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Abstract

We prove an integral formula for the spherical measure of hypersurfaces in equiregular
sub-Riemannian manifolds. Among various technical tools, we establish a general criterion
for the uniform convergence of parametrized sub-Riemannian distances, and local uniform
asymptotics for the diameter of small metric balls.
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1 Introduction

Sub-Riemannian manifolds nowadays constitute a wide area of research, related to PDEs,
Geometric Analysis, Differential Geometry and Control Theory. Nevertheless, several aspects
of their geometry are still far from being understood. Such difficulties already appear in the
wide project to develop Geometric Measure Theory in Carnot groups, which are special
classes of sub-Riemannian manifolds. To ease our exposition, in the sequel we abbreviate
the adjective “sub-Riemannian” to “SR”.

In the present work, we focus our attention on the surface measure of hypersurfaces
embedded in a SR manifold. From a historical perspective, the study of surface measure
played an important role in the development of several branches of Mathematics, such as
Calculus of Variations, Geometric Analysis, Probability and Geometric Measure Theory.
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Around the half of the twentieth century many works were devoted to find and study the
proper notion of surface measure, in view of applications to Calculus of Variations and to the
early stages of Geometric Measure Theory. For instance, the questions related to the notion
of Lebesgue area [19-22] were highly nontrivial and the first works of Federer were devoted
to the study of this notion of surface area. The debate on the natural notion of surface measure
can be seen from the deep studies of [11, 50]. In the same period, sets of finite perimeter
first appeared in the work of Caccioppoli [10] and the theory was developed by De Giorgi
[15] through his celebrated rectifiability theorem. The rectifiability of the reduced boundary
is crucial to establish the important formula relating perimeter measure to the Hausdorff
measure of the reduced boundary.

In the non-Euclidean framework of stratified groups, new theoretical tools are necessary.
A key result is the asymptotically doubling property of the perimeter measure in metric
spaces, established by Ambrosio [2, 3], that lead to a rectifiability theorem for sets of finite
perimeter in some classes of nilpotent Lie groups, proved by Franchi et al. [24, 25], see
also [43]. The area formulas for the perimeter measure in these papers were corrected in
[37, 40]. The correction subsequently appeared in [26] for a specific symmetric distance.
In all of these works, the same measure-theoretic area formula [38, 39] was used, see also
[34] for a systematic study of measure-theoretic area formulas. The general representation of
the perimeter measure with respect to the spherical measure arising from any homogeneous
distance was established in [40]. Concerning the rectifiability problem in stratified groups,
more recent results can be found in [16].

Area formulas for the spherical measure in general homogeneous groups and for higher
codimensional smooth submanifolds were obtained in [41, 42], see also references therein.
As clarified in these papers, one of the difficulties is to establish negligibility results for
“points of lower degree”. In fact, even for smooth submanifolds the theory of the surface
area in homogeneous groups is still far from being complete.

Extending further the study of the surface measure from homogeneous groups to SR
manifolds leads to additional difficulties, as the lack of a group operation and of global
dilations. We overcome these issues through the study of some interesting metric properties
of equiregular SR manifolds, along with their metric tangent spaces.

Our aim is to find an explicit formula that relates the perimeter measure of a bounded,
C! smooth and open set of a SR manifold to the spherical measure of its boundary. The
fascinating aspect of this question is that the use of the SR distance to construct the spherical
measure naturally lets the infinitesimal geometry of the SR manifold enter the question.
In many respects the present work can be seen as a continuation of the study started in
[4], where the coordinate-free notion of sub-Riemannian perimeter measure was introduced.
The spherical measure in sub-Riemannian manifolds was previously studied in [27-29],
where a number of technical difficulties were overlooked, especially in the application of
differentiation theorems for measures.

We consider an oriented n-dimensional SR manifold M with a metric g on a distribution of
m-planes defined by a family D of horizontal vector fields. The oriented “volume measure”
is assigned through an everywhere nonvanishing n-form w, hence we get a sub-Riemannian
measure manifold (M, D, g, w), where the perimeter measure || D, ¢1£|| of a measurable
set £ C M can be defined in intrinsic terms, see Sect. 2 for more details.

For an open set Q with C! smooth boundary €2, our first result is an integral representation
of the perimeter measure

[ Dw,g1all(U) = / lwllg [vplg dog, ey
aQNU
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where we have denoted by vp the horizontal normal to 92 (Definition 6.9) and g is any
Riemannian metric that extends the sub-Riemannian metric g. Formula (1) is established in
Theorem 6.11. The Riemannian surface measure associated with 9<2 is denoted by oz and
U C M is any open subset. We point out that the proof of (1) requires a general version
of the Riemannian divergence theorem with respect to a volume form, see Theorem 6.6.
Formula (1) has also an independent interest, since it links the sub-Riemannian perimeter
to the Riemannian surface measure og, taking into account the fixed volume form w. The
left-hand side of (1) only needs the SR metric g, hence the right-hand side does not depend
on its extension g and actually motivates the natural definition of sub-Riemannian surface
measure for any smooth hypersurface ¥ C M, according to Definition 6.12. For any Borel
set A C X, we define

osR(A) =/ lollg vplg dog. )
YNA

The independence of the extension g justifies the slight abuse of notation, denoting by the
same symbol g any Riemannian metric that extends the sub-Riemannian metric.

To use the spherical measure, we focus our attention on equiregular SR manifolds, whose
Hausdorff dimension Q has an explicit formula [46]. Our main result is the following geo-
metric representation of the spherical Federer density s~ of O’%R, namely

970k, @) = 0 (@) llg Ba.g(vD (@) A3)

The number B4 ¢(vp(q)) is the spherical factor, which is described below. Equality (3) is
proved through a blow-up process that also involves the ambient space, since the SR manifold
is not homogeneous with respect to local dilations. As a result, the proof of (3) requires a
double blow-up: the one of the SR manifold and the one of the hypersurface. The first blow-up
corresponds to the well known nilpotent approximation of the SR manifold, representing the
metric tangent space of M at the blow-up point g, see Sect. 2.2 for more information.

The left-hand side of (3) is the spherical Federer density of O'gR at ¢ (Definition 6.2).
Such “density” was first introduced in [39, Definition 5] to establish a measure-theoretic
area formula for the spherical measure ([39, Theorem 11]), which represents our bridge to
the sub-Riemannian area formula (7). The spherical factor By ¢(-) is a “pointwise geometric
invariant” of both the SR manifold and the hypersurface ¥, which is related to the nilpotent
approximation of M at g and to the horizontal normal vp(q) of ¥ at g. It can be seen
as the maximal area of the intersection between the orthogonal space to vp(g) with the
sub-Riemannian unit ball in the nilpotent approximation of the SR manifold at p.

For homogeneous groups we have a simpler definition of spherical factor, due to the
homogeneity of the ambient space, therefore only the homogeneous tangent space to the
submanifold appears ([41, Definition 7.6]). In broad terms, the spherical factor is a sort of
“renormalizing constant” for the spherical measure. To give a simple idea, in the Euclidean
space it coincides with the constant w, | appearing in the definition of the (n— 1)-dimensional
Hausdorff measure, that is the (n — 1)-dimensional Lebesgue measure of the Euclidean unit
ball in R~ 1.

However, the formal definition of spherical factor in SR manifolds was not easy to conceive
(Definition 3.1). We could also imagine other definitions, like considering sub-Riemannian
balls with center close to the blow-up point g and one cannot exclude other possible equivalent
definitions. Somehow unexpectedly the definition of spherical factor in SR manifolds came
after the proof of the “double blow-up”, which was obtained by taking a special system of
coordinates. From (3) one may deduce a priori that the spherical factor 84 ¢ (+) is well defined
on the horizontal directions of 7 M and it depends on a number of mathematical objects, like
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the sub-Riemannian distance, the Riemannian metric and the hyperplane orthogonal to vp.
However, this information is not enough to find its general explicit formula in Definition 3.1.
An “invariance property” is necessary and this is provided by the next result, proved in
Theorem 3.2.

Theorem 1.1 (Change of exponential coordinates of the first kind) Let (M, D, g, ) be a
sub-Riemannian measure manifold and denote by the same symbol g a Riemannian metric
on M that extends the sub-Riemannian metric. We assume that p € M is a regular point and
consider two privileged orthonormal frames X = (X1,...,Xy) and Y = (Y1,..., V) in
an open neighborhood W of p. According to (14), we introduce the exponential coordinates
of the first kind Fp x, Fpy: V — W associated with X and Y respectlvely, around p.

The set V C R" s an open neighborhood of 0 € R". The frames XP = (X?P,....,X?) and
Y? = (Yp, ey Y ) denote the nilpotent approximations of X and Y at p, see Deﬁmtlon 2.18.
Then the following facts hold:

(i) the family of maps 81 /¢ o Fp‘; oF)p x08:: V. — R" uniformly converges to the restriction
of a linear Euclidean isometry L:R" > Rlase — 0;
(ii) we have L = d(F_; o Fp x)(0) and the matrix associated with L is block diagonal;

(iii) if we denote by d, ».X and d, ldpy the sub- Rlemanman distances associated with XP and Y”
respectively, then d Y(L(x) L(y)) = d x(x,y) forevery x,y € R™.

The notation of this theorem is introduced in Sects. 2.1 and 2.2. Theorem 1.1 implies that
the spherical factor does not depend on the choice of the exponential coordinates of the first
kind, see Corollary 3.4. Now we state the double blow-up that leads to the key equality (3).
Its proof corresponds to that of Theorem 6.13.

Theorem 1.2 (Double blow-up) Let (M, D, g, w) be a sub-Riemannian measure manifold.
We assume that ¥ C M is an oriented C' smooth hypersurface with orienting unit normal
von XNT and T C M is an open neighborhood of p € X. We also denote by the same
symbol g a Riemannian metric on M that extends the given sub-Riemannian metric and we
consider the associated SR surface measure CTER If p is both a regular point of M and a
noncharacteristic point of X, then

97105k, p) = lw(P)llg Ba,e (vD(P)), )

where vp(p) denotes the horizontal normal at p € X.

Characteristic points are introduced in Definition 6.9 and will be discussed right after
Theorem 1.6. Regular points are introduced in Definition 2.5. To prove Theorem 1.2, more
difficulties are hidden, since the formula for the spherical Federer density 591 needs uniform
asymptotics for the diameters of sub-Riemannian balls. More precisely, another result is
necessary, showing that the diameters of a family of sub-Riemannian balls with suitably
small radius r > 0 are “uniformly close to 27" in a neighborhood of a regular point.

Theorem 1.3 (Uniform estimates of “small” diameters) Let p be a regular point of a sub-
Riemannian manifold M. Then there exists a neighborhood T C M of p such that for every
0 < € < 1 there exists a radius ro > 0 such that

2r(1 —¢) < diam(B(q,r)) <2r )

foreveryq e T and0 <r < r,.
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The uniform asymptotics (5) are established in Theorem 5.3 and we believe they have an
independent interest in the study of equiregular sub-Riemannian manifolds. The proof of (5)
in turn needs two additional results. The first one is a uniform nilpotent approximation with
respect to the blow-up point, which extends the well-known nilpotent approximations at fixed
regular points, for which a wide literature is available, see Sect. 2.2 for more information.

Theorem 1.4 (Uniform nilpotent approximation) Let (M, D, g) be a sub-Riemannian man-
ifold and let p € M be a regular point. We consider a privileged orthonormal frame
X = (X1,..., Xyn) in an open neighborhood of p € M and denote by Fx a system of
uniform exponential coordinates on a fixed open set U containing p (Definition 2.12). We
define the vector fields in local coordmates Xq (Fx(q, DX, along with the rescaled
vector fields Xq "= pwi (81/,)*X fori=1,...,n,q € Uandr > 0, see (21). Then for
every bounded open set A C R" the followmg statements hold.

(1) The rescaled frame X4 = = (X] X4 ig ) converges to the nilpotent approximation
X7 = (X9,..., X (Definition 2 18) on the subset A C R" in the C{-topology as

r— 0, umformly with respect to g which varies in any compact set of U.
(2) The rescaled horizontal frame iZ’r = (ii]’r, ces ig;’) induces a local distance gg
which converges to Jq (Definition 2.18) in L°°(A x A) as r — 0, uniformly as q varies

in any compact set of U.

We have denoted by Ei\l: R" x R" — [0, +00) the tangent sub-Riemannian distance
(Definition 2.18) and by a'; the local distance (Definition 2.13) induced by the rescaled

frame X4, The uniform nilpotent approximation is proved in Theorem 4.6, where more
details are added in the statement. Theorem 1.4 is somehow considered known to the experts,
but we were unable to find its proof. We notice for instance that the estimate (85) in [6] follows
from Theorem 1.4(2). According to [6, Section 8], we can actually think of Theorem 1.4(2)
as a uniform Gromov-Hausdorff convergence of the SR manifold to the metric tangent space.
When a regular point p € M is fixed (Definition 2.5), Theorem 1.4 proves that the rescaled
distances d; d’ uniformly converge to the tangent sub-Riemannian distance d (Definition 2.18)
on compact sets of their domains and also uniformly as g varies in a compact neighborhood
of p.

