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Abstract
Over the past decades, surface wave methods have been routinely employed to retrieve

the physical characteristics of the first tens of meters of the subsurface, particularly

the shear wave velocity profiles. Traditional methods rely on the application of the

multichannel analysis of surface waves to invert the fundamental and higher modes

of Rayleigh waves. However, the limitations affecting this approach, such as the 1D

model assumption and the high degree of subjectivity when extracting the disper-

sion curve, motivate us to apply the elastic full-waveform inversion, which, despite

its higher computational cost, enables leveraging the complete information embedded

in the recorded seismograms. Standard approaches solve the full-waveform inversion

using gradient-based algorithms minimizing an error function, commonly measuring

the misfit between observed and predicted waveforms. However, these deterministic

approaches lack proper uncertainty quantification and are susceptible to get trapped

in some local minima of the error function. An alternative lies in a probabilistic frame-

work, but, in this case, we need to deal with the huge computational effort characterizing

the Bayesian approach when applied to non-linear problems associated with expensive

forward modelling and large model spaces. In this work, we present a gradient-based

Markov chain Monte Carlo full-waveform inversion where we accelerate the sampling

of the posterior distribution by compressing data and model spaces through the discrete

cosine transform. Additionally, a proposal is defined as a local, Gaussian approxima-

tion of the target density, constructed using the local Hessian and gradient information

of the log posterior. We first validate our method through a synthetic test where the

velocity model features lateral and vertical velocity variations. Then we invert a real

dataset from the InterPACIFIC project. The obtained results prove the efficiency of our

proposed algorithm, which demonstrates to be robust against cycle-skipping issues and

able to provide reasonable uncertainty evaluations with an affordable computational

cost.
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INTRODUCTION

In recent years, full-waveform inversion (FWI) has gained

significant popularity owing to its capability in generating

high-resolution estimates of subsurface parameters such as

compressional and shear wave velocities (Virieux & Operto,

2009).

In FWI, seismic waveforms are exploited to update subsur-

face model parameters by trying to match the recorded data

with the estimated data. Although acoustic FWI is widely

employed for imaging complex subsurface structures, its lim-

itation lies in exclusively reconstructing the P-wave velocity

model, disregarding the S-wave. However, seismic data often

exhibit elastic effects, particularly in media with high-contrast

interfaces due to the generation of converted waves. Addition-

ally, in the case of land data, a substantial portion of seismic

energy generated by the source propagates as surface waves

(Rayleigh or Love waves). In the near-surface context, the

elastic inversion of Rayleigh waves assumes particular impor-

tance for reconstructing the shear wave velocity model within

the initial tens of meters of the subsurface. This significance

arises due to the remarkable sensitivity of Rayleigh waves to

variations of this elastic parameter.

Conventional methods for surface wave inversion, such as

the multichannel analysis of surface waves (MASW) (Aleardi

& Stucchi, 2021; Maraschini & Foti, 2010; Socco & Strobbia,

2004; Socco et al., 2010), involve three primary steps:

1. Conversion from the space–time domain to the frequency–

velocity domain, often represented as the velocity spec-

trum.

2. Interpretation of the velocity spectrum to extract the

dispersion curve corresponding to the fundamental mode.

3. Inversion of the surface-wave dispersion curve to derive

the Vs model, representing the subsurface shear-wave

velocity distribution.

However, these methods encounter several limitations, sim-

ilar to those affecting the shear wave dispersion analysis

(Bodin et al., 2012): First, the extraction of the dispersion

curve usually relies on user interpretation, thus introducing a

degree of subjectivity in the inversion procedure. In addition,

picking at very low frequencies can be inaccurate, introducing

uncertainties in the depth position and velocity of the deepest

layers (Foti et al., 2014, 2018). Another challenge lies in the

identification of higher modes that can be more energetic than

the fundamental mode, especially in the case of velocity rever-

sals and/or strong vertical velocity contrasts (De Nil, 2005;

Gao et al., 2016; Pan et al., 2019). Furthermore, the MASW

method hinges on the 1D assumption of the model, which

may not hold for many practical applications. Therefore, in

the presence of lateral velocity variations in the subsurface,

alternative approaches have been proposed. For example, the

recorded data can be divided into subsets, and each subset is

used to derive a 1D model. Then the derived velocity pro-

files are merged to construct a pseudo-2D subsurface model

(Bergamo & Socco, 2014; Bohlen et al., 2004; O’Neill et al.,

2008; Strobbia et al., 2006). Nevertheless, there are still lim-

itations regarding the lateral resolution of the obtained 2D

models, given that the profile length of each subset cannot

be arbitrarily small.

In this context, employing more advanced techniques like

elastic FWI becomes imperative for enhancing the lateral res-

olution and the fidelity of the estimated velocity field. There

are several successful applications of FWI in exploration geo-

physics and seismology (Fichtner et al., 2009; Brossier et al.,

2009; Warner & Gausch, 2016), and in the last few years,

numerous studies have also shown the applicability of FWI

to image the shallow subsurface. For example, among many

others, Groos et al. (2014, 2017), Xing and Mazzotti (2019)

and Lamuraglia et al. (2022) demonstrated the efficacy of 2D

time-domain elastic FWI in efficiently delineating the shal-

low subsurface with high resolution, whereas Romdhane et al.

(2011) and Tran et al. (2013) have showcased the applica-

bility and reliability of 2D frequency-domain elastic FWI in

reconstructing heterogeneous near-surface models.

The FWI of Rayleigh waves is mainly employed to retrieve

the Vs parameter because this is the elastic parameter mostly

constrained by the data. For this reason, in this work, we

primarily describe the estimated S-wave velocity models,

whereas the recovered Vp models are briefly illustrated in

Appendix A. For all the inversion tests, we considered the

Vp/Vs ratios to be greater than
√
2.

Elastic FWI amplifies the typical challenges of acoustic

FWI, such as the high computational cost and the high non-

linearity of the inversion problem, in which the error function

is characterized by multiple local minima (especially when

considering the conventional least-squares misfit function).

The high computational cost is mainly related to the very fine

grid: At least 20 points per wavelength are needed to prop-

erly simulate the wave propagation with a finite-difference

forward model (according to Pierini & Stucchi, 2020), with-

out being affected by numerical dispersion issues. Moreover,

a very small time-step must be chosen to satisfy the sta-

bility condition, expressed by the Courant–Friedrichs–Lewy

condition.

For a local optimization approach, an appropriate start-

ing model is crucial to achieve convergence without getting

trapped in some local minima of the objective function

(Alkhalifah, 2016; Schafer et al., 2014; Xing & Mazzotti,

2019), among others. On the other hand, global optimization

methods can alleviate this requirement, but the computational

burden required for convergence might be prohibitively long,

especially for a large number of unknowns (Aleardi, 2019;
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PROBABILISTIC FULL WAVEFORM INVERSION 3

Datta & Sen, 2016; Ely et al., 2018; Ray et al., 2016; Sajeva

et al., 2017; Sen & Stoffa, 2013).

This work aims to introduce an inversion approach that

addresses some of the challenges posed by the elastic FWI

of surface waves for near-surface investigations. Specifically,

our goal is to alleviate the stringent requirement for a start-

ing point lying in the global minimum valley and to also

provide statistical assessments of the estimated model param-

eters. In particular, we provide a solution to the elastic FWI

problem in a Bayesian inference framework (Gebraad et al.,

2020; Mosegaard & Tarantola, 2002) using a Markov Chain

Monte Carlo (MCMC) method. This method is designed to

efficiently explore the model space, mitigating the cycle-

skipping issue and, at the same time, accurately quantifying

the uncertainties affecting the recovered solution.

In a Bayesian inversion, the outcome is the so-called poste-

rior probability density (PPD) function in the model space.

This function combines prior knowledge about the model

parameters with the information provided by the experiment

(i.e. the recorded seismic data). Although the PPD can be ana-

lytically computed for linear forward operators and Gaussian

priors and data likelihood functions, a sampling method is

required to estimate the posterior target distribution for more

complex scenarios. MCMC methods offer a clever way to con-

struct a Markov chain that produces samples drawn from the

PPD (Sambridge & Mosegaard, 2002). Theoretically, MCMC

methods can estimate the posterior distribution with suffi-

ciently long Markov chains starting from random points in the

model space.

However, the main challenge of these methods lies in their

diminished sampling efficiency in high-dimensional prob-

lems due to the so-called curse of dimensionality (Curtis &

Lomax, 2001). Additionally, their convergence rate to the tar-

get PPD relies heavily on the random perturbation applied

to the current state of the chain. Traditional sampling strate-

gies, like the random walk Metropolis (Sherlock et al., 2010),

may necessitate many forward evaluations before reaching

convergence, rendering them computationally unfeasible for

high-dimensional problems or when dealing with expensive

forward modellings, such as in the case of elastic FWI.

