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ON THE FINITE ELEMENT APPROXIMATION OF p-STOKES
SYSTEMS*
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Abstract. In this paper we study the finite element approximation of systems of p-Stokes type
for p € (1,00). We derive (in some cases optimal) error estimates for finite element approximation
of the velocity and for the pressure in a suitable functional setting. The results are supported by
numerical experiments.
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1. Introduction. We study the numerical approximation of steady systems of
p-Stokes type,

—divS(Dv) +Vg=f in Q,
(1.1) —divv=yg in £,
v=0 on 012,

by means of conforming finite element spaces satisfying the classical discrete inf-sup
condition. The physical problem which motivates this study is the steady motion
of a homogeneous, incompressible fluid with shear-dependent viscosity in the Stokes
approximation of small velocities. Here 2 C R™, n > 2, is a polyhedral bounded
domain. The unknowns are the velocity vector field v = (v1,...,v,) and the scalar
kinematic pressure ¢. The extra stress tensor S(Dv) depends on Dv := 2(Vv+Vv '),
the symmetric part of the velocity gradient Vv. The vector f = (f1,..., f,) is the
external body force, and the prescribed divergence of the velocity g has to satisfy the
compatibility condition [, gdx = 0. Physical interpretation and discussion of some
non-Newtonian fluid models can be found, e.g., in [8, 26, 25].

Throughout the paper we assume that the extra stress tensor S has (p, §)-structure
(cf. Assumption 2.1) and the relevant example which falls into this class is

S(Dv) = pu(5 + |Dv|)?*Dv,

with p € (1,00), § > 0, and p > 0.
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374 BELENKI, BERSELLI, DIENING, AND RUZICKA

Mathematical investigation of fluids with shear-dependent viscosities started with
the celebrated work of Ladyzhenskaya (cf. [21]). In recent years there has been
enormous progress in the understanding of this problem and we refer the reader
to [24, 25, 4, 5, 14] and the references therein for a detailed discussion.

The first results regarding numerical analysis date back to Sandri [31]. Later
these results were improved by Barrett and Liu [3], where the error estimates are
presented in the setting of quasi-norms. The notion of quasi-norm is the natural one
for this type of problem (cf. [2, 3, 23]). Note that Acerbi and Fusco already used
in [1] another equivalent expression, which relies on the nonlinear quantity F defined
in (2.7). (See Remark 2.6 for a comparison of the different approaches.) We refer to
all these equivalent quantities as the natural distance.

Closely related to the p-Stokes problem is the p-Laplace equation. There has been
intense research activity regarding its numerical analysis in the last two decades; see,
for instance, the recent results in [13, 6, 15, 16]. Going from the p-Laplace equation
to the p-Stokes system involves additional difficulties arising from the pressure and
the divergence constraint.

A fundamental tool in our analysis of systems with (p, §)-structure is the use of
Orlicz functions. Indeed, many of our nonlinear estimates are deduced by means of
linear estimates for a family of shifted-N-functions defined in (2.8) (cf. Theorems 3.2,
3.3, and 4.2). The use of Orlicz functions enables a unified treatment of the cases
p > 2 and p < 2 and makes the proofs simpler and clearer.

Outline of the paper. In section 2 we introduce the main notation, the basic
assumptions, and the precise formulation of the problem. Moreover, we present the
main results of the paper, i.e., optimal error estimates for the velocity and (in some
cases) for the pressure, under natural regularity assumptions. We provide a short
outline of the ideas which lead to the results and compare our results with those of
Barrett and Liu [3]. The proofs will be postponed to the subsequent sections. We
prove the best-approximation error for the velocity and for the pressure in sections 3
and 4, respectively. In section 5 we use the best-error estimates in order to prove
convergence rates in terms of the mesh size under natural regularity assumptions on
the velocity and the pressure. In section 6 we prove error estimates in terms of the
mesh size under assumptions on the data f and the velocity. Finally, in section 7 we
present results of some numerical experiments and compare them with the theoretical
results of the previous sections. In an appendix, we prove or recall some rather
technical results which are used in the paper.

Results similar to the ones proved in the present paper have been obtained at
the same time and independently by A. Hirn [19]. Instead of relying on inf-sup-
stable elements, he uses the so-called local pressure stabilization in the context of
quadrilateral elements. We thank the author for having put at our disposal a draft of
his results and for interesting discussions on comparing the two different approaches.

2. The p-Stokes problem: Notation and main results. In this section we
introduce the notation we will use, we state the precise assumptions on the extra
stress tensor S, and we give the main existence and regularity results for the p-Stokes
problem and its discrete counterpart.

2.1. Function spaces. We use ¢,C to denote generic constants, which may
change from line to line, but not depending on the crucial quantities. Moreover, we
write f ~ g if and only if there exist constants ¢,C' > 0 such that ¢ f < g < C f.

We will use the customary Lebesgue spaces LP(£2) and Sobolev spaces W*P(Q),
where 2 C R" is a bounded, polyhedral domain. We will denote by || .||, the norm in

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ON THE FEM APPROXIMATION OF p-STOKES 375

LP(Q) and by ||. ||, ,, the norm in WHkP(Q). The space Wy (Q) is the closure of the
compactly supported, smooth functions C5°(Q) in WP (Q). We equip W, *(2) (based
on the Poincaré lemma) with the gradient norm ||V-|| . For a normed space X we de-
note its topological dual space by X*. We denote by fM | the n-dimensional Lebesgue
measure of a measurable set M. The mean value of a locally integrable function f over
a measurable set M C Q is denoted by (f)n := f,, fdr = ‘—Alﬂ Jys fdx. Moreover,
we use the notation (f, g) := fQ fgdz whenever the right-hand side is well defined.

We will also use Orlicz and Sobolev—Orlicz spaces (cf. [28]). A real convex function
Y RZ0 — R20 is said to be an N-function® if 1(0) = 0, ¥(t) > 0 for t > 0,
lim; o (t)/t = 0, as well as lim;_, o, ¥ (¢)/t = co. As a consequence there exists v/,
the right derivative of ¢, which is nondecreasing and satisfies ¢'(0) = 0, ¥’ (¢) > 0 for
t > 0, and limy_, o ¥/ (t) = co. We define the conjugate N-function ¥* by ¥*(t) :=
Supgsq(st—1(s)) for all t > 0. If ¢’ is strictly increasing and therefore invertible, then
(¥*) = (x")~t. A given N-function v satisfies the Ay-condition if there exists K > 0
such that for all ¢ > 0 holds ¥(2¢) < K(t). We denote the smallest such constant
by Az(?). In the following we always assume that ¢ and ¥* satisfy the As-condition.
Under this condition we have

(2.1) Y1) ~ ¥(t).

We denote by LY () and W1¥(Q) the classical Orlicz and Sobolev-Orlicz spaces, i.e.,
f € LY(Q) if the modular [, ¢(|f]) da is finite and f € Wh¥(Q) if f,Vf € L¥(Q).
Equipped with the Luxembourg norm || f[|,, := inf {A > 0: [ (| f]/A)dz < 1} the
space L¥(Q) becomes a Banach space. The same holds for the space W% (Q) if it
is equipped with the norm |-||,, 4 [|V-||,,. Note that the dual space (L¥(Q2))* can
be identified with the space L¥" (). By W(}’¢(Q) we denote the closure of C§°(Q)
in W1¥(Q) and equip it with the gradient norm V-, By LY(Q) and C5o(92) we
denote the subspace of LY (2) and C§°(2), respectively, consisting of functions f with
vanishing mean value, i.e., (f)q = 0.

We need the following refined version of the Young inequality: for all € > 0 there
exists ¢. > 0, depending only on As (1)), Ag(¢*) < oo, such that for all s, > 0 it
holds that

ts < eah(t) + cop*(s),

22) EU(5) + /(1) 5 < (t) + e h(s)

2.2. Basic properties of the extra stress tensor. Throughout the paper we
assume that the extra stress tensor S has (p, 0)-structure, which will be defined now. A
detailed discussion and full proofs can be found in [12, 30]. For a tensor A € R"*" we
denote its symmetric part by A¥™ := L(A+ AT) e RIS = {A e R™" A= AT}
The scalar product between two tensors A, B is denoted by A - B, and we use the
notation [A]> = A-AT.

