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Abstract

We study local opers with two singularities for the case of the Lie algebra sl(2), and
discuss their connection with a two-variables extension of the affine Lie algebra. We prove
an analogue of the Feigin-Frenkel theorem describing the centre at the critical level, and
an analogue of a result by Frenkel and Gaitsgory that characterises the endomorphism
rings of Weyl modules in terms of functions on the space of opers.

Introduction

Let g be a complex simple Lie algebra, G be a complex algebraic group with Lie algebra
equal to g, and G be the Langlands dual of G. Frenkel and Gaitsgory have put forward a
relationship between, on one side, the geometry of the “space” of G'-local systems on the
formal disc with a possible singularity in the origin, and on the other, certain categories of
representations of the affine Lie algebra g equipped with an action of the loop group G(C((t)))
[7, 9, 8, 12| 10} 3], IT]. This connection, known as the local geometric Langlands correspond-
ence, is still largely conjectural, but some of the results it suggests have been completely
proved, for example in the “spherical” case [13, [11]. More recently, Dennis Gaitsgory pointed
Giorgia Fortuna in the direction of investigating the situation in which the relevant G*-local
systems are allowed to have more than one singular point. In this paper we begin to develop
this suggestion for the case of the Lie algebra sl((2).

Let us fix a coordinate ¢ around the origin of the (formal) disc. We wish to consider
functions in the variable ¢, parametrised by a second variable a, having poles only at ¢ = 0
and t = a. Formally, we set A = C[[a]] and introduce the A-algebra

Ky = C[[t, o]l J

t(t —a)
whose elements are the functions we are interested in. The variables ¢t and a are of very
different nature here: t is a local coordinate for the geometric object of interest, namely the
formal disc, while a should be considered as a parameter (a more general definition of the
algebraic object we work with is given in Section .

The ring K5 can be equipped with a ‘residue’ map, defined as the sum of the residues
around t = 0 and ¢ = a (see Section [L.2). We can use this map to define a structure of A-Lie
algebra on the space

g®c Ko ® ACy
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in a way that closely mimics the construction of the usual affine Lie algebra (see Sections
and . Note that, for technical reasons, we will consider a polynomial version of this
algebra, but this does not affect our conclusions, see Remark We do not know who first
introduced this 2-singularities version of the affine algebra, but its construction was certainly
known to Gaitsgory and Raskin (see for example the notes [I4] and [I5]). We can then
proceed exactly as in the case of one singularity: we first construct a suitable completion
of the enveloping algebra, and then specialise Co to —1/2 to obtain a certain ‘critical level’
enveloping algebra Us. Just as in the case of the usual affine Lie algebra, the center of Us
turns out to be nontrivial, and we show that it is generated by certain 2-variables analogues
of the classical Sugawara operators.

To introduce these generalised Sugawara elements, let J% be a basis of g and let J, be
the dual basis with respect to the Killing form of g. For every integer k we can then define

Sl(f) _ Z . (Joztnsn)(t]atkfnskfnfl) S (Jatnsn+1)(Jatkfnflskfnfl) :
neZ,x

— Z . (Jatnsn)(Jatk—nSk—n> C (Jatn8n+1)(Jatk—n—18k—n> .

neZ,x

2
s
where s =t — a and the colons denote a suitable (two-variables) normal ordered product, see
Definition These operators are our main object of study in Section [4] where we prove
that they are topological generators of the center of U, (see Theorem

In order to describe the geometric side of the correspondence, one should consider G-
connections in the case of G* being an adjoint group. Hence, in our case, we take G = SL(2)
and G* = PSL(2). We consider G'-connections on the formal disc, parametrised by a, with
possible singularities at ¢ = 0 and ¢ = a. We define 2-opers in this context in complete analogy
to local opers with one singularity (see Section , namely, as particular equivalence classes
of GF-connections. With this definition, the space of 2-opers is represented by a smooth ind-
scheme Op3 over Spec A. We prove the following result, which is a two-singularities analogue
of the Feigin-Frenkel theorem [4] for g = s((2).

Theorem (Theorem and Theorem. The operators S,(f) are algebraically independent
and topologically generate the centre of the algebra Us. Moreover, there is an isomorphism

Fy : Funct(Op3) = Z(Us).

One of the main ingredients in the proof of this theorem, as well as of other results
in the paper, is the fact that the algebra U, and the space of opers satisfy the so-called
factorisation property [2]. Indeed, both these objects are defined over A, and we can consider
their restrictions to a = 0 and to a # 0. In the first case, we get back the corresponding
object in the case of one singularity. In the second, we obtain the product of two independent
copies of the one-singularity object, one “centred around zero” and the other “centred around
a”. For the space of 2-opers this takes the following concrete form (see Proposition :

Op5 la=o @ Op]  and  Op3 a0 =~ OP; Xspecq OP;, (0.1)

where Op7 is the usual space of opers, Op; = Spec @ Xgpecc Op] is the space of opers over
the field @ = C((a)), and Op} is another copy of the same space, whose elements are however
described in terms of the coordinate s = t — a. The analogous statement for the algebra Us



is the content of Lemmas and whose precise formulation is a little more sophisticated
since it involves taking suitable completions.

In their study of the spherical case [13], Frenkel and Gaitsgory describe the endomorphism
ring of what they call a Weyl module of §. Let V* be the irreducible finite-dimensional
representation of highest weight A and consider it as a representation of the positive part
g7 = g®c C|[[t]] ® CC of the affine Lie algebra by letting C' act by —1/2 and g ®c tC[[t]] by
zero. The induced module of g, denoted by V{‘, is called the Weyl module of weight A\. The
Weyl modules have been recognised as the fundamental objects in the category of spherical
modules, that is, those continuous representations of U; on which the action of g ®c CJ[[t]]
integrates to an action of G(C[[t]]). An important step in understanding the category of
spherical modules is the determination of the endomorphism rings of the Weyl modules.
These rings have been shown [13] to admit a very nice description in terms of the geometry
of Op]. We now briefly recall the precise statement.

The unramified opers, that is, those that are trivial as G -connections, are parametrised
by an ind-subscheme Op}" of Op]. The reduced subscheme of Op{" can be shown to decompose
as the disjoint union of certain schemes Opy, indexed by the dominant integral weights X. The
opers parametrised by Opi\ can be characterised in terms of the behaviour of the corresponding
connection around the singularity ¢ = 0, see Lemma The connection between the Weyl
modules V4 and the schemes Op7 is provided by [I3], where the authors show that, for every
)\, the Feigin-Frenkel isomorphism induces an isomorphism Funct(Op?) ~ End(V?}).

This result generalises to our setting in the following way. Given two irreducible, finite-
dimensional representations V* and V# of g, we construct, by analogy to the 1-singularity
case, a corresponding Weyl module V;"“ by inducing the representation VA@V* (see Definition
for details). We also define a corresponding space of opers Opg"“ as follows. By base
change from C to (), we obtain subschemes Opg\ = Spec ) XspecC Opi‘ of Op; and Opk =
Spec Q Xgpecc Opy of Op? respectively, where as before we consider the elements of Op} as
functions of the variable s = ¢t — a. Thanks to the second isomorphism in Equation ,
we may then consider the product Opg\ x Opt as a subscheme of Opj|,z0: the schematic
closure of Opg\ x Op# inside Opj is by definition the scheme Opé\’“ . By construction, Opg’“
parametrises connections that behave like elements of Opi\ around ¢t = 0, and like elements
of Op} around ¢ = a (at least when a # 0). In the case of s[(2), we extend the main result of
[13] to this context as follows:

Theorem (see Theorem . The action of Z(Us) on V;"“ and the isomorphism Fy of the
previous theorem induce an isomorphism

Ga : Funct(Op)y*) = End(V)*).

To prove this result we use the factorisation properties of these objects, i.e., we again
study what happens by specialising to ¢ = 0 and localising to @ # 0. The factorisation
properties of Vé\’“ are discussed in Lemma The restriction Opg’“ la0 is isomorphic to
Op; Xspec @ OpY by construction. Finally, the restriction Opé\’“ la=0 is both more interesting
and more delicate to understand: in Theorem 2.14] we show that

opy*la=o~ [  Opf

[u=A<v<A+p
v=A+u mod 2



where the union on the right hand side is parametrised by the set of weights, now natural
numbers, appearing in the decomposition of the g-module V* @ V#. While some of the
ingredients in the proof of this isomorphism apply to general Lie algebras g, we make use of
the hypergeometric series to construct some specific elements of Opg"” la=0(C) (see Section
, which restricts some of our arguments to the case g = sls.

In [11], Frenkel and Gaitsgory use their results on the endomorphism rings of the Weyl
modules to prove that the category of spherical representations is equivalent to the category
of sheaves over the space of unramified opers. A similar result is expected to hold in our
generality, and indeed some of the ingredients of [I1], such as the notion of semi-infinite
cohomology, generalise well to our context. We plan to further investigate this problem in
the future.

It is also expected that these results should hold for arbitrary quasi-simple groups G. Most
of our constructions are given at this level of generality, and many of our results are either
easy to extend to this broader context, or are already proved in the correct generality. To go
forward in this direction, we believe the most difficult problem would be to extend Theorem
Indeed, we think one should obtain this result as a consequence of a generalisation of
Theorem while in our approach we used Theorem as an intermediate step in the
proof of Theorem [6.4 We have also been informed by D. Gaitsgory that a completely different
approach to these questions is currently being developed by S. Raskin.

In this paper, we avoid the use of vertex algebras, which play a prominent role in the
proof of the Feigin-Frenkel Theorem. In fact, we construct explicit generators of the centre
of the enveloping algebra UQ, namely, the Sugawara operators Sék). We think that, as in the
case of one singularity, an appropriate use of vertex algebras (or a suitable version thereof)
should simplify some of the computations in Section 4, and possibly lead to an extension of
some of our results to general simple Lie algebras. Promising results in this direction have
recently been obtained by L. Casarin.

The paper is organised as follows. In Section [1| we discuss some basic algebraic construc-
tions, including in particular a basis {u,,v,} for the Laurent series in two variables (see
equation ) which is technically important in the whole paper. In Section [2| we study the
space of 2-opers: we introduce the scheme Opg"” in a somewhat utilitarian way, construct
several explicit elements of Opg"“ (C) by means of the classical hypergeometric series, and
prove Theorem [2.14] In Section [3| we describe the affine Lie algebra gs and its completion.
We also study the factorisation properties of U, (Lemmas and and introduce some
filtrations of this algebra. In Section [ we introduce our version of the Sugawara operators, we
prove that they are central (Proposition , and we show that they topologically generate
the center of Us (Theorem 4.15). In Section |5 we identify the centre of U, as the ring of

functions of the space of 2-opers, and in Section |§| we study the Weyl modules Vg"“ , proving
Theorem [6.1] The last Section contains an index of notations and definitions.

Acknowledgements. We thank L. Casarin and T. Gaibisso for pointing out corrections to
a previous version of the paper.



1 Algebraic preliminaries

In our study of functions on the punctured disc we will need to consider several closely related
rings, which we will also need to equip with suitable topologies.

In the case of one singularity we consider the ring C[[¢]] and its quotient field C((¢)). We
equip CI[t]] and C((t)) with the topology induced by the ideal (¢) (namely, the ideals (t") of
C[[t]] form a fundamental system of neighbourhoods of the origin).

In order to deal with the case of two singularities, we introduce the ring A = C[[a]] and its
fraction field @ = C((a)). We think the variable a as being a parameter, and use a separate
variable ¢ as a coordinate around the origin of the (formal) disc. We consider functions that
have poles in 0 and in a, and we also set s =t — a. Here a “function” is considered to be a
formal Laurent series. The relevant rings for the case of two singularities are slightly more
complicated, and will be introduced in Section In the next few sections we focus on the
the ring of formal Laurent series in two variables.

1.1 Formal Laurent series

We consider the rings Q[[t]], Q[[s]] endowed with the topologies induced by the ideals () and
(s), respectively. We consider similar topologies on Q((t)) and Q((s)). We denote by Ks
the ring of formal Laurent series in two variables, that is, Ko = C[[t, s]|[£]. We equip the
rings C[[t, s]] and Ks with the topology induced by the ideal (¢s), and we consider them as
A-algebras, where a = ¢ — 5. We now introduce two A-bases of C[[t, s]][£] that turn out to

be computationally handy: for every integer n we set
Up = t"s", v, = t"s" ! (1.1)

and

T, =t"s", oy, =" (1.2)
We also consider the subring Ry of K5 given by the A-span of the elements u,, v, for n € Z,
or equivalently the A-span of the elements x,,y,. The following proposition is easy to prove.

Proposition 1.1. The elements uy, v, for n < —1 form an A-basis of Ky/C|[t,s]]. More
generally, the elements up, vy, forn < m—1 form an A-basis of Ko /unCl[t, s]], and form > 1
the elements wup, v, with 0 < n < m —1 are an A-basis of C|[t, s]]/(um). In particular, the
ring Ro is dense in Ks.

Our main tool to deal with these rings will be the expansion and specialisation maps that
we now define. We have natural inclusions

Cllt, sl QI < (1)),

and similar ones with respect to the variable s. Since a is invertible in Q((¢)), the inclusion
CI[t, s]] € Q((t)) extends to an inclusion C[[t, s]][a™!] € Q((t)). Moreover, both ¢ and s are
invertible in Q((t)), thus the inclusion C[[t, s]][a™!] C Q((t)) further extends to an injective
map
Ey: Ksla™'] — Q((1)),

which we call the expansion map with respect to the variable £. The same construction yields
an injective ring homomorphism Fj : Ks[a™!] — Q((s)), and both E; and Ey are Q-linear.
Finally, we define

E: Il — Q((1) x Q((s))



as the product of F; and F,;. The ring Ko [ail] is an integral domain, so E cannot be an
isomorphism; however, it is not far from being one, as the following lemma shows.

Lemma 1.2. The morphism E is continuous and injective, and its image is dense in Q((t)) x
Q((s)). Moreover, the restriction of E to Re[a™!] has dense image as well.

Proof. Notice that E(t"s") = (t"«, s"3), where «, 3 are invertible elements of Q[[t]] and Q[[s]]
respectively. This easily implies that E is continuous. We now prove that it is injective with
dense image. As 1 = (t — s)/a, the ideals (s) and (t) are relatively prime in C[[t, s]][a™}],
hence we obtain

Cllt,slla™"] L Cllt,sflla™"] | Cllt:sllla”] Q] , QLlsll

X

() (™) (s") () (s")
We thus get a dense embedding

la™ ~ lim [[t]] Q[[SH ~ % Olls
e} - i S < gy (A DAY = 11 1,

and upon inverting ¢ts on both sides we obtain a dense embedding Kz[a™!] — Q((t)) x Q((s)).
Notice that inverting ts = t(t —a) in Q([[t]] is equivalent to inverting ¢, and similarly for Q[[s]].
The first claim follows since this embedding agrees with E. To prove the claim about Rs[a™!]
notice that, by Proposition I 1.1} this ring is dense in Ks[a™!]. O

Throughout the paper we will also need to study the special situation in which ¢ and
s coincide, that is, when a = 0. We denote by Sp any map that specialises a to zero: for
example, there are natural maps

- C
fla) = f(0)

and
Sp: Ky — C((t)

flts) = f(t,t);
the latter also restricts to Sp : C[[t, s]] — C[[t]]. The following is easy to check:

Lemma 1.3. The map Sp induces isomorphisms between Ko /(t —s) and C((t)), and between
Cllt, sll/(t = s) and CI[t]].
1.2 Residues

By analogy to the case of the classical residue Res : C((t)) — C, that takes f(¢) to the
coefficient of t~! in f(¢), we introduce the following maps:

Res; : Q((t)) — @ coefficient of ¢~
Ress : Q((s)) — @ coefficient of s~

Res;s : Q((1) x Q((s)) — @ Resy s(f,9) = Resy(f) + Ress(g)
Resy : Ko — @ Resa(f) = Resy (E(f))

The basic properties of these maps are discussed in the following lemma, whose proof is
straightforward.



Lemma 1.4. The following hold:

a) Rest, Resg, Res; s, Resy are continuous maps with respect to the natural topologies on the
source and the discrete topology on Q;

b) Resi, Resg, Resy s are Q-linear and Resy is A-linear;
c¢) the image of Ress is contained in A;
d) Sp(Ress f) = ResSp(f);

e) for all i,j we have

i _ i it i+l
Reso t's <<—j—1>+( ) o)) :

In particular, for all i >0 and j < 0 we have Resyt's! = (_ji_l) ™It and for all § =0
and i < 0 we have Resy t's? = (ﬂ{l) (—a)™I+L. Furthermore, Resytis! =0 if i +j < —2.

Moreover, the bases u,, v, and z,,y, are dual to each other with respect to Ress, in the
sense that we have

Resa(up, - Tm) = Resg(tun, - Y=m—1) = dnm
0.

0
Resa(vn - T—m—1) = Snm Resa(vn - Ym)

As a consequence we obtain that, for all f € K5, we have
f(t,s) = Reso(fun)y—n-1 + Resa(fvn)z_n_1. (1.3)
nez

A similar formula is obtained by exchanging the role of {u,,v,} with that of {z,,y,}.

Remark 1.5. For all n we have u, = n(yn,—1 + v,—1) and v}, = (2n + 1)u,, — nav,_1. Using
the formulas in Lemma this implies in particular
Reso (umul,) = 2n6pm, —n, Reso(vmul,) = —andm, —n,

Resa (yYmus,) = andpy, —n, Reso (v v),) = (2n 4+ 1)0m, —1-n + a2n5m,,n.