A nontrivial technical result behind the uniform nilpotent approximation is a general
uniform convergence theorem for families of sub-Riemannian distances, established in The-
orem 4.1, see Sect. 4 for more information.

Somehow surprisingly, the uniform convergence of the rescaled distances d’ does not
immediately imply the uniform diameter estimate of Theorem 1.3. The main issue is that the
local sub-Riemannian distance (Definition 2.13) relative to a bounded open set may be larger
than the sub-Riemannian distance on the whole manifold. Only at sufficiently small scale,
the two distances coincide, as proved in Proposition 2.15. To apply this proposition, we have
to show that the radii of the sub-Riemannian balls contained in the “moving exponential local
charts” do not degenerate as the center of the sub-Riemannian ball and the chart vary. In other
words, we have to guarantee the existence of a “common, moving sub-Riemannian ball with
fixed radius”, where the uniform convergence of the sub-Riemannian distances takes place.
Exactly at this point the second theorem to show (5) appears. The existence of the “uniform
radius” can be actually established for a general “topological exponential mapping” taking
values in a length metric space.

Theorem 1.5 (Topological existence of uniform radius) Let M be a length metric space and let
p € M.LetT C M be an open neighborhood of p and let A C R™ be an open neighborhood
of 0. We consider a mapping E: T x A — M such that
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(1) E is continuous,

(2) E(q,0)=gq foreveryq €T,
(3) the mapping E(q,-): A — E(q, A) is a homeomorphism for everyq € T.

Then there exist a bounded open neighborhood V. C A of 0, an open neighborhood U C T
of p such that the function

Usqr R(@) =suplt >0: B(g.1) C E(g, V)} € (0, +00) (©6)

is well defined and lower semicontinuous. In particular, there exist ro > 0 and gy > 0 such
that B(q,ro) C E(q, V) for every g € B(p, €9).

The arguments to prove this theorem also rely on a suitable use of degree theory, see
Theorem 5.1. Combining the measure theoretic area formula of Theorem 6.4 and the double
blow-up of Theorem 6.13, we finally obtain the area formula (7). More details about the
application of Theorem 6.4 are given in Remark 6.5.

Theorem 1.6 (Area formula) Let (M, D, g, w) be an equiregular sub-Riemannian measure
manifold of Hausdorff dimension Q and denote also by g a Riemannian metric that coin-
cides with the sub-Riemannian metric on horizontal directions. Let ¥ C M be an oriented
hypersurface of class C' embedded in M and let A C S be a Borel set containing an S
negligible subset of characteristic points. If v is a continuous unit normal field on %, then
we have

osR(A) = / lo(@)llg Ba.g(vp(g)) dS27 (), (7
ANX

where the spherical measure is introduced in Definition 6.1.

Characteristic points constitute the “intrinsically singular set” of > . However, the set of
characteristic points is S~! negligible for C! smooth hypersurfaces embedded in stratified
groups, [36]. The extension of this result to SR manifolds is not straightforward, since in
general they are not locally bi-Lipschitz equivalent to stratified groups, [6, 49, 53], see also
[33]. It is then natural to deserve further study to the negligibility issue.

As a simple consequence of the previous area formula, for a C! smooth open set £ with
boundary 92, formula (1) combined with (7) yields

I Dy glall(A) = f lo(@)llg Ba.e (vD (@) dSC™(q), ®)
ANIQ

for every Borel set A C M such that the set of characteristic points in the intersection 92N A
is S@~! negligible. Notice that (8) also extends the area formula for perimeters in stratified
groups equipped with a general volume form, in place of the standard Haar measure.

2 Some basic notions and known facts

In this section we introduce sub-Riemannian measure manifolds, along with some basic
notions. We also introduce the important notion of exponential coordinates of the first kind,
that will be useful in the sequel.

To define a sub-Riemannian manifold without referring to local frame of vector fields, we
use the notion of Euclidean vector bundle, that is a vector bundle equipped with a smooth
scalar product.
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Definition 2.1 (Sub-Riemannian structure) Let M be a smooth, connected manifold and
assume that f: U — T M is a morphism of vector bundles, where U is a Euclidean vector
bundle with base M. Asamorphism, f is smooth, linear on fibers and verifies f,(U,) C T,M
for each p € M, where U, is the fiber of U at p. We say that (f, U) is a sub-Riemannian
structure on M. The family of horizontal vector fields are

D:={foo:0 €T'(U)}, 9)
where I'(U) is the module of sections of U. We assume the Chow’s condition on D:
Lie,(D) =T,M forall p € M. (10)
For each p € M, we set the fiber
D, ={X(p) e T,M : X € D}.
We define the function G, : T, M — [0, +o0] as

min{|ul? :v = fu),u € Up} veD,,

Gp(v)={

400 otherwise.
One may easily notice that \/Gi,, : D), — [0, +00) is a norm that satisfies the parallelogram
identity, hence G, is a quadratic form. The family of scalar products g,,: D, x D, — R

such that G ,(v) = g,(v,v) forall p € M and v € D), defines a sub-Riemannian metric g
on M. The triple (M, D, g) is called sub-Riemannian manifold.

For g1, g2 € M, we introduce the family Ay, 4, of all AC curves y: [0, 1] — M such
that y(0) = g1, y(1) = ¢» and

y() € Dy (In

fora.e. t € [0, 1]. Due to the celebrated Chow’s theorem, Ay, 4, # @ forall g1, g2 € M. As
a consequence, the infimum

1
d(q1, q2) = inf :/(; \/gy(z)(f/(t)a y@)dt: y e Al]]»fﬁ}

is always a well defined real number. Actually, it can be shown that d is a distance on M, well
known as sub-Riemannian distance. Any AC curve y that satisfies (11) for a.e. ¢ is called
horizontal curve. The closed ball and the open ball in M are denoted by

B(g,r)={ze M :d(q,z) <r} and B(q,r)={z€ M :d(q,z) <r}, (12)

respectively.
The sub-Riemannian distance can be also introduced with respect to a family of linearly
independent vector fields of R".

Definition 2.2 (Sub-Riemannian distance with respect to vector fields) Let 2 C R" be a
connected open set, m < nandletX = (X1, ..., X;y) be an ordered collection of everywhere
linearly independent smooth vector fields on €2. We also assume that the iterated Lie brackets
of these vector fields, up to some degree of iteration s, span R" at every point x € Q. Then
we choose x, y € Q2 and consider the family F(x, y) of all absolutely continuous curves
y : [0, 1] - Q such that y(0) = x, y(1) = y and

Y0 = hit) X;(y (1) (13)

j=1
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for a.e. t € [0, 1]. The sub-Riemannian distance d(x, y) between x and y in 2 is then

inf {||h]lco : ¥ € F(x, y) and satisfies (13) a.e.},
where ||| oo is the L°° norm of the measurable function t — _/ ;le hj ()2

Remark 2.3 The sub-Riemannian distance with respect to a sub-Riemannian metric and the
one with respect to vector fields (Definition 2.2) are clearly related, see Proposition 2.15.
This is the case when the vector fields are considered orthonormal with respect to the sub-
Riemannian metric.

Remark 2.4 1t is easy to notice that the distance of Definition 2.2 is equivalent to the one
where we consider time minimizing absolutely continuous curves y : [0, T] — € satisfying
(13), connecting x with y and such that ||h] < 1 a.e.

Definition 2.5 (Equiregular sub-Riemannian manifolds and regular points) Let us consider
the sub-Riemannian structure (f, U) on a smooth, connected manifold M. If D is the asso-
ciated family of horizontal vector fields, we recursively define D! = D and

D! = D' 4 D, D]

Setting D}, = {X(p) € T,M : X € D"}, we obtain a flag at p € M. Due to the Lie bracket
generating condition, there exists k;, € N such that

1 2 kp
D,CD,C--CD) =T,M.

If g is a sub-Riemannian metric on M, compatible with (f, U), we say that (M, D, g) is an
equiregular sub-Riemannian manifold of step s € Nif D; = T, M forevery p € M and there
exist some positive integers ng, ny, ..., ng such that dim D’; =ny forevery k = 1,...,s
and every p € M. A regular point p € M has an open neighborhood ¢/ C M that is
also an equiregular sub-Riemannian manifold, when equipped with the restriction of the
sub-Riemannian structure.

The triple (M, D, g) always denotes an n-dimensional, smooth and connected SR manifold
of step s. A fixed Riemannian metric on M that extends g is also understood and it is denoted
by the same symbol, unless otherwise stated. The sub-Riemannian distance associated with
the sub-Riemannian manifold (M, D, g) is denoted by d.

For equiregular sub-Riemannian manifolds, we also set m = n; = dim D, for every p €
M ,thatis called the rank of D. By definition of D, forevery p € M there exists aneighborhood
U of p and smooth vector fields X1, ..., Xy, on U such that D, = span{X(q), ..., Xm(q)}
for every g € U. We say that (X1, ..., Xn) is a local frame of D, that is also Lie bracket
generating.

Definition 2.6 (Length of iterated Lie brackets) Let (X1, ..., Xin) be a local frame for D.
Whenever a multi-index I = (iy,...,ix) € {1,2,..., m}k is fixed, we say that

X =[..[[X;, Xi,1, Xi51, .. ], X ]
is a vector field of length k with respect to (X1, ..., Xm).

Definition 2.7 A sub-Riemannian measure manifold is a quadruple (M, D, g, w) such that
(M, D, g) is an oriented sub-Riemannian manifold and w is a positive volume form on M,
namely a non-vanishing smooth n-form on M such that [}, f& > 0, for any nonnegative
f € Cc(M). We say that (M, D, g, w) is equiregular, if so is (M, D, g).
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The following definition can be found e.g. in [1, Definition 10.45].

Definition 2.8 (Privileged frame) Let (M, D, g) be an equiregular sub-Riemannian manifold
of step s and let U C M be an open set. We say that a frame of smooth vector fields
(X1, ..., Xn) is privileged with respect to D on U if the following conditions are satisfied.

(i) Forevery g € U, the vectors (X1(q), ..., Xm(g)) form a basis for D,.
(i) Forevery g € U and 1 < j < s, the vector fields X,,HH, R X,,j are iterated Lie

brackets of X1, X2, ..., X of length j, where we have setng = 0 and n; = dim D‘q/ for
j=1,...,s.
(iii) Forevery ¢ € U and j = 1,...,s, the vectors (X(q), ..., Xn; (@) form a basis of

DI (q).

Remark 2.9 A standard argument shows that, locally, we can always find a privileged frame
for an equiregular sub-Riemannian manifold. Indeed, consider a local frame (X1, ..., Xn) of
Dandchoose Xi+1, . .., Xn, amongthe Lie bracketsof X1, ..., Xy suchthat (X1, ..., Xy,)
is a local frame of D?. The analogous argument can be repeated for the subsequent D/’s, to
get the privileged frame.

Lemma 2.10 Let (M, D, g) be an equiregular sub-Riemannian manifold, let p € M, and
let (v1, ..., vm) be an orthonormal basis for D,,. We denote by g also a Riemannian metric
that extends the fixed sub-Riemannian metric on M. Then there exist a neighborhood U of
p and a privileged orthonormal frame (X1, ..., Xn) on U such that X;(p) = v; for every
i=1,...,m

Proof Since D is locally spanned by smooth horizontal vector fields, we can first find linearly
independent horizontal vector fields Y; on a neighborhood of p suchthat Y; (p) = v; foralli =
1, ..., m. Then we apply the Gram—Schmidt algorithm to these vector fields in order to obtain
an orthonormal horizontal frame X1, ..., X, such that X;(p) = v; withi = 1, ..., m. Then
we choose aframe (Y1, ..., Yn,) suchthat (X1(q), ..., Xm(q), Ym4+1(q), ..., Yn,(g))isa
basis of Dg for every g in a neighborhood of p. Again the Gram—Schmidt algorithm provides
an orthonormal frame X1, ..., Xy, suchthat (X1(g), ..., Xm(g), Xm+1(q), ..., Xn,(q))
is an orthonormal basis of DZ for every ¢ in a neighborhood of p. Repeating this argument
we find a neighborhood of p and a privileged frame (X1, ..., X) on U that satisfy our claim.

O

2.1 Exponential coordinates and local sub-Riemannian distance

We begin the section by introducing the notion of exponential coordinates with respect to a
privileged frame of vector fields.

