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 

Abstract—We present a new approach to the temperature 

compensation of MEMS Lamé resonators,  based on the combined 

effect of the doping concentration and of the geometry of etch holes 

on the equivalent temperature coefficients of silicon. To this 

purpose, we develop and validate an analytical model which 

describes the effect of etch holes on the temperature stability of 

Lamé resonators through comparison with experiments available 

in the literature and FEM simulations. We show that two 

interesting regions of the design space for Lamé resonators exist, 

where a cancellation of the first-order temperature coefficient  of 

the resonance frequency is possible: [100]-oriented silicon with n-

doping of 2.5∙1019 cm-3, and [110]-oriented silicon with p-doping 

higher than 1.4∙1020 cm-3.  

 
Index Terms— Microelectromechanical systems, Resonators, 

Micromachining, Doping, Temperature dependence. 

I. INTRODUCTION 

he potential use of MEMS resonators in a wide range of 

applications, including frequency control, RF filters and 

oscillators [1], [2], as well as chemical and biochemical 

sensing [3]–[6], has been proposed and intensely investigated 

in the last two decades, with some of these devices finally 

reaching the market [7].  

A critical aspect of MEMS resonators, especially in the case 

of frequency control applications, is their temperature stability: 

if not properly compensated, the temperature coefficient of 

MEMS resonators can be in the order of tens of ppm·K-1, orders 

of magnitude larger than that of quartz resonators [1], [8]. For 

the most demanding applications, a temperature stability of 

only a few (or even fractions of) ppm over the whole 

temperature range is required [9]. Although with less strict 

constraints, temperature stability is also a concern for resonant 

sensing applications [4], [10]. For the most part, the large 

temperature drift of silicon resonators can be attributed to the 

strong temperature dependence of its elastic constants. 

Several active and passive temperature compensation 

techniques have been developed. Active techniques exploit a 

temperature sensor together with a continuous control of a 

parameter of the resonator/oscillator system. By reading the 

resonator temperature and subsequently adjusting this 
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parameter, the temperature drift of the resonance frequency can 

be compensated. A possible choice of the control parameter is 

the temperature of the resonator itself, thus realizing the so-

called ovenized configuration [11]–[14]. Other possible 

choices are the DC bias voltage of a capacitively actuated 

resonator [15], or a temperature-controlled frequency 

synthesizer cascading the oscillator [16]. Passive compensation 

techniques rely on changing the resonator properties at the time 

of fabrication by introducing a properly chosen second material. 

The temperature drift of silicon elastic moduli can be 

compensated by including silicon oxide in the resonator 

body [17], [18]. The different thermal expansion coefficient of 

nickel [19], [20] or silicon carbide [21] with respect silicon has 

been exploited in order to induce thermal stresses in the 

resonator. 

Active compensation techniques are typically more effective 

in achieving temperature stability than passive compensation 

techniques, at the price of higher power consumption and larger 

area occupation. Passive compensation techniques typically 

require ad-hoc steps in the fabrication technology. In order to 

reach quartz-like performances, multiple compensation 

techniques have to be employed simultaneously [11], [13], [14], 

[16]. Recently, a passive compensation technique based on 

doped resonators made of Single-Crystal Silicon (SCS) has 

raised much attention [8], [22]–[25]. Doping modifies the 

carrier contribution to the elastic constants, which are the main 

source of temperature instability of SCS [26]. Doping of SCS is 

a well-developed technology that can be introduced without a 

significant increase in cost and complexity. 

In some of the works cited above [22], [24], the temperature 

coefficients of resonators with small release etch holes have 

also been measured. These measurements show that the 

temperature coefficient may be affected by the presence of 

holes, depending on doping concentration, resonance mode and 

orientation. This effect is captured by brute-force FEM 

analysis, but a simple theoretical model is lacking.  

Among the possible types of MEMS resonators, Lamé 

resonators have been extensively investigated [6], [14], [27], 

[28]. They ideally have a vibration mode exhibiting pure shear 

deformation (i.e. with no local change in volume), a fact that 
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has been linked to very low thermoelastic losses, and thus very 

high quality factors when the materials losses are prevalent (i.e. 

at very low pressure) [29].  

In this work, we propose a new approach to the temperature 

compensation of silicon Lamé resonators based on the 

combined effect of doping concentration and etch holes 

geometry. For thin resonators, we give a simple analytical 

method which predicts the effect of etch holes on the 

temperature stability and can be used to design resonators with 

nominal zero first-order temperature coefficient. Etch holes are 

often required in MEMS devices for release purposes, but may 

also be introduced to increase the sensitivity of resonant 

sensors, by increasing their surface to volume ratio [30], [31].  

