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Abstract. We establish higher integrability estimates for constant-coefficient
systems of linear PDEs

Aµ = σ,

where µ ∈ M(Ω;V ) and σ ∈ M(Ω;W ) are vector measures and the polar dµ
d|µ| is

uniformly close to a convex cone of V intersecting the wave cone of A only at the
origin. More precisely, we prove local compensated compactness estimates of the
form

∥µ∥Lp(Ω′) ≲ |µ|(Ω) + |σ|(Ω), Ω′ ⋐ Ω.

Here, the exponent p belongs to the (optimal) range 1 ≤ p < d/(d − k), d is
the dimension of Ω, and k is the order of A. We also obtain the limiting case
p = d/(d− k) for canceling constant-rank operators. We consider applications to
compensated compactness and applications to the theory of functions of bounded
variation and bounded deformation.
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1. Introduction

Let V,W be finite-dimensional inner product vector spaces. We consider a constant-
coefficient homogeneous linear differential operator A : D′(Rd;V ) → D′(Rd;W ) of
order k, which acts on smooth maps u as

Au =
∑
|α|=k

Aα∂
αu, Aα ∈ Lin(V,W ), (1.1)

where α = (α1, . . . , αd) ∈ Nd
0 is a multi-index with modulus |α| := α1+ · · ·+αd, and

∂α stands for the composition of the distributional partial derivatives ∂α1
1 · · · ∂αd

d .
As usual, the principal symbol of A is the k-homogeneous polynomial map

A(ξ) := (2πi)k
∑
|α|=k

Aαξ
α ∈ Lin(V,W ), ξ ∈ Rd,

where ξα := ξα1
1 · · · ξαd

d . Given an open set Ω of Rd, we shall consider V -valued
measures µ ∈ M(Ω;V ) = Cc(Ω;V )∗ satisfying the distributional PDE constraint

Aµ = σ in D′(Ω;W ), (1.2)

where σ ∈ M(Ω;W ). In the special case that σ ≡ 0, we say that µ is an A-free
measure.
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An object of pivotal importance is the wave cone associated to A, which is defined
as

ΛA :=
⋃
|ξ|=1

kerA(ξ) ⊂ V.

Observe that ΛA characterizes those amplitudes on which the operator fails to be
elliptic, i.e.,

v ∈ V \ ΛA ⇐⇒ |A(ξ)v| ≥ c|ξ|k for some c > 0 and all ξ ∈ Rd. (1.3)

The wave cone ΛA also plays a critical role in the theory of compensated compact-
ness (see, e.g., [16, 26–28, 35, 36]). Indeed, it contains those directions in the state
space along which the system fails to be regularizing (injectively elliptic). To put this
into perspective, the classical elliptic theory (cf. [25, Section 2.6] or [31, Section 8.8])
asserts that if L is a linear subspace of V with no ΛA-connections, i.e.,

v − v′ /∈ ΛA for all distinct v, v′ ∈ L,

and if (uj) is a sequence of A-free functions satisfying

uj ⇀ u in Lp,

dist(uj , L) → 0 in measure,

then u ∈ C∞(Ω;L) and

uj → u in measure.

In other words, oscillations are ruled out along the sequence. The choice to work
with weak Lp convergence (for p ≥ 1) rules out (by the Dunford–Pettis criterion)
any L1-concentrations along the sequence, i.e., the sequence is L1-equiintegrable. If
p = 1, the same convergence result holds if instead of the weak Lp-convergence, one
assumes that ujLd converges to uLd weakly* in the sense of measures. However, in
this case mass concentrations (L1-concentrations) along the sequence might occur.

The study of mass concentration phenomena is crucial in various nonlinear PDE
models arising in calculus of variations, materials science, and mathematical physics
(see, e.g., [9, 11, 16, 17, 25, 32, 33, 37]). One common setting where such models arise
are compensated systems (A,K):{

Au ∈ M(Ω;V )

u(x) ∈ K ,

where the set of constraints K embodies the nonlinearity of the PDE.
A useful way to prevent solutions from developing mass concentrations in com-

pensated systems is through establishing higher Lp-integrability estimates (for some
p > 1). This motivates the following question:

Question 1.1. Let (uj) be a uniformly bounded A-free sequence in L1(Ω), con-
verging weakly-∗ in M(Ω;V ) to some limit u. Further, suppose that each uj takes
values in a set K intersecting the wave cone ΛA only at 0V . What conditions on K
ensure:

• Local uniform boundedness of (uj) in Lq(Ω) for some q > 1, and

• Improvement of the convergence uj
∗
⇀ u to a stronger convergence?

Remark 1.2. The classical Calderon-Zygmund theory positively resolves these
questions for linear elliptic systems: a system (A, L) where L is a linear space with
no ΛA-connections (i.e., L ∩ ΛA = {0V }).
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This work offers a partial answer to the above question, establishing higher-
integability estimates for systems (A,K), where K is a convex set contained in a
conical perturbation of a linear space L with no ΛA-connections. A first guess is to
consider the restriction

dist

(
u(x)

|u(x)|
, L

)
≤ ε, (1.4)

for some sufficiently small ε > 0 (depending on A and L). As we shall see later, this
restriction is robust enough to establish a priori Lp higher-integrability estimates:
if u ∈ Lp

loc(Ω) for some p > 1 depending on d and A (see Remark 6.1), then for each
compactly contained subset Ω′ ⊂ Ω,

∥u∥Lp(Ω′) ≲ ∥Au∥L1(Ω) + ∥u∥L1(Ω) .

However, the constraint (1.4) being double-sided (non-convex) allows for convex
integration methods that provide counterexamples to Lp integrability. A classic
example, for the curl operator

Au = (∂iu
k
j − ∂ju

k
i )i,j,k=1,2 , u : Ω → R2 ⊗ R2 ,

is contained in the work of Astala et al. [8], where it is shown that the double-
sided constraint allows for the construction of almost k-quasiconformal curl-free
fields with infinite L1+δ-norm. More precisely, they proved (cf. Theorem 7.3 and
Proposition 7.4) that for every δ > 0, there exists an integrable curl-free matrix field
uδ : Ω ⊂ R2 → R2 ⊗ R2 satisfying

dist

(
uδ(x)

|uδ(x)|
, L0

)
= Cδ for a.e. x ∈ Ω, but uδ /∈ L1+δ

loc (Ω)

where L0 ⊂ R2 ⊗ R2 is the subspace of conformal matrices (a subspace with no
rank-one connections). Hence, in order to establish higher-integrability estimates
(without assuming a priori Lp regularity), we shall henceforth work under a convexity
(or one-sided) assumption

u(x) ∈ K at a.e. x ∈ Ω,

where K is a convex subset of { y ∈ V : dist(y, L) ≤ ε|y| }, the ε-cone centered
around a subspace L with no ΛA-connections. Notice that, aside from being con-
sistent with the above counterexamples, this convexity constraint is essential to
guarantee the existence of Lp-regularizations by means of standard mollification.

It is obviously natural to wonder whether the above constraint can be further
relaxed to allow for larger closed convex subsets K that only intersect ΛA at 0V .
This turns out to be a delicate, challenging and fascinating question. Partial and re-
lated results have been obtained in [20] together with interesting examples/counter-
examples. We refer the reader to the discussion surrounding Conjecture 1.10 for a
more detailed account of the state of the art.

Main results. In all that follows Ω ⊂ Rd is an open (not necessarily bounded)
subset of Rd. To state the higher-integrability estimates, we work with Lipschitz
(open, bounded, and connected) domains Ω′ ⋐ Ω. We write

SV := { v ∈ V : v · v = 1 } ,

to denote the unit sphere in V .
Our main result establishes compensated Lp-regularity for functions with Lp-

bounded A-gradients when the polar of the measure is (L∞-close) uniformly close to
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a convex subset of L with no ΛA-connections. In this regard, our results are reminis-
cent of the Gagliardo–Nirenberg estimates for gradients and the classical estimates
for injective elliptic systems:

Theorem 1.3 (Higher integrability). Let A be a homogenenous linear PDE
operator of order k, from V to W . Let L be a subspace of V satisfying the ellipticity
condition

L ∩ ΛA = {0V } (1.5)

and let

p ∈
[
1,

d

d− k

)
if k < d,

p ∈ [1,∞) if k ≥ d.

Then, for every compactly contained subdomain Ω′ ⋐ Ω there exists a positive con-
stant ε = ε(p, d,A, L,Ω′) with the following property: If µ ∈ M(Ω;V ) satisfies

Aµ = σ in D′(Ω;W )

for some σ ∈ M(Ω;W ), and

dµ

d|µ|
(x) ∈ K for |µ|-almost every x ∈ Ω

where K ⊂ V is a convex set satisfying

sup
λ∈K∩SV

dist (λ, L) ≤ ε ,

then µ ∈ Lp(Ω′;V ) and

∥µ∥Lp(Ω′) ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
. (1.6)

for some constant C depending solely on and d,A, L,Ω′ and dist(Ω′, ∂Ω).

Similar to classical elliptic regularity, functions that solve the homogeneous PDE
problem satisfy optimal integrability estimates (even in the case when the order of
the operator is smaller than the space dimension):

Corollary 1.4 (Higher integrability for A-free measures). If A and µ ∈
M(Ω;V ) are as in the previous theorem and

Aµ = 0 in D′(Ω;W ),

then the estimates above hold in the range p ∈ [1,∞) (for possibly smaller constants
ε and C with the same parameter dependencies), even in the case k < d.

To illustrate this result, we can record the following example, which follows im-
mediately from the fact that the wave cone for the divergence operator consists of
all singular matrices (see also Propositions 2.2-2.4 on related results for the gradient
and symmetric gradient operators).

