Commun Nonlinear Sci Numer Simulat 129 (2024) 107674

Contents lists available at ScienceDirect

Communications in Nonlinear Science and Numerical
Simulation

journal homepage: www.elsevier.com/locate/cnsns

Research paper t.)

Check for

A new cutting plane method for lexicographic multi-objective e
integer linear programming

Marco Cococcioni?, Alessandro Cudazzo ?, Lorenzo Fiaschi ?, Massimo Pappalardo ®,
Yaroslav D. Sergeyev 4

a University of Pisa, Dipartimento di Ingegneria dell’Informazione, Largo Lucio Lazzarino, 1, 56122 Pisa, Italy
b University of Pisa, Dipartimento di Informatica, Largo Bruno Pontecorvo, 3, 56127 Pisa, Italy

¢ University of Calabria, Rende (CS), Italy

d Lobachevsky State University of Nizhni Novgorod, Russia

ARTICLE INFO ABSTRACT
Keywords: This work presents a new cutting plane method for lexicographic multi-objective integer linear
Multi-objective optimization programming (LMOILP). The method uses Grossone Methodology to reformulate a LMOILP

Lexicographic optimization

problem into one having a single scalar objective function involving Grossone, as done in
Integer linear programming

Cococcioni et al. (2018) (but in that case in the absence of the integer constraints). The
problem, without the integer constraints, is solved using the GrossSimplex algorithm presented
in Cococcioni et al. (2018) to find a candidate optimal solution. Here a novel cutting plane
is introduced, named Gross-based Objective Function Cutting Plane whenever the optimal
value of the Gross-scalar objective function is Gross-fractional. When it happens to be not
Gross-fractional, cutting planes are generated using the Fractional Cutting Plane, derived from
fractional components of the optimal solution. Moreover, by combining them, we proposed an
algorithm that we called Gross-based Cutting Plane (GCP) method. It has been proved that
it finds the optimal solution of a LMOILP problem and terminates after a finite number of
iterations. To speed-up the GCP, at each iteration subsequent the first one, we re-use the optimal
basis of the last continuous relaxation, by running the GrossDualSimplex algorithm. This is the
well-known warm-start technique, which, however, needs specific attention due to the need
to solve a linear problem having a right-hand side involving Grossone-based numbers. In the
experimental part, we show the efficacy of the proposed approach.

Numerical infinitesimals
Grossone methodology
Cutting plane

1. Introduction

The last decades have witnessed an explosion of literature about multi-objective optimization, both using deterministic and
stochastic approaches. On the contrary, lexicographic multi-objective optimization, a subfield of multi-objective optimization, has
attracted far less attention by researchers and practitioners, with only a few exceptions [1-5]. We believe that lexicographic
optimization will attract more interests by researchers, engineers and practitioners in proportion to the availability of novel
approaches to address them. In [1], the linear lexicographic multi-objective optimization case has been solved by introducing the
GrossSimplex algorithm, an algorithm able to deal with infinitesimal/infinite quantities, modeled using Grossone Methodology [6,7].
The main idea of that work was to transform the multi-objective problem into a single-objective one, where the less important
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objectives are summed up with an infinitesimal weight, and the order of the infinitesimal weight increases with the objectives. The
scalarisation is obtained by using the numeral @ called Grossone (see [6,7]). @ is a basic element allowing the construction of a
powerful numeral system, which allows to express not only finite but also infinite and infinitesimal quantities.

Many paper studying the consistency of the Grossone Methodology and its connection to the historical panorama of ideas dealing
with infinities and infinitesimals have been published so far [8-13]. Specifically, in [12] it is emphasized that it is not related
to non-standard analysis. Grossone has given rise both to a new supercomputer patented in several countries (see [14]), called
Infinity Computer, and more than sixty journal papers make use of Grossone on fields such as numerical differentiation and ordinary
differential equations [15-17], fractals [18,19], hyperbolic geometry and percolation [20], the first Hilbert problem and Turing
machines [21], infinite decision making processes [22], simulation of hybrid systems [23], game theory and probability [24-26].
Moreover, successful applications of this methodology in teaching mathematics should be mentioned (see [27-29]). Concerning
optimization, Grossone has been successfully applied in local, global and multiple criteria optimization [1,30-38].

In the present study we consider the Lexicographic Multi-Objective Integer Linear Programming (LMOILP) problem. Differently
from [39], where we have solved the problem by extending the Branch-and-Bound method, in this work we aim at devising a
solution based on a generalization of the classical cutting plane method. Then, to efficiently manage the addition of new constraints
generated by the cutting planes, we employed the duality theory. In particular, we used the GrossDualSimplex algorithm described
in [40]. A remarkable feature of our approach is that it does not require the specification of the scalarising weights, a well-known
limitation in classical finite-weight scalarization of lexicographic problems.

The remaining text is structured as follows. In Section 2, the LMOILP problem is introduced and then reformulated by using the
Grossone Methodology. In Sections 3 and 4, we present the new Gross-based Objective Function Cutting Plane (GOF-CP) and the
Gross-based Cutting Plane (GCP) method, respectively. In Section 5, we show how the addition of new constraints can be handled
efficiently through the use of the GrossDualSimplex introduced in [40]. Section 6 presents a few LMOILP test problems and their
solutions using the proposed algorithm, while Section 7 is devoted to the conclusions.