Definition 2.11 (Exponential map) Given a smooth vector field X on M and a compact set
K, there exists § > 0 such that the unique solution of the Cauchy problem

vp=Xoyp
yp(0) = p,
is well defined on [—4, &]. The exponential map of X is then defined by
exp (tX)(p) = yp(1)
forevery t € [-6,8] and p € K.
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Definition 2.12 (Exponential coordinates of the first kind) We fix a regular point p € M of
a sub-Riemannian manifold (M, D, g) and consider a privileged frame X = (X1, ..., Xy)
with respect to D on a neighborhood W of p. For each ¢ € W we may find a smooth
diffeomorphism Fy x: V; — F; x(V,) C W defined as

Fyx(x) =exp(xi X1+ -+ xnXn)(q), (14)

for some open set V, C R" containing the origin. We say that (x1, ..., x,) of (14), corre-
sponding to F X, are exponential coordinates of the first kind centered at ¢g. We may also
choose an Open neighborhood V' C R" of 0 and an open neighborhood U C W of p such
that the smoothmap Fx: U x V — W,

Fx(q,x) =exp(x1 X1+ -+ x:Xn)(q) (15)

is well defined on U x V and, by standard ODE arguments, Fx(g,-): V — Fx({g} x V) is
a C* diffeomorphism for every ¢ € U. In this case, we say that Fx represents a system of
uniform exponential coordinates of the first kind relative to the frame X = (X1, ..., Xn)-

The exponential coordinates of the first kind can be naturally associated with a family of
dilations as follows. We assign the weight w; = j to a coordinate x; ifn; | < i < n;, where
n; is introduced in Definition 2.8. Then for every r > 0 we define the anisotropic dilation
8, : R" — R" by setting

n
8rx = er"xiei, (16)
ii

where (eq, ..., en) denotes the canonical basis of R". We say that a function ¢: R" — R is
8-homogeneous of degree o > 0 if ¢ (8,x) = r*¢(x) for every x € R" and r > 0.

2.1.1 Sub-Riemannian manifold in local coordinates

We fix a regular point ¢ € M of a sub-Riemannian manifold (M, D, g) and choose some
exponential coordinates (x, ..., x,) of an open and connected neighborhood A of 0. Such
coordinates are given by the diffeomorphism

Fyx: A— F;x(A),

according to (14), where clearly F, x(0) = g and F; x(A) C M is an open neighborhood
of g € M. We may define the vector fields

X1 = (F;x); (X)) (17)

foreach j = 1,...,non A C R". The ordered family of vector fields (fq, R gf{) is a
privileged frame with respect to the horizontal vector fields

Dyx = (Fyx);'D

on A. Considering the preimage of the sub-Riemannian metric g on M, we have obtained an
induced sub-Riemannian manifold on A defined by the triple

(A, Dy x, Fx8)-

Since A C ]R{“ is connected we have obtained a local sub-Riemannian distance d on A with
respect to D xand F, X g, that is obtained by considering only horizontal curves contained
in A.
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Definition 2.13 (Local distance and local sub-Riemannian ball) We fix a regular point ¢ of a
SR manifold (M, D, g) and an associated privileged frame X = (X1, ..., X;,) defined on a
neighborhood W of g. Let F; x: A — F,; x(A) define a system of exponential coordinates of
the first kind centered at ¢, where A C R" is an open and connected neighborhood of 0 € R".

Let d, be the local sub-Riemannian distance defined by the frame (X7, ..., X{) of (17) on
the subset A C R™ (Definition 2.2). Then we have the associated local sub-Riemannian balls
By(x,r)={yeA:dy(x,y) <r}, (18)

where x € A is the center and r > 0 is the radius. The corresponding closed ball is
B,(x,r) ={y € A:dy(x,y) <r}. (19)

Remark 2.14 We stress that the local sub-Riemannian balls depend on the fixed domain A of
the exponential coordinates and and also refers to a distance made by curves contained in A.

Since Jq strongly depends on A, we may well ask whether it can be related to the sub-
Riemannian distance d on M. More precisely, we may wonder which conditions ensure that
the local distance ;[q on A makes Fy x: A — F, x(A) an isometry, where F; x(A) C M,
where we consider the sub-Riemannian distance d on M.

In the next proposition, we show that for all x, y € A it holds

dy(x, y) = d(Fyx(x), F; x()), (20)

if A is considered “suitably small”.

Proposition 2.15 Let A C R™ be an open and connected neighborhood of 0 € R" and let
Fyx: A — Fyx(A) be a system of exponential coordinates of the first kind, centered at a
regular point q of a SR manifold (M, D, g). We fix r > 0 such that B(q, 4r) C Fyx(A)
and set A = F(;X(B(q, r)) C A. Then the restriction Fy x: A— Fq,X(Z) is an isometry,
namely (20) holds for every x,y € A and we have A = §q O, r).

Proof Wechooseqi, g2 € B(g,r)ande € (0, r). There exists ahorizontal curve y : [0, 1] —
M connecting g to g» such that

1
length(y) = /0 S0 GO, 7Nt < d(gr.g2) + .

By the triangle inequality, one can easily check that

d(y (1), q) <d(y(1),q1) +d(q1,q) <length(y) +r <d(q1,q2) +e+r <4r,

hence y(t) € B(g,4r) C for all t € [0, 1]. As a consequence, by definition of sub-
Riemannian manifold (A, D, F; x &), the curve y = F;,l( o y is horizontal and contained

in A, connects the preimages x = F(;)l((ql) € A and y = F;,l( (q2) € A and has the same
length of y. It follows that

dg(x. y) < length(¥) = length(y) < d(q1,42) +¢
and the arbitrary choice of ¢ > 0 yields
dy(x,y) < d(q1,g2) = d(Fyx(x), Fyx (7).
If we consider any horizonal curve y : [0, 1] — A connecting F qf )1( (q1) and F qf ;((qz), then

Fyx o ¥ is a horizontal curve of M that connects ¢ and ¢» and has the same length. As a

@ Springer



254 Page 12 of 42 S.Don, V. Magnani

consequence, the 0ppos1te inequality immediately follows, hence (20) holds. If we take w €
B(q,r), we haved (F X(w) 0)=d(w,q) <r, therefore A = F X(B(q,r)) - B O, r).
Ifx e Bq (0,r) C A, we choose a horizontal curve ¥: [0, 1] — A connecting x and 0 such
that

length(y) < r.
Then y = F, x o ¥ is a horizontal curve connecting F, x (x) and g with
d(Fyx(x),q) <length(y) = length(y) < r.

The opposite inclusion holds and the proof is complete. O

2.2 Nilpotent approximation

In geometric terms, the nilpotent approximation corresponds to a metric tangent cone, that
can be obtained for equiregular sub-Riemannian manifolds using the well known Gromov-
Hausdorff convergence of metric spaces, [46], see also [6, Theorem 7.36]. There is a huge
literature on this topic, which goes back to the works of Rothschild and Stein [51], Goodman
[30] and Metivier [45]. We mention for instance the papers [4-7, 31, 44, 47], along with
the monographs [1] and [32]. A systematic study of privileged coordinates and the nilpotent
approximations has been developed in the recent papers [12, 13], where more references can
be found. For our approach, it is convenient to consider the nilpotent approximation with
respect to exponential coordinates of the first kind. We refer to [47, Section 2], especially
Theorem 2.3, Proposition 2.5 and Remark 2.6, that are summerized in the next result.

Theorem 2.16 Let (M, D, g) be an equiregular sub-Riemannian manifold, let p € M and let

(X1, ..., Xn) be aprivileged frame of smooth vector fields on an open set W containing p. Let
Fpx:Vy, — Fpx(Vy) C W be as in (14). We define the vectorﬁelds Xp = (Fp,x);lXi
and the smooth functions a € C*®(Vy), such that for every i = 1,...,n and for every

x € Vp, we have
X\ = Za”(x)a

Then, for any i, j = 1,...,n, there exist a unique polynomial bp and a smooth function
,05 € C®(V)) such that a = bp + plj and the following condmons hold.

(a) If wj > w;, we have that

(1) bipj is 8-homogeneous of degree w; — w;,
(2) limy,_¢ ||x||“’l'*“’/p£. (x) = 0, in particular pf; 0)=0.

(b) If wj = w;, then bfj = §;j (where §;; denotes the usual Kronecker delta)
(c) Ifw; < w;, then bipj =0.

Moreover, if we define fori = 1, ...,nandr > 0 the vector fields

XP(x) = pr(x)a, and XV =" (81,)(XD), 1)

then Xp converges to Xp as r — 0 in the C3-topology. In addition, the frame
(X X7, .. Xm) defines a stranﬁed group structure on R".
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Remark 2.17 According to Theorem 2.16, the frame X? = (X7, ..., X?) representing the
nilpotent approximation has the following property: the polynomials b?j are obtained by

taking the homogeneous part of degree w; — w; in the Taylor’s expansion of a.. As a
consequence, the coefficients of these polynomials are expressed in terms of the iterated
partial derivatives of ail; at the origin. This observation will be important in the proof of
Theorem 4.6.

Definition 2.18 (Nilpotent approximation and tangent sub-Riemannian distance) Let (M, D, g)
be an equiregular sub-Riemannian manifold and let X = (Xi,..., X;) be a privileged
frame of smooth vector fields on an open set W C M. If p € W, the unique frame
X7 = (X?,..., Xy in (21), provided by Theorem 2.16 represents the so-called nilpotent
approximation of the frame (X - Xn) around p. We denote by g, the sub-Riemannian
metric of R" that makes Xh (X X7 oo X m) a horizontal and orthonormal frame generatlng
a stratified Lie algebra. The previous frame generates a sub-Riemannian distance d defined
on all couples of points of R", hence Theorem 2.16 implies that this distance is left invariant
and 1-homogeneous with respect to the dilations (16). Taking into account that the nilpo-
tent approximation can be seen as Gromov-Hausdorff limit of the rescaled sub-Riemannian
manifold, [46], it is natural to call Ep the tangent sub-Riemannian distance of M at p.

Definition 2.19 (Tangent sub-Riemannian balls) We consider the exponential coordinates
of the first kind Fp x: V), — F) x(V)) associated with a regular point p € M of a sub-
Riemannian manifold (M, D, g). We have denoted by X = (X1, ..., X,,) a privileged frame
on a neighborhood of p and V, C R" is an open neighborhood of 0 € R". The tangent
sub-Riemannian ball is the open metric ball of center x € R" and radius r > 0 with respect
to the tangent sub-Riemannian d, p s

§(x,r):{yeIR":ZZ\(x,y)<r}.

The corresponding closed ball is B plx,r) = {y e R" : dp(x y) < r} If we wish to
emphasize the frame that generate the nilpotent approximation, we may also write B, p.X(x,7)
and IEBP x (x, r) in place of B p(x,7) and B p(x, 1), respectively.

Eemark 2.20 The use of the entire frame X in the notation for the metric balls B pX(x,r)and
B, x(x, r) is justified by the fact that before getting the horizontal frame X}, of the nilpotent
approximation, we have to first fix a system of exponential coordinates arising from X.

Notation 2.21 The open and closed Euclidean balls of center x and radius » > 0 in R” are
denoted by Bg(x, r) and Bg(x, r), respectively.

The following resut is a well known metric version of the nilpotent approximation, that
can be found for instance in [1, Lemma 20.20], [4, Theorem 3.5], [18, Theorem 2.9] or [32,
Theorem 2.2].

Theorem 2.22 (Pointed blow-up) Let us consider an equiregular sub-Riemannian manifold
(M,D,g)and p € M. Let X,’; = (XP,..., X[}) be the horizontal frame defined by (21).
Then for every R > 0 we have

dy(x,y) —dy(x, ~
lin}) (Sup{l p (X, y) —dp(x, y)] Xy e BP(O’FR)D =0, (22)
r— r

where Z{p is the local distance (Sect.2.1.1) and d, p is the tangent sub-Riemannian distance
(Definition 2.18).
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From standard arguments, Theorem 2.22 yields the following well known result.

Theorem 2.23 Let (M, D, g) be an equiregular sub-Riemannian manifold and let p € M.
Then for every ¢ > O there exist R > 0 such that, for every r € (0, R), we have

B, (0, (1 —&)r) € B,(0,7) C B,(0, (1 +&)r), (23)

where Eq (x, r) denotes local sub-Riemannian ball (Definition 2.13) and Eq (x,r) is the
tangent sub-Riemannian ball (Definition 2.19).

Remark2.24 Ifg € M andX = (X1, ..., Xn) is aprivileged frame, we consider the nilpotent
approximation X9 = (X7, ..., X{) and the associated exponential map

Fy o1, ..., xm) = exp (1 X] + - + 1, X0)(0).

Using basic properties of flows and the convergence of the rescaled vector fields X lfD " in
Theorem 2.16 one can check that Fy g4 : R" — R" is the identity mapping, see the arguments
of [47, Remark 2.6].

2.3 Sets of finite perimeter in sub-Riemannian manifolds

In this section a sub-Riemannian measure manifold (M, D, g, w) is fixed. We introduce the
family of horizontal subunit vector fields

DS ={XeD:g(Xx),X(x)) <1forallx € M}.

The notion of perimeter measure with respect to a volume form w requires that also the
divergence refers to the same volume form. We have the general definition

Lx(w) = (divyX) o, (24)
where X is a vector field and L x is its associated Lie derivative.

Definition 2.25 (Sets of finite perimeter) We say that a Borel set E C M has finite perimeter
if

sup{/ divp,(pX)w: X € D8, ¢ € CC‘,X’(M), lp] < 1} < 00. (25)
E

The supremum is denoted by || D, ¢1£||(M). It is the sub-Riemannian perimeter of E.

