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ABSTRACT. Using an approach introduced by Hairer-Labbé we construct a
unique global dynamics for the NLS on T? with a white noise potential and an
arbitrary polynomial nonlinearity. We build the solutions as a limit of classical
solutions (up to a phase shift) of the same equation with smoothed potentials.
This is an improvement on previous contributions of us and Debussche-Weber
dealing with quartic nonlinearities and cubic nonlinearities respectively. The
main new ingredient are space-time estimates for the approximate nonlinear
solutions exploiting the time averaging effect for dispersive equations (the
previous works were based only on fixed time spatial estimates).

1. INTRODUCTION

The aim of this work is to extend the result of [?] to an arbitrary polynomial
nonlinearity. As announced in [?] this will require, in addition to the modified
energies introduced in [?], a suitable use of the dispersive effect.

We therefore aim to solve, in a sense to be defined, the following Cauchy problem
(1.1) i0pu = Au+ Eu — ulul?,  uw(0,2) =uo(x), (t,2) € R xT?

where p > 2 measures the strength of the nonlinear interaction and £(z,w) is the
(zero mean value) space white noise which can be seen as the distribution of the
random Fourier series

§(a:,w) = Z gn(w) e )

neZ2 n#0

where g, (w) are standard complex gaussians such that g, (w) = g_n,(w) and other-
wise independent. The assumption g, (w) = g—,(w) implies that £ is real valued, a
fact which plays an important role in our analysis.

Along this paper we work for simplicity with defocusing NLS. However following
[?] one can treat, with minor changes, the focusing case with a smallness assumption
on the initial datum. Concerning the large data in the focusing case, it seems natural
to expect blow-up similarly to the case of the unperturbed NLS with nonlinearity
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Thanks to the work by Bourgain [?], we know how to construct the global
dynamics of (??) if £ is replaced by a smooth potential. Therefore a natural way
to solve (?7?) is to regularize £ and to try to pass to a limit in the regularized
problems. As shown in [?, ?] such a passage to limit is possible for p < 3 but only
for well-prepared initial data. Therefore, we are interested in the solutions to the
following regularization of (77?)

(1.2)  iGue = Aue + & (z,w)ue — uclucl? ,  u(0,z) = u(](x)ey(w’w)_yf(w7“) ,

where &, = x. * &, € € (0,1) is a regularization of & with x.(z) = e~ 2x(x/¢), where
x(z) is smooth with a support in {|z| < 1/2} and [, x = 1. Asin [?, ?], in (?7?),
Y = A71¢ and Y. = A7, is its regularization .

The main result of the paper is the following one, which is an extension of the
one proved in [?] where we were restricted to the powers p € [2, 3].

Theorem 1.1. Assume p > 2 and ug(z) be such that e¥ @“)ug(z) € H*(T?) a.s.
Then there exists an event X C Q such that p(X) = 1 and for every w € X there
exists
v(t,z,w) e () C(R;HY(T?))
~€[0,2)
such that for every T > 0 and v € [0,2) we have:

(1.3) sup [[e’C<te= (¢, 2, w) — v(t, 7, w)|| 72y 5 0,

te[—T,T]
where C. = E(|VYz(z,w)|?) (this quantity is independent of x) and u.(t,x,w) are
solutions to (7?). Moreover for v € [0,1) and w € ¥ we have

e—0

—Y(zw =0.

(1.4) sup |||uc(t, z,w)| — e o (t, z,w

te[-T,T] )‘ HH’Y(TQ)FTLDO(’]I‘Q)

The proof of Theorem ?? crucially relies on the modified energies and some
results from our previous paper [?]. This makes that the present paper is not
self-contained. As announced in [?], the new ingredient allowing to deal with general
nonlinearities is the use of the dispersive effect which leads to Proposition 7?7 below.
Proposition 7?7 displays a gain of regularity with respect to the Sobolev inequality
used in [?], once a time averaging is performed. Note that we allow logarithmic
losses in ¢ in our dispersive bounds. As already used in [?] these losses can be
compensated by the polynomial in € convergence of Y; to Y in the natural norms.
At the best of our knowledge this is the first paper where the dispersive effect is
used in order to achieve the global well-posedness of problems with white noise
multiplicative potential. In particular Strichartz estimates are crucial along the
proof Proposition ?? where, despite the paper [?], it is allowed on the r.h.s. a power
~ smaller than 2 after time averaging.