Efforts have been dedicated to mitigating the computational

costs associated with the Bayesian approach by employing

dimensionality reduction methods making use of compres-

sion techniques (Malinverno, 2002; Dejtrakulwong et al.,

2012; Aleardi, 2019). Moreover, to enhance the efficiency

of sampling the PPD using MCMC methods, it is essential

that the proposal distribution reasonably approximates the

target posterior density. Recent years have seen the emer-

gence of several MCMC techniques, such as self-adaptive

MCMC (Haario et al., 2001), parallel tempering (Sambridge,

2014) and Hamiltonian MCMC (Neal, 2011). In particular,

the class of gradient-based MCMC methods has attracted

considerable interest in recent years for addressing geophys-

ical inverse problems. The Hamiltonian Monte Carlo (HMC)

leverages Hamiltonian’s equations to evolve a continuous-

time Markov process, a dynamic system defined by potential

and kinetic energies (e.g. Aleardi, 2020b; Fichtner & Simutè,

2018; Gebraad et al., 2020; Koch et al., 2020; Sen & Biswas,

2017). This system is practically approximated using multiple

iterations of a leapfrog integrator, with the HMC algo-

rithm combining this dynamic with the Metropolis–Hastings

acceptance step. A specific case of the HMC method is

the Metropolis-adjusted Langevin algorithm (MALA), which

involves using only one integration step among sampling

proposals. MALA belongs to the Langevin Monte Carlo

algorithm family, which integrates gradient information with

random noise to guide the sampling process. Another possi-

ble solution for solving Bayesian inference problems that is

gaining a lot of attention in the latest years is represented

by variational inference algorithms (Zhang & Curtis, 2020,

2021).

In this work, we make use of a gradient-based MCMC

(GB-MCMC), where the proposal distribution is constructed

using the local gradient and the Hessian of the negative log

posterior. This method (originally named Stochastic Newton

MCMC) was theoretically introduced by Martin et al. (2012)

and later applied by Zhao and Sen (2021) to the acoustic

FWI, without employing any reparameterization technique to

reduce the dimensionality of the problem and only consid-

ering the diagonal entries of the Hessian matrix, resulting

in a reduced sampling efficiency. Then Berti et al. (2024a,

2024b) decreased the computational cost of the approach

when applied to acoustic and elastic FWI by introducing a

model and data compression through a discrete cosine trans-

form (DCT) reparameterization. Here, we extend the method

to the elastic case by inverting surface wave data. From here

on, for simplicity and on the line of Zhao and Sen (2021)

and Berti et al. (2024a, 2024b), we refer to our method as the

GB-MCMC.

The implemented algorithm significantly accelerates con-

vergence by providing a local approximation of the target

PPD using information from the local Hessian and gradient

computed around the current state of the chain. Although

this approach necessitates derivative computation for each

sampled model, which can be computationally intensive

in large-dimensional problems, we address this limitation

through a compression of models and data spaces using

reparameterization techniques such as the DCT, effectively

reducing the number of unknowns in our inverse problem and

inherently acting as a regularization in the model space (Kotsi

et al., 2020; Lochbuhler et al., 2014).

To validate our approach, we apply it to a synthetic near-

surface model, with notable lateral and vertical velocity

variations. Subsequently, we employ GB-MCMC FWI on a

real dataset from the InterPACIFIC project acquired at the

Grenoble test site in France (Garofalo et al., 2016). The
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4 BERTI ET AL.

application of our algorithm to this dataset is bolstered by

the availability of well-log data, providing validation for the

obtained results.

METHODS

We will briefly describe the gradient-based Markov Chain

Monte Carlo (GB-MCMC) method we employed. Further

details can be found in Zhao and Sen (2021) or Berti et al.

(2024a) who applied the method to probabilistically solve the

acoustic full-waveform inversion. The Bayesian solution of an

inverse problem is fully described by the posterior probabil-

ity density (PPD) in the model space that, following the Bayes

theorem, can be written as

𝑝 (𝐦 |𝐝 ) = 𝑝 (𝐝 |𝐦 ) 𝑝 (𝐦)
𝑝 (𝐝)

, (1)

where the m and d vectors represent the model and data

parameters, respectively; p(d|m) is the so-called data like-

lihood function measuring the misfit between observed and

predicted data, whereas p(m) and p(d) represent, respectively,

the a priori distribution of model parameters and the evidence

term; p(m|d) is the PPD, which fully quantifies the solution

uncertainties.

The PPD can be analytically derived only in the case of

Gaussian-distributed data and model parameters and for linear

forward operators. In the context of seismic inverse problems,

a numerical approach is necessary to estimate the PPD. Sam-

bridge and Mosegaard (2002) proposed the use of an MCMC

sampling method to address this need. The fundamental idea

behind this approach is to construct a Markov chain, the equi-

librium distribution of which is the target PPD. The chain

is iteratively updated by proposing new models, according

to a well-defined proposal distribution, and the probability γ
to move from the current state of the chain mk to the next

proposed state mk+1 is regulated by the Metropolis–Hasting

(M–H) rule:

𝛾 = 𝑝(𝐦𝑘+1| 𝐦𝑘)

= min

[
1,

𝑝
(
𝐦𝑘+1

)
𝑝
(
𝐦𝑘

) ×
𝑝(𝐝 ||𝐦𝑘+1)
𝑝(𝐝 ||𝐦𝑘)

×
𝑞(𝐦𝑘

||𝐦𝑘+1)
𝑞(𝐦𝑘+1 ||𝐦𝑘)

]
, (2)

where q(.) is the proposal distribution responsible for draw-

ing the model from a probability distribution q(mk+1|mk) only

influenced by the current state of the chain mk (Hastings,

1970). The proposal ratio term vanishes if symmetric propos-

als are used (i.e. such as in the classical random walk M–H

algorithm). In our case, the proposal is not symmetric, and

for this reason, the proposal ratio should be computed. How-

ever, because the proposal is Gaussian, both 𝑞(𝐦𝑘|𝐦𝑘+1) and

𝑞(𝐦𝑘|𝐦𝑘+1) can be analytically evaluated.

Upon acceptance of mk+1, the current model undergoes an

update, and so mk = mk+1; conversely, if mk+1 is rejected,

mk is retained in the chain, and a new state is generated as

a random deviation from mk. To enhance exploration across

the parameter space and prevent the sampling from getting

trapped in some local maxima of the PPD, several Markov

chains are typically employed. This results in various random

paths originating from different points in the model space. An

established practice in numerically evaluating the posterior

density through MCMC algorithms involves discarding early

realizations of the chains and beginning to collect samples

once the initial state impact is alleviated. This strategy, known

as burn-in, aims to consider samples only after the Markov

chain has sufficiently approached the stationary regime. The

samples collected after the burn-in period are used for the

numerical computation of the statistical properties, such as

mean and standard deviation, associated with the target PPD.

If we assume Gaussian distributions for data, noise and

model parameters, then:

𝑝 (𝐦) ∝ exp
(
−1
2
(
𝐦 −𝐦prior

)T𝐂−1
m

(
𝐦 −𝐦prior

))
, (3)

𝑝 (𝐝 |𝐦 ) ∝ exp
(
−1
2
(𝐝 −𝐆 (𝐦))T𝐂−1

d (𝐝 −𝐆(𝐦))
)
, (4)

where mprior is the prior model vector; Cd and Cm are the

data and prior model covariance matrices, respectively, and

G is the forward modelling operator which relates the model

to the corresponding data. Now we can derive a Gaussian

approximation of the PPD around mk:

𝑝 (𝐦 |𝐝 ) ∝ exp(
−1
2
(
𝐦 −

(
𝐦𝑘 −𝐇−1𝐠

))T𝐇 (
𝐦 −

(
𝐦𝑘 −𝐇−1𝐠

)))
,(5)

where g represents the gradient vector and H the Hessian

matrix, defined as

𝐠 = 𝐉T 𝐂−1
d Δ𝐝

(
𝐦𝑘

)
+ 𝐂−1

m
(
𝐦𝑘 −𝐦𝐩𝐫𝐢𝐨𝐫

)
, (6)

𝐇 ≈ 𝐉T𝐂−1
d 𝐉 + 𝐂−1

m . (7)

In the previous equations, Δd(mk) = G(mk), where d is

the data misfit vector calculated using the current model mk
and J denotes the Jacobian matrix, which expresses the partial

derivative of the data with respect to the model parameters and

can be used in a local inversion for an approximate, local sen-
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PROBABILISTIC FULL WAVEFORM INVERSION 5

sitivity analysis of the inverse problem (Aleardi & Tognarelli,

2016).