It can be proved that the set function

Do 1eI(U) = SUP{/U 1pdive(pX) @ : X € D8, ¢ € CX(U), lg| < 1}

defined on all open sets U can be extended to a Radon measure on M, see [4] for more
information.

3 Spherical factor in equiregular sub-Riemannian manifolds

The present section introduces the spherical factor in SR manifolds, that is the key geometric
function to compute the spherical measure of a hypersurface.

We start with the definition of spherical factor using exponential coordinates of the first
kind arising from a privileged orthonormal frame.
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Definition 3.1 (Spherical factor) Let (M, D, g) be a sub-Riemannian manifold andlet p € M
be aregular point. We denote by the same symbol g a Riemannian metric that extends the sub-
Riemannian metric. Let (X1, ..., X;) be a privileged orthonormal frame in a neighborhood
of p.Letv € Dy \ {0} and con51der its orthogonal subspace I1(v) C T, M with respect to g.

We denote by (X7, ..., X X?) the nilpotent approximation of (X1, ..., X;) at p and consider
the exponential coordlnates of the first kind F, x centered at p, given by (14). The spherical
factor at p with respect to v is the number

Ba,g(v) = %12})0( 1)HI’I;_]((G'le,x)(O)”(I'I(V)) NB,x( 1), (26)
z€B,(0,

where Hp ' is the (n — 1)-dimensional Hausdorff measure with respect to the Euclidean
distance ]R“ see Definition 6.1. The closed metric unit ball B , X(z 1) refers to the SR
distance d,, associated with the horizontal orthonormal frame XZ =(X?,...,XP).

A priori, the previous definition may depend on the system of exponential coordinates of
the first kind that we have chosen. We use the Euclidean Hausdorff measure that refers to
these coordinates. The next theorem is the key result to prove that the definition (26) is well
posed.

Theorem 3.2 (Change of exponential coordinates of the first kind) Let (M, D, g, ) be a
sub-Riemannian measure manifold and denote by the same symbol g a Riemannian metric
on M that extends the sub-Riemannian metric. We assume that p € M is a regular point and
consider two privileged orthonormal frames X = (X1,...,Xy) and Y = (Y1,..., 1) in
an open neighborhood W of p. According to (14), we introduce the exponential coordinates
of the first kind Fpx, Fpy: V — W associated with X and Y respectlvely, around p.

The set V C R" is an open neighborhood of 0 € R". The frames Xr = (XP,.... X!y and
Yr = (Y1 e an ) denote the nilpotent approximations of X and Y at p, see Deﬁnmon 2.18.
Then the following facts hold:

(i) the family of maps 81 /¢ o Fp_{( oFpx08:: V — R"uniformly converges to the restriction
ofa lineaAr Euclidean isometry L:R" > Rlgse — 0; R
(ii) we have L = d(Ff; o F), x)(0) and the matrix associated with L is block diagonal;

(iii) if we denote by d, ».X andd, ldpy the sub- Rlemanman distances associated with X? and Y”
respectively, then d Y(L(x) L(y)) =d, x(x,y) foreveryx,y € R".

Proof Since X and Y are both orthonormal privileged frames, there exists a smooth matrix-
valued map C: W — O(n, R) such that C(q) = (c’j (g))ij is a real orthogonal matrix
and

n

Yi(g) =Y ci(@)Xi(g) 27)
i=1
for every ¢ € W and j = 1, ..., n. More precisely, the previous sum can be also written
using weights
Yj= Z Cin. (28)
wi=w;

Thus C(g) is a block diagonal matrix and so is C(¢) ™" for every ¢ € U. Precisely, we have

X;i=YCcHivi= > (29)

Jiwj=w;

@ Springer



254 Page 16 of 42 S.Don, V. Magnani

We introduce the vector fields 5517 = (F_] )« X; and )717 = (F_] )«Y; foralli =1,

Up to shrinking V, we may assume that both X; X" and Yp are Well defined on V. By deﬁmtlon
of F), x and F)y, we also have XP(O) Yp (0) =e¢; e R"foreveryi = 1,...,n. Asusual,

(e1, ..., en) denotes the canonical basis of R". The differential d(Fp yoF p,x)(O) is related
to the matrix C(p), indeed we have

d(F, 0 Fpx)(0)(er) = dF, y(p)(Xi(p)) = Y _(C™ (p)]dF, {(p)(¥;(p)
j=1

> @)l (30)

Jiwj=w;
The second equality follows from (29). Being C(p) orthogonal, we notice that
€ pn] = €] =<(p).
We define the smooth functions @;: V — R such that
n
(F,y o Fpx)«(X}) =Z&;§X§’. (31)
s=1

Applying (F Y)* to equality (28), we get

=(F | D dXil= D ¢oFpy (F )« ((Fpx)«(X)

i:w;:w.,- i:w;:wj
i ~5 P
E cjo Fpya; X
iwi=w;
1<s<n

where the last equality is a consequence of (31). Evaluating the previous equalities at 0, we
have proved that

Y @ = Y cipao) =34,
i=1 wi=w;

where 8; is the Kronecker delta. In other words, the matrix A = (a7 (0)),; satisfies A =
C( p)_l. We define the smooth functions

3 doFyal (32)

iwi=w;

and observe that
n
= Yo
s=1
Using dilations §,, it follows that

n
P ST =) 05 0 8 r T ™ By XY . (33)
s=1
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Theorem 2.16 implies that the ordered sets
XPr = (XP", . XDy and YPT = (YT, v P

with )Nfl.’"r =W (Sl/r)*)?l-p and }71.”” =r" 81/« Yl-p are frames for sufficiently small » > 0
and uniformly converge to X? = (X?, ..., X)) and Y? = (Y7, ..., Y) on compact sets,
respectively, as r — 0. We may define the “moving dual basis” n‘; " R" — R such that

ny (X =8 (34)
foralli, j =1, ..., n. It uniformly converges to n; on compact sets, as r — 0, where
! (XI) =6 (35)

Applying the moving dual basis to (33), we get

n
Pt GPT K wi—ws P TP i wi—w;
!PTy = ot 0, rMi Tl (XPT) = o) 08, ri T,

s=1

therefore for every i, j = 1, ..., n there exists
: ajl: o PP
lim o = 0/ (). (36)

The previous limits can be read as a kind of intrinsic differentiability result. Combining the
previous limit and formula (32), it follows that

i N s
ais 05, Zj:wj:wl- (C™)jolFpyod ojo S

lim - = lim -
r—0 rWs—Wi r—0 rWs—Wi
) ol oé,
_ —1\J : J
= X €N lim g
Jiwj=w;
= Y € Hipaah. (37)
j:w,:w[

We now define the family of mappings
He =81/c0 F,y o Fpxod,
observing that
n
He (x) = 81/ <ij; (exp (Ze“’fxi (Fp,x)*x,) (p)))
i=1

n
= exp (stfxi (B1/e)x(Fy 0 F,,,x>*x,~> o (B1/c 0 F,y)(p)

i=1

n n
= exp (Z eVix; (Z&f 08 (51/5)*§§D>> 0),
i=1 s=1
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where the last equality follows from (31). From the previous definitions, we obtain

He(x) = exp (Z evix; (Z o, (51/8)*)?5» (0)

i=1 s=1

= exp (Z Xi (Z :w:’ isl Sp )) 0).
i=1

s=1

Due to the limit (37) and the uniform convergence of X P it follows that

hm H,(x) = exp ZX’Z Z (c™ (p))] (?}))va ()

s=1 jiwj=w;

=exp | Y)Y ' (p)!x YT | (0).

j=li=l1
Taking into account Remark 2.24, we have proved that

111% Hy(x) = C '(p)x e R". (38)
£—>

We set the linear mapping Z(x) = C(p)~'x for every x € R", that is a Euclidean isometry,
hence the first point of our claim is proved. The second claim follows combining (30) and
(38).

For the third claim, we arbitrarily fix R > 0 and notice that (22) gives

d(Fpx(8:x), Fp x(8:y))
&

lim sup — Ei\pgx(x, )| =0

201 yeB(O.R)

where d, p.X is the sub Riemannian distance associated with X” and B, ».X(0, R) is the metric
ball with respect to d x. Denoting by o(1) any infinitesimal function as ¢ — 0, we get

sup \dp.y (He (x), He(y)) — dp x(x. y)| < o(1)
x,y€B, x(0,R)

d(Fpx(8ex), Fp x(8:y))

dp v (H (x), He () - ;

+ sup
x.y€B, x(O.R)

The second addend of the previous inequality can be written as

d(Fp,y(5:8), Fpy(3:£")
&

dpy(E,E") -

sup (39)

£.6'€Hy (B, x(0,R))

The uniform convergence of H, proved in the previous step yields R; > R such that
H.(B,x(0, R)) C B, y(0, Ry)
for ¢ > 0 sufficiently small. The metric ball B »,Y(0, Ry) is defined by Zi\p_y. We get

sup  |dpy(He(x), He(3)) — dpx(x, )| < o(1)
x,yEBp'X(O,R)

d(Fpy(8:8), Fpy(8:8"))
&

+  osup |dpv(EE) -
§,6'eBpy(0,Ry)
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By the limit (22), we get

lim  sup \dp,y (He (x), He () — dpx(x, y)| = 0, (40)
£20, yeB, x(0.R)

that immediately proves our last claim, therefore concluding the proof. O

Corollary 3.3 Let (M, D, g, w) be a sub-Riemannian measure manifold and denote by the
same symbol g a Riemannian metric on M that extends the sub-Riemannian metric. We
consider two privileged orthonormal frames X = (X1,...,Xy) and Y = (Y1,...,Yy) in
an open neighborhood W of p € M and denote by Fyx, F)y: V — W the exponential
coordinates of the first kind associated with X and Y around p, respectively, see (14). Let
v € Dy \ {0} and denote by I1(v) C TpM its orthogonal subspace with respect to g. We
conszder the mlpotent approximations X” (Xp, .. Xn) and YP = (Y1 .. er)) of X
andY at p. If L:R" — R" is the Euclidean tsometry of Theorem 3.2, it holds

HE ' (dF, )07 (W) NB, x(z. 1) = HE (AF,x)(0) " (TT) N B, v(L(z). 1),
(41)

where HE_I denotes the standard Euclidean (n — 1)-dimensional Hausdorff measure of R"
and z € R".

Proof Since L is an Euclidean isometry, it follows that
~H(dF,x) ()7 (M) N By x(z. 1))
is equal to
HE (L ([dFpx) (@) M) N L (Bpx( 1))

From claim (ii) of Theorem 3.2, we get

z(((11”,;,7()(0)71(1'1(1)))) = (dF,)(0) ' (IT(v)). (42)
Claim (jii) of Theorem 3.2 yields L (B x(z, 1)) = B, y(L(z), 1). Thus, using the first
equality and (42), the proof of (41) is complete. O

Corollary 3.4 Let (M, D, g) be a sub-Riemannian manifold with a regular point p € M
and a Riemannian metric g that extends the sub-Riemannian metric. If d is the associated
sub-Riemannian distance and v € D), \ {0}, then the spherical factor By ¢(v) is independent
of the choice of the exponential coordinates of the first kind.

Proof We consider two privileged orthonormal frames X = (Xj,...,Xy) and Y =
(Y1,...,Yy) in an open neighborhood W of p € M. Following (14), we denote by
Fy,x, Fpy: V, — W, the exponential coordinates of the first kind associated with X and Y
at p. The open sets V; C R" and W, C M are neighborhoods of 0 and ¢, respectively. We
consider the Euchdean isometry L of Theorem 3.2, hence combining (41) and the definition
of spherical factor (26) our claim is established. ]

4 Uniform nilpotent approximation

In this section we prove the uniform convergence of the rescaled sub-Riemannian distances to

the distance of the nilpotent approximation, where the “blow-up point” varies in a compact set.

Theorem 4.1 is the key tool to establish the uniform nilpotent approximation (Theorem 4.6).
In the proof of the next theorem both Definition 2.2 and Remark 2.4 are considered.
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Theorem 4.1 (Uniform convergence of SR dlstances) Let us consider m < n, a compact
metric space E, two frames X] 4= (X] 4 XJ 4y and Xq (xX9,..., XLy on the
Euclidean ball Bg(xo, Ro) C R“ satisfying the Chow s condmonfor eachq € Eand j € N.
We assume that all partial derivatives

Bg(x0, Ro) x E 3 (x,q) > 3¢ X! (x) and Bg(xo, Ro) x E 3 (x,q) > a;;‘x{*q(x)

are continuous foreveryi =1, ..., m, j € Nand every multi-index o € N". We also suppose
that for eachi = 1, ..., m the vector field X]’q converges to Xq in Bg (xo, Ro) C R™ with
respect to the C. - topology as j — oo, umformly with respect to q € &

Then there exists 0 < ro < Rg, such that the SR distance d] associated with X] 4 on
Bg(x0, Ro) converges to the SR distance d, associated with Xq on BE (x0, Ro) in the topology
of L (Bg(x0, r0) X Bg(xo, ro)) as j — 00, uniformly with respect to g € &

Proof We first notice that the step s7(x) > 1 of the frame XZ at x € Bg(xo, R)) is upper
semicontinuous with respect to (g, x) € E x Bg(xo, R(’)) for any fixed 0 < R(’) < Ry, hence
it is bounded on the compact set E x Bg(xo, R()). Thus, up to slightly reducing Ry, the
compactness of & allows us to consider s € N such that s7(x) < s for every x € Bg(xo, Ro)
and g € E. Since each X; 74 is converging to X! in the Clj)’%—topology and uniformly as ¢
varies in &, we can choose a sufficiently large J € N such that s7(x) < s for every j > 7,

g € Eand x € Bg(xo, Rp). Up to ignoring a finite number of terms in the sequence of
frames and relabeling the indexes, we may assume that the uniform bound on the step holds
for every j € N.

