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Abstract

An implicit version of the shifted QR eigenvalue algorithm given in [D. A. Bini,
Y. Eidelman, I. Gohberg, L. Gemignani, SIAM J. Matrix Anal. Appl. 29 (2007),
no. 2, 566-585| is presented for computing the eigenvalues of an n x n companion
matrix using O(n?) flops and O(n) memory storage. Numerical experiments and
comparisons confirm the effectiveness and the stability of the proposed method.
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1 Introduction

The paper concerns the efficient computation of the eigenvalues of companion
matrices. A fast and numerically robust algorithm for this task, devised in
[4], is based on the use of the explicit QR iteration applied to an input com-
panion matrix A € C"*" represented as a rank-one perturbation of a unitary
matrix, namely, A = U — zw”, where U € C"*" is unitary and z,w € C".
The computational improvement with respect to the customary methods is
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achieved by exploiting the quasiseparable Hessenberg structure in the QR it-
erates inherited from the rank properties of the input companion matrix A.
More specifically, in [4] it is shown that each iterate A®) is a Hessenberg ma-
trix expressed as the sum of a unitary matrix U®) plus a rank-one correction.
The fast implementation of the explicit QR iteration takes in input a com-
plete set of generators for the quasiseparable structure of A*) and returns as
output a complete set of generators for the quasiseparable structure of A*+1.
The reduction of matrix operations to manipulating a set of O(n) parameters
enables one to perform each QR step in O(n) floating point operations (flops)
with O(n) memory storage. In [4] it is also pointed out that in practice, due to
rounding errors, some additional computations must be carried out in order to

maintain both the quasiseparable structure of A®*) and the unitary property
of U,

In the classical numerical linear algebra literature [12,17,2] it is generally
claimed that the implicit QR method should be preferred to its explicit coun-
terpart since it can be faster in the case of multiple shifts, more stable numer-
ically and, moreover, admits suitable variants for the case of real inputs. The
(multishift) QR iteration proceeds as follows:

AO - A
gr(A®) = QW R® (QR factorization) (1)

where ¢x(z) is a monic polynomial of degree one (single-shift step ) or two
(double-shift step) suitably chosen to accelerate the convergence.

The bulge-chasing implicit QR techniques manage to perform the transforma-
tion A®) — AG+D without explicitly forming the matrix g, (A®)). The implicit
determination of A®*Y from A®) was first described by Francis [11,10] (see
also [12] and [17] and the references given therein). Let @1 be a Householder
matrix chosen to annihilate the subdiagonal entries in the first column of
¢ (A®). The transformation A® — Q¥ A®Q, corrupts the upper Hessen-
berg form of A®) by creating a bulge of size deg(qy(z)) at the top left corner
of the matrix. It is shown that the computation of A**1) essentially consists
of chasing the bulge down and to the right of the matrix until it disappears.
The task can be accomplished by a standard Hessenberg reduction employ-
ing a sequence @, ..., Q,_1 of Householder matrices. The resulting algorithm
requires O(n?) flops and it is provably backward stable [15].

The first implicit fast and accurate QR eigenvalue algorithm for real compan-
ion matrices has been presented in [6]. The algorithm employs a factored rep-
resentation of A% as the product of a unitary Hessenberg by a quasiseparable
upper triangular matrix. A similar representation was previously considered
in [1] for the efficient eigenvalue computation of certain rank-one corrections



of unitary matrices. The bulge-chasing procedure is performed in linear time
by taking advantage of the special form of A®). Specifically, the multiplica-
tion on the left by the elementary unitary matrix Qf amounts to a suitable
rearrangement of the Schur factorization of the unitary factor by perform-
ing a sequence of swapping operations. Moreover, the multiplication on the
right by @; involves the updating of the quasiseparable structure of the up-
per triangular factor via manipulations of its generators. At the end of this
updating process an auxiliary compression step is still required to recover a
minimal-order quasiseparable parametrization for the triangular factor.

In this paper we modify the algorithm given in [4] to incorporate single-shift
and double-shift implicit techniques, thus obtaining a fast adaptation of the
implicit QR method for the case where the initial matrix A = A© ¢ C™" is
in companion form. Our algorithm basically differs from the method in [6] in
that we use a different compact way to represent the matrices involved. Specif-
ically, the novel scheme still relies on the representation of each iterate A®)
as a rank-one correction of a unitary matrix, namely, A®) = U®) — z(k)qy®)"
Our eigenvalue algorithm takes in input a condensed representation of U®),
the perturbation vectors z*) and w® as well as the coefficients of the shift
polynomial q;(z) and returns as output the generators of A®*1 computed
by means of (1). Differently from the approach pursued in [3] and [4], here
the use of a suitable factored representation of U®*) makes it possible the up-
dating of the decomposition during the bulge-chasing process in a stable way
without any additional compression and/or re-orthogonalization step. A mini-
mal quasiseparable representation of U®) is easily computed from its factored
form and then used for finding the unitary matrices (); involved in the bulge-
chasing process. The proposed algorithm is therefore logically simple, efficient
and numerically stable. It turns out that the QR iteration can be performed
at the cost of O(n) flops using O(n) storage. Numerical experiments confirm
that the algorithm is stable. Experimental comparisons are also included by
showing that in the considered cases our algorithm outperforms the one in [6].

Algorithms for explicit and implicit QR iterations with Hermitian and small
rank perturbations of Hermitian matrices may be found in [5,7-9]. An implicit
QR algorithm for companion matrices was also discussed in [16].

The paper is organized as follows. In Sect. 2 we recall the structural properties
and introduce condensed representations for the matrices generated by the QR
process applied to an input companion matrix. Fast algorithms that carry out
both the single-shift and the double-shift implicit QR iteration applied to such
matrices are described in Sect. 3. In Sect. 4 we address some complementary
issues concerning deflation and stopping techniques while in Sect. 5 the results
of extensive numerical experiments are reported. Finally, the conclusion and
a discussion are the subjects of Sect. 6.



2 Matrix structures under the QR iteration applied to a compan-
ion matrix: The classes H, and U,

In this section we analyze some matrix structures which play a fundamental
role in the design of a fast adaptation of the shifted QR eigenvalue algorithm
(1) applied to an input matrix A = A® € C*" in companion form.

For a given monic polynomial p(z) of degree n,
p(Z) = pO +p12 + - .pn_lzn_l + Zn e H(z — 52)’

the associated companion matrix A is defined by

0 —Do
10 —h1
A=1 1
0
L —pp

It is well known that the set of eigenvalues of A coincides with the set of zeros
&1y ..,& of p(z) and this property provides the classical reduction between
the computation of polynomial zeros and eigenvalues of companion matrices.
Matrix methods based on the QR iteration (1) applied to a companion matrix
are customary for polynomial root-finding: in fact, the MATLAB? command
roots relies on this approach.

