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Introduction

In recent years, many studies have been dedicated to the concept of displacing the five

classical Lagrangian points of the Circular Restricted Three-Body Problem (CR3BP) [1, 2],

using the propulsive acceleration of a spacecraft with a continuous-thrust propulsion system.

To that end, the vehicle’s thrust must be sufficient for balancing both the gravitational pull

of the two massive bodies and the centrifugal force at a given point of the interplanetary

space. When this happens, new families of Artificial Equilibrium Points (AEPs) may be

generated and their main properties, in terms of location and stability, may be investigated.

The most commonly proposed propulsion system for creating AEPs is the photonic solar

sail [3], but examples exist in which the AEPs are generated using an electric thruster [4] or

an electric solar wind sail (E-sail) [5].

The possibility of displacing an equilibrium position in the CR3BP is the starting point to

investigate the existence of Artificial Periodic Orbits (APOs) around AEPs. For example, the

use of collinear L1-type AEPs for a scientific mission requires the spacecraft to be placed into

an orbit with a suitable out-of-axis amplitude to drive the vehicle outside the so called “solar

exclusion zone”, thus avoiding problems of solar interference with down-link telemetry [6].

The use of an AEP with 5 deg offset from the Sun-[Earth+Moon] line is a possible choice [3],

provided that a suitable attitude control strategy is employed to offset the thrust direction.

Even though the characteristics of periodic orbits have been thoroughly studied around the

collinear classical Lagrangian points [7], the properties of APOs have been investigated by

a few authors only. In most cases the results have been obtained using a solar sail based
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spacecraft. Examples of APOs generated by a solar sail are found in [8–10]. The capability

of an electric thruster to generate APOs is analyzed in [11].

The contribution of this Note is to extend the available results for APOs maintained

by a propellantless propulsion system to the case of purely radial (continuous) propulsive

acceleration, whose modulus depends on a given power of the Sun-spacecraft distance. The

assumption of radial thrust is particularly interesting as it can be representative of a situation

in which the spacecraft attitude is maintained in a passive way. Moreover, a radial thrust

implies that the problem is Hamiltonian, and there exists a first integral of motion (i.e.

the total energy) that simplifies the numerical analysis. The concept of such an idealized

thruster, referred to as generalized sail [12], unifies different continuous-thrust propulsion

systems such as solar sails, E-sails [13], or electric thrusters.

Artificial Equilibrium Points

Consider a massless spacecraft, equipped with a continuous-thrust propulsion system,

under the gravitational effect of both the Sun and the Earth+Moon system, and assume

that the planet’s orbit around the star is circular with radius l , 1 au. The spacecraft

motion is described using a synodic reference frame T (C;x, y, z), with origin at the center-

of-mass of the Sun-[Earth+Moon] system, which rotates synchronously to the revolution of

the planet around the massive body. The x-axis points along the Sun-Earth line, the z-axis is

in the direction of Earth+Moon’s angular momentum, and y-axis completes the right-handed

coordinate system.

The spacecraft propulsion system is modeled using the concept of a generalized sail [12],

which is useful for describing the propulsive acceleration when the thrust is aligned along the

Sun-spacecraft (radial) direction. The propulsive acceleration modulus varies with the Sun-

spacecraft distance lρ� proportional to β/ρη�, where ρ� is the dimensionless Sun-spacecraft

distance, the exponent η ≥ 0 defines the propulsion system type and β, referred to as

the lightness number, is a performance parameter that quantifies the spacecraft thrusting

capabilities. The propulsive acceleration vector aP provided by a generalized sail is [12]

aP = β
Gm�

l2 ρη+1
�

ρ� (1)

Aliasi et al. (Rev. # 2) 2 of 13



where Gm� is the Sun’s gravitational parameter and ρ� is the dimensionless Sun-spacecraft

vector.

A suitable choice of η allows the model to capture different types of propulsion sys-

tems [12], such as a solar sail (η = 2), an E-sail (η = 1), or a classical electric thruster. In

the latter case, η = 0 if the thrust is modulated such as to provide a constant thrust-to-mass

ratio and η ≈ 1.6 for a solar electric thruster, i.e. when the electric power is supplied by

solar arrays. Even though Eq. (1) could theoretically be used for any value of β and η, some

constraints must be introduced to their range of variation to confine the succeeding analysis

to currently available or near-future propulsion systems only. To that end it is assumed that

β ≥ 0 and η ≤ 2, thus implying that the propulsive acceleration is outward directed from

the Sun and decreases as the Sun-spacecraft distance is increased.