1.3 Formal neighbourhood of two graphs in the formal disc

In this section we give an explicit description of the formal neighbourhood of two graphs
in the formal disc. We will use this in Section to get an algebraic representation of the
space of 2-opers. Let D = Spec C|[[¢]] be the formal disc. Let R be an A-algebra and define
X = Spec R % D by i(f(t)) = f(a) € R for all f(t) € C[[t]]. Inside the product X x D we
consider the union I' of the two graphs I'y,I'g of the morphisms 9 and z +— 0. The formal
neighbourhood Dy, of I' in X x ID is then given by the spectrum of the ring

iy B&cCll] o B®cCl] _ . Rit]
R '_l% (t(t —a))" 97 (t(t —a))" 97 (tt —a))

We now give an alternative description of this ring. We define R//t, s// to be the subring
of R[[t, s]] given by those elements f =3, .-, fijt's’ with the following property: for every i

7



there are only finitely many j for which f;; # 0, and symmetrically for every j there are only
finitely many 7 for which f;; # 0. Similarly to the notation introduced in Section for the
ring K>, we define elements wu,,, v, of R//t,s//[1] as in formula (L.I)).
R/t s/
(t—s—a)
% defined by t +— t,s — t — a and any series divisible by ¢t"s™ to zero. This map is well
defined by the definition of R//t,s// and we get an homomorphism 7' — R[2]. We now prove
that this is an isomorphism. We begin with the following lemma:

Consider the quotient T := . For every n > 0 there is a natural map T —

Lemma 1.6. Let R and T be as in the discussion above. For every n = 0, the elements
{ug, vg | 0 < k< n—1} form an R-basis of the quotient T'/(uy,). Their images in ((tli[([lt)]i)n

also form of an R-basis of the latter.

Proof. The map T — % is clearly surjective and factors via 7'/(u,). Hence it suffices
to show that the images in T'/(uy) of the elements wuy, vy are R-linearly independent and
generate T'/(u,) over R. To check linear independence it suffices to notice that ug, vy, map to
monic polynomials in ¢ whose degrees are all different and less than 2n. The fact that they
generate follows immediately by induction on n. O

The fact that 7' — R[2] is an isomorphism now follows easily: its kernel is trivial (because
it is given by the intersection of the ideals (u,), which is clearly (0)), and it is surjective
because T' is complete with respect to the topology generated by the ideals (u,) (hence T
contains any series of the form ), -, spuy + spvp, with sg, s € R).

Remark 1.7. This argument shows in particular that the elements of T can be represented
(in a unique way) as series ) ;- skug + s,k with sg, s € R.

In Section [2| we will also consider the ring R(2) := R[2][},1] and its quotients by its
R[2]-submodules (ts)"R[2]. A similar proof shows that, for a fixed integer n, the set {u, vi }
k € Z,k <n—1} forms an R-basis of this quotient. Notice moreover that this description

(together with Proposition [1.1)) implies that in the case R = A we have isomorphisms
A2l ~C[[t,s]], A(2) ~ Ka.
Similarly to what we did in Section we now study the two special cases a = 0 and
a € R*. As in that case, we have expansion and specialisation maps

E:R(2) — Ra((t) x Ra((s))  Sp: R(2) — —((1)).

The following proposition is easy to show by arguments similar to those used in Section [1.1
Proposition 1.8. The following hold:

o Ifa =0 in R, then the specialisation map Sp induces isomorphisms R[2] ~ R[[t]] and
R(2) =~ R((t))-

o [faisinvertible in R, then the expansion map induces isomorphisms R[2] ~ R][t]]x R[[s]]
and R(2) ~ R((t)) x R((s)).

The derivative with respect to ¢ naturally induces canonical R-linear derivations on the

rings R[2] and R(2). We will denote both these derivations by f — Of or by f + f. Similar

derivations can also be defined on the rings R, ((t)), R/(a), Ra((s)). Notice that the expansion
and specialisation maps commute with these derivations.



1.4 Checking isomorphisms generically and along the diagonal

Our strategy to prove many of the results in this paper is to study the situation ‘outside of
the diagonal’ (i.e. when a is invertible) and along it (a = 0). The next lemma allows us to
obtain global information from these two special cases:

Lemma 1.9. Let M, N be two A-modules and o : M — N be a morphism of A-modules.
Then

a) if M is flat and @, : M[a='] — N[a™'] is injective, then o is injective.

b) if N is flat, o, : M[a™'] — Nla™!] is surjective, and p : M/aM — N/aN s injective,
then ¢ is surjective.

In particular, if M and N are flat, ¢, : M[a™] — Nla~!] is an isomorphism, and @ :
M/aM — N/aN is injective, then ¢ is an isomorphism.

Proof. a) As M is flat, we can consider it as a submodule of M[a~!]. The injectivity of
@ : M — N then follows immediately from the assumption on ¢,.

b) By flatness we can again consider N as a submodule of N[a™!]. Let y € N. As ¢,
is surjective, there exists n > 0 and x € M such that y = ¢p(x/a™), or equivalently
a™y = p(z). We prove that y is in the image of ¢ by induction on n. For n = 0 there is
nothing to prove. If n > 0 then »(Z) = 0, where 7 is the image of = in M/aM. Since P is
injective, we have T = 0, or equivalently z = az’ for some 2’ € M. As N is flat we deduce

a"ly = ¢(2'), and we conclude by induction.

O]

2 Opers

We start by recalling the definition of an oper, due to Beilinson and Drinfeld [I], in the more
usual case of one singularity. We follow [9, Part I]. Let G be the simple, simply connected
complex algebraic group with Lie algebra g, so that G is a group of adjoint type (with
Lie algebra g”). The opers we are interested in are particular equivalence classes of G-
connections on the formal punctured disc. We fix a local coordinate ¢ for the formal disc and
let R be a C-algebra. We consider R-families of connections on the punctured disc of the
form

d
=4 M
V=M,

where M € gl ® R((t)). There is a natural action of the loop group of G* on the set of
connections: identifying a connection with the corresponding matrix M, for H € G*(R((t)))
we set

H-M:=Ady(M)—-HH™L. (2.1)
To define the class of opers we fix a maximal torus 7" of G and a Borel subgroup B containing
T, and let t C b C g~ be the corresponding Lie algebras. We also fix root vectors e, € g~.
The set of connections for which M is of the form

p+C, withCeb@R((t) andpe Y e oR((1)" (2.2)

« simple

is stable under the action of the loop group B(R((t))).



Definition 2.1. An oper over a C-algebra R is a B(R((t)))-equivalence class of connections
with matrix M of the form (2.2). We denote by Op] the functor from the category of C-
algebras to the category of sets which assigns to a C-algebra R the set of opers over R.

When g = g& = sly, so that G = PSL,, the space of opers has a simple description.
Namely, up to B(R((t)))-equivalence, every oper can be represented as

d 0 f

=+ (1 0) (2.3)
for a certain (unique) f € R((t)). We may therefore think of PSLg-opers as elements of
R((t)). In particular, the functor Opj is representable by the ind-scheme

Op] = hg SpecCle; : i > —N],

N—o0

where c¢; corresponds to the coefficient of t. We denote the scheme SpecCle; : i > —N]| by
(Op7)>—n. We will also need the following variants, where it will be important to keep track
of the name of the variable: as functors,

Opf: Q—alg — Set Op;: Q—alg — Set

R o R@)’ R o R((s) (2.4)

These functors are clearly representable by the ind-schemes

Op: = OpT X Spec C Spec@ and Op: = Opi X SpecC Spec Q.
The coordinates on Opj, respectively Op?, will be denoted by cgt), respectively cgs). We will
also use the notations (Op;)>_n, (Op:)>_n with the obvious meaning.

2.1 The functor Op;

We now consider a generalisation of the construction in the previous paragraph, based on the
idea of building a factorisation space of opers Op; (see for example the PhD thesis of the
first author of this paper [5, Section 3.5]). In the special case G = PSLy and n = 2 we are
interested in, we give an explicit description of this space and of the associated (ind-)scheme.

Asin Section fix an affine test scheme X = Spec R and a map X Y, D; equivalently, R
is a C[[a]]-algebra. We consider implicitly that we have a second map X — D, that we take to
be the trivial map carrying all of X to 0 € D. We now consider meromorphic connections on
D, parametrised by X, allowing for singularities in 0 (considered as the graph of the constant
map) and along the graph of ¢. To give an algebraic description of these connections, we
write them in the form 4 + M, where M € Mataxo(R(2)) and R(2) is as in Section The
action of the group PSL(2, R(2)) on the set of connections written in this form is still given
by formula , where H denotes the canonical derivation on the ring R(2) introduced at
the end of Section

Definition 2.2. A 2-oper is a B(R(2))-conjugacy class of connections % + M where M is of
the form
p+C, withCeb® R(2) and p € Z e_q R(2)".

« simple
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As in the case of one singularity, one shows without difficulty that every 2-oper has a
unique representative of the form (2.3)), where f is now an element of R(2).

Remark 2.3. In the fundamental case X = D % D, the graph of v is a subscheme of
D x D, where the two discs have two very different roles: the latter is the space on which
the connection is defined (and in particular the derivation % in the formula above is with
respect to the variable of this disc), while the former is a space of parameters. To avoid
confusion, we identify the two discs with Spec C[[a]] and Spec C|[t]] respectively. Notice that
this is consistent with the notation employed in Section [1.3] where a denotes the pullback
of the coordinate on ID to the scheme X. For this reason, we consider X as a scheme over

Spec C[[a]].
Based on the above discussion, we define the functor
Op;: A—alg— Set by Op3(R)=R(2). (2.5)

By what we have explained in Section this functor is represented by an ind-scheme:
indeed, it is the limit of the functors

(Op3)._n (R) = R[2],
each of which is represented by
Spec Ala;, b; : i = —NJ, (2.6)

where a; corresponds to the coefficient of u; and b; to the coefficient of v; (see Section .
Notice that we have Op3(A) ~ C[[t, s]][%] and Op}(C) = Op3(C) ~ C((t)), where C is given

ts
the structure of an A-algebra by sending a to 0. Finally, we remark that the geometric

analogue of Proposition [1.§] immediately yields the following:

Proposition 2.4. The following hold:

1. Let Op3 |qa—0 be the subfunctor of Op3 given by Opj Xgpec 4 Spec C. The map

Op;3 la=0(R) > f — Sp(f) € Opi(R)

is an isomorphism between Op3 |,—o and Opi. For all integers N, this isomorphism
restricts to an isomorphism between the two schemes (Op3)s_n|a=0 and (Op])>_an.

2. Let Opj |a0 be the subfunctor of Ops given by Op3 Xspec 4 Spec Q. The map
Op3 lazo(R) 2 f = (Eu(f), Es(f)) € Op;(R) x Op;(R)

is an isomorphism between Opj|,20 and Opj Xspecq Op;. For all integers N, this
isomorphism restricts to an isomorphism between the two schemes (Op3)>—_nlazo and

(Opy)>—N Xspec@ (OP5)>—n-

We denote by Sp : Op3 |o=0 — Op] and E : Opj |a20 —> OD; Xspec@ Ops the two iso-
morphisms described in the previous proposition. We denote also by Sp, respectively F, the
restriction of these isomorphisms to isomorphisms between (Op3)s_n|a=0 and (Op])>_an,

11



respectively between (Op3)>—nla=0 (OP})>—~N Xspec@ (Ops)>—n. We will need some in-
formation on these isomorphisms that we will obtain using the coordinates a;, b;, ¢;, cgt), cgt)
introduced above. In the formulas below we write a;, b; also for the restrictions of these func-
tions to the closed subscheme a = 0 or to its open complement. Denoting by E* and Sp* the

pullback maps on coordinate rings, we have
Spf(cai) = @i, SpH(cai1) = bi (2.7)

and

g i —n . Z—l—l —n
Ef(c) =" (n_i>(—a)2 a+ Y. <n_i>(—a)2 +p,

(2.8)

n . n—1 .
? 2 — 4 2i—n+1
Bi(cl)) = Z (n_z,)a a; + Z <n—z’— 1>a ity
i=—00 i=—00
Setting a; = b; = 0 for ¢ < —N, the same formulas also describe an isomorphism between the
coordinate rings of (Op;)>—n~ Xspec@ (OPs)>—n and (Op3)>—_n|ax0. Finally, these isomorph-
isms are homogeneous if the variables are graded as follows.

@) ()

Definition 2.5. We assign degree ¢+2 to the variables ¢;”, ¢;”” and ¢;, degree —1 to a, degree

2i 4+ 2 to a;, and degree 2¢ + 3 to b;. With this choice, the above equations are homogeneous.

2.2 Functions and derivations on opers

In this section we discuss some technical aspects of the definition of the space of regular
functions on an ind-scheme, with a focus on our cases of interest Op] and Op;. We also spell
out the topological structure of these spaces of functions, and describe how the vector fields
on the punctured disc act on them.

Let S be a ring and X = lim X,, be the inductive limit of the affine S-schemes X,,.
We denote by Functg(X) = Funct(X) the S-algebra of regular functions on X, that is,
Homg (X, Spec S[t]). This is the projective limit of the coordinate rings of the schemes X,,.
If S — S’ is a ring homomorphism, it is not true in general that Funct(Spec S’ Xgpec s X) =
S’ ®g Funct(S) (this may fail even when S — S’ is a localisation). A similar problem arises
for the product of two ind-schemes. In our situation this will not cause any real issues, but
it forces us to include some topological clarifications. The construction of Funct(X) as a
projective limit endows it with a natural topology, where we consider all the coordinate rings
of the schemes X,, to be equipped with the discrete topology. In order to discuss products
we will also need the tensor product topology. Recall that the tensor product X ® Y of
two topological vector spaces X,Y is naturally equipped with the topology for which the
neighbourhoods of zero are of the form U ® Y + X ® V|, where U and V are neighbourhoods
of zero in X and Y respectively.

In our setting, the relevant spaces of regular functions have very simple descriptions: for
example, one has

Funct(Op3) ={f € A[[...,b_1,a0,b0,a1,...]] : for all N € Z, the series f(...,0,an,bn,...)
obtained by specialising a; and b; to 0 for i < N is a polynomial},

and similarly for the other spaces of opers. In particular Funct(Op3) is torsion-free, hence
flat over C[[a]].

12



Let now Y =limY, and let ¢ : Y — X be a morphism of ind-schemes, obtained as a
limit of morphisms of schemes ¢, : Y,, — X,,. The map ¢ induces a natural continuous map
©f : Funct(X) — Funct(Y), obtained by precomposition. For example, the isomorphism of
ind-schemes Sp : Op3 |,—0 — Op] of Propositioninduces by pullback an isomorphism Spf :
Funct(Op}) — Funct(Op} |4=0). The map Sp : Funct(Op3) — Funct(Op]) is defined as
the composition of the restriction map from Funct(Op3) to Funct(Opj |a—o) with (Spf)~!. We
similarly define an expansion map &€ as the composition of the inclusion of Funct(Op3)[a~!] in
Funct(Op} |40) With the isomorphism (E~1)* : Funct(Op} |o20) — Funct(Op} Xspecg OPE)
induced by the second part of Proposition

It is easy to check that the specialisation map Sp is surjective, that it induces an iso-
morphism between Funct(Op3)/a Funct(Op3) and Funct(Op]), and that the natural topology
on Funct(Op]) agrees with quotient topology.

The expansion map € : Funct(Op})[a™!] — Funct(Op; xspec Op%) is injective and
has dense image. There are thus two natural topologies on Funct(Op3)[a~!]: the topo-
logy induced by Funct(Op; Xspecq Opj;) through the map &, and the topology for which
the neighbourhoods of zero are given by U,[a"!], where U, is a neighbourhood of zero in
Funct(Op3). One may check that these two topologies coincide. Finally, the multiplication
map Funct(Op;) ®q Funct(Op;) — Funct(Op; Xspec@ Opjs) is injective and has dense im-
age. The topology induced on Funct(Op;) ®¢g Funct(Op}) by this embedding can be shown
to agree with the tensor product topology.

2.2.1 Action of the vector fields of the punctured disc

The action of the vector fields of the formal disc on Funct(Op]) extends to the case of two
singularities without changes.

Definition 2.6. We denote by Drv; the Lie algebra C((¢))0 of continuous vector fields on
the punctured disc with the usual bracket [ud, vd] = (uv’ —v'u)d. The action of the group of
automorphisms of the formal disc determines an action of the algebra tC[[t]]0 on Funct(Op7).
This action extends to all of Drvy, and is given explicitly by the formula (see for example
formula (3.5-11) in [6])

(ua-F)(f):—de[Queruf'—éu‘], (2.9)

where f € Op](C), F € Funct(Op]), and u € C((¢)). We similarly denote by Drvs the Lie
algebra K20, where 0 is the only continuous A-linear derivation of Ky such that 0t = ds =1,
introduced at the end of Section We define an action of Drvy on Funct(Op3) by the same
formula.

These definitions have obvious analogues in the case of Op;, Op}, and their product.

We have an expansion map F : Drvg — Drvy X Drv, given by E(ud) = (E¢(u)d, Es(u)0)
and a specialisation map Sp : Drvg — Drvy given by Sp(ud) = Sp(u)d. These are homo-
morphisms of Lie algebras since £ and Sp commute with the derivations. Moreover, for all
F in Funct(Op3) and ud € Drvy we have

E(ud - F)=E(ud)-E(F) Sp(ud - F) = Sp(ud) - Sp(F).
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We will use some concrete information about this action. Recall from Section [L.3] that
{u;,y;} (defined as in Equation (1.2)) is a topological R-basis of R(2), for any A-algebra R.
We denote by «y, 8; the coordinates with respect to this basis, so that «; = a; — ab; and
Bi; = b;. The following lemma is then easy to obtain by a direct computation.