The general routines for Hessenberg matrices require O(n?) flops and O(n?)
memory space per iteration. Fast adaptations of the QR eigenvalue algorithm
applied to the companion matrix A can achieve better (linear) estimates both
for the cost and for the storage. The computational improvement is due to the
exploitation of certain additional matrix structures in the iterates A%, k > 0,
that follow from the companion form of A = A©). Specifically, it is worth
noting that A = A©® is an upper Hessenberg matrix which can be expressed as
a rank-one perturbation of the unitary companion matrix U = U associated

2 MATLAB is a registered trademark of The Mathworks, Inc..



with the polynomial 2" — 1, i.e.,

0 01 po+1
1 0 p
A= - " (00 1)
1o Pn—1

The Hessenberg shape is preserved under the QR iteration and, moreover,
from (1) it follows that A%*+1) is a rank-one perturbation of a unitary matrix
whenever A® fulfills the same property. Therefore each matrix A®, k& > 0,
generated by the QR iteration (1) applied to the initial companion matrix A =
A© can be recognized as a member of a larger class of structured matrices.

Definition 2.1 Let ‘H,, C C™*™ be the class of n X n upper Hessenberg ma-
trices defined as rank-one perturbations of unitary matrices. That is, B € H,
if there exist U € C™" unitary and z,w € C" such that

B=U - zw". (2)

The vectors z = (z;)I~,, w = (w;)"_, are called the perturbation vectors of
the matriz B.

The Hessenberg form of B implies some additional properties of the unitary
matrix U.

Definition 2.2 We define the class U, to be the set of n X n unitary matrices
U = (uij)} =1 such that

ui;=z-w;, 1<j<i—2 3<i<n, (3)

for suitable complex numbers z; and w; referred to as lower generators of the
matriz U.

Let B be a matrix from the class H,, represented in the form (2) with the
unitary matrix U and the vectors z = (z;)i, and w = (w;)"_;. Then the
matrix U belongs to the class U,, and the numbers z;, : = 1,...,n and w;, i =
1,...,n—2 are lower generators of the matrix U. In the reverse direction let U
be a unitary matrix from the class U,, with lower generators z; (i = 3,...,n)
and w; (i =1,...,n — 2). Take arbitrary numbers 21, z5 and w,,_1, w, and set
z = (z)",,w = (w;)",, the matrix B = U — zw?’ belongs to the class H,,.

In this paper we use essentially representations of the matrices from the class
U, as a product U = VI, where V and F' are unitary matrices with zero
entries above some superdiagonal and below some subdiagonal respectively.
We consider in more details properties of such matrices. Denote by & the



direct sum of two matrices such that

A0
0B

A®B=

Lemma 2.3 Let W = (wy;)7,—, be unitary matriz and let m be positive inte-
ger.

The matriz W satisfies the conditions w;; = 0 for ¢ > j+m if and only if W
admits the factorization

W=WWs- Wy, (4)

where
Wi=L @Wi @ iy, i=1...,n—m (5)
with (m + 1) x (m + 1) unitary matrices W;.

The matriz W satisfies the conditions w;; = 0 for 7 > i+ m if and only if W
admits the factorization

W = anmwnfmfl to W2W1 (6>

with the unitary matrices W; (i = 1,...,n — 2) of the form (4).

PROOF. Assume that
Wy 5 = 0, 1> ] + m. (7)

The first column of the matrix W has the form

where wy is an m + 1-dimensional column with the unit norm. We take a
T

unitary (m + 1) x (m + 1) matrix W, such that W f; = <1 0 0) and then

determine the matrix W; by the formula (5). We get WHW (:,1) = e, where
ey is the first vector from the standard basis in C" and since the matrix W;W
is unitary we conclude that

10
0 Wy



with a unitary (n — 1) x (n — 1) matrix W, which satisfies the condition (7).
Next we apply the same procedure to the matrix F» and so on and on the
(n —m — 1)-th step we obtain the factorization (16).

Assume that the matrix W has the form (4) with the matrices W; (i =
1,...,n — m) of the form (5). We prove by induction in n that the condi-
tion (7) holds. For n = m + 2 we have obviously

W 0 10
W:W1W2:
01 0W,

and therefore w,; = w121 = 0. Let for some n > 2 the (n — 1) x (n — 1)
matrix

W = Wl"'anmflv
where
Wi=La@Wi®lhima, i=1,..n-m-1

with (m + 1) x (m + 1) matrices W;, satisfies the condition (12). The matrix
W defined via (4), (5) may be done in the form

WwWo\ (Il .. O
01 0 W,

W = Wl ce I/anmflvvnfm =

Hence it follows that

. . Wm+i+1:n—1,1:1) ‘
W(m+i+1:n,1:40) = , i=1,....,n—m—1
0

which completes the proof of the first part of the lemma.

Applying the first part of the lemma to the transposed matrix W7 we prove
the second part. O

Remark 2.4 Fvery matriz W; (i = 1,...,n — 2) may be taken either as a
(m + 1) x (m 4+ 1) Householder matriz or as a product of complex Givens
rotations.

For a matrix U € U, we derive a condensed representation as a product of
elementary unitary matrices.

Definition 2.5 Let z = (2;)", be a vector and let V;, i = 2,...,n be 2 X 2
unitary matrices. We say that the vector z is reduced by the matrices V; (i =



2,...,n) if there exist complex numbers 3;, i = 2, ...,n such that the relations

Zj i
By = 2,, VH = 3 ,i=n—1,...,2, (8)

l Bit1 0
hold. Define the unitary matrix V€ C™*" as the product
V=V Vs, (9)

where
Vi=Lia®Vi® i1, 2<i<n-—1 (10)
We say also that the vector z is reduced by the matriz V.

From (9) by Lemma 2.3 it follows that V' = (v; ;) is a unitary lower Hessenberg
matrix, i.e.,
Vy,j :O, j >+ 1. (11)

Lemma 2.6 Let U € C™" be a unitary matriz from the class U,, with lower
generators z; (i = 3,...,n), w; (j = 1,...,n —2) and let 2, 23, Wy_1, Wy,
be arbitrary numbers. Assume that the vector z = (z;)I, is reduced by 2 x 2
unitary matrices V;, i = 2,...,n—1, define the unitary matriz V via relations
(9), (10). Then the unitary matriz F = V7 .U = (f;;) has null entries below
the second subdiagonal, i.e.,

fii =0, ©>j7+2. (12)

PROOF. Set w = (wy,... ,wn)T, z = (z,.. .,zn)T and define the matrix
B € C"" as in (2). It is clear that B is an upper Hessenberg matrix. Fur-
thermore the relations (9)-(8) imply that the vector g = VHz = (g;) has null
components g; for ¢ > 3. By Lemma 2.3 V is a lower Hessenberg matrix. Hence
using the fact that B and V¥ are upper Hessenberg matrices we conclude that
the matrix

F=V".U=V".B4+ (Viz). w’
satisfies the relations (12). O

Lemma 2.7 FEvery matriz U from the class U,, admits the decomposition
U=V_.F, (13)

where V' is a unitary lower Hessenberg matriz and F = (f;;) is a unitary
matriz satisfying the condition f;; = 0, 4 > j + 2. Moreover one can take
the matriz V' in the form

V=V, (14)



where

Vi=Li @& Vi® i, 2<i<n-1 (15)
with 2 X 2 unitary matrices V; and the matriz F' in the form
F=FF,---F, (16)
where
Fi=L . ®&F &l io 1<1:<n-2 (17)

with 3 X 3 unitary matrices F;

PROOF. Let z; (1 =3,...,n), w; (j =1,...,n —2) be lower generators of
the matrix U and let zy, 29, w, _1, w, be arbitrary numbers. Determine 2 x 2
unitary matrices V; such that the relations (8) hold, and define the unitary
matrix V' via (14), (15). By Lemma 2.3 the matrix V' is lower Hessenberg.
Moreover by Lemma 2.6 the matrix F' = V. U is lower banded with band-
width 2. O

Summing up, we obtain that any matrix B from the class H,, can be repre-
sented as

B=U-zw!' =V .F - zw’,
where V' and F' are unitary matrices represented in the factored form as spec-
ified by (14), (15) and (16), (17), and z and w are the perturbation vectors.
Hence, the matrix B € H,, is completely specified by the following parameters:

(1) the unitary matrices Vi, k = 2,...,n — 1 defining the matrix V;
(2) the unitary matrix Fy, k =1,...,n — 2 defining the matrix F’;
(3) the perturbation vectors z and w.