For a given parameter η, the value of β0 required to meet the artificial equilibrium con-

ditions (subscript “0”) for L1-type AEPs at a dimensionless distance ρ�0
= [(x/l)0 + µ] < 1

from the Sun [12], is

β0 =
µ ρη�0

1− µ

[
1− 1

(1− ρ�0
)2

]
+ ρη−2

�0
−

ρη+1
�0

1− µ
(2)

where µ ≈ 3.0359× 10−6 is the dimensionless mass of Earth+Moon.

Equation 2 shows that the classical L1 Lagrangian point is recovered at ρ�L1
≈ 0.989993

when β0 = 0. When η ≤ 2, it can be verified that the L1-type AEPs generated by a gener-

alized sail are always in the form of saddle×center×center equilibrium solutions. Therefore,

those AEPs are always unstable, and arbitrarily chosen initial positions and velocities gener-

ate unbounded spacecraft motions. However, with suitable initial conditions, the divergent

mode related to the saddle dynamics may be suppressed and bounded spacecraft trajectories

(the so-called Lissajous orbits) around the AEPs may be obtained [2]. In particular, as a

consequence of Lyapunov’s center theorem, families of periodic orbits may emanate from

each of the AEP provided that the imaginary eigenvalues (referred to as ±jωp and ±jωz) of

a given AEP are not resonant, i.e. if their ratio is not an integer number.

Figure 1, which involves L1-type AEPs in the Sun-[Earth+Moon] system, shows that

resonance conditions exist for special values of β0 only. In particular, for all η there exists a
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value of β0, referred to as βD, such that a resonance condition 1:1 exists between ωp and ωz.

Figure 1 shows the points corresponding to βD|η=0 ≈ 0.07851 and βD|η=1 ≈ 0.09219. Recall

that when a resonance takes place, the Lyapunov’s theorem does not guarantee the existence

of any family of periodic orbits (therefore the values of βD are important for the study of

APOs). Also note that in the case η = 2, a 1:1 resonance exists as β0 approaches one, i.e.

in the limiting case when the solar sail propulsive acceleration equals the Sun gravitational

acceleration and the AEP location coincides with the Sun’s center-of-mass.
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Figure 1: Imaginary eigenvalues ratio for L1-type AEPs as function of β0 ∈ [0, 1] and
η ∈ {0, 1, 2}.

Two families of periodic orbits generally arise from each AEP, which are referred to as

Lyapunov planar and Lyapunov vertical orbits, respectively. Along these families, there may

exist branching orbits, i.e. APOs that simultaneously belong to a different family. In partic-

ular, Lyapunov planar orbits and branching orbits originating from halo orbit families will

now be investigated. Recall that halo orbits are three-dimensional periodic orbits symmetric

with respect to the (x-z) plane.

Families of Artificial Periodic Orbits

Families of APOs have been obtained numerically with a Moore-Penrose continuation

method. To this end, using the procedure described in [14], the spacecraft equation of motion

has been reformulated as a boundary-value problem that was solved, at each step, using an
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orthogonal collocation method. The values of β0 considered in the simulations are consistent

with present or near-future (generalized) sails. For example, the expected lightness number

for the Sunjammer mission [15] is about 0.04, while a reference value for future β values is

about 0.16.

Starting from the position of a given AEP, Lyapunov planar (LP) families of orbits have

been generated for different values of β0, while η is maintained fixed. Following the families

obtained for a given value of β0, branching points have been found that generate halo (H)

orbits, referred to as LP-H, as they exist on the Lyapunov planar family. Finally, starting

from the obtained branching points, some new families of halo orbits have been generated.

Along the Lyapunov planar orbits, branching points have been found that generate axial

orbits (referred to as LP-A branching points). Other families of periodic orbits may exist,

possibly generated from other branching points, as for example the Lyapunov vertical, the

backflip orbits and the axial orbits. A comprehensive catalog about possible CR3BP-periodic

orbits is in [16].

The continuation algorithm is designed to stop continuation when a collision with Earth+Moon

is detected, even though such an event could be overtaken either regularizing the equations

of motion or continuing the orbits using the dimensionless mass µ as a parameter. Within

this Note, a collision means that during the continuation process the spacecraft orbit touches

a (virtual) sphere of radius 0.0027 au centered at the center-of-mass of Earth+Moon, roughly

corresponding to Moon’s apogee position. Such an event is marked with a white square (2)

in Figs. 2 and 4. Black circles ( ) and black lozenges (�) in Figs. 2 and 4 represent LP-H

and LP-A branching points, respectively, while white circles (#) point out the AEPs position

in the rotating reference frame.