By using the data presented in [22], [23], we also investigate 

the relation between temperature coefficient and doping in 

perforated resonators. We show that a better insight on these 

effects can be obtained by describing SCS elasticity through its 

elastic moduli E, G and ν (i.e. its Young’s modulus, shear 

modulus, and Poisson’s ratio) rather than with its elastic 

constants C11, C12, C44, as it is done in [22], [23]. This 

alternative description can be computed from the data presented 

in the cited works through a simple transformation of variables 

(see Appendix A for details). We validate the model with 

available experiments and FEM simulations.  Our method can 

be very effective even if doping concentration is experimentally 

affected by significant inaccuracy, because it can be used in 

regions of the design space in which the sensitivity of the 

temperature coefficient of the resonance frequency to doping is 

strongly suppressed. 

II. MODEL DERIVATION 

A model for the temperature coefficient of thin perforated 

Lamé resonators can be derived from the resonance frequency 

model already presented in [32], where holes are taken into 

account through a cellular material approach [33]. For the 

purpose of this work, cellular materials are microstructured 

solids obtained by periodic repetition of a unit cell. The 

structure of the resonator is given in Fig. 1. In the course of this 

paper, we denote as “full” a resonator without holes. The Lamé 

resonance frequency of a full resonator has an exact closed form 

expression: 

 𝑓0 =
1

𝐿
√
𝐺𝑑

2𝜌
 (1) 

where L is the length of the resonator side, ρ is the mass density 

and Gd is the shear modulus along a direction parallel to a 

diagonal of the square. Remarkably, even for anisotropic 

materials, there are two directions (separated by 45o) for which 

(1) is also valid [34]. In the case of SCS, which has a cubic 

symmetry, these two directions are [100] and [110], and Lamé 

modes are sustained only for resonators with sides aligned 

along these directions. In a material with cubic symmetry the 

diagonal shear moduli for these directions are (C11-C12)/2 and 

C44, respectively [35]. In both these directions, the shear 

modulus along the diagonal can be expressed as a function of 

Ep and νp, which are the Young’s modulus and Poisson’s ratio 

computed along a direction parallel to the resonator side: 

 𝐺𝑑 =
𝐸𝑝

2(1+𝜈𝑝)
 (2a) 

or, more specifically, 

 𝐺[110] =
𝐶11−𝐶12

2
=

𝐸[100]

2(1+𝜈[100])
, 𝐺[100] = 𝐶44 =

𝐸[110]

2(1+𝜈[110])
 (2b) 

(see Appendix A for details). While (1) and (2) are strictly valid 

for full resonators only, they can be generalized to resonators 

with holes if we assume that the hole pitch (ls) is small 

compared to the resonator side L. If this is the case, the 

perforated resonator can be modeled with effective parameters 

substituted into the expression for the resonant frequency of the 

full Lamé resonator: 

 𝑓0,𝑒𝑞 =
1

𝐿
√
𝐺𝑑,𝑒𝑞

2𝜌𝑒𝑞
=

1

𝐿
√

𝐸𝑝,𝑒𝑞

4(1+𝜈𝑝,𝑒𝑞)𝜌𝑒𝑞
 (3) 

where Ep,eq and νp,eq are the equivalent Young's modulus and 

Poisson's ratio along directions parallel to the sides of the 

resonator and ρeq is the equivalent mass density. This 

corresponds to a description of the perforated material as an 

equivalent material with specific effective elastic constants. 

This description holds true if the perforated material retains 

cubic symmetry in the plane, i.e. both the hole geometry and the 

underlying crystal structure are invariant by 90o rotation and 

reflection along two orthogonal axes. Square lattices of square 

or circular holes aligned along the [100] or [110] directions of 

a cubic crystal have this symmetry. These types of grids 

comprise most MEMS designs. 

Accurate expressions for Ep,eq, νp,eq and ρeq are given in [32] 

as a function of the fill factor α, i.e. the ratio of the distance 

between holes ts to the pitch ls (Fig. 1), and of a fitting parameter 

k, which depends only on the SCS orientation, but not on the 

doping or temperature: 

 

{
 
 

 
 𝐸𝑝,𝑒𝑞 = 𝛼

1+(1−𝛼)𝛼𝑘−1

1+𝛼𝑘−1(1−𝛼)2
𝐸𝑝

𝜈𝑝,𝑒𝑞 = 𝛼
1+(1−𝛼)𝛼𝑘−1

1+𝛼𝑘−1(1−𝛼)2
𝜈𝑝

𝜌𝑒𝑞 = 𝛼(2 − 𝛼)𝜌

 (4) 

where Ep, νp are the SCS Young's modulus and Poisson's ratio 

along directions parallel to the sides of the resonator, 

respectively, and ρ is the SCS density. The used optimum 

 
Fig. 1.  Structure of the resonator. The deflected Lamé mode-shape is outlined 
in red. The geometry of the unit cell of the holes pattern, along with its 

dimensions, is shown in the inset. 
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values of k were determined using the approach in [32] and 

were 2.85 for [100] SCS (all dopings and temperatures), 3.45 

for [110] SCS (all dopings and temperatures). 