Due to [8, Claim 3.3] joined with [8, Proposition 5.8] (see also [48, Proposition 1.1 and
Theorem 4]), for a smooth family of vector fields Y;, = (Y1, ..., Ym) on an open set €2, that
satisfy Chow’s condition, for any compact set K C €2, there exists a constant C > 0 such
that

1
Syl =dv oy < Clx —y|'/* 43)

for x, y € K, where dy, o is the SR distance considering admissible curves contained in
Q. According to [8, Claim 3.3], the key point of this result is that the constant C > 0 only
depends on K, the dimension n of the space, the rank m, the step s (depending on K), the
uniform upper bound on the C*(K)-norms of the vector fields ¥; for some large enough
¢ € N (depending on s) and the positive lower bound of

inf max det(Yy, (x)| ... Y1, (x)),

XeK |I;|=

where Y;; denotes the iterated commutators with respect to the multi-index /;. As a conse-

quence of our assumptions, and in particular from the uniform convergence of X l] o X ? in
the 3 -topology as ¢ varies in E and i = 1, ..., m, considering Q = Bg(xo, Ro) and the
compact set K = Bg(xg, k Rg) with a fixed 0 < « < 1, we can find C, > 1, depending on «
and Bg (xg, Ro), and Jy € N such that forevery g € E and j > Jy, the following inequalities
hold

1 1 ;
—Ix =yl <dg(x,y) < Celx —yI'* and —|x — y| <dj(x,y) < Clx — y|'/"(44)
Ce Ci
where x,y € Bg(xo, kK Ry). We recall that d({ is the sub-Riemannian distance associated
with the frame X;l’q on Bg(xg, Ro) and d, is the sub-Riemannian distance associated with

the frame XZ on Bg(xp, Rp), according to Definition 2.2. Due to [48, Theorem 4], it is not
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difficult to notice that the distance used in [8] is equivalent to our d; and d,f , up to a geometric
constant. Notice that C, also depends on R and can be arbitrarily large as x becomes close
to 1. We have denoted by Bg (xo, k Ro) the closed Euclidean ball of center x( and radius « Ry.

If T > 0, x € Be(xo, Ro), h € L0, T],R™), j e Nand g € G, itis convenient
to define y;*Y, v/ .+ [0, T] — R" as the absolutely continuous curves such that y;/ (0) =
th, (0) = x that almost everywhere on [0, T] satisfy

m m

2 _ J.q Jq g q q

Vh,x - Zhi Xi ° yh,x ’ 7/h,x - Zhi Xi o J/h,x' (45)
i=1 i=1

We divide the proof into several steps. The next step can be seen as “uniform version” of
[17, Lemma 3.2] with respect to ¢ € E, where another difference is that the vector fields are
only defined on the open ball Bg(xo, Ro)-

Step 1. Let us consider Jo € N such that the second estimate of (44) holds for all j > Jo.
For every kg € (0, k), there exists To > 0 such that the curves yhjy’;’, wa . satisfying (45)
are well defined in the interval [0, Ty] and are contained in Bg(xo, k Ro), for every x €
Bg(x0, k0Ro), h € L*®([0, Tp],R™), ||hlleo < 1, ¢ € E and j > Jy. Precisely, we can
choose Ty = (k — k9) Ro/(2Cy).

Let 0 < ko < « and consider the Euclidean distance between Bg(xg, koRo) and R" \
Bg(xg, K Rp), that is (k — ko) Rg. Let h € L°°([0, T], R™) be such that ||2]|o < 1,

0<T < (k—ko)Ro/(2Cy)

and take any curve ;.

We notice that whenever ¢+ > 0 is sufficiently small, such that yhj;’ (1) € Bg(xg, kRp),
using (44) for all j > Jy, it follows that

i i (k — k0)Ro
i@ —xl = Ced ()10, x) = Cor = Z020

Thus, the curve yh’;’ can be extended to all the interval [0, T'] and

V;{,}?([Q T1) C Bg(xo, (k 4+ «0)Ro/2)

for j > Jp and ¢ € E. The same inclusion and the analogous estimates hold for the curves
y,ﬁ - The proof of Step 1 is concluded by setting Tp = (k — «0) Ro/(2Cy).
The following step is a suitable version of [17, Lemma 3.3], again adapted to our setting.
Step 2. For every ko € (0, k) and € > 0, there exists J1 = J1 (&, k, ko) € N such that

8o -yl ()l <e (46)

for every j > Ji, x € Bg(xo, koRo), h € L*®([0, To], R™) with ||h|l < 1 andt € [0, Tp].
The number To = (k — ko) Ro/(2C\) appeared in the proof of Step 1.
Take ¢ > 0 and consider J; = J; (e, k, kg) € N such that J; > Jy and

m
To(Y  sup X[ —Xx7|)em T <
i=1 xe€Bg(0,kRp)

for every j > Jj, where L > 0 is an upper bound for the Lipschitz constants of X lJ a

and of X:.I on Bg(xg, x Rg), which is uniformas j € N, g € E,i = 1,...,mand Ty =
(k — k0)Ro/(2Cy). The existence of L > 0 with the previous properties follows from the
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convergence of X;*? to X{ in the C{-topology, which is also uniform with respect to g € E.

This proves the existence of J; with the above properties. Since we know thatfor0 < 7' < To,
the curves ;Y ([0, T1), v (10, T]) are contained in B(xo,  Ro), arguing as in the proof of
[17, Lemma 3.3], for0 <t < T, we obtain

m

o=yl Ol<T max [x)7 - X]| | "7 <6
~ o P Be(xo.kRo) ' !

forall t € [0,T], withO0 < T < Typ = Ro(k — k9)/(2C) and any j > J; and x €
BE (x0, ko Ro)-

Step 3. There exists k1 € (0, k) such that for any j > Jo and q € E, all sub-Riemannian
geodesics with respect to either the distance dé or dy connecting points of Bg (xo, k1 Ro) are
entirely contained in Bg(xq, k Rp).

By the estimates of (44), we first observe that

max {d] (x, ), dy (x, )| = Ce@R) @7)

for x, y € Bg(x0,4Rp),q € E and j > Jy. For any ¢ > 0 arbitrarily fixed, we consider any
absolutely continuous curve y : [0, T] — Bg(xg, Ro) such that y(0) = x, y(T) = y, where
either

p(0) =Y hiOX () or y)=Y hnX{(y©).

i=1 i=1
with [|h]l < 1 and
0<T < Cec1 R +&.

Notice that by definition of SR distance on Bg(xg, Rg) and the estimates (47) such curves
always exist. We apply Step 1 with «; in place of «¢. Thus, if we knew that for 0 < x1 <
the inequality 7 < Ty = (k — k1) Ro/(2Cy) holds, then we would have

v ([0, T]) C Bg(xo, k Ro). (48)
The previous estimate on T actually holds taking k1 > 0 such that
Ce(2k1R)'* + & < (i — K1) Ro/(2C) (49)

foran arbitrary 0 < ¢ < Kk Ro/(2C,). We fix e = k Ry/(4Cy), so that estimate (49) is satisfied
whenever

R
max{C,(Zl/S, }((K]R())l/‘v+K]R0)< 1o (50)

2C, T 4C,

In particular, by the standard Ascoli—Arzela compactness argument, we have proved that
every SR geodesic with respect to either the frame Xfl’q or XZ, with j > Jp, g € E and
connecting x and y € Bg(xo, k1 Rp) is entirely contained in Bg (xg, ¥ Rp).

Step 4. Given k1 € (0, k) as in (50) and ¢ > 0, there exists J» = J(g, k, k1) € N such
that

dl(x,y) < dg(x, y) +e,

forevery j > Ja, x,y € Bg(xo, k1 Rp) and q € E.
We fix « satisfying (50) and ¢ > 0, with x, y € Bg(xo, x1Ro). By the previous step,
we may consider a SR geodesic ygx : [0, dy(x, y)] = Bg(xo, k¥ Ro) connecting x and y, for
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some 1 € L ([0, dy(x, )], R™), lhlloo = landg € E. We cons1dery 1 [0,dy(x, )] —
Bg (xo, k Ro) as in (45), with h = h. These curves are all defined on the mterval [0, dy(x, y)],
due to (47) and (49) combined with Step 1. We set yé = y]{”j (dy(x,y)) and apply (46) for
J = Ju=J1((¢/Ci)*, &, k1), getting

N
j _ 1,04 _ 4 &
g =yl =1ly; " (dg(x, ) — vy (dg(x, )] = (Q) .

Due to (44), it follows that d({ (y; ,y) < ¢, therefore
dj(x.y) <dj(x.y]) +d](v].y) < dg(x.y) +e 51)

for every j > Jo, x,y € Bg(xo, k1 Ro) and g € E. The inequality d} (x, y5) < dg(x, y) is
an obvious consequence of the definition of SR distance.

Step 5. Givenky asin(50)and e > Owith E = {p}, then there exists J3 = J3(e,k, k1) € N
and a subsequence jg such that for every x, y € Bg(xo, k1 Ro), j¢ > J3 we have

dp(x,y) <dff(x,y) +e. (52)

Let us consider two arbitrary points x, y € Bg(xo, k1 Ro). Step 3 of the proof shows that all
geodesics y}{ 11; with respect to Xﬁ‘p connecting x and y are contained in Bg (xo, ¥ Rp). Up

to a rescaling, we may assume that y;{j’;: [0, 1] = Bg(xq, K Ry), yh/p (1) =y and

A/ 1loo = d(x, ¥) < C (i1 Ro)'".

By weak® compactness, there exists a subsequence of i/ that converges to some i €

L([0, 1], R™) in the weak® topology. We may relabel hi, so that h/ 2. k. The uni-
form boundedness of yh./, combined with the uniform convergence of XJ P to X, P
i = 1,...,m, implies their equi-Lipschitz continuity. Thus, up to further relabeling hi,
by Ascoh—Arzela compactness theorem, we also get the uniform convergence of Y j]; to

some I': [0, 1] — Bg(xp, kK Ro). Actually, these conditions allow us to pass to the limit in
the following integral equation

r M . , ,
yih ) =x+ /0 D ©OX T (9)ds
i=1

as j — oo, sothat I’ = y{x satisfies the second ODE of (45). Moreover y{x(l) =y,

therefore
dy(x, ) < |Ih]les < liminf |A/ |0 = li,minfd,’;(x, y)
j—00o j—o00

where d[]; (x,y) is also relabeled, according to the subsequence of #/. Up to extracting a

further subsequence, we have actually proved the existence of j3 = j3 (e,x,y,k,k1) € N
such that

dp(x,y) <dj(x,y) +¢ (53)

for all j > j3.
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By compactness, letxy, ..., xx € Bg(xo, 1 Ro) suchthat Bg(xg, 1 Rg) C Ule B, (x;, &).
We use the notation B, and Blj, to denote the open metric balls with respect to d), and d [j,,
respectively. Thanks to (44) and (53) we can find J3 = Ja(¢, k, k1, X1, . .., Xx) such that

By(xi,&) C By(xi, CLPey =1, k, .
dp(xi, x0) < d(xi, x0) + ¢ it=1,... .k

for every j > J3. There exist iy, i such that x € Bx;,,¢) and y € B, (x;,, ). Thanks to
(54), by triangle inequality, for j > J3 we have

dp(x,y) = dp(x, xi)) +dp(xiy, xiy) +dp(xiy, y)
<e+ d'p/(xi,,x,-z) + 2¢
< dj(xiy, x) + dj(x, ) + d) (v, xi) + 3¢
<d)(x,y) +2CH1 el 4 3,
which implies the desired inequality for the case E = {p}.
Step 6. Theorem 4.1 holds with & = {p}.