The continuation algorithm also calculates the Floquet multipliers for each computed

orbit, so that information on linear stability of orbits can be recovered. In particular, recall

that the number of multipliers that are outside the unit circle gives the instability order of

the orbit. Results involving particular values of η are now presented, which correspond to

special propulsion systems, that is, electric thrusters (η = 0), E-sails (η = 1), and solar sails

(η = 2).
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Lyapunov Planar Orbits

Lyapunov planar families emanate from the AEP corresponding to the selected values

of β0 and η, and stop when a collision with Earth+Moon occurs, see Fig. 2. Each family

presents two branching orbits, i.e. LP-H and LP-A, as long as β0 ≤ βD. Typically, the

y-amplitude of the branching points increases (solid lines joining LP-H or LP-A points in

Fig. 2) up to a maximum value for 0 < β0 < βD, beyond which the amplitude decreases

(dotted lines in Fig. 2) to zero when β0 = βD. When β0 > βD, no branching points (neither

LP-H nor LP-A) are found by the numerical algorithm, therefore neither halo nor axial orbits

can be generated for values beyond βD. Note that the numerical results obtained for η = 2

are consistent with the simulations of [9, 10].

Figure 2 also gives information about the linear stability of the computed orbits. In par-

ticular, trajectories that lie within the gray region of Fig. 2 correspond to order 2 instability

orbits, whereas trajectories outside that region are unstable with an instability of order 1.

For the case η = 1, Fig. 3 shows the shape of the periodic orbits for three different values of

β0: similar to the classical case (β0 = 0), the Lyapunov planar orbits encircle the AEP from

which they generate, and their amplitude increases until a collision is reached.

Halo Orbits

Halo orbit families emanate from the LP-H branching points along the Lyapunov planar

families. For these families, there are four different behaviors depending on the value of β0.

For small values of β0, the behavior of each family is similar to the classical case β0 = 0, as the

orbits continuously rise up from the (x-y) plane to terminate in a collision with Earth+Moon,

see Fig. 4.

According to Fig. 4, while β0 < βH1 is increased, halo families start to fold back until

the value β0 = βH1 is reached. At this point an orbit along the family becomes planar. As

suggested in [9] for η = 2, this situation represents a new branching orbit that generates

the so called Retrograde Satellite (RS) orbits. A second family of halo orbits, not calculated

here, emanates from another branching orbit along the RS families [9]. This critical case

indicates a change in the topology of the halo families, as for βH1 < β0 < βH2 the halo orbits

stop when the planar orbit is reached, without folding back. Another change takes place
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Figure 2: Families of Lyapunov planar orbits as function of η ∈ {0, 1, 2} and β0 ∈
[0, 0.13] with a step variation of 0.01.
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Figure 3: Lyapunov planar orbits (about 30) as a function of β0 ∈ {0.01, 0.06, 0.11}
with η = 1.
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Figure 4: Families of halo orbits as a function of η ∈ {0, 1, 2} and β0.
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when β0 = βH2 , at which the halo rises again when the planar orbits is reached. Finally, for

β0 > βH2 the families do not touch the (x-y) plane in the neighborhood of the AEPs, and

raise to higher values of z-amplitude. For higher values of β0, halo families are generated by

branching points that lie beyond the maximum of the LP-H line of Fig. 2. These families

are plotted as dashed lines in Fig. 4. Note that Fig. 4 also shows, using thick and gray lines,

the orbits with order 0 instability (also called neutral stability), whereas the black lines

correspond to unstable orbits of order 1 or 2. The critical values βH1 and βH2 depend on the

propulsion system type, when the dimensionless mass µ is fixed. The values corresponding

to the families drawn in Fig. 4 are summarized in Table 1 along with the value of βD.

η βH1 βH2 βD

0 0.03759 0.03856 0.07851

1 0.03828 0.04329 0.09219

2 0.03890 0.2894 1

Table 1: Critical values of β0 (βH2 for η = 2 is taken from [9]).

Figure 5 shows the northern halo orbits for η = 1 with values of β0 corresponding to the

three different behaviors depicted in Fig. 4. Families start from the branching orbit (LP-A)

along the Lyapunov planar families, and behave differently depending on the value of β0.

The southern orbits also exist for the same values of β0. They can be obtained by simply

mirroring each family with respect to the (x-y) plane, as in the classical problem.

Conclusions

Lyapunov planar orbits may be generated as a function of the spacecraft performance,

except for some isolated points when a resonance occurs between the imaginary eigenvalues

of the linearized motion around the equilibrium point. As for the halo families, the numerical

simulations show that for each thruster type a critical value of the propulsive acceleration

exists beyond which such orbits disappear. The critical value is associated to the existence of

a 1:1 resonance between the imaginary eigenvalues. As far as halo orbits are concerned, two

other critical values can be detected for each propulsion system type. These values correspond

to a change in the way the families of artificial periodic orbits evolve. Simulations show that,
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Figure 5: Northern halo orbits for η = 1 (E-sail case).
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for the same value of β0, the size and shape of Lyapunov planar orbits are similar. On the

contrary, Halo orbits are characterized by different sizes and shapes.
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