These expressions were obtained assuming a plane stress 

hypothesis in the unit cell. Substituting these expressions into 

(3) gives the resonance frequency of a square-perforated Lamé 

resonator: 

 𝑓0,𝑒𝑞 =
1

𝐿
√

𝐸𝑝[1+(1−𝛼)𝛼
𝑘−1]

4(2−𝛼)𝜌[1+𝛼𝑘−1(1−𝛼)2+𝛼(1+𝛼𝑘−1(1−𝛼))𝜈𝑝]
. (5) 

By taking the derivative of (5) with respect to the 

temperature, the expression for the linear temperature 

coefficient of square perforated Lamé resonators can be found. 

In differentiating (5), we make use of the fact that α is not a 

function of temperature, as both ls and ts are changed in the same 

way and their ratio is thus constant. The result of this 

differentiation is: 

 𝑇𝐶𝑓 =
1

𝑓0,𝑒𝑞

𝜕𝑓0,𝑒𝑞

𝜕𝑇
= 

 = −𝑇𝐶𝐿 +
1

2
𝑇𝐶𝐸𝑝 −

1

2
𝑇𝐶𝜌 −

                              −  
1

2

[𝛼+𝛼𝑘(1−𝛼)]𝜈𝑝

1+𝛼𝑘−1(1−𝛼)2+[𝛼+𝛼𝑘(1−𝛼)]𝜈𝑝
𝑇𝐶𝜈𝑝 (6) 

where TCx  denotes the temperature coefficient of quantity x. It 

is straightforward that 𝑇𝐶𝜌 = −3𝑇𝐶𝐿  , so that (6) can be further 

simplified to: 

𝑇𝐶𝑓 =
1

2
𝑇𝐶𝐿 +

1

2
𝑇𝐶𝐸𝑝 −

1

2

[𝛼+𝛼𝑘(1−𝛼)]𝜈𝑝

1+𝛼𝑘−1(1−𝛼)2+[𝛼+𝛼𝑘(1−𝛼)]𝜈𝑝
𝑇𝐶𝜈𝑝. (7) 

We note here that (5)-(7) are only valid for 𝛼 > 0. On the 

right-hand side of (7) we can identify the following terms, in 

order: the contribution of the thermal expansion of silicon, the 

contribution of its Young’s modulus and finally the 

contribution of its Poisson’s ratio. The first two terms are 

identical to the ones found in the expression for the TCf of a 

resonator with no holes. The last one, on the contrary, is 

affected by the presence of holes (through α). Its contribution 

 
Fig. 2.  Temperature coefficients of Young’s modulus (red) and Poisson’s ratio 

(green) along [110] (left) and [100] (right) directions as a function of the 

doping concentration. Down corner triangles are based on data from [22], up 

corner triangles on data from [23]. 

 

Fig. 3.  Frequency temperature coefficients of [100] (left) and [110] (right) 
Lamé resonators as a function of the fill factor α: comparison between FEM 

simulations and model predictions. The elastic constants are the ones labelled 

As1.2 (for [100]) and B17 (for [110]) in Table 1. The value of k used for the 

model is 2.85 for the [100] graph, and 3.45 for the [110] graph.  

TABLE I 

COMPUTED ELASTIC CONSTANTS E AND Ν FOR SILICON AND THEIR TEMPERATURE COEFFICIENTS ALONG [100] AND [110] DIRECTIONS. 
P-TYPE DOPING VALUES ARE REPORTED WITH A NEGATIVE SIGN. 

Reference 
Doping 

(cm-3) 
E[100] (GPa) 

TCE[100] 

 ·106 (K-1) 
ν[100] (-) 

TCν[100] 

 ·106 (K-1) 
E[110] (GPa) 

TCE[110] 

 ·106 (K-1) 
ν[110] (-) 

TCν[110] 

 ·106 (K-1) 

[22] B17 -1.7·1020 127.6±1.1 -33.6±3.3 0.280±2.4·10-3 -34.6±3.4 162.9±0.5 -20.6±1 (8.14±0.34)·10-2 -299.1±17.4 

[22] B14 -1.4·1020 127.5±1.1 -33.4±3.3 0.281±2.4·10-3 -34.9±3.4 163.1±0.5 -20.5±1 (8.00±0.34)·10-2 -306.0±17.9 

[22] B0.4 -4.1·1018 129.6±2.3 -56.6±3.2 0.280±4.1·10-3 -10.1±3.4 168.5±1.3 -54.1±1.1 (6.38±0.77)·10-2 -95.9±20.4 

[22] Sb0.1 1.3·1018 129.5±2.3 -56.1±3.2 0.280±4.1·10-3 -14.1±3.4 168.6±1.3 -61.2±1.1 (6.30±0.77)·10-2 -5.56±17.8 

