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On the Complexity of String Matching for Graphs
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Exact string matching in labeled graphs is the problem of searching paths of a graphG = (V ,E) such that the

concatenation of their node labels is equal to a given pattern string P[1..m]. This basic problem can be found

at the heart of more complex operations on variation graphs in computational biology, of query operations

in graph databases, and of analysis operations in heterogeneous networks.

We prove a conditional lower bound stating that, for any constant ϵ > 0, an O ( |E |1−ϵ m) time, or an

O ( |E |m1−ϵ )time algorithm for exact string matching in graphs, with node labels and pattern drawn from a

binary alphabet, cannot be achieved unless the Strong Exponential Time Hypothesis (SETH) is false. This

holds even if restricted to undirected graphs with maximum node degree 2—that is, to zig-zag matching in

bidirectional strings, or to deterministic directed acyclic graphs whose nodes have maximum sum of indegree

and outdegree 3. These restricted cases make the lower bound stricter than what can be directly derived from

related bounds on regular expression matching (Backurs and Indyk, FOCS’16). In fact, our bounds are tight

in the sense that lowering the degree or the alphabet size yields linear time solvable problems.

An interesting corollary is that exact and approximate matching are equally hard (i.e., quadratic time) in

graphs under SETH. In comparison, the same problems restricted to strings have linear time vs quadratic time

solutions, respectively (approximate pattern matching having also a matching SETH lower bound (Backurs

and Indyk, STOC’15)).
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1 INTRODUCTION

String matching is the classical problem of finding the occurrences of a pattern as a substring of a
text [36]. As most of today’s data is linked, it is natural to investigate string matching not only in
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21:2 M. Equi et al.

text strings but also in labeled graphs. Indeed, large-scale labeled graphs are becoming ubiquitous
in several areas, such as graph databases, graph mining, and computational biology. Applications
require sophisticated operations on these graphs, and they often rely on primitives that locate
paths whose nodes have labels matching a pattern given at query time. The most basic pattern to
search in a graph is a string, and in this article we will prove that performing string matching in
graphs is computationally challenging, even on very restricted graph classes.

In graph databases, query languages provide the user with the ability to select paths based on
the labels of their nodes or edges. In this way, graph databases explicitly lay out the dependen-
cies between the nodes of data, whereas these dependencies are implicit in classical relational
databases [7]. Although a standard query language has not been yet universally adopted (as it oc-
curred for SQL in relational databases), popular query languages such as Cypher [26], Gremlin [46],
and SPARQL [43] offer the possibility of specifying paths by matching the labels of their nodes.

In graph mining and machine learning for network analysis, heterogeneous networks specify
the type of each node [48]. A basic task related to graph kernels [33] and node similarity [16] is
to find paths whose label matches a specific pattern. For example, in the DBLP network [53], the
nodes for authors can be marked with the letter ‘A,’ and the nodes for papers can be marked with
the letter ‘P,’ and edges connect authors to their papers. For example, coauthors can be identified
by the pattern ‘APA’ if the two ‘A’ letters match two different nodes.

In genome research, the very first step of many standard analysis pipelines of high-throughput
sequencing data has been to align sequenced fragments of DNA (called reads) on a reference
genome of a species. Further analysis reveals a set of positions where the sequenced individual
differs from the reference genome. After years of such studies, there is now a growing dataset of
frequently observed differences between individuals and the reference. A natural representation
of this gained knowledge is a variation graph in which the reference sequence is represented as
a backbone path and variations are encoded as alternative paths [47]. Aligning reads (i.e., string
matching) on this labeled graph gives the basis for the new paradigm called computational pan-

genomics [15]. There are already practical tools that use such ideas (e.g., [28]).
The string matching problem that we consider in this article is defined as follows. Given an

alphabet Σ of symbols, consider a labeled graph G = (V ,E,L), where (V ,E) represents a directed
or undirected graph and L : V → Σ is a function that defines which symbol from Σ is assigned to
each node as label.1 A node labeled with σ ∈ Σ is called a σ -node, and an edge whose endpoints
are labeled σ1 and σ2, respectively, is called a σ1σ2-edge. If G is a directed graph, we say that
G is deterministic if, for any two out-neighbors of the same node, their labels are different. In the
following, we introduce the acronym 3-DDAG to indicate a deterministic Directed Acyclic Graph

(DAG) such that the sum of the indegree and outdegree of each node is at most 3.
Given a pattern string P[1..m] over Σ, we say that P has a match inG if there is a pathu1, . . . ,um

in G such that P = L(u1) · · · L(um ) (we also say that P occurs in G, and that u1, . . . ,um is an
occurrence of P ).

Problem 1 (String Matching in Labeled Graphs (SMLG)).
input: A labeled graph G = (V ,E,L) and a pattern string P , both over alphabet Σ.

output: True if and only if there is at least one occurrence of P in G.

1.1 Our Results

We give conditional bounds for the String Matching in Labeled Graphs (SMLG) problem using
the Orthogonal Vectors (OV) hypothesis [52]. The latter states that for any constant ϵ > 0, no

1Note that we can also define the node labels as nonempty strings, but it suffices to use single symbols to show that string

matching in graphs is challenging.
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On the Complexity of String Matching for Graphs 21:3

algorithm can solve in O (n2−ϵ poly(d )) time the OV problem: given two sets X ,Y ⊆ {0, 1}d such
that |X | = |Y | = n and d = ω (logn), decide whether there exist x ∈ X and y ∈ Y such that x
and y are orthogonal, namely, x · y = 0. We observe that it is common practice to use the Strong

Exponential Time Hypothesis (SETH) [34], but since SETH implies the OV hypothesis [52], it
suffices to use the OV hypothesis in the bounds, as they hold also for SETH.

First, we consider the SMLG problem on directed graphs. Their weakest form is a 3-DDAG, for
which we prove in Section 3 that subquadratic time for exact string matching cannot be achieved
unless the OV hypothesis is false.

Theorem 1.1. For any constant ϵ > 0, the SMLG problem for labeled deterministic DAGs cannot

be solved in either O ( |E |1−ϵ m) or O ( |E |m1−ϵ ) time unless the OV hypothesis fails. This holds even if

restricted to a binary alphabet, and to DAGs in which the sum of outdegree and indegree of any node

is at most 3 (i.e., 3-DDAGs).

Next, we consider the SMLG problem on undirected graphs and introduce the zig-zag pattern
matching problem in strings, which models searching a string P along a path of an undirected
graph. An exact occurrence of P in a text string is found by scanning the text forward for increasing
positions in P ; however, a zig-zag occurrence of P in a text can be found by partially scanning
forward and backward adjacent text positions, as many times as needed (e.g., for an edge {u,v}
with L(u) = a and L(v ) = b, all patterns of the form a, ab, aba, abab, . . . occur starting from u). We
prove in Section 4 the following result.

Theorem 1.2. The conditional lower bound stated in Theorem 1.1 holds even if it is restricted to

undirected graphs whose nodes have degree at most 2, where the pattern and the node labels are drawn

from a binary alphabet.

Our results can cover arbitrary graphs in this way. Interpreting the graphs from Theorem 1.2
as directed, we observe that they have nodes with both indegree 2 and outdegree 2. Looking at
Theorem 1.1, we observe that it involves directed graphs with both nodes of indegree at most 1 and
outdegree 2, and nodes with outdegree at most 1 and indegree 2. Thus, the only uncovered case is
that of directed graphs with only nodes of indegree at most 1 or directed graphs with only nodes
of outdegree at most 1. For such graphs, observe that their edges can be decomposed into forests
of directed trees (arborescences), whose roots may be connected in a directed cycle (at most one
cycle per forest). We show in Section 5.1 that the Knuth-Morris-Pratt (KMP) algorithm [36] can
be easily extended to solve exact string matching for these special directed graphs in linear time,
thus completing the picture of the complexity of the SMLG problem.

1.2 History and Implications

The idea of extending the problem of string matching to graphs, as given in SMLG, is not new. If
the nodes u1, . . . ,um are required to be distinct (i.e., to be a simple path), this problem is NP-hard
as it solves the well-known Hamiltonian Path problem, so this requirement is removed for this
reason. The SMLG problem was studied more than 25 years ago as a search problem for hypertext
by Manber and Wu [38]. The history of key contributions is given in Table 1, where a common
feature of the reported bounds is the appearance of the quadratic term m |E | (except for some
special cases). Specifically, Amir et al. [5, 6] gave the first quadratic time solution for exact string
matching in O (N +m · |E |) time, where N =

∑
u ∈V |L(u) |.