2. Lexicographic multi-objective integer linear programming with grossone

The problem tackled in this work is the LMOILP one, which can be formalized as follows:

I Tx, 2Tx. .. e Tx

lexmin X, C
s.t. Ax=b (P)
x > 0, x integer,
wherec¢ € Z", i = 1,...,r, and x € R" are column vectors, A € Z"" is a full-rank matrix, b € Z" is again a column vector. Superscript

T indicates the transpose and the symbol lexmin in (P) denotes Lexicographic Minimum and means that the first objective is infinitely
more important than the second, which is, on its turn, infinitely more important than the third one, and so on.

As done in [39,41], we can reformulate problem (P) as a single-objective one, by using the Grossone Methodology to obtain a
scalarization. In the following subsections, we provide a brief introduction on Grossone methodology, focusing on the key points
used in this paper, and the LMOILP reformulation.

2.1. Grossone methodology

From the foundational point of view, Grossone has been introduced as an infinite unit of measure equal to the number of elements
of the set N of natural numbers. A general way to express infinities and infinitesimals is also provided in [6,7] by using records
similar to traditional positional number systems, but with the radix @. A number ¢ (called Gross-scalar) in this new numeral system
can be constructed by subdividing it into groups of corresponding powers of @ and represented as

F = Pm 4 ... P1 PO P—1 P—k
c—c,,m® + +Cm® +cp0® +cp71® + +cM® s

where m, k € N, the exponents p; are called Gross-powers and S, € R are called Gross-digits, i = m, ..., 1,0,—1,...,—k (in addition,
we assume p; > p;_; and p, = 0). In general, the Gross-powers p; can be Gross-scalars on their own, as ¢, but in this work we will
assume they are integer values (p; € Z).

In this numeral system, finite numbers are represented by numerals with the highest Gross-power equal to zero. Infinitesimals
are represented by numerals having negative Gross-powers. We notice that all infinitesimals are not equal to zero, e.g., @' > 0. A
number is infinite if it has at least one positive finite or infinite Gross-power.

A Gross-scalar is said purely finite iff the coefficient associated with the zeroth power of Grossone is the only one to be different
from zero. For instance, the number 3.4 is purely finite and 3.4 — 3.2@7 is finite but not purely finite. A Gross-vector can be easily
defined as a vector of Gross-scalars.

For the purposes of this paper, we need to define the fractional part of a real number x and when, in our context, a Gross-scalar
is Gross-integer or Gross-fractional.

let us now denote {x} € [0, 1) as the fractional part of a real number x, defined as follows:

{x} =x—[x]
where, | x| denotes the integer part of a real number x:

|x] =max {k € Z : k < x}.
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Definition 1. A Gross-scalar made of integer Gross-powers is considered Gross-integer iff all its Gross-digits are integer. Otherwise,
it is Gross-fractional.

As an example, 99* + 4.33@7> + 3@~ is Gross-fractional because the Gross-digit 4.33 is not integer. On the other hand,
5@° + 20~* — 707° has integer Gross-digits and hence it is Gross-integer.

2.2. LMOILP reformulation

The reformulation of an LMOILP problem, using Grossone, is as follows:
min  &'x
st. Ax=b (P)
x > 0, x integer,

where ¢ is a column Gross-vector having n Gross-scalar components built using purely finite vectors ¢/
r
é= Z ci@—H—l (1)
i=1

and ¢"x is the Gross-scalar obtained by multiplying the Gross-vector & by the purely finite vector x
Tx = (' Tx)@° + (Tx)@ 7! + - + (@ Tx)@ ", 2)

where (2) can be equivalently written in the extended form as:

fx = (cllxl + e+ c,],xn)(DO + (c12x1 ot )0 e+ (e7xy + - + x0T,
Notice that ¢Tx = ¢]x; + - + ¢jx, is the gth Gross-digit, g = 1,...,r.

In [39] we have shown that problem P is equivalent to problem P and this new formulation P is attractive because the set of
multiple objective functions is mapped into a single (Gross-) scalar function to be optimized. Moreover, the continuous relaxation

version is the following Gross-LP problem [1]:

min  &'x
st. Ax=b (R
x>0,

which can be effectively solved using a single run of the GrossSimplex algorithm [1].
The feasible region of problem R will be denoted by S:

S:={xeR":Ax=b,x >0},
while the feasible region of (P) will be denoted by Q:
Q=Sn7Z".

Hereinafter, we assume that S is bounded and non-empty.
3. Cutting plane with grossone

In this section we will study and extend cutting planes for problem (P). A cutting plane is any inequality, that, when added to
S, cuts out a given point X in S but does not exclude any point in Q. Its formal definition is:

Definition 2. Given a point X € S. An inequality a’x < q, is a cutting plane for S if these two conditions hold:

@ aTx < a, VX€EQ,

(ii) a’'x > a,.