Assumption 2.1 (extra stress tensor). We assume that the extra stress ten-
sor S: R™"™ — REX™ belongs to CO(R™ ", REx™) N CH(R™ ™\ {0}, R2X"), satisfies
S(A) = S(A®™), and S(0) = 0. Moreover, we assume that the tensor S has (p, )-
structure, i.e., there exist p € (1,00), 6 € [0,00), and constants Cy,C; > 0 such

IN stands for “nice.”
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376 BELENKI, BERSELLI, DIENING, AND RUZICKA

that
(2.3a) > OuSii(A)CyCr > Co(5+ |AS™)) P72 o2,
i,5,k,l=1

are satisfied for all A,C € R™ "™ with A™ =£ 0 and all 7,5,k,l = 1,...,n. The
constants Cp, C1, and p are called the characteristics of S.

Remark 2.2. We would like to emphasize that if not otherwise stated, the con-
stants in the paper depend only on the characteristics of S but are independent of
0>0.

Defining for ¢ > 0 a special N-function ¢ = ¢, 5 by

(2.4) o(t) == /0 O (s)ds  with /() := (6 +t)P7%¢,

we can replace in the right-hand side of (2.3) Cy(6 + |AY™)P=2 by C; " (|AY™]),
i =0,1. The function ¢ satisfies uniformly in ¢ the important equivalence

(2.5) @)t ~ ¢ (t)

since min {1,p — 1} (6+t)P=2 < ¢”(t) < max {1,p — 1}(5+t)P~2. Moreover, ¢ satisfies
the Ag-condition with As(p) < ¢2m2x{2P} (hence independent of §). This implies
that uniformly in ¢, we have

(2.6) Pt~ o(t).

The conjugate function ¢* satisfies ¢* (t) ~ (67~ + )P =242 with 1 =
satisfies the Ag-condition with Ag(p*) < comax{2,p'}

Remark 2.3. Animportant example of an extra stress S satisfying Assumption 2.1
is given by S(A) = ¢/(JA™™|)|As™| " ASY™_ Ip this case the characteristics of S,
namely, Cy, C1, and p, depend only on p and are independent of 6 > 0.

Remark 2.4. Tt is possible to adapt the approach presented here to cover also the
situation treated in [3]. In fact, the assumption (A) in that paper can be treated by
choosing ¢’ (t) = (t*(1 +¢)1=%)P~2¢ in (2.4) and formulating Assumption 2.1 directly
with this N-function.

Closely related to the extra stress tensor S with (p, §)-structure is the function
F: R™"™ — RE defined through

m

%—i—ﬁ. Also ¢*

p—2

(2.7) F(A) := (6 + |[AY™]) 7 AY™,

Another important tool is the shifted N-functions {¢a},~, (cf. [12, 13, 30]), defined
for t > 0 by B

t

(2.8) ©a(t) ::/O h(s)ds  with @) (t) := ¢ (a + t)a——i—t'

For the (p,d)-structure we have that ¢u(t) ~ (§ + a + t)P~2t? and also (p,)*(t) ~
((64+a)P~" )P 2>, The families {¢a},5q and {(#a)*},5 satisfy the Ag-condition
uniformly in a > 0 with Ag(p,) < ¢2™{2P} and Ay((¢a)*) < c2m2 {22} respec-
tively.
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ON THE FEM APPROXIMATION OF p-STOKES 377

The connection between S, F, and {¢,},~, is best explained by the following
lemma (cf. [12, 30]). -

LEMMA 2.5. Let S satisfy Assumption 2.1, let ¢ be defined in (2.4), and let F be
defined in (2.7). Then

(2.92) (S(P)-S(Q)) - (P-Q) ~ |[F(P) - F(Q)|?
(2.9D) ~ Qe ([P — Q™))
(2.9¢) ~ ([P 4 |Q ) [P — Qv

uniformly in P, Q € R™"*"™. Moreover, uniformly in Q € R"*™,

(2.9d) S(Q)-Q ~ [F(Q)” ~ »(|Q™™]).

The constants depend only on the characteristics of S.
Note that if ¢”"(0) does not exist, the expression in (2.9¢) is continuously extended
by zero for |PY™| = |Q%™| = 0. Moreover,

(210)  [S(P) = S(Q)] ~ gfpon (IP¥™ ~Q¥™) VP, Q€ R,

Remark 2.6 (natural distance). In view of the previous lemma we have for all
u,we (WhHe(Q))n,

(S(Du) - S(Dw), Du~Dw) ~ |F(Du)~F(Dw)||? ~ / ¢l (IDu—Dw]) da.

The constants depend only on the characteristics of S. The last expression equals the
quasi-norm introduced in [3] raised to the power p = max {p,2}. This ensures that
our results can also be expressed in terms of the quasi-norm. We refer to all three
equivalent quantities as the natural distance.

In view of Lemma 2.5 one can deduce many useful properties of the natural
distance and of the quantities ', S from the corresponding properties of the shifted
N-functions {¢,}. For example, the following important estimates follow directly
from (2.10), Young’s inequality (2.2), and (2.9).

LEMMA 2.7. For all € > 0, there exist a constant c. > 0 depending only on e >0
and the characteristics of S such that for all sufficiently smooth vector fields u, v,
and w we have

(S(Du) — S(Dv),Dw — Dv) < ¢ |F(Du) — F(DV)|[> + ¢. |[F(Dw) — F(Dv)|3.

2.3. The p-Stokes problem. Let us briefly recall some well-known facts about
the p-Stokes system (1.1). We define the function spaces

X = (Wh(Q)", V= (WyP)",
Y =L (Q), Q:=LI(Q) = {feLP’(Q) :][Qfdx:O}.

Remark 2.8. For the special N-function ¢ = ¢, with a € [0,a0], 0 € [0, do],
and p € [po,p1], we get LY (Q) = L' (Q) and Wh¥(Q) = WHP(Q) with uniform
equivalence of the corresponding norms depending on a and p, since 2 is bounded.

With this notation the weak formulation of problem (1.1) is the following.
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378 BELENKI, BERSELLI, DIENING, AND RUZICKA

Problem (Q). For (f,g) € V* xY* with (g,1) = 0 find (v,q) € V x @ such that

(S(Dv),D¢) — (div€, q) = (£,€) veEeV,
—(divv,n) = (g,m) Vney.

The condition (g, 1) = 0 comes from the compatibility condition with the zero bound-
ary values of the velocity.

Alternatively, we can reformulate the problem “hiding” the pressure.

Problem (P). For (f,g) € V* x Y* with (g,1) =0 find v € V(g) such that

(S(Dv),Dg) = (f,§) V&€ V(0),

where V(g) :={w eV : —(divw,n) = (g,n) for all n € Y'}.

The names “Problem (Q)” and “Problem (P)” are traditional; see [9]. Note that
V(g) # 0 due to the solvability of the divergence equation (cf. Theorem 4.2). This and
the theory of monotone operators (cf. [22]) easily yield the existence of an unique weak
solution of Problem (P). The theorem of DeRham, the solvability of the divergence
equation, and the negative norm theorem then ensure the solvability of Problem (Q).

Problems (Q) and (P) have a discrete counterpart, whose analysis is the ultimate
goal of this paper. Let Tj be a family of shape regular triangulations of our domain €2
consisting of n-dimensional simplices K with diameter hx less than h. For a simplex
K € Tn we denote by px the supremum of the diameters of inscribed balls. We
assume that there exists a constant 7 independent on h and K € 7T, such that
thf(l < 9. Let Sk denote the neighborhood of K, i.e., the patch Sk is the union of
all simplices of T}, touching K. One easily sees that under these assumptions we get
that |K| ~ |Sk| and that the number of simplices in Sk and the number of patches
to which a simplex belongs are uniformly bounded with respect to h > 0 and K € Tj,.

We denote by P,,,(Tr) with m € Ny the space of scalar or vector-valued continuous
functions, which are polynomials of degree at most m on each simplex K € Tj. Given
a triangulation of ) with the above properties and given k,m € Ny we denote by
Xy, C Pm(Ty) and Yy, C Pi(Tr) appropriate conforming finite element spaces defined
on T, i.e., Xp, Yy satisfy X € X and Y}, C Y. Moreover, we set V}, := X, NV and
Qn =Y, NQ. Now the discrete counterpart of (P) and (Q) can be written as follows.