These parameters are also called the generating elements of the matrix B.

The decomposition of U € U,, by means of the elementary matrices V; and
Fi. is numerically robust but not easy to be manipulated under the QR iter-
ation applied to B. In this respect a more suited condensed form of U is its
quasiseparable parametrization introduced in [4]. The representation gives an
explicit description of each entry of U as the product of certain vectors and
matrices of small size. We will show that for every matrix from the class U,
there exist vectors g; € C* 1< j<mn, h; €C*1<j<n,and matrices
Bj € C**?, 2 < j < n, such that

U5 = ngB:jjh], for ] —1 2> 0, (18)
where B;; = Biy1--- Bj forn > j >i+1and B; = I, if i = j. The elements

g,,h; (j=1,...,n), B; (j =2,...,n) are called upper generators of the ma-
trix U. The next result shows that generators of U can be easily reconstructed



from the two sequences of elementary matrices Vy, and Fj, defining the unitary
factors V and F', respectively. The recurrence relations for the upper genera-
tors can also be used to compute some elements in the lower triangular part
of U. In particular we provide the formulas for the subdiagonal elements of U
involved in the QR iteration.

Theorem 2.8 Let U = (u;;) be a unitary matriz from the class U, with
the given factorization U = V' F, where the factors V and F defined by the
formulas (14), (15) and (16), (17) using the given unitary 2 x 2 matrices
Vi (1=2,...,n—1) and unitary 3 x 3 matrices F; (i =1,...,n — 2).

The entries u; j, max{1l,i — 2} < j < n, 1 < i < n, satisfy the following
relations:

Ui’jZO'ijI'QSZ':j—FlSn, (20)

where the vectors hy and the matrices By, are determined by the formulas
h,=Fp(1: 2)1), Bpy=Fi(1:2,2:3), 1<k<n-—2 (21)

and the vectors g, and the numbers oy, are computed recursively

F1=<01>, gfz(m); (22)

or gr I'y0
k Gkt1 — Vi g Fi, k=1....n—2, (23)

* Fk+1 01
Op—1 = Fn—lhn—la gz = Fn—an—l (24)

with the auziliary variables T'), € C1*2.

PROOF. Let the elements g,,h; (i =1,...,N), By (k=2,...,n), o (k=
1,...,n — 1) be given via (21)-(24). Using the elements g,, By we define the
matrices Gy (k= 1,...,N) of sizes k x 2 via relations

Gy =col(g By, k=1,...,n. (25)

It is easy to see that the relations (19), (20) are equivalent to

Grhy,
Ul:k+1,k)= , k=1,....n—1; U(l:n,n)=_Gyh,. (26)

Ok

Next we set
Cr=Vir1--- Vol - Fy, k=1,...,n—2.



Using the formulas (14), (16) we get
Cr(l:E+21:k+2) 0
Cr =
0 Infk72
Moreover using (13), (14), (16) we have
U= V-1 Vig2)Co(Fry1-- - Fnoz), k=1,....,n=3; U=0C,_».

Furthermore from (14), (17) we get

Ik: 10 IkO
0 = 0 *

and therefore

Ul:k+1,1:k)=C,1:k+1,1:k), k=1,...,n—2. (28)

Next we prove by induction that

Cr(l:kE+21:k+2)=
Ok,l(l : ]{I, 1:k— 1) Gkhk GkBkJrl

29
* Ok gngl yk=1,...,n—2. (29)
* * Dita

For k = 1 using the formula C} = V4 F; and the formulas (14), (17) we have

therefore
10
Cy(1:3,1:3) = F.
0V,

From here using (22), g7 = G and (21), (23) with k = 1 we get

01(1,113) :f1(1,13) =g, <h1 BQ) = (Glhl Gle)a

010 o1 g¥
Ci(2:3,1:3) =Wy F=|7
001 « T,

which implies (29) with k& = 1.

Let for some k with 1 < k < n — 3 the relation (29) holds. Using the equality

11



G Br+1 : :
Gy = one can rewrite (29) in the form
Gi1

Cre(l:k+2/1:k+2) =

Cr(1:kE+1,1:k) Gy
* Lita

Using the formula Cyy1 = Vii2CrFii1 and the formulas (27), (14), (17) we
obtain

Crr1(1:k+3k+1:k+3)=

Ck(l ck+1,1: ]C) Gk+1 0
Iiyw O I, 0
* Ppt1 O :
0 Viio 0 Fri
0 0 1

From here using the relation Fj1(1 : 2,1 : 3) = (th Bk+2) and the
formula (23) we get

Ck+1(1 : k-'- 1,/{—|— 1: k—|—3) - (Gk—l—lh’k-‘rl Gk+1Bk+2> )

[',01 0 o T
Croimr(k+2:k+3k+1:k+3)=Vio k+1 Fopr = k1 Ghyo
01 * Dpyo

which completes the proof of (29).

Now combining the relations (28), (29) together we obtain the equalities (26)
for k =1,...,n — 2. Moreover using the equality C,,_o = U and the relation
(29) with & = n — 2 we have

Gn—QBn—l
Ul:n,n—1:n)= gl .
Fn—l

Taking here B, b, 1, h,, 0, 1,9 as in (21), (24) we get

anlhnfl ananhn
Ul:nn—1:n)=
ON-1 gghn

which completes the proof of the theorem. O

12



Remark 2.9 One can check easily that the relations (18) are equivalent to
the equalities

Ulk,k:n)=giH,, k=1,....n (30)

with 2 X (n — k + 1) matrices Hy. defined via relations

Hy = row(By ;hi)iey,,  k=1,...,n. (31)

In the next sections we provide a fast adaptation of the implicit QR iteration
(1) applied for computing the complete set of eigenvalues of the input com-
panion matrix A = Ay € H,,. It takes in input the generating elements of the
matrix Ay € H,, together with the coefficients of the shift polynomial g (2)
and returns as output the generating elements of the matrix A, € H,. The
computation is carried out at the total cost of O(n) flops using O(n) memory
space.