To generate a new cutting plane, the idea is to solve problem R by using the GrossSimplex. When it ends, it provides an optimal
basis B and the associated optimal solution &. If the Gross-scalar & X; is Gross-fractional, then we can generate a series of cutting
planes, one for each fractional digit present in éBTiB. We have called this method of generating new cutting planes Gross-based
Objective Function Cutting Plane (GOF-CP), and it is described by the following theorem.

Theorem 1 (GOF-CP). Let B be an optimal basis for R, % the associated optimal solution and N := {1, ...,n} \ B. If the Gross-scalar égiB
is Gross-fractional, then for each q such that the Gross-digit chiB is not integer, the inequality

D" — BT AT Ay, by > {—cf %5} 3)
jen

is a cutting plane for S.
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Proof. Being B an optimal basis for R, an arbitrary x € 2 can always be expressed as Ax = Agxg + AyXz = b, and, for the same
reason, we know that %; = A;'b. Combining them we obtain x5 = X3 + Ay Ayxy.

Let us now introduce a fictitious variable for each objective function, having a non-positive index (to distinguish it from the
input variables x, ..., x,). Hence, the fictitious variables are x_,,; = ¢'Tx, ..., x_; = ¢""VTx, x,=c¢Tx, where, in particular, the
variable having the most negative index x_,; is the one associated to the most important objective function.

Now, we know by hypothesis that there exists ¢ such that ¢4 x is not integer. We have that:

x =ciTx (by definition of fictitious variable)

—r+q

qT qT qT 5 —1
¢ Xp+ (e —cg Az Apxy

|t %6 | + (g 5a) + X (|t — et A7 A, | + ()T — AT AR, ) ) ;.
jeN

Then it follows that:
Dl — A AW, b (¢4 Re) =5y — || - X [ - et A A, |, 4
jen jen
where the right-hand side is clearly integer.
Moreover:
D" - AG Ay, dx; + (el %5} > (] g} > 0. 5)
jen
This means that, in the feasible points the left-hand side of (4) is strictly positive. On the other hand, its right-hand side is integer,
as previously observed. Therefore:

Dl — A A, Ix; + (¢ %5} > 1
jen

Or, equivalently:

Dt — " A A, dx, > 1— (el Rp). 6)
jen

Since the 1 — {chiB} = {—chiB}, (6) can be also alternatively expressed as:
Dl — T AG A, 1x; > (el %5 ) @
jen

We remark that the obtained equation, if added as a constraint to problem P, will not cut out any x € £, because we have
derived it for any x € Q.
Concerning the second requirement of Definition 2, we observe that (3) is not satisfied by x. Indeed:
T T s — T
0= {(ch" -t A5 Ay), }x; < {—cf %5 ).
jen
As a consequence, (3) is a cutting plane. W

Theorem 1 provides us a set of cutting planes arising from each objective function that is fractional.
When éBTiB is not Gross-fractional (and therefore Theorem 1 cannot be used), we can still build the classical Fractional Cutting
Plane, starting from a fractional component in the real vector x (remember that is not a vector of Gross-scalars):

Theorem 2 (Fractional Cutting Plane). Let B be an optimal basis for R, % the associated optimal solution and N := {1,...,n} \ B. If there
exists a component s in vector Xz such that (Xg), is not integer, then the following inequality

T AT A > ()] ®

jen
is a cutting plane for S.

For the sake of completeness, the well-known proof of Theorem 2 is reported in Appendix. The same appendix also reports the
integer formulation of the Fractional Cutting Plane in Theorem 4: this formulation is interesting because it is known to be more
numerically stable.

In the next section, we will show how to build an algorithm, based both on GOF-CP and the Fractional Cutting Plane, able to
find an optimal solution for problem (P) in a finite number of iterations.

4. Gross-based cutting plane (GCP) method
In this section, we aim to extend the classical cutting plane method for (P). To do so, we are going to prove that, by adding in

a suitable order the cutting planes described in the previous section, it is possible to converge to the optimal integer solution in a
finite number of steps.
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At the beginning, the input problem is set as the current problem (2, := P). Then, at each iteration, the continuous relaxation R,
of P, is solved using the GrossSimplex, which returns an optimal basis B and the associated optimal solution x. If % is integer, then we
are done and the algorithm terminates. Otherwise, a GOF-CP is added to P, if ¢'x is Gross-fractional. Alternatively, the Fractional
Cutting Plane is added to P,. Then, the relaxed version R, of the new current problem P, is solved again, and the procedure repeats.
This algorithm, called GCP method, is shown in Algorithm 4nd its proof of convergence in finite number of iterations is provided
below.

Theorem 3. The Gross-based Cutting Plane method terminates in a finite number of iterations.

Proof. At iteration ¢, let X' = (J‘c’l,...,)‘c; ) be the optimal solution of the relaxed problem associated to P. Also, recall that
we have defined the fictitious variable X' . = c¢iTg', ¢ € 1,...,r. Observe that, by construction, the sequence of vectors
= BT Jx 1,5:6,5(’1, ..., x!) is lexicographically nonincreasing as r increases. We need to show that, for k = —r + 1,...,n, after a
finite number of iterations the value of x, is integer and does not change in subsequent iterations. Suppose not, and let k be the
smallest index contradicting the claim. In particular, for i = —r + 1,...,k — 1, after a finite number T of iterations, the value of x;
are integer and do not change in subsequent iterations, i.e., )‘c; =x;€Zforalt>T,i=-r+1,...,k—1.

