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Abstract

Cause/effect analysis of complex systems is instrumental in better understanding many natural phenomena. Moreover, formal
analysis requires the availability of suitable abstract computational models that somehow preserve the features of interest.
Our contribution focuses on the analysis of Reaction Systems (RSs), a qualitative computational formalism inspired by
biochemical reactions in living cells. The primary challenge lies in dealing with inhibition mechanisms. On the one hand,
inhibitors enhance the expressiveness of the computational abstraction; on the other hand, they can introduce nonmonotonic
behaviors that can be computationally hard to deal with in the analysis. We propose an encoding of RSs into an equivalent
formulation without inhibitors (called Positive RSs, PRSs for short) that is easier to handle, because PRSs exhibit monotonic
behaviors. The effectiveness of our transformation is witnessed by its impact on two different techniques for cause/effect
analysis. The first, called slicing, allows detecting the causes of some unforeseen phenomenon by reasoning backward along
a given computation. Here, PRSs can be exploited to improve the quality of the analysis. The second technique, predictor
analysis, is addressed by introducing a novel tool called MuMa, which is based on must/maybe sets, whence the tool name, an
original abstraction for approximating ancestor formulas. MuMa exploits PRSs to improve the performance of the analysis.
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1 Introduction

Causality Cause/effect analysis (also called causality or
causation) is the investigation of which event or action in
the past, i.e., the cause, is responsible for the production
of another event in the future, i.e., the effect. When such
cause/effect relationship is established, we also say that the
effect depends on its causes. The principle of causality is
crucial in many disciplines, because it allows, e.g., fore-
seeing the future consequences of the available actions in
decision making processes, or explaining the reasons why
a certain error appears in automatic recovery mechanisms.
In the modeling of biological systems, cause/effect analysis
techniques can serve, e.g., to investigate and possibly predict
which drugs are more effective for a given disease or to cir-
cumscribe the factors that led to the presence of an infection.
To investigate causality from a formal point of view, one
needs, of course, to design suitable computational models
for the complex system under inspection.

Different notions of causality have been studied for differ-
ent calculi (e.g., in systems biology by Bodei et al. [12], Gori
and Levi [32] and for natural computing in Busi [20]) in this
paper, we focus on a well-known computational model for
the biochemical reactions in the living cell, called Reaction
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Systems (RSs), as proposed by Ehrenfeucht and Rozenberg
[29].

Reaction Systems Reaction Systems (RSs) are a quali-
tative computational formalism inspired by facilitation and
inhibition mechanisms of biochemical processes. An RS is
composed of a set of entities and a set of reactions. Each re-
action involves some reactants, inhibitors, and products. Re-
actants are the entities required for the reaction to take place,
while inhibitors are those entities whose presence would pre-
vent the reaction from occurring. The dynamics of an RS is
defined in terms of discrete steps: The current state of the
system is defined by the set of entities that are present; when
a reaction is enabled in the current state, it releases its set
of products; all enabled reactions take place together at each
step. It is important to remark that enabled reactions do not
compete for the same reactant: thanks to the threshold supply
assumption, whenever an entity is present in the current state,
it is assumed that it is sufficient to enable all reactions that
requires it. RSs have shown to be a computational model
whose application ranges from the modeling of biological
phenomena, see Azimi [4], Azimi et al. [5], Barbuti et al.
[6], Corolli et al. [22] to molecular chemistry as in Okubo
and Yokomori [36] and computer science as in Brijder et al.
[14], Corolli et al. [22].

In the context of RSs, the study of causality amounts to
establishing the way in which entities can influence each
other. Despite the deterministic nature of RSs, many com-
putational problems of this kind are shown to be intractable
in Dennunzio et al. [27, 28], Formenti et al. [31], Salomaa
[37, 38]. However, several techniques have been introduced
to study causal dependencies in RSs. In this paper we study
possible improvements for two such techniques, namely slic-
ing (Brodo et al. [18]) and predictor analysis (Barbuti et al.
[6]). Although slicing and predictor analysis are two very
different techniques, the two improvements we will propose
for them are both benefiting from the same idea: translat-
ing the RS under study into a form (called positive) in which
behaviors become monotonic. This permits us to develop ap-
proaches that are more accurate (by allowing also inhibitors
to be dealt with in slicing) and scalable (by introducing
abstraction techniques for predictors analysis) than existing
ones.

Dynamic slicing Slicing aims at discarding superfluous
information when investigating the emergence of some phe-
nomenon. Given the presence of a set of entities D in the
current state, slicing is used to ascertain their origins in the
initial state of the current computation, i.e., the set of initial
entities ultimately responsible for the production of D. Ini-
tially applied to imperative programs in Korel and Laski [33]
to facilitate the debugging process by pinpointing faulty code
segments, dynamic program slicing has since been adapted
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for many programming paradigms (see Silva [39] for a sur-
vey). Leveraging the process algebraic version of Reaction
Systems proposed in Brodo et al. [15, 16, 17], the dynamic
slicing technique designed in Brodo et al. [18] commences
from a partial computation viewed as erroneous. Its goal is to
determine the minimal set of causes that led to the erroneous
state in that specific trace. More broadly, dynamic slicing can
be employed to discern the causes behind the production of
an entity in a specific execution trace.

Predictor analysis Predictors are formulas that character-
ize all causes responsible for the production of some entity
after some steps. A crucial distinction from slicing is that
predictor analysis must account for the entire set of reactions
that form the model, rather than just those executed in a spe-
cific trace. Given a target set of entities and a number of steps,
the ancestor formula (i.e., the predictor) exactly delineates
which entities must be initially present or absent to yield the
target entities in the designated number of steps, as detailed
in Barbuti et al. [6].

Inhibitors One significant source of complexity in the
above analyses stems from the involvement of inhibitors
in the reactions. This is because inhibitors introduce non-
monotonic behavior, meaning that when a set of entities
enable some reactions, then a superset could include some
inhibitors for those reactions and they would not be longer
enabled. Therefore, it can happen that the result set shrink
when the set of entities grows. As a direct consequence,
causal analysis techniques can become computationally in-
tensive because, e.g., they cannot rely on the fact that, given
a minimal set of causes for a certain phenomenon, any of
its superset will still cause the phenomenon under observa-
tion. Furthermore, tracking the causes for the absence of a
substance poses a greater challenge than tracking the causes
for its presence. Specifically, the slicing analysis presented
in Brodo et al. [18] abstracts away from inhibitors, while the
ancestor analysis detailed in Barbuti et al. [6] can become
impractical when dealing with large numbers of steps.

Positive Reaction Systems In this paper we study a par-
ticular class of RSs, called Positive Reaction Systems (PRSs),
where reactions carry no inhibitor. The advantage is that
PRSs exhibit a monotonic behavior, which can be exploited
in causal analyses to improve performances and the quality
of gathered information. In PRSs, both the presence and ab-
sence of entities must be explicitly recorded: if an entity is
not mentioned as a cause, then it means that its status is irrel-
evant, not that it is assumed to be absent. Additionally, PRSs
make it possible to investigate the causes for the absence of
entities during the slicing, as well as for their presence.
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Contribution The first contribution of this paper is the
transformation from Reaction Systems to Positive Reaction
Systems that exhibit a monotonic behavior while retaining
equivalence to the original RS. This transformation involves
several steps. First, new “negative” entities are introduced to
represent the absence of inhibitors. Second, each reaction of
the original RS is put in positive form: the set of inhibitors
is removed and the set of reactants is joined with the nega-
tive entities that match the original inhibitors. Finally, new
reactions are synthesized for negative entities, to guarantee
that they are present when the corresponding original entities
were absent.

This approach not only allows for the seamless applica-
tion of existing tools designed for RSs to PRSs (given that
they are a specialized instance of RSs), but it also enables
the harnessing of PRS properties to boost tool applicability.
To witness the advantages of RSs in positive form, our ad-
ditional contribution consists of two applications related to
cause/effect analysis.

The first application pertains to the RS slicer defined in
Brodo et al. [18]. The slicer can determine the least informa-
tion necessary to justify the presence of undesired entities in
some state of a computation. One limitation of the slicer was
its inability to take inhibitors into account, which were just
disregarded. The transformation from standard RSs to PRSs
addresses this limitation. Indeed, we make it possible to de-
termine for the first time all the relevant information, both
for reactants and for inhibitors, responsible for the produc-
tion of the marked entities. Notably, this can be achieved just
by reusing the existing tool BioReSolve presented in Brodo
etal. [18]: conducting the analysis on the PRS produces more
comprehensive insights.