3 The Structured QR Iteration

In this section we present a fast modification of the implicit QR iteration
(1) applied to an input matrix A € H,, expressed in terms of its generating
elements, that is, given in the form

A=U—-zw' =V -F—zw" = (V,_1--- Vo) - (Fy -+ F_3) — zw”,

where U = V - F is the factored representation of U € U,, and z and w are
the perturbation vectors of A. For the sake of notational simplicity we omit
the superscript k& which labels the QR steps.

Let g(z) be a monic polynomial of degree ¢ € {1,2} determined to speed up the
convergence of the QR iteration. The cases ¢ = 1 and ¢ = 2 are referred to as
the single-shift and the double-shift iteration, respectively. Moreover, let () =
G1® I,_,_1 be a unitary matrix suitably chosen to annihilate the subdiagonal
entries in the first column of ¢(A). The transformation A — Q¥ AQ; corrupts
the upper Hessenberg form of A by creating a bulge of size ¢ at the top left
corner of the matrix. It can be shown that the computation of A®) essentially
consists of chasing the bulge down and to the right of the matrix until it
disappears. The task can be accomplished by a standard Hessenberg reduction
employing a sequence @), ..., Q,_1 of unitary matrices.

The cumulative unitary factor Q) such that A® = QM7 AQM is given by
the product QM := Q; - Q5 - - - Qn_1. The updating of the matrices A — AW
and U — U® and of the vectors z — 2z and w — w™ can be carried out
in n — 1 steps according to the following rules:

13



Al = {{Av Ay = Akaa Ak+1 = QkH+1 ;w k= 17 cee 7n_17 A(l) = Anlenfl-

(32)
Here every A, kK = 1,...,n — 1 is an upper Hessenberg matrix. Moreover
using the formula (2) and setting

Ul = Q{IUa Ullg = Ukav UkJrl = Q£I+1U1/w k= 17 cee 7n_17 U(l) = nlenflu

(33)
21=Q%z 24 = QkH+1zk, k=1,....n—2 2zW.=2, (34)
w=w;, wi,,=w,Qr, k=1,....N—1; w = w,. (35)

we get
Ay =Up— zpwi, k=1,...,n—1. (36)

Here Uy are unitary matrices and zj, w; are vectors. Moreover the matrices
Q4. | are chosen to remove the bulge in the matrix A, and therefore Ay is an
upper Hessenberg matrix. Hence it follows that every matrix A belongs to
the class H,,.

The structured QR iteration essentially consists of an efficient procedure for
evaluating the unitary matrices @);, 1 < j < n —1, combined with an efficient
scheme for updating the factorized representation of U under the multiplica-
tion on the right and on the left by the matrices );. In the next two subsections
we describe the structured QR iteration in the single-shift and in the double-
shift case. Specifically, in Subsection 3.1 we present a detailed description of
the fast single-shift iteration and give a formal proof of its correctness. Then
in Subsection 3.2 we sketch the fast double shift iteration putting in evidence
the basic differences with the single-shift step. A proof of the correctness of the
double-shift iteration proceeds in exactly the same way as for the single-shift
case.

3.1 The Structured QR Iteration: The Single-Shift Case

The procedure FastQR_ss for the fast computation of the generating elements
of AM such that

A—al =QR, (QR factorization)

AW = Q" AQ (37)

is outlined below. Given the generating elements Vi, (k = 2,...,n—1), F (k =
1,...,n—2), z = ()", w=(w), of Atogether with the shift parameter
«, the algorithm calculates the generating elements V,ff) (k =2,...,N —
), FV (k =1,...,N=2) 20 = " w® = (", of AV, The

14



condensed representations of A and U™ are computed by the scheme (32)-
(35), where (); are Givens rotation matrices determined in the bulge-chasing
process.

Procedure FastQR _ss

(1) Using algorithm from Theorem 2.8 compute upper generators g,,h; (i
1,...,n), By (k = 2,...,n) and subdiagonal entries o} (k = 1,...,n — 1
of the matrix U.

~—

(2) Set B, =z, and for k =n —1,...,3 compute

Be=0va: | ). (38)
Br+1

(3) Compute the Givens rotation matrices Gi, k = 1,...,n — 1 and the updated
perturbation vectors z(l), w®

(a) Set ng) = w;. Determine the complex Givens rotation matrix G; such

that
T
gihi —z1w1 — « *
gi' | 7 = (39)
g1 — 2W1 0
and compute
Z%l) * * gH z1 nghl g{Bl (4())
pu— 1 .
47 o7 (g87)T 2 o gb
(b) For k=1,...,n— 2 perform the following.
Compute
Pk Ph o (@) i
G I T R MEE /8 (41)
i) e

Determine the complex Givens rotation matrix Gi41 from the condition

1
gl ([

glfﬂ - : (42)
Py — Zk+2w;(.€1) 0
Compute
(1) (1)
“k+1 “k+1
A o (13)
“h+2 “k+2

15



* * H Pk (g,(Ql)TBk+1
(1) (T) \T - gk—H 1 ’ (44)
Ohi1 (Gpto) Py i+2

(¢) Compute

(wfﬁl wil ) = (wfﬁ)l wn) Gn-1 (45)
and set
2D = (1), (46)

(4) The fourth stage of the algorithm is to compute the generating elements
V;il) (k=2,...,n—1), f,gl) (k=1,...,n—2) of the matrix A1),

(a) Determine the complex Givens rotation matrix VéT) such that

(1) (1)
oy (2] = (P (47)

B3 0

with some number ﬁél) and compute the 3 x 3 matrix

1 0 Gt o 10
F = ! Fi. (48)
0 (WHH 01/ \ow

(b) For k=1,...,n— 3 perform the following.
Compute the 3 x 3 matrix

gl oo\ (1 0 VR
Xpog = | 7F k+1 (49)
0 1 0 Vio 0 1
and the 4 x 4 matrix
Fo\ (1 0 G 0
Vi = : (50)

0 1) \0Fu 0 I

Determine the complex Givens rotation matrix Zj from the condition
Xpi1(1,2:3)2, = <* 0). (51)

Compute the matrix

10
Wk = Xk+1 (52)
0 Z,
and the matrix
I, 0
k= % (53)
0z

16



The unitary matrix Wy, has the zero entry in the position (1,3) and the
unitary matrix Dy has the zero entry in the position (4, 1).
Compute the factorization

()
w10 vl o0 -
0 V7, 0 1

(M) )

with unitary 2 x 2 matrices V i1 and the factorization

k+2°

. FPo\ (1 0 -
- o (5)
o 1) \oF",

with 3 X 3 unitary matrices f(l), .7-",5,1)1.
(c) Compute

ngl_)l = gﬁl_l]),(:_)l, (56)

- Gn—2 0 1 0
}—7(1122 = ‘7:75,32 ’ . (57)
0 1 0 Gn-1

Theorem 3.1 Let A = U—zw? be a matrixz from the class H,, with generating
elements Vy (k=2,...,n—1), Fr (k=1,...,n—=2), z = (), w= (w;),
such that the vector z is reduced by the matrix

V=Vig--Vo, Vi=Li1®Vi®Ili1, 2<i<n-1

Then the output data V,El) (k =2,...,N — 1), ]:,gl) (k =1,...,N — 2),
2 = (zi(l))?zl, wl) = (wf));;l returned by FastQR_ss are the generating
elements of the matriz AV satisfying (37) and, moreover, zM) is reduced by

the matrix

vO=yO .y yO o evVer, ., 2<i<n-1.