Problem (Qp). For (f,g) € V* x Y* with (g,1) = 0 find (v, qn) € Vi, x Qp
such that

(2.11) (S(Dv4), DE,) — (divEy. an) = (£.6,) V&, € Vi,
n

f
—(div vi, mn) = (9, 1n) Vin € Qn.

If (Vh,qn) € Vi X Qp is a solution of Problem (@), then (2.11)s is satisfied for all
np € Yy, since div vy, and g are orthogonal to constants.
Problem (Pp). For (f,¢g) € V* x Y* with (g,1) = 0 find v;, € V,,(g) such that

(S(Dvp),Dg) = (£,€,) V&, € Va(0),

where Vi, (g) :={wy, € V}, : —(divwp,n) = (g,nn) forall n, € Y, }.

For the well-possedness of problem (Pj,) we certainly have to assume that V3, (g) #
(). However, this fact follows immediately from our Assumption 2.9 on the interpola-
tion operator (see below), since —divII{iVv = g in V;* and V(g) # 0. Also note that
in general V,(g) ¢ V(g), although V;, C V. The existence of a unique weak solution
of Problem (P},) follows as for Problem (P). The solvability of Problem (Qp) then
follows from the discrete inf-sup condition of Lemma 4.1.
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ON THE FEM APPROXIMATION OF p-STOKES 379

2.4. Main results. In this section we state the main error estimates of the paper
and compare them with the previous results in the literature. Throughout the paper
we will make the following assumptions on the finite element spaces for velocity and
pressure that we consider.

Assumption 2.9. We assume that Pi1(7;,) C X, and there exists a linear projec-
tion operator IV : X — X}, which

(a) preserves divergence in the Y, -sense, i.e.,

(2.12) (divw,np) = (divIEw,n,)  Yw e X Vi, € Yy

(b) preserves zero boundary values, i.e., II1V (V) C Vj,;
(c) is locally Wtl-stable in the sense that

(2.13) ][ TV w| de < c][ |w| dz + c][ hik|Vw|de YweXVKET,.
K Sk Sk

Remark 2.10. Certainly, the existence of H%i" depends on the choice of X,
and Yj,. It is shown in [9, 17, 18] that II#1V exists for a variety of spaces X} and
Y},. This includes the Taylor-Hood, the Crouzeix—Raviart, and the MINI element in
dimensions two and three (cf. Appendix A.1, where the proof for the MINT element
is summarized). The abstract assumptions allow for an easy extension of our results
to other choices of X}, and Y}, in future works.

Assumption 2.11. We assume that Y}, contains the constant functions, i.e., R C
Y}, and that there exists a linear projection operator H}; : 'Y — Y}, which is locally
L'-stable in the sense that

(2.14) ][|H}jq|dxgc][ lgfde  VqeY VK €T,
K Sk

Remark 2.12. Note that the Clément interpolation operator [9] and the version
of the Scott—Zhang interpolation operator (not preserving the boundary conditions)
[32] satisfy Assumption 2.11.

Remark 2.13. It is possible to weaken the requirements on the projection op-
erators 111V and II}. In fact, we can replace the requirement IIVw,, = wy, for all
wp, € Xp, by the requirement I1$Vq = q for all linear polynomials (not in the piecewise
sense) and the requirement H};qh = gy for all ¢ € Y}, by the requirement H%c =c
for all constants c.

Let us now state our main results and shortly explain the strategy of their proofs.
First we prove that the error for the velocity is controlled by some best approximation
error for the velocity (with prescribed divergence) and the pressure (cf. Lemma 3.1).
This is the counterpart of the standard error estimate for the Stokes problem before
applying the inf-sup condition. In our nonlinear setting we deviate from the standard
way and work directly with a divergence-preserving operator I8V (cf. Assumption
2.9). From the local Wh!-stability of II#1V, we derive its nonlinear, local counterparts
in terms of the natural distance (cf. Theorem 3.4). These new estimates are the
main reason our results improve on previous ones. Thus we can replace the best
approximation error for the velocity (with prescribed divergence) by local averages of
the solution v in terms of the natural distance (cf. Theorem 3.6)

Next, we prove that the error for the pressure is also controlled by a best approxi-
mation error for the pressure and the velocity (cf. Theorem 4.7 and also Remark 4.8).
This result is sensitive to whether p > 2 or p < 2. The proof is based on extensions of
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380 BELENKI, BERSELLI, DIENING, AND RUZICKA

classical results (inf-sup condition, properties of the Bogovskii operator, divergence-
preserving projection) to Orlicz spaces.

Once we have at hand these best approximation estimates we obtain convergence
rates in terms of the mesh size. More precisely, in section 5 we will prove the following
result.

THEOREM 2.14. Let T8V satisfy Assumption 2.9 and let 11} satisfy Assump-
tion 2.11. Let (v,q) and (i, qn) be solutions of Problems (Q) and (Qp,), respectively.
Furthermore, let F(Dv) € (WY2(Q)™ " and also let ¢ € W™ (Q) = W' (Q).
Then

(2.15) |F(Dv) — F(Dvy,)|, < chmn{L%
(2.16) lg - anll,, < chm {5},
. »’ 2
(2.17) / o*(lq— anl) dw < ™15
Q

Let us compare Theorem 2.14 with the previously known best results, which can
be found in [3]. It is an important feature of our paper that the methods and results
are (i) independent of the degeneracy parameter § > 0 and (ii) include in particular
the degenerate case 6 = 0. Therefore, in the following we compare our results only to
those results of [3], which are valid for the full range? § > 0.

In [3, Theorem 4.1] concrete convergence rates in Sobolev norms for the error in
the velocity and the pressure are given. These results are based on error estimates in
the quasi-norm given in [3, Theorem 3.2] and certain natural approximation properties
of the used finite elements. This step can be improved if one uses Theorem 3.2 of
our paper. Therefore, we compare our results in Theorem 2.14 with these improved
results of Barrett and Liu.

In [3] for the case p < 2 one gets ||[F(Dv) — F(Dvy,)|l, = O(h%) and ||q — anll, =
O(hP~1). Thus Theorem 2.14 improves both convergence rates by a factor of %.

In [3] for the case p > 2 one gets under the additional assumption that v €
(Whee(Q))" the estimate |F(Dv) — F(Dvy)]l, + |lg — anll, = O(h%). This is the
same convergence rate as in Theorem 2.14.

Finally, we mention that the numerical tests in section 7 indicate that our error
estimates are optimal in the case p < 2, while they are only optimal for the velocity
in the case p > 2.

In section 6 we prove error estimates directly in terms of the regularity of the
data f instead of the pressure q. Due to the lack of appropriate regularity results
for the p-Stokes problem we still have to assume some regularity for the velocity.
(See Lemma 6.1 for the space periodic setting, where such results are available.) In
particular, we prove the next theorem.

THEOREM 2.15. Let I8V satisfy Assumption 2.9 and let 11} satisfy Assump-
tion 2.11. Let (v,q) and (i, qn) be solutions of Problems (Q) and (Qp,), respectively.
Furthermore, let F(Dv) € (WY2(Q))™ " and f € (L (Q))" = (L¥'(Q))™. Then

(2.18) |[F(Dv) — F(Dvy)|, < ch™in{tzh

We remark that for p < 2 one can also show that the error estimates of the
pressure (2.16) and (2.17) are still valid (cf. Remark 6.5). Moreover, for p > 2

2Tt is clear that the estimates for § > 0 are better, since, for example, the case p > 2 with § > 0
and v € W behaves just like an elliptic problem with convergence rate O(h). See also Remark 6.5
for f € L2
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ON THE FEM APPROXIMATION OF p-STOKES 381
§ > 0, and f € (L*(2))" one can improve (2.18) to ||[F(Dv)—F(Dvy)|, < ch
(cf. Remark 6.5). These results seem to be new.

3. Best approximation error for the velocity. In this section we prove error
estimates for the velocity in terms of best approximation properties measured in the
natural distance.

3.1. Equation for the error. Taking the difference between (Q) and (Qp) we
get the following equation for the numerical error:

(S(Dv) — S(Dvy),DE),) — (divE,, ¢ —qn) =0 VE, € Vh,

3.1
oy —(div(v = vp),mn) =0 Vi € Yi.