Combining Step 4, with & = {p}, and Step 5, from the arbitrary choice of ¢ > 0, we
obtain a subsequence d é‘ such that

lim  max  |d¥(x,y) —d,(x,y)| =0,
Zﬁoox,yelBE(xo,ro)| P (x,y) p( b2l
with ro = k1 Ro. Since the limit is independent on the choice of the subsequence, our claim
immediately follows.
Step 7. Given k1 as in (50) and € > 0, there exists J3 = J3(¢, k, k1) € N such that

dy(x,y) <d)(x,y) +¢ (55)

forevery x, y € Bg(xo, k1 Ro), j = J3,q € E.
Assume by contradiction that there exist &g > 0, some sequences x;, y; in Bg (xo, k1 Ro)
and g; in E such that

k.
dg;(xj, yj) > dgi(xj, yj) + o (56)

forevery j € N, where k; — oo. By compactness, up to extracting subsequences, we can find

X0, Yo € Bg(xo, k1 Ro) and go € E such that x; — xo, y; — yo and g; — go as j — oo,
where we have relabeled the indices of the sequences and of k;. Our assumptions on the

. . . . k iqi k i
convergence of the family X 7 imply that the sequences X (11’ v X and X N o XY
both converge to X%, ..., X in the Cx -topology. For the convergence of X X ﬂ,

it is enough to use the continuity of all partial derivatives (x,q) +— 97 X? (x). For the
convergence of X Ilcj X fn’ 97 we use the triangle inequality and the fact that X lj T x ?
as j — oo in the C%} -topology, uniformly with respectto ¢ € U, forany i =1, ..., m.
We apply Step 6 to both the sequences XZj and X:j 7 hence the associated distances dy;
ki . .
and dq_; uniformly converge to d,, in Bg (xo, k1 Ro) X Bg(xo, k1 Ro). Thus, both dqj (xj,yj)

and djj (xj, yj) converge to dy, (xo, yo) contradicting (56) and completing the proof of Step
7. Setting ro = k1 Ro, the proof is complete. O
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Remark 4.2 The previous theorem in some respects can be seen as a uniform version of [17,
Theorem 3.4] with respect to an “extra parameter” ¢ varying in an abstract compact metric
space. Another difference is that we consider vector fields which are only defined on an open
bounded set.

Remark 4.3 We notice that the possible values for ro > 0 in the statement of Theorem 4.1
can be seen somehow more explicitly starting from the condition (50). In fact, we obtain

Kk Rg kR
- 291/s”’
acimax fc v, Jl ) 4G2

taking into account the assumption C, > 1. Defining v : [0, 4+00) — [0, +00), ¥ () =

t1/5 4 ¢, we can choose
o Kk Ry
=y (4032%) '

The point is however that C,, may depend on Ry, hence we de not know the behavior of the
ratio in the previous expression as Ry — +o0o. The same formula could be useful only in
those cases where more information on the behavior of C, is available.

(k1 R)'* + K1 Ry <

Remark 4.4 Let us point out that the distances d(f on Bg(xg, Rp) in the assumptions of The-

orem 4.1 may be a priori unbounded. Indeed, the norm of the vector fields of X,{’q may tend
to zero when it is evaluated at points that tend to the boundary.

Remark 4.5 To simplify the exposition, the previous theorem is stated with the local C*°
convergence of the frames X;;’q. Since we may assume that the step of the frame is uniformly
bounded, a CloC convergence with k sufficiently large would suffice. Such convergence is
necessary to have the uniform estimates (44).

The main application of Theorem 4.1 is the uniform nilpotent approximation of an equireg-
ular sub-Riemannian manifold, as stated in the next theorem.

Theorem 4.6 (Uniform nilpotent approximation) Let (M, D, g) be a sub-Riemannian man-
ifold and let p € M be a regular point. We consider a privileged orthonormal frame
X = (X1, ..., Xn) in an open neighborhood W of p € M and denote by Fx: U xV — W
a system of uniform exponential coordinates of the ﬁrst kind relative to X with p € U, see
Deﬁnmon 2.12 and (15). We set Xq = (Fx(q,)™Y)«X; and introduce the rescaled vector
fields Xq =rW¥ (81/,)*X fori =1,....,n,q € U andr > 0. Then for every bounded
open set A C R" the following statements hold.

(1) The frame X4r = (ii”r, R 5?,‘{”) converges to X9 = (5(\(1, R )?3) on the subset
A C R" in the C2-topology as r — 0, uniformly with respect to q varying in any
compact set of U.

(2) The local distance Zi’ induced by the frame iq’r = ()? ar 5(4 7Y converges to

c/i\q in L®°(A x A) as r — 0, uniformly as q varies in any compact set of U, where
d R" x R™ — [0, +00) is the tangent sub-Riemannian distance (Definition 2.18).

Proof We notice that the uniform coordinates Fx exist, since p is a regular point. For any
qg € U, we set

n
q _ q o,
X; = E aija,
=1
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for suitable smooth functions a ij € C*°(V). We may apply Theorem 2.16 with respect to
the coordinates Fx(q,-): V — W for every ¢ € U. Then there exist smooth functions
p?j € C°°(V) and polynomials bl.qj € C°°(V) such that

9 _ 14 q
aij—bij—i-,oij

and the statements (a), (b) and (c) of Theorem 2.16 hold. The homogeneity of the polynomials
bq implies that the vector fields X =>" =1 b 8 are homogeneous, precisely

G)(X]) = ri X!

foreveryi = 1,...,nand g € U. As already observed in Remark 2.17, the coefficients of
the polynomial bf’j are suitable iterated derivatives a at 0, with respect to our exponential
coordinates of the first kind x centered at ¢g. Since the uniform coordinates Fx are smooth,
then so are (¢, x) — a (x) (q,x) — bq (x) and (g, x) — pl (x).

Let K C U be compact and con51der rn >0 sufﬁc1ently small such that such for all
i=1, ,nand 0 < r < ry the rescaled vector field Xq =rW%i (51/r)*X is well defined
on A for every ¢ € U. We wish to prove that X XTr converges to X; X7 in Bg (0, Ro) with respect
to the C> -topology as r — 0, uniformly w1th respectto g € K and foreveryi =1,...,n.
The above homogeneity of X x? implies that

n
PSR X] = XT YT ol (8,x)0;
j=1
foralli = 1, ..., n. The claim (c) of Theorem 2.16 states that the monomials in the Taylor
expansion of p;’j have homogeneous degree greater than w; — w;. Then the smooth depen-

dence of ,oiqj (x) with respect to the couple (g, x) implies that for any & € N", we have

o [ (0 60)) | = 0 0.

where x € A and O ; ;j(r) is uniform with respect to ¢ € K. We have proved the first
statement of our claim.

To prove the second statement, we fix again a compact set K C U. By the first claim
with A = B(0, 4), we have that r(8; /,)*f? converges to 5(7 on B(0, 4) with respect to the
topology of Ci as r — 0, for every i = 1, ..., m and uniformly with respect to g € K.
We denote by d .0 the distance induced by the _orthonormal frame Xq X7,...,XH)
on Bq O, 4) that may differ from the distance d of the mlpotent appr0x1mat10n Let us
recall that Bq (0, 4) is defined by d Obviously dq ol3,0.1 = d |, (0.1)> hence we choose
X,y € Bq (0, 1). Arguing as in the proof of Proposition 2.15, wemay select a horizontal curve

: [0, 1] — R” connecting x and y, such that length(y) < d (x,y)+ecand0 < e < 1. We
obtaln

dy(y(1),0) < dy(y (1), x) +dy(x,0) < length(y) + 1 <3 +¢& <4,
therefore y (¢) € §q (0,4) C forall ¢ € [0, 1]. In particular, we have
dg.o(x, y) < length(y) < dy(x, y) + &,
that immediately leads to the opposite inequality. We have proved that

dq,0|§q(o,1)xisﬁ,(0,1) = dq|§q(o,1)x§q(o,1)- (57
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We apply Theorem 4.1 to the converging frame X0 = (X9, ..., X&") with some 0 <
Ry < 1 such that Bg(0, Rop) C B4(0, 1), hence we get 0 < rg < Rp < 1 such that

sup sup  |d)(x,y) —dg(x,y)| =sup sup |d}(x,y) —dgolx, )| = 0(58)
qeK x,yeBg(0,r9) qeK x,yeBg(0,r9)

as r — 0, due to (57). The previous limit and a standard rescaling argument conclude the
proof. O

5 Diameters of sub-Riemannian balls around regular points

In this section, we prove local uniform estimates for the diameter of sub-Riemannian metric
balls, which are centered at regular points.

An important tool is the next theorem, which establishes the existence of a “local uniform
radius” for all metric balls which are contained in the image of a suitable “uniform topological
exponential-type mapping”.

Theorem 5.1 (Topological existence of uniform radius) Let M be a length metric space and let
p € M.LetT C M be an open neighborhood of p and let A C R™ be an open neighborhood
of 0. We consider a mapping E: T x A — M such that

(1) E is continuous,

(2) E(q,0) =q foreveryq €T,
(3) the mapping E(q,-): A — E(q, A) is a homeomorphism for every q € T.

Then there exist a bounded open neighborhood V. C A of 0, an open neighborhood U C T
of p such that the function

Usqr R(g) =suplt >0: B(q,1) C E(g, V)} € (0, +00) (59)

is well defined and lower semicontinuous. In particular, there exist ro > 0 and g9 > 0 such
that B(q,ro) C E(q, V) for every g € B(p, €o).

Proof We may choose two open neighborhoods U € T and V € Aof p € T and of 0 € A,
respectively, such that

EU x V) C E(p, A). (60)

By conditions (2) and (3) and the fact that V € A, we have 0 < R(g) < +o0o for each
q € U, so that the function (59) is well defined. We now fix a point ¢ € U and ¢t > 0 such
thatt < R(q) and B(g, 2t) C U. By definition of R(g), we may find s € (¢, R(q)) N (¢, 2t)
such that

B(q,s) CUNE(@Q.V). (61)
From condition (3), we have dE (g, V) = E(q, dV), and hence
B(g,s) N E(g,0V)=0.
Then the triangle inequality implies
B(q¢'.1) C B(q,s),

for every ¢’ € B(q, ¢) and ¢ € (0, s — ). It remains to prove we can choose ¢ € (0, s — 1)
sufficiently small such that

B(q.s) CE(q". V). (62)
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As a consequence of this inclusion, for each ¢’ € B(q, ), we obtain
B(q',1) CE(q', V).

Our main tool will be the invariance of the degree of mappings under suitable deformations.
First of all, we claim that

B(g,s)NE(q,dV) =0, (63)
for every ¢’ € B(q, ¢) and a fixed ¢ > 0, sufficiently small. We can find o¢ > 0 such that
dist(B(q, s), E(g,dV)) = dist(B(q, s), 0E(g, V)) = a9 > 0.

By condition (1) and the compactness of 3V, for every § € (0, op) we can find ¢ > 0 such
that

sup d(E(q,x"), E(q’,x")) <8 < o
x'edV

for every ¢’ € B(q, ¢). Forany w € B(g, s) and v € 3V we have

d(w, E(q',v)) = |d(w, E(g,v)) —d(E(q,v), E(q', v))|
> dist(w, E(g,dV)) =8 >09—36 >0,

for every ¢’ € B(q, €). This concludes the proof of (63). Since M is a length metric space,
we can consider a continuous curve y : [0, 1] — B(q, ¢) such that

y(©) =g and y()=q"
Thus, in view of (60), we can define the homotopy H: V x [0, 1] — R" by setting
H(x,)=E(p.)" o E(y(1). ).
By (63) we know that
E(y(0),v) = E(p, H(v,1)) ¢ B(q.,s),

for every v € dV and ¢ € [0, 1]. As a result, for an arbitrary w € E(p, ~)’l(B(q, s)) we
have

w# H(v,t)

whenever v € 9V and ¢t € [0, 1]. Clearly the restriction H(-,0) is injective on V.
The inclusion B(g,s) C E(q, V), that is a consequence of (61) and the fact that w €
E(p,)""(B(q,s)) give x € V such that w = E(p,-) ' (E(g,x)) = H(x,0). By [35,
Theorem 3.3.3], we obtain that

deg(H(-,0), V,w) € {1, —1}.
We are then in a position to apply [23, Thorem 2.3 (2)], hence the function
t = deg(H(-,t),V,w)
is constant and in particular,
deg(H(-, 1), V,w) e {1, —1}.
By [23, Theorem 2.1], we have proved that E(p, w) € E(q’, V), hence
B(q,s) CE(q', V),

that completes the proof. O
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The previous result has an important consequence, when applied to our uniform exponen-
tial coordinates of the first kind, as explained in the next corollary.

Corollary 5.2 (Existence of uniform radius) Let (M, D, g) be a sub-Riemannian manifold
and let p € M be a regular point. Let X = (X1, ..., Xp) be a privileged orthonormal
Jframe in an open neighborhood W of p € M and consider a system of uniform exponential
coordinates of the first kind Fx: U x V. — W with p € U, according to Definition 2.12 and
(15). Then there exist a bounded open neighborhood Vo C 'V of 0, an open neighborhood
Uo C U of p and a positive ro > 0 such that B(q, ro) C Fx(q, Vo) for every g € Up.