[22] As1.2 1.2·1019 126.7±2.4 -7.1±3.7 0.285±4.1·10-3 -55.7±3.4 166.7±1.3 -47.2±1.3 (6.03±0.79)·10-2 278.7±48.7 

[22] P6.6 6.6·1019 125.4±2.4 18.9±4.1 0.289±4.1·10-3 -71.8±3.4 165.8±1.3 -40.8±1.5 (6.02±0.80)·10-2 475.9±77.1 

[23] B0.6 -6·1018 130.1±0.4 -60.2±1.2 0.2779±4.8·10-4 -14.9±1.2 169.0±0.3 -58.4±0.5 (6.18±0.17)·10-2 -114.9±8.3 

[23] B3 -3·1019 128.8±0.4 -43.4±1.3 0.2789±4.9·10-4 -29.1±1.2 167.1±0.3 -35.8±0.5 (6.43±0.17)·10-2 -273.6±10.2 

[23] As1.7 1.7·1019 127.8±0.4 -16.3±1.3 0.2816±4.9·10-4 -47.6±1.2 167.9±0.3 -50.1±0.5 (5.60±0.17)·10-2 256.1±12.1 

[23] As2.5 2.5·1019 127.0±0.4 -4.2±1.3 0.2838±4.9·10-4 -57.6±1.2 167.5±0.3 -47.1±0.5 (5.50±0.17)·10-2 345.7±14.6 

[23] P4.1 4.1·1019 125.5±0.4 16.2±1.3 0.2863±4.9·10-4 -70.8±1.2 166.7±0.3 -41.5±0.5 (5.24±0.17)·10-2 529.1±20.8 

[23] P4.7 4.7·1019 124.7±0.4 19.1±1.3 0.2879±4.9·10-4 -70.7±1.2 166.2±0.3 -40.6±0.5 (5.06±0.17)·10-2 583.1±23.3 

[23] P7.5 7.5·1019 123.0±0.4 24.9±1.4 0.2905±4.9·10-4 -73.9±1.2 164.8±0.3 -40.3±0.5 (4.95±0.17)·10-2 670.4±27 
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to the total TCf goes from its (absolute) maximum for a full 

resonator (α = 1), down to very small values for smaller and 

smaller α’s. Its expression suggests that the total TCf can be 

tuned (i.e. reduced or even cancelled) by a careful choice of α. 

Actual values of TCf for SCS resonators given by (7) cannot 

be obtained without taking into account that νp, and even more 

TCEp and TCνp, depend on the doping concentration. Therefore, 

these dependencies have to be made explicit. To this purpose, 

we use the extensive experimental characterization of the 

temperature dependence of the stiffness coefficients C11, C12 

and C44 of SCS presented in [22], [23]. 

The calculated values for the TCEp and TCνp are reported in 

Table I for each doping for which experimental data are 

available [22], [23]. These values will be used, together with 

(7), to estimate the TCf of perforated Lamé resonators. 

We remark that doping strongly affects the temperature 

coefficients of both the Young’s modulus and Poisson’s ratio, 

while leaving their respective values (computed at the reference 

temperature of 25°C) almost unchanged with respect to the 

undoped case. As a consequence, from the point of view of the 

effect of holes on the temperature stability of the resonance 

frequency, the most important quantities are TCEp and TCνp. For 

this reason, we plot in Fig. 2 their values as a function of the 

doping concentration, for the [100] and [110] directions, 

respectively. To retain consistency with the graphs reported in 

[22], [23], the data for p-type doping are reported on the 

negative side of the x axis. 

III. VALIDATION 

A. FEM 

We use the values reported in Table I together with (7) for 

the estimation of the TCf of perforated Lamé resonators. To 

validate the model over the range [0.05, 1] of α, we present a 

comparison between model predictions and FEM (Finite-

Elements Method) simulations. 

We have performed FEM simulations with ANSYS of two 

Lamé resonators with sides aligned along [100] and [110] 

directions. We have defined SCS through its three independent 

elastic constants along [100], namely E[100], νp[100] and G[100] = 

C44. The first two appear in Table I, and the latter was taken 

directly from references [22], [23]. A density of 2330 kg·m-3 

and a coefficient of linear thermal expansion 𝑇𝐶𝐿 of 2.84 

ppm·K-1 were used. The values of the p-type doping named B17 

have been used for the [110] resonator, while those of the n-

type doping As1.2 have been used for the [100] resonator. A 

side length of 400 µm and 30 square holes along the side have 

been used for all the simulated resonators. To check for a 

possible effect of the number of holes on the results, simulations 

were also carried out with 20 and 40 holes along the side, and 

the difference of the associated results with the 30-hole case 

were negligible. In the following, only the result for the 30-hole 

case are reported. The fill factor α varies in the range 0.05,1 in 

steps of 0.05. For each of these geometries, the temperature 

have been swept in the range -40, 85°C with steps of 5°C. All 

the simulations have been performed under a 2D plane-stress 

hypothesis and meshing the geometry with around 105 

PLANE182 elements. By fitting the Lamé resonance 

frequencies obtained from the modal analysis with a second 

order polynomial, the linear temperature coefficients as a 

function of α have been obtained. 