By the definition of V4,(0) it follows immediately that
(3.2) (S(Dv) —S(Dvy,),Dg;,) = (divE,,.qg —mn) Y&, € Va(0) Vi, € Yy,

We start with a preliminary approximation result which will be improved later in
Theorem 3.6.

LeEMMA 3.1. Let (v,q) and (vp,qp) be the solutions of Problems (Q) and (Qp),
respectively. Then we have the following estimate:

[FDv) ~FDv,)[3<c inf = [FDY) - FDw,)[;
W, W (g
(3.3)
inf —_ e
+Cuireth/Q(<p|DVI) (lg — pnl) dz

Proof. For wj, € Vj,(g) we have v, — wy, € V},(0). Consequently for all pu;, € Yy,
we obtain with Lemma 2.5 and (3.2) that

c/|F(Dv) — F(Dvh)H; < (S(Dv) — S(Dvy,), Dv — Dvy,)
= (S(Dv) — S(Dvy,),Dv — Dwy,)
+ (S(Dv) — S(Dvy,), Dwj, — Dvy,)
= (S(Dv) — S(Dvy,),Dv — Dwy,) — (div(wy, — Vi), q — pn)-

Now Lemma 2.7 shows that for any given £ > 0 there exists ¢. > 0 such that
(S(Dv) — S(Dv;,), Dv — Dwy)| < ¢ |F(Dv) — F(Dvy,)|
+ ¢z [[F(Dv) — F(Dwy)|J5.

Next, we estimate the term involving ¢ — puj,. We add and subtract Dv, use Young’s
inequality (2.2) for ¢|py|, and apply Lemma 2.5 to obtain

|(div(vh — wh),q — pn)| < / (|Dvy, — Dv| + [Dv — Dwy|) |g — pn| dz
Q
<e / QD‘DV‘(|DVh — DV|) + (,0|Dv|(|DWh — DV|) dx
Q

te /Q (o)) (1q — un]) dac

< cc(|F(Dv) — F(Dv,) |} + [F(Dv) - F(Dw,,)[3)

e /Q (eyow))*(1g — an]) da.
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Collecting the estimates and choosing € > 0 small enough we obtain the assertion by
noting that wy, € V},(¢) and py, € Y}, are arbitrary. O

This result is the counterpart of the standard error estimate for the linear Stokes
problem, since the quantity F appears naturally in the nonlinear p-Stokes problem
(cf. Remark 2.6). The inequality (3.3) provides a (nonlinear) error estimate in terms of
best approximation quantities. The first term on the right-hand side of (3.3) denotes
the best approximation of v in terms of the natural distance, among all discrete
functions wy, € Vj, with prescribed divergence — divwy, = g in Y}". This drawback of
estimate (3.3) is resolved by using the divergence-preserving operator Hﬂi" X = Xy
from Assumption 2.9, since v has the correct divergence, i.e., —divv = g in Y.

3.2. The divergence-preserving interpolation operator. In this section we
derive the estimates for the divergence-preserving operator II#" from Assumption 2.9
in the natural distance. The technique is similar to the nonlinear estimates for the
Scott-Zhang interpolation operator obtained in [15]. Additional difficulties arise due
to the symmetric gradient and the constraint on the divergence.

We start with the local continuity and approximability result of Hﬁi" in terms of
Orlicz spaces.

THEOREM 3.2 (Orlicz-continuity/Orlicz-approximability). Let 1 be an N-func-
ction with As () < oo and let IV satisfy Assumption 2.9. Then IIEY has the local
Orlicz-continuity property

/w(wngivadxgc/ ¥(|Vwl|) dz
K

Sk

and the local Orlicz-approzimability property

[ vl -+

¥ (hi|Vw — VIIVw]) do gc/ ¢ (hk|Vw|) da
K

Sk

for all K € T, and w € (WH¥(Q))". The constant ¢ depends only on Ax(1)) and on
the nondegeneracy constant vy of the triangulation Tp,.

Proof. 1t follows from Assumption 2.9 and the usual inverse estimates that I
satisfies Assumption 4.1 of [15] with [ = Iy = r9 = 1. Therefore, the local Orlicz-
continuity follows from [15, Corollary 4.8] and the local Orlicz-approximability follows
from [15, Theorem 4.6]. 0

The above result is formulated in terms of Vw, while in (3.3) appear symmetric
gradients. To deal with this problem we need Korn’s inequality in Orlicz spaces. The
following result is a special case of [11, Theorem 6.13], proved for John domains. We
can apply this result, since the neighborhood Sk are John domains with uniform John
constant (depending on the mesh degeneracy).

THEOREM 3.3 (Korn’s inequality in Orlicz spaces). Let v be an N-function with
As (1), Ag(yp*) < 0o. Then for all K € Ty, and all w € (WYY (Sg))™ it holds that

/ w(‘Vw—<Vw>sKDdx§C/ ¥(IDw — (Dw)s,|) da.
S

K Sk

The constant ¢ depends only on vy, A2(¥), and Aa(Y*).
Next, we present the estimates concerning H%‘V in terms of the natural distance.
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THEOREM 3.4. Let IINY satisfy Assumption 2.9. Then we have uniformly with
respect to K € T, and w € (W#(Q))"

/\F(Dw)_F(DHgivw)fdxgc/ |F(Dw) — (F(Dw))s, |* dz
K S

K

with ¢ depending mainly on ~q.

Proof. Let w € (WH%(Q))". Then Lemma 2.5 implies F(Dw) € (L2(Q))"*".
Fix one K € Tj and choose a linear function p, defined on €2, with Vp = (Vw)g,.
Consequently we have also Dp = (Dw)g,.. Using Lemma 2.5, the triangle inequality,
and ITI1Vp = p we get

/K IF(Dw) — F(DIL Y w)[* dz < ¢ /K ¢iDw|([DW — DI w|) da
<c [ opw(Dw - Dp)ds
K
¢ [ (DI (v = p)l) da = () + (1)

We cannot apply directly the Orlicz stability Theorem 3.2 to (II), since the shift [Dw|
is not constant. The Orlicz function is space dependent and to avoid this problem we
use the shift-change from Lemma A.2. Hence, we bound (II) in the following way:

1) < C/K #ipp| (DI (W — p)|) da + C/K [F(Dw) — F(Dp)|? do =: (II), + (II), .

We now estimate the symmetric gradient with the full gradient, use the Orlicz stability,
and finally use Korn’s inequality from Theorem 3.3 to obtain

(), <c /K ool (VI (w — p)]) di < c /S ool ([ (W — p)) da
< [ oD —p)) ds

where in the last step we used that Vp = (Vw)g, and Dp = (Dw)g, . Collecting all
results and using Lemma 2.5 we have overall shown

/ |F(Dw) — F(DlT;}in)}2 dr < c / |F(Dw) — F((Dw)s, )|” da.
K S

K

The claim follows by using Lemma A.3. O
Remark 3.5. (i) We recall that

/ IF(Dw) — (F(DwW))s, |*dz = inf / [F(Dw) - F(Q)|* d.
Sk QeRL J Sk

(ii) Theorem 3.4 also holds more generally. Assume that the N-function ¥ belongs
to C1(R=%) N C%(R>Y), satisfies Ag (1)), Aa(¢p*) < oo, and has a strictly increasing
derivative ¢’ and ¢’(t) ~ ¢t ¢ (t) uniformly with respect to ¢ > 0. Then, Theorem 3.4

remains valid if we replace F by Fy (D) := % D.
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3.3. Error of the velocity. Collecting the estimates and results of the previous
sections we obtain the most useful error estimate.

THEOREM 3.6. Let I8V satisfy Assumption 2.9. Let (v,q) and (v, qn) be solu-
tions of Problems (Q) and (Qp), respectively. Then

2
[FOv) - FOv)i < 3 [ [FDv) -~ (FDv)s, [ do
KeTy, Sk

+c¢ inf w1 (lg — dz.
¢ fuf | ($ov) (g = pal) do
Proof. Since II{Y is divergence-preserving (see (2.12)), v € V(g) implies that
dvy € Vi(g). The claim follows from Lemma 3.1 with wy, := Vv and Theo-
rem 3.4. o

4. Best approximation for the pressure. We now discuss best approximation
results for the pressure. As in the classical Stokes problem we need the discrete inf-sup
condition to recover information on the discrete pressure. We start by extending this
condition to Orlicz spaces.