Proof We notice that Fx: U x V — W satisfies the assumptions of Theorem 5.1. Then there
exists ro > 0 and g9 > 0 such that

B(q,ro) C Fx(q, Vo)
for every g € B(p, o). This concludes the proof. O
Theorem 5.3 (Uniform local estimates on diameters) Let p be a regular point of a sub-

Riemannian manifold (M, D, g). Then we have a neighborhood T C M of p such that for
every 0 < & < 1 there exists a radius re > 0 such that

2r(1 —¢) < diam(B(q,r)) <2r (64)
foreveryq e T and0 <r < r,.
Proof We choose a privileged orthonormal frame X = (Xi,..., X;) in an open neigh-
borhood U of p € M and a system of uniform exponential coordinates of the first kind
Fx: U x V — W relative to X, according to Definition 2.12 and (15). Then we consider

Eg and ;1; as in Theorem 4.6, therefore for every bounded set A C R" and every compact
neighborhood K C U of p, we get

lin}) sup{|g;(x,y)—gq(x,y)| tx,yeA,qgeK}=0. (65)

We consider A = B, (0, 1) = [xreRr": dy(x,0) < 1}, hence there exists r; > 0 such that
the distances d; are well defined on By (0, 1), d; is well defined on B, (0, ) and we have

dy (8,2, 8,y) — dy (8%, 8,y)
< <é&
p

—&

forallx,y € §q (0,1),g € K and 0 < r < re. In different terms, we have
—re + Ziq(x, y) < Eq(x, y) < gq(x, y) +re

for each X, y€ §q 0,r),qg € Kand 0 < r < r.. As a consequence, for x € §q O,r —re)
we obtain d; (0, x) < r, therefore

Eq(O, r—re) C Eq(O, r)

for every ¢ € K and 0 < r < r,. Combining the inclusion and the previous inequality, for
all x, y € B;(0,r —re), we get

gq(x, y) < diamEq(O, r)+re,
that immediately yields
2r —3re < diamB, (0, r). (66)
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From Corollary 5.2 we get an open neighborhood Uy C U of p and ry > 0 such that

B(q,ro) C Fx(q, Vo)

for every g € Uy, where Vy C V is a bounded open neighborhood of 0. We fix an arbitrary
compact neighborhood 7 C Uy C U of p and notice that the estimate (66) holds for all
q € T and 0 < r < rg, where r, may also depend on 7. Furthermore, for every g € T the
diffeomorphism Fx(q, -) : Vo — Fx(q, Vo) is a system of exponential coordinates of the
first kind centered at the regular point ¢g. We can apply Proposition 2.15, hence

dy(x,y) = d(Fyx(x), Fyx())

holds for every x, y € F[;)l((B(q, p)) = §q (0, p) and every g € T, where 0 < p < ro/4.
Due to (66), we obtain

2r —3re < diamB, (0, r) = diamB(q, r)

for all ¥ < min {r¢, ro/4} and g € T, concluding the proof. O

6 Finding the spherical Federer density of hypersurfaces

The present section is devoted to the computation of the spherical Federer density of a
hypersurface in an equiregular SR manifold at any of its noncharacteristic points. Terminology
and tools will be also introduced in the next sections.

6.1 Spherical Federer density and measure-theoretic area formula

In this section, we introduce the measure-theoretic area formula, which will lead us to the
sub-Riemannian area formula (7). We follow the presentation in [34].

Definition 6.1 (Spherical measure and Hausdorff measure) If X is a metric space, § > 0,
E C X, Sisafixed family of closed sets, {Fj 1 j € N} C Scovers E C X anddiam(F;) < §
for every j € N, we say that this family is a §-covering of E. For « > 0, we set {y(F) =
2% diam(F)“ for any F' € S and introduce the set function

o0
@ua,s(E) = inf Zg‘a(Ej) : {Fj 1 je N} C Sisad-coveringof E ; . 67)
j=0

The Borel measure arising from this Carathéodory’s construction is

P (E) = sup P8 (E). (63)

If S is the family F; of all closed balls with positive diameter, then ¢“ becomes the a-
dimensional spherical measure, denoted by S*. If S is the family of all closed sets, then ¢*
coincides with the a-dimensional Hausdorff measure H®.

If k is a positive integer and X is a finite dimensional Hilbert space, we define the k-
dimensional Euclidean Hausdorff measure as H’é = wi'H¥. Here the distance arises from the
Eucllidean distance and wy is the k-dimensional Lebesgue measure of the Euclidean unit ball
in R¥.
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The next definitions appear in the statement of the measure-theoretic area formula for the
spherical measure (Theorem 6.4).

Definition 6.2 (Federer density for the spherical measure) We consider an outer measure /&
over a metric space X and fix « > 0. The spherical Federer a-density of p at p is defined as

5%( ) = inf su 2n® € B, B e Fp, diam(B) < ¢ (69)
HoP) =005 dlam @) P b '

Definition 6.3 (Diametric regularity) A metric space (X, d) is diametrically regular if for

every x € X there exist §, > 0 and R, > 0 such that (0, +00) > r — diam(B(y, r)) is

continuous on (0, §,) for every y € B(x, Ry).

The next result is the measure-theoretic area formula of [34, Theorem 5.7].

Theorem 6.4 (Measure-theoretic formula for the spherical measure) Let i be an outer mea-
sure over a metric space X and let « > 0. We choose a Borel set A C X and assume the
validity of the following conditions.

(1) X is a diametrically regular metric space.

(2) wis both a regular measure and a Borel measure.

(3) (Fv)u,¢, covers A finely.

(4) A has a countable covering whose elements are open and have ji-finite measure.
(5) The subset {x € A : s“(u, x) = 0} is o -finite with respect to S*.

(6) We have the absolute continuity pl_ A << S¥L_A.

Then s*(u, -): A — [0, 400] is Borel and for every Borel set B C A we have
n(B) = / 5% (1, x) dS®(x). (70)
B

Remark 6.5 1t is not difficult to realize that Theorem 6.4 combined with the double blow-
up immediately gives (7). If we consider the general definition of Federer density, see [34,
Definition 3], then actually (Fp),.¢, = F», hence (3) is satisfied. The continuity of the
diameter function in sub-Riemannian manifolds proves condition (1). Due to the finiteness
of the Federer density (75), we can apply [34, Proposition 3.3], hence getting the absolute
continuity stated in (6). The remaining conditions are straightforward.

6.2 Representation of the perimeter measure and double blow-up

In this section we prove the integral formula (71) for the perimeter measure, which will be
used in Theorem 6.13 to compute the Federer density.

Using the standard properties of the interior product ix(w) of a vector field X on the
volume form w, we obtain the following variant of the divergence theorem.

Theorem 6.6 Let (X, g) be an oriented Riemannian manifold of class C' with boundary 9%
and let X be a vector field on ¥ with compact support. Then, for every volume form w on

M, we have
/divwa:/ g(X,v)wl v,
X X

where v denotes the outer normal to 3% with respect to g.
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We recall that the divergence div,, X with respect to w is already introduced in (24).

Remark 6.7 In the special case where the volume form w is the standard Riemannian volume
form, the previous theorem yields the classical Divergence Theorem, see e.g. [14, Theo-
rem 1.47].

Theorem 6.6 is used in the proof of Theorem 6.11, that also needs the next definitions.

Definition 6.8 (Horizontal gradient) Let U be an open subset of M, where (M, D, g) is a
sub-Riemannian manifold, and let f: U — R be C! smooth. For every p € U, we denote
by Vp f(p) the horizontal gradient of f at p, namely the unique vector of D, such that

df(p)(w) = gp(Vp f(p), w) for every w € D).

Definition 6.9 (Horizontal normal and characteristic points) Let (M, D, g) be a sub-
Riemannian measure manifold and let ¥ be an oriented C' smooth hypersurface ¥ embedded
into M. Let g be a Riemannian metric on M which extends the sub-Riemannian metric g and
let v be a unit normal field on X. The horizontal normal vp(p) at p € X is the orthogonal
projection of v(p) onto D, with respect to g. We say that a point p € X is characteristic if
D, C T, X, hence if and only if vp(p) = 0.

Definition 6.10 (Regular points for the divergence theorem) Let M be a manifold and let
Q C M be an open set. We say that p € 92 is a regular point of 92 if there exist a
neighborhood U of p and amap f € C'(U) sothat IQNU = {g € U : f(g) = 0},
df(q) #Oforallg e Uand QNU ={q € U : f(q) < 0}.

Theorem 6.11 Let (M, D, g, w) be an equiregular sub-Riemannian measure manifold and
consider an open set 2 C M with C' smooth boundary. If g is any Riemannian metric on
M such that g|p = g, then for every open set U C M, we have

| Doglall(U) = / lollz Ivplz dog. a1
IQNU

where vp denotes the projection on D with respect to g of the outer normal v to 3$2, and o;
is the Riemannian surface measure associated with g of the boundary 0%2.

Proof We first prove a local version of the statement. Let p € 9Q N U, let V,, be an open
and relatively compact neighborhood of p that admits a positively oriented adapted frame

(e1,...,en) in V), with respect to w, namely w(e; A --- A e;) > 0. We can assume that
the frame is also orthonormal with respect to g. Denote by («q, ..., a,) the dual basis of
(e1, ..., en) and set the Riemannian volume form wz = a1 A ... A ay. Hence, we have a

unique everywhere positive function a € C*°(V),) such that w = awz. By the divergence
theorem stated in Theorem 6.6, for any smooth vector field X with compact support in V), it
holds

/ divan):/ ag(X, v)wgl_v:/ ag(X,v)dog, (72)
Q aQnv, aQnv,

where the last equality follows taking into account the induced positive orientation on the
boundary 9€2 and Remark 6.7. Taking the supremum over all ¢ X with X € D¢ and ¢ €
C°(Vy) and |p| < 1, we immediately obtain

”Dw,ngZ”(Vp) = /BQ a |VD|§dU§’

nv,
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from Definition 2.25. For the opposite inequality, we first continuously extend vp on V), using
Tietze’s Extension Theorem. Then we apply Stone—Weierstrass’ theorem to get a sequence
of smooth horizontal vector fields vy defined on Vp that uniformly converges to vp on V).
Indeed, it is enough to write

m m
V= E vie; and v = E Ve,
i=1 i=1

where each v,’; uniformly converges to v’ on Vp as k — oo. Take now ¢ € C°(V,) such
that 0 < ¢ < 1 and define X} = ¢ . By evaluating identity (72) for X = Xy, we get

Vk
\vk\g+e*k
[ agxe dog < 1D Aal V).
NV,
Passing to the limit as k — oo we obtain
[ palvolsdos < 1Duc1alV,)
aQnv,
and passing to the supremum on all ¢ € C°(V,,) with0 < ¢ < 1, we get

||Dw,g19||<vp)=/ avpl; dog.
NV,

Since ||wg ||z = 1, we notice thata = ||w||z. In sum, we have proved that forany p € 0QNU
there exists an open and relatively compact set V), containing p, such that

Do glall(Vp) = / lewllz [vplz dog. (73)
Ny,

Clearly, the previous equality also holds on any open subset of V),. By paracompactness of
M, we find a countable and locally finite open covering

F={W :ieN}

of 92 N U such that identity (73) holds on each W;. Let {p; : i € N} be a smooth partition of
unity subordinate to F (see e.g. [52, Theorem 13.7]) and define the Borel regular measures

1 = Doglell and w2 = ||llz [vplg dogl %2
on U. Since ) ; .y pi = 1, one has
ny = Zpim LW = Z/Oi.uzl—Wi = U2,
ieN ieN
due to the fact that (73) extends to all measurable subsets of W;. ]

Theorem 6.11 motivates the following definition of surface measure for hypersurfaces
embedded in sub-Riemannian measure manifolds.

Definition 6.12 (SR surface measure) We consider a sub-Riemannian measure manifold
(M, D, g, w) along with an oriented C I smooth hypersurface ¥ of M. Let g be a Rie-
mannian metric on M such that g|p = g and let v be an orienting unit vector field on X, that
is orthogonal to ¥ with respect to g. Then we define the SR surface measure of ¥ as

osR(A) = /m lwllg lvplg dog, (74)
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for every Borel set A C M.

Theorem 6.13 (Double blow-up) Let (M, D, g, ®) be a sub-Riemannian measure manifold.
We assume that . C M is an oriented C' smooth hypersurface with orienting unit normal
von XNT and T C M is an open neighborhood of p € X. We also denote by the same
symbol g a Riemannian metric on M that extends the given sub-Riemannian metric and we
consider the associated SR surface measure G%R . If p is both a regular point of M and a
noncharacteristic point of X, then

@R, p) = lw(P)llg Bag (vD (D)), (75)

where vp(p) denotes the horizontal normal at p € X.

Proof Since ¥ is a hypersurface of class C'!, we may find a suitably small open neighborhood
W of pand f € C'(W) such that

TNW={xeW: f(x)=0}

with d f(¢) # 0 and ¢ is a regular point of M for every g € W. Since p is noncharacteristic,
we have Vp f(p) € D), \ {0}, then we set

Vo f(p)
1= ————=0pvp(p) €D (76)
Vo f(plg " g
for some 6, # 0. Then we choose vy, ..., vy € Dy suchthat (vq, ..., vy) is an orthonormal
basis of D). Due to Lemma 2.10, we can build a privileged orthonormal frame (X1, ..., Xy)

such that
Xi(p)=v; forall i=1,...,m.