In the approximate matching case, allowing errors in the graph makes the problem NP-hard [6],
so onward we consider errors only in the pattern. In such case, the quadratic cost of the approxi-
mate matching in graphs is asymptotically optimal under SETH since (i) it solves the approximate
string matching as a special case, since a graph consisting of just one directed path of |E |+1 nodes
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21:4 M. Equi et al.

Table 1. State of the Art for SMLG

Year Authors Graph Exact/ Time

Approximate

1992 Manber and Wu [38] DAG Approximate(1) O (m |E | + occ lg lgm)

1993 Akutsu [2] Tree Exact O (N )

1995 Park and Kim [40] DAG Exact(3) O (N +m |E |)
1997 Amir et al. [6] General Exact O (N +m|E |)
1997 Amir et al. [6] General Approximate(2) NP-hard

1997 Amir et al. [6] General Approximate(1) O (Nm lgN +m |E |)
1998 Navarro [39] General Approximate(1) O (Nm +m |E |)

2017
Rautiainen and

Marschall [45]
General Approximate(1) O (N +m|E |)

2019 Jain et al. [35]
General

binary alphabet
Approximate(2) NP-hard

V , set of nodes; E, set of edges; occ, number of matches for the pattern in the graph; m, pattern length; N , total

length of text in all nodes; (1), errors only in the pattern; (2), errors in the graph; (3), matches span only one edge. The

two rows highlighted in bold report the best known bounds for exact and approximate string matching, respectively.

and |E | edges is a text string of length n = |E | + 1, and (ii) it has been recently proved that the edit
distance of two strings of length n cannot be computed in O (n2−ϵ ) time, for any constant ϵ > 0,
unless SETH is false [10]. This conditional lower bound explains why theO (m |E |) barrier has been
difficult to cross in the approximate case. Rautiainen and Marschall [45] and Jain et al. [35] recently
gave the best bound for errors in pattern only,O (N +m · |E |) time, same as the exact string match-
ing. The two best results for exact and approximate pattern matching, both taking quadratic time
in the worst case, are highlighted in Table 1.

In this scenario and the application domains mentioned at the beginning, our results have a
number of implications:

• Although we can explain the complexity of approximate string matching in graphs, not much
is known about the complexity of exact string matching in graphs. The classical exact string
matching can be solved in linear time [36], so one could expect the corresponding problem
on graphs to be easier than approximate string matching. A lower bound (i.e., NP-hard, as
mentioned earlier) exists only in the case when the pattern is restricted to match only simple
paths in the graph. Extensions of this type of matching for special graph classes were studied
in the work of Limasset et al. [37]. Here we study the general case, where paths can pass
through nodes multiple times. Somewhat surprisingly, Theorems 1.1 and 1.2 imply that exact

and approximate pattern matching are equally hard in graphs, even if they are 3-DDAGs.
• Our results imply that the algorithm for directed graphs by Amir et al. [5, 6] is essentially the

best we can hope for asymptotic bounds unless the OV hypothesis is false. This also applies
to the case of undirected graphs by the simple transformation so that each edge {u,v} is
transformed into a pair of arcs (u,v ) and (v,u). Note that we need also Theorem 1.2 to
explicitly state that this is the best possible also for undirected graphs of maximum degree 2.
To complete the picture, we show how to get linear time for the preceding special case of
directed graphs where each node has indegree at most 1 or directed graphs whose nodes
have outdegree at most 1.
• Our results also explain why it has been difficult to find indexing schemes for fast exact

string matching in graphs, with other than best-case or average-case guarantees [27, 49],
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On the Complexity of String Matching for Graphs 21:5

except for limited search scenarios [50]. They complement recent findings about Wheeler

graphs [3, 27, 31]. Wheeler graphs are a class of graphs admitting an index structure that
supports linear time exact pattern matching. Gibney and Thankachan [31] show that it is
NP-complete to recognize whether a (non-deterministic) DAG is a Wheeler graph. Alanko
et al. [3] give a linear time algorithm for recognizing whether a deterministic automaton
is a Wheeler graph. They also give an example where the minimum size Wheeler graph is
exponentially smaller than an equivalent deterministic automaton. Theorem 1.1 shows that
converting an arbitrary deterministic DAG into an equivalent (not necessarily minimum
size) Wheeler graph should take at least quadratic time unless the OV hypothesis is false;
moreover, later refinement of this result [24] shows that exponential time for the conversion
is needed under the OV hypothesis. In particular, the 3-DDAG obtained in the reduction from
OV in the proof of Theorem 1.1 is not a Wheeler graph.
• We describe a simple transformation in Section 5.2 so that we can see our 3-DDAG and

the pattern P as two Deterministic Finite Automata (DFAs) so that our SMLG problem
reduces to the emptiness intersection for the string sets recognized by these two DFAs. This
highlights a connection between the two problems, and immediately provides a quadratic
conditional lower bound using OV for the latter problem. However, this might not be the
best that can be obtained for the emptiness intersection problem, as ongoing work attempts
to prove a quadratic lower bound, under SETH [51], already when the two DFAs are trees.
Nevertheless, our algorithm from Section 5.1 shows that emptiness intersection between a
tree and a chain of nodes is solvable in linear time.

Our reductions share some similarities with those for string problems [1, 8–11, 13, 41]. The clos-
est connection is with a conditional hardness of several forms of regular expression matching [9].
We describe these similarities in Section 2, highlighting the main limitations of this reduction
scheme. (For the interested reader, we went through the details of such reduction in an early ver-
sion of this work [21].) Later we explain why our strategy is crucial in achieving stronger results
such as covering the case of deterministic directed graphs with bounded degree. This strategy
yields a graph of small degree and enables local merging of non-deterministic subgraphs into de-
terministic counterparts. Such locality feature of our reduction is of cardinal importance, since
converting a Non-Deterministic Finite Automaton (NFA) into a DFA can take exponential
time [44]. Finally, although this reduction works also for undirected graphs of small degree, it
does not cover undirected graphs of degree 2. For this case (zig-zag matching in a bidirectional
string), we need a more intricate reduction as the underlying graph has less structure.

2 OVERVIEW OF THE REDUCTION AND CONNECTIONS WITH REGULAR

EXPRESSIONS

As mentioned in Section 1, our lower bounds have deep connections with previous results on
regular expressions matching. We use these connections to conceptually introduce some internal
components of our reductions before proceedings to their formal definitions. Additionally, this
allows us to point out why a simple modification of an earlier reduction is not sufficient for our
purposes.

Backurs and Indyk [9] analyzed which types of regular expressions are hard to match, and one of
their lower bounds can be adapted to address the SMLG problem in the case of a non-deterministic

DAG. The type of regular expressions in question is | · |—that is, a composition of two or operations.
An example of such regular expression is [(a |b) (b |c )]|[(a |c )b]. Given a regular expression p of this
type and a text t , determining whether or not a substring of t can be generated by p requires
quadratic time, unless there exists a subquadratic time algorithm for OV. The reduction adopted
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21:6 M. Equi et al.

Fig. 1. A sketch of the structure of the reduction for non-deterministic graphs. Pattern P can shift to select
a matching subpattern, shown in bold.

to prove such result consists in defining text t = t12t22 . . . 2tn as the concatenation of all the
binary vectors t1, . . . , tn of X , placing the separator character 2 between them. Regular expression

p = G (1)
W
| G (2)

W
| · · · | G (n)

W
is an or of n gadgets, one for each vector in the set Y . Moreover, gadget

G (j )
W

is designed in such a way that it accepts substring ti if and only if the i-th vector of X and the
j-th vector of Y are orthogonal. Hence, it is fairly straightforward to prove that a substring of t is
accepted by p if and only if there exists a pair of OVs in X and Y , respectively.

The idea behind this reduction can be modified for the SMLG problem as follows. In the SMLG
problem, we need to construct a pattern P and a graph G such that P has a match in G if and
only if there is a vector in X orthogonal to a vector in Y . Consider the NFA that accepts the same
language as the regular expression p defined earlier, and call b and e its start and accepting states,
respectively.