The plane-stress hypothesis is a reasonable assumption at 

least for thin resonators and for small holes, being the full Lamé 

case a problem with zero out-of-plane deformations (i.e. a 

problem where plane-stress and plane-strain hypothesis yield 

the same results). Deviations from plane-stress results are 

expected in real (three dimensional) resonators with large holes 

and low length-to thickness-ratio. The effect of finite thickness 

will be discussed for a few important cases in section IV. 

The results of FEM simulations are reported in Fig. 3 for a 

[100] n-doped resonator at 1.2·1019 cm-3 (As1.2 of Table I) and 

for a [110] p-doped resonator at 1.7·1020 cm-3 (B17 of Table I). 

The model reproduces very well the results of simulations over 

the whole α range. Small differences (typically smaller than 0.5 

ppm·K-1) can be observed in the [100] case. As stated in the 

comments to (7), the contribution of the Poisson’s ratio to TCf 

is the only term affected by α. The model thus suggests that a 

Lamé resonator made of a material having a temperature-

independent νp will have a TCf independent of α. In order to 

verify such property, we repeated the simulations using 

fictitious materials having the same properties as the ones 

reported in Table I, except for a constant Poisson’s ratio 

(TCνp = 0). The results (reported as triangles in Fig. 3) confirm 

the expected behavior: the holes affect the TCf of the resonators 

essentially only through the change of the temperature behavior 

of the equivalent material Poisson’s ratio. The properties of this 

material can be tailored by changing the geometry of the holes. 

B. Experimental 

For validation with literature data, we preliminarily estimate 

the fill factors. The devices presented in [22] have small circular 

holes, 2 µm in diameter, arranged over a square matrix with a 

pitch of 10 µm [36]. For TCf estimation of these devices, the 

circular holes have been approximated with square holes with 

side equal to the circle diameter, resulting in a fill factor α = 0.8. 

The same approximation has been done for the n-type resonator 

presented in [24], where the hole diameter is 3 µm and the pitch 

TABLE II 

COMPARISON OF EXPERIMENTALLY MEASURED AND MODELED TEMPERATURE 

COEFFICIENTS OF PERFORATED LAMÉ RESONATORS 

Reference 
Doping 

(cm-3) 
Orient. 

TCf (perforated 
resonator, ·106) 

(K-1) 

TCf (full 
resonator, 

·106) (K-1) 

exp. model exp. 

[22] B17 -1.7·1020 [100] -11.99 -11.97 ± 1.93 -11.64 

[22] B14 -1.4·1020 [100] -11.84 -11.81 ± 1.94 -11.4 

[22] B0.4 -4.1·1018 [100] -25.91 -25.89 ± 1.92 - 
[22] Sb0.1 1.3·1018 [100] -25.46 -25.24 ± 1.92 - 

[22] As1.2 1.2·1019 [100] 3.20 3.49 ± 2.15 - 

[22] P6.6 6.6·1019 [100] 17.75 18.18 ± 2.32 - 
[22] B17 -1.7·1020 [110] 0.86 1.03 ± 0.31 2.37 

[22] B14 -1.4·1020 [110] 1.048 1.17 ± 0.31 2.55 

[22] B0.4 -4.1·1018 [110] -23.03 -23.08 ± 0.34 - 
[22] Sb0.1 1.3·1018 [110] -29.08 -29.05 ± 0.34 - 

[22] As1.2 1.2·1019 [110] -29.85 -29.17 ± 0.35 - 

[22] P6.6 6.6·1019 [110] -31.83 -30.84 ± 0.37 - 
[23] P4.7 4.7·1019 [100] 18 18.43 ± 0.78 18.6 

[23] P4.7 4.7·1019 [110] -32 -31.88 ± 0.20 -32.7 
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is 20 µm, resulting in α = 0.85. For the exact doping 

concentration of the latter structure (5·1019 cm-3), the stiffness 

constants and their temperature coefficients are not available in 

literature, thus we have used values from a slightly different 

doping concentration (4.7·1019 cm-3) measured by the same 

authors [23], i.e. the one labelled as P4.7 in Table I. 