We can now define a sampling technique that uses the local

approximation of the PPD to define the proposal density:

𝑞 (𝐦) ∝ exp(
−1
2
(
𝐦 −

(
𝐦𝑘 − 𝛼𝐇−1𝐠

))T 𝐇
𝛽2

(
𝐦 −

(
𝐦𝑘 − 𝛼𝐇−1𝐠

)))
,

(8)

where H−1g is the so-called Newton step (notice that if

β = 0, we obtain the standard gradient descent). Because

we are recomputing the Hessian matrix at every iteration

and analytically evaluating the proposal ratio (Equation 2)

for each considered model, the scaling factor depending on

the determinant of the Hessian matrix is properly considered.

The adaptable parameters, α and β2, play a crucial role in

determining how far to go along the negative gradient direc-

tion and the variance of the applied random perturbation,

respectively. These parameters impact the algorithm’s balance

between exploration and exploitation, thereby influencing the

acceptance ratio of the sampling. Furthermore, although the

proposal is based on a local Gaussian approximation of the

PPD, it can be applied for sampling from any type of posterior

model and under any prior assumptions (e.g. non-parametric

prior, Aleardi, 2021). Indeed, the estimated posterior is theo-

retically independent from the adopted proposal, which only

affects the sampling efficiency. In this work, we limit to con-

sider a log-Gaussian prior, but, if needed, the method can

manage any kind of prior information either analytical or

non-parametric (Aleardi et al., 2022).

Algorithm 1 GB-MCMC

1. Define the prior information → Full space
2. Define the starting models
3. For chains = 1: n_chains do
4. While iter ≤ n_iter do
5. Define the current model mk → DCT space
6. Compute Jacobian matrix J, gradient vector g and

Hessian matrix H
7. Draw the proposed model mk+1 from a multivariate

Gaussian

8. Compute the forward evaluation to obtain the current

data → Full space
9. Project the calculated data onto the DCT domain → DCT

space
10. Metropolis–Hasting rule γ = p(mk+1|mk)

11. If mk+1 is accepted then
12. mk = mk+1; iter = iter + 1

13. Else:

14. mk = mk; iter = iter + 1

15. Repeat steps 7–10

16. Store all the accepted models

17. Compute mean and standard deviation of the PPD→ Full
space

Algorithm 1 presents a schematic overview of the workflow

for the proposed sampling method, emphasizing the steps con-

ducted in both the full and discrete cosine transform (DCT)

spaces (the arrows on the right show in which domain the

various steps are performed). It is evident that numerous for-

ward and inverse DCT transformations are required, but these

operations incur negligible computational costs. Furthermore,

despite the inversions occur in the reduced DCT space, it is

crucial to project the sampled model back into the full domain

immediately before the forward modelling phase.

The GB-MCMC method is designed to concentrate sam-

pling efforts on the most favourable regions of the parameter

space, characterized by high posterior density values. Addi-

tionally, it employs a proposal that leverages the inverse

of the Hessian matrix, incorporating information about the

local covariance structure of the target density. Notably, the

reduced dimensionality of the model space (see next sub-

section concerning the DCT) enables the consideration of

the entire approximate Hessian, not just its diagonal val-

ues. This implies that the sampling of the model space is

guided not only by data illumination but also by the corre-

lation among model parameters. The incorporation of this

information not only accelerates the probabilistic sampling

but also enhances sample independence while simultaneously

ensuring high acceptance rates (Aleardi et al., 2022).

The major computational requirement in GB-MCMC sam-

pling lies in computing the Jacobian matrix associated with

each accepted model, the dimensions of which depend on the

number of unknowns and data points. This Jacobian matrix is

calculated using a forward finite-difference scheme. In this

context, the number of forward evaluations required for its

computation grows linearly with the number of model param-

eters. The advantage is that the computation of each column of

the Jacobian matrix can be done independently, facilitating its

distribution across different computing units. In addition, the

use of the DCT drastically reduces the computational cost for

the Jacobian evaluation and the manipulation of the Hessian

matrix and gradient vector.

Discrete cosine transform

The DCT is a linear orthogonal transformation that efficiently

decomposes a signal (that can be mono or multidimensional)

into a combination of cosinusoids oscillating at various

frequencies. This transformation has proven to be highly

effective in imaging compression standards due to its remark-
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6 BERTI ET AL.

able ability to concentrate most of the signal’s energy within

the low-order coefficients (Ahmed et al., 1974; Aleardi,

2020a; Jain, 1989).

If we consider, for example, a 2D velocity model, most of

the spatial variability comes from the first DCT coefficients

in both dimensions, corresponding to the first q rows and p
columns of the transformed matrix. Therefore, the DCT trans-

formation allows for a reduction of the (My ×Mx) full-velocity

model space to a (q × p) DCT compressed parameter space,

with 𝑞 << 𝑀𝑦 and 𝑝 << 𝑀𝑥. A similar transformation can

also be applied in the data space, to compress the 2D matrices

representing each shot gather.

Here, the model space expresses the 2D Vp/Vs and Vs val-

ues in the subsurface, whereas the density is not inverted given

its minimal impact on the observed Rayleigh waves (Ivanov

et al., 2016). The choice of the number of retained DCT coef-

ficients to compress the model and data spaces is a crucial

step of our inversion framework and should always involve

a trade-off between the desired model and data resolution

and the computational cost of the procedure. If needed, a

trans-dimensional approach could be employed, in which the

number of DCT coefficients is treated as an unknown to be

estimated from the inversion (Hawkins & Sambridge, 2015;

Ray et al., 2016). Here we use a simpler strategy for the esti-

mation of the optimal number of DCT coefficients to retain in

the parameter space: In the synthetic case, we have quantified

how the variability of the true Vs model changes as the number

of DCT coefficients varies. Here, the variability is computed

as the ratio between the variance of the compressed model

and the true one (Aleardi, 2021). In the real case, the opti-

mal model compression can be set according to the expected

velocity variability in the study area and according to the

achieved data matching. If available, borehole information can

be employed to facilitate the selection of the DCT coefficients

in the model space. For example, in our application, the avail-

able borehole data were used to estimate the number of DCT

coefficients along the vertical direction. For the horizontal

direction, we used the same number as in the synthetic case,

considering that they were enough to reconstruct a very strong

lateral variation in a model with similar dimensions. We will

discuss this aspect more in detail when discussing the field

data inversion.

For the estimation of the optimal number of DCT coeffi-

cients needed to approximate the data, we can use the same

strategy as for the model space, thus analysing the variabil-

ity of the observed data before and after the compression.

However, we have observed that the variability can reach high

values using a low number of DCT coefficients in both direc-

tions, but the reconstructed seismogram after the compression

step is affected by some artefacts. For this reason, we have

used a different strategy to estimate the optimal number of

DCT coefficients, for both the synthetic and real cases. In par-

ticular, we have analysed how the relative percentage error,

calculated as the ratio between the L2 norm difference of

the observed and compressed data and the L2 norm of the

observed data, varies with different combinations of DCT

coefficients.

In all the following tests, we are assuming log-Gaussian

prior distributions for the Vs and Vp/Vs values. Therefore, the a

priori mean vectors and a priori model covariance matrix Cm

can be analytically projected to the DCT space, thanks to the

linearity of the DCT transformation (for further details, please

refer to Berti et al., 2024a). We also point out that in our appli-

cations, the Cm matrix codes a 2D stationary and Gaussian

correlogram expressing the assumed spatial variability of the

velocity values along both spatial directions and expresses the

covariance for both the Vs and Vp/Vs models. Due to the large

number of data points in the full space, we applied a numer-

ical Monte Carlo simulation to project the data covariance

matrix Cd onto the compressed domain (see Aleardi et al.,

2022).

RESULTS

Synthetic inversion test

To validate our proposed methodology, we first apply our

approach to a 2D near-surface synthetic velocity model,

derived from three-component downhole recordings acquired

in San Sepolcro and Barga (Tuscany, Italy). The model param-

eters to be estimated are the Vs and Vp/Vs values, with the

density assumed to be perfectly known.

First, we need to derive two very important parameters that

play a crucial role in the inversion setting: Δx and Δt, the spa-

tial grid interval and the time sampling, respectively. To avoid

numerical dispersion in the finite difference (FD) modelling,

the maximum spatial grid interval Δx should satisfy

Δ𝑥 <
𝑉min

𝑛 ⋅ 𝑓max
, (9)

where Vmin is the minimum velocity in the subsurface model,

n is the number of points per minimum wavelength and fmax

is the maximum frequency in the modelling. In the case of

body wave modelling, a value of n equal to 5 is generally used

(Alford et al., 1974), but when we are dealing with surface

wave modelling, a much higher value is recommended (in our

work, it has been set to at least 20, following Pierini & Stuc-

chi, 2020). On the other hand, to guarantee stability, the time

sampling interval Δt should satisfy

Δ𝑡 < 𝐶 ⋅
Δ𝑥
𝑉max

, (10)
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PROBABILISTIC FULL WAVEFORM INVERSION 7

where Vmax is the maximum velocity in the subsurface model

and C is the Courant number (the value of which is 0.606 in

the case of a fourth-order approximation of derivatives along

space and a second-order approximation along time).