Lemma 2.7. The action of Drvy on the variables «y, B; is given by the following formulas,
where m is any integer:

1. upmOa; = —(2i +2m+1)Bi—m +a(m + i + 1)ai—m41
—m(m —1)(2m — 1)ad; m—2 — %m(m —1)(m — 2)a5; ;3.

2. um0fi = —2(m+i+1)—mi1 — (m+i+1)aBi—mi1
+2m(m — 1)(2m — 1)8; n—2 + m(m — 1)(m — 2)a8; ;3.

3. vmOa; = =2(m + i+ Daim + (m+i+1Dafim — (m+i+ 1a*qi_mi1
+ %m(m —1)(m —2)a*8; 3 + ;m(m —1)(2m — 1)a?6; m—2
+m(2m — 1)(2m + 1)6; m—1

4. vn0Bi = —2m+2i+3)Bi—m + (m+i+1)ac;—mi1

—m(m —1)(2m — 1)ad; m—2 — %m(m —1)(m —2)a5; m_3.

2.3 Unramified opers and the scheme Op}

Following Frenkel and Gaitsgory [7, Section 6.12] we recall, focusing on the special case of
Gl = PSL,, the definition and some elementary properties of the scheme of unramified opers
and of the schemes Op7. Let OpY" be the subfunctor of Op; which corresponds to unramified
opers: for every C-algebra R the set Op}"(R) consists of those f € R((t)) for which there
exists H € PSLy(R((t))) such that

(? g) =—HH ' (2.10)

One can prove [7, Sect. 6.12] that Op}" is an ind-subscheme of Opj which is not reduced.
In this paper we are interested in its reduced version, that we denote by Opllnt’reg. This is a
countable union of subschemes of (Op7)>_2 which can be described functorially as follows: if
R is a C algebra such that Spec R is connected, then

Op""™8(R) = {f = g cit' € Opi(R) : c_2 € C and there exists H(t) € PSLa(R((t)))
i>—2
such that equation [2.10]is satisfied}.

If f is an unramified oper as in the definition above, the coefficient c_o turns out to be of the
2
form Ay = )\T + % for some A € N. For such a A we define

Op(R) ={f = Z cit e Opilnt’reg(R) cc_g = Az} . (2.11)

1>—2
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Notice that this scheme is denoted by Op™™& in [I3]. With this definition we have Op}™"*® =
Llren OP?. Notice that Opj is a smooth subscheme of the scheme (Op})s_s. The following
lemma is a particular case of [I3] Lemma 1], formulated in terms of coordinates; its proof for
PSLs is elementary.

Lemma 2.8. Let A€ N and let f =3, _,cit" be an element of R((t)).

a) If c_.o = Ay, then f E Opy(R) if and only if there exists a solution of the equation
i = fy of the form t~2¢(t), with ¢(t) € R[[t]] and ¢(0) = 1.

b) If c_o = Ay, then f € Op(R) if and only if there exists 1 € R[[t] such that

Ay
=%

A .

- ;w + ¢2 + .

¢) If c_y € C, then f € Op™"™(R) if and only if there exists H € SLy(R((t'/2))) such
that equation (2.10)) is satisfied;

d) If R = C and f defines a meromorphic function in a neighbourhood of 0, then f €

Opilnt’reg((C) if and only if the monodromy of the equation i = fy around 0 is equal to

+1d.

We can now obtain an equation for Op; as a subscheme of (Op})ss. Writing f =
D> 2Ci t and ¢ = > k>0 Ypt® for a generic element of R[[t]], by part b) of Lemma [2.8
we see that f belongs to Op;(R) if and only if c_y = A, and the following system in the
variables vy, ..., ¥ _1 admits a solution in R:

(

c_1= =My
co =g — (A= 1)ty
c1 = 2¢oth1 — (A = 2)1o

=Y ity — (A= 1— ks

i+j=k (2.12)

Cr—2 = Z Yiy; — a1

i+j=A—2

Cr—1 = Z P,

itj=A—1

Expressing the 1; with ¢ < A recursively from the first A equations we can rewrite the last
equation in the form
Ca—1 = P)\(Cfl’ s 70)\—2) :

It is easy to see that, if we assign degree i + 2 to the variable ¢; as in Definition the
polynomial Py is homogeneous of degree A + 1 indeed, all the equations in (2.12)) become
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homogeneous if we give weight i + 1 to the variable ;. Hence Opy C (Op})s_o is defined by

the equations

9=A

27 A (2.13)
cax-1 = Pa(c1,...,ex2)

We now make a remark on the structure of these equations.

Lemma 2.9. Fach monomial of total degree X + 1 in the variables c_1,...,cx_o appears in
Py, with nonzero coefficient.

Proof. If we set v; = —¢; we see that the system ([2.12)) is equivalent to

o = *7-1
Y1 = * Y + * 70
o = x Y1 + * 71

Yhp1 =% Y Witk +

i+j=k

Yat =% > ithj+* s

i+j=A—2

0=x Z Yij + -1

i+i=A

where each * denotes a strictly positive coefficient. The statement follows by an easy induc-
tion. O

The equation describing Opi‘ shows in particular that this scheme is smooth. We now
describe its tangent space without using these equations.

Lemma 2.10. Let R be a C-algebra and let Re] be the ring of dual numbers over R. Let f be
an element of Op}(R) and let H € SLo(R((tY/?))) be such that H = —FH, where F = ((1) g)

Given g € R((t)), the element f + eg belongs to Opy(Re]) if and only if g € t~'R][[t]] and

0

-1 g

ReS(H -<0 0> H) =0,

where the residue of a matriz is defined as the matrix of the residues of its entries.

Proof. The necessity of the condition g € t~'R[[t] is clear from the inclusion Op;(R) C
Axt=2? +tLR][t]]. For the second condition we consider the system

o 0 f+eg
e (075w,
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We know that this system has a solution W € SLo(R[e]((t'/?))) if and only if f 4 eg is in
Op7 (R[e]). Writing W = U + £V, the system is equivalent to

U=-FU and V=-FV-— <8 g) U, (2.14)

while the condition det(W) = 1 translates to detU = 1 and Tr(U~'V) = 0. By changing
coordinates we can assume U = H. Set V = HX. The second equation in (2.14) is then

equivalent to
i /(0 ¢
X=-H" H
(o 8

while Tr(U~1V) = 0 becomes Tr(X) = 0. The solubility of these equations is equivalent to
the condition in the statement, since a formal power series can be formally integrated if and
only if its residue vanishes. O

2.4 The scheme Op)*

Let A, 4 be natural numbers. We now define a subscheme Opé\’“ for the case of two singular
points, which is the analogue of the subscheme Op{‘ of the previous section. By Proposition
we have an isomorphism

Op3 laz0 = Op; Xspec@ OPs,
and the right hand side contains the subscheme Opg\ Xspec @ OPY, where
Op;' = Spec Q Xspecc Opy C Op;
and Opt is defined similarly.

Definition 2.11. We define Opé\’“ as the schematic closure of the image of Opt)‘ Xspec @ OPY
in Op3.

Notice that, since Opi\, Op/ are contained in (Op})=_2, we also have that Op;’“ is a closed
subscheme of (Op3)>_2. By definition, if R is a Q-algebra, then

0Py lazo(R) = {f € (ts)*R[2] : Eo(f) € Op}(R) and Es(f) € Opk(R)} .
This implies that if R is an A-algebra and a is not a zero divisor in R then
Opy*(R) = {f € (ts)"*R[2] : Ei(f) € Op{(R4) and Es(f) € Opli(Ra)} - (2.15)

By definition, the subscheme Op Xspec o OPY of (Op})>_2 Xspecq (Op)>_2 is smooth and
irreducible, and is given by the equations

c\q = A(c(f)l, e CE\QQ), C\lq = u(c(fi, e CLSEQ), (2.17)

where (Opj)>—_2 = Spec Q[cgt),i > —2] and (Op})>_2 = Spec Q[cgs),i > —2|, and cgt) (resp.
()

¢;”) is the coefficient of ¢* (resp. s'). These equations are written with respect to the natural

17



coordinates on Op; and Op};. However, the coordinates we have chosen for Opj are the
coefficients a;, b; with respect to the basis u;,v;. To obtain the equations defining Opé\’“ a0
we thus need to use the change of coordinates afforded by (2.8). In particular, equations

(2.16) translate into

a_g=a’A, and b_y=a(A,—A)). (2.18)
Let now
P\ = Ef (cs\tll - PA(c(_t?l, e ,cE\?Q)) , P,=FE (cl(fll - Pu(c@l, e cﬁlﬁ) .

These are polynomials in the variables a;, b;, and by equation we see that they only
involve the variables a_o,b_9,...,a,-1,b,—1, where v = max{\, u}. Furthermore, these poly-
nomials have coefficients in C[ail], and are homogeneous of degrees respectively A 4+ 1 and
w+ 1.

Recall that the coordinate ring of (Op3)>_2|axo is Q[as, b; : i > —2]. The ideal " c
Qlas, b; : i > —2] generated by Py, ]5#, and a_s — a®A,, b2 — a(A, — A)) (corresponding to
the equations (2.18))) defines Opg"“ lazo inside (Op3)>_2]az0. The ideal I)* is prime (since
Op; and Op* are irreducible and smooth), and its intersection I™* with Ala;, b; : i > —2] is
the ideal defining Op)* in (Op})s_o.

The scheme (Op3)=>_2 is defined not only over Cl[a]], but also over Cla]. We claim that
Opé\’“ is also defined over C[a]. As noticed above, the generators of I)* have coefficients
in Cla*!]. The claim then follows from the following lemma, where we take S to be the
coordinate ring of (Op3)>_2 (seen as a scheme over Clal]), and J to be the ideal defining
Opé\’” as a subscheme of (Op3)>_a|azo (itself considered as a scheme over Cla*1]).

Lemma 2.12. Let S be a flat Cla]-algebra and let S = S ®clq] Clla]]. By flatness we have

;? - S Cﬁa and S C SaAC S”a, LAet J be an ideal of S, and let J be its extension to S‘a, Let
I'=JnS and I =5NJ. Then I = I ®cyq C[[a]].

Proof. We notice first that I = J NS, hence if f € S and af € I then f € I. Let H =
I ®¢(q) Cl[a]], that is the extension of I in S. We have H C I, and we only need to prove the
other inclusion.

We first claim that if f is in S and af isin H, then f € H. Indeed, let af = ) fi¢; with
fi,--os fn € I and {; € Cl[[a]] ®c[q) S. Write £; = g; + ah; with g; € S and h; € S. Hence

af =g+ ah

where g = S gifi € I and h = Y. h;f; € H. Hence g € I C S is divisible by a (in S, hence
also in S), and by the remark at the beginning of this proof we have ¢’ = g/a € I. Hence
f=¢ +hisin H as claimed.

We can now prove the inclusion I CcH. Let fe IcJ: by definition, there exists m > 0
such that ™ f € H, and by what just noticed we get f € H. O

2.5 The hypergeometric case

In this section we study a particular class of elements of Opé"“ (A). We consider f of the form

f=bt"24cs 2+ dt s ! with b, ¢,d € C. From equation :2.18; we immediately get that, if
f is an element of Opy™(A) of this form, then

A A B-A,—-A
f:CLZAMU,2+CL(AM—A)\)U72+BU71 = 7)‘4_7“4_#

2 2 ” (2.19)
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for some B € C. If we set y = t—»/25 /2, then the equation jj = fy is equivalent to
Ht— )@ — (A + 1)t — a\)é + (A — Bl =0, (2:20)

which is the hypergeometric equation with singularities in 0, a,c0. Assume that A < p and
that B = A, with v = A+ pu — 25 for some j = 0,1,...,A: we will use equation and
Lemma a) to show that for these values of B the element f introduced above belongs to
Opé\’“ (A). In fact, these are the only values of B for which f is an element of Opg"“ (A): this
can be checked directly, but will also become clear from the results of the next sections. To
rewrite the equation in a more traditional form, we make the change of variables t = aw and
set

vV—p—A , “A—p—-—v—2
a=t"t=2o . p=t SjeA—p—1,  y=-h.
2 2
Equation (2.20)) then becomes
w(w = 1) + ((a+ B+ Dw — )i+ afp =0, (2:21)

with Riemann scheme given by

0 1 00
0 0 o
14 A 14+p B

A solution of the hypergeometric equation with exponent 0 near 0 can be written explicitly
in terms of the hypergeometric series [3, §2.1.1]. Usually one assumes that 7 is not in Z,
but the hypergeometric series also makes sense if v is in Z<p, provided that « is an integer
with v < a < 0, which is exactly our situation. In particular, the polynomial

— (@ n(B)n w"
= 52 I

where (), =z(x+1)---(z +n — 1), is a solution of (2.21) of exponent 0 near 0. Set

0= a3 O
n=0 n

~y n!

and y = t~2s7#/2p(t). Notice that s */%p(t) tends to 1 as t — 0, s0 y ~ M2 as t — 0.
In addition, y is a solution of § = fy in the ring Q[[t]], so by Lemma a) we have that
Ei(f) € Op(Q). A similar argument shows that E(f) € Op#(Q), hence f € Opg"”(A). We
summarise the discussion of the previous paragraphs in the following lemma:

Lemma 2.13. Let A < p be natural numbers and let v = X+ p — 2§ for some j =0,...,\.
Then the set Opé’“(A) is monempty, since it contains in particular the element f given in
Equation [2.19) (with B = A, ). This element satisfies Sp(f) = A,t~2.
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2.6 The restriction to the diagonal of Opg"“

We now study the scheme Opé\’“ la=0. Recall from Proposition that we have an isomorph-
ism Sp between Ops |4—¢ and Opj. In this section we identify Opy™* |,=¢ with a subscheme of
Opj using this isomorphism, and prove the following result.

Theorem 2.14. Let A\, o be natural numbers. Then we have an equality of schemes

Op;\’“ |a:0 = H Op? :
[p=A<v<A+p
v=A+p mod 2

To show this theorem we will first prove that the set of C-points of the two schemes are
equal, and then prove that the scheme on the left hand side is smooth and reduced. From
this we will deduce that the scheme structures coincide as well. Without loss of generality,
we will assume A < p.

Before delving into the details of the proof we recall that the equations which define Opg"“
in (Op3)>—_2 involve only the variables a_s,b_s, ..., b,_1, hence, by (2.7), the equations which
define Opg"“ la=0 in (Opy)>—_4 involve only the variables c_4, ..., c2,—1. Moreover, shows
that c_3 = c_4 = 0, so we may consider Opé’“ la=0 as a subscheme of (Op])>_a2.

2.6.1 The equation for c_o

In this section we describe a particular equation in the ideal defining the scheme Opg"“ la=0-
This equation will be a polynomial in the variable c_o. Recall that from Equation in
Opé\’“ we have a_g = aQA“ and b_p = a(A, — A)): we will consider these values as fixed, and
regard the other equations as polynomials in the variables a;, b; for ¢ > —1.

Definition 2.15. By equation ([2.8)), for every n > —2 the polynomial Ef(a""‘ch)) in the
variables a;, b; has coefficients in A (recall that we consider a_s = a?A, and b_y = a(A, — A))
as fixed). By the homogeneity of Py we get

Qx = aMPy € Alag, by i > —1] and r=8p(Qx) €Cle; i > 2] .

In particular, Q) is an element of I**, and fy is an element in the ideal defining the scheme
A
Op27u ’a:()-

Lemma 2.16. Let A\, u be arbitrary natural numbers. Then the only variable involved in the
polynomial fy is c_o. The degree of fr is A+ 1, and the coefficient of cigl does not depend
on .

Proof. We want to compute the part of the polynomial @y which has degree zero in the
variable a. By equations (2.8)), for every n > —1 we have

sueia ) = (7)o () et an s () eares,

and the first statement follows since c_o is the only variable involved in the above equality.
By homogeneity, it is clear that the degree of f) is at most A + 1. To show that the degree is
precisely A 4+ 1 we need to prove that the coefficient of af{l is nonzero in the polynomial Q.
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Notice that this monomial appears only in the expansion of (c(_t)l)AH, whose coefficient in Py
is nonzero by Lemma By the formula above (with n = —1), the coefficient of ci}rl in fy
is (—1)M1, multiplied by the coefficient of (c(f)l)/\Jrl in — Py (which is clearly independent of

). O

From now on, since fy depends only on c_9, we will denote it by fy(c_2).

Lemma 2.17. Assume A < pu. The A+1 roots of fr(c—2) are c_o = A, px—2; fori=0,... A,
and these numbers are all distinct.

Proof. For each i = 0,..., A\, Lemma provides an element of Opé\’“(A) that is sent to
A,ﬁ,\_zit*Q under the specialisation map A — C. As f\ must vanish on each of these

specialisations, this shows that A, )_9; is a root of fy for each i = 0,..., A\. Moreover, these
A + 1 values are all distinct, since A, = A,/ if and only if v + v/ = —2. It follows that this is
a complete list of the roots of fy. O

2.6.2 The C-points and C[e]-points of Opé\’“ la=0

We now turn to the determination of the complex points and of the tangent spaces of
Op)™* |a—o. By definition, the set Opy™ [4—o(C) is equal to Op)*(C), where C is considered
as a C[[a]]-algebra with the trivial action of a. It will be useful to recall that Opé\’“ is defined
over Clal], and we may also consider C as a C[a]-algebra where a acts trivially. The projection
Cla] — C which sends a to 0 induces a map

Opy™(Cla]) — Opy*(C) C (Op})>—2(C),

which is simply the restriction of Sp to Opg"” (Cla]). This map has a right inverse, given by
the natural injection of C in Clal, hence in particular it is surjective.

Lemma 2.18. Let A < p be natural numbers. Then
Opy" [a=0(C) € Op™"*(C) .