We can enrich such automaton with a universal gadgetG (j )
U

, which accepts any binary vector of

length d . We place n − 1 universal gadgets on each side of the G (i )
W

’s, to allow P to shift, as shown
in Figure 1. Pattern P is again defined as the concatenation of the vectors in X with separator
characters. (Again, see the next section for formal definition.) Due to the fact that we placed only
n−1 universal gadgets on each side, pattern P matches inG if and only if a subpattern of P matches

in one of the G (j )
W

gadgets, which can happen if and only if there exists a pair of OVs.
Observe that this reduction builds a non-deterministic graph because of the out-neighbors of

node b. This non-deterministic feature appears inherent to this type of construction. Our contribu-
tion is a heavy restructuring of this reduction, whose two main ideas can be intuitively summarized

as follows. First, instead of placing the G (j )
W

gadgets on a “column,” we place them on a “row.” We
then place the left universal gadgets on a “row” on top of this one, the right universal gadgets on
a “row” below this one, and force the pattern to have a match starting in the top row and ending
in the bottom row. See Section 3.3 and Figure 4 presented later in the article. This allows us to
restrain the non-deterministic parts of the graph to nodes having only two out-neighbors with the
same label. Second, we then show how to remove this non-determinism by locally merging the
parts of the graph labeled with the same letter while still maintaining the properties of the graph.
See Section 3.4 and Figure 6 presented later in the article.

3 DETERMINISTIC DAGS

In this section, we reduce the OV problem to the SMLG problem for the restricted case of 3-DDAGs.
In this scenario, 3-DDAGs are the most restricted case, as otherwise the SMLG problem can be
solved in linear time (see Section 5.1).

Given an OV instance with sets X = {x1, . . . ,xn } and Y = {y1, . . . ,yn } of d-dimensional binary
vectors, we show how to build a pattern P and a 3-DDAG G such that P will have a match in G if
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On the Complexity of String Matching for Graphs 21:7

Fig. 2. Gadget GW .

and only if there exists a vector in X orthogonal to one in Y . We first describe how to build P and
how to obtain a directed graph whose nodes are labeled with a constant-sized alphabet. Then we
discuss how to turn such a graph into the 3-DDAG G.

3.1 Pattern

Pattern P is over the alphabet Σ = {b, e, 0, 1}, has length |P | = O (nd ), and can be built in O (nd )
time from the first set of vectors X = {x1, . . . ,xn }. Namely, we define

P = bbPx1e bPx2e . . . bPxn
ee,

where Pxi
is a string of length d that is associated with xi ∈ X , for 1 ≤ i ≤ n. The h-th symbol of

Pxi
is either 0 or 1, for each h ∈ {1, . . . ,d }, such that Pxi

[h] = 1 if and only if xi [h] = 1.2 We thus
view the vectors in X as subpatterns Pxi

s which are concatenated by placing separator characters
eb. Note that P starts with bb and ends with ee: such strings are found nowhere else in P , marking
thus its beginning and its end.

3.2 Graph Gadgets

The gadget implementing the main logic of the reduction is a directed graphGW = (VW ,EW ,LW ),
illustrated in Figure 2. Starting from the second set of vectors Y , set VW can be seen as n disjoint

groups of nodesV (1)
W
,V (2)

W
, . . . ,V (n)

W
(plus some extra nodes), where the nodes inV (j )

W
are uniquely as-

sociated with vector yj ∈ Y , for 1 ≤ j ≤ n. The corresponding induced subgraphG (j )
W
= (V (j )

W
,E (j )

W
)

will contain an occurrence of a subpattern Pxi
if and only if xi ·yj = 0. We give more details in the

following.

The nodes in V (j )
W

are defined as follows. For 1 ≤ h ≤ d , we consider entry yj [h] of vector

yj ∈ Y . If yj [h] = 1, we place just a 0-nodew0
jh

to indicate that we only accept Pxi
[h] = 0 for this h

coordinate. Instead, if yj [h] = 0, we place both a 0-node w0
jh

and a 1-node w1
jh

to indicate that the

value of Pxi
[h] does not matter. The nodes in V (j )

W
are preceded by a special begin b-node b (j )

W
and

succeeded by a special end e-node e (j )
W

. The overall nodes are thusVW =
⋃

1≤j≤n (V (j )
W
∪ {b (j )

W
, e (j )

W
}),

and it holds that |VW | = O (nd ).

As for the edges in E (j )
W

, they properly connect the nodes inside each group V (j )
W

. Specifically,

node b (j )
W

is connected to w0
j1 and, if it exists, to w1

j1. Additionally, we place edges connecting both

nodes w0
jd

and w1
jd

(if this exists) to node e (j )
W

. Moreover, there is an edge for every pair of nodes

that are consecutive in terms of h coordinate, for 1 ≤ h < d (e.g., w1
jh

is connected to w0
j h+1

). The

overall edges are thus EW =
⋃

1≤j≤n E
(j )
W

, where |EW | = O (nd ).

2Note that 1 is a symbol of Σ, whereas 1 is the truth value in xi .
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21:8 M. Equi et al.

In this way, we define the directed graphGW = (VW ,EW ,LW ), which can be built inO (nd ) time

from set Y and consists of n connected components G (j )
W

, one for each vector yj ∈ Y .
We observe that pattern occurrences in GW have some useful combinatorial properties. The

following lemma is an immediate observation, which follows from the fact that eachG (j )
W

is acyclic

and not connected to any other G (j′)
W

.

Lemma 3.1. If subpattern bPxi
e has a match in GW , then the nodes matching Pxi

share the same j
coordinate and have distinct and consecutive h coordinates.

The following lemma instead relates the occurrence of a subpattern to the OV problem.

Lemma 3.2. Subpattern bPxi
e has a match in GW if and only if there exist yj ∈ Y such that

xi · yj = 0.

Proof. Recall that, by construction, w0
jh
∈ V (j )

W
and w1

jh
∈ V (j )

W
hold for those h such that

yj [h] = 0, whereasw0
jh
∈ V (j )

W
andw1

jh
� V (j )

W
hold in caseyj [h] = 1. We handle the two implications

of the statement individually.

(⇒) By Lemma 3.1, we can focus on the d distinct and consecutive nodes of G (j )
W

that match Pxi
.

In particular, we know that each character Pxi
[h] is matched by eitherw0

jh
orw1

jh
. Consider vectors

xi ∈ X andyj ∈ Y . If Pxi
[h] = 1 has a match inG (j )

W
, it means that nodew1

jh
exists and henceyj [h] =

0, implying xi [h] · yj [h] = 0. If Pxi
[h] = 0, by construction we know that xi [h] = 0 and, no matter

whether nodew1
jh

exists or not, the pattern will matchw0
jh

, and it clearly holds that xi [h] ·yj [h] = 0.

At this point, we can conclude that xi [h] · yj [h] = 0 for every 1 ≤ h ≤ d , thus xi · yj = 0.
(⇐) Consider vectors xi ∈ X and yj ∈ Y that are such that xi · yj = 0. For h = 1, 2, . . . ,d , if

yj [h] = 0 then w0
jh
,w1

jh
∈ V (j )

W
and Pxi

[h] can match either w0
jh

or w1
jh

in G (j )
W

. If yj [h] = 1 it must

be xi [h] = 0 since xi · yj = 0, thus Pxi
[h] = 0 and it can match node w0

jh
, which is always present

in G (j )
W

. Finally, characters b and e can match nodes b (j )
W

and e (j )
W

, respectively. All characters of
bPxi

e have now a matching node and the definition of the edges in EW allows to visit all such

nodes via a matching path starting at b (j )
W

and ending at e (j )
W

. �

In the following, we will also use gadget GU = (VU ,EU ,LU ), the degenerate case of GW with

2n−2 (instead of just n) connected componentsG (j )
U

where, for all 1 ≤ j ≤ 2n−2 and 1 ≤ h ≤ d , we

place both a 0-node and a 1-node: we call these two nodes u0
jh

and u1
jh

, respectively, to distinguish

them from those inGW . Moreover, every e-node of this gadget is connected with the next b-node,
in terms of the j coordinate (Figure 3). As it can be seen, any subpattern Pxi

occurs inGU , so it can
be used as a “jolly” gadget.

3.3 Non-Deterministic Graph

A possible approach is based on suitably combining one instance of gadgetGW and two instances
of gadgets GU , named GU 1 and GU 2. The idea is that when xi ·yj = 0, we want P to occur in G, so
that the following three conditions hold:

• Instance GU 1: Px1 occurs in G (n−1+j−(i−1))
U 1 , . . . , Pxi−1 occurs in G (n−1+j−1)

U 1 .