In [?, ?] a different approach to the study of (??) is introduced. This approach
is based on the construction of a suitable self adjoint realization of A + £. Then
the initial data in (??) is chosen in the domain of this self adjoint operator. Being
in the domain of this self adjoint operator is the substitute of our assumption of
well prepared initial data e¥ (*“)ug(x) € H?(T?). At the best of our knowledge the
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present paper is the first one where global well-posedness is proved for (??) with an
arbitrary polynomial nonlinearity p, extending the papers [?] and [?]. Our proof is
based on the approach introduced by Hairer-Labbé in [?].

For the sake of simplicity, we prove Theorem 7?7 in the context of the flat torus
T2. However, it is quite likely that a similar result holds in the context of a general
compact riemannian boundaryless manifolds. Indeed, the dispersive estimates can
be extended to this setting in a relatively straightforward way. The stochastic
analysis results from [?] can also be extended to this setting by some slightly more
involved elaborations. We will address this question and some related issues in a
forthcoming work.

Following Hairer-Labbé [?], we set
(1.5) Ve (t, 1, w) = eCeteYs @y (¢ 2 w),
where C; is the constant appearing in Theorem ??. Then v, solves
(1.6) i0yv. = Ave — 2V, - VY (2,w) + v 2 |[VYL|? 1 (z,w) — e_pY€vE|vE|p,
where
CVYLR : (2,w) = VYL (2,w) — C:
is the renormalized potential defined in [?]. As pointed out by one of the anony-
mous referees the change of unknown (??) resembles the so called Doss-Sussmann

transformation, originally appearing in the context of stochastic ordinary differential
equations (see [?, ?]).

Following Section 6 in [?] the proof of Theorem ?? follows from the next theorem
concerning the behavior of v, (¢, z,w).

Theorem 1.2. Assume p > 2 and ug(z) be such that e¥ @“)ug(z) € H*(T?) a.s.
Then there exists an event ¥ C Q such that p(X) = 1 and for every w € ¥ there
exists
v(t, z,w) € ﬂ C(R; HY(T?))
v€[0,2)
such that for every fized T > 0 and vy € [0,2) we have:

sup  |Jve(t, z,w) — v(t, z,w)| gy (T2) 20
te[—T,T)

Here we have denoted by v.(t,x,w) for w € ¥ the unique global solution in the space
C(R; H%(T?)) of the following problem:

(1.7) i0we = Av. — 2V, - VY (z,w) +ve : |[VYL2 0 (z,w) — e P oo |u P,
v:(0, ) = vo(x) € H*(T?)

and v(t,z,w) denotes for w € X the unique global solution in the space C(R; H(T?)),
for v € (1,2), of the following limit problem:

(1.8) 0w = Av —2Vv-VY(z,w) +v: |VY]?: (z,w) — e PV ofo]?,
v(0,2) = vo(z) € H*(T?)

where in both Cauchy problems (??) and (7?) vo(z) = ¥ @ yy(x), w € .
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We quote the paper [?] where the same problem has been considered on R2.
In particular in the euclidean setting the authors establish global well-posedness
for subquadratic nonlinearity. It is worth mentioning that the problem on R? is
considerably more difficult than the period setting T?. A first difficulty already
appears in considering the existence and uniqueness of global solutions for the
corresponding smoothed equation. In the periodic setting T? this issue can be
settled by using the Bourgain’s strategy (see [?]). On the contrary in the euclidean
setting R? the smoothed equation involves unbounded perturbations, and as far
as we know no dispersive estimates are available for the corresponding linear flows
in order to get global well-posedness for the associated nonlinear problem via a
contraction argument. We believe that the approach developed in this paper can
be useful on R? as well in order to deal with superquadratic nonlinearities. We
plan to pursue this problem in a future work. Let us also mention that 3d case is a
challenging one which goes beyond our present understanding of the problem.

Notations. For every s € R we denote s™ any number belonging to (s, s+ d) for
a suitable § > 0, similarly s~ denotes any number in (s — §, s) for a suitable § > 0.
We shall denote by LP, H*, W*P the functional spaces LP(T?), H*(T?), W*?(T?).
In the sequel we shall denote by C' a deterministic finite positive constant that can
change from line to line and by C(w) a random variable defined on 2 and finite a.s.
that can change from line to line. We shall denote by C(w,T') a constant which is
increasing w.r.t. T and finite for every (w,T) € ¥ x R™ for a suitable event 3 C Q2
of full measure. In the rest of the paper for shortness we will drop writing the w
dependence of v. and Y.. For every a,b we denote by fab the integral w.r.t. time
variable and 1, the integral on T.