Proof. By surjectivity of the map Op)™*(Cla]) — Op3™*(C) = Opy* |a=o(C), it is enough to
prove that if f € Opy*(Cla]) then Sp(f) € Op™™*&(C). Recall that the equations defining
Opé\’“ involve only the variables a_s, ..., b,_1, while the equations defining Opg"“ la=0 involve
only the variables c_a,...,co,—1.

Let f = > .~ o(aju; + bjv;) be an element of Opé"“(@[a]) and let fi, be the truncation
> —ocicu—1(aitti + biv;). Then fi is still an element of Opé"“(@[a]) (because the coefficients
a;,b; with ¢ > p do not intervene in the equations defining Opg’” ), and similarly Sp(f) is
in Opg"“ la=0(C) if and only Sp(fi;) is. Hence we can assume that f is a finite C[a]-linear
combination of the elements u_»,...,v,—1, hence in particular f € ﬁ@[t, s].

We consider f as a meromorphic function in the variables t and a = t — s. For every fixed
value of a € C, the function f has poles only in £ = 0 and ¢t = a, and these poles are of order
at most two (this also holds for a = 0 by equations ) Moreover, by Lemma we
see that for a # 0 the monodromy around 0 of the system © = ((1) g ) v is equal to +Id, and
the same holds for the monodromy around a. In particular, if we fix a € C with |a| < 1/2
and consider the monodromy around the circle |¢t| = 1, this is also equal to +Id. Since the
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monodromy varies continuously, also the monodromy for a = 0 around this circle is + Id.
Finally, since also for a = 0 the function f has a pole of order at most two, we deduce that
Sp(f) € Op™™*4(C). O

We now make some comments on the proof of the previous lemma. Assume f is a Laurent
polynomial in ¢,s as in the lemma and set F' = ((1) g) Then the discussion above proves
that any local solution of v + F'v = 0 extends to a meromorphic function on the plane, with
possible poles along t = 0 and ¢t = a. In particular, there exists a PSLo-valued holomorphic
function H(t,a), defined for t # 0, a, such that for each fixed value of a the function H(-,a)
satisfies H H~' = —F. We use this remark to prove the following lemma.

Lemma 2.19. Let A < p be natural numbers and let Cle] be the ring of dual numbers. We
have _
Opy™* |azo(Cle]) C OP™"8(Ce])

Proof. We will use Lemma Let fo+€go € Opg"”((C[s]) C Opi(Cle]) = C[e]((t)). First
we show that go € ¢t 'C[[t]]. Indeed from the inclusion Opg"“ la=0 C (Op})=—_2 it follows that
go € t72C[[t]]. By Definition the polynomial fy(c2) is in the ideal defining Op)™* |4—o, so
we know that fy(c_2(fo +€g0)) = 0. By Lemma the polynomial fy(c_2) has complex
coefficients and no repeated roots. This implies that c_a(fo + €g0) = c—2(fo) + ec—2(go) lies
in C, hence that c_2(go) = 0. Since c_2(go) is precisely the coefficient of =2 in gg, we have
go € t71C[[t] as claimed.

We now check the second condition of Lemma [2.10] We will argue similarly to the proof
of Lemma [2.18 as in the proof of that lemma, to show the desired inclusion it is enough to
prove that the image of the specialisation map

Sp : Opy™ (Cla][e]) — Op3(Cle])

is contained in Op:"""*®(Cle]), and again we may assume that all coordinates a;,b; are zero
. A, . A,

for i > p. Let h € Opy*(Cla][e]), hence h = f + g with f € Opy*(Cla]), and 'let F=("% g)

and H be as in the discussion that precedes the lemma (in particular, we have HH ! = —F).

Since a is not a zero divisor in Cla][e] C C[[a]][¢], by Equation we have that E;(h) is in
Op;(Qe]) and E4(h) is in Op*(Q[e]). By Lemma this implies

Res; (Et(Hl (8 g) H)) =0 and Res, (ES(Hl (8 g) H)> -

Since all our functions are meromorphic, we may rewrite these conditions as

Reso (H ™! (8 g) H) = Res, (H! (8 g) H) =0

for all @ # 0. Since 0 and a are the only singularities of this function, for sufficiently small
values of a € C the sum of the above residues is computed by the Cauchy integral around a
fixed circle centred at 0. By continuity, this integral is zero also for a = 0. By Lemma [2.18
Sp(f) belongs to Op™™8(C) = Ll,eny OPT(C), hence it belongs to Op{(C) for some v. By
Lemma the conditions checked above imply Sp(f + eg) € OpY(Cle]) € Op™™*&(C[e]),
which is what we wanted to show. O
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2.6.3 Proof of Theorem [2.14]
Combining Lemmas [2.17] and we obtain
—o(C)c [ o). (2.22)

[u=A<v<M+p
v=A+p mod 2

A?
Opy*

To prove that equality holds in this inclusion we check that the “dimension” of the two
varieties are the same. To do this, we recall the following lemma in commutative algebra (see
[16, Lemma 00QK]): if S is an integral C|[a]]-algebra of finite type, and S/aS is not the zero
ring, then

dim S/aS = dim S,,

and moreover every irreducible component of S/aS has the same dimension. We cannot apply
this lemma directly, because the scheme Opg"“ is not of finite type over C[[a]]. However, as
already pointed out several times, the equations defining this variety involve only a finite
number of variables, so we will be able to easily reduce to the finitely-generated situation.

Assume A < p and let v = A+ p — 25 with j = 0,..., A so that, as already noticed, OpY}
and Opg"“ la=0 intersect nontrivially by the discussion in Section

Choose N larger than A + u. Let X be the intersection of Opy* with the subscheme of
(Op3)>—2 = Spec(Ala;, b; : © = —2]) given by a; = b; = 0 for ¢ > N. Similarly define Y and
Z" as the subschemes of Op;’“ a=0 and Op! defined by ¢; = 0 for all ¢ > 2N. Notice in
particular that ¥ = X Xgpec 4 Spec C. We already noticed that

Opé\’“ = X Xgpec 4 Spec Ala;, b; : i > N]
and similarly

A?
Opy*

a=0 = Y XgpeccSpecClc; : i = 2N] and Opf = Z”XgpeccSpec Cle; 1 1 > 2N] . (2.23)

To show that equality holds in it suffices to prove that for every v the (irreducible)
scheme Z" is a connected component of Y. Notice that Y and Z" are schemes of finite
type over A. Let Y’ be a connected component of Y which intersects Z”. By Lemma
and Equation we know that Y/(C) C Z¥(C). Now notice that the dimension of Z" is
2N = 2(N +2) — 4 (four equations in 2(/N + 2) variables), and similarly also X Xgpec 4 Spec @
has dimension 2N. By [16, Lemma 00QK], recalled above, we have that Y’ (which is a union
of irreducible components of X xgpec 4 Spec C) also has dimension 2/N. As Z¥ is irreducible
we deduce Y'(C) = Z¥(C), hence in particular the reduced subscheme of Y’ agrees with the
(smooth) scheme Z”. By Lemma we have that the tangent space to Y at every point
y € Y(C) is contained in the tangent space to Z” at y: as Z" is smooth, we deduce Y/ = Z%,
proving our claim. ]

3 Lie algebras

In this section we introduce some variants in our context of the classical affine algebra and of
its enveloping algebra. We give our definitions starting from a general simple C-Lie algebra
g, even though we will mostly be interested in the case g = sls.
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3.1 Lie algebras and enveloping algebras

Let S be an integral commutative C-algebra, and let R be a commutative S-algebra equipped
with an S-linear derivation f +— 0f = f’ and a residue map Resg : R — S, i.e., an S-linear
map such that Resg(f’) =0 for all f € R. The affine Lie algebra corresponding to g and R
is a central extension of R ®¢ g by a 1-dimensional factor S - Cg,

gr=9®@c R® S - Cr, (3.1)
with non-trivial bracket defined by

[z f,yg] = [z,y] fg + Resr(f' ) k(z,y) Cr,

where z,y € g, f,g € R, and k(x,y) is the Killing form of g. By definition, gg is a Lie algebra
over S. The enveloping algebra of gr will be taken over the ring S and will be denoted by
Ugr. The derivative 9 gives an action of the S-Lie algebra Drvg := RO on gr by S-derivations
as follows

(fa)(:vg):xfg' (fa)hCRZO fOI'f,gGR,hES,l’Gg.

This induces a corresponding action by derivations on the enveloping algebra Ug.

We will be interested in particular cases of this construction for which the ring has some
further properties that it is perhaps convenient to introduce in a uniform way. We assume
that R is a free S-algebra, with a countable S-basis Br = {7~} er indexed by I' = ﬁZ (in
our applications we will have kg = 1 or 2). For v € T, let Ig(v) be the S-span of the set
{r; i >~} and assume that the following conditions hold (notice the asymmetry between Z
and I' in condition 12):

I1: Ir(0) is an S-subalgebra of R
12: Ir(n)-Ig(y) C Ir(n+y) foralln € Z and vy € I’

I3: Resg Ir(0) =0 and 0Ir(0) C Ir(0), and for all v € I', 0Igr(y) C Ir(y —1).
Assumptions I1 and I3 imply that the S-Lie submodule of gr given by
95 = 0®c Ir(0) ® SCr (3.2)
is a Lie sub-algebra of g called the positive part of gg.

We denote by R the completion of R with respect to the topology defined by the S-
submodules Ig(7y), and let Ir(y) be the completion of Ig(y). Every element of R can be
written as a series 272 Nyer $yTy for some N € T'.

Condition I3 also implies that Resg is continuous with respect to the topology on R
defined by the submodules Ir(7y) and the discrete topology on S, and that 9 is continuous
with respect to the topology defined by the submodules Ir(y). We also denote by Resr and
0 their unique continuous extensions to R.

The topology on R induces a topology on Ug as follows. For n > 0 let Jr(n) be the left
Ug-ideal generated by g ®c Ir(n). We consider the following completion of the enveloping
algebra Ug:

Ugr = lim Jg&) (3.3)

where the limit is taken in the category of Ug-modules, and we denote by Jp(n) the closure
of Jr(n) in Ugr. We now recall that Upg has a natural structure of associative algebra.
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Lemma 3.1. For every x € Ur and every n € N there exists N € N such that y - x € Jr(n)
for ally € Jp(N).

Proof. The statement is clearly linear, hence it suffices to check it for a set of S-generators of
Ugr. We can therefore assume that z = C’f%xl -+ T, Where z; = a; f; with a; € g and f; € R.
As Cpr is central and Jr(n) is a left ideal, we can further reduce to the case j = 0. Similarly,
we can also assume that y is of the form y = bg, with g € Ig(N) and b € g. We need to prove
that for N large enough we then have y -z € Jr(n).

We prove the claim by induction on m. If m = 0 the claim is trivial. Let m > 0 and let d
be such that f; € Ig(d) for for i = 1,...,m. By the induction hypothesis, there exists M > n
such that for all z = ch with h € Ir(M) and ¢ € g we have

Z-Ti Ty € Jr(n)
foralli=2,---,m. Choose N = M + |d| + kr. Then for i =1,...,n we have
zi = [y, z;] = [bg, ai fi] = [b, ailgfi + Res(g' fi)r(b, a;)Cr = cih;
with h; € Ir(M) and ¢; € g (notice that ¢'f; € Ir(N + |d| — kr) C I(0), so it has trivial
residue). Hence
Y T =T Y+ 21 T T+ T1 20 T3 T+ + X1 Tned - Zm

belongs to Jr(n) since this is true for every summand. To see that this last statement holds,
recall that Jg(n) is a left ideal and that we have:

e y € Jr(n), because y € Jr(N) and N > n;

® 2iTit1- Ty € Jr(n), because z; = ¢;h; with h; € Ig(M), and by definition M is such
that h; € [R(M) = (Cihi)$i+1 Xy € JR(n);

® Iy Tm—12m € Jr(n), because z,, itself is in Jr(M), hence in Jr(n).
O

This allows us to endow Up with the structure of an associative algebra as follows. Let
Pns @n be two sequences of elements of Ug that converge to elements p,q € Ug. For every n,
denote by Py, @ the classes of py,q, in Ur/Jr(n). By the previous lemma, there exists N
such that for all h, k > N

PN - qN =ph - qr mod Jr(n);

furthermore, the class of pj, - ¢z mod Jr(n) is independent of the choice of the elements pp,, g
lifting Py, @, and pygn is a convergent sequence in Ug. We may therefore define the product
of p and ¢ as the limit of the sequence pyqn.
Our main goal is to study the center of the algebra Ug at the critical level, that is, the
algebra B
A U
(e —UR
(Cr+3)
We denote by Jz(n) the image of Jr(n) in Ug(n), and by Zg the center of Ug.
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Remark 3.2. In some of our constructions it would be more natural, or more usual, to
consider the Lie algebra gz and then construct ﬁR as the completion of Uz with respect to
the left ideals generated by g ®c I Ir(n). However, our real obJectS of interest are the algebra
Ug and its quotient U r, and we have isomorphisms U ~ Ug and U5 = Up. We prefer to
work with the Lie algebra gr because we can then use the classical form of the Poincaré-
Birkhoff-Witt theorem, which applies to Lie algebras that are free as modules over their base
ring.

3.2 Filtrations on the completed enveloping algebra

In this section we define two different filtrations on the algebra Ug, one coming from the usual
Poincaré-Birkhoff-Witt grading, the other induced by a suitable total ordering of the basis
elements of gr. Let {J*}, be a C-basis of g. We denote by B(gr) = {J“"y}a,y U{CRr} the
induced S-basis of the affine Lie algebra gr. Suppose now that the basis J of g is totally
ordered. We order the elements of B(gr) as follows: we let Cr < J%r, for all v and «, and

J, < JPrs
if vy <dorify =90 and a < . Given elements x1,...,x, € B(gr), we say that z1---z,
is an ordered monomial if x; < zj4q for i = 1,...,m — 1. We denote by B(Ugr) the set of

ordered monomials. As gg is free over S, the Poincaré-Birkhoff-Witt theorem implies that
the set B(Ug) is an S-basis of Ur. Notice that UR is a free algebra over S[CRg], with basis
given by the set B(ﬁ r) of ordered monomials z; - T where each z; is different from Cg.
We denote by x1 - - -z, and B (U r) also their images in UR We now introduce some filtrations
on UR and U R

For an ordered monomial C%xy - -, in B(Ug) (or in B(Ug)), where x; = J¥ry,, we
define

deg(Chz1 - xn) =n and Jdeg(Crxy - xn) = (Y1, -,7m) € T™

We define a filtration of Ug by setting Ux" to be the S[Cg]-span of the ordered monomials
z € B(Ug) with deg(z) < n. We call this filiration the PBW filtration, although it is
slightly different from the standard one (note that we assign degree 0 to the central element
Cr). Similarly we define UE" as the closure of the S-span of the elements 2 € B(Ug) with
deg(z) < n, or equivalently, as the closure of the image of U <™ in Up.

In order to define the second filtration and discuss some of its basic properties we need
to introduce some notation for sequences of elements of I'. We begin by ordering the non-
decreasing sequences of elements of I' with respect to the reverse lexicographic order. More
precisely, if v =, < ... <7 and § = J, < ... < I are two non-decreasing sequences in I,
we say that v > ¢ if there exists 0 < h < m,n such that the following conditions both hold:

® 71 =01, Y2 =202,...,7 = Op;
e cither h =n < m, or h < min{n, m} and Y41 > Op41.

We also define the degree of a non-decreasing sequence v = v, < ... < 71 as deg(y) = m,
and the concatenation 7 - of v and § as the sequence obtained from 7, ..., 71,0n,...,01
by reordering the elements in non-decreasing order. We record the following trivial remark
about properties of this ordering:
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Lemma 3.3. Let v,d,e be three non-decreasing sequences of elements of T'. We have deg(~ -
0) = deg(y) + deg(d), and, if § > €, then v-§ = v - = ~. Moreover, given a non-decreasing
sequence 7y of degree m, any non-empty subset of {§ = 0y, < ... < 91 : 0 < v} has a unique
mazimal element.

We now construct a second filtration by generalising the definition of Jr(n).

Definition 3.4. Given a non-decreasing sequence v = v, < ... < 71, we set

J"() = (z € B(UR) : deg(x) < m and Jdeg(x) > 7)s + U™ (3.4)
<m :

€
IR = (z € B(Ug) : deg(x) and Jdeg(z) > ~)s +Ux™ ",

and we define J5""(v) (respectively J5™[7]) as the closure of the image of J5"(v) (respectively
J5™)) in Ugr. To denote these spaces we will use also the notation TS ™ (Tops - 3T )
J5™ [Py« - - s 1], and similarly for their completions.

Let B(jém(fy)) be the union of the set of ordered monomials x € B(Ug) such that deg(z) <
m — 1 with the set of ordered monomials = € B(Ug) such that Jdeg(z) >~ and deg(z) < m.
Define B (jém[fy]) similarly. These sets are bases respectively of J5"(v) and J3™[] as S[Cg]-
modules, and topological bases respectively of j;m('y) and jém[v] as S-modules. More
explicitly, any element of Ug can be written uniquely as a series

> sb, (3.5)

bEB(UR)

such that each s; is in S, and for every n € N the set {b : Jdeg(b) < n,s, # 0} is finite.
Similarly, any element in J<™(y)g (resp. J<"[y]g) can be written uniquely as a series as
above, with b € B(J5™(v)) (resp. B(J5™(7))). We now use this description of the elements
of Ug as series to deduce some properties of this algebra.