The comparisons between the model predictions and the 

measured TCf’s are reported in Table II. As a consequence of 

the high values of α, the changes in TCf between the full and 

perforated case are never larger than few ppm·K-1. 

IV. DISCUSSION 

The connection between the presence and dimensions of 

holes and the value of the TCf, which is implied by (7), suggests 

that holes can be effectively used as a method to strongly 

suppress, or even cancel, the first-order dependence of the 

resonance frequency on the temperature. The design parameters 

for a zero-TCf resonator are the resonator orientation ([100] or 

[110]), its doping value, and its fill factor α. For high-Q 

applications, a high value of α (i.e. small holes) is also desirable, 

as large holes are known to affect the quality factor 

unfavorably [37], [38]. The worsening of Q is not dealt with in 

this paper, but it is clearly important in applications. the 

observed Q lowering  in vacuum is thought to be caused 

primarily by thermoelastic damping (TED), and typically 

impacts the Q value between one and two orders of magnitude 

with respect to full Lamé resonators, depending on the value of 

α [22], [37], [38]. Smaller α’s give lower Q’s, because the local 

rate of volume change during vibration (and associated TED 

losses) becomes larger as the holes get larger. The addition of 

holes can thus be considered as an additional degree of freedom 

that can be used to reach a compromise between Q and TCf, 

with both parameters being important in applications. 

The change in TCf that can be obtained by introducing holes 

can be estimated by applying our model to all the possible 

doping concentrations presented in Table I. For each 

concentration, the extreme values of TCf obtained for the full 

resonators (α = 1) and for resonators close to hollow (i.e. for 

α = 0.05) give a realistic tuning range of TCf that can be covered 

by changing the hole size (at fixed pitch). These extreme values 

are represented as solid triangles and diamonds in Figs. 4 and 5 

for the [100] and [110] directions, respectively. For doping 

values for which a measure of the TCf is available in Table II, 

such value is also added to the graphs (using white symbols), 

along with its corresponding value provided by our model (solid 

symbols). 

From inspection of Figures 4 and 5 it is clear that zero-TCf 

full resonators (triangles) could be theoretically designed by 

tuning the doping concentration. For example, the TCf for [100] 

resonators likely crosses zero at a donor concentration of 

around 2.5·1019 cm-3, while the same should occur for an 

acceptor concentration of around 1·1020 cm-3 for [110] 

resonators. However, the practical chance of zeroing the TCf 

through an appropriate choice of the doping concentration is 

undermined by the limited accuracy of the doping process. 

Typical doping tolerances are in the range of ±10% [39]. Such 

inaccuracy will have an impact on the temperature stability of 

the resonator that is proportional to the sensitivity of TCf to 

doping concentration: the steeper the TCf-doping characteristic 

is, the smaller the control of TCf will be. 

The presence of holes, by introducing another degree of 

freedom in the design, enables a different approach to zero-TCf  

resonators. Examination of (7) suggests the TCf can be 

cancelled only if the contributions of the Young’s modulus and 

Poisson’s ratio (i.e. the second and third term in the RHS of (7)) 

 

Fig. 5.  Temperature coefficients of [110] Lamé resonators. 

TABLE III 
FILL FACTORS THAT PROVIDE ZERO-TCF RESONATORS ACCORDING TO MODEL AND FEM. 

Reference 
Doping 

(cm-3) 
Orientation model 

2D FEM 

(plane stress) 

3D FEM 

(thickness = 10µm) 

2D FEM 

(plane strain) 

3D FEM 

(thickness = 40µm) 

[22] B17 -1.7·1020 [110] 0.714 0.727 0.735 0.752 0.745 

[22] B14 -1.4·1020 [110] 0.704 0.717 0.726 0.744 0.737 

[22] As1.2 1.2·1019 [100] 0.283 0.299 0.401 0.545 0.529 

[23] As2.5 2.5·1019 [100] 0.083 0.092 0.214 0.416 0.394 

 

 
Fig. 4.  Temperature coefficients of [100] Lamé resonators. 
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have the same sign and approximately the same absolute value, 

as the contribution of thermal expansion (i.e. the first term) is 

only 1.42 ppm·K-1, and essentially unaffected by doping [40]. 

As the coefficient multiplying TCνp in (7) is of the order of 0.1, 

the second and third term in (7) cancel out only if TCνp is around 

10 times larger than TCEp. This is not possible for undoped 

resonators, where TCνp is typically comparable or even smaller 

than TCEp. The effect of the Young’s modulus is thus dominant 

on the TCf of undoped resonators, so that their TCf’s are close 

to ½TCEp (or around -30 ppm·K-1). 