Taking into consideration these two conditions, the

grid size for generating the observed data is set to

680(nx) × 120(ny), where nx and ny represent the number of

grid points in the horizontal and vertical directions, respec-

tively, with a uniform grid spacing of 0.5 m in both directions.

Employing a Ricker wavelet with a central frequency of 10 Hz

as the source, we have simulated 5 shots evenly distributed

along the horizontal direction, and each shot is recorded by

96 receivers with a 3 m receiver interval. All sources and

receivers are positioned at the free surface. A time sampling

interval of 0.1 ms is utilized for the forward modelling (then

resampled to a 2 ms time interval), with a registration time

of 600 ms. Uncorrelated Gaussian white noise is added to the

observed data, with a standard deviation equal to 20% of the

standard deviation of the noise-free data. The resulting signal-

to-noise ratio is 14 dB. Elastic forward modelling is executed

using SOFI2D (Bohlen, 2002), a viscoelastic forward mod-

elling code that solves the pure elastic or viscoelastic wave

equation through an FD scheme in the time domain. To

optimize the computational efficiency of calculating the Jaco-

bian matrix using the FD approach, we have parallelized the

computation of each column of the Jacobian matrix across dif-

ferent processes. In the test presented here below, we assume

a perfectly known wavelet, and all the receivers illuminated

by the sources are used for the inversion. However, to prove

the robustness of the implemented algorithm, we have per-

formed other tests: deriving the wavelet from the observed

data instead of assuming it was known, increasing the level of

noise in the data and also considering some missing channels.

These results will be shown in Appendix B.

The transformation of data and models into the discrete

cosine transform (DCT) space, where Markov Chain Monte

Carlo (MCMC) sampling operates, necessitates the selec-

tion of the number of retained DCT coefficients for both

seismic data and velocity models. For the model space,

we can observe that utilizing less than eight coefficients

along the two spatial dimensions captures over 98% of the

original velocity model’s variability (Figure 1). This com-

pression strategy results in a substantial reduction of the

120 × 680 × 2 = 163,200-dimensional elastic space to a more

manageable 8 × 4 × 2 = 64-dimensional domain, considering

an equal number of DCT coefficients for both the Vp/Vs and

Vs models. This choice strikes an optimal balance between

reducing the unknowns in our inverse problem and preserving

the essential features of the velocity model after compression.

Parts (a) and (b) of Figure 1 show the comparison between the

Vs model before and after the DCT compression, revealing

the preservations of all main features, including vertical and

lateral variations, with only a minor loss of high-resolution

details.

For what concerns seismic data, we have seen that retaining

40 × 70 = 2800 coefficients correspond to a relative per-

centage error below 10% with respect to the observed data.

Therefore, the full 300 × 96 × 5 = 144,000-dimensional

data space (considering the same number of DCT coeffi-

cients for all the five shots) has been effectively reduced to

a 40 × 70 × 5 = 14,000-dimensional domain.

It is important to note that all the matrices involved in the

inversion procedure become more tractable in the compressed

domain; for instance, the Jacobian matrix, which has a num-

ber of rows equal to the number of data parameters and a

number of columns equal to the model parameters, has been

reduced from a 144,000 × 163,200 matrix in the full domain

to a 14,000 × 64 matrix in the compressed space.

The numerical tests were conducted using a Python imple-

mentation running on different servers equipped with Intel

Xeon CPU E5-2630 v4 @ 2.20 GHz. Each iteration, which

includes computing the Jacobian, the gradient, the Hessian

matrix (if the proposed model is accepted) and drawing a sam-

ple, requires approximately 300 s of wall clock time, whereas

3.000 iterations of a single chain took approximately 3 days.

We have employed five independent chains, each running on

a distinct server.

As a prior mean model common to all the five chains, we

employed a homogeneous model with a constant velocity of

600 m/s, also used as a starting point for one of the chains

(Figure 2a). Both the vertical and lateral Gaussian correl-

ograms used in this inversion test are shown in Figure 2b,

where the ranges along the vertical and lateral directions are,

respectively, 3 and 8 m.

Figure 3 illustrates that despite initiating from different

and rather simple initial models, the posterior mean Vs mod-

els independently estimated for two distinct chains are nearly

identical and closely reproduce the main features of the true

compressed model (Figure 1b). This underscores the algo-

rithm’s efficiency in exploring the parameter space without

being affected by cycle-skipping issues.

Examining the progression of the square root of the neg-

ative log-likelihood in Figure 4a reveals that the chains

originate from distinct initial values, reflecting the different

starting models employed in the inversions. However, they all

reach the same stationary regime after approximately 750 iter-

ations, when they start to oscillate around similar likelihood

values. These initial iterations constitute the burn-in period,

during which the corresponding velocity models are excluded

from the numerical estimation of the statistical properties of

the posterior probability density (PPD). The different conver-

gence speeds between the chains are influenced by the specific

choice for the α and β parameters in Equation (8) (it will be

discussed in more detail in the ‘Discussion’ section). Note
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8 BERTI ET AL.

F I G U R E 1 (a) True Vs model; (b) true Vs model after the discrete cosine transform (DCT) compression using only eight coefficients along the

first dimension (depth) and four along the second dimension (horizontal position); (c) explained model variability with the increasing number of

retained coefficients along the two DCT dimensions. The numerical value represented by coordinates (x,y) indicates the accounted variability when

compressing the model space using the first y coefficients along the first dimension and x coefficients along the second dimension. The red dot

highlights the chosen combination of DCT coefficients in the model space.

F I G U R E 2 On the left, the prior mean model used for all the five chains; on the right, the normalized spatial correlation function associated

with the assumed 2D Gaussian variogram model.
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PROBABILISTIC FULL WAVEFORM INVERSION 9

F I G U R E 3 Examples of two chains: on the left, the initial Vs models of the gradient-based Markov Chain Monte Carlo (GB-MCMC)

inversions ((a) a simple two-layers model; (c) a homogeneous model); on the right, the posterior mean Vs models independently estimated by the two

chains ((b) and (d), respectively).

that we show the square root of the negative log-likelihood

to better point out the differences of the data misfit values

pertaining to the chains in the initial iterations.

Figure 4b illustrates the acceptance ratio for each chain,

calculated as the number of accepted models divided by the

number of iterations. We can observe that we reach values

above 90%, much higher than the ones obtained using stan-

dard, gradient-free MCMC algorithms that typically yield

values around 25%. Although these high values result in an

increased computational cost (notice that for each accepted

model we should compute the associated Jacobian matrix,

which is the most computationally expensive step of the

method), they also prevent unnecessary forward evaluations

for velocity models that will not be accepted.

It is important to note that, given these very high accep-

tance ratios, we implemented a strategy to reduce the overall

computational cost of the inversion. Specifically, after the end

of the burn-in period, considering that the high probability

region of the PPD has been approached, we have calculated

the Jacobian matrix every 20 accepted models (as opposed

to each one as done during the burn-in period). This signifi-

cantly speeds up the computing time without compromising

the statistical properties of the estimated PPD.

One method to determine if a chain has converged to the

equilibrium distribution is by comparing its behaviour with

other chains with different starting points. Gelman and Rubin

(1992) introduced the potential scale reduction factor (PSRF)

for this purpose. This statistic measures the ratio between

the average variance within each chain to the variance of the

pooled samples across all the chains. As the number of iter-

ations increases, the PSRF value approaches 1. Although the

ideal proximity to 1 can vary depending on the problem, a

common target is to achieve a PSRF value below 1.2 for most

of the model parameters. Figure 4c shows the evolution of

the PSRF value for all the Vs model parameters in the DCT

domain: The PSRF values for most of them are lower than

1.2, thus proving full convergence for these parameters, and

even for the remaining coefficients, the PSRF is very close to

the 1.2 threshold. For this reason, we can claim that, from a

practical point of view, the sampling has reached a stable PPD

estimation.

Figure 5a shows the original, uncompressed, Vs velocity

model, whereas in Figure 5b, we illustrate the posterior mean

Vs model obtained considering all the five chains. All the main

velocity variations of the true model are well reproduced,

whereas the lower resolution comes from the DCT compres-
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10 BERTI ET AL.

