we have tΩ∗,n(un) ≤ 1 + on(1). Hence(

1

2
− 1

2pn

)(
1−

(
tΩ∗,n(un)

)2) ‖un‖2λ ≥ on(1),

and by pn → 2∗σ,s as n→∞, we have(
1

2pn
− 1

2 · 2∗σ,s

)(
tΩ∗,n(un)

)2 ‖un‖2λ = on(1).

Therefore,
Jεn(un)− JΩ

∗
(
tΩ∗,n(un)un

)
≥ on(1).

Due to (5.3), we get

ϑΩ
∗ ≤ lim

n→∞
JΩ
∗
(
tΩ∗,n(un)un

)
≤ lim

n→∞
(Jεn(un) + on(1)) = ϑ∗ = ϑΩ

∗ ,

which implies
lim
n→∞

JΩ
∗
(
tΩ∗,n(un)un

)
= ϑΩ

∗ .

In terms of Ekeland variational principle (see Theorem 8.5 in Willem [25]), there exist sequences
{vn}n∈N ⊂ NΩ

∗ and {νn}n∈N ⊂ R such that as n→∞,

‖vn − tΩ∗,n(un)un‖λ → 0, (5.4)

JΩ
∗ (vn) =

(
1

2
− 1

2 · 2∗σ,s

)
‖vn‖2λ → ϑΩ

∗ ,

(JΩ
∗ )′(vn)− νn(GΩ

∗ )′(vn)→ 0 in H−s0 (Ω),
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where GΩ
∗ (vn) :=

〈
(JΩ
∗ )′(vn), vn

〉
. By Lemma 3.5, we get that {vn}n∈N is a (PS)-sequence for the

free functional JΩ
∗ at level ϑΩ

∗ . Then Remark 4.8 implies that

vn − (SsH,L)
1

2·2∗σ,s−2URn,xn → 0 in Ds,2(RN ) as n→∞,

where {xn}n∈N ⊂ Ω and Rn → +∞ as n→∞. Write

vn = (SsH,L)
1

2·2∗σ,s−2URn,xn + wn,

where ‖wn‖s,2 → 0 as n → ∞, which implies |wn|2∗s → 0 as n → ∞. Unless to relabel wn, we get
from (5.4) that

tΩ∗,n(un)un = (SsH,L)
1

2·2∗σ,s−2URn,xn + wn.

According to (5.1), we get that for x = (x1, x2, · · · , xN ) ∈ RN ,

βi
(
tΩ∗,n(un)un

) ∣∣tΩ∗,n(un)un
∣∣2∗s
2∗s

=

∫
RN

xi
∣∣tΩ∗,n(un)un

∣∣2∗sdx

=

∫
RN

xi
(∣∣(SsH,L)

1
2·2∗σ,s−2URn,xn + wn

∣∣2∗s − ∣∣(SsH,L)
1

2·2∗σ,s−2URn,xn
∣∣2∗s)dx

+ (SsH,L)
2∗s

2·2∗σ,s−2

∫
RN

xi|URn,xn |2
∗
sdx

=:I1 + I2.

(5.5)

Since URn,xn(x) = R
N−2s

2
n U1,0(Rn(x − xn)), we take the change of variables x̃ = Rn(x − xn)

and use the property of integral for odd functions in symmetric domain to obtain that

I2 = (SsH,L)
2∗s

2·2∗σ,s−2

(
xin|U1,0|2

∗
s

2∗s
+

1

Rn

∫
RN

x̃i|U1,0(x̃)|2∗sdx̃
)

= (SsH,L)
2∗s

2·2∗σ,s−2xin|U1,0|2
∗
s

2∗s
.

(5.6)

Notice that {vn}n∈RN is supported in Ω, we have

wn = −(SsH,L)
1

2·2∗σ,s−2URn,xn in Ωc.