However, the changes introduced by the doping on the 

temperature coefficients allow at least two different doping 

regions suited for the compensation. The first, for [100] 

resonators, can be identified by considering the plot in Fig. 2, 

where TCE[100] crosses zero for an n-type doping of  around 

2.5·1019 cm-3, in a region where the corresponding TCν[100] is 

several tens of ppm·K-1. The second, for [110] resonators, is in 

the highly doped (>1.4·1020 cm-3) p-type region of the [110] 

plot in Fig. 2.  In this second case, an order of magnitude 

between the temperature coefficients is reached due to the steep 

decrease of TCν[110], which is around -300 ppm·K-1. 

Data for the extreme values of TCf presented in Figs. 4-5 

show that these two doping windows are the only ones for 

which TCf  crosses zero by sweeping α between 1 (solid 

triangles) and 0 (solid diamonds). Computing the value αopt 

leading to zero TCf from (7) is straightforward, once the 

material properties are known. The results of this computation 

are reported in the “model” column of Table III. In order to 

evaluate 3D effects, we also added FEM estimates of αopt for 

2D plane-stress, 2D plane-strain and 3D with two different 

thicknesses. The increasing difference between plane-stress and 

plane-strain 2D simulations with the increase of hole size 

suggests non-negligible 3D deformations in resonators with 

large holes. As expected, the 3D results range from the plane-

stress to the plane-strain limits for increasing thicknesses. For a 

side-to-thickness aspect ratio of 40 (thickness = 10μm) and low 

fill factors (As1.2 and As2.5) αopt is around 0.1 higher than the 

one obtained with the plane-stress hypothesis, while for a side-

to-thickness aspect ratio of 10 (thickness = 40μm) the 3D TCf 

is already quite close to the 2D plane-strain one. While accurate 

estimates at low αopt cannot be obtained with the model, FEM 

data show that the compensation method is still working, 

though at a different (higher) αopt. This is actually an advantage 

in practical cases, as a higher α gives a better quality factor, as 

discussed above. 

The high p-type doping concentrations are particularly 

interesting for applications, as they correspond to a doping 

range where the temperature coefficients of the elastic moduli 

are saturated (i.e. weakly dependent on doping). This doping 

window could not be used to fabricate zero-TCf resonators by 

doping alone: the full resonators measured in [22] have a TCf 

above 2 ppm·K-1. To obtain zero-TCf full resonators one has to 

move to a lower doping value, where the doping dependence of 

the temperature coefficients is higher. However, by adding 

holes, a zero-TCf design can be moved to the high p-type doping 

window. In this case, high accuracy in setting the doping value 

is not required, as the variance of the TCf is mostly dependent 

on the variance of the value of α, which can be controlled more 

easily. While high values of p-type doping are technologically 

challenging as they are known to induce high stresses in SOI 

wafers [41], they have been achieved nonetheless [42]. 

We also derived an expression (reported in Appendix B) for 

the second order temperature coefficient TC2f of perforated 

resonators, using an approach similar to the one presented in 

section II for the TCf. Our model predicts no significant 

drawback. The two p-type doping, zero-TCf  optimal resonators 

(first two rows of Table III) have a TC2f comparable to full 

resonators at the same doping (Fig. 6), but the full resonators 

have a first order TCf of about 2 ppm·K-1. Moreover, the 

improvement of the TC2f  with increasing p-type doping 

concentration suggested by data in Fig.6 is a further advantage 

of moving to the high p-type doping window. 

In silicon resonators with very low temperature dependence 

of the resonance frequency, other possible causes of frequency 

variability must also be considered. Among these, angular 

misalignment and spatial fluctuation of dimensions because of 

etch non-uniformity are among the most prominent. For this 

reason, we also investigated the robustness of our approach 

with respect to these effects. 

Based on data from [22], [23], the effect of angular 

misalignment has been simulated over a range of ±2o for the 

four optimal resonators of Table III.  FEM data show that this 

 
Fig. 6.  Second order temperature coefficient TC2f  of [110] Lamé resonators.  

 

Fig. 7. Variation of the TCf as consequence of (left) angular misalignment with 

respect to the SCS crystal for the four optimal resonators, and (right) of a linear 

dispersion in the dimensions of the holes, schematically represented in the 

inset, for two optimal resonators. 
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effect is of the second order with respect to the angle, and alters 

the TCf of a few tens of ppb·K-1 only in the worst case 

(Fig. 7, left). 

Another possible cause of frequency variation is a dispersion 

of hole sizes introduced by etch non-uniformity. To evaluate 

this effect, we designed a worst-case experiment where hole 

sizes are distributed following a linear function oriented along 

the resonator diagonal (Fig. 7, right, inset). Specifically, the 

hole side was incremented or reduced linearly with respect to 

the nominal optimal values of Table III, so that the maximum 

error (at the corner holes) is ±ε, where ε is the etch error in 

Fig. 7 (right). This distribution replicates a possible non-

uniformity in the RIE (Reactive Ion Etching) process typically 

used to create the holes. We tested an etch error up to 100 nm, 

again based on data from [22], [23]. The results show that this 

effect is, to the first order, negligible, and changes the TCf of a 

few ppb·K-1 only in the worst case. Very similar results were 

obtained along other directions. 