Example 1.5. Let d ≥ 2. If µ ∈ M(Ω;Rd×d) has divergence-free rows, i.e.,

Div(µ) :=

( d∑
j=1

∂jµ
i
j

)
i

= 0, i = 1, . . . , d,

and its polar dµ
d|µ| is sufficiently close to {In} where In is the identity matrix, then µ is

locally Lp-integrable for every 1 < p <∞. Notice that under this constraint, one can
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think of the divergence of µ as a perturbation of the gradient since Div(Inρ) = Dρ
for all ρ : Rn → R.

In general, one can not expect Theorem 1.3 to hold for the limiting exponent
p = d/(d − k). In order to establish a limiting estimate for p = d/(d − k) (when
k < d), we need to require further that A is a canceling operator as defined by
Van Schaftingen [39, Definition 1.3] and that its symbol satisfies the constant-rank
property. Then we obtain the following:

Theorem 1.6 (Limiting estimate). Let A, L be as in the previous theorem and
assume additionally that A is of constant rank, i.e.,

rankA(ξ) = const for all ξ ∈ Rd \ {0},

and canceling, i.e., ⋂
|ξ|=1

imA(ξ) = {0W }.

If k < d, then for every compactly contained subdomains Ω′ ⋐ Ω there exists a
positive constant ε = ε(d,A, L,Ω′) with the following property: If µ ∈ M(Ω;V )
satisfies

Aµ = σ in D′(Ω;W )

for some σ ∈ M(Ω;W ), and

dµ

d|µ|
(x) ∈ K for |µ|-almost every x ∈ Ω,

where K ⊂ V is a convex set such that

sup
λ∈K∩SV

dist (λ, L) ≤ ε ,

then µ ∈ Ld/(d−k)(Ω′;V ) and

∥µ∥
L

d
d−k (Ω′)

≤ C
(
|µ|(Ω) + |σ|(Ω)

)
.

for some constant C depending solely on d,A, L,Ω′ and dist(Ω′, ∂Ω).

Remark 1.7 (Results for inhomogeneous PDEs). It is worth mentioning that
in the above theorems, there is no obstruction to taking A to be an inhomogeneous
PDE operator instead, other than the fact that the range of p for which the esti-
mates in Theorem 1.3 and Theorem 1.6 would be reduced to

[
1, d

d−k′

)
and

[
1, ℓ

ℓ−k′

)
respectively, where

k′ := k −max{ l < k : A has a derivative of order l }.

This is due to the mapping properties of the multiplier operators associated to the
lower-order terms that would arise in the proofs.

Theorem 1.3 implies the following compensated compactness result:

Corollary 1.8. Let (µj) ⊂ M(Ω;V ) satisfy

Aµj = σj in D′(Ω;W )

and

sup
j∈N

{
|µj |(Ω) + |σj |(Ω)

}
<∞.
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Let p, Ω′ and ε be as in Theorem 1.3. Further assume that

dµ

d|µ|
(x) ∈ K for |µ|-almost every x ∈ Ω,

for some convex set K ⊂ V such that

sup
λ∈K∩SV

dist (λ, L) ≤ ε ,

Then, (µj) ⊂ Lp(Ω′;V ) and{
|µj |q

}
j
is equiintegrable on Ω′ for all 1 ≤ q < p.

Moreover,

µj
∗
⇀ µ as measures implies µj ⇀ µ in Lq(Ω′;V ),

and {
µj → µ in measure (as maps), or

µj → µ a.e. (as maps)

}
implies µj → µ in Lq(Ω′;V ).

We refer to Section 7 for some counterexamples on related statements one might
conjecture but which are false. This also sheds some light on the differences to the
classical Lp-case. In particular, Example 7.8 conveys that one cannot expect (local)
strong Lp-compactness in the previous corollary.

Remark 1.9. Our results are also related to Question 1 in [10] and to [15]. In this
regard, recall that an Alberti representation of µ ∈ M+(Rd) is a (non-zero) measure

ν =

ˆ 1

0
H1 Et dt for some family of 1-rectifiable sets {Et}t∈I ,

such that µ≪ ν. We say that µ has d independent Alberti representations {ν1, ..., νd}
with corresponding families {Ei

t}t∈I , i = 1, ..., d, if

span
{
Tan(E1

t , x), . . . ,Tan(E
d
t , x)

}
= Rd

for (H1 Et)-almost every x and almost every t ∈ [0, 1], where Tan(E, x) is the
tangent space of E at x; see [2, Section 2] for a more detailed introduction. If µ has
d independent Alberti representations, then one may construct (see [2, Corollary 6.5]
or [13, Lemma 4.2.5]) d normal 1-currents Ti such that µ≪ ∥Ti∥ for all i = 1, . . . , d,
and

span
{
T⃗1(x), . . . , T⃗d(x)} = Rd for |µ|s-almost every x ∈ Rd.

Hence, [14, Corollary 1.12] tells us that µ ≪ Ld. Our results can be interpreted

as more quantitative information about the density dµ
dLd . In particular, under the

assumptions that T⃗i is sufficiently close to ei, we can deduce that dµ
dLd ∈ Lp for all

1 < p <∞, compare with Example 1.5. The case p = 2 and d = 2 is also considered
in [10].

We remark that all our present results are all perturbative in the sense that they
apply only to a small conical neighborhood of the linear space L. It is an interesting
question to ask whether the results can be extended to the case of any closed and
convex cone that intersects the wave cone only at the origin. In an earlier version
of this article, we posed the following (false) conjecture:
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Conjecture 1.10. Suppose µ ∈ M(Ω;V ) satisfies (1.2) and its polar satisfies

dµ

d|µ|
(x) ∈ K for |µ|-a.e. x ∈ Ω,

where K ⊂ V is a convex cone satisfying the ellipticity assumption

K ∩ ΛA = {0V }.

Then, analogous Lp estimates to those in Theorem 1.3 hold for µ.

However, the examples provided in [20] disprove the validity of Conjecture 1.10
for the full range of exponents suggested in Theorem 1.3. There, the authors pose
a slight modification of our conjecture by suggesting the higher integrability holds
when the range of exponents is further restricted (see [20, Conjecture 1.1]):

p ∈ [1, qmax), qmax = qmax(A,K).

We remark that a positive resolution of such a conjecture would imply the following
compensated compactness result, for p below qmax (as defined above):

For a uniformly bounded sequence of measures µj satisfying Aµj = σj with

sup
j

|σj |(Ω) <∞ and
dµj
d|µj |

(x) ∈ K ,

where K is a cone as above, the family {µj} is (Lp-)equiintegrable. Thus, meaning
that the µj are function maps (not measures) and there are no (Lp-)concentrations
in the sequence.

To motivate the expectation of improved integrability discussed above, we will
show the following rigidity result:

Proposition 1.11. Let K ⊂ V be a convex cone satisfying

K ∩ ΛA = {0}.

Then, there are no non-zero solutions u ∈ L1(Rd;V ) of the homogeneous system{Au = 0,

u ∈ K a.e.

Remark 1.12. This rigidity result also holds under the weaker assumption that
A is co-canceling on K, i.e.,

K ∩
⋂
|ξ|=1

kerA(ξ) = {0}.

Structure of the paper. We conclude this introduction by briefly describing the
structure of the paper. In Section 2 we present some applications of our main results.
In Section 3 we record some useful fact about elliptic operators while in Section 5
we prove a localized version of Van Schaftingen’s estimate for canceling operators
which is instrumental to prove Theorem 1.6. In Section 6 we prove our main results
and in Section 7 we present some counterexamples showing that the convexity of
the nonlinear constraint cannot be relaxed.
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2. Compensated embeddings for elliptic operators

In this section we give an account of applications of our results to deduce higher
integrability results for elliptic operators and other well-known PDE constraints.

2.1. Higher integrability for elliptic operators. The same argument can be
generalized to all elliptic operators as follows. Let us fix a homogeneous elliptic
operator B of order k from a finite-dimensional normed vector space U to another
such space V , i.e., for a smooth map u : Rd → U ,

Bu :=
∑
|α|=k

Bα∂
αu, Bα ∈ Lin(U, V ). (2.1)

We make the ellipticity assumption that there is a constant c > 0 such that the
symbol B(ξ) of B satisfies

|B(ξ)v| ≥ c|ξ|k|v| for all ξ ∈ Rd and v ∈ U .

A parade of examples of constant-coefficient elliptic operators can be found in [39]
(see also [6] where also other less known examples are discussed)

Elliptic operators possess (see below) an annihilator operatorA, that is, a constant-
coefficient linear PDE operator from V to V such that

imB(ξ) = kerA(ξ) for all ξ ∈ Rd \ {0}
and

A(Bu) = 0 in D′(Ω;W )

for all u ∈ M(Ω;U).
If the polar of Bu takes values away from ΛA in the sense of Theorem 1.3 and

Remark 1.4, then we can make use of the improved Lp-estimates for A-free measures.
To make this more precise, let us introduce the following suitable annihilator. By the
ellipticity, B(ξ)∗B(ξ) : U → U (where here and in the following we have identified
the primal and dual spaces) defines a linear isomorphism for every ξ ∈ Rd \ {0}.
Consider the homogeneous operator A from V to V of order 2kd associated to the
symbol

A(ξ) := det[B(ξ)∗B(ξ)] IdV −B(ξ) ◦ adj[B(ξ)∗B(ξ)] ◦ B(ξ)∗.
Here, the adjugate matrix adj(Q) ofQ ∈ U⊗U is the transpose of the cofactor matrix
of Q. In particular, this ensures that adj[B(ξ)∗B(ξ)] is a matrix-valued polynomial of
order 2k(d−1) and thus A(ξ) is indeed the symbol of a 2kd-homogeneous operator A
with constant coefficients. Moreover, the adjugate matrix of an invertible Q ∈ U⊗U
satisfies the identity adj(Q) ◦Q = det(Q) IdU , which implies that

imB(ξ) = kerA(ξ), ξ ∈ Rd \ {0}.
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In particular, the wave cone associated to A is given as

ΛA =
⋃
|ξ|=1

imB(ξ) ⊂ V. (2.2)

Hence, by a localization argument and an application of the Fourier transform we
conclude that A ◦ B = 0, as desired. Notice that, due to (2.2), the L-ellipticity
condition (1.5) translates to into the requirement

L ∩ imB(ξ) = {0} for all ξ ∈ Rd. (2.3)

Therefore, we may apply the higher-regularity results for L-elliptic systems of A-free
measures to deduce higher-integrability for Bu provided that the polar of Bu takes
values near L. The precise statement is the following:

Theorem 2.1. Let B be a homogeneous elliptic operator from U to V , of order k,
and let L be a subspace of V with no B-connections, i.e.,

L ∩ imB(ξ) = {0} for all ξ ∈ Rd.