By construction, the sequence of real numbers {X, },,7 is nonincreasing and bounded from below because the feasible region of
problem (1_3) is bounded. This implies that, for any e > 0, there exists T such that when 7 > T, |)_c;( — 1| < ¢, where | € R. Therefore,
we have % = |/] + f, where I - |/] < f < 1. Observe that f > 0, otherwise / is integer and %, =1 for all # > 7 contradicting the
choice of k. Since X! = %, is integer for i = —r +1,...,k— 1, while % is not integer by hypothesis, it follows that a cutting plane can

be generated. We have to consider two scenarios:

« If k <0, a cutting plane can be added according to Theorem 1 by selecting the first fractional Gross-digit ¢ := r + k in ¢x":

e - A A, bx, > (el %)
jen

Let us now observe how the GOF-CP, defined in Eq. (3), can be alternatively expressed in an integer form. From (4) and (5)
it follows that the right-side of (4) must be greater than or equal to 1 for any x € €,

S A e [ W EAE N ©
jen
z [(cg - chAglAN)jJ Xj=X_pyg S —1- [chiBJ . (10)
jen
Since it is well-known that —1 — [chiBJ = [—chiBJ, the latter can be also expressed as:
X |l - e AT A, | ) = Xy < | el an
jen

Since Yoy l(cﬁT - chAg ) /-J x; # 0 for any x € £, inequality (11) is valid for an arbitrary point x € £ and therefore

condition i) of Def. 2 holds. Moreover (11) is not satisfied by X because ¥,y [(cf — ¢} A7'Ay);| %; =0 and —x_,,, > |—¢} %]
Therefore condition ii) of Def. 2 holds and (11) is a cutting plane.
Since B is optimal, all the reduced costs are non-negative (i.e., c;’IT - chAg ]AN ;20,Vjen, from (11) it follows that:

—xp < |-

Then, for every ¢ > 7+ 1, —x} < |~I] < —I, thus [ is integer and x| =1/ for all r > 7.
If k > 1, the following cutting plane will be added (see Theorem 2):

z{(AglAN)kj}xj = {(iB)k}-

jeu
To proceed with the proof, it is helpful to use Theorem 4 (see Appendix), which allows to rewrite the above cutting plane in
its equivalent integer form:

D LA A lx; +x, < [Re)y) = L]

jen
Using the well-known arguments provided in Thm. 5.19 of [42] on page 215-216, we reach the contradiction that / = [/].
This concludes the proof. W



M. Cococcioni et al. Communications in Nonlinear Science and Numerical Simulation 129 (2024) 107674

Algorithm 1 The GCP method

1: procedure GCP(P)
Input: An LMOILP problem P
Output: An optimal basis B and the associated optimal solution X

2 Set P, := P (P, is the current problem) and ¢ :=0

3 while True do

4: R, < integerRelaxation(P)

5: [B, X] « GrossLPSolver(R,)

6: if X is integer then Stop (B is an optimal basis for the given problem P)
7 else

8 if ¢'x is Gross-fractional then

9: Select the first fractional Gross-digit chi (i.e., the one associated with the highest Gross-power)
10: Generate the GOF-CP according to ng X

11: else

12: Select the first fractional variable %, with k € {1,...,n}

13: Generate the Fractional Cutting Plane according to %,

14: end if

15: Add the cutting plane to P,

16: Letr:=1+1

17: end if

18: end while
19: end procedure

5. An efficient handling of the addition of new inequalities

In Algorithm 1, we can use the GrossSimplex [30] as GrossLPSolver, which requires solving two problems at each iteration:
the auxiliary problem to identify an initial feasible basis and the continuous relaxation of the ILP problem. Nonetheless, the
GrossDualSimplex [40] allows for a warm-start [43], i.e., it avoids the need to solve the auxiliary problem, by appropriately re-using
the previous optimal basis. The remaining of the section is dedicated to provide the technical details of this fact.

Consider a generic problem (R) having B as optimal basis computed using the GrossSimplex algorithm. Then, suppose to add a
cutting plane as a constraint for (R). The resulting (R)’ problem is fully described by the following matrix and vectors

ol el el
where a :=[a,,, | ... a,,,]” and 0 is a column vector of zeros. The dual (D), which is a Gross-Dual-LP problem, has the form
max §'b
st §TA <@T (D"
yevm,

where the vector § is a Gross-vector and each unknown j,, u = 1,...,m + 1, belongs to the set U, defined as:
U ={j= y1®0 + - +y,®’_1, v, ER g=1,...,r}).
Now, we are ready to state what follows.
Proposition 1. Let§ := i' @+ .-+ @ be the optimal solution of the dual problem D of a linear program (R) associated to the basis

B, and consider the modified problem (D’) obtained from D adding one constraint to (R) according to (12). Then, y' :=y"1 @+ ... +y @'~
is a feasible basic solution for (D') associated to the basis B’ := B U {n + 1}, where each y'’ is defined according to

i [V
y' = [0] . (13)

