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Introduction

Several problems in dynamic fracture mechanics lead to the study of the wave equation in time-dependent
domains (see [3, 6, 7]). The main difficulty is that at every time ¢ the solution belongs to a different function
space V;. It is not restrictive to assume that all spaces V; are embedded in a given Hilbert space H.

In the case of fracture mechanics, a common situation is V; = H(Q \ T;) and H = L*(Q), where Q is
adomain in R4 and I'; is a closed (d — 1)-dimensional subset of Q, representing the crack at time ¢. A natural
assumption on I is that it is monotonically increasing with respect to t, thus encoding the fact that, once
created, a crack cannot disappear. As a consequence, the spaces V; are increasing in time too.

To deal with possibly irregular cracks a more general increasing family of spaces has been considered
in[2]: V¢ = GSBV%(Q, I't), defined as the space of functions u € GSBV(Q) such thatu € L%(Q), Vu € L?(Q; RY),
and J,, ¢ T (see [1] for the definition and properties of these spaces and for the definition of the approximate
gradient Vu and of the jump set J,,).

Given u® € Vo and u' € H, the Cauchy problem we are interested in is formally written as

u"(t) + Au(t) =0 fora.e.t >0,
u(t) e vy fora.e. t >0, (0.1)
u(0) =u®, u'0)=ut,

where ’ denotes the time derivative and A is a continuous and coercive linear operator (A = —A with homoge-
neous Neumann boundary conditions in the examples considered above).

The existence of a solution for (0.1) has already been proven in [2], through a time-discrete approach, by
solving suitable incremental minimum problems and then passing to the limit as the time step tends to zero.
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The purpose of this paper is to prove that a solution of (0.1) can be approximated by global minimizers of
suitable energy functionals defined as integrals on [0, co) with respect to time. On the one hand this shows
a link between solutions of the hyperbolic problem (0.1) and solutions of minimum problems for integral
functionals on the same time domain. On the other hand this result provides a new proof of the existence of
a solution to (0.1).

The seminal idea of this approximation process goes back to a conjecture by De Giorgi [5] on the nonlinear
wave equation. Such a conjecture has been proven by Serra and Tilli in [8] and, in a more general setting,
in [9].

In our paper we extend their result to the case of time-dependent domains. To illustrate the global mini-
mization approach in our setting, we focus on the model case V; = H'(Q \ T;) and A = —A. The main idea is
to associate to the Cauchy problem (0.1) a functional of the form

o0
1 _t
Tew = 5 J e (2" (O172q) + IVUOIF g gay) AL (0.2)
0
This functional is to be minimized, for every fixed € > 0, among all the functions t — u(t) satisfying the
initial conditions u(0) = u® and u’(0) = u' and the time-dependent constraint u(t) € V; for a.e. t > 0. Once
the existence of a minimizer u, is proven, the Euler-Lagrange equation of (0.2) formally reads as

eul" (t) - 2eu)' () + ul () = Aug(t) =0 inQ\ Ty,

&

and hence, letting € — 0, one formally obtains a solution to the wave equation in (0.1).

As mentioned above, a quite general scheme to pass to the limit rigorously has been introduced by Serra
and Tilli in [9] when time-dependent constraint u(t) € V; is not present. The proof consists in finding suitable
estimates on the minimizers u, of the functionals ¥, and to exploit these estimates in order to obtain, by
compactness, the convergence of u, to a weak solution u to the wave equation.

In this paper we implement this scheme in the case of time-dependent domains. This requires some
changes in the proof, since all competitors of the minimum problem for (0.2) must satisfy the constraint
u(t) e Vyfora.e. t > 0.

The main change is in the proof of the key estimate for u.(t), which is obtained in [9] by using an inner
variation u.(¢s(t)) for a suitable function ¢s: [0, c0) — [0, 00). Since in our case we have to require that
us(ps(t)) € V¢ for a.e. t > 0, this variation is admissible only if ¢s(t) < t for a.e. t > 0. By the technical defi-
nition of @, this leads to the constraint § > 0. Therefore the standard comparison between the functional on
us(ps(t)) and on the minimizer u.(t), in the limit as § — 0+, gives only an inequality, instead of the equality
proven in [9, formula (4.7)]. This inequality, however, turns out to be enough to obtain the other estimates
of [9] with minor changes.

