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Abstract

This work is concerned with linear matrix equations that arise from the space-time dis-
cretization of time-dependent linear partial differential equations (PDEs). Such matrix equa-
tions have been considered, for example, in the context of parallel-in-time integration leading
to a class of algorithms called ParaDiag. We develop and analyze two novel approaches for the
numerical solution of such equations. Our first approach is based on the observation that the
modification of these equations performed by ParaDiag in order to solve them in parallel has
low rank. Building upon previous work on low-rank updates of matrix equations, this allows
us to make use of tensorized Krylov subspace methods to account for the modification. Our
second approach is based on interpolating the solution of the matrix equation from the solu-
tions of several modifications. Both approaches avoid the use of iterative refinement needed
by ParaDiag and related space-time approaches in order to attain good accuracy. In turn, our
new algorithms have the potential to outperform, sometimes significantly, existing methods.
This potential is demonstrated for several different types of PDEs.

Keywords: matrix equation, linear initial value problem, rational Krylov method, Zolotarev
problem.
MSC 2020: 65F10, 65F45, 65M22, 93C20.

1 Introduction

This paper is concerned with the efficient numerical solution of matrix equations that arise from im-
plicit time integration of large systems of ordinary differential equations (ODEs). More specifically,
we treat generalized Sylvester equations of the form

AXBT
2 `MXBT

1 “ F, (1)

where F P Rnˆnt and the columns of the unknown matrix X P Rnˆnt contain the approximate
solution of the ODE at nt time steps with constant step size. The matrices A,M P Rnˆn are large
and sparse, as they arise, for example, from the finite difference/element spatial discretization of
a time-dependent partial differential equation (PDE). The matrices B1, B2 P Rntˆnt are banded
Toeplitz matrices and contain the coefficients of the time integrator. We assume throughout this
work that M and B2 are invertible.

Vectorizing (1) and using the Kronecker product b, we obtain the equivalent nnt ˆ nnt linear
system

pB2 bA`B1 bMqx “ f , (2)
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where x “ vecpXq and f “ vecpF q. While the theoretical properties of generalized Sylvester
equations are well understood and various numerical solution strategies have been developed [6, 48],
the structure of the matrix coefficients in (1) comes with particular challenges that are addressed
in this work.

Illustrative example. To illustrate (1) and motivate our developments, we consider the ODE

#

M 9uptq `Auptq “ fptq, t P p0, T s,

up0q “ x0,
(3)

with uptq P Rn. When such an ODE arises from the finite element discretization of a linear
time-dependent PDE then A and M correspond to the stiffness matrix and the mass matrix,
respectively, and M is symmetric positive definite. When using a finite difference discretization,
we have M “ In. The implicit Euler method with step size ∆t “ T {nt applied to (3) requires the
successive solution of the linear systems

p∆t´1M `Aqxk “ fk ` ∆t´1Mxk´1, k “ 1, . . . , nt, (4)

where xk « upk ¨ ∆tq. Stacking these equations yields an nnt ˆ nnt linear system of the form

»

—

—

—

–

∆t´1M `A
´∆t´1M ∆t´1M `A

. . .
. . .

´∆t´1M ∆t´1M `A

fi

ffi

ffi

ffi

fl

»

—

—

—

–

x1

x2

...
xnt

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

f1 ` ∆t´1Mx0

f2
...
fnt

fi

ffi

ffi

ffi

fl

.

The system matrix can be rewritten in the form B2 bA`B1 bM from (2) by setting

B1 “
1

∆t

»

—

—

—

–

1
´1 1

. . .
. . .

´1 1

fi

ffi

ffi

ffi

fl

, B2 “ Int
. (5)

In turn, the linear system can be rephrased as a matrix equation of the form (1). Taking a closer
look at (2), we identify the factors that have a role in determining such a peculiar structure. The
Kronecker structure of the coefficient matrix is due to the time-independence of the coefficients of
the linear ODE (3). The matrices B1, B2 are Toeplitz because of the use of a constant step size.
Indeed, this property is maintained when replacing implicit Euler by implicit multistep methods [28]
such as BDF (backward differentiation formula). When using Runge–Kutta integrators [28], we
still get banded Toeplitz matrices B1, B2 but – as we will see in Section 4 – we have to embed
A,M into larger matrices in order to arrive at a matrix equation of the form (1).

Existing work. Classical time integration approaches for ODEs proceed by solving the dis-
cretized equations, like (3), sequentially first for k “ 1, then for k “ 2, and so on. This limits the
potential for parallelizing the implementation of the integrator. The Parareal algorithm [22, 34]
avoids this limitation by combining, iteratively, coarse (cheap) time steps that are performed se-
quentially with fine (expensive) time steps that are performed in parallel. There have been many
developments and modifications of Parareal during the last two decades; we refer to [15, 21] for
overviews and a historical perspective. Our work relates to the so called ParaDiag algorithms [20],
which proceed somewhat differently from Parareal by explicitly exploiting the structure of the
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matrix equation (1). In passing, we mention that linear ODEs with constant coefficients, like the
model problem (3), can be turned into an independent set of linear systems by combining an in-
tegral transform, like the Laplace transform, with quadrature for the numerical evaluation of the
inverse transform; see [15, Sec. 5.5] and the references therein.

The basic idea of ParaDiag is simple: If B´1
2 B1 can be diagonalized by a similarity transfor-

mation then (1) decouples into nt linear systems, which can be solved in parallel. The pitfall of
this approach is that the most straightforward choice of time steps, constant time steps, leads
to non-diagonalizable matrices; indeed, the matrix B´1

2 B1 in (5) is one big Jordan block. When
choosing a geometrically increasing sequence of time steps, such as ∆tj “ ∆t1τ

j´1 for some τ ą 1
then B´1

2 B1 has mutually distinct eigenvalues and thus becomes diagonalizable [36]. However, even
when using a second order method in time, e.g., the Crank-Nicolson method, the condition number
of the transformation matrix grows rapidly as nt increases, which severely limits the number of
time steps [18, 19].

A second class of ParaDiag algorithms allows for uniform time steps and perturbs B1, B2 to
enforce diagonalizability. More specifically, the perturbed system matrix takes the form

Pα “ C
pαq

2 bA` C
pαq

1 bM, (6)

where C
pαq

1 , C
pαq

2 are Strang-type [9, 39, 50] α-circulant matrices1 constructed from the Toeplitz
matrices B1, B2. This matrix can be used within a stationary iteration Pαx

pjq “ pPα ´ B2 b

A ´ B1 b Mqxpj´1q ` f [35] or as a preconditioner for GMRES [10, 38] applied to (2). In the

solution of linear systems with Pα one takes advantage of the fact that the matrices C
pαq

1 , C
pαq

2 are
simultaneously diagonalized by a scaled Fourier transform:

Ω˚DαC
pαq

1 D´1
α Ω “ diagpλ1,1, . . . , λ1,nt

q, Ω˚DαC
pαq

2 D´1
α Ω “ diagpλ2,1, . . . , λ2,nt

q,

where Ω P Cntˆnt is the discrete Fourier transform matrix and Dα “ diagp1, α
1
nt , . . . , α

nt´1
nt q. In

turn, Pα is block diagonalized:

pΩ˚Dα b InqPαpD´1
α Ω b Inq “

»

—

–

λ1,1M ` λ2,1A
. . .

λ1,nt
M ` λ2,nt

A

fi

ffi

fl

.

Using the fast Fourier transform (FFT), this allows us to compute the solution of a linear system,
with Pα by combining FFT with the (embarrassingly parallel) solution of nt linear systems with
the matrices pλ1,jM ` λ2,jA, j “ 1, . . . , nt. This procedure, rephrased for the matrix equation
corresponding to Pαx “ f , is summarized in Algorithm 1. Note that, even though the original
ODE (3) features real matrices, Algorithm 1 requires the solution of complex linear systems, which
is more expensive (often by a factor 2–4) than solving real linear systems. This disadvantage of
having to pass to complex arithmetic is shared by all diagonalization based methods discussed in
this work.

1On a continuous-time level this strategy can viewed as turning the initial value problem into a boundary value
problem with periodic boundary conditions and, hence, it is sometimes called waveform relaxation [23, 53].
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Algorithm 1 Solution of AXpC
pαq

2 qT `MXpC
pαq

1 qT “ F

1: procedure fast diag solve(A,M,B1, B2, F, α)
2: Compute eigenvalues λ1,1, . . . , λ1,nt , λ2,1, . . . , λ2,nt by FFT.
3: Compute X Ð FDα by column scaling and X Ð XΩ˚ by FFT.
4: for j “ 1, . . . , nt do
5: Solve linear system Xp:, jq Ð pλ1,jM ` λ2,jAq

´1Xp:, jq

6: end for
7: Compute X Ð XΩ by FFT and X Ð XD´1

α by column scaling.
8: end procedure

The use of the preconditioner Pα can dramatically accelerate the convergence of an iterative
solver for (2). This has been observed for parabolic problems in [38] when using Pα with α “ ˘1
as a preconditioner in GMRES. In [20], wave propagation problems (integrated in time with a
leap-frog finite difference scheme) have been successfully treated by choosing a relatively small
value for 0 ă α ă 1. Note, however, that α cannot be chosen arbitrarily small because otherwise
the condition number of the matrix Dα (given by αp1´ntq{nt « 1{α) explodes and, in turn, roundoff
error impedes convergence. In practice, this means that the choice of α needs to strike a compromise
and there is no choice of α that yields sudden convergence. In turn, several iterations are needed
to attain good accuracy, which adds significant computational overhead and communication cost
because every iteration calls Algorithm 1 once.