Lemma 3.5. The following hold:

a) If S is an integral domain then Ur is a torsion-free S-module. In particular, if S is a
principal ideal domain, then Ug is a flat S-module;

b) The submodule Jr(n) is a direct summand of Ur as an S-module. In particular,
for every f € S we have Jr(n) N fUr = fJr(n). Similar statements hold for the
submodules J3™(v) and J5"[v);

¢) If S is an integral domain and f € S is nonzero, then JrM)[f ) N Ur = Jr(n).
Similar statements hold for the submodules J5™(v) and J5™[y];

d) The classes of ordered monomials x € B(Ug) with Jdeg(z) = a form an S-basis of the
quotient T3 (v)/ 5™ Y]

Proof. Parts a) and d) are clear from the description of the elements of Ugr as series. To
prove b), notice that a complement of jﬁm('y) as an S-module is given by the elements as in
equation such that s, =0 for all b € B(jém(v)) A complement in the other two cases
can be described in a similar way. Part c¢) follows from b). O
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For an element y € Ur we define the J-degree and the leading term of y as follows. Choose
m minimal such that y € U5"™. Then

Yy = Z fm(CR).CU—FU,

zeB(URr)
deg(z)=m

with u € U™ (or u =0 if m = 0) and f,(Cr) € S[Cg]. Let v € I'™ be the minimum of
the finite set {Jdeg(z) : deg(x) = m, f, # 0}. We set

<m
UR

deg(y) =m,  Jdeg(y)=~, lt(y) = > Jo(Cr)e € 2y
R

zeB(UR) : Jdeg(z)=v

The same definition also makes sense for y € U R, provided that y € U Em for some m, with the
only difference that the coefficients f, are in the ring S (notice that, thanks to the description
of elements of Ug as series, we know that the set {Jdeg(z) : f, # 0} has a minimum). We
consider the leading term of y € Ug (resp. of y € |, (Afém) as an element of the commutative

graded ring

Uz™ - Gr(U
Gr(Ugr) = @ # (resp. Gr(Ugr) = (C’R(—i-Rl)) )
R 2

Continuing with the notation above we also remark that, for every y € Uém, the images of y
and 1t(y) in jﬁm(’y)/jém[fy] coincide.

The following lemma contains some elementary observations about the interaction between
the product in Ug and the submodules jfzm(’y) It will be used repeatedly in Section

Lemma 3.6. Assume S is an integral domain.

a) if v,y € U,, ﬁém then Jdeg(z - y) = Jdeg(x) - Jdeg(y) and lt(x - y) = lt(x) - 1t(y). In
particular, if x,y # 0 then Jdeg(z - y) > Jdeg(x), with equality only if y € S;

) JE70) - JRN) C T 8) and JET9) - 58 € T -8
c) let y2 < 1 be elements inT'. Ify € j§1[71], then for every x € U;l we have x -y €
J5%[v2,m).-

Proof. The ring Gr(ﬁR) is a commutative polynomial algebra with coefficients in the integral
domain S and generators the variables J%r,. Part a) is then trivially true when x,y are
monomials; it also holds for general x,y by Lemma Parts b) and c) follow immediately
from part a). O

3.3 Examples: g1, g2, 0s, 0¢; Ots

We now specialise the previous construction to the concrete cases we are interested in.

e U;. We choose S = C, R = C[t*'] with the usual derivation, and Resg = Res to be the
coefficient of t~1. The topology is given by choosing B; = {t"}, so that R = C((t)). We
denote by g the corresponding affine Lie algebra. Similarly, U; and U1 will stand for
the corresponding universal enveloping algebra and its completion with respect to the
submodules Ji(n) at the critical level.
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e U,. This algebra is constructed in a similar way to U1, with the field of complex numbers
replaced by Q. In this case we use the notations g¢, Uy, Uy, Cy with their obvious meaning.

e U,. The construction is identical to Uy, but we denote the variable by s instead of .

e U, We choose S = Q, R = Ry = Q[t*!] x Q[s™'] with the derivation given by
A(f(t),g(s)) = (f'(t),d'(s)), and let Resp = Res; + Res; be the sum of the one-variable
residue maps. The basis B = {r,} is indexed by the half-integers, so that kr = 2 and

rn=s" forneZ and r,=t" forn¢Z.

Notice that elements of R should more precisely be represented as pairs: for example,
by s" we mean the pair (0,s"), and by ™ we mean (t™,0). In particular, s = (0,1)

and t° = (1,0) are two distinct elements of R. The completed ring in this case is
R =Q((t)) x Q((s)). We notice that we have an isomorphism g s ~ &, and
Q(Ct - Cs)
that for all n € %N we have
Toa(m) = Ze®@Ss(ln+ 5)) + () €@ Uy
b Co1-1®Cy) '
In particular, for all n € %N we have an isomorphism
0, 0, 0
— o~ Qg ——— (3.6)

Jes(n) — Ji(ln]) T Ju(ln+5))

This implies that we have a natural injective homomorphism of (J-algebras with dense
image
Ut ®Q US — Ut75 .

We will implicitly use this map to identify elements in U, ®q U, with their images in
Uy s

e Uy. We choose S = A, and we take R to be the subalgebra Ry of K5 spanned (over
A) by the elements u,, v, (see Section [L.I). The derivation d is the unique A-linear
derivation such that 9t = ds = 1, and Res = Ress. As S-basis of R we take the set
B = {un,v,}, indexed by the half-integers as follows:

Tn=up, forn€Z and r,=uvy, for n ¢ Z.
The completed ring in this case is R = K».

Each of these choices determines a collection of objects that will be denoted by the cor-
responding subscript. For example, for the first example in the list we have the ideals I (n)
and their completions I7(n), the central element C1, the enveloping algebra U; with filtration
Ji(n), the quotient at the critical level Uy, the bases B(g1) and B(U), and so on. We use
similar notations for each of the other choices above.
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3.4 Specialisation and expansion

Let (S, R) and (S’, R") be two pairs as in the beginning of Section Let : S — S' be a
ring homomorphism and ¢ : R — R’ be a morphism of S-algebras, where R’ is considered as
an S-algebra via ¢. If ¢ commutes with the derivation and residue maps of R, R/, we get an
induced S-linear map of Lie algebras between gr and g/, and also a morphism at the level of
universal enveloping algebras. All these morphisms will be denoted by ¢. If, moreover, there
exists £ > 0 such that ¢(Ir(n)) C Ir/(¢n) for all n, then ¢ also induces a map between the
associated completions.

An example of this construction is the specialisation map Sp discussed in Section In
particular, from the results of that section we immediately deduce that the specialisation map
induces an isomorphism

o/ ado ~ 1.
We prove a similar result for the the enveloping algebra.
Lemma 3.7. For all n € Z we have
a) Sp(un) = t2" and Sp(v,) = t2"+1;

b) for all x,y € B(g2) with x <y we have Sp(z) < Sp(y). In particular, the image of an
ordered monomial is an ordered monomial, and Sp(B(Uz2)) = B(Uy);

¢) Sp(Ja(n)) = Ji(2n) and Sp~'(J1(2n)) = als + Ja(n).

In particular, Sp : Ug — Ul is well-defined and induces an isomorphism Ug/aUQ ~ Ul. The
natural topology on Uy coincides with the quotient topology induced by Sp.

Proof. Parts a) and b) are trivial. Part c¢) and the last statement follow from a), b) and the
description of elements of Us, U; as series. O

We now consider the case of the expansion map F : Ko — K; x K, where K; = Q((t))
and Ks = Q((s)). The map E commutes with the residue and derivation maps. However,
since E'(Ry) is not contained in Ry s, we cannot directly apply the observation at the beginning
of this paragraph to obtain a map from U to Uy s as we did for the specialisation map. On
the other hand, we can use Remark to directly construct a map E : Uy — UA'tys. Indeed,
one can easily check that E(Iy(n)) is contained in I 4(n); since Ry and Uy s are complete,
this implies that E induces maps

E: g —>Q§t5 and E:UQ—>ﬁt7S.

By Lemma [I.2] the map at the level of Lie algebras is injective and has dense image. We now
study the induced map between the enveloping algebras at the critical level.

Lemma 3.8. For all n € Z we have

a) E(uy) = (—a)™" + a"s" mod I; s(n + 1), hence in particular for all e € g we have
Jdeg(E(euy)) = Jdeg(eu,) = n and t(E(eu,)) = ea”s";

b) E(vy) = (—a)"™ " + a"s"* mod I s(n + 3/2), hence in particular for all e € g we
have Jdeg(E(evy,)) = Jdeg(evn) =n+ 3 and It(E(evy,)) = e (—a)"T1t";
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¢) E(y,) = a""s™ mod I s(n + 1);
d) If x € Us™ for some m, then deg(E(x)) = deg(x) and Jdeg(E(x)) = Jdeg(x).

Proof. The first three statements follow from a straightforward computation. We prove d).

Denote by 7‘7(12), respectively rr(lt’s), the bases of Ra, respectively I; s, introduced in the previous

section. Combining parts a) and b) with Lemma [3.6/a) we obtain
It (B2 gomp2)) = 2o gerplbs) . gomy(hs) (3.7)

for an appropriate choice of sign and of exponent N. Writing elements of Ufm as series, this

formula implies the statement.
O

Notice that the map E extends to a map from U [a™1] to Ut,s that we still denote by E. By
Lemma c) we see that the subspace topology induced on Us by the inclusion Uy C Us[a™!]
coincides with the natural topology of Us,.

Lemma 3.9. The map E : Us [a=1] — (Aft,s is injective with dense image. More precisely:
a) for alln € T we have E~(J4(n)) = Ja(n)[a™"] ;

b) for every non-decreasing sequence v of elements ofF of degree m, the map E induces

an isomorphism between Jy™(v)[a="]/Js™[y][a”"] and jf?(v)/ff?h],
c) for every elementn € I' the map E induces an isomorphism between Usla™]/ Jo(n)[a™ Y

and Ut s/Jt s( )

d) Us[a™] has the topology induced from Utﬁ through the map E.

Proof. Parts a) and b) of the previous lemma give the inclusion E(Ja(n)[a~']) C J; s(n). Let
now x € Us[a™'] and assume that E(x) € J;4(n). Write z = y + j, where j € Jo(n)[a""]
and y is a finite Q-linear combination of elements z in B(Us) with Jdeg(z) < n. If y # 0
then Jdeg(y) < n, hence we also have Jdeg(E(y)) < n by Lemma d), and therefore
E(y) & Jis(n). Since E(z) and E(j) are in J; 4(n) we get a contradiction. This proves a) and
implies that F is injective. It also shows that U, [a~!] has the induced topology, that is, part
d).

To prove b), notice that the monomials 2 € B(Us) such that deg(x) = m and Jdeg(z) = v
form a Q-basis of Jy™ (y)[a™"]/J <m[ Jla~!], and an analogous statement holds for the quotient

jf;”(’y)/jf;"[’y] By equation (3 , if
z=J%r@ . geme@) e B(Uy)
is such a monomial, then
E(x) = :taNJo‘lr,(y’;’s) . Jamr%’ls) mod Jf:hb['y],
proving that E induces an isomorphism Jy™(v)[a"]/J5™[y][a~Y] = JS™(y )/J<m[ ] since

it sends a basis of the former to a basis of the latter.
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We now prove c), which implies in particular that the image of E is dense. From a) we
have a natural injective map Uza~"]/Jo(n)[a] = Uys/J;.s(n), so it suffices to show that this
map is surjective. Notice that any element of Uns / jts(n) is the image of an element in Ufm
for some m, so, arguing by induction on m, it is enough to prove that E induces a surjection
between Us™[a~1]/J5™(n)[a~"] and U™/ JS™(n) for all m. Assume by contradiction that
this does not hold. By Lemma [3.3] there ex1sts a unique maximal non-decreasing sequence ~y
of elements of I' such that:

1. deg(v) = m;
2. 7 is less than or equal to n with respect to the reverse lexicographic order;

3. there exists y € Ut\sm with Jdeg(y) ~ such that y € Ugm/ng (n) is not in the image
of the map E : Us™[a"1]/J5™(n)[a™!] — t,s TS ts (n) induced by E.

However, by b) there exists 2 € Jy™ () € Us™[a"!] such that E(z) € y + jfsmh], which
contradicts the maximality of ~. O

4 The centre of the enveloping algebra U,

Our purpose in this section is to describe the centre of the enveloping algebra Us. We denote
by Z the center of Us, and by Z5™ its intersection with U;n We use a similar notation for the
various enveloping algebras constructed in Section We assume from now on that g = slo,
even though some of our constructions make sense for a general semisimple Lie algebra g. We
fix a basis J* of g and we denote by J, the dual basis with respect to the Killing form.

4.1 The centre of Ul

We recall some results on the 1-variable case of our construction. Most of the following
material is taken from [6], to which we refer for further details. The original reference is [4].

Definition 4.1 (Normal ordered product). For my, mo € Z we define

(Jo™) (JBE™2) if my < mo
(JBEm2) (Jt™) if my > mo

L (Jm)(JPEm2) = {
Definition 4.2 (1-variable Sugawara operators). For k € Z we set

Z T T tk n— 1

neZ,xa

which is a well-defined element of U;. The same formula may be used to define an element
S @) of U, and — replacing t by s — also an element S,(cs) of Us.

Theorem 4.3 (see [6, Proposition 4.3.4]). The operators S,E}) are algebraically independent,

—

and the center Zy of U is the completed polynomial algebra C[Slgl) where the completion

]kEZ’
is taken with respect to the topology generated by the ideals (S,(gl) |k >n).
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The following result is the main technical ingredient in the proof of Theorem and is
the content of the proof of [6, Proposition 4.3.4]. Notice that the submodules .J;(n) are not
invariant under the natural action of §; on Ul. On the other hand, it is straightforward to see
that Ji(n) is stable under the action of §;~ for each n > 0. Therefore, the quotient U /.J; (n)
inherits the structure of a @f—module.

Lemma 4.4. The ring

A

j1 (N) N Zi
s a polynomial algebra over C generated by S,gl) for k < 2N. The natural inclusion induces
isomorphisms

N
Z1 N Ui
JI(NYNZy  \Ji(N)

and

ot

~ 97
Z Uy
Gr —— | ~ | Gr - ,
PBW <J1(N)HZ1> ( PBWJl(N)>

where the associated graded rings are taken with respect to the PBW filtration of Section [3.3

Remark 4.5. In particular, it follows from [6, Theorem 3.4.2] that Zfl is spanned by 1 and
Zfz is spanned by 1 and the operators S,gl) for k € Z.

Remark 4.6. Tensoring with () and observing that U~ O ®c @ we obtain that a
Ji(N) J1(N)

similar statement also holds for the centers Z;, Z, (where C is replaced by @ everywhere).

In the following lemma we use the notation introduced in Definition [3.4
Lemma 4.7. The one-variable Sugawara operators S](Cl) satisfy the following congruences:
1. k= 2j even:
S =23 Tttt gt mod JE2[E, 1]
o

2. k=2j+1 odd:
StV =" Jat? I mod JEAH, 1]

Similar congruences hold for S,(:) and S,gs).

4.2 Normal ordered product for the case of two singularities

To simplify the notation we parametrise the bases u,, v, and z,, y, of Section in a
uniform way, as follows:

U, if M E€Z T, ifn€Z
Wy, = and z, = (4.1)
. 1 . 1

VUm—1/2, if m € 5+ 7Z Yn—1/2, Un € 5+7Z

With this notation we may now extend the definition of the normal ordered product to the
case of two singularities.
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Definition 4.8. For mq,mo € %Z we define

(Ja’wml)(Jmez) if m1 < Mo

(JPWy ) (T Wiy ) if Ty > Mg

: (J“wml)(Jﬁwmz) = {

Since the elements {J®wyy, }m, o are A-free, this definition extends A-linearly to the A-span of
{J“Wm }m,a- Every element of the form ew,, for e € g lies in this span, and one checks that

(e1Wi, ) (€2wWin, ) if M1 < Mo

(62w, ) (1w, ) if My > Mo

L (e1wm, ) (e2wmy ) 1= {

for arbitrary eq, es € g.

4.3 Properties of the Casimir element

In this section we collect some identities related to the Casimir element ) J*® J, € g® g
that we will use often in what follows. Since the Casimir element does not depend on the
choice of the basis J¢, for fixed f,g € Ky we have that also the sum ) (J“f)(Jag) € Us
does not depend on this choice. Moreover, it also follows that ) [J%, J,] = 0, and hence
also that Y x([J% €], Jo) = 0 for all e € g. It is also easy to check that for all e € g one has

Z[Ja, [Ja,€]] =e and Z[Jo‘,e] ® Jo + Z J*® [Ja,e] = 0.

« «

The identities in the next lemma are easily proved from the definitions by rewriting y,, as
aun + vy, and applying the properties of the Casimir element just recalled.

Lemma 4.9. For all h,k € Z and m,n € %Z we have:

(erun)(eayr) if h < k
(eayr)(erup) if h >k

{Za(‘]awn)(Jazm) ifn<m

for all e, eq € g.

o : (erup)(eayr) 1= {

. Z (S (Jazm) 1=

- Y oJazm)(J%wy) if n >m
Similarly one can prove the following relations in UQ.

Lemma 4.10. Let f,g be elements of Ky. In Uy we have Yol Jag) = —diglg ‘Resa(f'g).
In particular, by the formulas in Remark[1.5 we have

1. Y %, oty = —dimg - néy,,—p

2. 3 NI YU, Javm] = di?gna5m7_n

3. 3 T %Un, Jaym] = —%naém,_n

4. oI %n, Jovm| = —diglg ((2n +1)6m,—1-n + a2n5m7_n)
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4.4 Statement of the result and strategy of proof

In analogy with the Sugawara operators of Definition we introduce the following variant
for the algebra Us:

Definition 4.11. For k € %Z we denote by S}gz) the element of Us given by

S,(f) = Z s J%w,, JaZ,n,%wk :

nG%Z,a

We will show that these operators are central:

(2)

Proposition 4.12. For every k € %Z the element S,™ lies in the centre of Us.