Acknowledgement. We warmly thank the anonymous referees for the detailed
and constructive remarks on the manuscript.

2. PRELIMINARY FACTS

We collect in this section some facts proved in [?] and some useful consequences
that will be needed in the sequel. From now on we drop for shortness the w
dependence of v, Y.,: [VY.|? .

Proposition 2.1. We have the following bound:

(2.1) sup [[Yz(z)[[L> < C(w),
e€(0,1)
1
(2.2) IVY.(z)||m < C(w)|loge|, Vm €[l,00) Ve € (0, 5)
1
(2.3) | : [VYZ]?: (2)]|pm < C(w)|logel®, V¥m € [1,00) Vee (0, 5)
For every T > 0 we have the following estimates for the solutions vc(t,z) of (77?):
(2.4) sup |[ve(t, @)| L (0,111 < Clw),
€€(0,1)
. 1
25) ettt < COE I s - Ve € (0.3)
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- 1
(2:6) [lve(t, @)l (0.1ym2) < C(w) + Cw)le™ Avel Lo (o.ryz2), Ve €(0,3).

Proof. The bounds (?7?), (??), (??) have been established in [?, Proposition 2.1].
The bound (?7?) has been established for p € [2,3] in [?, Proposition 3.1], however
the proof extends after obvious modifications to the generic case p > 2. The estimate
(?7?) follows by combining the inequality ||u|zi+e < |lu]}:%(ul|%2, Where we can
choose 6 arbitrarily small, with (??). The estimate (??) follows by the elliptic
regularity estimate |[ve(t, z)|| g2 ~ ||ve(t, )| 12 + [|Ave(t, 2)|| L2 in conjunction with
(?7), which implies that the weight e Y= are bounded from above and lower bounded

away from zero uniformly w.r.t. e. Moreover ||v:(t,z)||2 < C(w) follows by
(77). O

Next we introduce the family of operators:
(2.7) Hou=Au—2Vu-VY.(x) +u: |[VYL]?: (2),

where as usual we drop the w dependence of the operators H.. In the sequel we
shall need the following result.

Proposition 2.2. We have the bound:

1
(2.8) I(He — A)ullz2 < C(w)|loge| ull i+, Ve € (0, 2):

Proof. Tt is sufficient to show the bounds
(29) [[Vu- VYillz2 < C(w)llogelull i+ and
lu: [VYC]? 2 ||z < C(w)llogel||ul g+
We have for every ¢ € (0,1)
IVu-VYel|r2 < CIIVYe| 2 [IVul | 20 < Clw)|logell[u] gres
where we have used (??) and the embedding H® C L7255 . The second bound in (7?7)
follows by a similar argument

lu s VYt flze < Ol (VY 2 g llull, 2 < Clw)llogel*Jull s

1-6 —

where we have used (??) and H*9 ¢ LT3, O

3. A PRIORI BOUNDS OF v,

We introduce the propagator Se(t) associated with the linear problem i0;u = H.u,
where H. is defined in (?7). The main point of this section is Proposition ??. In
order to prove it, we shall need Strichartz estimates with loss for the propagator

Se(t).
Proposition 3.1. For every T > 0 we have the following bound:
(3.1) I1S: ()l Lo 0,7y %) < C(w)|loge|“llpllmr=, s €[0,2].

Moreover for every r,q € (2,00) such that % + % =1 we have

(3.2) 15 (@)l

L.y < C(w,T)| logel o] 1+
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Proof. Estimate (?7?) is established in [?]. For the proof of (??), we follow the argu-
ment of [?] which is closely related to the analysis in [?, ?, 7, ?]. The basic strategy
is to perform a perturbative argument with respect to the evolution exp(itA) by a
partition on small time intervals which makes the perturbation H. — A better but
which losses some regularity on the data because of the summation on the small
time intervals. An additional difficulty resolved in [?] is coming from the fact that a
frequency localisation of (H, — A)(u) does not imply a frequency localisation of u.

Recall the following semi-classical Strichartz estimates from [?] on a generic
compact riemannian surface (M, g)
1 1

i 1
(3.3) lle tAg‘p”LT((to,tojL%);Lq(M)) < CllAnellLz(ans - +6 =5 r>2 1€ R.

where A, denotes the Laplace-Beltrami operator on (M, g) and Ay is the associated
Littlewood-Paley projection at dyadic frequency N. This bound will play a crucial
role along the rest of the proof in the specific case M = TZ2.