)

PROOQOF. Using Stage 1 of the algorithm we obtain upper generators and
subdiagonal entries of the matrix U.

On Stage 2 of the algorithm we use the fact that the vector z is reduced by the
matrix V' and compute the parameters Oy, £k = N,...,3 using the formulas

(8).

To justify Stage 3 of the algorithm we prove by induction that the formulas
(39), (42) determine the unitary matrices Gg, k = 1,...,n — 1 such that the
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unitary matrices Qy = Ix_1 ® Gi, @ I,,_r_1 make the transformations (32)-(35)

and moreover for £k =1,...,n — 1 the relations
Uk + 1,k :n) = (gfﬂ (g,(Ql)THkH) (58)

hold and the vectors zj, w; have the form

Zp = (zgl), . ,z,il), z,i:r)l, Zht2s s 2n) L, (59)

wy, = (W, w2 (60)
where the matrices Uy and the vectors zj, wy are defined in (33)-(35).

On the first step we deal with the matrix
Al = Q{{A = U1 — le?

with U} = QHU, z, = Q¥ 2z, w, = w. We have

Th) — 2w — «
(A—al)(1:2,1) = | 17—

01 — 22w

and determine the complex Givens rotation matrix G; from the condition (39).
Next using the formula (30) with &£ = 1,2, the formula (20) with £ = 1 and

the relation H; = (h1 BzHQ) we get

Thy g"' BoH
U(1:2,1: N) = g1/ g1 Batis
o1 ggHQ

Using the formula (40) we obtain (58), (59), (60) with & = 1. Let for some k

with 1 < k < n — 2 the statement of induction holds. From the formulas (33)
it follows that

U(k+2,k:n)=U(k+2,k:n).

Furthermore using the formulas (30), (20) we obtain
Up(k+2,k+1:N) = <0k+1 gf+2Hk+2>

and from the formulas (36), Ax(k + 2,k) = 0 and (59), (60) it follows that
Uk +2,k) = zk+2w,(€7). Moreover using the formula (58) and the equality

Hiyr = (hk+1 Bk+2Hk+2>

18



we obtain

O-I(cT) (915;21)Thk:+1 (QI(QQTBHQHHQ

Ulk+1:k+2,k:N)= . (61)

) T
Rk+2Wy Ok+1 GiroHi1o

We have
Al = AQr = UpQ — 21 (w] Qr) = U}, — zrwy ;.
Postmultiplication of a matrix C' by the matrix ), means only postmultipli-

cation of the columns k,k + 1 of C' by the matrix G;. Hence applying the
formula (41) we obtain

Up(k+1:k+2k:n)= ph Pk (9%02)" BusHio
k . s N —
oA GhyaHirs

and
Wiy = (wgl), . ,wlgl), wli?l, W2, - - - ,wn)T.
Now the elements in the (k + 1, k), (k + 2, k) positions in the matrix A} are

P;c - Zli?lwl(gl)a Plkl’ - Zk+2’w;(g1)

and we determine the matrix of Givens rotation G/, from the condition (42).

Next consider the matrix

_AH A1 AH 771 H T T
Apr1 = Qi1 Ay = Qi Uy, — Qr12kWyyy = Upp1 — 2pp1wipy -

Premultiplication of a matrix C' by the matrix QkH+1 means only premultiplica-
tion of the rows k+ 1, k+ 2 of C by the matrix g,gfﬂ. Hence using the formulas
(44), (43) we obtain

Uealho+ 2,5+ 1:8) = (ofl, (o) Hia)

and

_ () 1 @ () T
Zip1 = (21 5o 2 2 s Zid1s Zgas ZhdBs - Zn) -

Thus we have determined the Givens rotation matrices Gx, k =1,...,n — 1
and the vectors z,,_1,w,_1. To finish the proof of Stage 3 notice that the last
coordinates of the vectors z,_1 = z; and w,, = w® are given by the formulas
(46) and (45).

Now we will justify Stage 4 of the algorithm. By the definition of generating
elements we have
U= (Vn—l .. {/’2)(F1 e Fn—Q), (62)
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where
Vi=La®Vidl, i1, Fi=L19F &L, o
We should prove that the matrix U™ admits the factorization

U = (V5 R B, (63)
where

v = i-1D Vi(l) @ L1, Fi(l) =1i1D ]:1;(1) ® Lni2

)

with the matrices Vi(l),ﬂ(l) determined in the algorithm, and moreover the
vector z() is reduced by the matrix VM. To do this we prove by induction
that every unitary matrix Uy from (33) admits the factorization

U=V® . F® =1 ... n-2 (64)
with
Ve v ‘/lc+2‘/1c(?1‘/1<;(1) . \/2(1)’ FR) — Fl(l) . F]<(;1—)1F]<(;T)Fk+1 o Fos,
where

VO =neV) ehws FO=L,0F" &L,

and the matrices V;, F; and Vi(l),Fi(l) are defined above. Moreover we will

prove that the vector z; defined in (34) is reduced by the matrix vk e,

Zi 4
B = 20, VI = . yi=n—=1,... k+2 (65)
Bit1 0
(7) (1)
- Zri1 ﬁk: 1
L U e A (66)
k42
(1) (1)
(Vi 50 | ﬁo c =k (67)
i1

From (62) it follows that the matrix U; = Q¥ U has the form
Ur = (Vaer -+ Va) QU V1) (B Frua).
Taking the matrix V™ from (47) and the matrix F\") from (48) we obtain
U, = v . O
with

VO =y, B, FOZ FOR LR,
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Furthermore using the relations (8) with ¢ = n,...,3 and (47) we conclude
that the vector z; is reduced by the matrix v = Vi1 V},VQ(T).

Assume that for some k& with 1 < k£ < n — 3 the induction statement holds.
Hence the matrix Uy = QL UxQ), has the form

Uk41 = Thi1 - Sk

with
Tirr = Voot - Viers) QI Vi VD) (VY - 1Y),
it = (B B (7 Fra1 Qi) (Fiva -+ Fasa).
We have
QkHHVkHVk(JTr)l =1 ® Xpq1 ® L—p—3
and

FlgT)FkJrle =L, 1OYy D i3

with the 3 x 3 unitary matrix Xy, from (49) and the 4 x 4 unitary matrix Y
from (50). Next we determine a 2 x 2 unitary matrix Zj, from the condition (51)
and compute the matrix Wy by the formula (52). The unitary 3 x 3 matrix W},
has the zero entry in the position (1,3). Hence this matrix can be factorized

in the form (54) with unitary 2 x 2 matrices V,EZF)Q, V,§1+)1. Set
Zy =11 ® 2, @ Lj—s
and furthermore V*+1) = Tii1 2, Pt — ZH Sk 1. We have
Upsy = V0D L flitD) (68)
where

VED = (Vier - Vi) Qi Vs WD Z0 (G - 1Y) =
(Ve - Vi) VRV (V- )

which yields the desired representation for the matrix v (k1)