The second application introduces a novel tool for pre-
dictor analysis, named MuMa. Its primary objective is to
compute ancestor formulas more efficiently, a task where
current techniques face scalability challenges. MuMa lever-
ages two key features. First, it exploits a new abstract domain,
rooted in the abstract interpretation framework from Cousot
[23], Cousot and Cousot [24, 25], to overapproximate the
computation of ancestor formula. Such an approximation
applies to both standard and Positive RSs. However, our ex-
periments will show that working with PRSs confers several
advantages in terms of complexity. Specifically, by exploiting
the monotonic reasoning in PRSs, the abstract computation
of ancestor formulas will scale up.

A class of real systems suitable for modeling with RSs and
that could benefit from the transformation of RSs into PRSs
are gene regulatory networks (GRNs, Barbuti et al. [9]). Such
networks describe how genes influence each other in order
to regulate the activation of cell functionalities. GRNs are
commonly modeled in terms of Boolean networks. In (Bar-
buti et al. [11]) a translation of Boolean networks into RSs

has been defined, and in (Brodo et al. [19]) causal analy-
sis methods have been applied to investigate properties of
the gene network regulating T Cells differentiation, in the
context of immune system development. The GRN investi-
gated in (Brodo et al. [19]) was originally represented as a
Boolean network consisting of 29 nodes (i.e., genes) and 97
arcs (i.e., interactions), and the corresponding RS consisted
of 51 reactions over 29 entities. Analyses conducted on that
model led to: (i) the characterization of initial environmental
conditions leading to the activation of four genes of interest;
and (ii) the identification of intermediate genes whose ac-
tivation plays a role in the activation of the four interesting
genes. Such investigations, that are based on causality anal-
ysis methods like those approached in this paper, are useful
to identify possible targets for new drugs in case of diseases
that involve the GRN under study. The improvements that
could be obtained by translating RS models of GRNs into
PRSs are the possibility to scale to much greater GRNs and
to identify also genes whose inactivation plays a role.
To sum up, we highlight the following results:

* A new translation to remove inhibitors from RSs and re-
cover monotonic reasoning;

¢ Some evidences that PRSs can enhance the spectrum of
information collected from slicing;

* A new abstraction for computing (approximated) ancestor
formulas in a more effective way;

* MuMa, a new tool for computing ancestor formulas based
on the theoretical results in this paper.

Structure of the paper The paper is organized as follows.
Section 2 introduces closed (standard) Reaction Systems.
Section 3 presents the translation from standard RSs to Posi-
tive Reaction Systems. Section 4 discusses slicing techniques
and highlights the advantage of utilizing the positive counter-
part of a standard Reaction System, enabling the detection of
inhibitors that impact the production of target objects. Sec-
tion 5 defines the new abstraction that facilitates effective
ancestor computation. It also covers MuMa, the novel tool
based on these concepts, and provides a comparative analysis
of its application to both standard and Positive RSs. Finally,
Sect. 6 draws some conclusions and outlines future research
avenues.

2 Reaction Systems

Reaction Systems (RSs) are a formalism born in the field
of Natural Computing to qualitatively model the behavior of
biochemical reactions in living cells. However, RSs are gen-
eral enough to model many complex systems. Here, we give
a brief introduction to RSs. For a more detailed presentation,
the interested reader can refer to Brijder et al. [14]. In the
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following, the term entities denotes generic elements (e.g.,
molecules, atoms, ions, . . .) that may populate the system.

Let S be a (finite) set of entities. A subset D C S is called a
state. A reaction in S is a triple r = (R, I, P), where R,I[,P C S
are finite sets. Moreover, R and P are nonempty, and RN [ =
0. The sets R, I, P are the sets of reactants, inhibitors, and
products, respectively. The triple (R, I, P) can be understood
as follows. All the reactants R have to be present in the current
state for the reaction to take place. The presence of any of the
inhibitors I disables the reaction. All the products P are the
outcome of the reaction: they are released in the next state.
We denote with rac(S) the set of all reactions over S.

Given a state D C S, the result of r = (R, I, P) € rac(S) on
D, denoted by res, (D), is defined as follows:

P if en, (D),
(0 otherwise,

res,(D) = {
en,(D)= RCD A IND=0,
where en,(D) is called the enabling predicate.

Definition 1 (Reaction System)
A Reaction System is a pair A = (S, A), where S is the set of
entities, and A C rac(S) is a finite set of reactions over S.

Given a state D C S, the result of the Reaction System A
on D, denoted res #(D), is defined as follows:

res (D) = U res, (D).

reA

As it can be observed by the above definition, we assume
that each reactant is present in a concentration level as high as
needed by all the enabled reactions. This is called the thresh-
old supply assumption and characterizes RSs as a qualitative
modeling formalism.

In the general case, the behavior of an RS depends on the
entities provided by the environment at each step, which is
referred to as the context. In this work we only consider the
closed version of RSs, i.e., the environment only provides
some entities at the beginning, and the system evolves by
applying all possible reactions. Therefore, the context con-
sists of just an initial set Dy # 0, and starting from state
Dy, the evolution of the system is deterministic, ruled by
the set of reactions only. The semantics of a closed Reac-
tion System can be simply defined as the result state se-
quence, 6 = Dy, Dy, ...,Dy,... where each set D;, fori > 1,
is obtained from the application of all enabled reactions of
A to the state D;_; computed at the previous step. For-
mally D; = res a(D;_y) for all 1 <i < n, or, equivalently,
as D; £ resgq)(Do) where for all 1 <i <n, res(;? is defined
inductively as follows:

res%)(Do) £ res ﬂ(DO)?
res;rl)(Dg) 2 resq (resf;[?(Do)).
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Note that the result of any computation step does not
depend on the order of application of the reactions.

To improve readability, we use a more compact notation
for reactions by omitting set braces and some commas: for
example, we write just (ab,c,bc) instead of the more verbose

({a.b}.{c}.{b.c}).

Example 1

Let us consider the RS A = (S,A), where S = {a,b,c} is
the set of entities, and A = {ry,r,r3} is the set of reac-
tions with r; = (ab,c,b), r» = (b,c,bc), and r; = (c,a,ab).
By setting Dy = {a,b}, the result state sequence is 7 =
{a,b},{b,c},{a,b},{b,c},...

3 Positive Reaction Systems

We now want to focus on a particular kind of Reaction Sys-
tems, namely those that are formed by reactions that do not
have inhibitors, i.e., where I = . Such reactions are called
positive and can simply be written as pairs (R, P): they cor-
respond to ordinary reactions (R,0, P). The idea we exploit
in this paper is that any standard RS A = (S,A) can be en-
coded into an equivalent one without inhibitors. To this aim,
for each entity a € S we need to introduce a corresponding
negative entity, let us indicate it with &, that explicitly rep-
resents the absence of a. Note that, following this idea, in
any meaningful state there is always either a or a, but never
both.! In the following, we will refer to the elements of the
set S as positive entities.

Definition 2 (Negative Entities)
Let S be a set of entities. Its corresponding set of negative
entitiesis § 2 {a|a € S}.

Without loss of generality, we leave implicit that S and S
are always disjoint sets. For brevity, we let S £ S U S be the
set of positive and negative entities and use boldface symbols
to denote its elements and its subsets.

Remark 1

Please, note that throughout this paper we will use overlining
solely for symbol decoration and never for set complemen-
tation.

Definition 3 (Noncontradictory Set)
A set T C S is noncontradictory if for all entities a € S one
has {a,a} ¢ T.

! The idea of negative entities shares some similarities with the intro-
duction of complementary places in the field of Petri nets.
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As already mentioned, not all subsets of S =S U S rep-
resent meaningful states. For example, for S = {a,b}, the
set {a} C S misses to specify whether {b} is present or not,
while the set {a,b,b} C S is contradictory about the presence
of b. Therefore, we want to consider only those states that
are consistent, according to the following definition.

Definition 4 (State Consistency)
A noncontradictory state D C S is consistent if, for any entity
a, either a € D or a € D holds.

We are now ready to define Positive RSs.