Proof. Since ¥ is optimal for D, it is also feasible. Then, it holds that
T T
y Ag=¢& and § Ay<é, a4

where Ay is the submatrix of A considering the columns indexed by B, & is the subvector of ¢ considering the entries indexed by
B, and N := {1,...,n} \ B. To prove that y’ is feasible for (D), we need to show that

§TAL, =& and §TA;<E . (15)

By construction (13), it holds true that y’ = [§T 0]”. Thus, also leveraging (12), we can rewrite (15) as

[ 0] [‘:7‘? ?] =0 and [§ 0] [:ﬁ] <&, 16)
B N

where ag refers to the entries of a indexed by B and ay to the remaining ones. Executing the block-wise inner products in (16), we
achieve the same conditions as in (14), which are satisfied by hypothesis. This fact proves the thesis. W
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For the sake of completeness, we have reported the pseudocode of the GrossDualSimplex in Algorithm 2, rewriting it to make
the notation compliant with the one used in this paper.

Algorithm 2 The GrossDualSimplex Algorithm

1: procedure [x,B]=GrossDuaLSivpLEX(A, b, & B) /* This algorithm solves problem D */
2: Compute the set of non-basic indices N as: N := {1,...,n} \ B

3: while true do

4: /* Compute the dual basis solution § (a Gross-vector)*/

5: /* Ay is the sub-matrix obtained from A considering the columns indexed by B*/
6: §r =eA;!

7: /* Compute the primal basis solution x (a real-valued vector) */

8: x5 =A;'by, x;, =0

9: if x; >0 then

10: return X, B /*current solution and basis are optimal*/

11: else compute the exiting index h

12: h=min{i €B : x; <0}

13: W= AL

14: /* W,T is the i-th row of W' */

15: if W) A, <0Vi €N then

16: return NaN /* we return Not a Number, being the problem unbounded*/
17: /* (This case never occurs when the GrossDualSimplex is used within GCP method, because*/
18: /* polyhedron is not empty by hypothesis. But this scenario must be considered in standalone mode)*/
19: else compute the entering index k

20: /* Compute the maximum feasible gain (a Gross-scalar)*/

21: 8 = min{ ‘;:‘ S ieN, WA, >0)

22: k=min{i €N : WA, >0, "‘;;" =8

23: B=B\{h}U{k} /* update the basis */

24: end if

25: end if

26: end while
27: end procedure

6. Experimental results

In this section, we introduce four LMOILP test problems having known solution. Then, we verify that the GCP method combined
with the GrossDualSimplex is able to successfully solve these problems.

6.1. Test problem 1: the “kite” in 2D

This problem is a slight variation to the 2D problem with 3 objectives described in [4]:

lexmax  8x; + 12x,, 14x; + 10x,, x| + x,
s.t. 2x1 +x, <120
4x1 4 6x, < 425
4x1 4 3x, <270
Xy +2x, 2 60

x>0, x€Z>

qnp

The polygon S associated to this problem is shown in Fig. 1 (left sub-figure). The integer points are shown as black spots, while in
light gray we have provided the domain of the continuous relaxation.

It can be seen that the first objective vector ¢! = [8, 12]” is orthogonal to segment [a, ] (« = (0, 70.83), § = (28.75, 51.67)) shown
in the same figure. All the nearest integer points parallel to this segment are optimal for the first objective (see the right sub-figure
in Fig. 1). Since the solution is not unique, there is the chance to improve the second objective vector (¢* = [14, 10]7). The integer
point that maximizes the second objective is x,,, = [28, 52]7. Since now the solution is unique, the third objective function has no

role in the optimization. Thus, the lexicographic integer optimal solution for the problem is x,, = [28,52]".

Let see what happens when we solve this problem using the GCP method. At each iteration, the optimal solution of the
continuous relaxation, without slack variables, and the value of the objective function will be reported. Notice that the problem is
lexmax-formulated, we have to provide —¢ to the GrossDualSimplex algorithm if intended as in Algorithm 2.
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Fig. 1. An example in two dimensions with three objectives. The black points on the left figure are all the feasible solutions. All the nearest integer points
parallel to the segment [a, ] (there are many), are optimal for the first objective, while point (28, 52) is the unique lexicographic optimum for the given problem
(i.e., considering the second objective too). The third objective plays no role in this case. On the right, a zoom around point # is provided, with some optimal
solutions for the first objective highlighted (the ones with a bigger black spot).

Fig. 2. On the left we have the problem (|7)|) after iteration 1 and on the right after iteration 3.

Iteration 1 First, we transform our problem in the formulation in which the cutting plane method can be generated, defined as
P, (current problem),
lexmax 8x; + 12x,, 14x; + 10x,, x| + x,
s.t. 2x1 + x5 + x5 =120
4x) + 6x) + x4 =425
dx; + 3%, + x5 = 270
X1 +2x5 + xg = 60
x>0, xeZ°
Then, the GrossDualSimplex algorithm solves the continuous relaxation R., obtaining the solution & = [28.75, 51.66]”, which is
associated to the following value of the objective function &"%: 8500° + 919.17@~! + 80.42@72. Since the latter is Gross-fractional,

we lexicographically select its first fractional component, i.e., the one associated to the first objective function, and we generate the
following GOF-CP cutting plane (see Th. 1):

0.16x4 +0.33x5 > 0.83.
Notice that we can reformulate it according to the original formulation of (|T1 |) as follows:
2x1 + 2x, < 160.