• Instance GW : Pxi
occurs in G (j )

W
.

• Instance GU 2: Pxi+1 occurs in G (j )
U 2, . . . , Pxn

occurs in G (j+n−i−1)
U 2 .

However, when xi ·yj � 0, we do not want Pxi
to occur in G (j )

W
. We can suitably link the instances

GW , GU 1, and GU 2 so that we get the preceding conditions. We connect the e-nodes in GU 1
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On the Complexity of String Matching for Graphs 21:9

Fig. 3. Gadget GU .

Fig. 4. Non-deterministic graph G.

to b-nodes in GW and connect the e-nodes in GW to b-nodes in GU 2. Additionally, we place
additional starting b-nodes and additional ending e-nodes, to properly match the bb and ee prefix
and suffix of P , respectively. More precisely, for every b-node in GU 1 and GW , we add a new
b-node as an in-neighbor of it, and for every e-node in GW and GU 2, we add a new e-node as an
out-neighbor of it. Such construction is depicted in Figure 4.

However, even if GW , GU 1, and GU 2 are deterministic, their resulting composition is not so, be-
cause of the out-neighbors of the e-nodes.3 In the following, we show how to obtain a deterministic
graph by suitably merging GW with portions of GU .

3.4 Deterministic Graph

To obtain a deterministic DAG, we need to suitably combine one instance of gadget GW with the

two instances GU 1 and GU 2 (recall that both GU 1 and GU 2 have instances of gadget G (j )
U

, for all
1 ≤ j ≤ 2n − 2). Although GU 2 will be used as is, GU 1 needs to be partially merged with GW to
obtain determinism. We start building our final graph G from GW by adding parts of GU 1 when

needed, obtaining a deterministic graph calledGU 1W , as shown in Figure 5. Consider subgraphG (j )
W

and assume that the first position in which the 1-node is lacking is h. We place a partial version of

subgraph G (j′)
U 1 , j

′ := n − 1 + j, by adding to the graph the nodes and edges of G (j′)
U 1 that are located

between position h + 1 and node e (j′)
U 1 (included). If h = d, we place only node e (j′)

U 1 . We also place

1-node u1
jh

and connect the 0-node and the 1-node (if any) of G (j )
W

in position h − 1 to it (if h > 1),

or we connect b (j )
W

to it (if h = 1). Moreover, we connect node u1
jh

to the first 0- and 1-node of

partialG (j′)
U 1 . If h = d, we connect u1

jh
to e (j′)

U 1 . Then we scanG (j )
W

from left to right looking for those

positions h′, h ≤ h′ < d , such that there is no 1-node in position h′ + 1. We connect the 0-node

3An e-node can have two b-nodes as out-neighbors when linking GU 1 to GW (see [23]).
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21:10 M. Equi et al.

Fig. 5. Graph GU 1W after merging GU 1 (from Figure 3) with GW (from Figure 2).

Fig. 6. Final deterministic DAG G.

and the 1-node (if any) of G (j )
W

in position h′ to the 1-node of G (j′)
U 1 in position h′ + 1. Finally, we

place edge (e (j′)
U 1 ,b

(j+1)
W

). To complete the merging task, we apply the preceding modification to all

G (j )
W

, for 1 ≤ j ≤ n − 1, and thus obtain gadget GU 1W .

At this point, we place gadget GU 2 and connect GU 1W to it by placing edges (e (j )
W
,b (j )

U 2), for all
1 ≤ j ≤ n. Additionally, for every b-node of GU 1W , we place an additional b-node as in-neighbor.
We do the same for every e-node of GU 2, placing an e-node as out-neighbor. Adding subgraphs

G (1)
U 1, . . . ,G

(n−1)
U 1 with one additional b-node as in-neighbor of their b-nodes, and connecting the

e-node ofG (n−1)
U 1 to the b-node ofG (1)

W
, completes the transformation into the wanted deterministic

DAG, which we call G. Figure 6 gives an overall picture of G.
It is easy to verify that every b- and e-node inG can have no more than two out-neighbors, and

in such case, they have different labels. This shows that graph G is deterministic.
The deterministic DAG G has a crucial property which, combined with Lemma 3.1 and

Lemma 3.2, is essential to ensure the correctness of our reduction.

Lemma 3.3. Pattern P has a match in G if and only if a subpattern bPxi
e of P has a match in the

underlying subgraph GW of GU 1W .

Proof. For the (⇒) implication, because of the directed eb-edges, each distinct subpattern bPxi
e

matches a path from either a distinct portion of GU 1W (or from the G (j )
U 1 subgraphs, 1 ≤ j ≤ n − 1,

before it) or GU 2. Moreover, each occurrence of P must begin with bb and end with ee. String bb

can be matched only inGU 1W (or in theG (j )
U 1 subgraphs before it), hence the match must start here.

However, string ee is found either inGU 1W or inGU 2. Observe that, by construction, once a match

for pattern P is started in GU 1W (or in the G (j )
U 1 subgraphs before it), the only way to successfully
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On the Complexity of String Matching for Graphs 21:11

conclude it is either by matching ee within GU 1W , or by matching also a portion of GU 2 and then
ee. Because of the structure of the graph, in both cases a subpattern bPxi

e of P must match one of

the subgraphs G (j )
W

that are present in GU 1W .

The (⇐) implication is trivial. In fact, if bPxi
e has a match in one subgraph G (j )

W
, then by con-

struction we can match bPx1e . . . bPxi−1e possibly in theG (j )
U 1 subgraphs beforeGU 1W , then possibly

in the partial G (j )
U 1 subgraphs of GU 1W . We can then match bPxi+1e . . . bPxn

e in GU 2 and thus have
a full match for P in G. �

We conclude this section by proving the following weaker version of Theorem 1.1. In the next
two sections, we show how to obtain the full proof of Theorem 1.1, by transforming G to have
maximum sum of indegree and outdegree 3, and how to reduce the alphabet to binary.

Theorem 3.4. For any constant ϵ > 0, the SMLG problem for a labeled deterministic DAG cannot

be solved in either O ( |E |1−ϵ m) or O ( |E |m1−ϵ ) time unless the OV hypothesis fails. This holds even if

restricted to an alphabet of size 4.

Proof. First, we argue that the reduction given in this section is correct. Then we analyze its
cost and argue how a subquadratic time algorithm for SMLG would contradict the OV hypothesis.

Correctness. We need to ensure that pattern P has a match in G if and only if there exist vectors
xi ∈ X and yj ∈ Y which are orthogonal. This follows from Lemma 3.3, which guarantees that P
has a match inG if and only if a subpattern Pxi

has a match inGW , and the fact that, by Lemma 3.2,
this holds if and only if xi · yj = 0.

Cost. As observed during the construction in Sections 3.1 and 3.2, both pattern P and graph G
have sizeO (nd ). Indeed, for each one of the n vectors xi ∈ X ,we place in P characters b and e plus
d characters that can be either 0 or 1. In graph G, the size of each subgraph is proportional to the
dimension d of the vectors, and we place O (n) of them.

Using the OV Hypothesis. The last step is to show that anyO ( |E |1−ϵ m)-time orO ( |E |m1−ϵ ) time
algorithm A for SMLG contradicts the OV hypothesis. Given two sets of vectors X and Y , we
can perform our reduction obtaining pattern P and graph G in O (nd ) time while observing that
|E | = O (nd ) andm = O (nd ). No matter whether A hasO ( |E |1−ϵm) orO ( |E |m1−ϵ ) time complexity,
we will end up with an algorithm deciding if there exists a pair of OVs between X and Y in O (nd ·
(nd )1−ϵ ) = O (n2−ϵ poly(d )) time, which contradicts the OV hypothesis. �

3.5 Reduced Degree

In this section, we show how to transform the deterministic graph G from the previous section to
be a 3-DDAG.

Observe that every node in G can have at most two in-neighbors and two out-neighbors. An
emblematic case is that of four nodes, say v , w , v ′, and w ′, with edges (v,w ), (v,w ′),(v ′,w ), and
(v ′,w ′). To reduce to 1 the outdegree of v and v ′, and the indegree of w and w ′, the idea is to add
two dummy nodes v̄ and w̄ connected by an edge (v̄, w̄ ), then replace the four preceding edges with
(v, v̄ ), (v ′, v̄ ), (w̄,w ), and (w̄,w ′). The dummy nodes can be labeled, for example, with 0, then one
can do a symmetric modification in the pattern. One needs to apply such transformations between
any two consecutive columns of G.