Definition 5 (Positive RS)
A Positive RS is a Reaction System A* = (S, A) that satisfies
the following conditions:

1. Each reaction r in A is positive, i.e., it has the form
(R,0,P), and, moreover, R and P are noncontradictory;

2. The reactions must transform consistent states into con-
sistent states: for each consistent state D, the result set
res #+(D) must be consistent.

Assuming that the initial state Dy is consistent, the second
condition guarantees that all result states traversed by the
computation will be such.

Next we show that for each (closed) standard RS A =
(S,A) it is possible to construct a Positive RS A* that can
exactly mimic the behavior of A. The Positive RS A™ takes
the form (S, A*) whose reactions in A* can be split in two cat-
egories: A*__that simply embeds the original reactions A and

pos
Ar, whose reactions serve for negative entities bookkeeping.

neg
Roéghly, for the first case, there will be one positive reaction
(RUI,P) € A" for each original reaction (R, 1, P) € A, while
for the second case we need to guarantee that the negative
entity a is produced by the reactions in A:{eg if and only if no
reaction in A that produces a is enabled. For this purpose,
suppose we collect all reactions in A that are capable of pro-
ducing a: to ensure that none of them is enabled, we must
make sure that, for each one, at least one reactant is absent or
at least one inhibitor is present. We formalize this intuition
by introducing the prohibiting set for each entity a. Since
prohibiting sets will be used to derive auxiliary reactions,
we can restrict the attention to minimal prohibiting sets to

avoid redundant reactions.

Definition 6 (Prohibiting Set)

Let A = (S, A) be a standard RS and a € S one of its entities.
A noncontradictory set T C S is a prohibiting set for a if for
any reaction (R,,P U {a}) € A we have that TN (I UR) # 0.
We denote by Proh #(a) the set of all minimal (with respect
to set inclusion) prohibiting sets for a.

We can transform standard RSs into positive form.

Definition 7 (Encoding RS into PRS)
Let A = (S, A) be a standard RS, its encoding into a Positive
RS is obtained by considering A* = (S,A*) whose set of

reactions A™ = A%, U AL, is defined as follows:

Apos = {(RULP)|(R.I.P) € A},
Ajee = Uaes{(T,8) | T € Prohn(a)}.
Lemma 1
Let A* as in Definition 7. Then, A* is a Positive RS.

Proof

According to Definition 5, we must prove: (1) that all reactant
and product sets of reactions in A* are noncontradictory, and
(2) that for any consistent state D C S, the result res #+(D) is
also consistent.

For (1), we note that all reactant and product sets of reac-
tions in A, are noncontradictory because in standard RSs
we assume that reactants and inhibitors are always disjoint
and their products are sets of positive entities. Similarly, all
reactant sets of reactions in A, are noncontradictory by
definition of (minimal) prohibiting set and their product sets
are singletons and thus trivially noncontradictory.

For (2), let D C S be a consistent state and let a € S.
We have that a € res #+(D) iff a € res Al (D), iff there exists
a reaction (RU I,P U {a}) € A%, with RU T C D, iff there
exists areaction (R, I, PU{a}) € A with RUI C D, iff for any
set T € Prohz(a) we have TN (I UR) # 0 with RUT CD,
iff for any reaction (T,a) € A},, we have T ¢ D (because D

neg

is consistent), iff a ¢ resay, (D), iff 2 ¢ res #+(D). O

Example 2

Considering again the RS defined in Example 1, we have
that A, = {r{,r},r;} with r/ = (ab¢,b), r; = (b,bc) and
r; = (ca,ab). Moreover, since

Prohz(a) = {{c}.{a}},
Proh#(b) = {{b,C},{a,b},{a,c}}, and

Pl’Ohy{(C) = {{6}’{0}}’

we have that

A= {1} = GA).r, = (a3). ]
r6’ = (E)C‘, b), r7’ = (ab,b), ré = (ac,b),
ry=(b,6),rj, =(c.C)}.

While the standard RS and its positive counterpart exploit
different set of entities, respectively S and S = SU S, it is pos-
sible to mark a bijective correspondence between the states
of the two different formalisms: the states of the standard RS
are interpreted by adding negative entities corresponding to
all missing entities.

Definition 8 (State Bijection)
Let us define the following functions:
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pos : 9(S) — 9(S) such that pos(D) = DU (S \ D);
std : 9(S) — 9(S) such that std(D) =D N S.

We note that:

for any D C S, pos(D) is consistent by construction;
for any D C S, std(pos(D)) = D;
for any consistent D C S, pos(std(D)) = D.

Following this intuitive correspondence, we can prove that
standard RS and its corresponding positive version compute
exactly the same states.

Proposition 1
Let A* as in Definition 7. For any state D C S,

res 7(D) = std(res #+(pos(D))).

Proof

Let us take a generic entity a € S. We have that a € res #(D)
iff there exists a reaction (R,1,P) € Asuchthatae P, RC D
and I N D =0, iff there exists a reaction (RU I,P) € A}
such that ae P, RC D and I C S\ D, iff there exists a
reaction (RUI,P) € AY suchthatae Pand RUIC DU

pos
(S'\ D), iff there exists a reaction (R U I,P) € A}, such that
a€ P, RUICpos(D), iff a € res #+(pos(D)) (because, by
Lemma 1, pos(D) is consistent and thus res #+(pos(D)) is

also consistent), iff a € std(res #+(pos(D))). O

Example 3

Consider again the RS presented in Examples 1 and 2. Recall
that D; = res#({a,b}) = {b,c}. By drawing the correspon-
dence discussed before between standard and positive states,
we can verify that

res a+(pos({a,b})) = resz+({a,b,c}) = {a,b,c},
by applying r{, r}, r; and r{, from which
std(res #+(pos({a,b}))) = std({a,b,c}) = {b,c} = D;.

Conversely, the correspondence can be drawn also by
starting from any consistent state of a Positive RS.

Proposition 2
Let A" as in Definition 7. For any consistent state D C S,
one has

res z+(D) = pos(res #(std(D))).

Proof
By Proposition 1 and since D is consistent, we have

pos(res 7 (std(D))) = pos(std(res #+(pos(std(D)))))

= res #+(D). O
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As a direct consequence of the aforementioned results, we
can seamlessly extend the precise correspondence between
the result sequences generated by a standard Reaction System
and those produced by its positive counterpart.

Corollary 1
Let A* as in Definition 7.

1. For any initial state Dy of A and i > 1,
res')(Do) = std(res', (pos(Dy))).

2. For any consistent initial state Dy of A* and i > 1,
res(;;+ (D) = pos(res(;[?(std(Do))).

Proof

The proof is a trivial induction on i whose base cases corre-
spond to Propositions 1-2 and whose inductive cases exploit
the facts that std(pos(D)) = D and pos(std(D)) =D (when D
is consistent). O

4 Slicing

Computational models for complex systems can involve ex-
tensive data spaces as well as operations spanning numerous
variables and datasets. Consequently, when some corrupted
data is detected, the problem can be due to some error propa-
gation, and in general it is quite difficult to pinpoint its origi-
nal cause amidst the vast array of data and operations. Slicing
allows us to transition from a global analysis of the system
to a more focused, local one. The idea behind slicing is to
identify the portion of a computation, or of a program, which
is responsible for a bug by exploiting a localized analysis.
This analysis discards irrelevant objects, focusing primarily
on those elements that could have potentially influenced the
corrupted data.

Slicing was introduced in Weiser [40] as a static technique
for imperative programs, independent of any particular input
of the program. Static slicing was then extended by intro-
ducing dynamic program slicing by Korel and Laski [33].
Thereafter, many slicing techniques have been developed for
a full variety of programming paradigms, including, e.g.,
functional programming by Ochoa et al. [35], Term Rewrit-
ing by Alpuente et al. [1], functional logic programming by
Alpuente et al. [2, 3], and Constraint Concurrent Program-
ming by Falaschi et al. [30] (see Silva [39] for a survey).