On the left of Fig. 2, one can appreciate the new polyhedron after adding such a constraint.
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Table 1

Summary of the iterations of the GCP method on problem (|7} ).

Iter. s’ X" Cutting Plane

1 8500° +919.17@7" + 80.42072 [28.75, 51.66] GOF-CP obj. 2

2 850" + 9100~ + 80> [27.5, 52.5] Fractional Cutting Plane on %,
3 8500° + 899! +79.5072 [26, 53.5] GOF-CP obj. 3

4 8480° + 91207" + 8002 [28, 52] None

Iteration 2 The new problem, obtained by adding the above constraint and the corresponding slack variable x, is:

lexmax  8x; + 12x,, 14x; +10x,, x| + X,

s.t. 2x1 + x5 + x5 =120
4xy + 6x) + x4 =425
4x1 + 3xy + x5 =270
X1 +2x, + xg = 60
2x1 +2x5 + x7 = 160
x>0, xe VAN

The new optimal point is X = [27.5, 52.5]7, with ¢’ = 850@° + 9100~! + 80@~2. Since ¢’ is Gross-integer, the next Fractional

Cutting Plane is generated by the first entry of the vector X. On the left we report the naive representation, while on the right the
one according to the original formulation:

0.5x4 +0.5x7 > 0.5, 3x; +4x, <292.
Iteration 3 The current problem P, is
lexmax 8x; + 12x,, 14x; + 10x,, x| + x,
s.t. 2x1 + x5 +x3 =120
4x + 6xy + x4, =425
4x1 4+ 3xy + x5 =270
X1 +2x, + x6 = 60
2xy + 2x5 + x7 = 160
3x) +4x, + xg =292
x>0, xe Zs,
whose continuous relaxation has % = [26, 53.5]7 as optimal solution, with &'z = 850@° +899@~! +79.5@~2, which is Gross-fractional.

The next GOF-CP will be inspired by the fractional part of the third objective function (left) resulting in the inequality on the right
for the original formulation:

0.5x4 > 0.5, 2x1 + 3x, < 212.

The rightmost image of Fig. 2 shows the new polyhedron after having added the cutting plane.

Iteration 4 The optimal solution found by the GrossDualSimplex is now integer and the Gross-ILP problem can be considered
correctly optimized: % = [28, 52]” and & x: 848@° + 91207 + 8072,

Table 1 provides all the GCP iterations solving (|T7]).

6.2. Test problems 2 and 3: the “house” in 3D and 5D

This illustrative example is in three dimensions with three objectives

lexmax x,—xp,—x3

s.t. 4x; < 81 i=1,...,3
—4x; <41 i=1,...,3
- (1))
— X — X, £ =26
-x1+x< 5

x>0, xeZ?

and the domain being the polyhedron shown in Fig. 3. Considering the first objective alone (maximization of x,), all the nearest
integer points parallel to the square having vertices a, f, 7, 6 (see Fig. 3) are optimal. Since the optimum is not unique, the use of the
second objective refines the optimization to the integer points near to the segment [, y] (see Fig. 4, which provides the plant-view
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Fig. 3. Polyhedron related to problem (

20

).

T

Fig. 4. Section view of Fig. 3 with x =-10 (left) and its top-right zoom (right).

Table 2
Iterations of the GCP method on test problem (|75 ).

20
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It. &x X" Cutting Plane
1 20.250° - 10.2507" - 10.25072 [20.25, 10.25, 10.25] GOF-CP obj. 1
2 200° - 10.2507" —10.25072 [20, 10.25, 10.25] GOF-CP obj. 2
3 200° - 103307 — 10.25072 [20, 103333, 10.25] GOF-CP obj. 2
4 200° - 10.507" = 1025072 [20, 10.5, 10.25] GOF-CP obj. 2
5 200° - 11®7! — 1025072 [20, 11, 10.25] GOF-CP obj. 3
6 200° - 1@~ = 1033072 [20, 1110.3333] GOF-CP obj. 3
7 200" - 1@~ - 105072 [20, 11, 10.5] GOF-CP obj. 3
8 200° - 1@~ - 11@72 [20, 11, 11] None

of Fig. 3 with x; = 10.25). Again, the optimum in not unique. This means that also the third objective can improve the choice of

the optimal solution, selecting the nearest integer point to y as the unique, Such a point, namely [20,11,11]7 is the lexicographic

integer optimum of the problem.

Table 2 shows the seven iterations needed by the GCP method to solve the problem. The optimal value of the objective function

can be computed as &'x,, =200° - 1107 - 11@72.

Based on the 3D house problem, we developed an algorithm (see Algorithm 3) capable of generating house problems in n

dimensions.

By means of Algorithm 3, we have generate the five dimension problem (|7;):

lexmax x;,—x,,...
st. {x€Z’:Ax<b}

(73

10
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Algorithm 3 Generation of a “house" problem in R" dimensions

Step 1. The problems is formulated as follow (p € N is a parameter that controls the size of the house):
lexmax  x, —x,, ..., =X,
s.t. 4x; <4-(p+1025), i=1,...,n
—4x;, <41, i=1,..,n
—Xx; =X, <=20-[p/2+0.5]
—x; +x, < [p/2-0.25]
x>0,xeZ".