Then, for every 1 < p < ∞ and every compactly contained subdomain Ω′ ⋐ Ω
there exist positive constant ε = ε(p, d,A, L,Ω′) with the following property: if u ∈
L1(Ω;U) is such that Bu ∈ M(Ω;V ) and and

dBu
d|Bu|

(x) ∈ K for |Bu|-almost every x ∈ Ω,

for some convex set K ⊂ V such that

sup
λ∈K∩SV

dist (λ, L) ≤ ε ,

then u ∈ Wk,p(Ω′;Rd) and

∥u∥Wk,p(Ω′) ≤ C
(
∥u∥L1(Ω) + |Bu|(Ω)

)
, Ω′ ⋐ Ω,

for some constant C depending on p, d, L,B,Ω′ and dist(Ω′, ∂Ω).

Proof. If L = {0}, then the choice ε < 1 implies that Bu ≡ 0 and hence the result
follows from the Riesz representation theorem (or the Lax–Milgram theorem). Let
us therefore assume that L is non-trivial and let A be an annihilator of B as above,
so that

imB(ξ) = kerA(ξ) for all ξ ∈ Rd \ {0}.
Notice that A is also not the trivial operator since by assumption

L ∩ kerA(ξ) = {0} for all ξ ∈ Rd.

Fix 1 < p < ∞ and let ε be the smallness constant in Theorem 1.3 (which by
Corollary 1.4 exists for p in this range). It then follows by the aforementioned
theorem and its corollary that Bu ∈ Lp(Ω′) and

∥Bu∥Lp(Ω′) ≤ C|Bu|(Ω), Ω′ ⋐ Ω.

The sought Sobolev estimates for u then follow from a further localization argu-
ment and the classical Calderón–Zygmund estimates for elliptic operators (see The-
orem 3.1). This finishes the proof. □
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2.2. Higher integrability for functions of bounded variation. For an open
domain Ω ⊂ Rd, we define the space of functions of bounded variation [4] as

BV(Ω) :=
{
u ∈ L1(Ω;Rm) : Du ∈ M(Ω;Rm ⊗ Rd)

}
.

We say that a subspace L of Rm ⊗ Rd has no rank-one connections if

L ∩
{
a⊗ ξ : ξ ∈ Rd, a ∈ Rm

}
= {0}.

We write

Sm,d :=
{
A ∈ Rm ⊗ Rd : |A|2 = trace(ATA) = 1

}
,

to denote the set of tensors of norm one in Rm ⊗ Rd. Applying Theorem 2.1 with
B := D (or Theorem 1.3 with A := curl) yields the following regularity result:

Proposition 2.2. Let L be a space of matrices in Rm ⊗ Rd with no rank-one
connections, let 1 < p < ∞ and let Ω′ ⋐ Ω. Then, there exists a constant ε =
ε(p, d,D,L,Ω′) such that if u ∈ BV(Ω;Rm) satisfies and

Du

|Du|
(x) ∈ K for |Du|-almost every x ∈ Ω,

for some convex cone K of the space of matrices Rm ⊗ Rd satisfying

sup
A∈K∩Sm,d

dist(A,L) ≤ ε ,

then u ∈ W1,p(Ω′;Rm), and

∥u∥W1,p(Ω′) ≤ C ∥u∥BV(Ω)

for some C = C(p, d,D,L,Ω′,dist(Ω′, ∂Ω)).

Remark 2.3. A similar statement holds for the analogous bounded variations
spaces associated to the k’th-order Hessian

Dku := (∂αu)|α|=k,

which defines an elliptic operator from Rm to Rm ⊗ Ek(Rd), where Ek(Rd) denotes
the symmetric tensors of order k on Rm. Then,

BVk(Ω;Rm) =
{
u ∈ L1(Ω;Rd) : Dku ∈ M(Ω;Rm ⊗ Ek(Rd))

}
,

and the L-ellipticity condition takes the form

L ∩
{
a⊗ ξ ⊗ · · · ⊗ ξ︸ ︷︷ ︸

k-times

: ξ ∈ Rd, a ∈ Rm
}
= {0}.

2.3. Higher integrability of symmetric gradients. The space BD(Ω) of func-
tions of bounded deformation [3, 38] is

BD(Ω) :=
{
u ∈ L1(Ω;Rd) : Du+DuT ∈ M(Ω;E2(Rd)

}
.

We have the following rigidity result for functions of bounded deformation:

Proposition 2.4. Let L be a subspace of E2(Rd) satisfying

L ∩ { a⊗ b+ b⊗ a : a, b ∈ Rd } = {0},
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let 1 < p < ∞, and let Ω′ ⋐ Ω. There exists a constant ε = ε(p, d, E, L,Ω′) such
that if u ∈ BD(Ω) satisfies

dEu

d|Eu|
(x) ∈ K for |Eu|-almost every x ∈ Ω,

for some convex cone K of E2(R2) such that

sup
A∈K∩Sd,d

dist(A,L) ≤ ε ,

then u ∈ W1,p(Ω′;Rd) and

∥u∥W1,p(Ω′) ≤ C ∥u∥BD(Ω),

for some C = C(p, d, L,E,Ω′,dist(Ω′, ∂Ω)).

3. Preliminaries

In this section, we recall some well-known facts of Sobolev spaces and Calderón–
Zygmund estimates that will be useful in the following sections. Given a function u
in the Schwartz class S(Rd), we define its Fourier transform by

F(u)(ξ) = û(ξ) =

ˆ
u(x)e−2πix·ξdx.

We recall the classical Hörmander–Mihlin multiplier theorem ( [19, Theorem 5.2.7]).

Theorem 3.1 (Mihlin). Assume that m ∈ C∞(Rd \ {0}; Lin(V,W )) is smooth
and it satisfies

|∂αm(ξ)| ≤ Cα,d|ξ|−α

for all multi-indexes α. Then the multiplier

T [f ] := F−1 [mû] , u ∈ S(Rd;V ),

can be extended to a continuous linear functional from Lp(Rd;V ) to Lp(Rd;W ), i.e.,

∥T [f ]∥Lp ≤ C∥f∥Lp

Given a domain Ω ⊂ Rd we define the Sobolev space W k,p(Ω) as the class of
functions u for which

∥u∥Wk,p(Ω) :=

 ∑
|α|≤k

ˆ
Ω
|∂αu|p

 1
p

< +∞

where ∂αu is the α distributional derivative. Recall also that if Ω = Rd, then

∥u∥Wk,p(Rd) ≈ ∥F−1((1 + |ξ|k)û∥Lp(Rd) (3.1)

We also denote by W−k,p′(Ω) the dual of W k,p
0 (Ω), where p′ = p/(p− 1).

We recall the following embedding results for Sobolev spaces, see for instance [1]
or [24]:

Lemma 3.2. Let k be an integer, ℓ a non-negative integer and 1 < p <∞ and let
Ω be either Rd or a Lipschitz domain. Then,

(a) Wk+ℓ,p(Ω) ↪→ W
k, dp

d−ℓp (Ω), when 0 < ℓp < d;

(b) Wk+ℓ,p(Ω) ↪→ Wk,q
loc(Ω) for all p ≤ q <∞, when ℓp ≥ d;

(c) Wk+ℓ,p(Ω) ↪→ Ck(Ω), when ℓp > d and k ≥ 0.
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(d) In particular, M(Ω) ↪→ W−k,q(Ω) for all 1 < q < d
d−k and 0 < k < d or all

q > 1 if k ≥ d.

It will be convenient to introduce the following exponent.

Definition 3.3. Let 1 < q <∞ and ℓ ∈ N. Define

q(ℓ) :=

{
dq

d−ℓq ℓq < d,

q(ℓ− 1) ℓq ≥ d,
(3.2)

and

q(0) := q.

Notice that in particular q ≤ q(ℓ) <∞ and that

[q(r)](ℓ) = q(r + ℓ).

From Lemma 3.2 we have

W−k+ℓ,q(Rd) ↪→ W
−k,q(ℓ)
loc (Rd). (3.3)

4. Generalized Laplace operators

We prove standard existence and regularity estimates for generalized Laplace–
Beltrami operators associated with elliptic operators. For an elliptic homogeneous
operator B of order k from U to V as in (2.1), we define the homogeneous operator
△B := B∗B of order 2k from U to U that is associated to the symbol B(ξ)∗B(ξ).
Here, B∗ denotes the formal adjoint of B and B(ξ)∗ denotes the Hermitian adjoint
of B(ξ).

Remark 4.1. For every elliptic operator B, the operator △B is positive-definite in
the sense that its symbol B(ξ)∗B(ξ) satisfies

B(ξ)B(ξ)∗a · a = |B(ξ)a|2 ≥ C|ξ|2k|a|2 for all a ∈ U .

Remark 4.2. Notice that △D = −∆, where D = (∂1, . . . , ∂d) is the gradient
operator and ∆ =

∑
j=1 ∂jj is the classical Laplacian operator.

4.1. Existence and regularity of generalized Laplacians. The following exis-
tence for the Dirichlet problem is a direct consequence of the standard Lp-theory for
strongly elliptic systems:

Lemma 4.3. Let B be an elliptic operator from U to V of order k. Define the
generalized Laplace–Beltrami operator △B as the operator associated to the symbol
B(ξ)∗B(ξ). Then, for 1 < p <∞, the distributional equation

(Id +△B)u = f, f ∈ Lp(Rd;U),

has a unique solution u ∈ W2k,p(Rd;U) satisfying,

∥u∥W 2k,p ≤ C∥f∥Lp

with C = C(p, d,B).