4.1 Slicing for Reaction Systems

In the case of Reaction Systems, the typical error that is de-
tected in a computation is the presence of a group of entities
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that was not expected. Slicing allows us to focus the atten-
tion on the reactions that were responsible for the generation
of the undesired entities and consequently on the reactants
involved in their enabling. In Brodo et al. [18] we have de-
fined a framework for dynamic (backward) slicing of RSs.
By considering a finite computation trace, the analyst can
mark a subset of the entities in the last state of the com-
putation as unwanted entities. The slicing algorithm looks
at the states traversed by the computation, tracking only the
entities and reactions that can have played a role in the gen-
eration of the marked entities. The analyst can thus focus on
a much smaller set of causes and using her expertise, she
can understand the source of error, e.g., that some reaction is
missing or mistyped or erroneously introduced in the system.
The process of marking the entities can also be automated
by monitoring the execution of the system with respect to a
safety specification in modal logic. When the monitor detects
a state which does not satisfy the specification, the entities
which cause the failure are marked and the slicing algorithm
starts from such a state.

Alpuente et al. [1, 3] have some similarity with our work
in the adoption of a backward style of computation of the
slicer. Moreover, Alpuente et al. [3] uses assertions to stop
the computation and to start the slicing process. It is worth
noting that our framework and theirs are otherwise quite
different from a technical point of view. Alpuente et al. [3]
considers the Maude language, and Alpuente et al. [1] is
oriented towards functional computations.

One possible shortcoming of the slicing algorithm
in Brodo et al. [18] is that it does not take into account the
role of inhibitors. While this assumption can quite improve
the performance and reduce the complexity of the algorithm,
it may ultimately lead to disregarding which missing entities
were crucial for the production of the target entity. However,
when inhibitors are not present in reactions, no information
is lost. For these reasons, we now consider the application
of dynamic backward slicing on Positive Reaction Systems
obtained from the transformation defined in Sect. 3.

4.2 Slicing for positive Reaction Systems

Following Brodo et al. [18], the slicing technique consists of
three steps.

Enriched semantics (Step S1) The slicing process re-
quires some extra information to be collected at run time.
More precisely, (1) at each operational step, we need to high-
light the reactions that have been applied; and (2) we need to
determine the part of the state that is necessary to produce
the marked entities in the next state. For solving (1) and (2),
we consider an enriched semantics that records computation
sequences.

N, N
Input: — atrace Dy — - - - — D,,,,
—amarking Dyjiced € D,

N
Output: asliced trace D —5 -+« = Dyjicea

1 begin

2 let D;n = Dyjicea

3 fori=mto1do

4 lee D; | =0AN;=0

5 for j € N; where rj = (Rj, P;) such that

D;NP; #(0do

6 let N/ =N/ U {j}

7 let D} | =D, | UR;
8 end

9 end
10 end

Algorithm 1: Trace Slicer for context independent com-
putations in PRS

Marking the state (Step S2) Let us suppose that the final
configuration in a partial computation is D,,,. The analyst
selects a subset Dyjiceq S D)y, that may explain the (wrong)
behavior of the program.

Trace slice (Step S3) Starting from the marked entities
Dyiiceq, we define a backward slicing step, which is applied
iteratively. Roughly, this step allows us to eliminate from
the execution trace all the information not related to Dyjjceq.
Starting from this sliced final state and proceeding backwards
we can compute at each step the information which is relevant
to produce the marked elements in the final state.

4.3 Trace slicer algorithm

Let us explain how the slicing Algorithm 1 works. In the
following we assume that the reactions are numbered con-
secutively by natural numbers, and denote the jth reaction in
the RS by the notation ;.

As a matter of notation, please notice that each history

N
Dy,...,D,, computed in m steps defines a trace Dy =5

LN D,,, on which we perform the slicing computation,
where N; is the set of reactions applied in the ith computation
step. Here each reaction is simply represented by its numeric
position in the list of reactions, i.e., N; = {j | en,,(D;-1)} for
any i € [1,m]. Abusing the notation, in the following we write
rj € N whenever j € N. In this version of the algorithm, we
consider Positive Reaction Systems. The algorithm is com-
pletely similar to that in Brodo et al. [18], but the results that
we can derive from the analysis of Positive Reaction Systems
are much more informative, as we will show by our example.
In the following example we compare the application of
the slicing algorithm to PRSs with respect to standard RSs.

Example 4

T-cell differentiation is a widely studied biological phe-
nomenon for which several regulatory network models have
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been proposed. We consider here the model investigated
in Mendoza and Xenarios [34]. This model describes a real-
istic regulation system that is involved in many diseases. We
have coded by an RS the regulatory network governing the
differentiation of CD4+ T cells presented in CellCollective
Org [21]. The resulting RS is composed by 26 reactions. A
few of them are below:

({il4r},{socs1},{il4r})
({ifnb},{}, {ifnbr}),
({stat1},{gata3}, {tbet})

({tbet}, {},{socs1})

({ter}, {}.{nfat})
({tbet}, {gata3}, {tbet})
({gata3}, {stat1},{il4})
({stat1},{},{socs1})

Then, we derive the corresponding PRS, where each re-
action is composed of only two fields, reactants, and the
products, since inhibitors are no longer present (i.e., the re-
actions in the set A},).

({il4r,socs 1}, {il4r})
({ifnb},{ifnbr}),
({stat1,gata3}, {tbet})
({tbet}, {socs1})

({tcr},{nfat})
({tbet,gata3}, {tbet})

({gata3,stat1},{il4})
({stat1},{socs1})

We recall that, for each entity in the original RS, the
corresponding PRS includes some reactions for producing
the negative version of the entity (i.e., the reactions in the set
Al )

neg

({socs8}, {il18r})
({il4}, {il4r})
({ifnb}, {ifnbr})
({gata3}, {tbet})
({stat1}, {tbet})

({stat1}, (i4})
({stat1}, {socs1})

({18}, {if18r})
({socs1}, {il4r})
({ter}, {nfat})
({toet}, {tbet})
({gata3}, {tbet})

({gata3}, {il4})
({toet}, {socs1})

Now we consider a computation in the original RS con-
sisting of 6 steps which leads to a state containing the entity
tbet. Table 1 shows the result sequence (left column), the step
number (center column), and the simplified trace produced
by the slicer (right column).

The simplified computation explains which reactants are
involved in the computation in this Reaction System, but does
not explain the role of the inhibitors.

By applying the slicer to the PRS, we get the sliced trace
in Table 2. Concerning the positive entities, the sliced trace
is identical to that of the RS. However, it adds the negative
entities which explain which inhibitors must be absent for
tbet to appear. We derive also an interesting property. If we
add to any state of the sliced trace any positive entity which

Springer

Table 1 The original RS trace and its sliced trace

Computation trace step sliced trace
{il12,il18, tcr} 0 {tcr}
{il12r,il18r, nfat} 1 {nfat}
{ifng, irak, stat4 } 2 {ifng}
{ifng, ifngr} 3 {ifngr}
{ifngr, jak1} 4 {jak1}
{jak1, stat1} 5 {stat1}
{socs1, stat1, tbet} 6 {tbet}

Table 2 Slicing the Positive RS

step sliced trace

0 {tcr, gata3, ifnb, fnbr, il10r, il4, il4r, jak1, stat1, stat6, thet }
1 {nfat, gata3, ifnbr, 4, il4r, stat1, stat3, stat6, tbet }

2 {ifng, gata3, il4, il4r, stat1, stat6, tbet }

3 {ifngr, gata3, il4r, socs1, stat6 }

4 {jak1, gata3, stat6 }

5 {stat1, gata3}

6 {tbet}

does not lead to an inconsistency, the entity tbet will still be
produced.

The computations have been performed using BioRe-
Solve (Brodo et al. [18]), a tool implementing a process
algebraic semantics of RSs and the slicing analysis method
briefly described in this section. BioReSolve has been de-
veloped in SWI-Prolog and is publicly available with open
source license.?

5 Predictor analysis

Dynamic slicing is aimed at detecting the causes behind
some behaviors in a given computation. On the other hand,
predictor analysis delves into understanding how entities can
influence each other through reactions. The problem we face
is to distill the most general condition on the initial state for a
designated entity to be produced after n steps of executing the
(closed) Reaction System. This inquiry was originally raised
in the paper by Brijder et al. [13], where the authors proposed
for the first time the concept of predictor. Predictors single out
the sets of entities that could play a role in the production of
a target object within a given number of steps. Subsequently,
several different notions of predictors were introduced for a
not necessarily closed Reaction System (see Barbuti et al.
[6, 8]). Later works (see Barbuti et al. [7, 10]) studied the

2 http://www.di.unipi.it/~bruni/LTSRS/.
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definition of predictors for closed Reaction Systems, called
ancestors in Dennunzio et al. [27]. Ancestors are initial states
that surely lead to the production of the target entity.