To be more precise, we need to consider four node configurations. The first three, shown in
Figure 7, are slightly simpler than the fourth one, in Figure 8. The final result is achieved by
applying these adjustments among (sequences of) consecutive columns ofG, observing that these
four cases cover all possible configurations in the graph.

Since we always insert a pair of two new 0-nodes, or a b- and an e-node, between prescribed
columns in G, then we can analogously modify the pattern to match the new structure of G.
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21:12 M. Equi et al.

Fig. 7. Adjustments to the graph needed for achieving maximum sum of indegree and outdegree 3 for every
node. The squared nodes are the new artificial nodes added to reach this goal. (a) This is the general case that
captures the main idea. Notice that one or both 1-nodes may be missing inG, but we apply the transformation
nonetheless. (b) A special case of (a). Node v can be either a b- or an e-node. Node v and the 1-node may
be missing in G. (c) The other special case of (a). The 1-node, the b-node, or the e-node on the right may be
missing in G.

Fig. 8. An example of the special case that occurs in gadget GU 1W . Notice that some nodes may be missing
in G.

The encoding that we present next to obtain a binary alphabet can be safely applied after reduc-
ing the degree of the nodes of G with this technique.

3.6 Binary Alphabet

The size of the alphabet used until this point is 4. One can reduce the alphabet size to binary using
the following encoding,

α (0) = 0000, α (1) = 1111, α (b) = 10, α (e) = 01,

for both the pattern and the graph. Given any string x = x[1..m], we define its binary encoding
α (x ) := α (x[1]) · · ·α (x[m]). In the graph, we replace each σ -node with a path of as many nodes
as characters in α (σ ).

To make this encoding work, we need to additionally make the pattern start with characters
ebb (instead of just bb) and end with characters eeb (instead of just ee) to exploit the properties
of sequence eb. Moreover, this entails that also in the graph we have to place and connect a new
e-node to each b-node used to mark the beginning of a viable match, and in the same manner, we
need to add a new b-node after every e-node used to mark the end of a match.
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On the Complexity of String Matching for Graphs 21:13

We can now assume that the graph and the pattern have been changed as described in the
previous section so that the graph has the maximum sum of indegree and outdegree 3. The goal
is to show that there is a bijection from matches before and after applying such encoding and
reduction adjustments.

At this point, we apply the α encoding, and nodes with labels of length 2 and 4 will be replaced
by chains of nodes labeled by single characters each. Note that in graphG, the only out-neighbors
of a node can be 0 and 1, or b and e, respectively, hence this encoding keeps the graph deterministic.
We now prove some key properties of the chosen encoding.

Observe that even if we modified the graph to reduce the degree, it still holds that the subgraphs
of G where matches of some subpattern can be present are separated by an eb-edge (recall Figure
7(b) and (c)). Thus, the following synchronizing property is useful.

Lemma 3.5. For any string x ∈ Σ+, its binary encoding α (x ) contains 0110 if and only if x
contains eb.

Proof. We observe that e and b are encoded by two bits each, whereas 0 and 1 are encoded by
four bits each. Hence, 0110 can appear by concatenating the binary encoding of two or three sym-
bols. However, eb occurs in x if and only if it occurs in a substring of length 3 of x . Consequently,
it suffices to check the claim by inspection of all the 64 substrings of x of length 3, 000, . . . , eee,
and their encodings to see that the property holds. �

An immediate consequence of Lemma 3.5 is that the encoding preserves the occurrences. Let

G (ex ) be the deterministic DAG reduced to have the maximum sum of indegree and outdegree 3,

extended with the extra b- and e-nodes, and let P (ex ) be the pattern corresponding to this reduced

graph, extended with the b and e characters. Let α (G (ex ) ) denote the graph obtained from G (ex )

by relabeling its nodes with the binary encoding α of their labels and substituting such nodes that
now have labels of length 2 and 4 with undirected paths of length 2 and 4, respectively, whose
nodes are labeled with single characters.

Lemma 3.6. In the reduction, P (ex ) has a match in G (ex ) if and only if α (P (ex ) ) has a match in

α (G (ex ) ).

Proof. The forward implication is trivial. For the reverse implication, observe that by

Lemma 3.5, in any match of α (P (ex ) ) in α (G (ex ) ), the encoding of the string eb in the pattern
is aligned with the encoding of the eb-edges in the graph. As such, the encoding of all other char-
acters of the pattern are aligned with the encoding of their corresponding nodes of the graph, and

thus P (ex ) has a match in G (ex ) . �

4 UNDIRECTED GRAPHS: ZIG-ZAG MATCHING

In this section, we prove Theorem 1.2. To this end, we need to modify the previous reduction,
defining a new alphabet, pattern, and graph. The main ideas will be the same, but since the graph
will now be a single undirected path, some key changes will be needed. In Section 4.1, we introduce
a reduction in which the alphabet has cardinality 6, and in Section 4.2, we show how to reduce the
alphabet to binary.

4.1 Non-Binary Alphabet

The original alphabet Σ = {b, e, 0, 1} is replaced with Σ′ = {b, e, A, B, s, t}. Characters 0 and 1 are
encoded in the following manner:

0 = ABABABA and 1 = ABA.
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21:14 M. Equi et al.

Fig. 9. New substructures. (a) The old substructure is replaced by an undirected path that can match either
sABAs (which represents 1) by going forward only, or sABABABAs (which represents 0) by going forward, back-
ward, and forward again. (b) An undirected path replacing a 0-node can match only the string sABABABAs.

When such encoding is applied, character s will be used as a separator marking the beginning and
the end of the old characters. As an example, the subpattern

Pxi
= 1 0 1 will be encoded as P ′xi

= s ABA s ABABABA s ABA s.

A new pattern P ′ is built applying this encoding to each one of the subpatterns Pxi
, thus obtain-

ing new subpatterns P ′xi
. We then concatenate all the subpatterns P ′xi

by placing the new character
t to separate them, instead of eb. Finally, we place characters bt at the beginning of the new pat-
tern and te at the end. We have the following example.

P = bb 100 e b 101 ee

1 0 0
P ′ = b t s ABA s ABABABA s ABABABA s

1 0 1
t s ABA s ABABABA s ABA s t e

Note that for each subpattern, we are introducing a constant number of new characters, hence
the size of the entire pattern P ′ still is O (nd ).

An analogous encoding will be applied to the graph. The strategy is to encode GW in an undi-

rected path by concatenating subpaths representing each G (j )
W

, one after another.

The positions h in which both a 0- and a 1-node are present in G (j )
W

are replaced by a path that
can be matched both by 0 = ABABABA and 1 = ABA. Positions h with only a 0-node and no 1-node
are encoded instead with a path that can be matched only by 0 = ABABABA (Figure 9). We use

s-nodes to separate these paths. We denote by LG (j )
W

(Linear G (j )
W

) this linearized version of G (j )
W

.

Moreover, given subgraph G (j )
W

, two new t-nodes will mark the beginning and the ending of its

encoding. Figure 10 illustrates this transformation for G (j )
W

.
In a similar manner, GU is also encoded as a path. We do not need to encode all its 2n − 2

subgraphs: since the matching path can go through nodes more than once, we only need to encode

one of these subgraphs, in the same manner as done for G (j )
W

. Let LGU be the linearized version of
only one of the “jolly” gadgets that were composing the original GU .

Then, for each 1 ≤ j ≤ n, we build structure LG (j ) by placing t-nodes, LGU instances, LG (j )
W

,
a b-node on the left, and an e-node on the right, as in Figure 11. In such structure, the b-node
and the e-node delimit the beginning and the end of a viable match for a pattern. The t-nodes are

separating the LGU structures from LG (j )
W

, and in general, they are marking the beginning and the

end of a match for a subpattern P ′xi
. The idea behind LG (j ) is that a match of P can traverse LGU

from the beginning to the end, backward and forward as many times as needed, before starting a

match of some subpattern P ′xi
inside LG (j )

W
. Notice also that this allows only subpatterns on even
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On the Complexity of String Matching for Graphs 21:15

Fig. 10. A subgraph G
(j )
W

is converted into a linear structure LG
(j )
W

using s as the separator.