By the mean value theorem, the Hölder inequality and the change of variables x̃ = Rn(x − xn), we
get that

|I1| ≤2∗s

∫
RN
|xi|
∣∣(SsH,L)

1
2·2∗σ,s−2URn,xn + θwn

∣∣2∗s−1|wn|dx (0 < θ < 1)

≤C
∫

Ω

(
|URn,xn |2

∗
s−1|wn|+ |wn|2

∗
s
)
dx+ C

∫
Ωc
|xi||URn,xn |2

∗
sdx

≤C
(
|U1,0|2

∗
s−1

2∗s
|wn|2∗s + |wn|2

∗
s

2∗s

)
+ C

∫
Rn(Ωc−xn)

1
Rn
|x̃i|+ |xin|

(1 + |x̃|2)N
dx̃

=on(1).

(5.7)

Similarly, we also have

∣∣tΩ∗,n(un)un
∣∣2∗s
2∗s

= (SsH,L)
2∗s

2·2∗σ,s−2 |U1,0|2
∗
s

2∗s
+ on(1). (5.8)
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Inserting (5.6), (5.7) and (5.8) into (5.5), we obtain that

βi(un) = βi
(
tΩ∗,n(un)un

)
=
xin(SsH,L)

N
N−σ+2s

∣∣U1,0

∣∣2∗s
2∗s

+ on(1)

(SsH,L)
N

N−σ+2s
∣∣U1,0

∣∣2∗s
2∗s

+ on(1)
. (5.9)

Noticing {xn}n∈N ⊂ Ω, we get from (5.9) that β(un) ∈ Ω+
r for n sufficiently large, which contradicts

with (5.2). This completes the proof.

Now we are ready to prove the main theorem in this paper.

Proof of Theorem 1.1:

Step 1. We show the existence of cat(Ω̄) low energy solutions for the problem (1.1).
Let’s fix δ0 > 0 and ε0(δ0) > 0 as in Proposition 5.1. Then for all ε < ε0(δ0), there holds

u ∈ Nε and Jε(u) < ϑε + δ0 =⇒ β(u) ∈ Ω+
r . (5.10)

By Proposition 4.5, for the above δ0, there exists ε̄(δ0) such that

|ϑε − ϑ∗| ≤
δ0

2
, ∀ε < ε̄(δ0). (5.11)

Due to the proof of Lemma 4.2, there exists ε̃(δ0) > 0 such that for all ε < ε̃(δ0), there is R =
R(δ0, ε) > 1 such that

Jε(tε(uR,x0)uR,x0(x)) ≤ ϑ∗ +
δ0

2
, (5.12)

where uR,x0 is defined in (4.2) and tε(uR,x0) > 0 is the unique value satisfying tε(uR,x0)uR,x0 ∈ Nε.
After taking 0 < ε < min{ε0(δ0), ε̄0(δ0), ε̃0(δ0)} and choosing R = R(δ0, ε) > 1 sufficiently

large, we define

ϕε : Ω−r → Nε and ϕε(x) := tε(uR,x0)uR,x0(x). (5.13)

It follows from (5.11), (5.12) and (5.13) that

ϕε(Ω
−
r ) ⊆ Nε ∩ Jϑ∗+δ0/2ε ⊆ Nε ∩ Jϑε+δ0ε , (5.14)

where Jcε := {u ∈ Hs
0(Ω) : Jε(u) ≤ c} (c ∈ R) denotes the level set of Jε.

By means of (5.10) and (5.14), the following maps are well-defined

Ω−r
ϕε−→ Nε ∩ Jϑε+δ0ε

β−→ Ω+
r ,

and β ◦ ϕε is homotopic to the identity on Ω−r . Due to Remark 2.3, we get that

cat
J
ϑε+δ0
ε

(ϕε(Ω
−
r )) ≥ cat(Ω−r ) = cat(Ω̄) > 1.

Thus we find a sublevel of Jε on Nε with category greater than cat(Ω̄). Notice that Jε satisfies the
(PS)-condition onNε, we obtain from Proposition 2.4 that there exist at least cat(Ω̄) critical points of
Jε in Jϑε+δ0ε , which correspond to the low energy solutions of the problem (1.1).