Step 2. Optimal integer solution is X =[p+10, p+Lp+ 1, p+ 1, ., p+ 117.
The optimal value is computed as: f,,p, =&'x,,, where € is derived from C.

Table 3
Iterations of the GCP method on test problem (|75).
It. < x" Cutting Plane
1 —20.250° +10.2507" + 1025072 + 102507 + 10.2507* [20.25, 10.25, 10.25, 10.25, 10.25] GOF-CP obj. 1
2 —200° +10.2507" 4+ 10.25072 + 10.2507 + 10.2507* [20, 10.25, 10.25, 10.25, 10.25] GOF-CP obj. 2
3 —200° +10.3307" + 1025072 + 10.2507° + 10.250~* [2010.33, 10.25, 10.25, 10.25] GOF-CP obj. 2
4 —20@° +10.507" +10.25072 + 10.250 + 10.2507* [20, 10.5, 10.25, 10.25, 10.25] GOF-CP obj. 2
5 —200° + 107" + 1025072 + 102507 4 10.2507* [20, 11, 10.25, 10.25, 10.25] GOF-CP obj. 3
6 —20@0° + 1107 +10.33072 + 102507 + 10.250~ [20, 11, 10.33, 10.25, 10.25] GOF-CP obj. 3
7 —20@° + 117" + 105072 + 102507 + 10.250~* [20, 11, 10.5, 10.25, 10.25] GOF-CP obj. 3
8 —200° + 117" + 11@72 +10.2507° + 102507 [20, 11, 11, 10.25, 10.25] GOF-CP obj. 4
9 —200° + 1107 + 11072 +10.3307° + 102507 [20, 11, 1110.3333, 10.25] GOF-CP obj. 4
10 200" + 1107 + 11072 + 10507 +10.2507* [20, 11, 11, 10.5, 10.25] GOF-CP obj. 4
11 —200° + 1107 + 11072 + 1107° + 1025074 [20, 11, 11, 11, 10.25] GOF-CP obj. 5
12 —200° + 1107 + 11072 + 1107 4+ 10.3307* [20, 11, 11, 11, 10.33] GOF-CP obj. 5
13 200" + 1107 + 11072 + 1107 +10.507* [20, 11, 11, 11, 10.5] GOF-CP obj. 5
14 —200° + 11O + 1172 + 11072 + 11074 [20, 11, 11, 11, 11] None
where
[ 4 0 0 0 0] [ 81
0 4 0 0 0 81
0 0 4 0 0 81
0 0 0 4 0 81
0 0 0 0 4 81
-4 0 0 0 0 —41
0 -4 0 0 0 —41 a1 1 o 0
0 0 -4 0 0 —41 ol 1o 0
A=[{0 0 0 -4 0|, b=|-41|, C= = € RS,
0 0 0 0 -4 —41 sl o o »
-1 1 0 0 0 5
-1 -1 0 0 0 -26
-1 0 0 0 0 0
0o -1 0 0 0 0
0 0o -1 0 0 0
0 0 0o -1 0 0
L0 0 0 0 -1 | 0 |

Problem (|T;, ) has the known lexicographic optimum x,,, = [20, 11, 11, 11, 11]”. The GCP method solves this third test problem

in 13 iterations, as reported in Table 3.

opt

6.3. Test problem 4: the randomly rotated hypercube in 50D

As a stress test for the GCP method, we have also considered a problem having 50 objectives in R>. The problem, generated
thanks to Algorithm 4, possesses the following geometry: an external randomly rotated hypercube which has no role in the
optimization but adds complexity to the problem, and an inner hypercube which constitutes the truly feasible region of the
polyhedron.

11
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Algorithm 4 Generation of a randomly rotated benchmark in n dimensions

Step 1. Let {Ax <b, x € Z"} be the initial unrotated hypercube problem in n-dimensions, formulated as follow:
lexmax  x, X5, ..., X,
s.t. — 1000 < x; £ 1000, i =1,...,n
xeZ".
Step 2. Generate a random rotation matrix Q, computed by a QR factorization applied to a random matrix T. Where, T is a n-by-n matrix of normally distributed
random numbers (zero mean and unitary variance). In Matlab:
T = randn(n);
Q, ~] =qr(D;
Step 3. Rotate the polytope: A’ = [AQ * lOZJ, b’ = b x 10> and C’ = C) and then add the inner hypercube by adding these constraints to A’:
0<x; <(100+0.2), i=1,..,n.

Step 4. Compute the LMOILP optimum:

X, =[100,100, ...,100]" and f,, =&" where ¢ is derived from C’.

Xopt>

Table 4
GCP method results on the randomly rotated hypercube in 50D (fourth test problem). GCP was performed without and with
warm-start, and using the GrossSimplex and GrossDualSimplex as GrossLPsolver, respectively.