Let us check that the vector zj,; is reduced by the matrix VD | Tndeed
using the relations (49), (52), (54) we have

Vo) (1 o
0 1) \owiyH

10 VIR0 (1 0 Gyt 0
0zZH 0 1/ \0VE, 0 1
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Moreover using the relations (43), (66) and the relation (65) with i = k + 2

we get
Zlgsit)l
Lo (W7o (1 0 \[Go0 o |
0 zH o 1) \ovi, )\ o 1)
Br+3
Zl(c:-)l
10 VDR (1 0
Zk+2 | =
0z} o 1) \ova, ’
Brets
() (1)
z By g
1 0 (VISF)I)H 0 k+1 10 k+1 k+1
Bit2 | = 0 = 0
0zl 0 1 0z}
0 0 0
Hence it follows that
1
(T) \H Z]EH-)Q o Bria (1) Zk—i—l 12421
(Viy2) = s V)
Br+3 0 k:+2
which together with the relations (65) with i = N — 1,...,k 4+ 3 and (67)

implies that the vector zy,, is reduced by the matrl (i H)

Thus applying Lemma 2.6 to the matrix Uy, we get

FO(E+3,k) =0. (69)

Furthermore we get
FOED = (FY O ZEED B Q) (Frya - - Fusa).

Here we have

Ii_1 0O 0
ZHFT FipiQp =
v By P Qr 0 D, 0
0 0 In_g-3

with the 4 x 4 matrix Dy, from (53). This implies

Iy 1 0O 0
FOED = (FY- - FY) 1 0 Dy 0 | (Figa e Fyoa).
0 0 ]n—k—3
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We have Dy (4,1) = F*+1(k + 3, k) and using (69) we conclude that the 4 x 4
unitary matrix Dy has the zero entry in the (4, 1) position. Hence the matrix

Dy, admits the factorization (55) with 3 x 3 unitary matrices JF, (1), f,ifl. Hence
it follows that

FOD = (R RO (FO R (Frea - Fy-a),
which completes the proof of (64).
Thus the unitary matrix U, _o admits the factorization
U, o = V2. V-2
and therefore the matrix UM = Q1 U, 5Q, 2Q, 1 has the form
U = @V VBV F - FL) (B 2Qu-2Qun).

From here using (56), (57) we obtain the desired factorization (63) for the
unitary matrix UM,

Next using (43) with £ =n — 1 and (56) we get

2Wn —1 Y B
(V) = )G, Gl L= '
30 p(N) 0

which together with (67) with & = n — 2 means that the vector z!) is reduced
by the matrix VO = v ...y O

Remark 3.2 Notice that in the subsequent iteration the parameter B3 may be
updated by the formula (66) with k =2, i.e.,

() Z§T) _ 5:%1)
B4 0

In this case the Stage 2 of FastQR_ss can be skipped.

3.2 The Structured QR Iteration: The Double Shift Case

The double shift technique follows again the scheme (32)—(35). In this case,
however, the matrices () are of the type Qr = I._1 ® G D I,,_r_2, where G,
is a 3 X 3 unitary matrix and 1 < k < n — 2. The goal is to reduce the matrix
q(A) = (A —a11,)(A — asl,) in upper Hessenberg form, where oy and «s are
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the eigenvalues of the 2 x 2 trailing block in the matrix A. At the beginning,
()1 is chosen in such a way that it reduces the first column of g(A).

The lower triangular part of the matrix Aj_; obtained after & — 1 steps of
(32)—(35) is given by

1 1
12y o,

tril(4_,0) = Ok—1 G
Ok—1 Vi Qg1

Sh—1 Mk Vht+1 Qrt2

Yn—1 Qn

In general, the matrix G, is chosen so that

(5]671 dk * ﬁlgljl al(:) *

glf Or—1 Yk Qp1 | = 0 7121) agl
R 1

Sk—1 Mk Ve+1 0 0 712421

Observe that, while in classical implicit QR algorithm with double shift the
matrix Gy, is only required to reduce the first column of the bulge, in this case
the whole bulge should be eliminated in order to ensure that A attains again
an upper Hessenberg form.

The bulge chasing step to be applied to the matrix Uy can be described as
follows. Set Ry = Up(k+1:k+ 4,k : k+ 3), we have

Ul(ct) Pl+1 (QSJ)A)Tth (g]({?tj-l)TBk+3hk+3

t t T T T
R Zl(c-&)-le(c ) Ul(c+)1 (g;(ﬁ)z)Thm (ngJzz)TBk+3hk+3
k

(t) () T
Zp+3Wy " Zp+3Wpiq Ok+2 (gk+3) Pt

(®) ()
Zp44Wy " Zp44Wip{1  Zp4+4Wkt2 Ok+4
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and next

Q;EH Rk gk _
1 1
0—,9) * * *
1
z,i%w,g ) 01(31 Pk+2 (Qi(fJ)rz)Tthrs

T 1 T t T T
Zl(c+)3wlsz) 2127231”12:411 Ul(f+)2 (.912;423)Thk:+3

5 (1) (t) (1)
k+4Wy "~ Zh4aWp i1 Rk4+4Wg o Ok+4

The updated vectors z**1) and w1 are defined so that

(1) (t)

Wy W,
wi(;)q =Gy wl(c?1
wl(;)z W2
and
z,(g 1) . ]gt)
Zl(ctJ)rl - glil Zl(c:r)l
Zi(e:r)z P42

Once determined through the bulge chasing process, the matrices ); are used
to compute the product representation for the updated U. Let us describe the
general update step, using for the product representation the same notation
as in the previous section. In order to exploit the bulge chasing properties of
the matrices ()}, consider an update step where the current unitary term U
is multiplied by ) on the right and by QkHH on the left. We have:

Qi'r - Us - Qu
= QkH+1 Vo1 Vk+3vk(—7|:)2vk(j—)1 e 2(1) : Fl(l) e Flit)Fk(i)le—I—QFn—Q - Qr

k T 1 1 k T
— VB QP Viys VL VO 2()'F1()"'F((t))' D Frya - Qp- -

Let us examine more closely the product Pyi1 = Q1 « Viys - k(-iT-)Q . ,C(i)l We

have:
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H 1 (®)
gk—&-l‘ I () Vk+l
- | v |-
‘1 ‘Vk—&-S I
1
x %00 % % k%
Q,ﬂl * % % 0 % ok ok ok
1 * % ok %k * % k% 7
¥ k% % %k ok ok

that is, multiplying on the left by Q. spoils the lower Hessenberg structure
of Viys - Vk(j,—-)Q . Vk(fr)l. Analogously, multiplying on the right by @ spoils the
structure of the product F,gt) - F, k(i)l - Flyo:

1
(t)
. Fk+1 . .
I, Frt2 I,

1
% %k ok ok ok % % ok ok ok
%k ok ok ok % %k ok ok ok

Gk

% %k ok k ok | - = | % % % % x

I,
0 * % * % % % ok ok ok
00 % % x % % ok ok %

In order to restore these structures, define a 3 x 3 unitary matrix 2,5 such
that Pyy1- Z{, is again lower Hessenberg, where Zy 1o = Ij 11 ® Zpio® Ly p_a,
and consider the updated Uy in the form