New contributions. In this paper, we propose two novel strategies that avoid the overhead
incurred by iterative procedures for solving (2).

Our first method, presented in Section 2, exploits the trivial observation that C
pαq

1 ´ B1 and

C
pαq

2 ´ B2 have very low rank. Thus, the Sylvester equation addressed by Algorithm 1 can be
viewed as a low-rank modification of the original equation (1), which allows us to apply the low-
rank update from [31] for linear matrix equations. This update corrects the output of Algorithm 1
by solving a Sylvester equation with the same coefficients as (1) but with a different right-hand
side that has low rank. The main novelty of Section 2 is in the analysis of the low-rank structure
of the solution to this equation and the development of efficient algorithms.

Our second method, presented in Section 3, takes an interpolation point of view: Whenever
we solve the linear system Pαx “ f we are actually evaluating a vector-valued function xpαq,
depending on the complex parameter α, such that xp0q corresponds to the solution of (2). More
precisely, this function can be efficiently and accurately evaluated on a scaled unit circle. We
suggest to construct an approximation for xp0q via a linear combination of xpαq evaluated at all
dth order roots of a complex number for some small value of d. This strategy is highly parallelizable
as it requires to solve d completely independent linear systems with coefficient matrices of the form

Pα. Moreover, it applies also to the cases where the matrices δB
pαq

j are not low-rank, for example,
when a time fractional differential operator is involved.

Section 4 extends our framework to implicit Runge–Kutta time integrators.
Section 5 is dedicated to a range of numerical experiments that highlight the advantages of our

method for a broad range of situations.
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2 Low-rank update approach

For a lower triangular banded Toeplitz matrix B, Strang’s α-circulant preconditioner [39] is ob-
tained from reflecting the lower band to the top right corner and multiplying it by α:

»

—

—

—

—

—

—

–

b0
b1 b0
...
. . .

. . .

bw
. . .

. . .
. . .

. . .
. . .

. . .
. . .

bw ... b1 b0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

ÝÑ

»

—

—

—

—

—

—

–

b0
b1 b0
...
. . .

. . .

bw
. . .

. . .
. . .

. . .
. . .

. . .
. . .

bw ... b1 b0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

` α

»

—

—

—

—

—

—

–

bw ... b1

. . .
...
bw

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

.

In particular, this implies that the rank of this modification is bounded by the width of the lower
bandwidth. Applied to the time stepping matrices B1, B2, we obtain that

C
pαq

1 “ B1 ` δB
pαq

1 , C
pαq

2 “ B2 ` δB
pαq

2

for certain low-rank matrices δB
pαq

1 , δB
pαq

2 . For instance, for the implicit Euler method (see (5))

we have δB
pαq

1 “ ´ α
∆te1e

T
nt
, where ej denoting the jth unit vector of length nt, and δB

pαq

2 “ 0.
Inspired by [31] we write the solution of (1) as X “ X0 ` δX, where

AX0pC
pαq

2 qT `MX0pC
pαq

1 qT “ F, (7)

AδXBT
2 `MδXBT

1 “ AX0pδB
pαq

2 qT `MX0pδB
pαq

1 qT . (8)

After equation (7) is solved via Algorithm 1, the correction equation (8) becomes a generalized
Sylvester equation in δX that has the same coefficients as (1) but a different right-hand side of rank

at most rankpδB
pαq

1 q ` rankpδB
pαq

2 q. This remarkable property enables us to make use of low-rank
solvers for linear matrix equations (see [48] for an overview) in order to approximate δX. Note
that, the choice of α ‰ 0 has no influence on this strategy; for this reason we always choose α “ 1
when using the low-rank update approach. The resulting procedure is summarized in Algorithm 2.

Algorithm 2

1: procedure low rank update(A,M,B1, B2, F )
2: X0 Ð fast diag solvepA,M,B1, B2, F, 1q

3: Compute a low-rank factorization UV ˚
“ AX0pδB

p1q

2 q
T

` MX0pδB
p1q

1 q
T

4: δX Ð low rank solverpA,M,B1, B2, U, V q Ź Call to a low-rank solver for matrix equations
5: return X0 ` δX
6: end procedure

Remark 1. It is not uncommon that the right-hand side matrix F of (1) has (numerically) low
rank because, for example, the inhomogeneity f of the ODE (3) is constant or varies smoothly with
respect to t. In such a situation, a low-rank solver can be applied directly to (1) and the following
approach has been suggested by Palitta [40]: A block Krylov subspace method is used for reducing
the spatial dimension combined with an application of the Shermann–Morrison–Woodbury formula
to the resulting reduced equation. Our low-rank approach has the advantage that it is agnostic to
properties of F , at the expense of having to solve (7). In principle, Palitta’s method can be applied
to solve the correction equation (8) but we found it more efficient for large nt to use a two-sided
approach that reduces the temporal dimension as well.
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2.1 Solution of correction equation

In the following, we discuss the application of low-rank solvers to the correction equation (8). In
view of the (assumed) invertibility of M and B2 we replace (8) by the following Sylvester matrix
equation:

rAδX ` δX rBT “ C, (9)

where
rA “ M´1A, rB “ B´1

2 B1, C “ M´1pAX0pδB
p1q

2 qT `MX0pδB
p1q

1 qT qB´T
2

and rankpCq ď k :“ rankpδB
p1q

1 q ` rankpδB
p1q

2 q ! mintn, ntu. For given factorizations δB
p1q

1 “

U1V
˚
1 and δB

p1q

2 “ U2V
˚
2 , a low-rank factorization C “ UV ˚, with U P Rnˆk and V P Rntˆk, is

obtained by setting

U “ rM´1AX0V2, X0V1s, V “ rB´1
2 U2, B

´1
2 U1s. (10)

Alternatively, when M is symmetric positive definite and its Cholesky factorization M “ LLT

is available, a possible symmetry of A is preserved by considering

qAδ qX ` δ qX qBT “ qC, (11)

with qA “ L´1AL´T , qB “ rB, qC “ L´1pAX0pδB
p1q

2 qT ` MX0pδB
p1q

1 qT qB´T
2 , and δ qX “ LT δX. In

analogy to (10) an explicit rank-k factorization of qC can be derived. In the rest of this section
we focus on analyzing and solving (9) but we remark that our findings extend to (11) with minor
modifications.

Various numerical methods have been developed to treat large-scale Sylvester equations with
low-rank right-hand side, including the Alternating Direction Implicit method (ADI) [14, 41] and
the Rational Krylov Subspace Method (RKSM) [5, 27, 44]. These methods compute approximate

solutions of the form ĂδX “ WY Z˚, where W and Z are bases of (block) rational Krylov subspaces

generated with the matrices rA, rB and starting block vectors U and V , respectively. More precisely,
given two families ξ “ tξ1, . . . , ξℓu, ψ “ tψ1, . . . , ψℓu Ă C of so-called shift parameters, W and Z
are chosen as bases of the following subspaces:

RKp rA,U, ξq “ span
`

pξ1I ´ rAq´1U, . . . , pξℓI ´ rAq´1U
˘

,

RKp rB, V, ψq “ span
`

pψ1I ´ rBq´1V, . . . , pψℓI ´ rBq´1V
˘

.
(12)

When shifts are repeated, the matrix power is increased. For example, when a single shift ξ1 is
repeated ℓ times, one uses span

`

pξ1I´ rAq´1U, . . . , pξ1I´ rAq´ℓU
˘

. We refer to the relevant literature
[5, 13, 48] for a complete description of the computation of the factors W,Y,Z in these methods.

Let us comment on some implementation aspects of RKSM, which will be the method of choice
in our implementation of Algorithm 2, line 4. In RKSM, the middle factor Y in the approximation
ĂδX “ WY Z˚ is obtained by solving a compressed matrix equation, which does not contribute
significantly to the overall computational time as long as the dimensions of the Krylov subspaces
remain modest. Computing W and Z requires to solve shifted linear systems with the matrices
rA, rB; these operations can be performed without forming M´1A and B´1

2 B1 explicitly, by means
of the relations

pξjI ´ rAq´1v “ pξjM ´Aq´1Mv, pψjI ´ rBq´1v “ pψjB2 ´B1q´1B2v.

In particular, we can still leverage properties like sparsity in A andM , or the bandedness of B1, B2,
when solving shifted linear systems with rA, rB. Our implementation of RKSM relies on the Matlab
toolbox rk-toolbox [7] for generating the factors W,Z. Finally and importantly, the selection of
the shift parameters ξ, ψ strongly affects the convergence of RKSM and we discuss suitable choices
in the following section.
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2.2 Low-rank approximability of the correction equation

In this section, we analyze the numerical low-rank structure of the solution δX to the correction
equation (9), which also yields suitable choices of shift parameters in RKSM discussed above.