We postpone the proof of this result to Section below. Having produced an abundance
of central elements, we will then show that the operators S,iz) do in fact (topologically)
generate the center of Us. We will need the following definition:

Definition 4.13. Let A[X}] be the polynomial algebra in infinitely many variables indexed
by k € %Z. We equip A[X}] with the topology for which a basis of neighbourhoods of 0 is
given by the ideals (X; ‘ i > n), and we let A[X}] be the corresponding completion.

Remark 4.14. The completion A/[X\k] can be described as follows: its elements are formal
power series f in A[[X}]] with the property that, for all n € %Z, evaluating f at X, = 0 for
all m > n yields a polynomial.

Assuming Proposition the elements S ,(CZ) are central in Us, so there is a ring morphism
¢ A Xg] — Zs sending X to 5(2). The map ¢ is continuous, hence it extends to a map

(agaln denoted ¢) from A[X k] to Za: this follows from the fact that ¢(Xy) = S,(f) belongs to
J2(L |). The following theorem is the main result of this section.

Theorem 4.15. The map ¢ : A[Xyi] — Za is an isomorphism. In particular, the operators
S]E;Q) are algebraically independent and topologically generate Zs.

Our strategy to prove Theorem may be summarised as follows. We observe that both
A[X})] and Zs have no a-torsion, hence are flat over A, so by Lemma the map ¢ is an
isomorphism if and only if the induced maps

— AXy] 7y
Pe— = —
aAlX,] 02

and -
% P AXG e = ZafaH

are isomorphisms. In Lemma we show that ¢ is an isomorphism; this follows easily
from Theorem [£.3] To prove the second isomorphism we will use the expansmn map F :
Ug[ -1 — Ut s and the fact that U, s is a suitable completion of U, @ Us. We will then be
reduced to checking a statement concerning the center of two copies of the algebra U1, which
we will again be able to reduce to the 1-variable case. This part of the proof will be carried
out in Section .8
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Lemma 4.16. The map ¢ : m/am — Zy/aZy is an isomorphism.
Proof. Observe that upon specialising a to 0 the bases wy, z, of Equation (4.1)) both become

Sp(wy) = Sp(z,) = t?*T1. It follows that for each k € %Z the Sugawara operator SIEQ) of
Definition specialises to

Sp(SliQ)) = Z : JYSp(wn)Jo Sp(z_n_%wk) :
nE%Z,a

meZ,a

which is the 1-variable Sugawara operator Sé?—&-l of Definition Now notice that we have

an obvious injection Zy/aZy < Z(Us/als) and an isomorphism Z(Us/alk) = Z(Uy) = Z;.
The composition

AXy] —— 3 Z U
M:C[Xk]gz%Z< ?)%Zl (4.2)
aA[Xg] aZs als
is an isomorphism by Theorem (notice that X}, is sent to Sp(S,(f)) = Séi)ﬂ), hence all
intermediate maps are as well, and in particular ¢ is an isomorphism as claimed. ]

We denote by 3 the image of ¢ and, for N € 7Z, we define j3.n to be the image of
A[X; 11 < 2N]. With a similar argument we also prove:

Lemma 4.17. The following hold:
a) 3N als =3NaZy = aj;
b) for N € N we have (32n + (Jo(N) N Z2)) NaZs =a(3<n + (Jo(N) N Z3)).

Proof. To prove a) notice that, if ¢(z) = au for some u € Uy, then u is central and Sp(¢(z)) =
0. Since by Theorem the composition of the morphisms in is an isomorphism, we
deduce that = ay, and since Us is torsion-free we deduce that u = ¢(y).

For b), let # = ¢(y) +j = au with y € A[X; : i < 2N], j € Jo(N)NZy and u € aZy. Then
Sp(z) = 0. Now notice that Sp(3<x) and Sp(Jo(N)) C J1(2N) have trivial intersection, hence
Sp(é(y)) = Sp(j) = 0. As in the proof of a) this implies y = az with z € A[X; : i < 2N], and
by part b) of Lemma it also implies j = ah with h € jg(N), proving the claim. O

4.5 Action of Drv, on the Sugawara operators

We now collect some information about the action of the Lie algebra Drvy on Sugawara
operators. The formulas we now derive will be necessary to prove Theorem and will also
allow us to simplify some computations in the proof of the centrality of the operators 5’22).
Recall from Section that the Lie algebra Drve acts on U and UQ. In the next lemma we

explicitly compute the action of certain elements of Drvy on Sugawara operators.

Lemma 4.18. The following hold for all k € Z:
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1. for all integers m we have

(um®)S? = 2(k — m)sfi)m_% + (k= m)aSe) L+ fulky )i + fo(k,m)0m

for some elements f1(k,m), fo(k,m) of Q[a]. In addition, for m = 0 we have fi(k,0) =
fa(k,0) =0 for all k, while for m = 2 we have f1(—1,2) = 6.

2. 98%, = 2k — )52, — alk — )57,
3 2

3. 508" = (2k — 1)S) — kaS®

_1-
2

2 2
/. saslij% = (2k - 2)51

—alk - 187, +a’(k —1)87,.

(IS

1
2

@ _ 2 2)
. t885_1/2 = =35, + 2a5_1/2.

290(2) _ (2) 2)
6. ts°0S] = =55, +2GS,1/2~
Remark 4.19. It is not too hard to show directly that fi(k,m) = m(m — 1)(2m — 1) and
fa(k,m) = 2a?m(m — 1)(m — 2) for all k,m (including m < 0). However, this would require
some additional computations, and the information provided by this lemma is enough for our
purposes. Moreover, one could obtain a complete description of the action of Drvy on the
operators S,(f) as a consequence of Theorem and Lemma ﬁ
Proof. The various cases require very similar computations, so we only give details for (1),
assuming in addition m > 1 (we will point out below what the differences are in the case
m < 0). For the purposes of this proof we find it easier to let all sums run over integer values

of n. We therefore begin by rewriting the operators S,iz) (for k € Z) so that each sum is
indexed by n € Z (subject to suitable inequalities): we have

5122): Z T Uy JolYk—n—1 + Z J Y Joug—n—1

2n<k—1,« 2n<k—2,«
I I
(4.3)
+ 5 JalYk—n—1 J Uy + § Jog—n—1 J% Uy .
2n>k—1,a 2n>k—2,a
111 v

We start by computing the action of u,,0 on the sum labelled I in Equation (4.3): we have

(Uma) Z Jaun Jaykfnfl = Z Ja(2nvn+m—1 + naun—l—m—l) Jaykfnfl

2n<k—1,a 2n<k—1
+ Y T%n o (206 = n = 1) + Dty (bn—1) + (B = 1 = D)l (r—n—1)-1) -
2n<k—1

Replacing J*Vn4m—1 JaYk—n—1 With Jpim—1 (JaVk—n—1 + Jaaug_n—1) and relabelling the
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summation index, we rewrite this as

> 2(n —m +1)J%p JaVk—(n—m+1)-1
2(n—m+1)<k—1,

+a Z 2(n —m +1)J%n JaUp—(n—m+1)—1
2(n—m+1)<k—1,a

ta Z (n—m+1)J%y JaYk—(n—m+1)-1
2(n—m+1)<k—1,a

+a Z (k—n—1)J% JaYmsk—n—2

2n<k—1,a

+ > (2k =20 — 1)U JalUny (1)

2n<k—1,«a

We similarly compute the action of u,,d on the sum labelled I7 in (4.3)) and shift indices to
find

(umd) Z J%y, JaUp—p_1 = Z (2n —2m + 1)J%uy, Jollg—(n—m)—1

2n<k—2,a 2(n—m)<k—2,c

—a Z (n—m+1)J%n Jalp—(n—m+1)-1
2(n—m+1)<k—2

+ Z Z(k' -—n—- 1)Javn Jav(k—n—1)+m—1

2n<k—2,a

+a Z (k —n—1)J%p JaU(k—n—1)4m—1-

2n<k—2,a

We now sum these two contributions, splitting each sum into a “main” (infinite) sum and a
finite “error” sum. More precisely, we include in the main term all products of a given shape
that are in a normal order, and define the error term so as to obtain an equality. For example,
we rewrite 22n<k+2m_2’a(2n =2m +1)J %y JaUp—(n—m)—1 @S

Z (2n —2m + 1)J%u, Jougsm—n—1 + Z (2n —2m + 1)J%uyp, JoUprm—n—1-
2n<k+m—1,« k+m—1<2n
2n<k+2m—2
(634
Here the infinite series includes all products of the form (2n—2m+1) J%u,, Jougtm—n—1 that
are in normal order: these are precisely those for which n < k+m—n—1, that is, 2n < k+m—1.
The same decomposition also holds for m < 0, with the only difference involving the error

term Y pim—1<2n (2n —2m + 1)J %y, JoUktm—n—1: Wwhen m < 0, this should be interpreted
2n<k+2m—2
as the opposite of the sum »_ xym—1>2n (20 — 2m + 1)J %y, JoUktm—n—1. Similar comments
2n>k+2m—2
apply to all main and error terms. Taking into account these small differences, the rest of the

proof goes through unchanged also for m < 0.
Notice that some error sums carry a negative sign: for example, we rewrite 22n< 1o (2k—
2n — 1)J %y JoUmak—n—1 as

Z (2k—2n—1)J%uy, JoUmtk—n—1— Z (2k—2n—1)J % JoUm 4 (k—n-1)
2n<k+m—1,a k—1<2n<k+m—1,«
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so that again the first sum includes all products of the form (2k — 2n — 1)J%uy, JoUmtk—n—1
that are in normal order.

Since (umd)(I) consists of 5 sums, and (u,,d)(II) consists of 4 sums, we thus obtain 9
main terms and 9 error terms. The main terms easily combine to yield

2(k —m) Z J%y JoV—(n—m+1)—1 + 2(k —m) Z J%Un, ol 4 (k—n—1)

2n<k+m—2,« 2n<k+m—1,«
+ (k‘ - m)a E J%,, Jauk_(n_m+1)_1 + (k‘ — m)a E J%u, JoYm+k—n—2-
2n<k+m—3,a 2n<k+m—2,a

We now consider (u,,0)(II1 + IV'), which involves sums analogous to those appearing
in (un0)(I 4+ II), but with the index running over the complementary set, and with every
product ordered in the opposite way. Thus (u,,d)(II1 + IV) also contributes 9 main terms,
similar to those above, but indexed by the complementary set of integers n, and with the two
factors of each summand appearing in the opposite order. It follows that the main terms in

(um)SP = (um®)(I + IT + ITT + IV) sum to

2(k —m) Z s Jy JaUmak—n—2 : +2(k —m) Z sy JoUm k1

+ (k — m)az s Sy Joumak—n—o : +(k — m)az STy JoYmak—n—2
=2(k — m)Sﬁgm_% + (k- m)aS]i?m_l.

On the other hand, each error sum in (u,,0)(I1I + IV) has the opposite sign with respect
to the corresponding error sum in (u,,0)(I 4+ II): indeed, the terms missing on one side are
over-counted on the other, and vice-versa. Thus the 18 error terms come in pairs, with each
pair comprising two sums (over the same finite set of indices) that differ only for a sign and
for the ordering of the two factors in each summand. In other words, each pair of error sums
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combines to give a sum of commutators. Explicitly, one gets

Z 2(” —-—m+ 1)[Javna Jaka(nfm%»l)fl]
k+m—2<2n<k+2m—3,a
- Z 2(k -—n—- 1)[Javn7 Jav(kfnfl)erfl]
k—2<2n<k+m—2,«
+ Z (2n —2m + 1)[Jun, JaUg—(n—m)—1]

k+m—1<2n<k+2m—2,a
- > (2k — 2n — 1)[J%up, Jalm i (h—n—1)]

k—1<2n<k+m—1,a

+a Z 2(n —m + 1)[J%n, Jatp—(n—m+1)—1] (4.4)
k+m—3<2n<k+2m—3,a

—a Z (n —m + D)[Jn, JaUk—(n—mt1)—1]
k+m—3<2n<k+2m—4,a

—a Z (k -—n—- 1)[Javna Jau(kfnfl)erfl]
k—2<2n<k+m—3,a

+a > (n —m+ D)[Jn, JaYk—(n—m+1)-1]
k+m—2<2n<k+2m—3,a

—a Z (k -—n—- 1)[=]auna Jamerkfan]

k—1<2n<k+m—2,«

To finish the proof, we notice that by the formulas in Lemmal4.10[each of the sums in Equation
(4.4) vanishes, unless the indices of the two functions involved sum to either 0 or —1. Thus,
in particular, we see that all the error terms vanish unless k +m =1 or Kk +m = 2. In all
cases, even if k =1 —m or kK = 2 — m, each of the sums in is a linear combination of
rational multiples of 1,a,a?. We have thus proven that for £ € Z and m > 1 the following
equality holds:
(2 _ 2) (2)
(um0)Sy” = 2(k — m)Sk+m_% + (k—m)aS, /., 1 + fi(m, k)omira + f2(m, k)dmk,2,

where f1(m, k) and fa(m, k) are polynomials of degree at most 2 in a with rational coefficients.
For m = 0, one checks without difficulty that the error sums vanish for all values of k.

Finally, when m = 2 and k = —1, there is at most one value of n that contributes to each
of the error sums, so it is easy to check that in this case (4.4) evaluates to

> 2(=1)[J%0, Jav-a] = > 2=D)[J%_1, Jave] = =4 > [J*vo, Jov_1] = 6.

4.6 The operators S,EZ) are central

In this section we prove Proposition i.e., we show that all the operators S,(f) are central
in Ug. In order to do this we need a series of lemmas.
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Lemma 4.20. Let f,g,h € Ko, e € g. Define

wi(f,9.h) == f Resy(gh') + g Resy(fh')

and

waf,g,he) = ([T el fh)(Jag) = Y ([T elf)(Jagh).

e} «

Then
Z[‘]af Jaga €h] = _Wl(f>ga h)02€ + w?(f7gv h? 6).

o

Proof. We have

Z[J“fJag,eh] :ZJaf[ Jag, eh] —i—ZJaf eh] Jog

[

—ZJ“ elgh — Co k(Ja, €) Resa(gh'))
+Z elfh — Car(J* €) Resa(fh')) Jayg

= —C’ge (f Resz(gh') + gResa(f1))
+Z (JF)([Ja, €lgh) +Z (7% el fh)(Jag)

- fC’Qe (f Resg(gh/) + gResg(fh/))
_Z (Jagh) —i—Z ([J* el fh)(Jag),

where we have used the properties of the Casimir element recalled at the beginning of Section
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We now study the function wy from Lemma for the special values of f, g, h that are

involved in the operators S,(f). It will be useful to employ the following notation:

Notation 4.21. Let n be a half-integer. For fixed values of k € %Z and m € Z we set

A, = Z ([J, e]wpum) (Jaz_n_%wk> and B, = Z ([J%, e]wy) (Jaz_n_%wkum) ,

[0}

so that wa(wy, 2_,, 1wk, U, e) = A, — B,. Similarly we set
2

B’;l = Z ([Ja7 e]z—n—%wkum> (Jawn) and A;L = Z ([Ja, e]z_n_%wk> (Jawnum) )
(63 (03
so that wo(z_,, 1wy, Wn, Um,e) = B, — AJ,.
2
We need one last identity satisfied by the quantities A, By, A}, B!
Lemma 4.22. For everyn € %Z we have

Y-1, anGZ

A, +A =B, + B, = —CWkUMWnZ_py 1 = —€Wjlm {v ifnelz\z
-1 2
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Proof. We show the identity for A, + A/, the case of B, + B], being virtually identical. Using
the properties of the Casimir element recalled in Section [£.3] and the fact that we can assume
J* = J, we may rewrite A/ as follows:

Al = Z ([Ja, e]z_n_%wk> (JoWnUm,)

«

- _ Z (Jo‘z_n_%wk> ([Jors €]wntim)
= =3 (Jazopwe) (17 clwnum)

which is simply the opposite of the expression obtained from A,, by exchanging the two factors
in the universal enveloping algebra. Hence

An + Agz = Z |:[Ja7 e]wnurm JozZ_n_%wk}
= ([[J“, €], Jo) wntimz_,_1wi =k ([J°, €], Jo) ReSQ(wnum(z_n_%wk)’)cz) .