Qiltr U - Qi
T t 1
= Vet Qi Vi Vil Vith - 25 VY-

-Fl(l)---Zk+2 . Fk(t) . k(i)l Fyin - Qp -+ Fys.
Since Pyy1 - Zf, is lower Hessenberg, it can be re-factorized as
T t 1
Pryy - Zlgrz = Vk(+)3 ) Vk(+)2 ) Vk(+)1a

where
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Vi = Lo @ V) @ L,
Vk(i)g =l @ V,gtJZQ @ In—i—3,
Vk(i)l = [k ©® V]Sr)l > [n7k727

for suitable 2 x 2 unitary matrices V,ifg, V,EQZ and V,Sr)l. Because of the way

in which the matrices (); have been chosen, the matrix Zj o must also have
the property of restoring the structure of the product F, ,S*) - F k(i)l - Flio. It is

therefore possible to compute 3 x 3 unitary matrices ]:,El), ]:,gl and ]:,gg such
that
t T 1 t T
Zk+2'FI§)' lc(+)1'Fk+2'Qk:Fl<(:)'Fk(—gl'Fk(—&-)%

where

FV =L @ FY @ Iigs,
FY = e F) &1, s,
Fy = Tin ® Fly ® L.

4 Convergence Criteria and Deflation Techniques

Deflation is an important concept in the practical implementation of the QR
iteration. Deflation amounts to setting a small subdiagonal element of the
Hessenberg matrix to zero. This is called deflation because it splits the Hes-
senberg matrix into two smaller subproblems which may be independently
refined further.

For the sake of clarity, su%jpose that after k iterations of the QR algorithm
the subdiagonal entry flk,s of A®) becomes small enough to be considered
negligible. A customary criterion requires that such an entry be small compared
with its diagonal neighbors

k k k
1B, < - (Jal ] + 16 i)

If this condition is satisfied, then ﬁ,(f,)s is set to zero which makes A® a block
upper triangular matrix:
(k)
40 _ Ay %
k
O A

where Agk) € Cn=)x(n=s) and Agk) € C**%. Now Agk) and Agk) can be reduced
into upper triangular form separately. The process is called deflation and con-
tinuing in this fashion, by operating on smaller and smaller matrices, we may
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approximate all the elgenvalues of A. Specifically, if s = 1 or s = 2 then the
computed eigenvalues of A2 may be taken to be eigenvalues of the initial
matrix A.

The matrix U®) can be partitioned accordingly with A®):

(k)
Uk = % H )
'u,g )'wgk) UQ(k)
where
(k) (k)
U, w; k n—s (k s
u® — Wl w® — Wl ug) g cC", u2),w2 e C’.
Uy wy

Observe that Ul(k) and U2(k) are not generally unitary matrices and, therefore,
the matrices Agk) and Agk) are specified in terms of the whole matrix U®) as
follows:

I H
AP = ( I, o> u® +uMgp®"

and

0
a0 = (01)uw [0 s alpus”
I

s

These representations enable the fast QR iteration to be applied to the input
matrices Agk) and Agk). Observe that, even though the whole matrix U®) is
required for representation purposes, working only on Agk) or Aék) means that
only part of the generators are actually involved in the computation.

Remark 4.1 The implicit QR method for eigenvalue computation relies heav-
ily on the implicit Q) theorem (see e.g. [12]), which applies to irreducible Hes-
senberg matrices. As a consequence, deflation is a crucial step in implicit QR
and it is necessary to perform it whenever possible.

A more subtle form of deflation should also be applied when two consecutive
subdiagonal entries of A®) become small (typically, small enough for their
product to be less than or equal to the machine epsilon). In this case, the next
bulge chasing process should only be applied to the submatrix A® (r + 1 :
n,r + 1 :n), where r is the index such that the small subdiagonal entries are
A® (r4+1,7) and A® (r42,741). Indeed, it turns out that beginning the bulge
chasing process from the (r 4+ 1)-st row introduces negligible perturbations of
the Hessenberg structure in the entries of indices (r 4+ 2,7) (and (r + 3,7) in
the double shift case).

28



This is an idea that dates back to Francis and is explained in detail in Wilkin-
son’s classical book [18], Chapter 8 Section 38. It is however often overlooked
in textbooks, so we recall it briefly here. Let A be an upper Hessenberg matrix
having small elements €; and €, in positions (r + 1,7) and (r 4+ 2,7+ 1), for a
certain index r, and consider the following partition:

k) ok [k ok ok ox

0er]* * % % XY
0 Oleg * * % E\W
0 0[]0 % x x

00(0 0=

With this notation we have:

Proposition 4.2 Let pu be any ergenvalue of W. Then p is also an eigenvalue
of a matriz A', of the same size as A, which differs from A only by an element
erea/(A(r +1,r + 1) — p) in position (r + 2,r).

As a consequence of Proposition 4.2, if the product €€, is small enough then
the next QR iteration can be applied to the submatrix W, ignoring the fact
that E is not numerically zero and performing in fact a sort of deflation.

In practical implementations, the search for a suitable partition is generally
performed from bottom up, so that one always works on the smallest possible
trailing submatrix. More precisely, before starting each QR iteration on the
current iterate A%, the following procedure is performed:

- look for the smallest index s such that A(k)(n — s+ 1,n — s) is negligible;

- if s = 1 (or s = 2 for the double shift case), then one or two eigenvalues
have been found; exit procedure;

- else look for the largest index 7, withn—s <r <n—-2(orn—s<r<n-—3
for the double shift case), such that beginning the bulge chasing process
from the (r+1)-st row introduces negligible perturbations of the Hessenberg
structure in the entries of indices (r + 2,7) (and (r + 3,r) for the double
shift case);

- perform bulge chasing on the trailing submatrix A® (r +1:n,74+1: n).

See also [14] for practical criteria and suggestions in the classical (non-structured)
case.
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5 Numerical Experiments

The algorithms for eigenvalue computation described in the previous sections
have been implemented in Fortran 95, for the single and double shift versions.
These programs deal with the particular case of the companion matrix A
associated with a given polynomial P(x) = >_7_, cxz* and have been used to
test the efficiency and stability of the proposed algorithms on several examples.
The software is available upon request to the authors.

The following definitions of errors are used in tests for stability:

e Absolute forward error (a.f.e.): this is the absolute distance between the
eigenvalues computed by the structured method (which will be called here
FASTQR for reference purposes) and the eigenvalues computed by LA-
PACK (routines ZGEEV and DGEEV), which are assumed to be correct.
The absolute forward error is computed as the oo-norm of the difference
between the two output vectors obtained from FASTQR and LAPACK and
sorted by decreasing absolute value. An estimate for this error, based on the-
oretical arguments, is given by the quantity 6 = €- || A||2-max{condeig(A) },
where € is the machine epsilon and, using Matlab terminology, condeig(A)
is the vector of eigenvalue condition numbers for the matrix A.

e Matrix relative backward error: it is defined as

_ 1Q2A0Qa — (ViFy — praf )l
140 ’

m.b.e.

where Ay = A is the initial matrix in the QR iteration process, (), is the
accumulated unitary similarity transformation and Vy, Fy, py, g are gener-
ators for the product structure of the final iterate Ay.

e Coefficient relative backward error: it is a vector whose entries are defined
as

e — el if ¢ #£0,

k]
where {¢j}r=1,..n are the coefficients, computed in high precision, of the
polynomial whose roots are the eigenvalues of A given by our structured
method.