By the Eckart–Young–Mirsky theorem, δX admits good low-rank approximations if its singular
values σjpδXq decay rapidly. Several works, including [1, 2, 42, 45], have established singular value
decay bounds for solutions of Sylvester matrix equations. In particular, the framework presented
in [4] applies to (9) and shows that [4, P. 323]

σ1`kjpδXq ď min
rpzqPRj,j

}rp rAq}2}rp´ rBq´1}2}δX}2, (13)

where Rj,j denotes the set of rational functions having numerator and denominator of degree at

most j. Choosing a good candidate for the rational function r is difficult, especially when rA
and/or rB are non-normal. To circumvent this difficulty, we loosen the bound (13) by considering

the numerical range Wp rAq “ tx˚Ax : }x}2 “ 1u Ă C. A result by Crouzeix and Palencia [11] states
that

}rp rAq}2 ď p1 `
?
2q max

zPWp rAq

|rpzq| ď p1 `
?
2qmax

zPE
|rpzq|,

where the constant 1 `
?
2 can be omitted when A is normal and the set E Ě Wp rAq is chosen to

feature a simple geometry, for which the eventual rational approximation problem admits explicit
solutions. Similarly, one has

}rp´ rBq´1}2 ď p1 `
?
2qmax

zPF
|rpzq|´1 “ p1 `

?
2q

`

min
zPF

|rpzq|
˘´1

for any set F Ă C with F Ě Wp´ rBq. Inserting these inequalities into (13), we arrive at

σ1`kjpδXq

∥δX∥2
ď p1 `

?
2qaZjpE,F q, ZjpE,F q :“ min

rpzqPRj,j

maxzPE |rpzq|

minzPF |rpzq|
,

where the exponent a satisfies a “ 0 if both rA, rB are normal, a “ 1 if one of the two matrices is
normal, and a “ 2 otherwise.

The quantity ZjpE,F q and the related optimization problem are known in the literature as
the Zolotarev number and Zolotarev problem for the sets E and F [4, 54]. Studying the Zolotarev
problem is not only important from a theoretical but also from a computational point of view
because identifying an extremal rational function r˚

j pzq for ZjpE,F q allows for the fast solution of
(9). Indeed, running j steps of ADI or RKSM with shift parameters given by the zeros and poles
of r˚

j pzq ensures a convergence rate not slower than the decay rate of ZjpE,F q [3, 33, 52]. A major
complication of this construction is the need for choosing the sets E,F . On the one hand, it is
desirable to choose E,F such that they enclose the numerical ranges of rA, rB as tightly as possible.
On the other hand, explicit solutions for ZjpE,F q are known only for a few selected geometries of E
and F , including: two disjoint real intervals [54], the two connected components of the complement
of an annulus [26], two disjoint discs [49]. Therefore, one usually encloses the numerical range by
a disc or an interval (in the case of Hermitian matrices). In Sections 2.2.1 and 2.2.2 below, we
discuss two geometries in more detail: the case of two discs and the case of a disc and an interval.
These enclosures will be used for generating the shift parameters in Algorithm 2 for most of our
numerical examples.

2.2.1 Solution of the Zolotarev problem for two disjoint discs

Letting Bpx, ρq denote the closed disc with center x P C and radius ρ ą 0, we consider the Zolotarev
problem for

E “ BpxE , ρEq, F “ BpxF , ρF q, |xE ´ xF | ą ρE ` ρF .
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E

F

Φ(E)

Φ(F)
Φ1 Φ2 Φ3

Figure 1: Action of the Moebius map Φ “ Φ3 ˝ Φ2 ˝ Φ1 on the sets E (blue) and F (red).

Starke [49] addressed the case xE , xF P R by explicitly constructing a rational function r˚
1 pzq “

z´q˚

z´p˚ with q˚ P Eo, p˚ P F o, and |r˚
1 pzq| being constant on BE and on BF . In view of the

(generalized) near-circularity criterion [49, Theorem 3.1], this implies the optimality of the rational
function rr˚

1 pzqsj for ZjpE,F q, j ě 1.
The general case of two disjoint discs (with xE , xF P C not necessarily on the real line) can

be derived from Starke’s result by relying on the invariance property of Zolotarev problems under
Moebius transformations; see also [46, Example VIII.4.2]. For completeness and convenience of the
reader, we provide the complete transformation that maps E,F to the complement of an annulus.
More precisely, a Moebius map Φ is constructed such that ΦpF q is a closed disc centered at the
origin and ΦpEq is the complement of a larger open disc centered at the origin. We compose Φ
from three simpler Moebius maps Φj , j “ 1, 2, 3, as follows (see also Figure 1):

• Φ1pzq “ z´xE

ρE
maps E to the unit disc while F remains a disjoint disc,

• Φ2pzq “ z´1 maps Φ1pEq to the exterior of the unit disc and Φ1pF q to a disc enclosed by the
unit circle,

• Φ3pzq “ z´α
z´β maps Φ2pΦ1pF qq to the exterior of a disc with center 0 and Φ2pΦ1pEqq to a

disc centered at 0 and enclosed by BΦ3pΦ2pΦ1pF qqq.

The parameters α, β P C are chosen as the so-called common inverse points for the circles
BΦ2pΦ1pEqq “ BBp0, 1q and BΦ2pΦ1pF qq [29, Section 4.2]. Setting Φ2pΦ1pF qq “: BprxF , rρF q the
values of α, β from satisfying the two equations

αβ “ 1, pα ´ rxF qpβ ´ rxF q “ rρ2F .

Clearly, one solution is given by

β “ α´1, α “

„

|rxF |2 ` 1 ´ rρ2F `

b

p|rxF |2 ` 1 ´ rρ2F q2 ´ 4|rxF |2

ȷ

{p2rxF q. (14)

Observe that, Φ1pF q is a disc with center Φ1pxF q ‰ 0 and radius ρF {ρE . In particular, Φ1pF q

attains its maximum and minimum modulus at the elements

x1 “ Φ1pxF q `
Φ1pxF q

|Φ1pxF q|

ρF
ρE

, x2 “ Φ1pxF q ´
Φ1pxF q

|Φ1pxF q|

ρF
ρE

.

Now, Φ2pzq “ z´1 maps x1 and x2 into the minimum and maximummodulus elements of BprxF , rρF q,
respectively. This implies that rxF , rρF take the following values:

rxF “
Φ2px1q ` Φ2px2q

2
, rρF “

|Φ2px1q ´ Φ2px2q|

2
.
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Together with (14), this allows us to compute α, β explicitly and evaluate Φ. The complete
expressions for Φ and Φ´1 read as follows:

Φpzq “
ρE ´ αpz ´ xEq

ρE ´ α´1pz ´ xEq
, Φ´1pzq “

pα´1xE ` ρEqz ´ αxE ´ ρE

α´1z ´ α
.

By the near-circularity criterion [49, Theorem 3.1], an extremal rational function for the com-
plement of an annulus centered at 0 is zj , having the only pole 8 and the only zero at 0. Thus,

an optimal rational function for the original problem is given by r˚
j pzq “

´

z´Φ´1
p0q

z´Φ´1p8q

¯j

. The pole

p˚ and zero q˚ are given by

p˚ “ Φ´1p8q “ xE `
ρE

α´1 , q˚ “ Φ´1p0q “ xE `
ρE
α
. (15)

Since Φ maps the boundaries of E and F to the boundaries of the annulus, it follows that the
Zolotarev numbers are given by

ZjpE,F q “ ηj , η “
|ΦpxE ` ρEq|

|ΦpxF ` ρF q|
“

ˇ

ˇ

ˇ

ˇ

p1 ´ αqpρE ´ α´1pxF ` ρF ´ xEqq

p1 ´ α´1qpρE ´ αpxF ` ρF ´ xEqq

ˇ

ˇ

ˇ

ˇ

ă 1. (16)

2.2.2 Quasi-optimal solution of the Zolotarev problem for a disc and an interval

Let us now consider the situation of a disc and a disjoint interval:

E “ BpxE , ρEq, F “ ra, bs, xE P R, xE ` ρE ă a or xE ´ ρE ą b.

Similarly to the previous section, we build a Moebius transformation that recasts ZjpE,F q as
a Zolotarev problem for which a (quasi-optimal) solution is known. More specifically, we let
Θ “ Θ2 ˝ Θ1 where (see also Figure 2):

• Θ1pzq “ Φ1pzq maps E to the unit disc while F remains a real disjoint interval,

• Θ2pzq “ z`1
z´1 maps Θ1pEq to the closed left half of the complex plane and Θ1pF q to an

interval rã, b̃s of positive real numbers.

A straightforward calculation yields explicit expressions for Θ and its inverse:

Θpzq “
z ´ xE ` ρE
z ´ xE ´ ρE

, Θ´1pzq “
pxE ` ρEqz ´ xE ` ρE

z ´ 1
.