Let

Id= Z Ay

N —dyadic
be a Littlewood-Paley partition of the unity. Therefore the issue is to bound
(3.4) AN, Se(t) AN, ¢

In order to evaluate (??), we distinguish two cases according to the sizes of Ny and
N> and to sum up on Ny, Ns.

L7((0,T);L9) -

First case: N1 > No

In this case we split the interval [0,7] in an essentially disjoint union of inter-
vals of size N ! as

(3.5) 0,71 =J1

and we aim to estimate [|An, S.(t)An, @[l Lr(1,;04) - Suppose that I; = [a,b]. Then
following [?] (see also [?]), for t € [a,b] we can write
(36) AN1 S€(t)AN2(P = AN1ei(t_a)AS€(a)AN290
t
+1i / Ay, e DA (H, — A)S.(T) AN, @dr.
a

We now estimate each term in the right hand-side of (??). Using (??), we estimate
the first term as follows for § > 0:

i(t—a *%*5
||AN1€ (¢ )ASa(a)ANz%OHLT(Ij;Lq) <CN, ”SE(CL)ANz‘PHH%H
_1_5
< C(w)|logel "Ny ™l 140

where we have used (??). Now we estimate the second term in the right hand-side of
(?7). Using the Minkowski inequality and again (??), we can write for every § > 0:
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t
/ An, 'R (H, - A)SE(T)AN2¢dT‘

Lr(I;;L9)

<c / |(H. — A)So(r) Ay podr
1;

B R
< C(w)|loge[“Ny N, ANy il 1o

where we have used (??) and (??). Summarizing we get

-1 D Qe
1AN, Se(t) Any @l L1500y < Clw)[loge|“ (N ™" + Ny N, 7 2) [l as

and hence using that the number of I; is smaller than T'N;, taking the r’th power
of the previous bound and summing on j, we get the estimate

1 _ —141 1-1_3
AN, Se (AN, el e ((0,1);20) < C(W)TT|10g5|C(N1 6+N1 "Ny T 2)H<PHH%+J
and hence
1
(3.7) Y AN S (DAN, Pl Lr(o.1):L) < CW)T | loge| ]l 115
N2<N;

where we have used
_ —141 1-1_%
SN HN] TN, TTR) < oo,
N2<N;

Second case: N1 < Ny

We consider again the splitting (??) but this time the intervals I; are of size
N, '. Again we consider (??) and we estimate each term of the right hand-side.
Since Ny ' < N !, we can combine (??) with (??) and we estimate the first term
at the right hand-side of (77?) as

i(t—a _%_5
1AN, €= D2S (@) Any @l L 1y;0) < C(w)llogel "Ny ™ llll 14

where § > 0. Next, as above, we can estimate the second term at the right hand-side
of (77?) as

t
H /a A, DA (H, ~ A)Se(T)ANQSDdT‘ Lr(I;;L9)

EEET R R
< C(w)lloge| "Ny N, Ny ™ llpll as -
Summarizing we get
—1_5 ,%,é
188, S (B An, el e (.0 < Cw)] logel® (N ¥ 4 Ny ™) 1.

and as above, using that the number of I; is smaller than T'N,, taking the r’th
power of the previous bound and summing on j, we get the estimate

1 _ _3
1AN, S= () AN, o]l Lr((0.7):L0) < C(@)T 7| loge| (N3 + Ny 2) ol 115
Hence we get
1
(3.8) > AN Sc(DAN, Pl o.1):L0) < Cw)T | loge| ol 115

N1<N,
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since s
Z (Ny°+ N, %) < 0.
N1<N;
We conclude by combining (??) and (??) with the Minkowski inequality. O

As a consequence we get the following result.

Proposition 3.2. For every T > 0 we have the following estimates:

C
(3.9) 1S gyt o) < Cleos T 082l

< C ) )
Li(o,mywi Y = C(w,T)[logel™ | fllLr (0,111

and
(310) | /Ot .t — ) (s)ds|

Proof. Notice that (??) follows by combining (??) with the Minkowski inequality.
Next we focus on the proof of (?7?). Notice that for every g € (0, 1), there exists
q € (1,00) such that the following Gagliardo-Nirenberg inequality occurs:

1 1
[l < Cllull Zallull? o

3
Wi

and hence by integration in time and Holder inequality in time we get

4 2 2
ISR oy 30ty < OISRl 0010 1S-ORI2 s,

< Clw, T)og el |15 OAlILro,myien 191, 3 < Clw, T)loge|llell? 4 [l 5
where g, r are Strichartz admissible and we have used (?7?), (77).