In order to be able to determine all the alternative condi-
tions on the initial states for them to be ancestors, the authors
introduced the idea of exploiting a Boolean formula charac-
terizing all and only the ancestors states for a given entity.

5.1 Ancestors

Ancestors are sets leading to the production of a given entity
in the required number of steps.

Definition 9 (nth Ancestors for a)
Let A =(S,A) be a Reaction System. Given a € S, a set Dy
is an nth ancestor of aif a € res(;)(Do).

The same concepts can be naturally extended to sets of
entities.

Definition 10 (nth Ancestors for {a;,...,a,,})

Let A = (S,A) be a Reaction System. Given {ay,...,a,,} C
S, aset Dy is an nth ancestor of {ay,...,a,}ifVi: 1 <i <m,
a; € res(;)(Do).

Ancestors can be succinctly represented by Boolean for-
mulas on the alphabet S. Formally, letting £ =S U =S be
the set of all positive and negative literals, we consider the
set Fs of propositional formulas on S, defined as the least
set such that £ U {true,false} C Fs and fi V f, fi A fr € Fs
if fi,/, € Fs. The propositional formulas f € Fg are in-
terpreted with respect to sets of entities. Correspondingly,
the satisfaction relation is written C |= f, where C C S and
f € Fs. For example, the propositional symbol a is satisfied
by any set C such that a € C. The complete definition of the
satisfaction relation is as follows.

Definition 11 (Satisfaction)

Let C C S for a given set of entities S. Given a propositional
formula f € Fs, the satisfaction relation C |= f is inductively
defined as follows:

C |= true,
Cl=aiffaeC,
Cl=-aiffag¢C,

CEAVAITCEfiorC = f,
C=EAANLITCIE fiand C [ f.

Note that, for simplicity but without loss of generality,
we restrict the use of negation to literals: the negation of
a formula f € Fg is representable in ¥s using De Morgan
laws. We aim to define a formula characterizing all the initial
sets Dy that lead to the production of a given product a € §

after exactly n steps. Note that the formula for an nth ancestor
of a set of entities {a;,a,,...,a,,} € S can be obtained by
combining in conjunction all the nth ancestor formulas for
each a; withi e {1,...,m}.

Our goal is to characterize all the initial sets leading to
the production of entity a in the required number of steps by
devising a propositional formula f, called the nth ancestor
formula, that all such initial sets have to satisfy (according
to the satisfaction relation defined in Definition 11).

Definition 12 (nth Ancestor Formula)

Let A= (S,A) be a Reaction System and a € S be an entity
of interest. We say that a formula f € Fg is an nth ancestor
formula of a iff the following holds:

Do f & res?)(Do) [ a.

The causes of an entity in a Reaction System are defined
by a propositional formula on the set of entities S. First of
all, we define the applicability predicate of a reaction r as a
propositional logic formula on S describing the requirements
for the applicability of reaction r. That is, the fact that all
reagents must be present and inhibitors must be absent. These
requirements are expressed by the conjunction of all atomic
formulas representing the reactants and the negations of all
literals representing the inhibitors of the considered reaction.

Definition 13 (Applicability Predicate)
Let r = (R, 1, P) be a reaction on entities S. The applicability
predicate of r, denoted by ap(r), is defined as follows:

ap(r) = ( A ar) /\(/\ —|al-).

a, €eR a;el

The causal predicate of a given entity a is a propositional
formula on S representing the conditions for the production
of entity a in one step, that is, we require that at least one
reaction having a as a product has to be enabled.

Definition 14 (Causal Predicate)

Let A = (S,A) be a Reaction System. Given the entity a € S,
the causal predicate of a in A, denoted by cause(a, A) (or
cause(a), when A is clear from the context), is defined as
follows:3

cause(a) = ap((R,1,P)).
{(R,I,P)cAlacP}

Moreover, we define the negation of the causal predicate
of a, called nocause(a), as the DNF formula equivalent to
—cause(a).

3 Note that, as a special case, cause(a) = false if thereisno (R, I, P) €
A suchthata e P.
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Note that nocause(a) is computed (once for all) from
cause(a) by putting the negations next to the atomic entities
using De Morgan’s laws and then by nesting all conjunctions
within the disjunctions using the distributive law.

In order to devise (effectively compute) the nth ancestor
formula we define an operator Anc.

Definition 15 (Ancestor Operator)
Let A = (S, A) be aReaction System and a € S be an entity of
interest. We define a function Anc : S X N — Fg as follows:

Anc(a,n) = Anc"(a),

where the auxiliary function Anc : s — Fs is recursively
defined as follows:

Anc(b) £ cause(b),
Anc(=b) £ nocause(b),
Anc(fi V f2) = Anc(fi) V Anc(f2),
Anc(fi A f2) = Anc(fi) A Anc(f2),
Anc(true) = true,

Anc(false) = false.

‘We can prove that operator Anc computes the nth ancestor
formula.

Theorem 1 (Barbuti et al. [6])
Let A = (S,A) be a Reaction System. For any entity a € S,
Anc(a,n) is an nth ancestor formula of a.

The ancestor formula can always be thought as expressing
the different alternative conditions to be satisfied by an initial
state. To this aim, we can always transform the ancestor
formula into disjunctive normal form. This form allows us to
compactly represent the formula using a set of sets of literals
such as {Li,...,L,}, where the literals in the same set L; are
interpreted as being in conjunction, while the entire formula
is obtained as a disjunction of the different L;. We call o the
map from formulas in disjunctive normal form to set of sets
of literals:

o(\/ N\l 2 AL lie IALi={L;] j €L},

iel jel;

Example 5
For example, the formula f = (a Ab) vV (a A c A =b) can be
represented by the set

F=0(f)={{a,b},{a,c,-b}}.
5.2 Approximated ancestor computation
While the definition of a systematic way to compute ancestor

formulas has undoubtedly a theoretical relevance, the com-
plexity of the ancestor computation depends on the number
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of reactants and inhibitors that are present in each reaction.
Moreover, the complexity of the computation increases with
the number of steps. In Barbuti et al. [7, 10] it was shown that
answering the question if a starting state for the production
of a given entity (in the required number of steps) exists or
not was, in general, intractable. Indeed, such problem could
be solved by simplifying the computed ancestor formula that
required, in theory, putting the formula in disjunctive normal
form and then finding the minimal simplification. Even if
we do not want to simplify the formula to ease its verifica-
tion, the size and the complexity of the formula makes the
calculation feasible only for a limited number of steps.

For these reasons, we need to introduce some kind of
approximation. Instead of computing the exact ancestor for-
mula, we take into account just the set of entities that must be
present in any ancestor and those that may be present in some
ancestor: even if they provide just some partial information,
they are computationally less expensive to calculate. The
correspondence between the exact ancestor and the approx-
imated version can then be formalized in terms of abstract
interpretation as the relation between two domains, the con-
crete domain with exact information and the abstract domain
where the approximation takes place.

Letting £ =S U =S be the set of all positive and neg-
ative literals, our concrete domain is a suitable subset of
9(p(L)), which accounts for disjunctive propositional for-
mulas, as discussed at the end of the previous section (see
Example 5). Since the different conjunctions in the ances-
tor formula describe different initial states, the order on the
concrete domain we consider is simply set inclusion of the
subsets representing the conjunction.

Definition 16 (Concrete domain)
We let the concrete domain be defined as

C={Li}i e p(p(L)) | Vi.-va{a,—a} £ L;}

ordered by inclusion.

Note that the domain C does not correspond to that of
propositional formulas ordered by implication as it admits
noncomparable representations of equivalent propositional
formulas. For example, while a is logically equivalent to
(aAb)V(aA-b) the elements {{a}} and {{a,b},{a,—b}}
are not comparable. Roughly, this is due to the different role
played by literals in the two cases: in a conjunctive formula
the absence of a literal means that its truth value is not
important, while in the domain C the absence of a literal
means that we have no information about its presence or
absence.

The idea of the approximation is to consider just two sets
of literals: the first element, called must, collects all the
literals common to all sets and the second, called maybe,
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lists the literals appearing in at least one set (but not present
in must). Hence, the approximation belongs to the abstract
domain p(L) x p(L).