Up to changing the sign of one vector field X ;, with 1 < j < n, we can also assume that the
previous frame is positively oriented with respect to w, namely w (X1 A --- A Xy) > 0 on
W. By definition of X(p) = vy, it follows that and

X1f(p) =IVpf(p)lg and Xsf(p) =...=Xnf(p)=0. (77)

We define X = (X, ..., Xy) and fix Fp, x: V), — F, x(V,) C W, that introduces expo-
nential coordinates of the first kind centered at p, where F), x is a diffeomorphism and V), is
an open neighborhood of 0 € R", according Definition 2.12.

To simplify notation we set F' = F), x, since p and X are fixed throughout the proof. By
the implicit function theorem applied to the composition f o F, we find an open neighborhood
I of 0 in R"~!, an open interval J C R containing 0 and a C' smooth function ¢: I — J
with ¢(0) = 0, such that

SNFU xD)=F{(e(),y):yel}). (78)

We define A = J x I C V), and consider the restriction F': A — U, where U = F(A). By
our definitions

F(t,x) =exp(tX1 +x2X2+ -+ x2X0)(p) (79)

for all (¢, x) € A, where x = (x2, ..., xy) € R" 1. We also introduce the graph mapping
d: ] — J xIasP(x) = (p(x),x) forevery x € I, so that

T NF(A) = F o ®(I).
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Combining the definition of agR from which
SR _
oy (B(g,r) —/ lollg lvplg dog, (80)
£NB(g,r)

the change of variables [9, Section 13.4.3, formula (12)], the Definition 2.13 and the Propo-
sition 2.15, we get that ogR(IB%(q, r)) is equal to

/ 5 lollgoFo® |vplgoFod \/det(g(ai(Fod>),8j(Fo<I>)))d$n71,
=1 (By(F~1(q),r)

(81)
for every g € B(p,r) C U and r > O sufficiently small. For i, j = 2, ..., n, the notation

[g(8; (F o®), d;(F o ®))];; indicates the corresponding (n — 1) x (n — 1) matrix. For r > 0,
define the dilation A;: R*~! — R~ ! by

Ac(Ery .o En) = (TE2, oo, Thm, Tomp s oy Tokng, -, T D).

We also introduce the homogeneous norm [|§] = Z?:l |& /Wi for all € € R™. To simplify
notation, we define «(t, n) as the number given by the formula

leollg (F (P (A< (1)) |VD|g(F(¢(Ar(n))))\/det([g(ai(F 0 ®),;(F o ®)]ij) (A (1)

forall T > 0 and n € [ such that A;(n) € I. For r > 0 sufficiently small as above, we
perform the change of variables n — A, 7, obtaining

osRB(q,r) =r27! / B a(r, ) dL™ (). (82)
A @B, (F~(g),r))

We first aim to prove that there exists rp > 0 and a compact set K C R"~! such that

U U Ap@'@,F ' @.n) ck. (83)

re(0,r0] g€B(p,r)
From Proposition 2.15, up to further shrinking both A = J x [ and U, we get
dy(v1.v2) = d(F(v)), F(12)) (84)
for all vy, vp € J x I. We observe that
we Ay (@7 B, (F (@), 1))

if and only if gp(¢(A,w), F‘l(q)) < r with 0 < r < rg and that ryp > O can be cho-
sen sufficiently small and independent of g. Indeed, taking r > 0 small enough, the sets
B, (F~Y(g), r) are all contained in a compact subset of J x I, as ¢ varies in B(p, r). By
(84), taking 0 < r < ry, the previous inequality can be written as follows

d(F(p(Arw), Ayw),q) <.
This in turn implies that d (F (¢(A,w), Arw), p) < 2r, which equivalently writes
dp(p(Arw), Ayw), 0) < 2r. (85)

By Theorem 2.22, observing that both d, p and || -|| are continuous and homogeneous with
respect to dilations

87’(517"'7511)=(rgla'-'7rgm5r2$m+ls"-7r25r127"'7rsg1’1)7
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up to shrinking U, J and I, then there exists C > 1 such that

1 ~

clIEl =4, (0.8) = ClEll
for every & € J x I. Then inequality (85) yields

[(@(Arw), Arw)|| < 2Cr

for 0 < r < rg. This in turn implies that

+llw| =2C

i <[22
o r

and concludes the proof of (83). As a first consequence, we notice that
597 (o3, p) < 400

and hence there exist a sequence r; > 0 converging to 0 and a sequence y; € B(p, rx) such
that

o-1
Tk

5Q_l(agR, p) = lim

. d2" ),
ko0 cg—1(diam B(yx, rg)) 2! /Akot(rk n) ()

where Ay = Ay (P YF B, r))). By Theorem 5.3 and the choice cp_1 = 21-¢@
we obtain

s97 1 (0SR p) = lim / a(re, n) A2 (). (86)
k—)OO Ak

The dilations 8, : R x R*~! — R™ can be writtSn as &, (t, x) = (rt, Arx). We consider an
element 81/, F! (yk), that is contained in &1/, B (0, r¢).
Due to (23), for ¢ > 0 fixed and k sufficiently large, we have

dpS1/ F~' (1), 0) < 1+, (87)
Since ¢ > 0 is arbitrary, up to extracting a subsequence, we may assume that

lim 81/n F~ () = z € B, (0, 1). (88)
k—o0

Next, we prove that for every (0, w) € ({0} x R“_l)\@p(z, 1) one has
lim x4, (w) =0. (89)
k— 00

Assume by contradiction that the previous limit does not hold. Up to selecting a subsequence,
we can assume that w € Ay for every k € N. By definition of A4, we have that

O (Anyw) € B, (F~' (), ro).
In terms of distances, the previous condition becomes
dp(9(Arw), Arw), F~' (1)) < re (90)

for every k € N. Due to (90), the triangle inequality allows us to apply Theorem 2.22 with
R = 2, therefore

dy(@(Arw), Ay w), F~1(90)) 5 ((M w) 51/ F*l(yk)>
9 ) Tk

rk b Ik

<& (91)
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for every k sufficiently large. Thus, taking into account (90), we get
~ A w
a ((M w> ,51/,kF_](yk)) <l+e 92)
k

for k sufficiently large. As a direct consequence of (77), we have that

lim 2Arw) _ZimwiXif(p) _ 0 93)
r—0 r le(p)

for any w € R"~!. Passing to the limit in (92), we get

dp((0,w),2) <1 +e.

The arbitrary choice of ¢ > 0 gives (0, w) € @p (z, 1), that is a contradiction. This proves
(89). We consider the set

S, = {0} x R NB,(, 1. (94)
Due to (76), we observe that the subspace
M(vp(p)) = dFO)({0} x R™ ) c T,M 95)

is orthogonal to vp(p). Furthermore, S, can be seen as a subset of R"~!, by means of the
projection 7 : R x R"~! — R~ hence it is easy to realize that

LN w(S) = Hy (S, (96)

where H'{l is the standard Hausdorff measure with respect to the Euclidean norm. We split
the integral

/ a(re, n) A2 1) = Ik + i,
Ak
as follows
@=f ammeMm)mdk=/ a(re,n) 42" ().

ArNm(S;) A\ (Sz)

By (83), the sets Ay are uniformly bounded in K, then the integrand of
&:/ Xag(Ma(re. ) 2" ()
K\7(Sz)

is uniformly bounded by a summable function. By the dominated convergence theorem
combined with (89), we obtain that J; — 0 as k — 00, therefore (86) gives

lim I = s (@SR, p). 97)
k—o0
We notice that
a(r,n) — ”a)“g(p)|VD|g(p)\/det(gp(ai(F o @), d;(F o P)))(0) (98)
as r — 0 uniformly on compact sets of R"~!. We wish to simplify the expression of the
previous limit. The vectors ey, ..., e, denote the canonical basis of R"! Then, for every
nelandeveryi =2,...,n,one has
d(F o @)(n)(e;) = dF (@ (1m)(9; D () = dF(P(10)(3:p(M), €). 99)
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We are interested in computing

detgp(dF(O)(ai(p(O)el +ei), dF(0)(3;9(0)e; + e,-)).

Notice that, by definition of F in (79),dF (0)(e;) = X;(p), which have been chosen orthonor-

mal with respect to g,,. As a consequence, we get

8p(0i (F 0 ®)(0), 9;(F o ®)(0)) = 9;¢(0)0¢(0) + 4;;

for every i, j = 2, ..., n. Notice that the entry (i, j) of the matrix d®(0)*d® (0) coincides

with 0;¢(0)9;¢(0) + §;;, therefore
det(d®(0)*dD(0)) = 1 + |Ve(0)|>.

By the implicit function theorem, one also gets

9;(f o F)(0)
3je(0) = —L————=
01(f o F)(0)
forevery j =2, ..., n. As consequence, considering also (77), we can write

\/det gy (3 (F o ®), 0;(F o $))(0) = \/det(f)i(p(O)ajq)(O) +5i)

=1+ VpO)P
_ Veflep 1
Vo e~ ol

We have proved that

lim a(r, n) = [o(p)llg

r—0
uniformly on compact sets of R"~!. Thus, combining (97) and the inequality

hos [ atinazon,
”(Sz)
we obtain the upper estimate
s97N 0" p) < llo (Pl 2" (T (S)).

where zo € B, (0, 1) is such that

L@ (Sy) = max LV (Sy).

yeB,(0.1)

As a result, combining (94), (95), (96) and Definition 3.1, we get

LN 1(Sy)) = HE L AFO) T T W) N By (20, 1) = Ba g (vp ().

It follows that

@71 ER, p) < llw(P)llgBa.e (v (P)).

(100)

(101)

(102)

(103)

To prove the opposite inequality of (103), we consider the curve yj = F(8,z0) of parameter
r > 0 and fix A > 1. For gy > 0 arbitrarily fixed, by Theorem 2.23, there exists ro > 0 such

that

20 € 81/, (B, (0, r(1 + £0)))
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whenever 0 < r < rg. By definition of yj, we have proved that y; € B(p, (1 + &o)) for
0 < r < ry. We arbitrarily choose 0 < r’ < rq. This easily implies that

osRB(yj. Ar)) o3 RB(y, r(1 +£0)))

< (14602 sup ,
O0<r<r’ (hr)e-1 O<r<ar’, yeB(p,r(1+&9)) (1 +eg)@-1ro-1
SR
B(y,
= (1+9)¢"" sup oz BG.n)
ro-1

O<r<Ar’(1+4eg), yeB(p,r)
For arbitrary ¢; > 0, by Theorem 5.3, we can choose r’ > 0 sufficiently small such that

SR p 0—1_SR
B(y;, A 2 B(y,
Oy ( ()’() r)) < (l-I—S())Q_l(l—I—Sl)Q_I sup Oy By, r)

sup — - —
O<r<r’ ()‘r)Q ! O<r<ir’(14ep), yeB(p,r) (dlamB(y’ r))Q !
The right-hand side of the previous inequality is less than or equal to

20163k B(y, r))
)e-1"

(1+20)? ' +ene! sup .
PEB(y,r), diamB(y,r) <22 (14+50) (diamB(y,r)

Thus, from the definition of Federer density, taking the limit as " — 0, it follows that

SR r
B(y), A
lim sup Iy P, ) By lr))
r—0 ()\V)Q7

The arbitrary choice of gg, €1 > 0 gives

<(1+e0)27' 1 4+6)9 s 103k, p). (105)

SR r
. oy (B(yy, Ar)) _
tim sup 722 <507 08 p). (106)

For r > 0 sufficiently small, we set
Ap = Ayon @ B, (820, A1),
hence taking into account (82), we get
SR r
Oy, (B(yo,)»r)) / 1 1 -1
=1 = [ aGr,dL" () =5 a(hr, Ayppm) A2 ().
()01 A 10T Jx, !
107)
We wish to prove that
lim xp, a7 (w) =1, (108)
r—0

whenever (0, w) € ({0} x R™Hn ﬁ(zg, A1), with 1 < A1 < A. The extra parameter A
allows us to use the closed ball B p(20, A1), since the definition (94) of S, involves the closed
ball. By contradiction, we assume that there exists an infinitesimal sequence ry > 0 such that
w ¢ Ay A forall k € N. By definition of Ay, we get

dy(D(Ayw), 8r,20) > M.
We know that §,,zo € @p (0, rr) and that the limit (93) gives

klim A1y (P(Apw)) = (0, w), (109)
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therefore (A, w) € @p (0, Ary) for any k large enough. Then we may apply Theorem 2.22
with R = A and for any fixed 1 < 1" < A, we get

~ A
dp ((L rkw), w) , zo) > )
Ik

for k sufficiently large. By (109) and the arbitrary choice of A" < A, we conclude that
dp((0,w),20) = 4 > A1,

that is a contradiction with the initial assumption (0, w) € ({0} x RN B p(20, A1). We
set

S = (0} x R™) N B, (20, 1)
and apply Fatou’s lemma to (107), so that combining (106), (108) and (100), we get
Mol 2" (w0 (Sz,0.)) < 527 0EF, p).
Letting first . — A~ and then A — 11, it follows that
lo(P)llg-2" (7 (Sz)) < 597 (@3F, p).
Due to (102), the opposite inequality is also established, concluding the proof. O
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