Proof. Since △B is positive-definite, the map

T(ξ) := (Id+B(ξ)B(ξ)∗)−1
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is well-defined and smooth on Rd. Given a Schwartz function f ∈ S(Rd;U), we set

u := F−1(T(ξ)f̂).

It is immediate to verify that u belongs to S(Rd;U) and that it solves the equation.
Moreover, by the Mihlin multiplier Theorem 3.1 and (3.1),

∥u∥W 2k,p(Rd) ≤ C∥F−1((1 + |ξ|2k)û)∥Lp(Rd;U)

= ∥F−1((1 + |ξ|2k)T(ξ)f̂)∥Lp(Rd;U)

≤ C∥f∥Lp(Rd;U).

A simple approximation argument concludes the existence part of the proof. To
prove uniqueness just note that the positivity of △B implies that any Schwartz
distributions solving

(Id +△B)u = 0,

also satisfies û(ξ) = 0 for ξ ∈ Rd. □

For later use we now prove a perturbative version of the previous invertibility
result. This will allow us to prove the main Lp estimates for elliptic systems by a
duality argument.

Corollary 4.4. Let Ω ⊂ Rd be a Lipschitz domain and let B as be as in the previous
lemma. Consider the operator Id+△B −R, where R is an operator from U to U of
order 2k with measurable coefficients of the form

R =
∑

|α|=2k

Rα(x)∂
α, Rα ∈ Lin(U,U).

For 1 < p <∞, there exists a constant δ = δ(d, p,Ω,B) > 0 such that, if

sup
|α|=k

∥Rα∥L∞ ≤ δ,

then the distributional equation

(Id +△B −R)u = f, f ∈ Lp(Ω;U),

has a solution u ∈ W2k,p(Ω;U) satisfying

∥u∥W 2k,p(Ω;U) ≤ C∥f∥Lp(Ω;U)

for some constant C = C(p, d,B).

Proof. For a given function η ∈ Lp(Rd;U), we write (Id+△B)
−1η ∈ W2k,p(Rd) to

denote the solution of (Id+△B)w = η constructed in the previous lemma, for which
we have

∥(Id+△B)
−1η∥W2k,p ≤ C(p, d,B)∥η∥Lp .

Define the linear map
T [u] := (Id+△B)

−1R[u]

for W2k,p(Rd;U). The second statement of the previous lemma implies that

∥T∥W2k,p→W2k,p ≤ Cδ,

where the constant C depends on p, d and B. Now, provided that δ is sufficiently
small (i.e., strictly smaller than 1/C), the von-Neumann series bounds imply that
(Id−T ) is invertible with ∥(Id−T )−1∥W2k,p→W2k,p ≤ 2. In particular, we may define

u := (Id−T )−1(Id+△B)
−1f̃ ∈ W2k,p(Rd;U),
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where f̃ is the trivial extension by zero of the function f . By construction, u satisfies
the distributional equation

(Id+△B −R)u = (Id+△B)[(Id−T )u] = f̃ on Rd,

and the global bound

∥u∥W2k,p(Rd;U) ≤ C(p, d,B)∥f∥Lp(Ω;U).

The assertion follows by taking the restriction of u to Ω. □

5. Canceling operators

The aim of this section is to show a local version for constant-rank operators of
Van Schaftingen’s canceling estimates for elliptic operators [39, Theorem 1.3]. This
will be employed in the proof of the borderline estimate of Theorem 1.6.

More precisely, we show that if A is a canceling operator of constant rank and
µ ∈ M(Ω;V ), then

Aµ = σ ∈ M(Ω) =⇒ σ ∈ W−1,d/(d−1)(Ω′), Ω′ ⋐ Ω,

and the W−1,d/(d−1)(Ω′)-norm of σ can be quantitatively estimated in terms of its to-
tal variation measure |σ| up to a constant depending solely on d,A and dist(Ω′, ∂Ω).

5.1. Representation of operators of constant rank. In order to establish the
local cocanceling estimates we need to recall the kernel representation for operators
of constant rank, along with some basic properties of their kernel representation. To
this end, let us fix a linear PDE operator A of order k from V to W satisfying

rankA(ξ) = const for all ξ ∈ Rd \ {0}, (5.1)

and denote by π(ξ) : V → V the orthogonal projection from V to (kerA(ξ))⊥. A
classical result of Schulenberger and Wilcox [34] states that if (5.1) is verified, then
the map ξ 7→ π(ξ) is analytic on Rd \ {0}. Since π(ξ) is also 0-homogeneous, the
map ξ 7→ π(ξ) defines an Lp-Fourier multiplier. Murat [28] used this to define an
“A-representative”, which for any u ∈ E ′(Rd;V ), can be defined as

uA := F−1(πû).

Notice that, by construction, we have A◦π = A◦ [Id−prkerA(ξ)] = A (with prkerA(ξ)
the orthogonal projection onto kerA(ξ)) and therefore

AûA = Aû, AuA = Au. (5.2)

It is well-known (see, e.g., [7, Propositon 8]) that (5.1) implies that ξ 7→ A(ξ)†
is a rational map of degree −k, where M † denotes the Moore-Penrose inverse of
M . In particular, the map ξ 7→ π(ξ) is rational and homogeneous of degree zero.
Using that A† is homogeneous of degree −k, one can show that A† extends to a
tempered distribution on Rd and, denoting its extension also by A†, the kernelKA :=
(2πi)kF−1A† is locally integrable on Rd\{0} and belongs to C∞(Rd\{0}; Lin(W,V )).
The precise statement, which follows from a minor modification of [12, Lemma 2.1],
is the following:

Lemma 5.1. Let A be a linear PDE operator of order k, from V to W . If A
satisfies the constant-rank property, then KA := (2πi)kF−1A† is locally integrable
and satisfies

KA ∈ C∞(Rd \ {0}; Lin(W,V )).
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In particular, KA is a fundamental solution of A in the sense that

uA = KA ⋆Au for all u ∈ C∞
c (Rd;V ).

Moreover, for every ℓ > k− d, the map DℓKA is homogeneous of degree −d+ k− ℓ.

Recalling the seminal ideas of Fonseca and Müller [18], we can use this represen-
tation of uA to deduce Sobolev estimates as one would do for elliptic operators. One
simply verifies that the map

ξ 7→ m(ξ) = ξα|ξ|k−|α|A(ξ)†

is homogeneous of degree 0 and smooth on the sphere. By Mihlin’s theorem, we
deduce that the linear map

T [f ] 7→ F−1
[
mf̂

]
, f ∈ C∞

c (Rd;V ),

is bounded from Lp to Lp. In turn, the identity

∂̂αuA(ξ) = ξαA(ξ)†Âu(ξ) = m(ξ)F(Ik−|α| ⋆Au)(ξ),

where Is = cs,d | q|−n+s is the Riesz potential of order s, conveys that (see [1, Sec. 1.2])

∥DjuA∥Lp ≤ C∥Ik−j ⋆Au∥Lp ≈ C∥Au∥Ẇ−(k−j),p ,

holds for every positive integer j ∈ (k − d, k) for some C = C(d, p, k). Here,

Ẇ−s,p(Rd) is the dual ofW s,p′(Rd), where the homogeneous Sobolev space Ẇs,p(Rd)
is defined as the closure of Ws,p(Rd) with respect to the semi-norm ∥Dsu∥Lp .

Notice that when k > d, one cannot directly infer the Lp-estimate

∥uA∥Lp ≤ Cp∥Au∥Ẇ−k,p , (5.3)

which is a key estimate when dealing with localization arguments. The issue is that
for k larger than the dimension d, one can no longer make use of the equivalence
between the Riesz potential norm ∥Ikf∥Lp and the negative homogeneous norm

∥f∥Ẇ−k,p induced by the duality W−k,p = (Wk,p′)∗. Instead, this Lp estimate will
be addressed by exploiting the kernel representation from Lemma 5.1.

Finally, we recall that constant-rank operators are precisely the class of operators
for which an exact annihilator exists. This was proven by Raita [30] (see also [7]),
who showed that (5.1) is equivalent with the existence of an operator L from W to
W (of the form (1.1)) with symbol L satisfying

imA(ξ) = kerL(ξ) for all ξ ∈ Rd \ {0}. (5.4)

5.2. Local estimates. Now that we are equipped with a kernel representation, we
show that if φ ∈ C∞

c (Rd; [0, 1]) is a cut-off function satisfying φ ≡ 1 on an open
neighborhood of ω ⊂ Rd (where ω is open and bounded), then

Au ∈ M(Rd;W ) =⇒ (φu)A ∈ Wk−1,q(ω) for all 1 ≤ q < d/(d− 1).

The proof of this result is an adaptation for constant-rank operators of the one for
elliptic operators given in [29, Lemma 2.2], which itself is based on an argument
of Hörmander (see [21, Theorem 4.5.8]). Since the adaptation of the proof is not
entirely trivial, we include it here for the convenience of the reader.

Lemma 5.2. Let A be a linear PDE operator of order k from V to W that satisfies
the constant-rank property. Let Ω′ ⊂ Ω be an open and bounded subdomain and let
φ ∈ D(Rd; [0, 1]) be a test function satisfying

1Ω′ ≤ φ ≤ 1Ω and 0 < dist(supp ∂αφ,Ω′) ≤ dist(Ω′, ∂Ω)
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for all |α| ≥ 1. If 1 ≤ q < d/(d− 1) and µ ∈ M(Rd;V ) satisfies

Aµ = σ ∈ M(Rd;W ),

then

∥Dk−1(φµ)A∥Lq(Ω′) ≤ C
(
|µ|(Ω) + |Au|(Ω)

)
for some C = C(q, d,A,dist(Ω′, suppDφ),dist(Ω′, ∂Ω), | suppφ|).