Definition 17 (Abstract domain)
We let the abstract domain be defined as

M = {(MU,MA) € p(L) x p(L)
|Va.(({a,ma} NMU# 0 = {a,-a} NMA=0)
A{a,—a} ¢ MU)}.
The corresponding order on such an abstract domain is
defined as follows: given (MU},MA;),(MUp,MA;) € M, we

let (MU;,MA;) C (MU,,MA,) iff MU, C MU; and MU; U MA| C
MU, U MA;.

Following an abstract interpretation approach as in Cousot
[23], Cousot and Cousot [24, 25], the concrete and abstract
domains can be related by an abstraction and concretization
functions that form a Galois connection.

Definition 18 (Abstraction Function)
The abstraction function « : C — M is defined as follows:
forany F = {Li,...,L,} €C,

a(F) = (must(F),maybe(F)),

where must : C — ¢(£) and maybe : C — p(L) are two
auxiliary functions such that:

must(F) = (N, Li,
maybe(F) = U, L; \ must(F).
Example 6

The sets must(F) = {a} and maybe(F) = {c,b,-b} approxi-
mate the set F' of Example 5.

The following technical lemma will be exploited in the
proofs of Propositions 3 and 4.

Lemma 2
Forany F={Ly,...,L,} €C,

must(F) Umaybe(F) =", L;.

Proof
Trivially,

must(F) Umaybe(F) =must(F) U (UL, L; \ must(F))
=must(F)U (U, L)
=(Niz, L) VUL, L)
=UL, L. ]

The concretization function will transform the pair of sets
into a set of sets of literals that will include also the original
ancestor formula. To construct such sets, we need to include
all entities in the must set together with an element of the
power set of the maybe set.

Definition 19 (Concretization Function)
The concretization functiony : M — C is defined as follows:
for any (MU,MA) € M,

y(MUMA)={L|MUC L C(MUUMA) AVa.{a,—a} ¢ L}.

Proposition 3
Functions a and vy form a Galois insertion.

Proof

It is immediate to check that the maps @ and y are monotone.
To show that they form a Galois connection, we need to prove
that, for any F € C and any (MU,MA) € M, one has

F C y(MU,MA) & o(F) C (MU,MA).

Let F={L,,...,L,}. We have

F C y(MU,MA) & Vi.L; € y(MU,MA)
& ViMUC L; CMUUMA
eMUCNL, L)AL, L CMUUMA)
< (MU C must(F))
A (must(F)Umaybe(F)) C MUU MA)
© (must(F),maybe(F)) C (MU,MA)
© a(F) C (MU,MA).

Finally, we note that, for any (MU,MA) € M, we have:

* must(y(MU,MA)) = MU, because, by definition of y, MU is
the smallest set in y(MU,MA) and it is included in any other
set L € y(MU,MA);

 and maybe(y(MU,MA)) = MA. In fact, to see that

ULeyow,ma) L \ MU C MA,

we note that any L € y(MU,MA) is included in MU U MA and
thus if / € L \ MU then [ € MA. Vice versa, if [ € MA, let L =
MU U {l}:4 since MU C L C MU U MA then L € y(MU,MA) and
therefore / € Uy eymuua) L- Since MU and MA are disjoint
(by definition of M)and [ € MA, we have l € (U cyamma) L\
MU.

Thus, we conclude a(y(MU,MA)) = (MU,MA). O

4 We note that Va.{a, —ma} ¢ L because (MU, MA) € M.
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Example 7
We can now apply the concretization function to the abstrac-
tion obtained in Example 6:

7({a}’{b’_'b’c}): { {a}’ {a,b},
{a’_'b}v {a,C},
{a,=b,c}, {ab,c} }

Note that we compute an overapproximation of the original
set of sets. Indeed, the sets belonging to the concrete set from
which we started in Example 5 are underlined here.

Each conjunct of the disjunctive form of the ancestor for-
mula expresses a possible initial state that leads to the pro-
duction of the desired entity in the required number of steps.
The disjunctive form collects all of them. The kind of ap-
proximation we propose devises a superset of such states, that
includes all conjuncts together with some redundant sets and
some other sets that will not produce the required entity.

However, our approximation allows us to define an ab-
stract version of the ancestor operator Anc, defined in the pre-
vious section. Such an abstract operator takes a pair (MU,MA)
and transforms it to a new pair of sets.

Definition 20 (MuMa Operator)

Let A =(S,A) be aReaction System and let a € S. The Must/
Maybe ancestor operator MuMa : S X N — M is defined as
follows:

MuMa(a, n) = MuMax”({a}, 0),

where MuMax : M — M is an auxiliary function defined
inductively as follows:

MuMax(MU,MA) = (muyx(MU), mayx (MU, MA)),

where

miux(MU) = | eqy must(Fy),
may (MU, MA) = U (must(F;) Umaybe(F})) \ miu,(MU),

1€MAUMU
F; £ o(Anc(l)).

The definition of the abstract operator MuMa can be better
understood by reading the above equations bottom-up. If / is
a positive literal a, then F; is just (the image via o of) the
causal predicate of a. If / is a negative literal a, then we need
instead to take the image of the negated causal predicate.
Note that a(F;) = (must(F;),maybe(F;)) collects the must—
maybe causes for a single literal in a single step.

The function muy takes a set MU of must causes, for each
literal in MU computes its must set for a single step, and then
returns the union of all such must sets. The function may
deals with maybe sets: it takes a set MU of must causes and
a set MA of maybe causes, then for each literal [ € MU U MA
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computes the union must(F;) U maybe(F;) of its must and
maybe causes and collects them all, finally to return the set
of maybe causes it removes the must causes muy (MU).
Finally, the function MuMax™ just iterates the calculation
of must—maybe causes for n steps.
The following example clarifies the above procedure.

Example 8
Let A = {a,b,c} be the Reaction System with the following
reactions:

ri = ({a},{b},{b}),
r3 = ({a7 C}’07 {b})’
rs =({a,b},0,{c}).

The must and maybe sets for all the literals are given
below:

a(Fa) = ({b,c},0),
a(Fp) = ({a},{c,=b}),
a(Fo) = ({b}.{a,~c}),

Assume we want to approximate the ancestor for the entity
c in 3 steps. We need to compute MuMa(c, 3):

n= ({b,c},(/),{a}),
rs = ({b}{c}.{c}).

a(F.a) = (0,{=b,~c}),
a(F—'b) = ((b7 {_'a’b7_'c)})7
a(F-c) =(0,{—a,—b,c}).

MulMa(c,3) = MuMax¥({c}, {})
= MuMax®({b},{a,~c})
=MuMax({a},
({a} U {c,=b} U {b,c}
U{=a,=b,c}) \ {a})
=MuMax({a},{-a,b,—b,c})
= ({b,c},{a,—a,—b,~c}).

Note that the (exact) ancestor of c in 3 steps is
o(Anc(c,3)) = {{a,b,c}},

expressing the fact that after 3 steps we can reach a state
where entity c is present if and only if we start in an initial
state D containing a, b, and c.

Observe that if one were to concretize MuMa(c,3), then
one would obtain an overapproximation of Anc(c, 3), namely

o (Anc(c,3)) C y(MuMa(c,3)) = {{a,b,c},{—a,b,c}}.

Since not all the states belonging to the application of
operator MuMa lead to the production of the entity of interest,
once we have computed the abstraction, we need to check
which initial states in the concretization actually lead to the
desired outcome. This can be done by running the Reaction
System (for the given number of steps) starting with the dif-
ferent initial states identified by the abstraction. Note that
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the presence of inhibitors causes the reasoning to be non-
monotonic: to detect all the states that lead to the desired
outcome, we need to check all the initial states satisfying the
abstraction, because we cannot rely on minimal sets only.

Example 9

Consider again the RS in Example 8. Assume we are inter-
ested in the production of b in 1 step. The corresponding
ancestor formula is

Anc(b,1)=(aA-b)V(aAc)
while using the approximation we compute
MuMa(b, 1) = MuMax({b},0) = ({a},{-b,c}).