F I G U R E 4 (a) Progression of the square root of the negative log-likelihood values for the gradient-based Markov Chain Monte Carlo

(GB-MCMC) inversion, with each colour denoting a distinct chain, and the dashed line marking the end of the burn-in period; (b) acceptance ratio

computed for each chain; (c) evolution of the potential scale reduction factor (PSRF) value over the number of iterations for the Vs model parameters

in the discrete cosine transform (DCT) domain (each blue line corresponds to one of the retained DCT coefficients). The red dotted line highlights

the 1.2 threshold for convergence.

sion, as explained before. We can improve the resolution of

our predicted model considering a higher number of DCT

coefficients in both directions while increasing, at the same

time, the overall computational cost of the algorithm. Other-

wise, the gradient-based MCMC (GB-MCMC) estimates can

be used as a starting model for a subsequent step of local

inversion.

The standard deviation map depicted in Figure 5c suggests

higher uncertainties corresponding to the high-velocity layer

and lateral velocity variations on the right edge of the model.

As expected, we get low standard deviation values in the shal-

low part of the model, where there is substantial data coverage

and illumination.

In Figure 6a, we present the middle shot of the noise-

contaminated observed data, whereas parts (b) and (c) of

Figure 6 show, respectively, the same shot calculated using

one of the starting models employed for the inversion (in

particular, the one depicted in Figure 3a) and the sample-by-

sample difference between observed and initial data.

Subsequently, we illustrate the predicted data computed

on the posterior mean model from Figure 5b and the resid-

ual difference compared to the observed data (Figure 6d,e).

The data matching substantially improves when moving from

the starting model towards the estimated posterior mean.

The remaining difference between observed and modelled

data computed on the GB-MCMC estimation can be partially

attributed to the decreased resolution resulting from the DCT

compression.

The close-ups of parts (a) and (b) of Figure 7 show two

traces corresponding to two different offsets extracted from

the middle shot of the data, computed using three different

velocity models: the true, uncompressed model of Figure 5a,

the predicted model of Figure 5b and one of the starting

models of the chains used in the inversion (in particular, the

one shown in Figure 3a). Here it is highlighted the severe

cycle skipping between the observed and the initial data,

and how this issue is significantly attenuated when the final

predicted data is considered. This demonstrates that the GB-
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PROBABILISTIC FULL WAVEFORM INVERSION 11

F I G U R E 5 (a) The true Vs semi-real model; (b) the posterior mean Vs model and (c) the posterior standard deviation map computed

considering all the five chains.

MCMC method is capable of efficiently exploring the model

parameter space without being heavily affected by the initial

model.

Local inversion

We now illustrate that the standard local inversion method

fails to achieve convergence when employing our previously

tested initial models. However, we demonstrate that GB-

MCMC estimations can serve as effective starting points for

a subsequent step of local inversion, aimed at enhancing the

model resolution (i.e. minimizing the impact of the DCT com-

pression) and further reducing the misfit between observed

and predicted data.

The chosen local inversion algorithm is IFOS2D, an open

source 2D elastic full waveform inversion code which finds

the solution of this inverse problem using preconditioned con-

jugate gradient methods where the gradients are calculated in

the time domain through the adjoint method (Plessix, 2006).

The forward modelling is conducted in the time domain

using a FD algorithm with a 2D Cartesian standard stag-

gered grid. We also adopted a two-step frequency marching

strategy, using 0–10 and 0–20 Hz as range of frequencies,

whereas the normalized L2 norm between modelled and

observed data constitutes the error function to be minimized

(the misfit is scaled with respect to the energy of the observed

seismograms; see Choi & Alkhalifah, 2012).

Parts (a) and (b) of Figure 8 showcase the results of the local

inversion starting from, respectively, the same initial model of

the first chain used for the GB-MCMC approach (Figure 3a)

and the posterior mean model derived from all five chains

(Figure 5b). In the first case, the inversion yields reasonable

velocity magnitude values but falls short in reconstructing lat-

eral velocity variations in the first layer and the position of

the second high-velocity layer. For the second case instead,

the inversion improves the resolution of the GB-MCMC result

by introducing additional features, particularly along the right

edge of the model, such as the high velocity zones between

10–20 and 30–35 m of depth.

This test underscores the superior capability of the GB-

MCMC method, compared to classic local inversion, in

mitigating cycle-skipping effect when initiating the inversions

from very simple starting models. In addition, the reduced res-

olution of the GB-MCMC estimation can easily be improved

through a second step of local inversion.

Additionally, we present the same two traces as in the pre-

vious section (Figure 9) extracted from the observed noisy
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12 BERTI ET AL.

F I G U R E 6 (a) The middle shot of the noisy observed data; (b) the same shot generated using the initial model of Figure 3a and (c) their

sample-by-sample difference; (d) the middle shot of the predicted data computed using the posterior mean model of Figure 5b and (e) their

sample-by-sample difference. All the plots display the raw amplitude data using the same gain, for an easier comparison of the results.

data, the predicted data calculated on the GB-MCMC esti-

mation of Figure 5b, and the data generated from the model

shown in Figure 8b. We can observe how a slight reduction in

the misfit between observed and predicted data is achieved

by the local inversion, if compared with the GB-MCMC

predictions.

Real dataset inversion

After validating the proposed approach on synthetic data,

we proceed to showcase its effectiveness in inverting field

data. This section delineates our approach applied to a dataset

acquired in Grenoble, France, located in the French Alps near

the Institute Laue Langevin nuclear research facility. As part

of the InterPACIFIC project, a borehole was drilled to a depth

of 50 m, and the inclusion of three distinct well-log datasets

serves as further validation of the obtained results, facilitating

direct comparisons with the Vs predictions.

The dataset under examination in this study employs an

active source to energize the subsurface. The acquisition sur-

face is flat, featuring a linear arrangement of 48 vertical

geophones with a natural frequency of 4.5 Hz and a spacing of

1 m. As the seismic source, an 8 kg sledgehammer was used,

resulting in the acquisition of three shot gathers: one split–

spread and two off-ends. The split–spread and off-end shot

gathers have maximum offsets of 23.5 and 51 m, respectively

(Table 1).
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PROBABILISTIC FULL WAVEFORM INVERSION 13

F I G U R E 7 Comparison of two single traces corresponding to two different offsets of the middle shot using the true model (green), the posterior

mean model of the gradient-based Markov Chain Monte Carlo (GB-MCMC) algorithm (red) and the initial model of Figure 3a (dashed blue).

F I G U R E 8 (a) Result of the local inversion, starting from the initial model of Figure 3a; (b) result of the local inversion starting from the

gradient-based Markov Chain Monte Carlo (GB-MCMC) estimation shown in Figure 5b.

T A B L E 1 Acquisition parameters for the Grenoble seismic data.

Seismograph Geode (geometrics)

Geophones Vertical geophones

(4.5 Hz)

Source 8 kg sledgehammer

Acquisition time (ms) 2000

Sampling rate (ms) 0.25

Receivers spacing (m) 1

Number of channels 48

First channel (m) 3

Last channel (m) 50

Shot locations (m) 0; 26.5; 54

In the synthetic case, we operated under ideal conditions;

where the source wavelet was known, the observed data

were contaminated with Gaussian noise and computed with

the same modelling engine as the predicted data. In this

real case, none of these conditions hold true, and so, as an

initial step of our processing sequence, we applied a trace-

by-trace amplitude normalization to our seismic data and a

zero-phase band-pass filter (3–30 Hz), aimed at reducing the

background noise and constraining the maximum frequency

for the inversion. Then, a 3D-to-2D correction (as proposed

by Forbriger et al., 2014) is needed to account for the geo-

metrical spreading between the real case point source and the

2D forward modelling that implicitly uses line sources for the

simulations. Figure 10 provides an example of a shot gather

before and after applying the processing sequence. The source

wavelet was estimated from the near-offset traces by the SVD

approach (Biondi et al., 2014; Kirlin & Done, 1999). Notably,

the same processing sequence applied to the observed data

was also performed for the simulated data. Differently from

Lamuraglia et al. (2022), no mute was applied to either the

observed or modelled seismograms.

Similar to the synthetic case, the model parameters to be

estimated are the Vs and Vp/Vs values, whereas the density is

fixed at a constant value of 2 g/cm3. To generate the predicted

data, we established a grid with a size of 276(nx) × 150(ny),
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14 BERTI ET AL.

F I G U R E 9 Comparison of two single traces corresponding to two different offsets of the middle shot using the true model (green), the

posterior mean model of the gradient-based Markov Chain Monte Carlo (GB-MCMC) algorithm (dashed blue) and the predicted model with a

second step of local inversion shown in Figure 8b (red).