Fig. 11. The LG
(j )
W

structure surrounded by two instances of LGU . The t-nodes establish the beginning and

the end of a match for a subpattern tP ′xi
t while the b- and e-nodes are the starting and ending point for a

match of the whole pattern P ′.

Fig. 12. The final graph LG.

positions i to match inside LG (j )
W

. We will address this minor issue at the end see the paragraph
following the proof of Lemma 4.3.

To construct the final graphLG,we concatenate allLG (1) ,LG (2) , . . . ,LG (n) into a single undirected
path. Figure 12 gives a picture of the end result.

No issues arise regarding the size of the graph, since we are replacing every 0-node, or every
pair of a 0-node and a 1-node, with a constant number of new nodes. By construction, the two

gadgets LGU and LG (j )
W

both have sizeO (d ), since for each one of the d entries of a vector we place

one of the two possible encodings. In LG, there are n instances of LG (j )
W

, each one surrounded by
two LGU instances. Hence, the total size of the graph remains O (nd ).

To prove the correctness of the reduction, we will show some properties on LG by introducing

the following lemmas. We use tlLG
(j )
W
tr to refer to LG (j )

W
extended with the t-nodes on its left and

on its right. When referring to the k-th s-character in P ′xi
, we mean the k-th s-character found

scanning P ′xi
from left to right; in the same manner, we refer to the k-th s-node in LG (j )

W
.

Lemma 4.1. If subpattern tP ′xi
t has a match in tlLG

(j )
W
tr starting at tl and ending at tr , then the

k-th s-character in P ′xi
matches the k-th s-node in LG (j )

W
, for all 1 ≤ k ≤ d + 1.
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21:16 M. Equi et al.

Proof. First we prove that all the s-nodes in tlLG
(j )
W
tr are matched exactly once by tP ′xi

t. By

construction, subpattern P ′xi
has d + 1 s-characters, and LG (j )

W
has d + 1 s-nodes. Since we are

working on a chain of nodes and the match is starting at tl and ending at tr , all the nodes between
tl and tr have to be matched at least once by P ′xi

. Assume by contradiction that one such s-node is
matched more than once. Subpattern P ′xi

is left with strictly less than d s-characters available for
matching the other d s-nodes, and we reach a contradiction. Now we can prove the statement of

the lemma by induction on k—that is, the index of the s-characters and s-nodes. Let s
(P ′xi

)

k
denote

the k-th s-character in P ′xi
, and let s

(
LG

(j )
W

)

k
denote the k-th s-node in LG (j )

W
.

Base Case k = 1. The match starts at tl , hence the only node that s
(P ′xi

)

1 can match is the first

s-node to the right on tl —that is, s

(
LG

(j )
W

)

1 .

Inductive Case k > 1. The inductive hypothesis tells us that all the nodes up to s

(
LG

(j )
W

)

k
have been

matched by consecutive s-characters of P ′xi
up to s

(P ′xi
)

k
. We have to prove the statement for k + 1.

Starting from node s

(
LG

(j )
W

)

k
, the next s-nodes that can be matched by s

(P ′xi
)

k+1
are s

(
LG

(j )
W

)

k−1
and s

(
LG

(j )
W

)

k+1
.

Character s
(P ′xi

)

k+1
cannot match node s

(
LG

(j )
W

)

k−1
since it has already been matched by s

(P ′xi
)

k−1
and, as

argued earlier, every s-node can be matched only once. Thus, s
(P ′xi

)

k+1
has to match s

(
LG

(j )
W

)

k+1
. �

Lemma 4.2. Subpattern tP ′xi
t has a match in tlLG

(j )
W
tr starting at tl and ending at tr if and only

if there exist yj ∈ Y such that xi · yj = 0.

Proof. This property has already been proved for gadget GW in Lemma 3.2, thus what we are

left to prove is thatLG (j )
W

behaves the same as the subgadgetG (j )
W

. First recall that in the construction

of LG (j )
W

, we placed an encoded 1 if inG (j )
W

we had both a 0-node and a 1-node in the same position,
whereas we placed an encoded 0 if we had only a 0-node. Lemma 4.1 guarantees that the encoding

in P ′ of a single character of P is aligned with the encoding in LG (j )
W

of a single node of GW ,
preventing (the encoding of) a character of P from matching (the encoding of) multiple nodes of
GW and vice versa. By construction, 1 = ABA can match the encoding of a 1-node while it fails to
match the encoding of the 0-nodes, since their encoding involves too many characters. However,
0 = ABABABA can match an encoded 0-node with a natural alignment, but it can also match the
encoding of a 1-node by scanning it forward, backward, and forward again. Therefore, the logic

behind LG (j )
W

safely implements the one of G (j )
W

, and from this point onward, one can follow the
same reasoning as in Lemma 3.2 to complete the proof. �

The main difference with the original proof resides in assuming that a match for P ′xi
starts at

tl and ends at tr . This feature is crucial for the correctness of the reduction and can be safely
exploited since, as shown in the following, the b- and e-nodes guarantee that in case of a match

for P ′ we will cross the LG (j )
W

gadget from left to right at least once.

Lemma 4.3. Pattern P ′ has a match in LG if and only if there exist i and j such that i is even and

subpattern tP ′xi
t has a match in tlLG

(j )
W
tr starting at tl and ending at tr .

Proof. For the (⇒) implication, first observe that the b- and e-nodes in LG are forcing a

direction to follow. Let LG (j )
U l

and LG (j )
U r

be the LGU gadgets to the left and to the right of LG (j )
W

,
respectively. Since pattern P ′ starts with a b and ends with an e, a match can only start at the

b-node on the left of LG (j )
U l

and end at the e-node on the right of LG (j )
U r

, for some j. Hence, LG (j )
W
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On the Complexity of String Matching for Graphs 21:17

needs to be crossed by a match from left to right at least once. Thus, there must exist a subpattern
tP ′xi

t that has a match starting at tl and ending at tr . For such a pattern, Lemma 4.2 applies.
Moreover, because of our construction, only a subpattern on even position can achieve such
a match.

The (⇐) implication is immediate since given a subpattern tP ′xi
t that has a match in tlLG

(j )
U
tr

one can match btP ′x1
t . . . tP ′xi−1

t in LG (j )
U l

and tP ′xi+1
t . . . tP ′xn

te in LG (j )
U r

and have a full match
for P ′ in LG. �

Since Lemma 4.3 gives us a property that holds only if a subpattern is in an even position, we
need to tweak pattern P ′ to make the reduction work. Indeed, we define two patterns. The first

pattern P ′(1) is P ′ itself; the second pattern P ′(2) is obtained by swapping the subpatterns P ′xi
on

odd position with the next subpatterns P ′xi+1
on even position, for every i = 1, 3, . . . . For example,

if n is even, we will have the following.

P ′(1) = bt P ′x1
t P ′x2

t P ′x3
t P ′x4

t . . . t P ′xn−1
t P ′xn

te = P ′

P ′(2) = bt P ′x2
t P ′x1

t P ′x4
t P ′x3

t . . . t P ′xn
t P ′xn−1

te

While P ′(1) checks the even positions of P ′, P ′(2) checks the odd ones. If n is even, then neither P ′(1)

nor P ′(2) would be able to have a match in LG, since after matching an even number of subpatterns
it is not possible to match any e-node. In such case, we can simply add a dummy subpattern
P̄ = s ABA s ABA s . . . s ABA s (with d repetitions of ABA) at the end of P as it were its last subpattern
so that the number of subpatterns becomes odd. Indeed, observe that P̄ corresponds to vector
x̄ = (11 . . . 1), which has null product only with vector ȳ = (00 . . . 0). Hence, if ȳ � Y , then P̄ does

not have a match in any LG (j ) , whereas if ȳ ∈ Y , every subpattern P ′xi
has a match in the LG (j )

built on top of ȳ. This means that P̄ does not disrupt our reduction.4

Now we are ready to present the end result.

Lemma 4.4. Either P ′(1) or P ′(2) has a match in LG if and only if there exist vectors xi ∈ X and

yj ∈ Y which are orthogonal.

Proof. For (⇒), we assume that either P ′(1) or P ′(2) have a match in LG. By Lemma 4.3, this

means that there exists a subpattern P
′(q )
xi
, q ∈ {1, 2} that has a match in LG (j )

W
, for some j.