4.1. Inf-sup condition on Orlicz spaces. The standard discrete inf-sup con-
dition reads

Je>0: anllg, <c¢  sup  (gn.divg,) Yan € Qn.

nlly, =1

However, this is not enough in our setting and, different from the linear case, we need
the inf-sup not only in terms of norms (as above) but also in a different form. In
particular, we will use the following result.

LEMMA 4.1. Let TIYV satisfy Assumption 2.9. Then for all g, € Qy holds

lanll,, <c sup (qn, divEy)
Ehevh : thl‘l,pgl

and also

[t tahar< s [naive) -2 [ ove

hEVh

where the constants depend® only on p and on €.

We postpone the proof of this lemma and first recall the following result from [11,
Theorem 6.6], which is proved for John domains (cf. [11] for the precise definition).
Let us just mention that every Lipschitz domain is a John domain. We will apply the
following two results to €2 and to Sk, which are both John domains.

THEOREM 4.2. Let G C R”™ be a bounded John domain. Then there exists a linear
operator B : C§%(G) — (C5°(G))™ which extends uniquely for all N-functions v with

Ao (Y), Ao (p*) < oo to an operator B : Lgp(G) — (Wol’qp(G))” satisfying divBf = f
and

IVBSfllLve) < CHfHL;)P(@a

[ otvesar<e [ w(s) s
G G
The constant ¢ depends on Aq(10), Ao (), and the John constant of G.

3More precisely, on p and the John constant of Q.
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Next, by using this result we can prove the continuous inf-sup condition.
LEMMA 4.3. Let G C R"™ be a bounded John domain and let 1) be an N-function
with Ag (), Ao (1p*) < 0o. Then for all q € Lg (G) we have

HqHL(‘f*(G) <c sup (q,div§)

<1
[

and also

1
* dx < div€dr — - V¢|) dx|,
frtaars o | [odvear—t [ uvea]

where the constants depend only on As (), Ao (¢*), and the John constant of G.
Proof. The first assertion follows from the isomorphism between (L{(G))* and

Lg* (G) (with constant bounded by 2). In fact, it follows from Theorem 4.2 that

lall v (@ <2 sup /qndafé 2 sup /qdiVde~
0 a Il <c Ja

<
Hn”Lg)(G)*l Wikt ayn S

The properties of conjugate functions (see [28]) and ¢ € LIOZ’* (G) imply

K s = sup_ [ [anae— [ w(lnl)dx]-

Next, Theorem 4.2 and the As-condition for ¢ imply

1
* dx < div€dr — - VEl|)dx|.
[rtaars o | [odvear—t [ uvea]

This proves the second assertion. a

We are now ready for the proof of Lemma 4.1.

Proof of Lemma 4.1. We use Lemma 4.3, Assumption 2.9, and Theorem 3.2 to
get

lanllg, <c¢ sup (gn,div€) =c sup (gu,divIIE)

111y <1 i€l <t
<c  sup (gndivI}VE) <c  sup  (gn,divE,)
|\H2‘VEIIVhS1 €nlly, <t

and, by the same tools,

[ # oo < sup [<qh,divs>—1 / so<|vs|>dx}
Q Ecv C Jo
< sup [<qh, aviife) -2 [ pvgve) dx]
cev c Jo

< sup {<QhadiV€h>_%/Q‘P(|v§h|)dx]' o

£LEVR

Remark 4.4. Lemma 4.1 remains correct if ¢ is an arbitrary N-function such that
 and @* satisfy the Ag-condition. In this case the constants depend on As(y) and
As(p*), instead of on p.
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4.2. Error estimate for the pressure. We now derive a best approximation
result for the numerical error of the pressure. This result is valid for all p € (1, 00).
Later on, however, we have to distinguish between the cases p € (1,2] and p € [2, 00).

LEMMA 4.5. Let TI{Y satisfy Assumption 2.9. Let (v,q) and (vh,qn) be solutions
of Problems (Q) and (Qp), respectively. Then we have the following estimate:

/so*uq—qhudx sc/sa*<|s<Dv>—s<Dvh>|>dx+c inf /so*(|q—uh|)dx.
Q Q HhERQR Jq

Proof. We split the error ¢ — ¢, into a best approximation error ¢ — uy, and the
remaining part up — qn, which we will control by means of the equation for ¢g;. In
particular, for all uj, € @y, it holds that

/Qso*uq—qhndxScAw*<|q—uh|)dx+c/§zw*<|uh—qh|>dx

by a triangle inequality, where we used As(¢*) < co. The second term is estimated
with the help of Lemma 4.1 as follows:

[t~y e < s [<uh—qh,divsh>—1 / sa<|vsh|>da:].
Q c Jo

£LEVR

Let us take a closer look at the term (up — gn,div €;,). By using the equation for the
error (3.1), we get

</14h — Gh, le£h> = </1’h —q, le£h> + <q — Qh, le£h>
= <:uh - q, dlv€h> + <S(DV) - S(Dvh)7 D€h>

Thus, with Young’s inequality (2.2) and the previous estimate we obtain

/Qso*uuh—qh|>dxsc/Qso*ﬂq—uh|)dx+c/ﬂso*<|s<Dv>—s<Dvh>|>dx.

The claim follows, since pj, € Q) was arbitrary. d

Unfortunately, the estimate for the error of the pressure ¢ — ¢, involves the error
of the stresses S(Dv) — S(Dvy,). Our error estimates for the velocity in Theorem 3.6,
however, are expressed in terms of F(Dv) — F(Dvy,). In the linear case p = 2, this
is no source of problems, since then S(Q) = F(Q) = Q™. In our nonlinear setting
p # 2 this causes a serious problem. To handle the difficulties, we have to distinguish
the subquadratic case p € (1,2] and the superquadratic case p € [2, 00).

To this end we need the simple estimates for ¢ and ¢*

p(At) < cmax {\?, N} p(t),

4.1 '
(4.1) ©* (A1) < cmax {\P, A%} (1),

which are valid for all A,t > 0. Observe that we can omit the terms with A2 if § = 0.
However, this does not improve our estimates. The following lemma represents the
missing link between the error in terms of S and the error in terms of F.

LEMMA 4.6. For all p € (1,2] it holds that

(4.2) /Qcp*(|S(DV) —S(Dvy)|)dx < ¢ /Q |F(Dv) — F(Dvh)|2dx,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ON THE FEM APPROXIMATION OF p-STOKES 387

while for all p € (2,00) it holds that

) /Q@*(|S(DV) —S(Dvy,)|) dz < c</Q|F(DV) —F(Dvh)|2dx>p;.
3 ,

([ etovi+ Dy ac)

Proof. Let us define the functions G := |Dv| + [Dv]|, A = %. Then
by (2.10), the definition (2.8) of ¢/ (¢), the equivalence |A| + |A — B| ~ |A| + |B],

(4.1), (2.1), and X <1 it follows that

P*(IS(DV) = S(DV3)|) ~ " (¢ (G) N) < ™ (' (G)) max (N N} ~ o(G) A 2,
From Lemma 2.5, (2.5), and (2.6) we also see that
[F(Dv) - F(Dvi)|* ~ (|G \*.

So if p € (1,2], then ¢*(|S(Dv) — S(Dvy)|) < ¢|F(Dv) — F(Dv;,)|* and the claim
follows. -

If p € (2,00) Young’s inequality implies N < (%)2 + cwrpp/ for all A > 0 and
v > 0. Thus, we get

" (S(DV) — S(Dv)]) < cr 2[F(Dv) — FDv) + c|Glr= .

Now the claim follows by integration over z € 2 and minimizing with respect to
y. O
Combining Lemmas 4.5 and 4.6 we get our desired error estimate for the pressure.
THEOREM 4.7. Let IIYY satisfy Assumption 2.9. Let (v,q) and (vn,qn) be solu-
tions of Problems (Q) and (Qp,), respectively. Then we have

[ ¢ a=ade < c[FOV)-FO)I5" ¥ D5 it o gl d.
Q rhE€EQR Jq

Remark 4.8. By a slightly different argument it is possible to replace ¢*(t) by
tP =: w*(t) in the estimates of Lemma 4.5 and Theorem 4.7. In such a way we avoid

the implicit appearance of § and get ||q — qh||§: instead.