V. CONCLUSIONS 

In conclusion, we have proposed a new approach to the 

temperature compensation of MEMS Lamé resonators based on 

the introduction of a grid of square etch holes. By means of a 

simple analytical model we showed that the dependence of 

temperature coefficient of the resonance frequency from the 

holes size can be ascribed the temperature coefficient of the 

equivalent material Poisson's ratio. The model was validated 

with both FEM simulations and experimental data taken from 

the literature. We also investigated the relation between 

temperature coefficient and doping in perforated resonators, 

showing that two regions of the design space allow a first-order 

temperature compensation of the resonance frequency. This 

result is extremely interesting from the application point of 

view, for two reasons. First, because low-temperature 

coefficient resonators can be designed even with holes, which 

are often needed in MEMS fabrication. Second and most 

important, at least one design space region for silicon (the one 

at high p-doping) is identified that would enable a strong 

temperature compensation even in the presence of large 

inaccuracy in the doping concentration.  

APPENDIX A 

The simplest way to obtain equations (2b) is to substitute into 

their right hand sides the expressions of the Young’s modulus 

and Poisson’s ratio of a cubic material in terms of its stiffness 

coefficients. Such expressions can be found in a general form 

valid in any direction of the crystal in [43] . We report here the 

special cases of [100] and [110] directions for simplicity: 

 𝐸[100] = 𝐶11 −
2𝐶12

2

𝐶11+𝐶12
 (8) 

  𝜈[100] =
𝐶12

𝐶11+𝐶12
 (9) 

 𝐸[110] =
4(𝐶11

2 +𝐶11𝐶12−2𝐶12
2 )𝐶44

𝐶11
2 −2𝐶12

2 +𝐶11𝐶12+2𝐶11𝐶44
 (10) 

  𝜈[110] =
𝐶11
2 −2𝐶12

2 +𝐶11𝐶12−2𝐶11𝐶44

𝐶11
2 −2𝐶12

2 +𝐶11𝐶12+2𝐶11𝐶44
. (11) 

To determine the TCf  of the resonator, TCEp and TCνp are also 

required. We compute TCEp and TCνp by expanding (8)-(11) in 

series with respect to the temperature and substituting the 

values for the Cij and their temperature coefficients from [22], 

[23]. Using a similar approach, the uncertainties given in the 

initial data can be propagated, and the errors of these 

coefficients can be computed as well. 

APPENDIX B 

A derivation similar to the one reported in section II for the 

linear (first order) temperature coefficient TCf, yields the 

following expression for TC2f : 

𝑇𝐶2𝑓 =
1

2𝑓0,𝑒𝑞

𝜕2𝑓0,𝑒𝑞

𝜕𝑇2
= 

=
1

2
𝑇𝐶2𝐿 +

1

2
𝑇𝐶2𝐸𝑝 −

𝛼𝜈𝑝[(𝛼−1)𝛼
𝑘−𝛼]

2(𝛼−1)[𝛼(𝜈𝑝−1)+1]𝛼
𝑘−2𝛼(𝛼𝜈𝑝+1)

𝑇𝐶2𝜈𝑝 −

1

8
𝑇𝐶𝐿

2 −
1

8
𝑇𝐶𝐸𝑝

2 +
3𝛼2𝜈𝑝

2[𝛼−(𝛼−1)𝛼𝑘]
2

8[(𝛼−1)(𝛼(𝜈𝑝−1)+1)𝛼
𝑘−𝛼(𝛼𝜈𝑝+1)]

2 𝑇𝐶𝜈𝑝
2 +

1

4
𝑇𝐶𝐸𝑝𝑇𝐶𝐿 −

𝛼𝜈𝑝[(𝛼−1)𝛼
𝑘−𝛼]

4(𝛼−1)[𝛼(𝜈𝑝−1)+1]𝛼
𝑘−4𝛼(𝛼𝜈𝑝+1)

𝑇𝐶𝐸𝑝𝑇𝐶𝜈𝑝 −

𝛼𝜈𝑝[(𝛼−1)𝛼
𝑘−𝛼]

4(𝛼−1)[𝛼(𝜈𝑝−1)+1]𝛼
𝑘−4𝛼(𝛼𝜈𝑝+1)

𝑇𝐶𝜈𝑝𝑇𝐶𝐿     (12) 

where TC2x denotes the second order temperature coefficient of 

quantity x. These values can be computed by the same method 

described in Appendix A for linear coefficients. The value of 

the second order thermal expansion coefficient TC2L used in 

FEM simulations is 8.5 ppb·K-2. 
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