Lemma 4.2 then ensures that xi · yj = 0, thus xi and yj are orthogonal. For the other implica-
tion (⇐), we assume that there exist two OVs xi ∈ X and yj ∈ Y . Thanks to Lemma 4.2, we find a

subpattern P ′xi
matching LG (j )

W
. By construction, P ′xi

has to be in an even position either in P ′(1) or

in P ′(2) . By Lemma 4.3, this means that either P ′(1) or P ′(2) has a match in LG. �

Theorem 1.2 follows directly from the correctness of these constructions, except for the alphabet
size reduction to binary, which we cover in the next section.

4An alternative strategy is to use only one pattern P ′′ instead of two, defined as

P ′′ = bt P̄ t P ′x1
t P̄ t P ′x2

t P̄ . . . t P̄ t P ′xn
t P̄ te.

The “dummy” subpatterns P̄ encode a 1 in every position and guarantee that we always have an odd number of subpatterns

in P ′′. Moreover, every actual subpattern P ′xi
has a chance to be matched in LG

(j )
W

, for some j , since every such subpattern

occurs in an even position.
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4.2 Binary Alphabet

In this section, we explain how to reduce the alphabet from the reduction in Section 4.1 to be
binary. For this purpose, we apply the following encoding α to the characters:

α (A) = A, α (B) = B, α (s) = AAA, α (t) = BBB, α (b) = α (e) = ABBAAB.

Denote by α (P ′) and α (LG ) the encoded pattern and graph, respectively. Note that when ap-
plying the encoding to LG, we replace each σ -node with a sequence of nodes labeled with the
characters of the encoding of σ . Thus, we maintain the property that the label of each node is a
single character. To prove correctness, it suffices to prove the following two lemmas.

Lemma 4.5. If P ′ has a match in LG, then α (P ′) has a match in α (LG ).

Proof. Since the encoding replaces single symbols with multiple symbols, the difficulties arise
when a match of P ′ in LG performs a change of direction. To understand how to handle this issue,
let us follow a match of P ′ in LG from left to right. As long as such match has no zig-zags (i.e., it
does not change direction in LG), then it trivially holds that we can construct a match of α (P ′) in
α (LG ). Suppose now that a change of direction happens. We first match node v , followed by w ,
followed by v again (i.e., it changes direction at w).

If w is an old A- or B-node, then the encoding did not change w and α (P ′) can still match w .
Observe also thatw cannot be a b- or an e-node, by construction. The remaining case is whenw is
an s- or a t-node. Ifw is a t-node, thenv cannot be a b-node, because sequence b t b never occurs
in the pattern. Note however that the encodings of s- and t consist of three identical characters.
Thus, the match of α (P ′) in α (LG ) can be made to use the border node of the encoding of w (the
one adjacent to the encoding of v), then the middle node, and then the same border node again
(i.e., to change direction at the middle node of the encoding of w).

At this point the match will continue in the reverse direction. Notice that the encodings of A, B,
s, and t are all palindrome strings. Hence, all the previous reasoning for matching following the
forward direction also applies for the reverse direction. �

Lemma 4.6. If α (P ′) has a match in α (LG ), then P ′ has a match in LG.

Proof. To simplify notation, in this proof we treat 1 = ABA and 0 = ABABABA as single characters
of P ′. To prove the lemma, it suffices to prove that in any match of α (P ′) in α (LG ), the encodings
of b, e, s, t, and 1 = ABA and 0 = ABABABA in the encoded pattern are precisely aligned with
encoded b-, e-, s-, and t-nodes, and with nodes encoding 1 and 0, respectively, in the encoded
graph. When saying that such encodings are aligned, we mean that the first and last characters
of an encoding α (σ ) in the pattern must match either the first or the last node (irrespectively of
which) of an encoding of the same character σ in α (LG ). For example, when character α (s) = AAA
separates 0- or 1-nodes, it can be properly aligned to the graph as shown in Figures 13 and 14.

We organize the proof of this lemma in two parts, proving separately two claims. The goal
is to show that the encoding of the characters preserves the properties already proven for the
non-binary case.

Claim 1. Encodings α (b) and α (e) in the pattern can only be exactly aligned with encodings α (b)
and α (e) in the graph, respectively, from left to right.

Proof. First, note that the substrings α (b) = α (e) of the encoded pattern cannot have a match
in the encoded graph starting anywhere else than in the encoding of a b- or e-node. Indeed, α (b)
contains BB, which appears in the graph only in the encoding of a t-node (apart from the encoding
of b- or e-nodes). Suppose for a contradiction that a match of α (b) matches two B characters
from an encoding of a t-node in the graph; in particular, α (b) starts with ABB, and this prefix of
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Fig. 13. The three possible alignments for α (s) = AAA that can be obtained starting in the first position of
α (s) in the graph.

Fig. 14. The three possible alignments for α (s) = AAA that can be obtained starting in the last position of
α (s) in the graph.

α (b) must end at the middle B-node of α (t). However, the character following ABB in α (b) is A,
whereas any neighbor of the middle B-node of α (t) is labeled with B, a contradiction.

We now prove that α (b) in the pattern can only be exactly aligned with α (b) in the graph,
from left to right. Suppose for a contradiction that this is not the case. We draw here below the

configuration in LG and α (LG ) at the border between LG (j ) and LG (j+1) (the beginning and end of
LG are the same, but missing te, and bt, respectively).

LG : · · · t e b t · · ·
α (LG ) : · · · BBB ABBAAB ABBAAB BBB · · ·

Following the contradiction reasoning, there must be a way of aligning α (b) to the graph other
than using an exact match from left to right with α (b) in the graph. Indeed, we can analyze the
alternative ways of aligning α (b) to the graph by considering the possible starting position for
a potential alignment. Since α (b) starts with AB, a potential alignment in the graph might start
in the second or third A character of α (b), or in the first, second, or third A character of α (e).
In Figure 15, we analyze all of these five cases, concluding that at some point they will all fail.
Completely symmetrically, we can argue that α (e) in the pattern can only be exactly aligned with
α (e) in the graph, from left to right. �

Claim 2. Encodings of t, s, and of the substrings 1 = ABA and 0 = ABABABA in the encoded pattern

are aligned with the corresponding encoded nodes in α (LG ).

Proof. We prove this claim by induction on the position of the current character in P ′.
Substrings α (s) and α (t) of the encoded pattern are allowed to change direction inside the

encoded graph, but they must still start and end at an extremity of the occurrences of α (s) and
α (t) in the encoded graph, respectively.
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Fig. 15. The five potential alignments for string α (b) = ABBAAB that do not start in the first position of α (b) in
the graph. The squares around the characters highlight the mismatches. Cases (a) and (b) take into account
potential alignments starting at the fourth and fifth position of α (b) in the graph, respectively. Cases (c),
(d), and (e) depict potential alignments starting at the first, fourth, or fifth position of α (e) in the graph,
respectively. In case (c), the mismatch occurs on the first B character of α (t), which we know always follows
α (b).

Suppose that the prefix α (b) of α (P ′) matches α (b) in the substructure α (LG (j ) ) of α (LG ).
As the base case, observe that the characters in α (P ′) following α (b) are α (t)α (s), followed by
1 = ABA or 0 = ABABABA. It can be easily checked that they must match from left to right those
nodes that follow α (b) in the encoded graph.

For the inductive case, suppose first that the current character of P ′ is 1 = ABA (or 0 = ABABABA).
By construction, the character of P ′ preceding it can only be s, and by induction, we have that
α (s) = AAA is aligned with the nodes encoding s in the graph. The match of α (P ′) cannot go
back using A-nodes of α (s) because it would not have a B-node to continue the match. Thus, it
must use the nodes of the encoded graph corresponding to 1 = ABA (or 0 = ABABABA). Moreover,
it cannot go on using A-nodes from the next occurrence of α (s) in the graph, because they are all
A-nodes. Therefore, this proves that if the current character of P ′ is 1 = ABA or 0 = ABABABA, then
it is aligned with the corresponding nodes in the encoded graph.

Suppose now that the current character of P ′ is s. The character of P ′ preceding it can be t,
1 = ABA, or 0 = ABABABA. In case the preceding character is t, the match of α (P ′) in the encoded
graph cannot go back to using nodes encoding t because they are all B-nodes. Suppose thus that
the preceding character is 1 = ABA or 0 = ABABABA and the encoding of s in the pattern goes back
to use nodes from the encoding of such preceding character. This means it can only match the
first A-node of α (s), then go back to the A node of the encoding of this previous character, and
then use the same first A-node of α (s). Notice that this is allowed by our notion of alignment.