To achieve this we first note that the proof and the statement of Lemma 4.6 both
remain valid with ¢*(¢) replaced by w*(t). We have to modify the proof of Lemma 4.6.
For p < 2 we use the estimate w*(t) < ¢*(t) applied to t = |S(Dv) — S(Dvy,)| in (4.2).
In the case p > 2 one computes directly the estimate (4.3). Note that on the right-
hand side of (4.3) ¢ is not changed to tP.

5. Estimates using the regularity of Vq and VF. In this section we prove
estimates for the error of the velocity and of the pressure using additional assump-
tions on the regularity of the pressure and of the velocity. This allow us to ob-
tain convergence rates in terms of the mesh size h. In particular, we will assume
F(Dv) € (W52(Q))"*™ and ¢ € W¢ (Q). The assumption on F(Dv) corresponds
naturally to the monotonicity of — div(S(Dv)) expressed by Lemma 2.5 and it repre-
sents the nonlinear extension of v € W22(Q) for the linear case p = 2. The assumption
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on ¢, however, is the natural extension of ¢ € L¥*(Q) for weak solutions, by assuming
control over one more derivative. In the linear case this corresponds to ¢ € WH2(Q).

Unfortunately, there is a certain mismatch between the assumptions
F(Dv) € (Wh2(Q))"*™ and ¢ € WH¥ (Q) since the latter condition corresponds
roughly to the condition S(Dv) € (W'¥ (Q))"*™. Observe that the condition
F(Dv) € (Wh2(Q))™*™ is stronger than S(Dv) € (Wh¢ (Q))"*" for p > 2 and
weaker for p < 2. This mismatch is already indicated in the proof of Lemma 4.6.
This problem is not easy to solve even in the case of the p-Laplacian and is related
to many open questions and conjectures concerning the regularity of solutions of the
p-Laplacian.

It remains to control the terms at the right-hand side in Theorems 3.6 and 4.7 in
terms of the mesh size and the assumed regularity. We begin with the terms involving
the velocity.

THEOREM 5.1. Let F(Dv) € (W12(Q))"*". Then

(5.1) 3 / [F(Dv) — (F(DV))s,|"dz < ch?|[VF(Dv)|[5.
KeTy, 75K

Proof. The claim follows immediately by using Poincaré’s inequality applied to
F(Dv) in (L?(Sk))™*"™. O

We now turn to the more complicated terms involving the pressure. We have the
following local continuity and approximability property of H}L/.

LEMMA 5.2. Let I} satisfy Assumption 2.11. Let ¢ be an N-function with
Ay (h) < 0o. Then for all K € Ty, and q € L¥(Q) we have

/}{w(|HZq|)dx<cLK¢(|q|)dx.

Moreover, for all K € Ty, and ¢ € WH¥(Q) we have

/w(lq—Hqu)dec/ ¢ (hk|Vql) da.
K

Sk

The constants depend only on As(1)) and on vg.

Proof. Due to Assumption 2.11 the operator II} satisfies assumption 4.1 of [15] for
both 7o =lp =1=0 and rg = lyp = 0, l = 1. The first choice and [15, Corollary 4.8]
imply the first assertion, while the second choice and [15, Theorem 4.6] yield the
second assertion. d

As a direct consequence of this lemma, we can estimate the term involving ¢ — up,
in Theorem 4.7 by choosing u, = II¥ ¢ and noting that for ¢ € @ the infimum of
Jo ©*(lg = pal) dz over Qp and Y}, are comparable.

LEMMA 5.3. Let I} satisfy Assumption 2.11. Let (v,q) be a solution of Problem
(Q). Then

it [ oo mde<e [ o0V do,
HhEQR Jq Q

However, the expression with ¢ — pp, in Theorem 3.6 requires a little bit more of
work. We have the following result.
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LEMMA 5.4. Let I8V satisfy Assumption 2.9 and let 11} satisfy Assumption 2.11.
Let (v,q) and (vp,qp) be solutions of Problems (Q) and (Qp,), respectively. Then

/ (oiov)* (g — T ql) da < ¢ / (e1ov)" (R V) dz
K

Sk
+e /SK [F(Dv) — (F(DV))s,|” da.

Proof. The claim follows by first using a shift-change from |Dv| to [(Dv)g, | (see
Lemma A.2); second, applying Lemma 5.2 with ¢ = (SO‘(DV>SK‘)*; third, reversing
the shift back to |Dv|; and fourth, using Lemma A.3 to pass from F((Dv)gs,) to
(F(DV))sy- O

We are now ready to prove our error estimates for the velocity and the pressure
in terms of the mesh size h.

Proof of Theorem 2.14. It follows from Theorem 3.6, Lemma 5.4, and Theorem 5.1
that

IF(Dv) — F(Dv,,)[2 < ch? + ¢ /Q (1)) (1 Va]) de.

Now estimate (2.15) follows from the elementary inequalities

(pra)* (ht) < ch™™ 2 ()" (1),
(P (t) < cp™(t) +co(|Q]),
where the first estimate follows from the definition of the shifted N-functions, while

the second estimate is a consequence of Lemma A.2 with P = 0 and [F(Q)|* ~ (|Q]).
From Theorem 4.7, Lemma 5.3, (4.1), and estimate (2.15) it follows that

min {2,p’}

/Qso*(lq—th)dxSC(hmm{z”"}) : +/Q<P*(h|Vql)dw

)2

SChmin{Q’ o3 }+Chmin{2,p’}.

This proves estimate (2.17). As in Remark 4.8 it is possible to replace ¢*(t) in (2.17)
by t?, which proves estimate (2.16). O

6. Error estimates in terms of f. Sometimes it is of interest to derive esti-
mates for the error purely in terms of the data f. In the linear case this is done by
combining the error estimates in terms of the regularity of the solution with the reg-
ularity results of the solutions in terms of the data. So, for example, if p = 2 and the
domain is convex, then £ € (L?(2))" and g € WH2(Q)NL3(Q) imply v € (W>2(Q))",
q € WH2(Q), and therefore |[Vv — Vv ||y + [lg — qnll, < ch. However, such optimal
regularity results are not available in the nonlinear context. The best results in this
direction can be shown in the space periodic setting. Using ideas from [29, 7] it is
possible to show the following.

LEMMA 6.1. Consider (1.1)12 with g = 0 in the space periodic setting with
O =[-L,L", n > 3. Assume that S satisfies Assumption 2.1 with § > 0. Then we
have the following:

(i) For p > 2 and £ € (L3(Q))" there exists a solution (v,q) with F(Dv) €

(WL2(Q))™" and g € W' (Q) N L2 (Q).
(ii) For p < 2 and f € (Lg,(Q))” there exists a solution (v,q) with F(Dv) €
(WL2(Q))™" and g € Whsn—2 (Q) N L2 (Q).
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Remark 6.2. If we consider the system (1.1) with Dirichlet boundary conditions,
g = 0 and S satisfying Assumption 2.1 with § > 0, the best results at the moment are
contained in [5]. It is shown there that for a sufficiently smooth Q2 and p > 2 one
gets F(Dv) € (WLﬁ Q)™ with r = (np+2—p)/(n—2) if n > 3 and arbitrary
r<ooifn=2.

The previous lemma indicates that the regularity F(Dv) € (W12(Q))"*" and
q € WH¥'(Q) seem at least natural in the nonlinear setting. However, the term
(¢pv|)*(lg — pn|) appearing in Theorem 3.6 cannot be treated directly using ¢ €

WL (Q). Thus we have to proceed differently.

We will also need an Orlicz—Sobolev version of the Poincaré’s inequality for func-
tions vanishing at the boundary.

LEMMA 6.3 (Poincaré inequality). Let Q@ C R™ be open and bounded. Let v be
an N-function with Ag (1), Ao(¥*) < co. Then there exists ¢ > 0 only depending on
Ao (1Y) and As(¢*) such that

(6.1) /J’<$|<ﬂ>) da < 0/91/)(|Vu|)da: Vu e W (Q).