Proof. Define w := φµ ∈ D′(Rd;V ). By the discussion above and the representation
of constant-rank operators we get

wA = KA ⋆A(φµ),

where KA is the kernel given by Lemma 5.1. Following the argument in [29,
Lemma 2.2], we find that

Dk−1wA = (Dk−1KA) ⋆A(φµ)

= (Dk−1KA) ⋆ (φσ) + (Dk−1KA) ⋆ [A, φ](µ)
=: I + II.

Where the commutator [A, φ] is the (k − 1)th order operator defined as

[A, φ](η) = A(φη)− φA(η). (5.5)

First, we bound ∥I∥Lq . We distinguish two cases: if d > 1, then we may apply the
result of Lemma 5.1 with ℓ = k−1 > k−d to deduce thatDk−1KA is homogeneous of
degree −d+1 and smooth away from 0 ∈ Rd. Then, |Dk−1KA| ≲ | q|−d+1 ∈ Lq

loc(R
d).

Then, letting R := 2 diam(Ω), we see from Young’s convolution inequality that

∥I∥Lq(Ω′) ≲ ∥I1 ⋆ (φσ)∥Lq(Ω′)

≤ ∥I1∥Lq(BR) · |φσ|(Rd),

where I1(x) = cn|x|−d+1 is the 1-Riesz potential. If d = 1, then from the discussion
in [29, Chapter 3] it follows that |Dk−1KA| ≲ 1 + log | q| and therefore Dk−1KA ∈
Lp
loc(R

d) for all 1 ≤ p <∞. In this case Young’s inequality yields

∥I∥Lq(Ω′) ≲ ∥Dk−1KA∥Lq(Ω′) · |σ|(Ω).

In both cases the constants involved into the inequalities depend solely on q, d and
A.

Next we bound ∥II∥Lq . A modification of the proof [29, Lemma 2.2] shows that
II is smooth on Ω′. Here, we need to obtain more information on the actual bounds
of II, for which we shall first assume that µ ∈ L1

loc(Ω). By the Leibniz rule, [A, φ] is
a (inhomogeneous) linear PDE operator of order (at most) k − 1 such that

supp [A, φ] ⊂ supp ∂γφ

for all γ with 1 ≤ |γ| ≤ k.
Let x ∈ Ω′. By assumption 0 < δ := inf |γ|≥1 dist(supp ∂

γφ,Ω′) ≤ |y − x| ≤
dist(Ω′, ∂Ω) for all y ∈ suppDφ. Let S be the closed annulus Bλ \ Bδ, where
λ := dist(Ω′, ∂Ω). Then, it follows from integration by parts that

|(Dk−1KA ⋆ [A, φ](u))(x)| ≤ ∥KA∥W2k−1,∞(R) · ∥φ∥W2k,∞(R) · ∥µ∥L1(S)

≤ C|µ|(Ω)
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with a constant C = C(q, d,A, λ, δ). Here, we used the regularity of the kernel
KA ∈ C∞(Rd \ {0}; Lin(W,V )) in passing to the last inequality. This proves that

∥II∥Lq ≤ C| suppφ|
1
q |µ|(Ω),

which together with the bound for I implies the desired bound when µ is in L1
loc(Ω).

The general case for µ ∈ M(Ω;V ) follows from the bounds for I and II above and a
standard mollification argument. □

We are now ready to prove the main result of this section, namely the following
local canceling estimates.

Theorem 5.3. Let A be a linear PDE operator of order k, from V to W . Further
assume that A is canceling and satisfies the constant-rank property. If µ ∈ M(Ω;V )
satisfies

Aµ = σ in D′(Ω;W )

for some σ ∈ M(Ω;W ), then σ ∈ W
−1, d

d−1

loc (Ω). Moreover, for all compact subdo-
mains Ω′ ⋐ Ω,∣∣∣∣ˆ

Ω′
φ · dσ

∣∣∣∣ ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
· ∥Dφ∥Ld(Ω′) for all φ ∈ C∞

c (Ω′;W ),

where C = C(d,A,dist(Ω′, ∂Ω),diam(Ω′)).

Proof. Let φ1, φ2 ∈ C∞
c (Ω; [0, 1]) be two test functions satisfying 1Ω′ ≤ φ1 ≤ φ2 and

whose supports are nested sufficiently far from each other so that (∂αφ2)φ1 = 0 for
all |α| > 0 and also

∥∂αφi∥∞ ≤ C(k) dist(Ω′, ∂Ω)−2k, |α| ≤ 2k.

Define w := φ2µ and let q := (2d− 1)/2(d− 1). By the estimates of Lemma 5.2 and
the properties of φ1, φ2 we deduce that

∥wA∥Wk−1,q(Ω′) ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
,

for some C = C(d,A,dist(Ω′, ∂Ω), diam(Ω′)). Next, we define v := φ1wA, which
satisfies

Av = φ1A(φ2µ) + [A, φ1](wA)

= φ1φ2σ + φ1[A, φ2](µ) + [A, φ1](wA)

in the sense of distributions on Ω. Now, use that the derivatives of φ2 vanish on
{φ1 ≡ 1} to find that

Av = φ1σ + [A, φ1](wA) in D′(Ω;W ),

where the right-hand side is the sum of a measure and an Lq-function, both of
which can be estimated in terms of |µ|(Ω) + |σ|(Ω) up to a constant depending on
d,A, diam(Ω′) and dist(Ω′, ∂Ω). Identifying v with its trivial extension by zero on
Rd, we have constructed a function v ∈ Wk−1,q(Rd;V ) satisfying

Av ∈ M(Rd;W ), (5.6)

|Av|(Rd) ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
, (5.7)

Av = σ in the sense of distributions on Ω′. (5.8)

We are now in position to apply global cocanceling estimates from [39, Theorem 1.4]:
Let L be an annihilator of A such that (5.4) holds. Then, the canceling assumption
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on A implies that L is cocanceling as defined in [39, Definition 1.3]. Applying a
version of the aforementioned theorem with (with L and f = Av) to conclude that

sup
φ∈C∞

c (Ω′),
∥Dφ∥

Ld≤1

∣∣∣∣ˆ
Ω′
φ · dσ

∣∣∣∣ (5.8)

≤ ∥Av∥Ẇ−1,d/(d−1) ≲ |Av|(Rd)
(5.7)

≲ |µ|(Ω) + |σ|(Ω),

where the constants carried through the inequalities depend only on d,A,Ω′ and
dist(Ω′, ∂Ω). □

6. Proofs of the main results

We are now in position to give a proof of our main theorem.

Proof of Theorem 1.3. Without loss of generality we may assume that V = Rm,
L = Rℓ ×{0}m−ℓ and ε ≤ 2−1. Write µ = Pν with ν ∈ M+(Ω) and P ∈ L∞(ν;Rm)
to denote the polar decomposition of µ. For a vector z ∈ Rm let us adopt the notation
z = (v, w) where v ∈ Rℓ and w ∈ Rm−ℓ. Recall that, under these conventions our
main assumption on P reads as

P (x) ∈ Kε ⊂
{
(v, w) ∈ Rm : |w| ≤ ε|v|√

1− ε2

}
, ν-a.e. x ∈ Ω, (6.1)

where Kε is convex and ε > 0 is a sufficiently small real number, to be constrained
below.

Reduction to smooth maps. We claim that establishing a priori estimates for
smooth functions suffice. Indeed, if {ρt}t>0 is family of standard probability mol-
lifiers at scale t > 0, then our assumption that Kε is a convex cone is crucial to
deduce that µt := µ ⋆ ρt satisfies

µt(x) ∈ Kε for every x ∈ Ωt := {x ∈ Ω : dist(x, ∂Ω) > t }.

Then, the validity of the sought estimates for smooth functions leads to the estimate

∥µt∥Lp(Ω′) ≤ Ct

(
|µt|(Ωt) + |σt|(Ωt)

)
where Ct = C(d,A, L,Ω′, dist(Ω′, ∂Ωt)). As it will become apparent from the devel-
opment of the proof, it holds Ct ≥ Cs for all t ≥ s > 0 and therefore from Young’s
inequality for convolutions it holds

lim inf
t→0+

∥µt∥Lp(Ω′) ≤ lim inf
t→0+

Ct

(
|µt|(Ωt) + |σt|(Ωt)

)
≤ C (|µ|(Ω) + |σ|(Ω)) ,

where C = C(d,A, L,Ω′,dist(Ω′, ∂Ω). This proves that µt is uniformly bounded in
Lp(Ω′) provided and since µt → µ in the sense of distributions on Ω, we conclude from
the lower semicontinuity of the Lp-norm with respect to distributional convergence
that

∥µ∥Lp(Ω′) ≤ C (|µ|(Ω) + |σ|(Ω)) ,
which is precisely what we aim to prove. Hence, in all that follows, we may assume
that µ is a smooth map (so that P and ν are also smooth) on Ω.

Remark 6.1 (A priori Lp estimates). This previous step is the only place where
the convexity of K is used (to ensure the existence of K-constrained regularizations).
It is worth mentioning that if the convexity assumption on K is dispensed with (in
the sense that it is allowed to be a double-sided cone), then our proof still gives
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the estimate (for p as in the range of Theorem 1.3) if a priori we know that µ is
Lp-integrable, that is,

µ ∈ Lp(Ω) =⇒ ∥µ∥Lp(Ω′) ≲ |µ|(Ω) + |Aµ|(Ω).
To back this claim up, we simply observe the following:

(a) the estimates for q(ℓ) derived in Step 3 (below) hold for all 1 < p <∞, provided
that µ ∈ Lp(Ω),

(b) the estimates in Step 4 (below) hold for all p as in the range of Theorem 1.3.

Step 1. Our assumption on L implies that L ∩ ΛA ∩ Sm−1 = ∅. Since L and ΛA
are cones, it follows that

δL := sup
λ∈ΛA∩Sm−1

dist(λ, L) > 0.