Notice that for initial datum ¢ = A which is spectrally localized at dyadic
frequency N we get from the previous bound

1Se(H) AN ) < Clw, T)loge| | AN ]l 1~

We conclude (??) by summing on N. O

3
LA((0,T);w T 501

Next we get the following bound on the nonlinear solutions v, to (?7).
Proposition 3.3. For every T > 0 we have the following bound:

+
(3.11) Hvs(tax)\\L4((07T);Wg—,4) < Clw, T)|loge| (1 + [[v=(t, )| 00 ((0.1:12))-

Proof. By combining Proposition ?? with the integral formulation associated with
(?7) we get:

T
190 0 oy < O T 108l o O) s Clo T 1ogel [ e el Pl

T
< C(w, T)| loge| o= (0) s + Clw,T)|loge[® / el el ™ o
0
T 1
4 C(w,T)|logel° / IV Yell g2 lle™? | oo e 2
0

and we conclude by using the Sobolev embedding H!" C L, (7?7), (77), (77),
(?7). O

We conclude this section with the following key estimate.
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Proposition 3.4. We have the following bound for a suitable n € (0,1) and for
every T' > 0:

[Jve (t, x)H%Q((O,T);le“) < C(w,T)|loge|“(1 + ||U6(ta$)||Zoo((o7T);H2))-

Proof. We have the bound for time independent functions:

2- 1+
[ullwrs < CIIUI\;V%AIIUIIE%

Hence by integration in time and by choosing u = v. we get
3 3T
L%f((O,T);W%f"‘)HUEHLOO((O’T);HZ)

< OT3 |Ju.||

eIz ((0,mywr.ay < Clvel

%‘F
LW el ozysery

We conclude by Proposition ?7. O

4. PROOF OF THEOREM 7?7

We aim at proving the following bound for every given 7' > 0:

1

2)

Recall that the bound (?7?) has been achieved in [?] in the case 2 < p < 3 (see
Proposition 4.5 in [?]). The main point is that we get the bound (??) for every

p > 2. Once (?7?) is achieved then Theorem ?? can be proved exactly as in [?,
Section 5).

(4.1) [0 (t, 2)|| oo ((0.7):1r2) < |loge|“@ D), Ve € (0,

We can now establish (??). In order to do that we recall some notations from [?].
Denote by H., F. and G, the energies introduced along [?, Proposition 4.1] which
satisfy

d
%(‘FE(UE-Z) - ge(”e)) = _HE(UE)'

For the sake of completeness we recall the definition of those energies:

(4.2)

o Felve) = [r2 [Ave[Pe™ " —4Re [ Avc VY. - Ve
+ 422;AQ(|8¢”8|2)(3¢1@)26_2Y2 + 8Re - 313/8625/23111862656‘2”6
P
+ 2Re /p Ve : |VYE|2 : Ve - V(e—QYE) + 2Re /M Av.7, |VY5|2 e—2Ye
b [ POV e
T2

o Go(v) = — [ [V 2ucPe= DY — 9Re [, 0.V (|v|P) - Ve Y-
P2 [l e
’]I‘Q

2
+— / [0 P72 1 VYL e PP 4 2pRe / Ve |Ue[PV Yz - Ve (PH2Ye
p+2 Jr T2
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o He(ve) =— f'JI‘2 ‘VUE‘Qat(‘UEVJ) (p+2)Y-
—2Re [ 9090 Vate 2 =B [ 9o Pouolr2)e
T2 T2

+2pRe/ 6t(v8|vs|10)vye.vqjeef(pH)Ys
T2

An important point is to obtain the following modification of [?, Proposition 4.3]
which, concerning the estimate of H. (v. ), gains on the power of ||[e == Av, | oo ((0,7);22)
by exploiting the averaging in the time variable.