Proof. If follows from [27] that for u € Wy (Q) C Wy' (€2) holds
|u(z)| < ¢ diam(Q2) M(|Vul])(x),

where M(-)(z) is the Hardy—Littlewood maximal function. Since As(¢)) < oo and
As(1h*) < oo, if follows from [20] that M satisfies a modular estimate on L¥(£2), so

[ otmavayde < c [ w(vul)dz,
Q Q

which finishes the proof. g
LEMMA 6.4. Let II} satisfy Assumption 2.11. Let (v,q) be solutions of Problem
(Q). Then for all K € Ty, it holds that

/(@\Dv\)*(m—ﬂfﬂ)dﬂiﬁcf (epv)) (hlf]) dz +c [ |[F(Dv) = (F(DV))s,|* da.
K K Sk

Proof. We use the identity ¢ — I} ¢ = (¢ — (q)s, ) — I} (¢ — (q)s, ), the triangle
inequality together with As(¢*) < 0o, and the local stability of II)' from Lemma 5.2
to conclude that

[ (o) la-1ahdr < [ (eiou) (0= {a)sl) de
K K
+e [ oma) (0 (0 (@ s do
<c /S (o) (o= (@)

With the shift-change Lemma A.2 we further get

/ (oov)) (12 — (@) s ]) dz < / (eowe, 1) (2= (@)sicl) d
Sk S

K

+ /SK |F(Dv) — F((Dv)g,. )| dz.
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From the inf-sup condition in modular form of Lemma 4.3 for the domain Sk, it
follows that

| ove ) a— t@sil) s

K

(6.2) '
< sup [/ qdivsdx——/ o1 vye, | (VED da |
SK c SK

£eC5° (SK)

Next, by using the weak formulation of Problem (Q) we obtain

(6.3) / qdiVEde:/ S(Dv) -D&y — - & du.
SK SK

By using (2.10), Young’s inequality (2.2), and Lemma 2.5 we get

/ S(Dv) - D&y dx
Sk

/S (S(Dv) — S((Dv)sy,)) - D€ da
<o [ pions (DY - DV)s, ) da
Sk
e /ﬂ vye. |(VE]) da
g%/ [F(Dv) — F((DV)s, )| d
Sk
e /S 1wy, (Vx| da

Moreover, with Young’s inequality (2.2) and Poincaré’s inequality (6.1) we obtain

* 3
/ f -&xdx SCE/ (§O|<DV>SK|) (h|f|)da?+6/ <‘0|<DV>SK|<'TK )da:
Sk Sk Sk

<o [ (Pupveg) (Bl dz 2 [ puya (VERD do

Sk Sk

By another shift-change from |[(Dv)g, | to |Dv| and by collecting all estimates after
(6.2) we get

| e = @sihas

K

<c [ (o) tlihdr+c [ [RDV) - F(DV)s, ) dr,
Sk Sk

where we chose £ > 0 so small that all terms involving € could be absorbed into the
negative term on the right-hand side of (6.2). This together with Lemma A.3 proves
the claim. d

Proof of Theorem 2.15. The proof of the statement is exactly the same as the
proof of (2.15) if we use Lemma 6.4 instead of Lemma 5.4. O

Remark 6.5. (i) For p < 2 we can also obtain an error estimate for the pressure.
Indeed, Theorem 4.7 and the elementary estimate ¢*(t) < ¢ (p4)*(t) imply

/Qw*(lq —qu|)dz < ch?
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in the same way as in the proof of (2.17) if we again use Lemma 6.4 instead of
Lemma 5.4. Again one can replace ¢*(t) in (2.17) by #”, which proves [l — gxl[,, <
ch? .

(ii) For p > 2 we can improve (2.18) to

IF(Dv) — F(Dvy)|, < cd2 h

if f € (L?(Q))" and 6 > 0. This can be achieved by using (¢q)*(t) ~ (t + (a +
8)P~1)7 "*12 when estimating [,,(¢pv|)* (h[f]) d.

7. Numerical experiments. In this section we report on some numerical ex-
periments with a fully practical approximation of (1.1). The computations have been
performed with an extension of the finite element toolbox ALBERTA. This extension
was developed in the framework of the DFG research unit Nonlinear Partial Differ-
ential Equations: Theoretical and Numerical Analysis. For simplicity we took € to
be the square [—1,1] x [—1,1]. The computational domain was uniformly refined by
first inserting a southwest-to-northeast diagonal and then using the newest vertex
bisection method. For the solution of the saddle point problem (1.1) we used a pre-
conditioned CG method for the nonlinear Schur complement operator S := B*A~! B,
where B = V, B* = div, and A = —divS. The preconditioner was especially
designed to handle the nonlinear elliptic operator in dependence on p and 0 (cf. As-
sumption 2.1). In the case S = u(d + |Dv|)P~?Dv the approximation to the inverse
of the Schur complement operator reads

Sl a2 (8 + n V2 |x|)P 2,

where n is the dimension of the computational domain. Note that for p = 2 the pre-
conditioner reduces to the one used in the linear case. The resulting nonlinear elliptic
problem was solved using Newton’s method with step-size control. It uses standard
strategies aimed at the reduction of the residuum. In fact we combine the residual
monotonicity test and the natural monotonicity test in our stopping criterion (cf. [10]).
The resulting linearized equations are solved by a SSOR, preconditioned CG method.
This code showed reliable results for a wide range of parameters p and 6. In our test
problem we have chosen § = 10~%, while p was varying between 1.25 and 3.0. Since we
are mostly interested in the sublinear case we included more experiments for p < 2.

We considered solutions with a point singularity at the origin both in the velocity
and in the pressure. More precisely, the exact solution was given by*

(7.1) v(x) = x| (e, —ae) T, q(x) = X[,

where a and v have been chosen such that just F(Dv) € (W1%(Q))?*2 and ¢ €
WP (). This requirement is ensured for v > 1 and v > —1+ %. In our experiments
we have chosen a = 1.01 and v = % —140.01 in order to be very close to the critical
regularity. This regularity corresponds to v € (W%2%(Q))? and ¢ € W12(Q) in the
linear case p = 2.

4The exact solution is not zero on the boundary of the computational domain. However, the error
is clearly concentrated around the singularity and thus this small inconsistency with the setup of the
theory does not have any influence on the results. Of course the problem can be easily modified by
a suitable cut-off function to ensure zero boundary conditions.
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TABLE 7.1
EOC of |[F(Dv) — F(Dvy,)|,-

P
h 125 [ 133 | 15 | 1.67 | 1.8 | 20 | 25 | 3.0

1.77e-01 0.86 | 0.90 | 0.85 | 0.91 | 0.86 || 0.85 || 0.26 | 0.66
8.84¢-02 0.88 | 0.90 | 0.87 | 0.91 | 0.88 || 0.88 || 0.84 | 0.74
4.42¢-02 0.89 | 0.91 | 0.89 | 0.92 | 0.90 || 0.90 || 0.85 | 0.75
2.21e-02 0.91 | 0.92 | 0.91 | 0.93 | 0.91 || 0.91 || 0.86 | 0.76
1.10e-02 0.92 | 0.93 | 0.92 | 0.94 | 0.92 || 0.92 || 0.85 | 0.76
5.52¢-03 0.93 | 0.94 | 0.93 | 0.94 | 0.93 || 0.93 || 0.85 | 0.76
min{1,2} | 1.00 | 1.00 | 1.00 | 1.00 | 1.00 || 1.00 || 0.83 | 0.75

TABLE 7.2
EOC of llg — anll,y-

p
h T25 [ 133 | 1.5 | 1.67 | 1.8 | 2.0 | 25 | 3.0
1.77e-01 1.02 | 1.05 | 1.06 | 1.01 | 0.98 || 1.24 || 0.90 | 0.91
8.84e-02 0.58 | 0.68 | 0.86 | 0.96 | 0.99 || 1.07 || 0.99 | 1.00
4.42¢-02 0.49 | 0.61 | 0.82 | 0.95 | 0.99 || 1.05 || 1.01 | 1.02
2.21e-02 0.45 | 0.57 | 0.78 | 0.94 | 0.99 || 1.03 || 1.01 | 1.02
1.10e-02 0.42 | 0.54 | 0.75 | 0.93 | 0.99 || 1.02 || 1.01 | 1.02
5.52¢-03 0.41 | 0.52 | 0.73 | 0.92 | 0.99 || 1.02 || 1.01 | 1.01
min {2, 2} | 040 | 050 | 0.67 | 0.80 | 0.89 || 1.00 || 0.83 | 0.75