In all of the following we assume that ε ∈ (0, δL), so that ΛA ∩ Kε = {0}.
Step 2. Before delving into the main argument, let us introduce some handy

notation: We decompose the polar P as the direct sum P0 + P1, where

P0 := πLP, P1 := P − πLP,

where πL : Rm → L is the orthogonal projection onto L. By construction, both
P0 and P1 are L∞-functions and hence we may define a measurable tensor field by
setting

M :=

(
P1 ⊗ P0

|P0|2

)
χ{|P |>0} ∈ L∞(Ω;Rm×m).

For future reference, we record that (6.1) conveys the uniform bound

∥M∥L∞(Ω) ≤
|P1|
|P0|

≤ ε√
1− ε2

≤ 2ε. (6.2)

Step 3. Let us first assume that µ is compactly supported in Ω′ and that µ
satisfies, for some 1 < q <∞ and some integer 0 ≤ ℓ ≤ k − 1,

Aµ = γ in D′(Ω;V ),

for some distribution γ ∈ W−k+ℓ,q(Ω;W ) supported on suppµ ⊂ Ω′. Henceforth,
compactly supported measures and distributions will often be considered as measures
and distributions on Rd through their trivial extensions. The key argument is to
express the source term γ as a perturbation of a well-behaved elliptic operator acting
on P0ν. More precisely, we write B := A ◦ πL so that

γ = Aµ = B(P0ν) +A(P1ν) =
(
B +AM

)
P0ν. (6.3)

Since P0ν ∈ L1(Ω;Rm), then〈
MP0ν, ψ

〉
D′×D =

〈
P0ν,M

Tψ
〉
L1×L∞ for all ψ ∈ D(Rd;Rm).

In particular, the (L1,L∞)-adjoint of

R = B∗AM
is given by

R∗ =MTA∗B,
which is an operator of order 2k that can be written in the form∑

|α|=2k

Rα(x)
∗ ∂α
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where the coefficients x 7→ Rα(x)
∗ are Lebesgue-measurable and satisfy

∥R∗
α∥L∞ ≤ C∥M∥L∞ ≤ C1ε (6.4)

for some C1 = C1(A, L). Applying B∗ and adding P0ν to both sides of (6.3), we
obtain

P0ν + B∗γ = (Id+△B +R)P0ν =: T ∈ D(Ω;Rm), (6.5)

where △B := B∗B. In particular supp(T ) ⊂ Ω′. Integration by parts yields (recall
that △B is self-adjoint with respect to the L2-pairing)

⟨T, φ⟩ = ⟨P0ν, (Id+△B +R∗)φ⟩, φ ∈W 2k,s(Ω;Rm), s ∈ (1,∞). (6.6)

In the next lines, we shall often identify smooth maps as elements of a negative
Sobolev space. From Lemma 3.2 in the form (3.3) and in conjunction with (6.6), we
deduce (recall that B∗ is a homogeneous operator of order k and γ is a compactly
supported distribution on Ω′ ⋐ Rd)

∥T∥W−2k,q(ℓ)(Ω) = ∥P0ν + B∗γ∥W−2k,q(ℓ)(Ω)

≤ ∥γ∥W−k,q(ℓ)(Ω) + ∥P0ν∥W−2k,q(ℓ)(Ω)

≲q,d,k,Ω′ ∥γ∥W−k+ℓ,q(Ω) + ∥P0ν∥W−2k,q(ℓ)(Ω). (6.7)

Here, q(ℓ) is the exponent from Definition 3.3.
In all that follows we further assume 2C1ε ≤ δ, where δ = δ(d, q(ℓ)′,Ω′,A, L) is

the smallness constant from Corollary 4.4 and q(ℓ)′ is the dual exponent of q(ℓ).
Applying the results of the aforementioned corollary to Id+△B + R∗, the small-
ness (6.4) implies that given f ∈ D(Ω′;Rm), we may find η ∈ W2k,q(ℓ)′(B1(Ω

′);Rm)
satisfying

(Id+△B +R∗)η = f and ∥η∥W2k,q(ℓ)′ (B1(Ω′)) ≤ C2∥f∥Lq(ℓ)′ (Ω′) (6.8)

where C2 = C2(d, q,A, L) and we have set

B1(Ω
′) = {x ∈ Rd : dist(x,Ω) ≤ 1}.

Note also that 0 ≤ ℓ ≤ k − 1 so that the constant does not depend on ℓ but
rather on the order k of A. Now, let χ ∈ C∞

c (Ω) be a cut-off function satisfying
1Ω′ ≤ χ ≤ 1Ω∩B1(Ω′) and

∥χ∥C2k ≤ C(k)λ2k, λ := 1 ∧ dist(Ω′, ∂Ω)−1.

Notice that with this in mind T [χη] is well-defined and equals ⟨πL[µ], f⟩. Hence, we
obtain the following duality estimate:

|⟨P0ν, f⟩| ≤ ∥T∥W−2k,q(ℓ)(Ω) · ∥χη∥W2k,q(ℓ)′ (Ω)

(6.7)−(6.8)

≤ C(q, d,A, L,Ω′, λ) (∥γ∥W−k+ℓ,q(Ω) + ∥P0ν∥W−2k,q(ℓ)(Ω)) · ∥f∥Lq(ℓ)′ (Ω′).

(6.9)

By the dual definition of the Lq(ℓ)-norm we conclude that

∥P0ν∥Lq(ℓ)(Ω′) ≤ C(q, d,A, L,Ω′, λ) (∥γ∥W−k+ℓ,q(Ω) + ∥P0ν∥W−2k,q(ℓ)(Ω)). (6.10)

Step 4. We proceed now prove the general case, which follows by a localization
argument and the previous step.

Let p be as in the statement of the theorem. Notice that by the definition of p we
may always find q = q(p, d, k) satisfying

1 < q <
d

d− 1
and p = q(k − 1) <∞,
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where q(k − 1) is the exponent defined in Definition 3.3. Our next objective will be

to establish Lq(k−1)-estimates for localizations of µ. In all that follows we assume
that

ε = ε(p, d,A, L,Ω′) < min
{
C−1
1 δ(q(ℓ)′, d,A, L,Ω′) : 0 ≤ ℓ ≤ k − 1

}
,

so that (6.10) holds for all 0 ≤ ℓ ≤ k − 1 and some constant C = C(d, p,A, L,Ω′, λ)
whenever Aµ = γ ∈ W−k+ℓ,q(Ω), suppµ ⊂ Ω′, and P ∈ Kε almost everywhere with
respect to ν.

First, let us consider a sequence of nested domains Ωk = Ω′ ⋐ Ωk−1 · · · ⋐ Ω1 ⋐
Ω0 = Ω with Lipschitz boundary and satisfying

dist(Ωr+1, ∂Ωr) ≥ (2k)−1(1 ∧ dist(Ω′, ∂Ω)) for all r = 0, . . . , k − 1.

For each such r, we may find a cut-off function φr ∈ C∞
c (Ω) satisfying

∥Dℓφr∥L∞ ≤ C(k)λk for ℓ ∈ {0, 1, . . . , k}, 1Ωr+1 ≤ φr ≤ 1Ωr ,

where as above λ = 1∧ dist(Ω′, ∂Ω)−1. In all of the following, we adopt the conven-
tion that the bounding constant C may increase from inequality to inequality (or
from line to line), but remains to depend solely on p, d, k,A, L and Ω′; additional
dependencies such the dependency on λ will be carried next to the constant.

Define the localized measures µr := φrµ for all r = 0, . . . , k − 1. The main
argument consists of bootstrapping the regularity of µr at each step r = 0, . . . , k−1,
until we reach the desired Lq(k−1)-bounds for µ on Ωk = Ω′. The key is to observe
that µr satisfies the distributional equation

Aµr = γr := φrσ + [A, φr](µr−1),

where the commutator [A, φ] is defined in (5.5) and it is of order k − 1 and whose
coefficients depend solely on the principal symbol of A and ∥φr∥Ck .

With regard to the regularity of the localization term [A, φr](µr−1) (which a priori
only belongs to W−k,q(Ω)), we will show that, at the r’th step of the iteration, the

measure µr belongs to Lq(r). This, in turn, will allow us to lift the regularity of
[A, φr+1](µr) to W−k,q(r+1) and subsequently bootstrap it onto the regularity of
µr+1.

Let us begin with the estimate for r = 1. Using that [A, φr] is an operator of order
k − 1 with C∞-coefficients depending only on ∂αφr (|α| ≤ k) and the coefficients of
A, we have

∥[A, φ1](µ1)∥W−k,s ≤ Cλk∥µ0∥W−1,s

for all 1 < s < ∞. Since also µ1, γ1 are compactly supported on Ω1, the bound
from (6.10) with ℓ = 0 and Ω1 instead of Ω′ yields

∥P0ν1∥Lq ≤ C
(
∥φ1σ∥W−k,q + ∥P0ν1∥W−2k,q + ∥[A, φ1](µ1)∥W−k,q

)
≤ C

(
∥φ1σ∥W−k,q + ∥P0ν1∥W−2k,q + C(k)λk∥µ0∥W−1,q

)
≤ Cλk

(
|σ|(Ω) + |µ|(Ω)

)
, (6.11)

where the last inequality follows from Morrey’s embedding (see Lemma 3.2 (d)) and
the fact that 1 < q < d/(d− 1). The pointwise constraint |µ| ≤ (1+ ε)|P0ν1| further
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implies that

∥µ∥Lq(Ω′) ≤ ∥µ1∥Lq(Ω1)

≤ (1 + ε)∥P0ν1∥Lq

≤ (1 + ε)Cλk
(
|σ|(Ω) + |µ|(Ω)

)
.

Notice that in the case k = 1 (when q(k − 1) = q(0) = q ≥ p), this already proves
the desired bound.