F I G U R E 1 0 Comparison between the leftmost shot of the

observed data before and after the application of the pre-processing

steps that we have performed.

where nx and ny are the number of grid points in the hor-

izontal and vertical directions. The grid spacing is set to

0.25 × 0.25 m2, aligning with the dispersion condition out-

lined in Equation (9), and the absorbing boundaries consist

of 30 grid points. Both sources and receivers are positioned

at the free surface. For the forward modelling, a time sam-

pling rate of 0.1 ms is employed, with a registration time set

at 0.5 s. Both the predicted and observed data undergo resam-

pling using a time interval of 2 ms. The simulation of the shots

is once again executed utilizing SOFI2D (Bohlen, 2002).

To alleviate the computational burden associated with com-

puting the Jacobian matrix via the forward FD approach, we

distribute the computation of each column of the matrix across

multiple processes. As shown in the synthetic test, both the

data and models are transformed into the DCT domain, where

the MCMC sampling is conducted.

Analysing the seismic data, we note that 60 × 45 = 2700

coefficients per shot gather exhibit a relative percentage error

with respect to the observed data below 10%. Consequently,

the full 250 × 48 × 3 = 36,000-dimensional data space

(derived from a sampling interval of 2 ms and an equal num-

ber of DCT coefficients for all three shots) gets reduced to a

more manageable 60 × 45 × 3 = 8100-dimensional domain.

In this initial experiment, we exploit the available bore-

hole information to determine the appropriate number of DCT

coefficients in the model space along the vertical (depth)

direction.

Figure 11 illustrates the downhole measurements and their

reconstruction through 1D DCT compression with varying

numbers of coefficients. It is essential to highlight that uti-

lizing fewer than 20 coefficients along the vertical dimension

proves insufficient to reconstruct the velocity inversion dis-

cernible at depths of 15–20 m in the downhole data (the same

analysis was carried out also with the other borehole measure-

ments). Consequently, the well-log data play a pivotal role in

guiding the selection of the optimal number of retained DCT

coefficients. This aspect is further investigated in the next

subsection, where we present the inversion results achieved

using a reduced number of DCT coefficient for the model

along the vertical direction. In the horizontal direction, we

opt for seven coefficients, given the limited expected lateral

velocity variations in the study site. As a result, the original

150 × 276 × 2 = 82,800-dimensional elastic space undergoes
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PROBABILISTIC FULL WAVEFORM INVERSION 15

F I G U R E 1 1 Comparison between the downhole measurement

(black line) and the same profile after the discrete cosine transform

(DCT) compression using, respectively, 20 (dashed red) and 10 (dashed

blue) retained coefficients.

a substantial reduction to a 20 × 7 × 2 = 280-dimensional

domain (again, as in the previous test, we are considering the

same number of DCT coefficients for both the Vp/Vs and Vs

models).

To conduct the numerical tests, we have utilized a

Python implementation running on the same servers as those

employed for the synthetic test. Each iteration, including the

computation of the Jacobian matrix (if the proposed model

is accepted) and the sampling process, required an average

wall clock time of approximately 10 min. Drawing insights

from Louboutin et al. (2017), we estimated a computational

demand of 14 TFLOPs for a single iteration. Considering

that the peak computing performance of the single computer

is approximately 40 GFLOPs, we estimated an approximate

lower boundary of around 350 s per iteration, to be compared

with the measured clock time. Our approach involved employ-

ing 5 chains, each comprising 4000 iterations, running on

distinct servers. As in the synthetic inversions, the Jacobian is

not computed at each iteration after the burn-in period (see the

‘Discussion’ section). Consequently, each chain concluded its

computations in approximately 9 days.

As the prior mean model common to all chains, we have

incorporated one of the smoothed two-layered models also

used as a starting point (Figure 12a). A Gaussian correlogram

is used to impose the spatial continuity to the recovered veloc-

ity models. The vertical and lateral Gaussian correlograms are

illustrated in Figure 12b, and the ranges along the vertical and

lateral directions are equal to 2 and 6 m, respectively.

The starting models for the chains can be realizations of

the prior distribution or can be set by the user. In this work,

the ones utilized for the five chains can be classified into

two groups: The first three chains employ homogeneous or

two-layered velocity models, whereas Chains 4 and 5 adopt

a highly smoothed version of the 1D model derived from

extending the available borehole data.

If we analyse the evolution of the negative log-likelihood

(Figure 13a), it becomes evident that all the chains converge

to the same stationary regime after approximately 1000 itera-

tions, where the likelihoods begin to oscillate around similar

values. This illustrates that despite the very different start-

ing points, all the independent chains converge to models

characterized by similar data misfit values.

Each chain starts with a different initial value based on the

chosen starting model, exhibiting varying convergence speeds

influenced by the specific choices for the α and β parameters

in Equation (8) (we adopted different combinations of these

hyperparameter values for the various chains, all within the

ranges specified in the ‘Discussion’ section). The initial 1000

iterations are considered the burn-in period, and we discard

the corresponding samples for the numerical computation of

the statistical properties (i.e. mean and standard deviation) of

the PPD.

Figure 13b illustrates the acceptance ratios of all the chains,

calculated as the number of accepted models over the number

of iterations. Notably, we observe values consistently above

65%–70% for all the chains, again a significant improve-

ment over the typical rates achieved by standard, gradient-free

MCMC algorithms. As in the synthetic test, given these high

acceptance ratios, we adopted the same strategy after the end

of the burn-in period to reduce the overall computational cost

of the inversion, calculating the Jacobian matrix every 30

accepted models.

To verify the convergence of the chains, we have analysed

the evolution of the PSRF values with the number of itera-

tions for every model parameter in the compressed domain. As

shown in Figure 13c, we observe that for most of the model

parameters (more than 85%), we have reached PSRF values

below the 1.2 threshold.

All the models sampled by the five chains after the burn-
in period are then projected onto the full domain for the

computation of the mean and standard deviation of the PPD.

Parts (a) and (b) of Figure 14 show two examples of

starting models used for two different chains, related to the

two different groups mentioned above. Parts (c) and (d) of

Figure 14 represent, respectively, the posterior mean Vs model

derived by considering all chains and the corresponding stan-

dard deviation map. To validate these outcomes, the available

borehole data is utilized for comparison with the 1D veloc-

ity profile extracted from the posterior mean Vs model at

the spatial position of 10 m, corresponding to the borehole

position.

Figure 14d highlights, as expected, the region at 25 m of

depth as having the highest standard deviation values, con-

sidering that it is located at the bottom part of the model

and beneath the high velocity layer. Another portion of the

model displaying high standard deviation values can be found

at the interface between the first and second layers, which

is characterized by the highest velocity variation. Figure 14e
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16 BERTI ET AL.

F I G U R E 1 2 (a) Prior mean model used for all the five chains; (b) normalized spatial correlation function associated with the assumed 2D

Gaussian variogram model.

demonstrates the accurate reproduction of the main velocity

variations, specifically the detection of two high velocity lay-

ers at depths 10–15 and 19–25 m with a Vs value around

430 m/s. A thinner layer (approximately 5 m of thickness)

characterized by a lower Vs velocity around 370 m/s is also

visible. We are also able to identify the velocity inversion at

25 m of depth, at the bottom edge of the model.

In parts (a) and (b) of Figure 15, we display the left-

most shot of the observed data, after the pre-processing

steps discussed before, compared, respectively, with the data

computed using one of the starting models of the chains

(specifically, the one shown in Figure 14a) and with the

predicted data generated using the posterior mean model of

Figure 14c. Despite the fact that the algorithm starts from a

very simple model, the inversion achieves a remarkable match

between predicted and observed data.

Close-ups in Figure 16 highlight substantial differences

between observed data and data calculated using one of the

starting models, revealing a reduction in the cycle-skips when

considering the finally predicted data.

This again confirms the robustness of the GB-MCMC

approach against the cycle-skipping issue and its ability to

sample the most promising model space regions (i.e. where

velocity models with good data matching are located).

Inversion test with fewer DCT coefficients

This section describes, for the study site and for the employed

acquisition layout, the important role played by the avail-

able borehole information to successfully recover the velocity

inversion occurring in the thin layer located around 15–20 m

depth. To illustrate this, we rerun the inversion, considering

just 10 retained DCT coefficients along the vertical direction

(instead of the 20 used in the previous chapter). In this new

experiment, we use just one single MCMC chain starting from

the starting model shown in Figure 14a.