Now recall that for every e € g, we have ) s ([J% €], o) =0and ) [[J% €], Jo] = —¢, so
that we obtain
Ay + AL = —ewpumz_

n— LWk

the lemma now follows by remarking that w,z_,_ 1 equals y_1 or v_; according to whether
2

n is an integer of a half-integer. O

Proof of Proposition[{.12 We claim that L := S,(f) commutes with all elements of the form
eun, for m € Z and e € g. We begin by showing that this statement implies the proposition.
Since U, is topologically generated by g® Ra, it clearly suffices to show that L also commutes
with ev,, for every m € Z and every e € g. By Lemma the derivative OL is a linear
combination of 2-Sugawara operators, so by the claim we have [0L,eu,,] = 0, as well as
[L, eun] = 0 = J[L, eu,,] = 0. The relation u), = 2muv,,—1 + mau,—1 then gives

0 = 9[L, eu,| = [OL, eu] + [L, eu.,] = ma|L, euy—1] + 2m[L, evp—1] = 2m|[L, evy,_1].
This implies [L, ev,,] = 0 for all m # —1. Finally, the Jacobi identity yields
0= [L,[eur,ev_s]] = [L,[e, €]v_1] + [L, (e, ¢") Resa(ujv_2)Ca] = [L, [e, €']v_1],

which shows that L also commutes with g ® v_1, hence that it is central.
We now prove the claim. We need to show that the commutator

[L, eun,)| = Z [ J wnJaZ,n,%wk; D, €U

n,o

vanishes for all m € Z and e € g. Here, and in what follows, the index n in the sums

is understood to run over %Z. Notice that, if n, k are not both integers, then z_, 1w, =
w,,_,, 1, while for n,k € Z we have z_, 1wy = yp—n—1. By Lemma @ we then get
2 2
[L,eun,] = Z [Jawnjaz_n_%wk, el + Z [Jaz_n_%wkjo‘wm el

, n>k—n—1, a

n<k—n— 3

(ST
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Using Lemma and the fact that wy is symmetric with respect to its first two arguments
we may rewrite this as

[L, eup,] = E wi(wn, 2_,,_ 1wk,um)C'26

(4.5)
+ Z wna e %wkaumae) + Z WQ(Z_n_%wmwmumae)'

1
n<k— n—§ n>k-—n—3

Equation (1.3 implies that ) w1 (wp, 21 Wk Um) = 2wgul,, so the first summand in (4.5)
is —2wyu), Coe. We now compute the rest of the commutator,
which using Notation can be rewritten as

Y (An—Bu))+ Y. (B, A (4.6)

nék—n—% n>k—n—%

Since A, = Bpim and A, = BJ_ . hold for every n € 1Z and m € Z, the infinite
sums appearing in (4.6]) are telescopic, so that they may be ertten as finite combinations of

Ay, By, Al,, Bl,. One may easily check that (4.6) is equal to
Z (A, + AL). (4.7)

Notice that here the sum should be interpreted using the same convention that is normally
employed for integrals, namely, if m < 0 the symbol Z denotes the opposite of the

k
n>g5—x

1

I—m
kE_
2

n< i

By Lemma every summand appearing in is either —ewpumy—1 or —ewpu,v_1,
according to whether the index n is an integer or a half-integer. Hence it suffices to count
how many summands of each type there are: taking into account our convention for sums in
the case m < 0, the result is immediately found to be

/
—eWpUy, (Mmy—1 + mv_1) = —ewgu,,

Thus we see that (4.6]) is equal to —ewyul, and (4.5) is equal to [L, eup,] = e (—2Cs — 1)wyul,

which as claimed vanishes at the critical level Cy = —%. ]

4.7 Expansion of the Sugawara operators
2

In this section we determine the first terms in the expansion of the operators S},

Lemma 4.23. The two-variables Sugawara operators S](f)

notation as in Deﬁmtion
1. for k=25 with j € Z:

have the following expansions (with

E(Sl(f)) = 2q% Z Jos771 J%s7 mod Jff[sj_l, sj] :
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2. fork=25+1 with j € Z:

E(S](f)) =¥t Z J%s? J,s? mod Jff N

3. fork =2j+ % with j € Z:

E(Sl(f)) = Z (anJO‘stasj + 2(—a)2j+1Jatj_1JO‘tj) mod jff[tj_l,tj] ;

(0%
4. for k=2j+ 3 with j € Z:

o
Proof. Lemma gives the following expressions for the expansions of J wy, J* vy, J* Yn:
1. E(J%uy,) = J(—a)™t" + J*a"s" mod jfsl [t"];
2. BE(J%v,) = J(—a)" " + J*a"s" mod stl [s"F1];
3. E(J%y,) = J*a" 15" mod stl [t"].

Notice in particular that E(J* u,) € thl [t"1], BE(J%v,) € stl [s"] and E(J%yy) € stl [tn=1].
Consider now the expansion of a 2-variables Sugawara operator

B(s?)= 3 E(: Jown Joz_, 1w :)

nelZa
4.8
= Z ZE(J Wy JaZ_,_ ;wk)—l— Z ZE(Jaz_n_;wao‘wn>. s
2n<k:—f ’ 2n>1€—% @ ’

The four cases in the statement are treated similarly. We only give details for the third one,
as it is slightly more complicated. Let k& = 25 + % with 7 € Z. The condition 2n < k — %

is equivalent to n < j. We claim that all surnmands in . belong to .J <2[ J=1 ¢J], with
the exception of those corresponding to n € {j — 2, 3,3+ } Indeed, if n > j + 1 we know
that E(JYw,) € J, \1[t3], and Lemma part c) implies that the correspondmg summand

in (4.8, namely Yo E (J 2y LWk Jawn) lies in J\Q[tj L #7]. Similarly, if n < j — 1 then
k—n—52>j4+1, and therefore

E(Jazfnféwk) = E(Jawkfnf%) € jz‘fsl[tj]?

and again by Lemma part c¢) the corresponding summand belongs to jfsz [t~ t/]. The
remaining terms are:

1. for n = j — 5 we have ZQE<J°‘wj7% Jaijr%) Yoa E(JO‘ w;_ %) (Jaijr%), which
belongs to Za (J‘“(—a)jtj_1 + jfsl [tj_l]) (Ja(—a)”lt] +J t7]>,
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2. for n = j we have ZaE<J°‘wj Jawj) Yoa E(Jo‘w]) <J wj) which belongs to
. (Jo‘ajsj + T (=)t + I [tj]> <Jaa=75] + Ja(—a)iti + JEHH] )
3. for j = n+ 3 we have ZQE<JO¢wj7% Jo‘ijr%) = ZQE(Jawﬁ%)E(JawH%), which
belongs to >, (Ja(—a)jtj_1 + jtil [tj_1]> (Ja(—a)j“tj + j,fsl [tﬂ).
The sum of these terms is congruent modulo J, \2[t3 L #] to

ESP) =Y (&JJ%J‘ Jas? +2(=a)H It~} Jat")

«

as claimed. O

Notice in particular that for every j € Z we get

2 2 ; 1 i <Dl i
E <S§j2i-1 - aS%L;) = 20512 " Tt mod S ).

Definition 4.24. For k € %Z we let T,g2) be the following Q-linear combination of operators
SIEQ):

LT =aTK8P itk eZork=2j+3 for j €7

2. T\ = q=%-2 (SS)H aS§j>+§>, if k=2j+ 1 for j € Z.

Remark 4.25. It follows from Lemma [4.23 and Lemma that

1Sy ifkez
(

Hoy
6(S,7.) if k¢Z

W(E(TY)) =

1
2

4.8 Proof of Theorem [4.15]

In this section we prove that ¢, : A/[X\i][a_l] — Zs[a~!] is an isomorphism. Together with
Lemma this completes the proof of Theorem As already announced, to prove that
¢, is an isomorphism we rely on the fact that we can leverage results on the 1-variable case of
our problem to get a good understanding of Z; ;. In particular, from the description of Z;, Z

given in Lemma and Remarks and we obtain the following characterisation of Z; ;.

Lemma 4.26. For all positive integers N we have an isomorphism

Zt,s ~ Zt ®Q Zs
Jis(NYNZis  J:(N)N Z; Jy(NYN Z,

(4.9)

and the right hand side is a polynomial algebm generated by the images of the elements Sg),
S(S for n <2N. Moreover, the image of Zt\S in the quotient ﬁ corresponds, under
the previous isomorphism, to the subspace of polynomials of degree at most 1 in the generators

s® gls),
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Proof. We know from Sectionthat ﬁt ®Q Us is a dense subalgebra of Ut,s, hence Z; ® Z, is a
subalgebra of Z; . Moreover, the isomorphism of Equation (3.6]) shows that the multiplication
map from the right hand side to the left hand side of is injective. Now observe that
gt s = gt g7, and that the isomorphism is compatible with this decomposition. It

follows that
At At
Ut Ot . US Js
= Q =
Jt(N) Js(N)

Zy Zs
jt(N) N Z;

ot

N 97 s
Zt,s Ut,s "
- <_> ~ ~
Jts(N) N Zy s Jis(IV)

where the last isomorphism is guaranteed by the remarks following Lemma [£.4] In addition,
all these isomorphisms are compatible with the PBW filtration, so the statement follows from
Lemma [£.4] and Remark [£.5 O

Recall from Lemma that the expansion map F : Us [a71] — Ut, s 18 injective, and that
the topology on (Afg[afl} and U, is the subspace topology induced by the topology on (Afts
under the embedding given by E. To simplify the notation, we will identify Uy and Us [a™1]
with subspaces of Ut,s, and we will omit the map F.

We also notice that the centre of Us[a™!] is equal to Zs[a~'], and recall from Lemma
that (A]g[afl] is dense in (A]t,s, so that Zs[a™!] C Z;s. We now use Lemma to get
information about Zs[a~!].

We begin by comparing the elements T, 2 ¢ Zs[a™!] with the elements SY and S in
Zt s+

)

Lemma 4.27. For every N > 1 and every n € %Z with n < 2N, there exist qfs), qgt), gn € Q

such that

2N—1 2N—1
TP =80+ g+ Y a”8"+ > ¢fsY mod Ji (W),
=n 1=n-+1
ifn €7, and
2N—1 2N—1
TP =8+ g+ Y ¢"8"+ 3 ¢S mod Ji.(N),
i=k+1 i=k+1

ifn=Fk+ %, k € Z. In particular, for every £ < 2N — 1 the matriz representmg the change of
basis from {1, Si(t), Si(s) ‘ i=4,...,2N — 1} to {1, T ‘ n==4¢,. %} 18 triangular with
diagonal coefficients equal to 1.

As a consequence of this lemma, for every N > 1 the elements T, ,(12) for n < 2N, together
with 1, form a basis of the Q-vector subspace of Z; s/J; s(N) N Z; s generated by the images

of 1 and of the operators S,L.(t), SZ.(S) for i < 2N — 1.

Proof. As already noticed, the element 7, 7(12) is central in ﬁt s, and it belongs to ﬁff It follows
from Lemma that TT(LQ) is congruent modulo jt,s( ) to a polynomial P in S; (t ), S () of
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degree at most 1. Since the operators SZ-(t),Si(S) for ¢ > 2N — 1 vanish modulo jm(N), we
may assume that P is of the form

2N—-1 2N—-1
P=g.+ Y 4”8+ Y ¢ (4.10)
=10 =10

for some ¢y, ql(t), qi(s) € Q and ig € Z.

We now observe that the degrees of the leading terms of the operators SZ.(t), 5

are all

distinct by Lemma [4.7] so they cannot cancel with each other. Thus the leading tezrm of the

right hand side of is equal to the leading term of one of its summands. On the other

hand, P = 7¥ mod Ji.s(N), so its leading term may be computed modulo J; (N) and is

equal to either the leading term of S (if n € Z) or to that of 5’7(21 (if n € 1Z\ Z), see
2

Remark It follows that the corresponding operator must appear with coefficient 1 in
the right hand side of (4.10)), and that S (respectively ®)

o ) is the first operator to appear

N[

with nonzero coefficient. O
Lemma 4.28. The closure of the Q-subalgebra Q[T,(LQ)] mn Ut,s is Zi s, hence a fortiori the

closure of Q[Tr(f)] in Usla™] coincides with Zs[a™1].

Proof. Tt suffices to show that, for all integers N > 1, the natural inclusion Q[T,(f)] C Zs
induces an isomorphism

QI Zi
Jis(N)N QTP Jes(N) N Zys
This follows from Lemmas [4.26| and [4.27f the quotient % is a polynomial algebra
t,s t,s
(2)
over the generators 57(15), ST(Lt) for n < 2N, which belong to % by the last statement
t,s n
in Lemma 4.27] O

Recall that we denote by 3 the image of the map ¢ of Theorem and, for N € Z, we
write 3« for the image via ¢ of A[X; : i < 2N].

Lemma 4.29. The following hold:
1) ¢ is injective and 3 is closed;
2) 3la=] is a closed subset of Za[a™1].

Proof. Let N € Z and let my be the projection from 3[a~!] to Zt,s/jt,s(N) N Zis. We
prove that the restriction of mx o ¢ to the algebra Q[X; : i < 2N] is injective. This is
equivalent to showing that the images of the operators Si(2) for ¢ < 2N under the map my
are algebraically independent. Given that the operators SZ-(z) and Tz@) only differ by a linear

change of variables, this is also equivalent to proving that the images of the operators TZ@)
for ¢ < 2N under the map 7wy are algebraically independent. This last fact holds since,
by Lemma m a nontrivial polynomial relation among the T,§2) with n < 2N induces a

corresponding nontrivial polynomial relation among the Si(t), Si(s), and, by Lemma the
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quotient Z; s/ jt’s(N ) N Zy s is a polynomial algebra with generators the images of S,(lt), S,(f)

forn <2N.

Since A[X;] = A[X; : i < 2N] @& Z(2N), where Z(2N) is the ideal generated by X; for
i > 2N, we also deduce that the inverse image of jt,s(N ) through the map ¢ is the ideal
Z(2N). This implies that ¢ is injective and that the topology on A/[X\l] is the same as that
induced by U, through the map ¢. In particular, as A/[X\Z] is complete, its image 3 is closed.
This proves 1).

In order to deduce from 1) that 3[a~!] is closed in Zs[a~] it is enough to check that

(3 + J2(N) N Z2) NaZs = a3+ Jo(N) N Z3).

By the previous discussion we have 3 4+ Jo(N) N Zy = 3.5 ® Jo(N) N Zo, hence the claim
follows from Lemma O

The following proposition completes the proof of Theorem
Proposition 4.30. The map ¢, : A/[X\i][a_l] — Zola™Y] is an isomorphism.

Proof. We have already proved that ¢ is injective. As Z5 has no a-torsion, it immediately
follows that ¢, is injective.

We now prove surjectivity. The image of ¢, is the space 3[a~!], which is closed in Z[a~}]
by the previous lemma. It remains to prove that 3[a~'] is dense in Z3[a~!]; we do this by
showing that it is dense in Z; ;. Equivalently, we need to prove that for all natural N we have
sla ]+ JAt’S(N) N Zts = Zy 5. As in the previous lemma we have

a7 + Jos(N) N Zos = 3enla™ ]+ Jos(N) N Zog = QTP i < N+ Jis(N) N Zis -

(2

the desired equality of this space with Z; ; now follows from Lemma O

5 A Feigin-Frenkel theorem with two singularities

In this section we give a version in our context of a well-known theorem of Feigin and Frenkel
on the center of the enveloping algebra at the critical level [4]. We begin by recalling their
result.

Theorem 5.1 (Feigin and Frenkel, [4]). There exists a unique continuous isomorphism
F1 : Funct(Op]) — 74

of topological C-algebras that is compatible with the action of derivations on both sides and

satisfies Fi(cp) =2 S(_lgl_l.

The theorem generalizes to the case of Z; and Z; in the obvious way. The morphisms F;
and Fj, together with their inverses, induce a continuous isomorphism F;®Fy : Funct(Op;)®¢
Funct(Op;) — Z; ®¢g Zs, where Funct(Op;) ®g Funct(Opj}) is given the tensor product
topology (see Section . By Lemma@ Z1®q Zs is dense in Z; ¢, and similarly, as noticed
in Section the space Funct(Op;) ®¢ Funct(Opj) is dense in Funct(Opy ;). Moreover, in
both cases the subspace topology coincides with the tensor product topology. It follows that
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the isomorphism F; ® F, and its inverse extend by continuity to all of Funct(Op; Xgpec @ Op})
and Z; s respectively. We denote by

ft,s : FunCt(OpI XSpecQ Op:) — Ztvs

the isomorphism obtained in this way. We are now in a position to describe the center Zy of
Us in terms of functions on Opj. Recall from section that oy, B, are the coordinates of
an oper with respect to the topological basis wu,, yy.

Theorem 5.2. There exists a unique isomorphism Fy : Funct(Op3) — Zy of topological
A-algebras such that the following two diagrams commute:

Funct(Op3) 72 Zy Funct(Op3) 2 Zy
] T e
Fi,s
Funct(Op; Xspec Op}) S AL RN Zyt s Funct(Op7) L TN AR

Moreover, Fo is Drve-equivariant, and for all n € Z we have

(B =28%, and  Folan) =257, (5.2)

n

5.1 Proof of Theorem [5.2]

Write ® : Zy — Funct(Op; Xgpec @ Opjs) for the composition ]-"tfsloE and ¥ : Funct(Op3) —
Zy.s for the composition F; s 0 £. We begin by showing that the existence and continuity of a
morphism of A-algebras F» with the required properties follows from

n

@(5’(2)):%5‘(5717“) and <1>(57(f_>1/2):%5(a,n). (5.3)

Indeed, if these formulas hold, then @(A[Sl(f) : k € 37Z]) is contained in the image of £. Since
the topology of Funct(Op3) is induced by the topology of Funct(Op; Xgpecq Opj) through
the map &£, and Funct(Op3) is complete, the image of £ is closed. It then follows from the
continuity of ® that its image is contained in that of £. In particular, as £ is injective (see
Section [2.2)), there exists a continuous map H : Zp — Funct(Op3) such that £ o H = ®.
Similar considerations apply to the map W. Indeed, if equations hold, then we also have

U(B_o1_pn) = 2E(S§L2)) and ¥(a_,) = 2E(ST(L221/2). Arguing as above, we can construct a
continuous map JFo of A-algebras such that F o F5, = ¥, and by continuity we obtain that F>
and H are inverse to each other.

The commutativity of the second diagram in follows from equations , from
Sp(Sliz)) = Sé? for all k € %Z, from Sp(ay,) = cont1 and Sp(B,) = cop, and from Fi(c,) =
25(721)771. Indeed, from these formulas we obtain that the maps SpoFs and F; o Sp coincide
on the elements a,, 8,, and by continuity we get SpoFs = F; o Sp. Finally, the uniqueness

of F» and its Drva-equivariance follow from the injectivity of E, from the commutativity of
the first diagram in (5.1]), and from the Drvs-equivariance of ¥ and E.

To prove that the equalities in ([5.3]) hold we use the Drvg-equivariance of £ and ®. For
the sake of simplicity, we consider the map £ as an inclusion and omit it from the notation.
For every integer n we set

) and Bn:2<I>(S(2) ).