The last remaining case is when that the current character of P ′ is t. Since this t occurrence is
not the first one (which was handled in the base case), the character preceding it in P ′ is always
s, and recall that α (s) = AAA. Also in this case, the encoding α (t) = BBB cannot go back and use
such A-nodes of α (s), thus it must align to the encoding of a t-node. �

Claims 1 and 2 presented previously complete the proof of this lemma since they allow us to
apply the same reasoning of the non-binary case. �
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5 ADDITIONAL RESULTS

5.1 A Linear Time Algorithm for Almost Trees

Directed pseudo forests are directed graphs whose nodes have outdegree at most 1, and their trans-
pose are graphs whose nodes have indegree at most 1. Both of these types of graphs are structures
lying between our conditional hardness results and the linear time solvable string matching case.
Such structures are forests of directed trees whose roots may be connected in a directed cycle (at
most one cycle per forest).

Exact string matching in a tree whose edges are directed from root to leaves (graphs whose nodes
have indegree at most 1) can be solved in linear time. One such algorithm [2] works on constant
alphabet, but there is a folklore alphabet-independent solution through a simple variation of the
KMP algorithm [36]: recall that after linear time preprocessing of the pattern P[1..m], KMP scans
through the text string T , updating index i in the pattern in amortized constant time to find the
longest prefix P[1..i] that matches suffixT [j − i +1..j] of the current position j in the text. One can
simulate this algorithm on a tree by just storing the current value of index i at each node before
branching.

One can reduce our special case to the tree case as follows. Cut the cycle at any edge (v,w ) to
form a tree rooted at w . Read the cycle from v backward (possibly many times) to form a string
S[1..m], wherem is the pattern length. Create a path matching the reverse of S[1..m] and connect
this path to the root w forming a new tree. Pattern matching on this tree takes linear time [2].

To see that the reduction works correctly, consider root r of some tree hanging from the cycle.
Let Sr be the infinite string formed by reading the cycle starting at r backward. For searching a
pattern of lengthm spanning r , it is sufficient to add a path spelling reverse of Sr [1..m] on top of r
and use the linear time solution for trees [2]. Furthermore, observe that the infinite strings Sr for
all roots r along the cycle overlap, so it is sufficient to linearize the cycle until each root is preceded
by a lengthm part of the reverse of their infinite string Sr . To cover also matches inside the cycle,
one can consider similarly any node on a cycle as a root. The reduction covers these cases.

Finally, the symmetric case of a cycle containing roots of upward directed trees (graphs whose
nodes have outdegree at most 1) can be reduced to the symmetric case by reversing all edges and
the pattern.

5.2 Language Intersection of Two DFAs

We can show a connection between SMLG and the emptiness intersection problem by turning a
deterministic DAG and a pattern into two DFAs. We do so by modifying the graph of our reduction
so that we also obtain a reduction from OV to the emptiness intersection.

LetG be the 3-DDAG obtained in the reduction of Section 3. We can obtain a DFA D1 fromG as
follows. First, the nodes in G become the states of D1, and each arc (u,v ) in G gives a transition
from state u to state v in D1 with symbol L(v ). Also let S be the states in D1 that correspond to
b-nodes in G with zero indegree. We add O ( |S |) states to D1 forming a tree whose root becomes
the initial state of D1, and the leaves of this tree have transition to the states in S with symbol b.
Each transition from each of these new states to its left child is labeled with L and to its right child
is labeled with R.

The other DFA D2 is obtained from P as follows. We employ the same tree with |S | leaves as
earlier, except the transitions from these leaves with b go the same state: from this state, we have a
simple chain of states that spells P . We can observe that P occurs inG if and only if the languages
of D1 and D2 have a nonempty intersection, as this amounts to find an occurrence of P starting
from one of the b-nodes in G corresponding to a state in S .
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6 DISCUSSION

The lower bounds that we presented for directed deterministic graphs are tight with regard to
the structure of the graph, in the sense that lowering the degree or the alphabet size makes the
problem solvable in subquadratic time. Lowering the degree from 3 makes the problem fall into
the almost-tree category that we dealt with in Section 5.1. Lowering the alphabet size to unary
means that the graph can only consist of a set of paths or cycles. If there is a cycle in the graph,
the pattern always matches, and otherwise one can easily check in linear time if there is a long
enough path for the pattern to match. Similar trivial or esoteric cases occur when considering the
same for directed non-deterministic, undirected deterministic, and undirected non-deterministic
graphs.

Our reductions create sparse graphs G = (V ,E) with |E | = O ( |V |), and hence the results are
covering also the difficulty of finding O ( |V |1−ϵ m) or O ( |V |m1−ϵ ) time algorithms for SMLG. This
difficulty carries over to non-deterministic subdense graphs with |E | = O ( |V |2−ϵ ) and alphabet
size at least 3: given a sparse graph G ′ = (V ,E ′) and pattern P of length m from binary alphabet,
convert G ′ into a subdense graph G = (V ,E) adding |E | spurious arcs labeled with a third symbol.

In other words, unless the OV hypothesis fails, there is noO ( |E |+ |V |1−ϵ m+ |E | 12 m) time algorithm
for SMLG on subdense graphs G for m = O ( |V |). However, for dense graphs with |E | = ω ( |V |2−ϵ ),
there is room to improve the bounds.

Open Problem 1. Is there an O ( |E | + |V |m + |E | 12 m) time algorithm for SMLG on dense graphs?

Other natural directions to continue the study include the tradeoff between indexing and query
time on string matching for graphs, as well as a closer examination of other possible string-alike
graph classes than those already covered here.

For the former, a slight modification of the proof of Theorem 1.1 results in conditional hardness
of findingO ( |E |αmβ ) time algorithms for SMLG for any α , β > 0 with α + β < 2. This observation
can then be exploited in a self-reduction [24], showing that one cannot achieve subquadratic search
times using polynomial time for indexing (under the OV hypothesis).

For the latter, one possible direction is to consider degenerate generalized strings [4]: a sequence
S = S1, S2, . . . , Sn is a degenerate generalized string if set Si consist of strings of fixed-length ni for
all i . When interpreted as an automaton, the language of S is the Cartesian product of its sets. It was
recently shown that language intersection emptiness on two degenerate generalized strings can be
decided in linear time in the total size of the sets [4]. However, if the requirement of equal length
strings is relaxed, the complexity of string matching on such elastic degenerate strings has shown to
have tight connection with fast matrix multiplication [12]. Naturally, our reductions do not cover
graphs representing degenerate generalized strings. They also do not cover the elastic case, but
another relaxation of degenerate generalized strings: consider that the Cartesian product taking all
combinations of consecutive sets is replaced by an arbitrary selection of subsets of combinations
of consecutive sets. A characteristic feature of graphs resulting from this relaxation is that all paths
from one node to another are of the same length. This is also a feature of our reduction graphs.
Hence, other features need to be identified to close this gap between linear time solvability and con-
ditional quadratic time hardness; interestingly, conditional hardness of indexing elastic degenerate
strings has been established without a direct link to the complexity of the online version [29].

After our last submission of this work for review, many new research directions have emerged
around the topic. Some of these are already covered in a survey [42]. In the following, we briefly
discuss some recent directions.

The conditional lower bounds have been strengthened to consider how many logarithmic fac-
tors can be shaved off from the quadratic complexity [30]. The conclusion is that if the denominator
of the time complexity feature is a O (logc m) or O (logc |E |) term, the exponent c is bounded by
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a constant. New graphs properties have been identified that make them amenable to indexing:
graphs that can be partially sorted [18], graphs parameterized by the maximum width of their co-
lexicographic relation [17], and graphs induced from suitable segmentation of multiple sequence
alignments [25] admit efficient indexing schemes. The latter work adapts a reduction technique
from this work to show that an arbitrary segmentation of a multiple sequence alignment does
not break the conditional lower bound, but one needs a stronger property. Further complexity re-
sults have also been derived for online exact and approximate matching on different graph classes
[14, 20, 32]. Finally, SMLG has been studied also under the model of computation of quantum
computing [19], achieving a subquadratic solution for non-sparse graphs.
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