This chain reaches a steady state at around 1000 itera-

tions, again fixed as the end of the burn-in period. Figure 17

illustrates the posterior mean Vs model of the considered

chain. Notably, the algorithm struggles to capture the thin,

low-velocity layer, which was clearly visible in the previous

results. However, it successfully reproduces all the other key

features of the model with consistent velocity magnitudes. In

other terms, the selected combination of DCT coefficients,

together with the limited offset range of the available seismic

gathers and the resulting poor data illumination of that thin

layer, do not allow the inversion to successfully recover the

velocity reversal between 15 and 20 m of depth. However, it

is able to highlight the velocity inversion that starts at 25 m of

depth without any well-log information.

The inspection of the likelihood values after the burn-in

period for the two chains, one running with 20 and the other

with 10 retained DCT coefficients, starting from the same

initial model, can give some indication on the different out-

comes. We observe that they both stabilize around similar

values, which are just slightly lower for the chain employing

20 coefficients (Figure 18a). This suggests that 20 coefficients

yield slightly better data matching, facilitating the accurate

estimation of the velocity reversal at 15 m of depth.

The marginal enhancement in the data matching can also

be appreciated when comparing two traces of the observed

data with the corresponding traces of the predicted data gen-

erated from the posterior mean models obtained in the two

considered inversion experiments.

For the mid-offset trace (Figure 18b), the traces pertaining

to the two predicted data almost perfectly overlap. Instead,

only for the farthest offset (Figure 18c), we observe very small

differences. This means that a longer offset would probably be

needed to better illuminate this velocity reversal occurring in

such a thin layer. Table 2 provides a quantitative evaluation

of how the chosen combination of retained DCT coefficients

in the model space affects the predicted data. The relative

percentage error with respect to the observed data, when

 13652478, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/1365-2478.13595 by C

ochraneItalia, W
iley O

nline L
ibrary on [20/08/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



PROBABILISTIC FULL WAVEFORM INVERSION 17

F I G U R E 1 3 (a) The evolution of the negative log-likelihood with the number of iterations for all the considered chains. The dashed black

vertical line defines the end of the burn-in period that we have selected; (b) acceptance ratios for all the five chains, measured as the number of

accepted models over the number of iterations; (c) evolution of the potential scale reduction factor (PSRF) values for the model parameters in the

discrete cosine transform (DCT) compressed domain (each blue line corresponds to one of the retained coefficients). The red dashed line highlights

the threshold value for convergence (equal to 1.2).

T A B L E 2 Comparison of the relative percentage error between

predicted and observed data if we consider a different number of

discrete cosine transform (DCT) coefficients along the vertical

dimension.

Number of DCT
coefficients along vertical
dimension Relative percentage error

10 34.5

20 27.7

employing a larger number of coefficients, is approximately

7% lower than that achieved with 10 coefficients.

Other tests, not shown here for brevity, demonstrate that

the velocity reversal is not even recovered by a local inversion

triggered from the predictions obtained with the reduced num-

ber of coefficients (i.e. from the model shown in Figure 17).

Differently, the velocity inversion is recovered by the deter-

ministic approach only if such a characteristic is already

contained in the starting model (as we will show in the

following section).

Local inversion

In this section, we test the same local inversion algorithm

employed in the synthetic case to the real dataset. Specifically,

we demonstrate that when initiating the local inversion with

the same starting models used in the Bayesian approach, it

fails to converge. However, if we start the inversion with the

GB-MCMC estimation of Figure 14c, we not only achieve a

further reduction in the misfit between predicted and observed

data but also obtain a slight enhancement in the resolution

of the velocity model, thus mitigating the impact of DCT

compression.

The IFOS2D code is once again employed for the inversion,

and, in this case, a three-step frequency marching strategy

is adopted, covering frequency ranges of 0–10, 0–20 and 0–

30 Hz. The same processing steps applied in the Bayesian

inversion are implemented for the observed data.

Parts (a) and (b) of Figure 19 showcase the results of the

local inversion, using the velocity models presented in parts

(a) and (b) of Figure 14 as starting points, respectively. Even

when initiating from a highly smoothed version of the velocity
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18 BERTI ET AL.

F I G U R E 1 4 (a) Starting model used for Chain 2; (b) starting model used for Chain 4 derived from the available borehole data; (c)

gradient-based Markov Chain Monte Carlo (GB-MCMC) estimation considering all the five chains with the dashed black line highlighting the

position of the borehole data; (d) posterior standard deviation map computed using all the chains; (e) marginal distribution at the spatial position of

10 m (blue corresponds to zero probability, whereas hot colours correspond to high probability) together with the available borehole data (the blue,

orange and green lines represent, respectively, the downhole, cross-hole and P–S suspension logging measurements), whereas the 1D velocity profile

extracted from the posterior mean Vs model is displayed in black.

model derived from the borehole data, the local inversion fails

to achieve convergence, getting stuck in some local minima of

the error function and yielding predicted models significantly

far from those obtained through the GB-MCMC approach.

Conversely, the GB-MCMC estimation from Figure 14c

demonstrates to be a suitable starting point for the local inver-

sion as we achieved convergence in fewer than 10 iterations.

In particular, Figure 20 illustrates the final velocity model

obtained in this test, in which additional features such as slight

increases in velocity values in the upper part of the model and

within the high velocity layers at depths of 10–15 and 19–25 m

are added to the results of the GB-MCMC inversion.

The differences between the seismogram calculated with

the model in Figure 20 after the local inversion and the one

in Figure 14c obtained with the GB-MCMC are hardly dis-

cernible in a display of the whole shot. Instead, Table 3
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PROBABILISTIC FULL WAVEFORM INVERSION 19

F I G U R E 1 5 (a) Comparison between the leftmost shot of the observed data (in black) and the initial data, calculated using the starting model

of Figure 14a (in red); (b) comparison between the same shot of the observed data (in black) and the predicted data, calculated using the

gradient-based Markov Chain Monte Carlo (GB-MCMC) estimation of Figure 14c (in red).

F I G U R E 1 6 Close-ups on two traces of the first shot corresponding to mid and far offset, extracted from the observed data (green), the

predicted data (red) and the initial data (dashed blue).

F I G U R E 1 7 Posterior mean model obtained considering only 1

single-chain and 10 discrete cosine transform (DCT) coefficients along

the vertical dimension.

provides a more quantitative comparison computing the rel-

ative percentage error with respect to the observed data for

the GB-MCMC inversion and the combined GB-MCMC and

T A B L E 3 Comparison of the relative percentage error between

predicted and observed data using as inversion procedure the

gradient-based Markov Chain Monte Carlo (GB-MCMC) algorithm

and the combination of the GB-MCMC and local approaches.

Inversion method Relative percentage error

GB-MCMC 27.7

GB-MCMC +
LOCAL

21.4

local inversion. It results in a further reduction in the L2 norm

data error of approximately 6%.

DISCUSSION

In this work, we have proposed a novel probabilistic approach

for inverting surface waves, which overcomes some of the lim-

itations of the local full-waveform inversion (FWI) inversion.

In particular, our method is devoted to attenuating the depen-
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20 BERTI ET AL.

F I G U R E 1 8 (a) Negative log-likelihood values after the burn-in period for the two chains using a different number of discrete cosine transform

(DCT) coefficients along the vertical direction; (b and c) close-ups on two different traces extracted from the observed data (green), the predicted data

calculated on the posterior mean model of Figure 14c (red) and the predicted data calculated on the posterior mean model of Figure 17 (dashed blue).

F I G U R E 1 9 (a) Resulting model after 30 iterations of local inversion, using as starting point the model of Figure 14a; (b) resulting model after

20 iterations of local inversion, using as starting point the model of Figure 14b.

dency on the starting model and also providing an estimation

of the uncertainties affecting the recovered velocity model.

Probabilistic FWI suffers from the curse of dimensionality

in the case of high-dimensional problems and is computation-

ally demanding in the case of expensive forward modellings.

To overcome these two critical challenges, we have com-

bined the efficiency of gradient-based Markov Chain Monte

Carlo (GB-MCMC) sampling with the discrete cosine trans-

form (DCT) compression of model and data spaces. The

implemented MCMC algorithm exploits the local information

brought by the gradient and the Hessian to define a proposal

distribution as an approximation of the target posterior prob-
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PROBABILISTIC FULL WAVEFORM INVERSION 21

F I G U R E 2 0 Predicted model of the local inversion after nine

iterations, using as starting model the posterior mean of all the five

chains provided by the gradient-based Markov Chain Monte Carlo

(GB-MCMC) approach (Figure 14c).

ability density (PPD) around the currently sampled model.

This significantly reduces the time requested by the algorithm

to reach the steady state, compared to standard gradient-free

MCMC methods. In addition, the random perturbation drawn

from the proposal distribution and the use of multiple chains

allow to reduce entrapments in local maxima of the posterior

density, mitigating the cycle-skipping issue that affects local

inversion methods. The compression of model and data spaces

is a fundamental step of our algorithm, considering that it

reduces the time for the Jacobian computation and the dimen-

sions (and so the required storage memory) of all the matrices

involved in the inversion procedure.