Proposition 4.1. For a suitable v € (1,2) we have the bound:
T
| e(we(eids < Ol T 1ogel + e Aol o 10

Proof. By using the Holder inequality, the Leibnitz rule and the diamagnetic in-
equality |0;|u|| < |Opu| we get that the first three terms in H.(v.) can be estimated
by:

/m 000l [ Ve e~ e= P < C(w) e 2 | Vel e 17

where we have used (??). By using the equation solved by v (¢, x) and the Sobolev
embedding H 1" L% we get from the estimate above after integration in time:

/ / |0, ve || Ve 2 v [P~ e~ (PH2Ye

C()1 AVl Lo ((0.1):22) IV Vel Z2 (0,7 L4)||UE|Loo OT) I
+ C(W)IVoe - VYe| Lo ((0.1):22) IV 0 22 0,7y 10y [0e 17 OT) )
+C( )”UE . |VY |2 ||L°° ((0,T); Lz)HVUEHL?((OT L4)Hv5| Loo((o T); H1+)

+ C@) e el o 0,32 |72 o 2 1o W2 e
=1+I11+I1IT+1V.

Combining (??), (??), (??) and Proposition ?? we get
+
I <C(w,T) 1Og5|C||AU€||L°°((O,T);L2’)”UeH([),<>°((O,T);H2’) (1 + HUEHZW((QT);Hﬁ)
_ +
< C(w,T)|loge| + |le YEAUs”iton((o,T);M)'
By combining now Holder inequality, (??) and Proposition ?? we get
+
IT < C(w, T)[loge|“ Ve £ [ Vel oo ((0,7y:04) (1 + [[ve | L (0,7):12))
and hence by (??) and Sobolev embedding H! C L* we conclude
+
IT < Cw, T)|loge| (1 + [[vel o< ((0,ry;12)) 7
< C(w,T)|loge| + |le~ EAUEHLoo((o T);L?)
where we used at the last step (?7). We also get

"
1 < C(w,T)|loge|® + e Avel| 1 (0 7y.12)
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whose proof is identical to the estimate of the term I given above, except that
we use (?77?) instead of (?7). For the term IV we get by (?7?), (?7), (??), (??) and
Proposition 77?7

i
IV < C(w, T 1Og6|CHU€||I;"_"1((0,T);L2<p+1>) (1 + HUEHL”((O,T);H?))?7

c ~Y. +
< C(w,T)|loge| + [l A7 (0,7):12)
where we used at the last step the Sobolev embedding H' ¢ L2P+1) Concerning
the last term in the expression of H.(v:) we can estimate it as follows:

[ 10wl 9V T 020
T2
< CuelfallOl 2 9Yel 1 Tl
< Cle)llogel| el 2 Ve

where we have used (??), (??), the Sobolev embedding H! C L% and (?7). Next
we replace dyv. by using the equation solved by v. and, thanks to the following
time-independent Gagliardo-Nirenberg inequality

(4.3) IVl < ClIVull 2| Aull 2,
we can continue the estimate above as follows:
< C(w)|logell| Ave 2 [ Av. | | Vo. | £,
+ C@)|logel||Vve - TYe| 2 | Ave | 2 [ Ve | £,
+ O(w)|logelllve < [VY2l? : |2l Avel |2 [ Vo |22
+ C(w)|log el e vefve P 2| Ave | £ | Vo 22
and by the Sobolev embedding H* C L* and (?7), (?7)
< C(w)|logel[ Ave 7. + C(w)|log el [Vve | 4|V Yzl 2 | A,
+ C(w)|logelllvcall : VYl : [l | Avc |25 + C(w) | log llfoc vl 2 | Ave |12,
< O(w)|og ell| Ave £ +C(w)] log el | Ave [ £+ C/(w) | log ef* | Ave | 22 +C () Tog ]| Ave 5

where we have used (??7) and (??). Summarizing we get from the computation
above and by (?7)

T it
/ / |0eve [0 [PV Ve [Wvele™ P2 < C(w, T)|log el + [|e ™= Avel 72 -
0o Jr2

Next we shall also need the following bound from [?, Proposition 4.4].

Proposition 4.2. For every p > 0 there exists a random variable C(w, ) such
that:

(44) | Fe(o) / | Av, [2e=2Y-
’H‘2

and

(4.5) G-(ve)| < plle™ = Av.||22 + C(w, )| loge|*.

< plle™* Ave72 + Clw, )l logeel*
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We have now all tools to prove (??). By integration in time of (??) and by

combining Proposition ?? (where we choose p small enough in order to absorb on
the Lh.s. the term He*YfAng%oc((o 7):12y) With Proposition 77 we get

an

il
[2
3
4
5

6

[7
8
[9
[10
[11
[12

[13

[14

le™* Ave [T (0,7):22) < C(w, T)]log el + C||€7YEAUE||Zoo((o,T);L2)v v <2
d hence, by recalling (??), we conclude (?7?).
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