Due to the regularity F(Dv) € (W12(Q))2%2 and ¢ € W' (Q) we expect the
errors ||F(Dv) — F(Dvy)l|, and |lg — gnl|,, to converge at most with order 1.0. In
our experiments we used the MINI element (P; plus bubble - P;). In particular, the
velocity element can only resolve F(Dv) locally by constants, which fits naturally with
the regularity F(Dv) € (W12(Q))?*2. However, due the nonlinearity — div(S(Dv))
it is not clear if the finite element solution will achieve this linear convergence. Indeed,
in our main result (Theorem 2.14) we were only able to show linear convergence of
|F(Dv) — F(Dvy)||, for p < 2 and we have sublinear convergence for p > 2. For the
pressure we even have sublinear convergence for all p. It is the aim of the experiments
to see if the rates in Theorem 2.14 are optimal. In Tables 7.1 and 7.2 we present the
experimental order of convergence (EOC) for [|[F(Dv) — F(Dvy)l|, and [|g — qnll,,
respectively. The last line of the tables shows the order of convergence as expected
from Theorem 2.14.

As can be seen from the tables, the EOC for ||[F(Dv) — F(Dvy,)|, agrees for all
p with the one predicted in Theorem 2.14. Therefore, our convergence result for the
velocity is optimal. However, the EOC for |lg — gn|[,, agrees only for p < 2 with the
one predicted in Theorem 2.14. So our convergence result for the pressure is optimal
only for p < 2. In the case p > 2, we observe linear convergence of ||q — g ||  inour
experiments.

Let us discuss the experimentally observed convergence rate for the pressure for
p > 2. It is not clear if the predicted convergence rate is suboptimal or if the exam-
ple (7.1) is not the best choice. The reason for the theoretical convergence rate %/
for the pressure is Lemma 4.5, where the error of the pressure is directly estimated
by the error of the stress S. However, we have no estimate for the numerical er-
ror in S. When we estimate the numerical error of S by that for F, as done in
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TABLE 7.3
EOC of |[S(Dv) — S(Dvy)|, -

p

h 1.25 | 1.33 | 1.5 1.67 | 1.8 2.0 2.5 3.0

1.77e-01 0.40 | 0.50 | 0.63 | 0.77 | 0.79 || 0.85 || 0.36 | 0.88
8.84e-02 0.40 | 0.50 | 0.65 | 0.78 | 0.81 || 0.88 1.02 | 0.98
4.42e-02 0.40 | 0.50 | 0.66 | 0.78 | 0.83 || 0.90 1.03 | 1.01
2.21e-02 0.40 | 0.50 | 0.66 | 0.79 | 0.84 || 0.91 1.04 | 1.01
1.10e-02 0.40 | 0.50 | 0.67 | 0.80 | 0.85 || 0.92 1.03 | 1.02
5.52e-03 0.40 | 0.50 | 0.67 | 0.80 | 0.86 || 0.93 1.03 | 1.02
min {1, % 0.40 | 0.50 | 0.67 | 0.80 | 0.89 || 1.00 1.00 | 1.00

Lemma 4.6, we get the reduced rate %/. However, in our special example (7.1), we

have S(Dv) € (W7 (£2))2*2 for all p > 2. In fact, this is why the error of S might
converge linearly, which is experimentally confirmed in Table 7.3 for p > 2. So by
Lemma 4.5 this convergence rate transfers to the convergence rate of the pressure gq.
This explains the linear convergence of the pressure for p > 2. The last line in Ta-
ble 7.3 shows the maximal possible convergence rate based on the regularity of S for
our example (7.1), which is limited by 1 due to the ansatz functions of the velocity.

Based on this observation we suggest investigating error estimates for the velocity
in terms of S or to derive estimates which directly bound the error of the pressure in
terms of F.

Appendix A.

A.1. Construction of divergence-preserving interpolation operator. In
the case of the MINI element one can easily construct a divergence-preserving inter-
polation operator II{1 satisfying Assumption 2.9. We follow [17].% Let bk, K € Ty,
be the bubble function in the simplex K and let II} be the Scott-Zhang interpola-
tion operator-preserving boundary values (cf. [32]). Then II{V can be constructed
explicitly for w € X by

H%ivw = H,llw — Z cxbr,
KeTy

where cg is chosen such that cx f . bx dz = f,. II} w — wdz. Note that the choice
for cx and IIJw —w € V ensure condition (a) in Assumption 2.9. Condition (b)

in Assumption 2.9 is also satisfied since bx € W, ?(K), K € Ty, and I}w € V for
w € V. The stability and approximation properties of the Scott—Zhang interpolation
operator (cf. [32]) and the choice for cx yield the local Wll-stability of IV, since

][ |Hgivw|dxg][ |n;w|dx+|cK|][ Ibie| da
K K K

Sc][ |W|da:+c][ hK|Vw|da:+][ I} w — w| da
Sk Sk K

Sc][ |w|dx + ¢ hk|Vw|dx .
Sk Sk

5Note, that one can also adapt the approach in [9, section V1.4] to obtain the same results in
two dimensions.
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Thus we obtain the Orlicz-continuity and Orlicz-approximability by Theorem 3.2.
Moreover, we also get by standard arguments

iv s—k+n(L-1 s
||H% WHwk,q(K) <ch i T)”V WHLr(sK)a

where k = 0,1, s =1,2, and ¢,r € [1, 00].

A.2. Shifted N-functions. In this section we present a few results on N-
functions which we used in the previous sections. The results presented here are
valid for the choice of ¢ and F as in section 2.2. However, the results hold also in a
more general setting. In particular, we make the following assumption, which includes
the explicit one that we use in this paper.

Assumption A.1. Let ¢ be an N-function such that v is C* on [0, 00) and C? on
(0,00). Further assume that

(A1) PI(t) ~ (1)

uniformly in ¢ > 0. The constants in (A.1) are called the characteristics of .

We remark that under these assumptions 1 and * automatically satisfy the Ao-
condition, where the As-constants depend only on the characteristics of ¥ (cf. [6]).
We further assume in the following that S and F are given by

S(Q) = 8,(Q) = (19" g
F(Q) = Fy (@) = | LU qovm

Qv

for Q € R™ ™. For 1) = ¢ this corresponds to S and F in Remark 2.3 and (2.7),
respectively. It is shown [12, 30] that under this conditions v, S, and F satisfy
Lemma 2.5. The following auxiliary result can be found in [13, 30].

LEMMA A.2 (change of shift). For each § > 0 there exists C5 > 1 (depending
only on § and the characteristics of 1) such that

Yiq|(t) < Cs gy (t) + 5 |F(Q) — F(P)[,
(1q))" (1) < Cs (dyp))*(t) + 5 [F(Q) — F(P)[”
for all P, Q € R and t > 0.
The followmg shows that we can take different mean values when considering the
mean oscillation of F.

LEMMA A.3. Let Q be a bounded, open set. Then it follows for all functions
H € (L¥(Q))™ " that

[ 1P — ()0 o~ [ [P~ P(H)) de

where the constants depend only on the characteristics of ¥.
Proof. From H € (L¥(Q))™*" and Lemma 2.5 follows F(H) € (L?(2))"*". We
denote the two terms above by (I) and (II). Since

= inf / |F(H) — F(Ho)|* dz,

HocRnxn
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we have (I) < (II). By Lemma 2.5 we have

(1)~ [ (S(8) = S({H)a) - (H — ()0) do.

Since H — (H) has mean value zero, we can change the constant S((H)q) to any
other constant without changing the integral. In particular,

(1) ~ / (S(H) — S(H,)) - (H — (H)q) dr,

where we define the constant Hy by F(H;) = (F(H))q. Note that H; is well defined
since F is injective and coercive and therefore invertible. Now we use (2.10), Young’s
inequality (2.2) with g and Lemma 2.5 to get

(II)g/Qc|F(H)—F(H1)|2dx+%/Q|F(H)—F(<H>Q)|2d:c:c(1)+%(ﬂ).

This proves (IT) < ¢ (I). |
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