We shall henceforth assume that k ≥ 2. Let us now address the derivation of
the Lq(r)-estimates at the r’th step. Assuming in an inductive fashion that µr−1 ∈
Lq(r−1), we estimate

∥[A, φr](µr)∥W−k,q(r) ≤ Cλk∥µr−1∥W−1,q(r) ≤ Cλk∥µr−1∥Lq(r−1) .

In the last line we observed that with q(r) from Definition 3.3, we have (see (3.3))

that Lq(r−1)(Ω1) ↪→ W−1,q(r−1)(1)(Ω1) = W−1,q(r)(Ω1).
Similarly, we recall from Lemma 3.2 that for 1 ≤ r ≤ k − 1,

∥φrσ∥W−k,q(r) ≤ C∥φrσ∥W−k+r,q ≤ C∥φrσ∥W−1,q ≤ C|σ|(Ω).
Using once more the bounds in (6.10) with ℓ = 0, Ω1 and now with q(r) we find that

∥µr∥Lq(r) ≤ (1 + ε)
(
∥φrσ∥W−k,q(r) + |P0ν|(Ω) + ∥[A, φr](µr−1)∥W−k,q(r)

)
≤ Cλk(1 + ε)

(
|σ|(Ω) + |P0ν|(Ω) + ∥µr−1∥Lq(r−1)

)
.

Thus, the r’th iteration can be estimated as (1 ≤ r ≤ k − 1)

∥µr∥Lq(r)(Ω) ≤ Crλrk(1 + ε)r
(
|σ|(Ω) + |µ|(Ω)

)
.

This completes the inductive step.
For r = k − 1 we then have shown (recall that ε < 1)

∥µ∥Lp(Ω′) ≲p,d,R ∥µk−1∥Lq(k−1)(Ω)

≤ C(p, d,A, L,Ω′)kλk
2(|σ|(Ω) + |µ|(Ω)

)
.

This finishes the proof. □

Proof of Corollary 1.4. The idea is that the regularity of σ acts as a barrier for the
regularity of µ in the sense that one can only expect (for k < d)

|σ|(Ω) <∞ =⇒ ∥µ∥Lp(Ω′) <∞ for p < d/(d− k).

In the absence of the source term σ (when µ is A-free), there is no such obstruction
to improve the integrability of µ. This can be easily circumvented by artificially
constructing a higher-order PDE constraint for µ. The operator ∆r

A (from V to

V ) associated to the symbol ξ 7→ [A(ξ)∗A(ξ)]2r−1
has order 2rk and satisfies the

following properties: Firstly, every A-free measure is a ∆r
A-free measure since

∆r
A(µ) = ∆r−1

A ◦∆r−1
A (µ) = · · · = ∆r−1

A ◦∆r−2
A ◦ · · · ◦ A∗(Aµ) = 0.

Secondly, the wave-cones of Λ∆r
A
and ΛA coincide due to the identity

ker[A(ξ)∗A(ξ)]2
r−1

= · · · = ker[A(ξ)∗A(ξ)] = kerA(ξ).
Thus, upon taking r = r(k, d) > log2(d/k), one may apply the estimates from
Theorem 1.3 to ∆r

A and µ. The smallness constant for ∆r
A still depends on the same

parameters p, d,A, L,Ω′ but now they also depend on r and therefore the smallness
constant may not coincide with the one for △B. This however does not require to
introduce a dependency parameter on k since k = k(A). □
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Proof of Theorem 1.6. The argument is exactly the same as the one used in the
proof of Theorem 1.3, with the exception that the constant-rank and canceling
assumptions will allows us to improve the regularity of the source term σ, namely
that (recall that suppµ1 ⋐ Ω1 and dist(Ω1, ∂Ω) ≈ λ)

∥Aµ1∥W−1,d/(d−1) ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
(6.12)

with a constant C = C(d,A, L,Ω′, λ). Once this is established, the rest follows as
before since

q(k − 1) =
d

d− k
for q =

d

d− 1
.

To see that the estimate in (6.12) holds, let 1 < p < d/(d − k). Observe that
if ε is sufficiently small, by the previous part of the proof we may assume without
any loss of generality that µ ∈ Lp

loc(Ω) (with bounds that depend solely on the total
variation of µ and σ). Let χ be a suitable cut-off function on Ω satisfying χ ≡ 1 on
suppφ1. Then,

∥[A, φ1](µ)∥W−k,d/(d−1) ≲ ∥[A, φ1](χµ)∥W−k,p(1)≲∥χµ∥W−1,p(1) ≤ C|µ|(Ω),

where in the first inequality we have used that p > 1 and in the last inequality that
p < d/(d− 1). Here, χ can be chosen so that the constant C depends on d,A,Ω′, λ.
Similarly, we also get (recall that k < d)

∥φ1σ∥W−k,d/(d−k) ≤ C∥φ1σ∥W−1,d/(d−1) ≤ C
(
|µ|(Ω) + |σ|(Ω)

)
,

where the last inequality is a direct consequence of the local estimates for canceling
operators given in Theorem 5.3. Since Aµ1 = φ1σ + [A, φ1](χµ), this proves (6.12).

□

Proof of Corollary 1.8. The proof of the first part of this corollary is immediate
from Theorem 1.3 since Lp-bounds for p > 1 imply Lq-equiintegrability for 1 ≤ q <
p. For the second part, we first observe that Lq-equiintegrability upgrades weak*
convergence in the sense of measures to weak convergence locally in Lq. Further, if
µj → µ in measure or almost everywhere (as maps), then the Lq-equiintegrability
implies the strong convergence locally in Lq by Vitali’s convergence theorem. □

Proof of Proposition 1.11. Note first that by the assumed convexity of K it holds
that either the cone is acute, i.e., −K ∩ K = {0} or that K = V . In the latter case,
ΛA = {0} and A is elliptic. Thus, there are no non-zero integrable solutions of our
system.

To show the theorem also in the first case, we argue by contradiction. So assume
that there is a non-zero u ∈ L1(Rd;V ) with Au = 0 and u ∈ K almost everywhere.
By the linearity of the integral, it holds that K ∋ e :=

´
u dx ̸= 0; here we have

used that K is an acute cone, so that
´
u dx = 0 if and only if u is identically zero.

We define uλ(x) := λ−du(x/λ) and proceed to apply a well-known rescaling ar-
gument (see [39, Proposition 2.2]): Since u ∈ L1(Rd;V ), one has that uλ → eδ0 in
the sense of distributions as λ→ 0+. It follows that

A(eδ0) = 0 in D′(Rd;V ).

Applying the Fourier transform to both sides of this equation, we obtain A(ξ)e = 0
for all ξ ∈ Rd. Hence e ∈ ΛA. As e ∈ K \ {0}, the the assumption K ∩ ΛA = {0}
yields the sought contradiction.
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Remark 1.12 follows by observing that in reaching a contradiction it suffices to
assume that

K ∩
⋂
|ξ|=1

kerA(ξ) = {0}.

This completes the proof. □

7. Counterexamples

As shown in the previous sections, we can expect compensated compactness in
L1
loc under the assumption that an A-free (or uniformly A-bounded) sequence (µj)

satisfies

dist(µj ,D) ≤ ε, 0 < ε≪ 1,

where D ⊂ L is a one-sided cone and L is a subspace with no ΛA-connections.
However, relaxing this to a double-sided constraint

dist(µj ,D ∪−D) → 0 in Lp for any p ∈ [1,∞] (7.1)

does not yield analogous compactness results.
We will first demonstrate, with three counterexamples and a general result about

the failure of L1-compensated for L-elliptic systems from [5], that (7.1) with p = 1
is not enough to rule out concentrations.

For the following three examples, we specialize to the case A = curl for Mn×d-
valued maps, for which we have Λcurl = {A ∈ Rn×d : rankA ≤ 1 }. The first two
examples are constructive but less general, and the third and fourth examples are
rather abstract but cover general situations.

Example 7.1 (Gradients swirling around an elliptic space). Let SD(d) ⊂
Rd×d denote the space of trace-free symmetric (d×d)-matrices (d ≥ 2). Clearly, this
space only intersects the cone of rank-one matrices at the origin. We will construct
a sequence of gradients ∇vj ∈ L1(B1;Rd×d) satisfying the following properties:

(i) ∥ dist(∇vj ,SD(d))∥L1 → 0 as j → ∞;

(ii) ∇vjLd ∗
⇀ 0 in D′(B1;Rd×d);

(iii) ∇vj ̸→ 0 in L1(B1;Rd×d).

This means that imposing the L1-closeness condition (i) to a (d+2)(d−1)
2 -dimensional

subspace (this subspace is 2-dimensional if d = 2) that only intersects the rank-
one cone at the origin, is insufficient for improving weak* convergence to strong L1

convergence for a curl-free sequence, in opposition to the statement of Corollary 1.8
for L∞-closeness to a fixed polar.

Since the ideas are similar, we will only construct our example for d = 2. Let
0 < ε < 1 and define

uε(x) :=
1

| ln ε|
gε(ln |x|), where gε(t) := η

(
t

ln ε

)
t,
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and η : R → R is a smooth function with η(t) = 1 for η ≤ 1 and η(t) = 0 if and only

if t ≥ 2. We compute, where we set Rε(x) :=
ln |x|
ln ε ,

∇2uε(x) =
1

| ln ε|
(
g′ε(ln |x|)∇2 ln |x|+ g′′ε (ln |x|)∇ ln |x| ⊗ ∇ ln |x|

)
=

1

| ln ε|
(
η(Rε(x)) + η′(Rε(x))Rε(x)

)
∇2 ln |x|

+
1

| ln ε|2
(
2η′(Rε(x)) + η′′(Rε(x))Rε(x)

) x

|x|2
⊗ x

|x|2
=: Iε + IIε.