By the maximum modulus principle, it suffices to consider the boundary of ΘpEq and thus the
transformed Zolotarev problem takes the form

ZjpBΘpEq,ΘpF qq “ ZjpiR, rã, b̃sq “ min
rpzqPRj,j

maxzPiR |rpzq|

minzPrã,b̃s
|rpzq|

. (17)

Let r̃j denote the extremal rational function for the Zolotarev problem Zjpr´b̃,´ãs, rã, b̃sq, that

is, the imaginary axis is replaced by r´b̃,´ãs. This function has been extensively studied in the
literature; see [4, Sec. 3.1] and the references therein. In particular, it holds that

r̃jpzq “

j
ź

i“1

z ` ψ̃j,i

z ´ ψ̃j,i

,

9
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F

Θ(E)

Θ(F)

Θ1 Θ2

Figure 2: Action of the Moebius map Θ “ Θ2 ˝ Θ1 on the sets E (blue) and F (red).

where the poles ψ̃j,i P rã, b̃s, i “ 1, . . . , j, can be expressed in closed form via elliptic integrals. Note
that r̃jp´zq “ 1{r̃jpzq and the maximum absolute value of r̃j is 1, which is assumed throughout

the imaginary axis. By [4, Corollary 3.2], it holds that Zjpr´b̃,´ãs, rã, b̃sq ď 4η´2j with η “

exp

ˆ

π2

2 logp4b̃{ãq

˙

. Inserting r̃j into (17) gives the following upper bound for ZjpiR, rã, b̃sq:

δj :“
maxzPiR |r̃jpzq|

minzPrã,b̃s
|r̃jpzq|

“
1

minzPrã,b̃s
|r̃jpzq|

“

b

Zjpr´b̃,´ãs, rã, b̃sq ď 2η´j . (18)

It has been shown in [12, 32] that r̃j satisfies the necessary optimality conditions for (17) and that

it is within a factor 2 of the optimal solution: δj ď 2ZjpiR, rã, b̃sq. To the best of our knowledge, it
is still an open question whether r̃j is, in fact, an extremal rational function for (17). In summary,
we have

ZjpE,F q ď 2 exp

ˆ

´jπ2

2 logp4b̃{ãq

˙

(19)

with a quasi-optimal solution for ZjpE,F q given by

prjpzq “

j
ź

i“1

z ´ Θ´1p´ψ̃j,iq

z ´ Θ´1pψ̃j,iq
. (20)

The poles of the rational function (19) are not nested, that is, the poles of prjpzq are different
from the ones of prj`1pzq. This is a disadvantage when using the poles of prjpzq in an iterative method
(such as ADI or RKSM) where usually the number of steps (the parameter j) is not known a priori.
Choosing j adaptively would require to restart the method from scratch whenever j is changed.
In such a situation it is preferable to use a sequence of rational functions with nested poles. The
method of equidistributed sequences (EDS) [12, Section 4] allows the generation of a nested sequence

of poles ξi, i “ 1, 2, . . . , such that the rational functions
śj

i“1
z`ξi
z´ξi

have asymptotically optimal

convergence rates for Zjpr´b̃,´ãs, rã, b̃sq as j increases, see also [37, Section 3.5]. In analogy with
(20), the nested asymptotically optimal zeros and poles for ZjpE,F q are given by Θ´1p´ξiq and
Θ´1pξiq, respectively. In the following example and more generally in Section 5, we demonstrate
that the shift parameters computed by means of EDS yield convergence rates very close to the
ones obtained with the optimal solution of Zjpr´b̃,´ãs, rã, b̃sq.
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Example 2. Let us consider the following 1D heat equation from [16, Section 7.1]:

$

’

’

’

&

’

’

’

%

ut “ uxx ` fpx, tq, x P Ω :“ r0, 1s, t P r0, 1s

u ” 0, on BΩ,

upx, 0q “ 4xp1 ´ xq, at t “ 0,

fpx, tq “ hmaxt1 ´ |cptq ´ x|{w, 0u, cptq “ 1
2 ` p 1

2 ´ wq sinp2πtq,

(21)

with w “ 0.05 and h “ 100. Discretizing in space with second order central differences and in
time with the implicit Euler method on a uniform n ˆ nt grid yields a matrix equation of the
form AX `XBT

1 “ F with A P Rnˆn and B1 P Rntˆnt are the matrices of centered and backward
differences with respect to the x and t variables. For this example we set n “ nt “ 1000 and rescale
the equation by multiplying both sides with ∆t. We focus on solving the correction equation

AδX ` δXBT
1 “ ´X0ene

T
1 , (22)

where X0 satisfies AX0 ` X0pC
p1q

1 qT “ F . For this purpose, we use RKSM based on one of the
rational functions constructed above. The poles and zeros of the rational function determine the
shifts in the rational Krylov subspaces for A and B1, respectively, see (12). We consider the
following choices:

2DISCS single shifts p˚ and q˚ resulting from the Zolotarev problems with 2 discs, see (15);

ZOL-DI optimal shifts resulting from the Zolotarev problem with a disc and an interval, see (20);

EDS nested, asymptotically optimal shifts resulting from the Zolotarev problem with a disc and an
interval; the computation of equidistributed shifts is described in [37, Section 3.5].

EK alternating shifts 0 and 8, corresponding to the extended Krylov method [47].

The numerical ranges of the matrices A,B1, which determine the sets E,F , are known analytically:
WpB1q “ tz : |z ` 1| ď cospπ{pnt ` 1qqu and WpAq “ rλmin, λmaxs with λmin “ p2 ´ 2 cospπ{pn `

1qqq
pn`1q

2

nt
and λmax “ p2´ 2 cospnπ{pn` 1qqq

pn`1q
2

nt
. We can directly use these sets for generating

the shift parameters in EDS and ZOL-DI, while 2DISCS uses the (suboptimal) inclusion WpAq Ă

tz : |z ´ pλmax ` λminq{2| ď pλmax ´ λminq{2u.

Letting ĂδX denote the approximate solution produced by one of the choices above, Figure 3

reports the relative error history ∥ ĂδX´δX∥2{∥δX∥2, where δX is a benchmark solution computed
via the lyap command of Matlab, as the dimension of the rational Krylov subspaces increases.
Finally, we report the relative error associated with the truncated singular values decomposition
of δX to show the best error attainable. The results are shown in Figure 3 together with the decay
bounds (16) (Decay 2DISCS) and (19) (Decay ZOL-DI). The observed convergence of the residuals
clearly highlights the advantage of choosing shifts via the Zolotarev problem with a disc and an
interval, either optimally (ZOL-DI) or asymptotically optimally (EDS).

2.3 Cost analysis of Algorithm 2

In order to compare with our second approach in the next section, we briefly discuss the cost of
Algorithm 2 as well as the potential for carrying out (embarrassingly) parallel computations. Let
Csys denote the maximum cost of solving a linear system with a linear combination of the matrices
A and M , for a constant number of right-hand sides, respectively; note that, Csys is also an upper
bound for the cost of solving with A or M , individually. The cost of a matrix-vector operation
with the banded matrices B1, B2 is Opntq, which is negligible. We may assume k “ Op1q, which

11
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Figure 3: Relative error convergence histories of RKSM for (9), in the case of the 1D heat equation
(equation (22)), for various choices of the shift parameters.

holds for all time discretization schemes discussed in this work. We assume that RKSM converges
after ℓ iterations to fixed accuracy and that the shift parameters are all different, as it happens, for
instance, in EDS. If A is symmetric positive definite and its condition number grows polynomially
with n (as, e.g., for finite difference or finite element discretizations of elliptic operators) then the
bound (19) predicts ℓ “ Oplog nq. RKSM needs to solve Opℓq linear systems at cost Csys each for
generating the left factor W of the approximate solution δX « WY Z˚. The (re)orthogonalization
of the bases W,Z accounts for another Oppn ` ntqℓ

2q operations. As we expect ℓ to be small, the
cost for computing Y as the solution of the compressed equation is negligible. When M ‰ In,
computing the low-rank factorization at line 3 requires an additional constant number of linear
systems solves. By adding the cost of Algorithm 1 called in line 2 of Algorithm 2 we obtain the
overall complexity

O
`

pnt ` ℓqCsys ` pn` ntqℓ
2 ` nnt logpntq

˘

.

In terms of parallelization, note that the linear systems solves of Algorithm 1 are embarrassingly
parallel on up to nt cores. In this situation, the cost reduces to OpℓCsys`pn`ntqℓ

2`nnt logpntqq for
each of the nt cores. A further reduction can be obtained by making use of parallel implementations
of RKSM [8] and FFT.

3 An evaluation interpolation approach

As pointed out in the introduction, existing ParaDiag algorithms replace (1) with

AXpC
pαq

2 qT `MXpC
pαq

1 qT “ F (23)

for fixed α, where C
pαq

1 , C
pαq

2 are α-cyclic matrices. Solving equation (23) can be carried out
efficiently with Algorithm 1 and serves as a preconditioner in a Krylov method or a stationary
iteration.

In this section we propose a new method that approximates the solution of (1) by combining
solutions of the matrix equation (23) for different values of α. Given ρ ą 0, we let Xρ denote the
matrix-valued function that maps z P C to the solution X “ Xρpzq of (23) for α “ ρz. In particular
Xρp0q is the desired solution of (1). In the following, we assume that Xρpzq is analytic in the disc
tz : |z| ă pρu for some pρ ą 1; see Example 4 below for an illustration of this assumption.

12



Our approach proceeds by interpolating Xρpzq at the dth roots of unity for some integer d,
ωj “ expp2πij{dq for j “ 0, . . . , d´1, with the interpolation data Xρpωjq computed by Algorithm 1.