(c.he), =

We start with some examples of the behavior of the single shift version of
FASTQR applied to complex polynomials. Most examples in this section are
taken from [4] and [6].

Example 5.1 Given a positive integer n, define P(z) = Si_o(ax + ibg)a*,
where ay and by are uniformly distributed random numbers in [—1,1].

As discussed in [13] randomly generated polynomials can be useful for gather-
ing statistics on the performance of the program with respect to computational
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Fig. 1. Comparison of running times (Example 5.1).
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Fig. 2. Experimental estimate of time growth (Example 5.1).

speed and accuracy. Figure 1 shows, on the left, running times for FASTQR
and LAPACK on random polynomials generated as in Example 5.1, for de-
grees ranging between 50 and 350. On the right we report the log-scale plot
of the same data, where it can be seen that FASTQR becomes faster than
LAPACK for polynomials of degree about 100.
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Figure 2 is a log-log plot of the running times of FASTQR on polynomials of
degrees ranging between 50 and 2000. A linear fit of this plot shows that the
growth of running time is indeed quadratic in n, since the slope of the line
is about 2.2. The number of required QR iteration is usually less than 3 per
eigenvalue.

Polynomials in Example 5.1 are usually rather well-conditioned and the be-
havior of FASTQR is satisfactory both for backward and forward stability
(more details are given in Example 5.4 for the double shift version). In the
next example, coefficients are still random but chosen with an unbalanced
distribution:

Example 5.2 Given a positive integer n, define P(x) = z™ + Z;L:& a;x?, with
a; = u; - 10%, where |u;| is a uniformly distributed random number in [—1,1]
and v; is a uniformly distributed random number in [—5,5].

The behavior of FASTQR on such polynomials is shown in the following table:

n m.b.e. a.f.e. )

50 | 4.91x107% | 6.24 x 1070 | 2.21 x 1078
100 | 6.63 x 107 [ 6.95 x 10710 | 1.61 x 1078
150 | 7.02 x 1071 | 3.19 x 1071° | 1.12 x 1077
500 | 7.43 x 1071% | 8.30 x 10719 | 8.28 x 1077
1000 | 1.44 x 107 | 1.47 x 1072 | 1.59 x 1076

Backward errors are small, which ensures backward stability. The growth of
the forward error mirrors closely the behavior of the quantity d, therefore the
output of our method is consistent with theoretical expectations.

Example 5.3 Given a positive even integer n, define P(x) = Zf:nlﬂ(x —
2(k+0.5) .+ r2(k+0.5) 9 . . . .
T — asin(F 7)), where 1 = —1. This is the monic polynomial with

zeros equally spaced on the curve x =t + 4sin(nt) with —1 <t < 1.

Results for this class of test polynomials are shown in the following table:

n afe. 1)

8 [9.84x 1071 | 211 x 107
16 | 8.31 x 10713 | 4.86 x 10~
32| .716x107% | 7.83 x 107*
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Fig. 3. Comparison of running times (Example 5.4).

Next, let us consider some examples with real polynomials, to which we apply
the double shift version of FASTQR.

Example 5.4 Given a positive integer n, define P(z) = Y1_, cxx®, where ¢
is a random number uniformly distributed in [—1,1].

As in Example 5.1, we use these polynomials to compare running times and
check that the growth of the running time is indeed quadratic. In this case
we are also able to introduce a comparison with the structured implicit QR
method proposed in [6], denoted as SSS-QR, a Fortran 95 implementation of
which is available on-line for the case of real polynomials. Figure 3 shows on the
left the running times for FASTQR, LAPACK and SSS-QR for polynomials
of degrees ranging between 50 and 400 and on the right the corresponding
logarithmic plot. FASTQR becomes faster than LAPACK for polynomials of
degrees between 150 and 200.

Figure 4 shows a log-log plot of the running times of FASTQR for polynomials
of degrees ranging between 50 and 2000, with a linear fit; the slope here is
about 2.02. The number of double shift iterations is generally less than 1.5
per eigenvalue. The logarithms of the absolute forward errors computed for
these same polynomials are plotted in Figure 5. It is interesting to notice that,
while for degrees up to 1000 there is a growth of the forward errors (which is
however expected), for degrees higher than 1000 the errors stay roughly the
same. This is also the case for experiments made for degrees 3000 and 5000.
This suggests that FASTQR reliably computes eigenvalues even for very high
degrees.

Example 5.5 (Roots of 1) Given a positive integer n, define P(x) = 2" —1.
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We use these polynomials to compare the running times of FASTQR to the
running times of LAPACK and SSS-QR; the regular and logarithmic plot for
polynomials of degrees ranging from 50 to 400 are found in Figure 6. Here
FASTQR becomes faster than LAPACK for n > 50. The computation of the
roots of unity with FASTQR is generally very accurate (forward errors are
about 1071 for the polynomials used in this experiment).

Example 5.6 (Multiple roots) Given a positive integer n, define P(x) =
(2, cux®) - (x — 1), where ¢y, is a random number in [—1,1].

In this case, the computation of roots with multiplicity 1 is very accurate,
whereas the multiple root 1 suffers from ill conditioning. The following table
shows forward and backward errors for several values of n. For the coefficient
backward error we give an interval containing all entries of the error vector.

n a.f.e. c.b.e. )

2.81 x 1071 | (0,8 x 10713) | 3.23 x 10715
1.61 x 1077 | (0,5 x 10713) | 8.15 x 1077
9.33x 1077 | (0,107'Y) | 1.04 x 107*
3.91 x 107 | (0,3 x 107'1) | 1.34 x 1072

=~ W NN =

Example 5.7 Define P(z) =2 + 2 + ...+ x + 1.

We obtain here a.f.e.= 3.58 x 107'°; the entries in the coefficient backward

35



error are in the range (0,8 x 10'3), which is roughly the same result given in
[6] and the same as one would obtain using the Matlab function roots.

Example 5.8 Define P(x) as the monic polynomial whose roots are, in Mat-
lab notation, [—2.1:0.2: 1.7].

For this example we have a forward error of 1.21 x 107!, which is consistent
with the estimate given by 6 = 1.76 x 10~%. The entries in the coefficient
backward error are in the range (0,4 x 10'?), which is again comparable to
the result given in [6].

6 Conclusion

The analysis and development of efficient numerical methods for eigenvalue
computation of rank structured matrices constitutes one of the major chal-
lenges in the field of numerical linear algebra. In this paper we have presented
an implicit version of the QR algorithm for companion matrices designed in [4].
The novel method is conceptually simple, computationally fast and numeri-
cally stable. The complexity is an order of magnitude less than the customary
implementation of the QR algorithm for Hessenberg matrices in LAPACK.
Experimental results are also reported to compare the performances of our
method with other existing fast eigensolvers for companion matrices.
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