Method GCP Iter. Execution time (s) Total GrossLPSolver Iter.
GCP without warm-start 101 32s 25452
GCP with warm-start 101 1.8s 402

The GCP method is capable to find the optimal integer solution after 101 iterations. Two cutting planes are generated for each
objective function (50 - 2) plus the last iteration, in which the optimal integer solution is found.

The significance of this investigation comes from the performance comparison we realized between the GrossSimplex and the
GrossDualSimplex. As discussed in Section 5, the use of a dual solver allows one to avoid the search for a new feasible basic
solution to restart the optimization after the addition of each cutting plane to the relaxed program. The 50-dimension problem in
analysis is a good test case to assess the impact the warm-start has on the optimization, measuring the speedup experienced by the
GrossDualSimplex against the GrossSimplex.

Table 4 resumes this study, show evidences of a significant improvement from a computational perspective. Actually, the warm-
start is able to reduce the GCP execution time from 32 s to only 1.8 s, almost 18 times faster. This is also reflected in the total
number of solving iterations, which drastically decreases from 25452 of the GrossSimplex to the only 402 of the GrossDualSimplex.
Notice that this computational unburdening comes keeping fixed the number of cutting planes used to solve the problem. This
fact is of extreme significance from a practical perspective, giving a strong dignity to the existence and implementation of the
GrossDualSimplex, and indicating how the GrossDualSimplex is the algorithm to use for solving integer linear programs.

7. Conclusions

In a previous work [1], we have considered the Lexicographic Multi-Objective Linear Programming problem and, to solve
it, we have designed the GrossSimplex algorithm, a generalization of the well-known simplex algorithm able to work with
infinitesimal/infinite quantities using the Grossone methodology. Then, we solved the same problem, but with the addition of the
integrality constraint, by generalizing the Branch-and-Bound method [39]. In this paper we have provided a solution based on a
cutting plane method, called GCP method.

First, a new set of cutting planes for LMOILP problems, which we called GOF-CP, has been presented. This cutting plane is inspired
by each fractional objective function that composes the multi-objective problem. Then, we have also proved that the GCP method
converges to the optimal integer solution by applying the GOF-CP and the Fractional Cutting Plane in an appropriate manner. After
that, we efficiently handled the addition of new constraints by exploiting the duality theory and the GrossDualSimplex introduced
in [40]. Finally, through several LMOILP test problems having known solutions, we have verified that the proposed GCP method
was able to find the optimal solution to all the proposed problems.
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Appendix. The fractional cutting plane

The following well-known theorem involves only real numbers, neither Gross-scalars nor Gross-vectors. We provide its proof
here for the sake of completeness and of consistency with the notation used in this paper.

Theorem 2 (Fractional Cutting Plane). Let B be an optimal basis for problem R, % the associated optimal solution, and N :=
{1,...,n} \ B. If there exists a component s in vector Xz such that (%), is not integer, then the following inequality

DA A bx; > ((%p)) 17)

jen

is a cutting plane for S.

Proof. Let us consider an arbitrary x € £, we have that:

() =(Rp), — D (A5 Ay,

jen
= Rl ) + (Fe)s} = D (A" Ay | x; = D IAG Ay )x;.
jen jeN
Then it follows that:
DAAG A X = {Re)} = [Re)] = ) [(AF' Ap)y ] x; = (xe)y 18
JjeN Jjen

where the right-hand side is integer:
|Re)s) = D [(A5'Apy;] x; = (%), € Z. (19)
jen
Indeed, both x; and (xg), are integers, since x € 2 by hypothesis.
Let us make an observation concerning the left-hand side of (18):

A A ) — (), ) > —((Re) ) > —1 (20)
jen

Indeed, ) jeN{(AglAN)S ;1x; > 0 because {(Ag LAY, ;) are strictly positive values, and x; are > 0 by hypothesis. Instead, {(Xg),} is the
fractional part of (Xp), and, by definition, it will fall within 0 and 1 (more precisely, 0 < {(X3),} < 1). Being the right hand side of
(18) integer for any x € 2 (as shown in (19)), we can conclude that:

DA A bx; = {(Rp),} >0, 21)
jen
which can be rewritten as:
DA A bx; > {(Rp) )
jen
So, the last inequality holds for an arbitrary point x € 2 (condition i) of Def. 2. Instead, (17) satisfy condition ii) of Def. 2:
DA AN # (), ),

jen

13
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being %; =0 Vj € N and 0 is not greater or equal to a strictly positive number:

0% {(Xp)}-
Therefore, (17) is a cutting plane. W

Let us observe now how the Fractional Cutting Plane, defined in (17), can be alternatively (and equivalently) expressed in integer
form, as shown in Theorem 4.

Theorem 4 (Fractional Cutting Plane in Integer Form). Let B be an optimal basis for problem R, X the associated optimal solution, and
N :={1,...,n} \ B. If there exists a component s in vector Xy such that (X3), is not integer, then the following inequality

2 LA5" Ay ] x; + (xe), < [(Rp), ] 22)
JjEN

is a cutting plane for problem S.

Proof. The proof is omitted, since it is standard and it can be found on most books devoted to integer linear programming. [l

Finally, observe how this integer form is very useful to avoid numerical problems caused by rounding, making this formulation
of the cutting plane more numerically stable.
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