It is well known (see, e.g., [51]) that the coefficients of the interpolating polynomial rX pdqpzq “
řd´1

j“0
rX

pdq

j zj can be obtained from the interpolation data by applying the inverse Fourier transform.
In particular, we obtain

Xρp0q « rX pdqp0q “ rX
pdq

0 “
`

Xρpω0q ` ¨ ¨ ¨ ` Xρpωd´1q
˘

{d.

The described procedure is summarized in Algorithm 3. The analysis of the approximation error
for such a trigonometric interpolation has a well established theory. The following result, retrieved

by applying Theorem 12.1 from [51] to each entry, shows that rX
pdq

0 converges exponentially fast to
the solution of (1) as d increases with the convergence rate depending on the radius of analyticity
pρ.

Theorem 3. Let Xρpzq be analytic on tz : |z| ă pρu with pρ ą 1 and choose R P p1, pρq. Then the

following holds for the entries of the approximation rX
pdq

0 returned by Algorithm 3:

|pXρp0qqij ´ p rX
pdq

0 qij | ď
max|z|“R |pXρpzqqij |

Rd ´ 1
, i “ 1, . . . n, j “ 1, . . . , nt.

Algorithm 3

1: procedure ev int(A,M,B1, B2, F, ρ, d)
2: for j “ 0, . . . , d ´ 1 do
3: ωj Ð expp2ijπ{dq

4: Xj Ð fast diag solvepA,M,B1, B2, F, ρωjq

5: end for
6: return rX Ð pX0 ` ¨ ¨ ¨ ` Xd´1q{d
7: end procedure

We remark that it is possible to implement an adaptive doubling strategy for the choice of the

parameter d. Whenever the accuracy of rX
pdq

0 is unsatisfactory, we can consider the computation

of rX
p2dq

0 . Since a dth root of the unity is also a 2dth root of the unity, this has the advantage that
half of the evaluations of Xρpzq that we need in Algorithm 3 have already been computed at the
previous iteration. As stopping criterion, one can verify that the norm of the difference between
two consecutive approximations is smaller than a certain threshold. However, in all numerical
experiments considered in this work we observe that the choices d “ 2, 3 already provide sufficient
accuracy and there is little need for an adaptive choice for d.

Example 4. Let us consider the matrix equation AX ` XBT
1 “ F arising from the 1D heat

equation of Example 2 with n “ nt. Then C
pρzq

1 “ B1 ´ ρze1e
T
n with the matrix B1 from (5)

multiplied with ∆t. The eigendecomposition of C
pρzq

1 is given by

C
pρzq

1 “

»

—

–

1

pρzq
´ 1

n

. . .
pρzq

1´n
n

fi

ffi

fl

Ω

»

—

—

–

1´pρzq
1
n

1´pρzq
1
n ζ

. . .
1´pρzq

1
n ζn´1

fi

ffi

ffi

fl

Ω˚

»

—

–

1

pρzq
1
n

. . .
pρzq

n´1
n

fi

ffi

fl

,

where ζ “ expp2iπ{nqq and Ω is the discrete Fourier transform. In particular, the eigenvalues

of C
pρzq

1 are contained in a disc with center 1 and radius |ρz|1{n. Since A is symmetric positive
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definite, the spectra of A and ´C
pρzq

1 stay separated as long as |z| ă ρ´ 1
n ` λminpAq. This implies

that Xρpzq is well-defined and, as a rational function, also analytic on the open disc with radius

ρ
1
n `λminpAq and hence the assumptions of Theorem 3 can be satisfied as long as ρ ď 1. Assuming

|ρz| ď 1, the 2-norm condition number of the eigenvector matrix for C
pρzq

1 is bounded by 1{|ρz|

and, in turn, }Xρpzq}F ď |ρzλmin|´1}F }F . Choosing R “ 1{ρ in Theorem 3, we thus obtain

}X0 ´ rX
pdq

0 }F ď
1

λminpρ´d ´ 1q
}F }F .

Hence, we expect to obtain very fast convergence with decreasing ρ and/or increasing d. Note that ρ
cannot be chosen too small because otherwise roundoff error, due to the ill-conditioned eigenvector
matrix of Xpρωjq, starts interfering with the interpolation error. Both statements are confirmed

by numerical experiments. Table 1 shows relative residual Res :“ ∥A rX0 ` rX0B
T
1 ´ F∥F {∥F∥F

for the matrix rX0 computed by Algorithm 3 obtained with different values of n, ρ, d. The results
indicate that excellent accuracy can already achieved for d “ 2 when choosing ρ properly.

Table 1: Relative residual of the approximate solution computed by Algorithm 3 with different
choices of the parameters ρ, d and for increasing size n of the problem.

n ρ d “ 1 d “ 2 d “ 3 d “ 4

500

1e` 00 5.81e´ 02 2.94e´ 06 1.67e´ 10 8.80e´ 13
1e´ 02 5.81e´ 04 2.94e´ 10 3.97e´ 12 3.49e´ 12
1e´ 04 5.81e´ 06 1.96e´ 10 1.59e´ 10 1.38e´ 10
1e´ 06 6.05e´ 08 1.18e´ 08 9.77e´ 09 8.19e´ 09
1e´ 08 1.20e´ 06 8.59e´ 07 7.01e´ 07 6.07e´ 07
1e´ 10 9.20e´ 05 6.63e´ 05 5.36e´ 05 4.58e´ 05
1e´ 12 7.12e´ 03 5.08e´ 03 4.11e´ 03 3.59e´ 03

1000

1e` 00 1.59e´ 01 6.47e´ 06 3.51e´ 10 1.61e´ 12
1e´ 02 1.59e´ 03 6.48e´ 10 1.82e´ 11 1.59e´ 11
1e´ 04 1.59e´ 05 1.17e´ 09 9.69e´ 10 8.31e´ 10
1e´ 06 1.93e´ 07 7.84e´ 08 6.23e´ 08 5.53e´ 08
1e´ 08 7.74e´ 06 5.44e´ 06 4.45e´ 06 3.83e´ 06
1e´ 10 5.78e´ 04 4.11e´ 04 3.27e´ 04 2.84e´ 04
1e´ 12 4.50e´ 02 3.16e´ 02 2.63e´ 02 2.19e´ 02

2000

1e` 00 1.70e´ 01 6.70e´ 06 3.55e´ 10 7.06e´ 12
1e´ 02 1.70e´ 03 6.75e´ 10 6.66e´ 11 5.73e´ 11
1e´ 04 1.70e´ 05 3.79e´ 09 3.07e´ 09 2.60e´ 09
1e´ 06 3.62e´ 07 2.25e´ 07 1.86e´ 07 1.58e´ 07
1e´ 08 2.15e´ 05 1.52e´ 05 1.25e´ 05 1.08e´ 05
1e´ 10 1.58e´ 03 1.12e´ 03 9.11e´ 04 7.96e´ 04
1e´ 12 1.25e´ 01 9.00e´ 02 7.09e´ 02 6.38e´ 02

4000

1e` 00 2.14e´ 01 9.97e´ 06 5.23e´ 10 3.96e´ 11
1e´ 02 2.14e´ 03 1.04e´ 09 2.43e´ 10 2.12e´ 10
1e´ 04 2.14e´ 05 1.46e´ 08 1.18e´ 08 1.03e´ 08
1e´ 06 1.34e´ 06 9.35e´ 07 7.65e´ 07 6.63e´ 07
1e´ 08 9.56e´ 05 6.73e´ 05 5.51e´ 05 4.78e´ 05
1e´ 10 7.32e´ 03 5.15e´ 03 4.21e´ 03 3.66e´ 03
1e´ 12 5.98e´ 01 4.23e´ 01 3.39e´ 01 2.98e´ 01
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3.1 Cost analysis of Algorithm 3

In this section we maintain the assumptions and notation of Section 2.3. In particular, Csys denotes
the cost of solving linear systems with a linear combination of the matrices A and M . The
asymptotic complexity of Algorithm 3 is dominated by the d calls to Algorithm 1, that is,

OpdntCsys ` dnnt logpntqq.

As the calls to Algorithm 1 are embarrassingly parallel, the cost of Algorithm 3 reduces to

OpCsys ` nnt logpntqq.

for each core if dnt cores are available. Compared with the discussion in Section 2.3, this indicates
that Algorithm 1 is better suited than Algorithm 2 in a massively parallel environment.

4 All-at-once Runge–Kutta formulation

In this section, we explain how the approaches presented in this work extend when the time
discretization is performed by implicit Runge–Kutta methods. For this purpose, let us consider
the differential problem (3) and assume, without loss of generality, that M “ I. The discretization
by an Runge–Kutta method with s stages yields

#

xj`1 “ xj ` ∆t
řs

i“1 bik
pjq

i , j “ 0, . . . nt ´ 1,

k
pjq

i “ Axj ` ∆t
řs

h“1 gihAk
pjq

h ` fptj ` ci∆tq, i “ 1, . . . , s,

where the coefficients bi and ci are the nodes and the weights of the Butcher tableau. By considering

the Runge–Kutta matrix G “ pgihq P Rsˆs and setting Kpjq :“ rk
pjq

1 | . . . |k
pjq
s s P Rnˆs, we can

rewrite the second equation as

k
pjq

i “ Axj ` ∆tAKpjqpGeiq
T ` fptj ` ci∆tq

ñ Kpjq “ Axje
T ` ∆tAKpjqGT ` F pjq, (24)

where e P Rs is the vector of all ones, ei P Rs is the ith unit vector, and F pjq :“ rfptj `

c1∆tq| . . . |fptj ` cs∆tqs P Rnˆs. Vectorizing (24) leads to

pI ´ ∆tGbAq
loooooooomoooooooon

H

vecpKpjqq ´ pe bAqxj “ vecpF pjqq.