We observe that Rε(x) ≤ 1 for |x| ≥ ε and Rε(x) ≥ 2 for |x| ≤ ε2. Notice also that
η(t) + η′(t)t is 1 if t ≤ 1 and 0 if t ≥ 2 and bounded and nonzero in between. Thus,ˆ

B1

|Iε| dx =

ˆ
B1\Bε2

|Iε| dx,

wherebyˆ
B1

|Iε| dx ≈ 1

| ln ε|

ˆ
B1\Bε2

|∇2 ln |x|| dx =
2
√
2π

| ln ε|

ˆ 1

ε2

1

r
dr = 4

√
2π.

Moreover, 2η′(t) + η′′(t)t is supported in (1, 2) and bounded, we haveˆ
B1

|IIε| dx ≲
1

| ln ε|2

ˆ
B1\Bε2

|x|−2 dx→ 0.

Now define vε := ∇uε, for which ∇vε = ∇2uε. Then, since gε converges to the
function that is 1 almost everywhere in L1

loc this yields (ii). Moreover,
´
B1

|∇2uε| dx ≈
1, so (iii) also holds. For (i), we note that ∇2 ln |x| ∈ SD(2) almost everywhere since
∇2 ln |x| is a Hessian and trace(∇2 ln |x|) = ∆ ln |x| = 0 (recall that ln |x| is the
fundamental solution of the Laplacian in two dimensions). Therefore,

dist(∇vj(x), SD(2)) ≤ |IIε|.

Thus, ˆ
B1

dist(∇vj(x), SD(2)) dx ≤
ˆ
B1

|IIε| dx→ 0,

yielding (i).

Example 7.2 (Quasiconformal maps). We recall that the conformal coordi-
nates (a+, a−) ∈ C2 of a matrix A ∈ R2×2 are defined by the rule

Av = a+v + a−v,

under the identification of vector v = (x, y) ∈ R2 with complex numbers v = x+ iy.
Verifying that this defines a linear isomorphism from R2×2 onto C2 is straightfor-
ward. The complex dilation of a matrix A ∈ R2×2, which is defined as

µA :=
a−
a+
,

quantifies how far is a matrix A from being conformal (precisely when a− = 0). In
this vein, for a real number r ∈ R we define

Er :=
{
A ∈M2×2 : µA = r

}
,
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of matrices with complex dilation equal to r. With these conventions, it is straight-
forward that

E0 =

{(
a b
−b a

)
: a, b ∈ R2

}
is the space of conformal matrices. Notice that the set space of conformal matrices
possesses no rank-1 connections. Indeed, this follows from the fact that det(A) =
1
2 |A|

2 for all A ∈ E0. Moreover, since the change to conformal coordinates is a linear
isomorphism, it follows that

A ∈ Er =⇒ dist(A,E0) ≤ C|a−| ≤
C|A| · |r|√

2
.

Hence,

dist

(
A

|A|
, E0

)
≤ C|r| for all A ∈ Er (7.2)

and in particular Er belongs to a closed (two-sided) Cr-neighborhood of E0.

Theorem 7.3 (Astala et al. [8, Thm. 3.18]). Let ε ∈ (0, 1). For bounded set
Ω ⊂ R2 there exists a mapping f ∈W 1,1(Ω;R2) ∩ C(Ω̄;R2) satisfying

(1) f(x) = 0 on ∂Ω,
(2) ∇f(x) ∈ E−ε ∪ Eε for almost every x ∈ Ω,
(3) f ∈W 1,q(Ω;R2) for all q < 1 + ε, but for any ball B ⊂ Ω it holdsˆ

B
|∇f |1+ε = ∞

The following result, which follows directly from the Theorem 7.3 above, shows
that the higher-integrability bounds from Theorem 1.3 may fail for non-convex con-
straints of the polar in the case d = 2.

Proposition 7.4 (Almost conformal curl-free fields). For every p ∈ (1, 2)
and every ε ∈ (0, p− 1), there exists an integrable matrix field µ ∈ Lq(Ω;R2) for all
q ∈ [1, 1 + ε), such that

curlµ = 0 on Ω

and

dist

(
µ

|µ|
(x), E0

)
≤ Cε.

However, ˆ
B
|µ|1+ε dx = ∞ for every ball B ⊂ Ω.

Proof. Simply let µ = ∇f , where f is the function given by Theorem 7.3 for ε ∈
(0, p − 1). Clearly µ is curl-free. Moreover, the estimate (7.2) and the fact that
∇f(x) ∈ E−ε∪Eε imply that distance from the polar of µ to E0 is bounded by ε up
to a constant. The failure of the local p-integrability follows from (3) in the theorem
above, the fact that p > 1 + ε and Hölder’s inequality. □

Now we show that under the (weaker) assumption of L1-closeness of a sequence
of gradients to a line away from the wave cone, we still cannot expect compensated
compactness. However, this example is non-constructive, and relies on the charac-
terization [23, Theorem 1] of BV-Young measures via a Jensen-type inequality. We
refer the reader to [31, Chapter 12] for notation.
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Example 7.5. Fix any P0 ∈ Rℓ ⊗Rd with |P0| = 1, rankP0 ≥ 2, and consider the
following generalized Young measure:

ν = (νx, λν , ν
∞
x ) :=

(
δ0, δ0,

1

2
δP0 +

1

2
δ−P0

)
∈ YM(B1;Rℓ ⊗ Rd).

Namely, ν concentrates only at the origin with the direction of concentration oscil-
lating between ±P0. We have for the barycenter

[ν] := [δ0]Ld B1 +
[1
2
δP0 +

1

2
δ−P0

]
δ0 = 0

Also λν(∂B1) = 0. Now take any quasiconvex h : Rℓ ⊗ Rd → R with linear growth.
We have

h

(
[δ0] +

[1
2
δP0 +

1

2
δ−P0

] dδ0
dLd

(x)

)
= h(0) =

〈
h, δ0

〉
+

〈
h#,

1

2
δP0 +

1

2
δ−P0

〉
dδ0
dLd

(x),

for almost every x, where

h#(A) := lim
ε→0+

sup

{
f(tB)

t
: 0 < |A−B| < ε, t >

1

ε

}
is the upper (generalized) recession function associated to h. Hence, by [23, Theo-
rem 1], we deduce that ν ∈ BVY(B1;Rℓ ⊗ Rd), so by [31, Proposition 12.18], we
can find an (improved) generating sequence of maps (uj)j ⊂ (W1,1 ∩ C∞)(B1;Rℓ)

with ∇uj
Y→ ν. But if we choose

f(x,A) := dist(A, span{P0}) ∈ E(B1;Rℓ ⊗ Rd),

where E(B1;Rℓ ⊗ Rd) is the pre-dual of YM(B1;Rℓ ⊗ Rd), we have that〈〈
f, δ[∇uj ]

〉〉
=

ˆ
B1

dist

(
∇uj(x), span{P0}

)
dx→ 0.

So we have found a sequence of gradients (curl-free functions) that converge weakly*
in M(B1;Rℓ ⊗Rd) to [ν] = 0, and the distance between their polars and {P0,−P0}
converges to 0 strongly in L1. However, we cannot improve weak* convergence to
strong convergence here since [31, Corollary 12.15] tells us that this is only possible
provided λν = 0, which is not true.

More generally, for operators A satisfying the constant-rank property, we recall
the following abstract result on the failure of L1-compensated compactness for A-free
measures [5, Corollary 3.1]:

Proposition 7.6. Let A be a linear PDE operator from V to W that satisfies the
constant-rank property. Let L be a non-trivial subspace of

spanΛA ⊂ V,

and assume that L has no non-trivial ΛA-connections, i.e.,

L ∩ kerA(ξ) = {0} for all ξ ∈ Rd \ {0}.

Then, for every non-trivial cone K ⊂ L, there exists a sequence {wj} ⊂ C∞(B1;V )
of A-free vector-valued functions satisfying

wj Ld ∗
⇀ 0 in M(B1;V ),

dist(wj ,K ∪−K) → 0 in L1(B1),
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but

wj ̸⇀ 0 in L1(B1;V ), and

{|wj |} is not locally equiintegrable on any sub-domain of B1.

Remark 7.7. The proof in this case appeals to the characterization of A-free
Young measures, which has in been recently established independently in [5] and [22].
In this regard, a thorough discussion and counterexamples to the compensated com-
pactness for L1-asymptotically L-elliptic systems can be found in [5, Sec. 3.2].

Finally, we show that in our compensated compactness result, Corollary 1.8, we
cannot expect strong convergence since bounded oscillations are still allowed.

Example 7.8 (Laminates). Let P ∈ ΛA and let ξ ∈ Rd be a normal direction
such that P ∈ kerA(ξ). If K ⊂ E is a set with non-empty interior, then we may find
δ > 0 and vectors A,B ∈ K such that

A = B + δP.

Let φ : R → R be the [0, 1]-periodic extension of the indicator function χ[0, 1
2
) and

consider the sequence of {0, 1}-valued maps

φj(x) := φ(j(x · ξ)), x ∈ Rd.

We define an {A,B}-valued sequence of laminates uj : Rd → Rm oscillating on the
ξ-direction by letting

uj := B + δPφj .

Notice that this conforms a sequence of A-free measures since

Auj = [jδφ′(j(dx · ξ))]A(ξ)[P ] = 0 in D′(Rd;V ).

By construction it holds

uj ⇀
A+B

2
locally in Lp for all p ∈ [1,∞),

uj ̸→ A+B

2
locally in L1.
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[22] J. Kristensen and B. Raiţă. Oscillation and concentration in sequences of PDE constrained
measures. arXiv:1912.09190, 2019.

[23] J. Kristensen and F. Rindler. Characterization of generalized gradient Young measures gener-
ated by sequences in W1,1 and BV. Arch. Ration. Mech. Anal., 197:539–598, 2010.

[24] G. Leoni. A First Course in Sobolev spaces, volume 105 of Graduate Studies in Mathematics.
American Mathematical Society, 2009.

[25] S. Müller. Variational models for microstructure and phase transitions. In Calculus of vari-
ations and geometric evolution problems (Cetraro, 1996), volume 1713 of Lecture Notes in
Mathematics, pages 85–210. Springer, 1999.
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