Step 2. We prove the existence of another high energy solution for (1.1) when Ω is not contractible.
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Given arbitrarily a positive function v ∈ Ds,2(RN ) and x0 ∈ Ω−r , we let

v̄(x) := v(x)φr,x0(x),

where φr,x0 is defined as in (4.3). Then v̄ ∈ Hs
0(Ω). Set

Eε :=
{
θv̄(x) + (1− θ)e(x) : θ ∈ [0, 1], e ∈ ϕε(Ω−r )

}
,

then ϕε(Ω−r ) ⊂ Eε ⊂ Hs
0(Ω). Moreover, Eε is compact and contractible in Hs

0(Ω). Notice that the
functions in ϕε(Ω−r ) are all positive, we get that Eε contains only positive functions. For u ∈ Eε,
there is an unique tε(u) > 0 such that tε(u)u ∈ Nε, and then

(tε(u))2pε−2 =
‖u‖2λ∫

Ω×Ω

(u+(x))pε(u+(y))pε

|x− y|σ
dxdy

=
‖u‖2λ∫

Ω×Ω

upε(x)upε(y)

|x− y|σ
dxdy

. (5.15)

Define
Tε := {tε(u)u : u ∈ Eε} ,

then ϕε(Ω−r ) ⊂ Tε ⊂ Nε. Additionally, Tε is compact and contractible in Nε, and Tε contains only
positive functions. Finally, we denote

mε := max
u∈Eε

Jε(tε(u)u) = max
u∈Tε

Jε(u).

Then Tε ⊂ Nε ∩ Jmεε and mε ≥ ϑε.
Claim: There exists a constant c > 0 such that for each ε > 0 small, it holds mε < c.

Proof. For u ∈ Eε, we have

Jε(tε(u)u) =
pε − 1

2pε
(tε(u))2‖u‖2λ.

It follows from the definition of Eε and (5.13), (4.7) that

‖u‖s,2 ≤ ‖v̄‖s,2 + 2(SsH,L)
1

2·2∗σ,s−2 ‖uR,x0‖s,2 ≤ C (5.16)

and
|u|2 ≤ |v̄|2 + 2(SsH,L)

1
2·2∗σ,s−2 |uR,x0 |2 ≤ C. (5.17)

Since the domain Ω is bounded, we denote with diamΩ as its diameter. For any x, y ∈ Ω, we have
|x− y| ≤ 2diamΩ. Hence for u ∈ Eε,∫

Ω×Ω

upε(x)upε(y)

|x− y|σ
dxdy ≥ 1

(2diamΩ)σ

∫
Br/2(x0)×Br/2(x0)

upε(x)upε(y)dxdy > C > 0. (5.18)

Indeed, we get from (4.7) that for ε > 0 small enough and x ∈ Br/2(x0),

u(x) ≥θv(x) + (1− θ)1/2(SsH,L)
1

2·2∗σ,s−2UR,x0(x)

≥max
{
θv(x), (1− θ)1/2(SsH,L)

1
2·2∗σ,s−2UR,x0(x)

}
≥max

{
θmin

{
v, 1/2(SsH,L)

1
2·2∗σ,s−2UR,x0

}
, (1− θ) min

{
v, 1/2(SsH,L)

1
2·2∗σ,s−2UR,x0

}}
≥1/2 min

{
v, 1/2(SsH,L)

1
2·2∗σ,s−2UR,x0

}
, ∀u ∈ Eε,
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and then upε(x) ≥ C min {v, UR,x0}
2∗σ,s , which ensures the correctness of (5.18).

According to (5.15), (5.16), (5.17) and (5.18), we see that tε(u) is bounded on Eε uniformly in ε.
Concequently, Jε is bounded on Tε uniformly in ε. This finishes the proof of the claim.

Similarly to Section 6 in Benci et al [4] and as the same argument of Proposition 2.4 in the con-
tractible case, we conclude that there exists another solution û to the problem (1.1) such that

ϑε + δ0 < Jε(û) ≤ mε.

We complete the proof of Theorem 1.1.
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