Therefore, we get an all-at-once linear system Ax “ f of the form

»

—

—

—

—

—

—

—

—

—

–

H
´b b I I

´e bA H
´I ´b b I I

. . .
. . .

´e bA H
´I ´b b I I

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

»

—

—

—

—

—

—

—

—

—

—

—

—

–

k
p0q

1

...
kp0q
s
x1

k
p1q

1

...
kp1q
s
x2

...
xnt

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“

»

—

—

—

—

—

—

—

—

—

—

—

—

—

–

fpt0`c1∆tq`Ax0

...
fpt0`cs∆tq`Ax0

x0

fpt1`c1∆tq

...
fpt1`cs∆tq

0
fpt2`c1∆tq

...
fptnt´1`cs∆tq

0

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

(25)
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where b :“ ∆trb1, . . . , bss is a row vector. Note that we can rewrite the 2 ˆ 2 block matrix on the
main diagonal as

„

H
´b b I I

ȷ

“

„

´∆tG
ȷ

bA`

„

I
´b 1

ȷ

b I P Rnps`1qˆnps`1q.

Finally, by letting xM “
“

ebA
I

‰

P Rnps`1qˆnps`1q, we can write the coefficient matrix of the linear

system (25) as A “ I b pA`B1 b xM where

B1 “

»

—

—

—

—

–

1

´1
. . .

. . .
. . .

´1 1

fi

ffi

ffi

ffi

ffi

fl

, pA “

„

´∆tG ´e
ȷ

bA`

„

I
´b

ȷ

b I. (26)

This implies that (25) is equivalent to a generalized Sylvester equation. In view of ParaDiag
techniques, it is natural to consider the matrix Apαq, obtained by replacing B1 in (26) with an

α-cyclic matrix C
pαq

1 . This leads to the following three extensions of the ParaDiag framework to
Runge–Kutta methods.

Preconditioned Krylov method. Employ Apαq as a preconditioner for GMRES.

Evaluation interpolation approach. Employ a solver for linear systems with matrices Apρωjq

as building block for Algorithm 3.

Low-rank updates. Solve the linear system Ap1qx “ f and compute the solution of the corre-
sponding update equation, that has right-hand side of rank 1, with RKSM.

In the next sections we describe the details of the solver for linear systems with the matrix Apαq

and of the update equation that has to be addressed with RKSM.

4.1 Solving linear systems with Apαq

After the diagonalization of the α-cyclic matrix C
pαq

1 , solving linear systems with the matrix Apαq

requires to solve — possibly in parallel — nt linear systems with a coefficient matrix of the form

λj xM ` pA “

„

´∆tG pλj ´ 1qe
ȷ

bA`

„

I
´b λj

ȷ

b I.

Each of this linear systems corresponds to solving a (generalized) Sylvester equation of the form

AXN1 `XN2 “ F, (27)

with Ni P Cps`1qˆps`1q, i “ 1, 2. Because s, the number of Runge–Kutta stages, is usually small
we can solve (27) efficiently by computing generalized Schur decomposition [25] of pN1, N2q via the
QZ algorithm [30]. This yields unitary matrices Q,Z P Cps`1qˆps`1q such that

N1 “ QT1Z
˚, N2 “ QT2Z

˚,

where T1, T2 P Cps`1qˆps`1q are upper triangular. The correspondingly transformed equation (27)
takes the form

AY T1 ` Y T2 “ rF , rF “ FZ, Y “ XQ,
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which can be solved by forward substitution by rewriting the equation in block-wise form:

A
“

Y1 Y2
‰

«

T
p11q

1 T
p12q

1

T
p22q

1

ff

`
“

Y1 Y2
‰

«

T
p11q

2 T
p12q

2

T
p22q

2

ff

“

”

rF1
rF2

ı

ùñ

#

AY1T
p11q

1 ` Y1T
p11q

2 “ rF1

AY2T
p22q

1 ` Y2T
p22q

2 “ rF2 ´AY1T
p12q

1 ´ Y1T
p12q

2

.

Assuming that T
p11q

1 , T
p11q

2 are scalar quantities we can first retrieve Y1 P Cn by solving a linear

system with pA ` T
p11
2 qIq and continuing to compute Y2 P Cnˆs via recursion. The solution X

of (27) is obtained as Y Q˚.

4.2 Solving the update equation

In the case of Runge–Kutta methods, the low-rank update approach from Section 2 requires us to
solve the generalized matrix equation

pAδX ` xMδXBT
1 “ xMX0ent

eT1 , (28)

where X0 P Cnps`1qˆnt is the (reshaped) solution of the linear system Ap1qx “ f described in the
previous section. Equation (28) has a right-hand side of rank 1 but it is not immediate to recast

it as a Sylvester equation of the form (9) because the coefficient xM is not invertible. Given a shift

parameter σ P C, we add and subtract the quantity σ pAδXBT
1 to (28), obtaining

pAδXpI ´ σBT
1 q ` pxM ` σ pAqδXBT

1 “ xMX0ent
eT1 .

Hence, if σ is chosen such that both xM `σ pA and I ´σBT
1 are invertible, we can write an equation

of the form rAδX ` δX rBT “ UV ˚ equivalent to (28) by setting:

rA “ pxM ` σ pAq´1
pA, rB “ pI ´ σB1q´1B1,

u “ pxM ` σ pAq´1
xMX0ent

, v “ pI ´ σB1q´1e1.

This suggests to use the matrices rA, rB and the vectors u,v to generate Krylov subspaces for the
equation (28). Once again, there is no need to form explicitly rA, rB for performing matrix-vector
products and solving shifted linear systems; for these operations we rely on the relations:

”

pxM ` σ pAq´1
pA´ zI

ı´1

w “

”

p1 ´ zσq pA´ zxM
ı´1

pxM ` σ pAqw,

“

pI ´ σB1q´1B1 ´ zI
‰´1

w “ rp1 ` zσqB1 ´ zIs
´1

pI ´ σB1qw,

that only need to manipulate the matrices pA, xM,B1, I ´ σB1, which are sparse when A is sparse.
In order to study the low-rank property of the solution to (28) and to provide suitable a priori

choices for the shift parameters in RKSM, one would need to study the spectral properties of rA, rB.
The matrix rB is Toeplitz triangular and we can explicitly compute its entries:

rB “ p1 ´ σq´1

»

—

—

—

—

—

—

—

—

–

1

1
σ´1

. . .

σ
pσ´1q2

. . .
. . .

...
. . .

. . .
. . .

σnt´2

pσ´1qnt´1 . . . σ
pσ´1q2

1
σ´1 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl
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In particular, it has the only eigenvalue p1 ´ σq´1 with multiplicity nt. However, the matrix rA
appears hard to analyze in general, even assuming strong properties such as A symmetric positive
definite. For this reason, we postpone the analysis of (28) to future work and we propose the use
of the extended Krylov method (see Example 4) or adaptive choices of the shift parameters [13]
when solving the update equation with RKSM.

5 Numerical results

In this section, we compare the performances of Algorithm 2 and Algorithm 3 with those of the
preconditioned GMRES method considered in [20, 38], on different examples. More specifically,
we consider the following list of methods:

• PGMRES: GMRES preconditioned by the solver of the matrix equation with a α-circulant
coefficient. If not stated otherwise, α “ 1 and the threshold for stopping GMRES is set to
10´8,

• Ev-Int: Algorithm 3. If not stated otherwise, we choose d “ 2 and ρ “ 5 ¨ 10´4.

• 2DISCS, ZOL-DI(4), EDS, EK: Algorithm 2 with different choices of poles; see Example 2 for
details. Note that, the method ZOL-DI is not competitive, in terms of computational time,
as it requires to recompute the bases of the Krylov subspaces from scratch at every iteration.
For this reason we consider its variant ZOL-DI(4), that consists in cyclically repeating the
4 shifts corresponding to the Zolotarev problem with rational functions of degree p4, 4q. We
have chosen 4 shifts because preliminary experiments indicated that this choice offers good
performance across a broader range of examples.

RKSM called at line 4 of Algorithm 2 is stopped when the relative residual of the update equa-
tion (9) is below the threshold 10´8. The methods EK, 2DISCS, and ZOL-DI(4) rely on precomputed

factorizations of the, possibly shifted, matrices rA and rB when generating the bases of the rational
Krylov subspaces. If the matrices A and M in (1) are sparse, a sparse direct solver is exploited
whenever the solution of a linear system involving a linear combination of A and M is required;
e.g., at line 4 of Algorithm 3.

For each method we report the computational time required and the relative error Res :“
∥A pXBT

2 `M pXBT
1 ´F∥F {∥F∥F in order to assess the accuracy of the correspondent approximate

solution pX. The best timings of each case study are highlighted in bold. For the various imple-
mentations of Algorithm 2 we also report the percentage of the CPU time that is spent for solving
(9), labeled with Tsylv, the dimension (Dim) of the rational Krylov subspace generated and the
rank (rk) of the approximate solution to (9), after recompression.