If we are interested in all the initial states that lead to
the production of b in 1 step, we have to check the sets {a},
{a,c}, butalso {a,b} and {a, c,b}, because the fact that some
sets satisfying MuMa(b, 1) (in this case {a} and {a,c}) lead
to the production of {b} in 1 step does not guarantee that all
their supersets will do the same. Indeed, {a,b, c} does, while
{a,b} does not.

We conclude this section by showing that the MuMax op-
erator is a correct approximation of the ancestor function
Anc.

Proposition 4 (Soundness)
For any f in disjunctive normal form,

a(o(Anc(f))) E MuMax(a(o(£)))-

Proof
First note that for any F' € C, we have

F={({UUBy),...,(UUBy)},

where U = must(F) and Uf:l B; =maybe(F): in the follow-
ing, we tacitly assume this standard representation for the
elements of C. In particular, we let:

o(f)={(MUL),....(MULy)},
Fy 2 o(Anc(f) = {(M" v L]).....(M" U L}, )}.
Therefore,

a(o(f) = (M. UL, L)

a(Fp) = (MUY, L-jf).

Moreover, we let (Mu,Ma) = MuMax(a(o(f))), i.e.,
Mu = muyx(M) = U pep must(o(Anc(p))) = Upen M?,
Ma = max(M, U}, L;).

To prove the claim, by definition of E, we need to show
that:

1. Mu C My; and
2. MF U L] SMuUMa,

For the former, taking a generic literal / € Mu, we need
to show that [ € M. Since [ € Mu, it must be the case that
| € MP for some p € M. Since pe M, then pe M U L; for
alli € [1,n]. Therefore M? C M/, because the ancestors of p
are taken into account in any disjunct of f, and we conclude
leM’.

For the latter, we prove the stronger property

m

M/ uU L =1muuta,
Note that, by definition,
M OUM Ll =Uper, L.

Exploiting Lemma 2, and using the shorthand [ € f in place
of the more verbose [ € (Jy ¢ (r) L to mean that [ is a literal
that appears in the formula f, we can show that

Mu U Ma = Ujep must(o(Anc(l))) Umaybe(o(Anc(l)))
=UrerULer, L,

where, as usual, F; = o-(Anc(l)). Finally, the equality

Urer, L=Ures ULer, L
can be proved to hold for any formula f by structural induc-
tion on f. The base cases, where f is a Boolean value or
f =1 for some literal [ are trivial. For the inductive cases, if
S =NV f2, we have
Urer, L =ULeo(anc(hvancp) L

= ULeo(anc(h)uoanc(p) L

=(Urer, L)V (ULer, L)

=(Uref ULer, L)Y (Urep Urer, L)

=Ure(hvp) ULer, L-
Finally, if f = fi A f>, we have

Urer, L = ULeo@nc(fiyrancs) L
= UL eaanc(h)), L ec(anc()) L1 Y L2
=(Urer, L)V (UL er, L2)
=(Ures UL er, L1) Y (Urep Uryer, L2)

=Ure(siap) Urer, L. o
5.3 Applying the abstraction to PRSs

Of course, we can reason on Positive Reaction Systems in
the same way we did for ordinary Reaction Systems. There-
fore, the abstraction proposed in the previous section can be
applied also to Positive Reaction Systems.
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However, when reactions are without inhibitors, an impor-
tant advantage in the verification stage comes out because
we can exploit monotonicity. In particular, when checking
for each formula in the concretization whether this formula
leads to the production of the entity of interest, we can reason
on minimal sets only.

Proposition 5

Given a propositional formula f € Fs that does not contain
any negative literals. For any superset C' 2 C, we have that
CEf=CFEf

Proof
We proceed, by structural induction on f.

The base cases f = true and f = false are trivial.

If f = a for some literal a € S and C |= f, then it means
thata € C C C’ and thus C’ |= a.

The case f = —a is not admissible, as f does not contain
any negative literals by hypothesis.

If f = fi vV f> for some formulas f; and f, without negative
literals and C |= f, then it means that C |= f; for some i €
{1,2}. Then, by inductive hypothesis, C’ |= f; and thus C’ |=
f-

If f = fi A f> for some formulas f; and f, without negative
literals and C |= f, then it means that C |= f; and C |= f.
Then, by inductive hypothesis, C’ |= fi and C’ |= f>, thus
C'=f. |

This property assures us that in the case of Positive Re-
action Systems, once we have determined a set in the con-
cretization of the Mula abstraction, we can avoid checking
all the supersets of such a set because we are sure they will
lead to the desired outcome as well.

Example 10
Let us revisit the RS presented in Examples 8-9 by encoding
it into a Positive one. We have:

A;OS = { rl/ = (aB,b)’rZ, = r2»rj: = r37r4( = (b(_),C),
rg=rs},
Ateg=1{rg=(ba)r;=(@a).rg=@b).
ry = (bC,b),r|, = (b,C),r{, = (&c,C) }.

As before, assume we are interested in the production of
b in 1 step. Our abstraction describing all the initial states
leading to b in 1 step in A" is

MuMa(b, 1) = MuMax'({b},{})
= MuMax’({a}, {b.c})
= ({a}.{b.c}).

Note that this time the set {a} does not lead to the produc-
tion of b in 1 step. The minimal sets that produce b are {a,b}
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and {a,c}. Once we have determined them, we are guaran-
teed that also any of their supersets will work as initial state.
As, for example, {a,b,c}.

5.4 MuMa tool

We developed a tool to compute the ancestor computation
based on the MuMa operator following the procedure pre-
sented in the previous two sections. The tool is written in
Java and available on GitHub,> together with installation and
usage instructions. In particular, we used SwingX frame-
work for the graphical user interface and Guava and BitSet
libraries respectively to implement the initial logical compu-
tation and to improve performances based on set computa-
tions. The tool works for RSs in general, but it is designed to
take some advantages in the case of PRSs.

MuMa requires to load a Reaction System. This can be
done incrementally, by adding one reaction at a time, or all
at once by uploading a file containing all reactions together,
written in a suitable plain text format. Once the entire Reac-
tion System is loaded, we can ask for the computation of the
ancestor of a single entity or any conjunction of entities for
an arbitrary number of steps. The tool will then perform the
computation of the approximation based on the MulMa opera-
tor as defined in Definition 20. After such a computation, the
results can be visualized and the two final stages that consist
of the concretization of the abstraction and the checking of
the real solutions can be executed on request. At the end, a
table will show all the verified formulas that are legal initial
states for the required outcome, grouped by set inclusion. A
sample screenshot of MuMa graphical interface is shown in
Fig. 1.

We studied the performance of our tool with standard and
Positive Reaction Systems. Indeed, one possible problem of
the proposed abstraction resides in the verification phase.
When dealing with standard Reaction Systems, the explo-
sion in the size of the configurations that need to be checked
can be a serious bottleneck. The complexity of this operation
depends on the number of formulas generated by concretiza-
tion, the number of initial states satisfying the formulas, and
the number of steps performed. We tested our tool on a ma-
chine with 8-core AMD Ryzen7 5800H processor, with 16
processing threads and 16 GB of RAM. To challenge the
tool, we used a carefully crafted Reaction System consisting
of 20 entities and 33 different reactions (also available on the
GitHub page). We asked for the ancestors of a given entity
in 4 steps. In the analyzed case, despite the fact that the re-
sulting formulas had a very simple structure, the verification
was very difficult because it required checking 2'¢ different
configurations. For these reasons, we also implemented a

5 https://github.com/valquake/MuMa-Predictor.
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Fig. 1 MuMa tool graphical ‘®
interface File % Options

Over-Approximation

Reactants Products

Reaction: =

Reaction System

bl Predictor Results

Predictor Steps

Rb cdhi p27 1000
Add Reaction

Must/Maybe set based predictor  Attractors

create — E2F | CycA CycB Rb

p27 — E2F | CycBRb

create = Rb | CycA CycB CycD CycE
p27 = Rb | CycB CycD

create = UbcH10 | cdhl

Cdc20 UbcH10 — UbcH10

CycA UbcH10 — UbcH10

CycB UbcH10 — UbcH10

Cdc20 — cdhl

create — cdh1 | CycA CycB

p27 - cdhl | CycB

create — p27 | CycA CycB CycD CycE
p27 — p27 | CycA CycB CycD

p27 - p27 | CycB CycD CycE
create — create

Save Reaction System

Predictor

Steps: 1S

Table 3 Comparing MuMa performances on standard and Positive
Reaction Systems

Steps RS Positive RS Ancestors
1 35.64s 4 ms 1

2 130.03 s 4 ms 5

3 undef 17 ms 255

4 undef 31 ms 3071

translation into PRSs and systematically compared the effi-
ciency of the computations of the ancestors for standard and
(equivalent) Positive RSs. Clearly, also the translation of an
ordinary reaction system into a positive one has a cost but
this is required just once, at the beginning.