—n—1

o 2
Qp = 2‘1)(5,”,1/2
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Since ® is Drvg-equivariant, Lemma gives significant information on the action of Drvs
on the functions dy,, B,. Our strategy is now to show that this action is sufficiently similar to
the action of Drvy on ay,, B, (described by Lemma to force o, = &, and G, = Bn

By Lemma [4.18] we have in particular

5061 = 20(s08}7)) =0, (5.4)

Moreover, E(SS)Q) is in Zfsz, so by Lemma [4.26| it must be an (in general infinite) linear
(s)

combination of the operators 57(;:) and Sy, possibly with a constant term. Since the maps
) (s)
C.

R )

}'t_l and F; ! and the relations between the coordinates c and «y, B; are linear, we get

that a_ = ]-Z;(E(SS)Q)) may be expressed as

a1 = Z picy; + Z qiBi+r (5.5)

<M i<N

for some M, N € Z and p;,q;,r € Q. We start by showing that conditions (5.4)) and ([5.5))
almost completely determine the element a_1.

Lemma 5.3. There exists a unique element of the form

[= Z PnOin + Z InBn

n<—2 n<—2

wWith pn,qn € Q, p—o = 1 and sOf = 0. Moreover, the solutions of the equation s0g = 0 with
g € (1,04, i)g C Funct(Op; x Opj) form a Q-vector space with basis 1,01, f.

Proof. Since s0 is Q-linear and satisfies s0a_1 = s91 = 0, it suffices to show that the solutions
9= i< PnOn + D Gnfn to the equations

599 =0 (5.6)
p-1=0

form a 1-dimensional vector space (over Q). To avoid ambiguity in the series representation
of g, we may assume that M is either —oo (if no term «; has a nonzero coefficient) or is such
that pas # 0 (respectively, N is either —oo or such that gy # 0). Notice in particular that
M # —1 since p_; = 0 by assumption. By Lemma [2.7] the coefficients of 8, and a1 in sdg
are given respectively by

(n+1ap, — (2n+3)gn  and — (n4 1)a’p, + (n+ 1)agy — 2(n + 2)pnyi1. (5.7)

Let now g be a nonzero solution of , so that these two quantities vanish for every n. We
now prove that we have M = N < —2. Suppose by contradiction that N > M holds: then the
coefficient of Sy in s0g is —(2N+3)qn, which cannot vanish since gn # 0. Conversely, suppose
that M > N. By the formulas above, the coefficient of a1 in s9g is then —(M + 1)a?pay,
which again cannot vanish (recall that M # —1 by our convention), contradiction. Hence we
must have N = M # —1. Finally, suppose that N = M is strictly greater than —1: then the
vanishing of the expressions for n = M yields pas = qar = 0, again a contradiction.
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Hence as claimed we have M, N < —2, and from (5.7) we get

n+1 9 2n+3
= a =2
qn m 3 DPn Pn (TL 1)a2pn+1

(5.8)

for all integers n. In particular, the value of p_o determines p,, and ¢, for all n < —2, which
shows that the space of solutions to has dimension at most 1. On the other hand, setting
p_s =1 and p, = ¢, = 0 for n > —2, and solving recursively, we get the coefficients of
a series f that lies in (s, 5;)g and solves , hence the space of solutions to this system
has dimension exactly 1. Combined with our previous remarks, this concludes the proof of
the lemma. O

As a consequence of the above lemma, we get that &_1 = pa_1+qf+r for some p,q,r € Q.
Our next goal is to show that the relations of Lemma force ¢ = r = 0. We will need
to know explicitly the first few terms in the series expansion of the element f. Using the
recursion obtained in the proof of Lemma [5.3| we get

2 3 6 10 20 35
— af_ =B e S st —But—a - BT s+ 5.9
f=afatas——fs- gast+gbatgay——fs5— gas+ (5.9)
Lemma 5.4. Writing &_1 = pa_1+qf +r as above, we have B; = pB; fori=-2,—-1,0 and
Qp = payg.

Proof. We compute B_1, Ba, BD and &g in terms of &_; using the following relations, which
follow from Lemma (4.18) arguing as for formula ((5.4):

By = 8a_1, O(u20)B-1 = —12B_5 — 2a*B_1,

. b S ) - (5.10)
(u—10)B—2 = 2(2a0 + afy), u10(2a0 + afy) = —68-1 — 2a”Po.

Using Lemma and the explicit expression of f given by (5.9) we deduce first that B_1
is a series in fB_1,a_1,B_9,... without constant term, and then that S_o is a series in
B_o,a_9,B_3,... whose first terms are as follows:

= 2q 3q 6q
B_o = (p+qa®)B_2 + qac_s — qB_3 — PR + 9574 + P + e

From this we easily obtain that ¥ := (u_l(?)ﬁ_g is a series without constant term whose first
terms are
Y = (2ap + 2a3q) o + (4p + 2a*q)ag + - - -

Finally, from this we deduce that Z := %(ula)Y is a series in Sy, ag, B_1,@_1, B_2, ... without
constant term and with coefficient of o equal to —2a3q. In particular, since by (5.10) we

have
1

T 242

it follows that &g and 5’0 have no constant term and that the coeflicient of «g in Bg is equal
to aq. Finally, from Lemma [4.18| we also have

~ 5 1 1 -
Bo (-651 - Z) and &g = ZY - 50/30,

18Py = 2aéy — 5B_1. (5.11)

From the explicit expressions of Lemma we see that v10(5;) never involves any constant
terms, while v19(c;) has a nonzero constant term (equal to 3) only for i = 0. Since the right
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hand side of (5.11)) has no constant term, this equation implies 3ag = 0, that is, ¢ = 0. From
Lemma and equations ([5.10) it is now easy to obtain ; = pg; for i = —2,—1,0 and
ap = pag as claimed. ]

Lemma 5.5. We have BZ = B; and &; = «; for all integers 1.

Proof. Let p be as in the statement of Lemma We begin by proving that the equalities
Bi = pP; and &; = pa; hold for all integers ¢. From Lemma we have

O(um+10)B-1 = —(m + 1) (2(2m + 1)B_n_1 + a®mp_,) (5.12)

for all integers m, and analogous equations hold for the functions £, by Lemma Using
these relations for m > 0 and arguing by decreasing induction, starting with n = —1 (notice
that B,l = pf_1 holds by the previous lemma), we get Bn = pPy for all n < 0. Consider now
the following relation, which follows again from Lemma 4.18

d(2d0 + afy) = —28y — a*p1 .

Lemma[2.7/implies that the analogous relation holds for the functions ag, 8o, 51. Using Lemma
from the comparison of these formulas we obtain 3; = ppP1. Using equation again,
and arguing by induction (starting with n = 1), we now get /3, = pf,, for all n. Finally, from
9B; = —(0+1)(2a541 + aBiH) and the analogous relations for the functions «;, 5; we obtain
&; = pa; for all 4 % 0. The only remaining equality &g = pag is part of the previous lemma.
It remains only to show that p = 1. In order to do this, we apply the operator usd to the
functions Gy and By. By Lemmas and we have

0By = —6a_1 — 3af_1+12 and  wsdfy = —6a_1 — 3af_1 + 12.

As we have By = pBy, &—1 = pa_1, and B_1 = pB_1, these equations immediately imply p = 1
as desired. O

This completes the proof of the relations (5.3)), hence of Theorem

6 Weyl modules and their endomorphism rings

We start by recalling the definition of the Weyl modules for the affine Lie algebra g;. Let A
be a dominant integral weight and let V* be the corresponding irreducible representation of
g. The Weyl module of weight A is

V) = Imgi+ VA, (6.1)

where §; acts on V* as follows:

f@)x-u=f(0)zu, Ci-u= —%u. (6.2)

Note that V{‘ has a natural structure of U;-module. Frenkel and Gaitsgory described the
endomorphism ring of this module in [13]. Let now Vé\ = Q®c V>*. We can define a Q-linear
action of g, on VCS as in Equation , and the induction of this representation from g;" to
a: yields a gi-module that we denote by V;. We similarly construct the gs-module V2. We
remark that these representations are obtained from Vi‘ by tensoring with @, and that the
action of Uy (respectively Us) induces an action of Uy (respectively U).
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Theorem 6.1 (Frenkel-Gaitsgory [13, Theorem 1]). There is a commutative diagram

Funct(Op7) 4>; A
1

a |

~

Funct(Op?) = Endg, (V}),

where the isomorphism Fi : Funct(Op]) — Zi is that of Theorem p is the natural
restriction of functions from Op] to its subscheme Opi\, and wy 18 the natural map induced
by the action of Uy on Vi\. An analogous statement holds for V) and for V7.

We now construct the Weyl modules for the algebra gs.

Definition 6.2. Let A, be dominant integral weights and write VX‘ =V ®c A, Vi =
V# ®c A. The Weyl module of weights A, p is

VA = Indgi (Vj ®a Vj() :
2
where g3 acts on V3 ®4 VY as follows:
1
ft,s)e- (u@v) = E(f)lemoru @ v + Es(f)lsou®@zv, G- (u@v)=-5u@w.

Notice that (1) ®g acts trivially on Vﬁ‘ ®4 VY. This implies that for every u®@wv € Vg"“ there

exists m € N such that Iz(m) ® g acts trivially on u ® v, hence V;"” has a natural structure
of Us-module. As Cy acts as —%, this also induces a structure of Us-module.

To state the next lemma, we notice that both C; and Cs act as —1/2 on Vf‘ ®Q A%
Moreover, for each w € V3 ®¢g V¥ there exists n € N such that J(n) ® Us and U; ® Js(n) act
trivially on w. In particular this shows that the action of U; ® Us C Uy is continuous, hence
it determines an action of Uy s (and of its subalgebra Us[a™']) on V} ®q V4. Similarly, the
action of Uy on Vg"“ determines by continuity an action of Um on Vg"“ [a=1]. In particular,
we can define an action of ﬁt ® US on V%’“[ail] through the natural map Ut ® [73 — Ut,s-

Lemma 6.3. For all integral dominant weights X\, u we have the following isomorphisms of
Us modules:

1. Vy* faVy* 2 IndlL (VA @c V);
1
2. Vyr[a~l] = V) @ V¥,
Proof. For 1), one has VX‘ / aVA\ = VX‘ ®4 C = V*, and similarly for VY. Moreover, we have

isomorphisms §a/ags = ¢1 and g3 /agy = g . It follows that

Vot JaVyt =2 Vot @, C (U2 vt (VA ®4 V;;)) ®4C

= (U 04 C) 8y, g y0c ((VA @4 VE) ©4C)
= U1 @y st (VX @c VH) = Indg%(V/\ ®@c VH).
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To prove 2) notice that, by the discussion before the lemma, ga[a™1] acts on V} ®¢ V4 and
gt X @5 acts on V;"“ [a~1]. Hence, by the definition of Weyl modules as induced modules, to
define a morphism between these modules Vé\’“ [a=!] and V}® V¥, and conversely, it is enough
to define a g3 [a~!]-equivariant morphism from V3 ®4 Vi[a"!] to V} ®¢g V4 and a (g x g)-
equivariant morphisms from VQA ®q V{ to Vé\’“ [a™1]. Since V3 @4 Vi[a™1] ~ Vé‘ ®q V¢ these
morphisms are easily constructed, and their composition is the identity. O

Generalising Theorem [6.1] we now prove:

Theorem 6.4. There is a commutative diagram

Funct(Op3) % Zy
2

| |-

~

Funct(Opé\’“) = Endy, (Vé\’“)
2

where the isomorphism Fa : Funct(Op3) — Za is that of Theorem p is the natural
restriction of functions from Op3 to its subscheme Opg"“, and wy 18 the natural map induced
by the action of Us on Vg’“.

Proof. We begin by showing that the composition ¥ = wy o F : Funct(Op3) — Endy, (Vg"“)
factors through the quotient Funct(Opg"“ ) of Funct(Op3). Since every module we consider
has no a-torsion, it suffices to prove this after inverting a. By Theorem and Lemma [6.3
we have the following commutative diagram:

Funct(Op;) ®¢g Funct(Op})—— Funct(Op; x Opj) @Funct(Opg)[%]

NJ,E@DR let,s NJ(]:Za

Zy ®q Zs© Zis = 2Z4]
J{wt®ws lwz,a
~ A,
Endg, (V7)) ®q Endg, (V%) Endg, (V5")[Z].

To justify the existence of the isomorphism in the bottom row, we notice that the image
of g2 in g;, is dense. Thus, if a continuous endomorphism commutes with go, then it also
commutes with g;,, and hence with g; x gs. Moreover, we may identify Endﬁ;r (V;"” a1

with End@;r (V;"“[a_l]) and Endg, (V}) ®¢ Endg, (V%) with Endy, 5, (V7 ®¢ V%), because the

modules V;"“ , Vf‘, and Vé‘ are all finitely generated. The existence of the desired isomorphism
then follows from the second part of Lemma [6.3

Now notice that, by Theorem [6.1} the composition of the morphisms appearing in the first
column of the diagram factors through Funct(Op;') ®¢ Funct(Op#). In particular, it factors
through Funct ((Op;)>—2) ®¢ Funct ((Op})>—2). By Lemma 2), this implies that the
composition of the morphisms in the rightmost column factors through Funct ((Op3)>—2]ax0)-
We claim that the diagram above then induces the following commutative diagram, where
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the morphisms G;, Gs are provided by Theorem

Funct ((Op;)>—2)) ®¢ Funct ((Op})>—2)) % Funct ((Op3)=-2laz0)

| |

Funct(Op;') ®¢ Funct(Op*) +> Funct(opg‘vﬂ la0)

:lgt ®gs J’QQ,a

g —
Endg, (V7)) ®q Endg, (VE) Endg, (V3 *[a™]).

Indeed, we have just discussed the existence of the morphisms in the first column; the ex-
istence of those in the second column follows from this and the definition of Opg"“ . By the
remarks at the beginning of the proof, the previous diagram implies that there exists a map
Go : Funct(Opy*) —» Endg, (V3™) such that ¥ = Gy o p and whose localisation Gs 4 is an
isomorphism. By Lemma to finish the proof of the theorem it is enough to show that the
specialization Gy is injective. We now consider the composition

& End;, (V)* A
¢ : Funct <Op§’“ \a:o) Goy, %1 T2 ) A 2)\ ) — Endy, ( QA )
aEndg, (V5") aVyt

and prove that ¢ is injective, which implies the desired injectivity of Go. The action of §o
on the quotient V = V;"“/aVé\’“ factors through the specialisation map Sp : g2 — g1, and
Endg, (V) = Endy, (V). By the commutativity of the second diagram in Theorem this is
compatible with the specialisation map among coordinate rings induced by the isomorphism
Op3 la=o =~ Opj. This shows in particular that w; o F; factors through ¢, where we consider
Opé\’” la=0 as a subscheme of Opj, as in the following commutative diagram:

Funct (Opg"“ )

G

Fa w2

Funct(Op3) —— Zf

Funct(Op7) ;1 A o End;, (V)

Endg, (V3*)

¢

poSp Funct (Op;\,u |a:0>

By Theorem and Lemma [6.3| we are thus reduced to proving that

¢ : Funct [T ov{|—End,, (Indgl+ (V{ ®¢ V{‘)) — End,, D w
= A[<v<Ap ' =\ <v<Atp
v=A+p mod 2 v=A+p mod 2

is injective, where the last equality follows from the well-known decomposition of the tensor
product of two slo-modules. It is enough to prove that the composition of this morphism with
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the projection Endy, (@, V{) — @, Endy, (VY) is injective. Hence, it is enough to show that
the resulting map

¥ : Funct H Opf] | — @ Endg, (VY)
[=Al<v<A+p [u=Al<v<A+p
v=A+p mod 2 v=A+p mod 2

is injective. For each weight ¢ appearing in the direct sum on the right, let 7¢ be the projection

D x| <v<r+n Endg, (VY) — Endg, (Vﬁ), and let 9¢ := ¢ 01). By construction and Theorem
Vv=A+p mod 2

6.1, for each ¢ we have that )¢ agrees with the projection Funct Hjp-r<v<rtn OPY | =
Vv=A+p mod 2

Funct (Op§> followed by the isomorphism G; : Funct (Op§> = Endg, <V§) The claim
follows.

Glossary of notation and index of definitions

e Topological rings: A = Cl[a]], Q = C((a)), and K3 = C[[t, a]][7;], where s =t — a.

e Topological bases: u, = t"s", v, = t"s"T and z,, = up,yn, = t"1s". For wy,, z, see

Equation (4.1)).
e Formal neighbourhoods: R[2] = lim % and R(2) = R[2|[+].

a ts

e Spaces of opers with one singularity: for Op] see Definition for Op; and Op} see
Equation (2.4)), for Op; see Equation (2.11)).

e Spaces of opers with two singularities: for Op; see Equation (2.5)), for Opé\’“ see Defin-
ition for the coordinates ay, b, and a,, 3, on Op; see Equation (2.6) and Section

respectively.

e Lie algebras of derivations: for Drvy, Drvy, Drvs and Drvs see Definition [2.6

e Affine Lie algebras: for gi see Equation (3.1)), for @E see Equation (3.2), for g1, g2, 0¢, 0s
and g s see Section

e Enveloping algebras and their completions: Ug is the enveloping algebra of gg, Ug is

the completion defined by Equation (3.3, and U R = (Cgiil) is the quotient at the
2

critical level. For the enveloping algebras ﬁl, (72, (3}, U, s, and ﬁus see Section Their
centres are denoted by 71, Z2, Z;, Zs, and Z; s, see Section @

e The normal ordered product : (J%wyy, )(J%wm,) : is introduced in Definition
e Sugawara operators S 15:2): see Definition

e Weyl modules: for V{‘ see Equation (6.1)), for V;"“ see Definition
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