Apart from Section 5.7, all experiments have been performed on a laptop with a dual-core Intel
Core i7-7500U 2.70 GHz CPU, 256KB of level 2 cache, and 16 GB of RAM. The algorithms are
implemented in MATLAB and tested under MATLAB2020a, with MKL BLAS version 2019.0.3
utilizing both cores.

5.1 1D heat equation

We start by testing all the algorithms detailed at the beginning of this section on the matrix
equation AX `XBT

1 “ F from Example 2 for n “ 1089, 4225 and nt “ 28, . . . , 211.
The results are reported in Table 2. As expected ZOL-DI(4) and EDS generate significantly lower

dimensional Krylov subspaces with respect to those generated by EK and 2DISCS, while achieving
comparable accuracies. Looking at the computational times, we see that, for all methods, we have
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an almost linear dependence on the size n and on the number of time steps nt. The methods with
the most favorable timings are Ev-Int and ZOL-DI(4). The former is preferable when Tsylv ą

50%, which happens for the smaller instances of the equation. For all four implementations of
Algorithm 2, the fraction of the time spent for solving the low-rank Sylvester equation decreases as
the size of the problem increases. Since the advantage of using ZOL-DI(4) is inversely proportional
to Tsylv we get the best scenario for ZOL-DI(4) when n “ 4225 and nt “ 2048 where we get about
a 2ˆ speedup over Ev-Int and a 5ˆ speedup over PGMRES.

5.2 Convection diffusion

This example is concerned with the convection diffusion equation from [38, Section 6.2], which
models the temperature distribution in a cavity having an external wall maintained at a constant
(hot) temperature and a wind that determines a recirculating flow. The problem reads as follows:

$

’

&

’

%

ut ´ ϵ∆u` w ¨ ∇u “ 0, S ˆ p0, 1q, S “ p´1, 1q2,

upx, y, 0q “ χtx“1u,

upx, y, tq “ χtx“1u, BS ˆ p0, 1q,

where ϵ “ 0.005, χtx“1u is the indicator function of the set tx “ 1u, and w “ p2yp1´x2q,´2xp1´

y2qq. The discretization is done via Q1 finite elements over the domain S and backward Euler time-
stepping, together with streamline-upwind Petrov–Galerkin (SUPG) stabilization. The matrix
equation corresponding to the all-at-once linear system takes the form AX `MXBT

1 “ F , where
both A and M are sparse. To estimate the numerical range of M´1A, we compute the largest
and smallest real parts, rmax, rmin, of its eigenvalues, by means of the Matlab command eigs.
We remark that, rmax, rmin ą 0 and we denote c :“ prmax ` rminq{2. Then, 2DISCS employs
tz : |z ´ c| ď prmax ´ rminq{2u as estimate for WpM´1Aq while ZOL-DI(4) and EDS makes use of
the real interval rrmin, rmaxs. The performances of the numerical methods are reported in Table 3.
Although we used the slightly higher tolerance 10´6 to stop PGMRES, the latter needs 17 iterations
to converge and this makes the other approaches significantly faster. Among the methods based
on low-rank updates, ZOL-DI(4) and EDS are those that generate the Krylov subspaces of smallest
dimensions, while maintaining a good accuracy. This feature makes EDS faster than EK although
the latter has a cheaper iteration cost. Similar comments to the ones made in the previous example
apply to the comparison between ZOL-DI(4) and Ev-Int.

5.3 Fractional space diffusion

We consider the fractional diffusion example from [53, Section 5]:

$

’

&

’

%

ut “ a1
B
γ1u`

Bxγ1
` b1

B
γ1u´

Bxγ1
` a2

B
γ2u`

Byγ2
` b2

B
γ2u´

Byγ2
` fpx, y, tq, S ˆ p0, 5q, S “ p0, 1q2,

upx, y, 0q “ 0, px, yq P S,

upx, y, tq “ 0, px, y, tq P BS ˆ p0, 5q,

where B
γju˘

Bx indicates the Riemann-Liouville right- and left- looking derivatives; the diffusion
coefficients are set as a1 “ 1, a2 “ 0.5, b1 “ 0.2, b2 “ 1, the differential orders are γ1 “ 1.75 and
γ2 “ 1.5, and the source term is fpx, y, tq “ 10 sinp3xytq. For space discretization, the second-
order weighted and shifted Grünwald difference formula is employed; uniform backward Euler time
stepping is applied. The all-at-once linear system matrix takes the form I bA`B1 b I where the
matrix A has the structure

A “ I b T1 ` T2 b I
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-2
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4
eig(A)

W(A)

estimate for 2DISCS

estimate for ZOL-DI

Figure 4: Fractional diffusion example with n “ 1089; eigenvalues of the matrix A (cyan crosses),
numerical range of the matrix A (disc enclosed by the green line) and its approximations used for
2DISCS (disc enclosed by the blue line), and for ZOL-DI(4) (red line segment).

with T1, T2 non sparse Toeplitz matrices; see [53] for a detailed description. In particular, matrix-
vector operations with the matrix A are efficiently performed by relying on FFT and matrix
equation techniques. Moreover, the minimum and maximum real part of the eigenvalues of A are
easily obtained once estimates of the same quantities for the matrices T1, T2 are computed. When
running 2DISCS, ZOL-DI(4), EDS, we approximate WpAq as we did in the previous example.

The results reported in Table 4 show that the methods based on low-rank updates struggle
on this example because they have to generate somewhat large subspaces in order to achieve the
desired accuracy. This is caused by the fact that the solution of the update equation (8) has a
slightly higher rank with respect to the previous examples, and the approximations of WpAq are
not tight, see Figure 4. Nevertheless, ZOL-DI(4) achieves the best timings for n “ 4225. Ev-Int

maintains the usual behavior and turns out to be the preferable method for n “ 1089.
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5.4 Fractional time diffusion

We now consider an example where Algorithm 2 is not applicable due to the non locality of the
time differential operator. We modify Example 4 by replacing the first-order time derivative with
the Caputo time derivative of order γ P p0, 1q:

$

’

’

’

&

’

’

’

%

B
γu

Btγ “ uxx ` fpx, tq, S :“ r0, 1s ˆ r0, 1s,

u ” 0, on BS,

upx, 0q “ 4xp1 ´ xq, at t “ 0,

fpx, tq “ hmaxt1 ´ |cptq ´ x|{w, 0u, cptq “ 1
2 ` p 1

2 ´ wq sinp2πtq,

and we keep the same parameters w, h of the integer derivative case. Discretizing the Caputo time
derivative with the unshifted Grünwald-Letnikov formula, we get a matrix equationAX`XBT

1 “ F
where B1 is Toeplitz lower triangular and takes the form:

B1 “

»

—

—

—

–

gγ,0
gγ,1 gγ,0
...

. . .
. . .

gγ,nt´1 . . . gγ,1 gγ,0

fi

ffi

ffi

ffi

fl

,

#

gγ,0 “ 1,

gγ,j “

´

1 ´
γ`1
j

¯

gγ,j´1.

In particular, the usual way to construct a circulant matrix from B1 requires to apply a matrix

δB
pαq

1 of rank nt ´ 1. For this reason we restrict to PGMRES and Ev-Int for solving the all-at-
once problem. The results reported in Table 5 refer to the case γ “ 0.3 and show that Ev-Int

significantly outperform PGMRES, despite the low number of iterations needed by latter to converge.

Table 5: Fractional time differentiation; performances of PGMRES and Ev-Int.

PGMRES Ev-Int

n nt Time Res It Time Res

1089

256 0.46 1.0e´ 06 5 0.12 1.6e´ 09
512 0.74 7.8e´ 05 4 0.22 1.3e´ 09
1024 1.55 2.7e´ 05 4 0.45 1.2e´ 09
2048 3.68 8.0e´ 06 4 0.87 9.9e´ 10

4225

256 1.56 1.6e´ 05 5 0.39 2.3e´ 08
512 2.77 1.2e´ 03 4 0.87 2.0e´ 08
1024 6.45 4.1e´ 04 4 1.66 1.9e´ 08
2048 14.41 1.2e´ 04 4 3.71 1.5e´ 08

5.5 Wave equation

We consider the linear wave equation
$

’

&

’

%

utt ´ ∆u “ p1 ` 2π2qet sinpπxq sinpπyq, on S ˆ p0, T q,

upx, y, tq “ 0, on BS ˆ p0, T q,

up¨, ¨, 0q “ u0px, yq, utp¨, ¨, 0q “ u1px, yq, in S,

with S “ p0, 1q, T “ 1, u0px, yq “ u1px, yq “ sinpπxq sinpπyq. As described in [20, Section 3], by
discretizing with finite differences in space and with the implicit leap-frog scheme in time we get
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the all-at-once linear system pB1 b I `B2 bAqx “ f where A “ tridp´1, 2,´1q ¨ pn` 1q2 and

B1 “
1

∆t2

»

—

—

—

—

—

–

1
´2 1
1 ´2 1

. . .
. . .

. . .

1 ´2 1

fi

ffi

ffi

ffi

ffi

ffi

fl

P Rntˆnt , B2 “
1

2

»

—

—

—

—

—

–

1
0 1
1 0 1

. . .
. . .