Table 3 shows the comparison between the performance
of our method in case of a standard and (equivalent) Positive
Reaction System. In the first column we reported the num-
ber of steps. In the second column there is the time required
to detect all the ancestors starting with the standard Reac-
tion System. In the third column there is the time required
to detect all the ancestors starting with the equivalent Pos-
itive Reaction System, and finally in the fourth column we
reported the number of ancestors found.

As we can see, thanks to the translation into Positive Reac-
tion Systems, ancestor problems that seem to be intractable
starting with a standard Reaction System become easier to
solve when starting with the corresponding Positive Reaction
System. This is because, thanks to Proposition 5 in the case
of Positive Reaction Systems, we can exploit its monotonic
behavior to avoid checking all the sets in the concretization.

However, also the concretization can be expensive be-
cause we must deal with the powerset of the maybe set, an
operation known to be exponential in the number of elements

Delete Selected

Compute Predictor

Must(~ CycD)
Maybe(Cdc20, CycA, CycB, CycE, E2F, Rb, UbcH10, cdhl, create, p27, - Cdc20, ~ Cyc/

Generate Solutions
Formula Is verified?
CycE Rb UbcH10 ~Cdc20 ~CycB ~CycD
CycA CycE cdhl ~Cdc20 ~CycB ~CycD
Rb UbcH10 cdh1 ~Cdc20 ~CycB ~CycD
E2F UbCH10 p27 ~Cdc20 ~CycB ~CycD
CYCE E2F UbcH10 ~CycA ~CycB ~CycD
Cdc20 Rb UbcH10 ~CycA ~CycB ~CycD
Cdc20 OycE cdhl ~CycA ~CycB ~CycD
E2F UbcH10 cdh1 ~CycA ~CycB ~CycD
OYCE UbcH10 p27 ~CycA ~CycB ~CycD
£ UbcH10 cdhl p27 ~CycA ~CycB ~CycD
CYcE E2F ~Cdc20 ~CycA ~CycB ~CycD

EAE Adhs (AR Ok CunD O,

in the set. Of course, this number strictly depends on the dif-
ferent reactants and inhibitors that constitute each reaction
considered for a single product.

In order to further improve our tool, we implemented
a multithread version of the concretization and verification
steps. Indeed, we parallelized the computation of the power
set. In more details, the presence or absence of all liter-
als that form a reaction is encoded using binary sequences.
These sequences are generated and processed in parallel with
a fork/join mechanism, in which only noncontradictory se-
quences are kept and collected. The final list will contain a
filtered power set. We also gave an additional parallel solution
for the verification procedure. The list of possible formulas
is split between a fixed number of thread in a thread pool.
Each thread will work on a list partition and will insert the
result for all the formulas in the task in a shared list, that will
be displayed in the user interface.

We evaluated the multithread benefits by using two clas-
sical metrics, namely scalability and speedup. Scalability is
the ratio between the throughput of the workload on a multi-
processor and the throughput on a comparable uniprocessor.
The speedup is the ratio between the performance obtained
by computing the task with enhancement and the one without
enhancement.

The Reaction System used as a benchmark has 23 reac-
tions and 10 entities. The reactions were chosen in such a
way that the abstraction was imprecise; in fact, the result
is a maybe set containing all positive and negative entities.
Therefore, the resulting concretization is a list containing all
possible noncontradictory formulas. In this way, the paral-
lel solution can express its full capabilities. Once again, we
compared the computation starting with standard and corre-
sponding Positive RSs.

From Fig. 2, we can notice that results are similar. This is
due to the fact that the execution time of sequential code is

Springer



524

L. Brodo et al.

— ideal
-¥- threadpool with inhibitors

-¥- threadpool with no-inhibitors

Scalability

4
n (# Workers)

Fig. 2 Scalability vs Speedup for a 10,000 steps execution

close to the execution time of a single thread. The tendency
observed is that even when the number of threads is greater
than 4 the threadpool behaves like when it worked with 4
threads, for this example. Moreover, also the experimentation
with multithreads gives a better performance when Positive
Reaction Systems are considered than with standard Reaction
Systems.

6 Conclusions and future work

This paper centers on formal cause/effect analyses for Re-
action Systems (RSs), a computational formalism inspired
by biochemical reactions in living cells. The presence of in-
hibitors in the reactions of an RS gives rise to a computation-
ally nonmonotonic behavior, which makes the identification
of the causes of the production of an entity more difficult.
This may cause an exponential blow up. To enhance scalabil-
ity and to expose the causal dependencies from inhibitors, we
have introduced a transformation from standard RSs to Pos-
itive RSs. This transformation preserves the behavior of the
original RS while replacing all inhibitors with new entities,
referred to as ‘negative’ entities, representing the absence of
their original counterparts. At the cost of introducing several
new reactions for bookkeeping negative entities, the trans-
formed system exhibits a monotonic behavior.

We have then considered two complementary analyses. A
slicing framework which allows us to focus on the causes of a
given set of entities in a specific computation, and a predictor
analysis that aims at determining a Boolean formula, called
ancestor formula, which expresses the exact causes of the
introduction of a set of entities in a given number of steps.
Both methods benefit from the transformation to Positive
RSs. Indeed, the slicer in Brodo et al. [18] did not previously
consider the role of inhibitors. In this paper we have shown
that we can now explain what are the minimal entities which
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Speedup

=¥~ vith inhibitors
-¥-' no-inhibitors

— ideal

4
n (# Workers)

must be present or absent (inhibitors) in a computation for
determining the production of a target set of entities. Regard-
ing the ancestor formula computation, we have introduced
an overapproximation of propositional formulas via abstract
interpretation, making the computation tractable and scal-
able. Finally, we have presented MuMa, a tool based on such
abstraction, and have conducted several experiments with
our prototype. The results confirm that, thanks to positive
reactions and the must/maybe abstraction, the performances
of the tool are quite improved and can scale up.

The cause/effect analysis methods we have considered
in this paper are closely related with responsibility analy-
sis approaches described by Deng and Cousot [26]. In that
context, methods are classified into dependency analysis,
counterfactual causality, and actual causality. The analysis
approaches we considered in this paper belong to the depen-
dency analysis class, namely they allow identifying entities
that contribute to some effect without measuring how de-
cisive they are. However, it is usually possible to conceive
experiments in which the application of these methods to dif-
ferent variants of the RS under study provides information
typical of counterfactual or actual causality. For instance,
in (Brodo et al. [19]), where we studied a gene regulatory
network, we repeated slicing analysis to an exhaustive set of
environmental conditions in order to determine how decisive
is each gene in the achievement of the behavior of interest
(similarly to actual causality). Moreover, the analysis can be
executed on a set of modified RSs in which system com-
ponents are selectively knocked-out to determine which of
them are nondecisive (as in counterfactual causality).

Several research directions are left to future work. First,
Positive RSs make it feasible to develop a theory of forward
causal analysis, where each entity carries its history of causes
during the computation, so that when an erroneous state
is reached the set of causes is immediately available for
inspection.
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Second, we plan to combine slicing with predictor analy-
sis. Essentially, the idea is that the slicer should not merely
return a plain set of causes, but rather a potentially disjunctive
ancestor formula. Disjuncts would provide a more detailed
account of the various alternatives ultimately responsible
for the production of a specific entity. For example, given
the (positive) reactions (ab,d) and (ac,d), the short result se-
quence abc, d, and the undesired production of d, the current
slicer would just return the entire set of causes abc, while a
more accurate ancestor formula would be ab Vv ac.

Third, the theory of abstract interpretation could be fur-
ther exploited in MuMa by devising abstract domains that
are more precise with respect to must/maybe sets, possibly
exploiting some ad hoc knowledge about the particular RS
under inspection to exploit correlations between entities in
the design of the abstract domain.

Fourth, we plan to study interactive RSs, where the en-
vironment (called “context”) can provide a set of positive
entities to the RS at each computation step.
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