The reduced resolution of the velocity models due to the

DCT effect can be improved using a higher number of retained

coefficients, although increasing the computational cost of

the inversion, or by choosing as a starting model for a sec-

ond step of local FWI the outcomes of the MCMC inversion.

The implemented method can also be used as a convenient

strategy to define an initial model for the classical local inver-

sion. Theoretically, the method can be extended to the 3D

case because the DCT can be applied to signals with arbitrary

dimensions. However, in this case, we must consider the extra

computational cost needed by the forward modelling. From

our side, additional tests are needed to assess the feasibility of

the 3D inversion, with a particular focus on the computational

efficiency of 3D forward modelling.

To further reduce the computational cost of our algorithm,

we have adopted a strategy after the burn-in period. At these

iterations, each chain has reached the steady state, and all the

sampled models are very similar between each other. For this

reason, we have decided to calculate the Jacobian matrix every

approximately 20 or 30 accepted models (via a trial-and-error

procedure) instead of for each one during the burn-in period.

This strategy does not affect the estimated PPD but greatly

reduces the time needed for each iteration considering that,

without the Jacobian computation, we only need a number of

forward evaluations equal to the number of shot gathers we

are considering in the inversion procedure.

The efficacy of our approach depends on the precise cali-

bration of the α and β2 values, shown in Equation (8). These

parameters can be promptly assessed during the initial iter-

ations of the MCMC sampling. In this study, we set these

parameters to achieve a favourable acceptance ratio (>60%),

much higher than that usually associated with gradient-free

MCMC methods. Additionally, our inversion tests revealed

that multiple combinations of α and β2 values can yield the

desired acceptance ratio values, emphasizing that an appropri-

ate calibration of these hyperparameters is not complicated to

find. For instance, in both our synthetic and field data tests, all

the α values within the [0.001, 0.05] interval and β2 spanning

[10α, 200α] guaranteed efficient sampling.

In the context of GB-MCMC FWI, given that the inver-

sion is primarily influenced by the Vs models, one possible

approach to reduce the computational burden of the method

could involve using different combinations of DCT coeffi-

cients for the Vs and Vp/Vs parameters. Specifically, opting

for a reduced number of retained coefficients for the Vp/Vs

model could reduce its resolution but, at the same time, the

number of unknowns in our inverse problem. This adjustment

aims to mitigate computational expenses without significantly

compromising the inversion results in terms of data matching.

Opportunities exist to further alleviate the computational

burden of probabilistic FWI, such as leveraging more pow-

erful computing resources or implementing more efficient

codes in lower level programming languages. In particular,

other tests we carried out with a different forward modelling

code running on the GPU (Deepwave; Richardson, 2022)

have demonstrated a substantial reduction of the overall com-

putational cost of the inversion. With this different forward

modelling code, the synthetic and field data inversions run in

16 and 31 h, respectively, to be compared with the 85 and

200 h needed when using the SOFI algorithm running on the

CPU. Additionally, following the works of Wu and Lin (2019),

Wu and McMechan (2019) and Zhang and Alkhalifah (2022),

our research is now focusing on using a supervised data-

driven model prediction deep-learning approach to generate

a reliable data-driven initial model that could significantly

decrease the number of iterations needed to reach the end of

the burn-in period (i.e. the number of Jacobian computations)

and so further reduce the overall computational cost of the

GB-MCMC inversion (Rincon et al., 2023).

CONCLUSIONS

We presented a probabilistic full-waveform inversion (FWI)

of surface waves that integrates gradient-based Markov Chain
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22 BERTI ET AL.

Monte Carlo (GB-MCMC) sampling with a compression of

model and data spaces through the discrete cosine transform

(DCT). The utilization of Hessian and gradient information

of the posterior density directs the sampling towards the most

favourable regions of the model space. Simultaneously, intro-

ducing random perturbations to the proposed models prevents

entrapment in local maxima of the posterior density, signif-

icantly alleviating the cycle-skipping issue inherent in local

FWI methods. The primary role of the DCT is to reduce the

number of model parameters, resulting in a compression of

the dimensions of the gradient vector, Hessian and Jacobian

matrices. This not only addresses the ill-conditioning of the

inverse problem but also reduces the computational burden

and mitigates the curse of dimensionality affecting tradi-

tional MCMC samplings. The results obtained in the synthetic

case validate the applicability and reliability of our approach,

which, unlike conventional local methods, provides a compre-

hensive assessment of uncertainties affecting the estimated

solution. When applied to the real dataset, we achieved an

optimal misfit between predicted and observed data, with

the predicted Vs model that accurately reproduces the main

velocity variations evident in the available borehole data.

Our proposed GB-MCMC inversion exhibits convergence

towards reliable and plausible solutions in both the synthetic

and real tests, even when initiated from models significantly

far from the optimal solution, highlighting the effectiveness

of this approach to avoid cycle-skipping issues. Our upcoming

research focuses on trying to further reduce the computational

costs by incorporating machine learning techniques.
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APPENDIX A
In this appendix, we present Vp estimates derived from

Bayesian inversion in both synthetic and real cases, along

with their corresponding uncertainty assessments. For both

the inversions, we have considered the Vp/Vs ratios as model

parameters, from which we can derive the Vp estimations. The

initial Vp/Vs models and prior mean models for both scenar-

ios were set to a homogeneous model with a constant value of

2.5.

For the synthetic case, the posterior mean Vp model in

Figure A.1b (again computed using all the sampled models

from the five chains, after the burn-in period) has reason-

able velocity magnitude values compared to the true Vp model

shown in Figure A.1a, and the high-velocity layer below 30 m

of depth is well reconstructed. However, in the shallow por-

tion of the model, we can see how the predicted model closely

reproduces all the features of the Vs model shown in Figure 5b,

maintaining a scaling factor very close to the starting one. The

associated posterior standard deviation map (Figure A.1c)

exhibits magnitude values similar to the ones associated with

the Vs model shown in Figure 5c.

In the field dataset inversion, the posterior mean Vp model

(Figure A.1d) can be seen as a scaled version of the predicted

Vs model shown in Figure 14c, with a scaling factor approx-

imately matching the one used for the initial model. The

posterior standard deviation map (Figure A.1e) in this case

indicates higher uncertainties compared to the one associated

with the Vs model, shown in Figure 14d.

In this appendix, we will show how our proposed method

performs under different noise levels and consider some data

quality issues, such as missing channels and a not perfectly

known source wavelet. We have used the same starting model

shown in Figure 3c for these inversions, keeping the same

acquisition geometry.

Parts (a) and (b) of Figure B.1 show the posterior

mean models obtained when the signal-to-noise ratio of the

observed data is decreased from 14 dB (as in the previously

discussed synthetic experiments) to 10 and 5 dB, respectively.

We can notice that all the main features of the original Vs
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F I G U R E A . 1 (a) True Vp model for the synthetic case; (b) posterior mean Vp model and (c) its associated standard deviation map; (d)

posterior mean Vp model for the field dataset inversion and (e) its associated standard deviation map. For both cases, we have considered the same

chains and the same burn-in period as in the previous tests.

are well reconstructed, although some minor artefacts start to

appear in the least illuminated portion of the model, especially

in the deepest part.

For what concerns the data quality, we have performed two

tests, eliminating, respectively, 5% and 10% of the total traces

in both the observed and simulated data. The posterior mean

models achieved for these two inversions are illustrated in

parts (b) and (c) of Figure B.1. As in the previous test, we can

see some artefacts in the deepest portion of the study area, but

all the main characteristics of the original model are clearly

visible.

The last test was performed using the source wavelet to

compute the seismograms, which were estimated from the

observed data using the SVD approach (the same method

employed in the field data application).

Figure B.2 shows the comparison between the two

wavelets, the estimated and the true Ricker used for computing

the observed data and the posterior mean model estimated in

this test. The similarity of the estimated posterior mean with

the ground truth proves the robustness of the approach against

errors in the estimated source wavelet.
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F I G U R E B . 1 (a and b) Posterior mean Vs models obtained considering different noise levels in our observed data, resulting in a

signal-to-noise ratio (SNR) of 10 and 5 dB, respectively; (c and d) posterior mean Vs models obtained considering some missing channels in our

observed data, in particular 5% and 10% of the total number of receivers, respectively.

F I G U R E B . 2 On the left, a comparison between the true Ricker wavelet employed when generating the observed data (black) and the

estimated wavelet from the observed data using the SVD approach (dashed red). On the right, the posterior mean Vs model obtained considering the

estimated wavelet for generating the simulated data.
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