. . .

1 0 1

fi

ffi

ffi

ffi

ffi

ffi

fl

P Rntˆnt .

We note that, for this example, all methods based on low-rank updates generate quite small Krylov
subspaces, and their dimensions do not grow as the parameters n and nt vary. As a consequence,
EK is the one that achieves the cheapest consumption of computational time and we only report
its performances. We remark that, in order to get comparable accuracy we have considered d “ 3
roots of the unit when running Ev-Int. The preconditioner employed in PGMRES uses the parameter
α “ 0.1 as suggested in [20] and the tolerance for stopping the GMRES iteration has been set to
10´7. The results are shown in Table 6. Comparing PGMRES, Ev-Int, and EK, leads to similar
conclusions as in the example of the 1D heat equation.

Table 6: Wave equation; performances of the various methods.

PGMRES Ev-Int EK

n nt Time Res It Time Res Time Res rk Tsylv (%) Dim

1089

257 0.49 1.2e´ 12 3 0.20 2.7e´ 10 0.50 2.9e´ 10 26 86.4 27
513 0.72 3.1e´ 13 3 0.34 2.6e´ 10 0.53 1.3e´ 10 26 77.5 27
1025 1.42 3.9e´ 12 3 0.71 2.5e´ 10 0.71 5.3e´ 11 27 67.1 27
2049 3.34 1.7e´ 12 3 1.50 2.5e´ 10 1.25 3.7e´ 11 27 61.7 27

4225

257 1.33 3.7e´ 12 3 0.64 2.8e´ 10 0.57 2.9e´ 10 26 55.5 27
513 2.65 7.3e´ 12 3 1.27 2.7e´ 10 0.76 1.3e´ 10 26 54.0 27
1025 5.96 4.6e´ 11 3 2.96 2.6e´ 10 1.25 5.4e´ 11 26 34.5 27
2049 12.00 3.2e´ 11 3 5.38 2.5e´ 10 2.65 3.5e´ 11 27 34.1 27

5.6 Runge–Kutta example

We present a numerical test on the all-at-once Runge–Kutta formulation introduced in Section 4.
Let us start from the finite difference semidiscretization of the following differential problem:

#

ut “ uxx, px, tq P p0, 1q2,

upx, 0q “ sinpπxq,
ñ

#

9Uptq “ AUptq, A “ tridp1,´2, 1q ¨ pn` 1q2,

Up0q “ x0, px0qj “ sinpjπ{pn` 1qq.
(29)

We consider solving the all-at-once formulation (25) corresponding to the following four-stage
(s “ 4), 3rd order, Diagonally Implicit Runge–Kutta method (DIRK):

1{2 1{2
2{3 1{6 1{2
1{2 ´1{2 1{2 1{2
1 3{2 ´3{2 1{2 1{2

3{2 ´3{2 1{2 1{2

.

More specifically, we solve (25) by applying the methods PGMRES, Ev-Int and EK adapted as
described in Section 4. For this experiment, the parameter ρ used by Ev-Int is set to the value
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Figure 5: Relative error norm of EK for n “ 500 and nt “ 250, 500, 1000, 2000; the error decreases
with order 3 with respect to the time step size.

Table 7: Performances of the Runge–Kutta schemes for different values of n “ 250, 500 and
nt “ 250, 500, 1000, 2000.

PGMRES Ev-Int EK

nps` 1q nt Time Res It Time Res Time Res rk Tsylv (%) Dim

1250

250 0.78 7.2e´ 08 3 0.24 1.4e´ 11 0.36 2.1e´ 11 1 69.0 27
500 1.34 3.2e´ 09 3 0.47 1.0e´ 11 0.49 1.1e´ 11 1 52.7 31
1000 3.16 1.5e´ 07 3 0.90 1.7e´ 11 0.72 2.7e´ 12 2 41.1 33
2000 6.64 2.8e´ 07 3 2.05 5.9e´ 11 1.24 4.0e´ 12 2 25.9 33

2500

250 1.50 1.8e´ 07 3 0.41 1.2e´ 10 0.63 3.3e´ 12 2 68.9 27
500 3.21 1.6e´ 07 3 0.83 6.6e´ 11 0.88 4.9e´ 12 2 53.5 31
1000 6.49 3.4e´ 06 3 1.80 6.2e´ 11 1.39 7.2e´ 12 2 39.7 33
2000 13.35 7.9e´ 05 3 3.73 2.2e´ 10 2.41 1.1e´ 11 2 24.3 33

0.05. As shift parameter for the update equation (28) solved by EK, it has been chosen σ “ ´2.
The performances of the 3 methods are reported in Table 7; as observed in previous tests, the
approaches based on low-rank update and evaluation interpolation outperforms PGMRES for both
speed and accuracy. As the number of time steps increases, the cost of the update equation
becomes relatively cheap, making EK faster than Ev-Int. The relative residuals obtained with EK

and Ev-Int are comparable.
Problem (29) admits the explicit solution Uptq “ expptAqx0 so that we can compare approx-

imate solutions with respect to a benchmark solution computed by means of the expm Matlab
function. Figure 5 reports the relative error ∥pxt ´ expptAqx0∥2{∥expptAqx0∥2 of the approximants
pxt returned by EK, for n “ 500 and different time step sizes; the plot is in agreement with the order
3 of the Runge–Kutta scheme.

5.7 Preliminary experiments on parallelism

We conclude by testing the parallel scaling features of the proposed algorithms in a multi-core
computational environment. The experiment in this section has been run on a server with two
Intel(R) Xeon(R) E5-2650v4 CPU with 12 cores and 24 threads each, running at 2.20 GHz, using
MATLAB R2022b with the Intel(R) Math Kernel Library Version 11.3.1. The test has been run
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using the SLURM scheduler, allocating 12 cores and 250 GB of RAM. Our implementation exploits
parallelism for the solution of the block diagonal linear system generated by fast diag solve (lines
4-6 of Algorithm 1). This parallel routine is used as a preconditioner in PGMRES, it is called at
line 2 of Algorithm 2, and it is called at line 4 of Ev-Int. Finally, we also parallelize the for loop
in Ev-Int (lines 2-5 of Algorithm 3).

As case study, we consider the fractional diffusion example of Section 5.3 with n “ 4225 and
nt “ 8192, and we measure the execution time of the procedures PGMRES, Ev-Int, and ZOL-DI, as
the number of cores p ranges in the set t1, 2, 4, 8, 12u. The tolerance to stop GMRES has been set
to 10´6 in order to get comparable residual norms with the other two methods. To evaluate the
efficiency of the implementation, we also compute the strong scaling efficiency (SE) with p cores
defined as

SEppq :“ 100 ¨
Timep1 coreq

p ¨ Timepp coresq
.

The results reported in Table 8 clearly show that Ev-Int is the method that gains the most from
parallelism, maintaining more than 70% of strong scaling efficiency, up to 12 cores. Also PGMRES

leverages the use of multiple cores to the extent of becoming faster than ZOL-DI, when p “ 12.
On the contrary, our current implementation of ZOL-DI does not exploit more than one core for
solving the update equation and, consequently, parallel efficiency drops as soon as the cost of (8)
becomes dominant. An adaptation of the parallel implementation of RKSM [8] is nontrival and
beyond the scope of this work, but it potentially addresses the scaling issue of ZOL-DI.

Table 8: Fractional space diffusion with n “ 4225 and nt “ 8192; parallel efficiency of the proce-
dures as the number of cores p increases.

PGMRES Ev-Int ZOL-DI

p Time SE Time SE Time Tsylv (%) SE
1 393.23 100.0 128.18 100.0 118.27 46.3 100.0
2 206.50 95.2 66.91 95.8 87.30 62.5 67.7
4 135.94 72.3 38.13 84.0 71.45 74.5 41.4
8 74.44 66.0 20.66 77.5 63.02 84.9 23.5
12 53.64 61.1 14.91 71.6 60.18 89.2 16.4

6 Conclusions

We have proposed a tensorized Krylov subspace method and an interpolation method for replacing
the iterative refinement phase that is required by ParaDiag algorithms with uniform time steps.
In the case of multistep methods, a theoretical analysis of the approximation property of the
Krylov subspace method has been provided. We have shown several numerical tests demonstrating
that our approaches can significantly outperform block-circulant preconditioned GMRES iterations
for solving linear initial value problems. Let us emphasize that the focus of this work was on
theoretical and algorithmic aspects; we have not considered the concrete parallel implementation
of our algorithms, which will be subject to future work. From the analysis in Sections 2.3 and 3.1 we
expect that the interpolation method (Algorithm 3) will perform significantly better in a massively
parallel environment.

We remark that Algorithm 2 and Algorithm 3 can directly be put in place instead of the existing
ParaDiag algorithms for solving certain non-linear ODEs of the form M 9U ` fpUq “ 0 [17] and for
computing the so-called Coarse Grid Correction of the Parareal algorithm [22, 34].
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In Section 4, we have discussed how to extend the methodology to the case of implicit Runge–
Kutta time integration, but some questions remain for further work. In particular, a careful
analysis of the low-rank approximability of equation (28) and of the choice of the shift parameter
σ, would be desirable.

Acknowledgments. The authors thank Bernd Beckermann for inspiring discussions on the
Zolotarev problems in Section 2.2.
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