A further difficulty appears when proving that the limit u of u. is a weak solution of (0.1), since also the
test functions n must satisfy the constraint n(t) € V; fora.e. t > 0. Therefore, to adapt the proof of [9], we have
to approximate an arbitrary test function n satisfying the constraint n(¢t) € V; for a.e. t > 0 by sums of func-
tions of the form ¢(t)v with v € Vs and ¢ € C?(R) with supp(¢) ¢ [s, co), which still satisfy the constraint.

1 Description of the problem

1.1 Setting

To study the wave equation in time-dependent domains, we adopt the functional setting introduced in [4].
Let H be a separable Hilbert space and let (V¢)¢c[0,00) be a family of separable Hilbert spaces with the following
properties:

(H1) Foreveryt € [0, co) the space V; is contained and dense in H with continuous embedding.

(H2) Foreverys,t € [0, co0), with s < t, Vs is a closed subspace of V; with the induced scalar product.

The scalar product in H is denoted by (-, -) and the corresponding norm by | - |. The norm in V; is denoted
by || - l¢. By (H2) for every O < s < t we have ||v|s = ||v|; for every v € V.
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The dual of H is identified with H, while for every t € [0, T] the dual of V; is denoted by V. Note that the
adjoint of the continuous embedding of V; into H provides a continuous embedding of H into V; and that H
is dense in V. Let (-, - )¢ be the duality product between V; and V; and let | - ||; be the corresponding dual
norm. Note that (-, - ); is the unique continuous bilinear map on V; x V; satisfying

(h,v)¢ = (h,v) foreveryhe Handv € V;.

Let Voo := U Veandlet a: Vo, x Voo — R be a bilinear symmetric form satisfying the following condi-
tions:
(H3) Continuity: there exists My > 0 such that

la(u, v)| < Mollu|l¢llvl; foreveryt >0 andeveryu,v e V;.
(H4) Coercivity: there exist Ag > 0 and vo > O such that
a(u, u) + Aollull® = vollul|? forevery t > 0 and every u € V;.

(H5) Positive semidefiniteness:
a(u,u) >0 foreveryu € V.

For every 7, t € [0, 00) let AL : V; — V' be the continuous linear operator defined by
(ALu,v); :=a(u,v) foreveryue Viandv e V.

Note that
IA ullf < Mollull; for every u € V;.

Finally, we set Q(u) := a(u, u) for every u € V.
Definition 1.1. Given T > 0, we define

Wi = L2((0, T); V) n H'((0, T); H),
with the Hilbert space structure induced by the scalar product

(U, V)ygor = (U V)20, my;vy) + W', v 20, my;m)

where u’ and v’ denote the distributional derivatives. The norm induced by the scalar product (-, - )W(;,l is
denoted by || - IIW(;J. Moreover, we define

V(}’l ={ue Wg’l s u(t) € Veforaee. t € (0, T)},

and note that it is a closed subspace of W9'".
Analogously, we define
Wi? := L2((0, ); Vr) n H*((0, T); H),

with the Hilbert space structure induced by the scalar product
(u, V)Wgyz = (U, V)20, ;v + W' V120, my:my + W V120,105

and the space
V(}’z ={ue W(%,z :u(t) € Veforaee. t € (0, T)},

which is a closed subspace of W(}’z.
Finally, V! (resp. V%2) is defined as the space of functions u: (0, +co) — H whose restrictions to (0, T)
belong to \7‘%’1 (resp. \7(}’2) forevery T > 0.

Remark 1.2. Itiswell known that every function u € H'((0, T); H) (resp. u € H>((0, T); H)) admits a represen-
tative, still denoted by u, which belongs to the space C°([0, T1; H) (resp. C*([0, T]; H)). With this convention
we have \7%1 c €%([0, T]; H) (resp. \7%2 c cY([0, T); H)) for every T > 0.

Definition 1.3. We say that u is a weak solution of the equation

u"(t)+ Alu(t) =0, wu(t)eV; fort e [0, 00) (1.1)
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ifu € V%1 and for every T > 0,
T T
j(u’(t), W' (0)dt = ja(u(t), (o) de (1.2)
0 0

forevery i € \7%1 with ¢(0) = Y(T) = 0.

For every Banach space X let C, ([0, T]; X) be the space of functions u: [0, T] — X that are continuous for the
weak topology of X.

Remark 1.4. If u is a weak solution of (1.1) with u € L*((0, T); V1) and u’ € L*((0, T); H) for every T > 0,
then [4, Theorem 2.17 and Proposition 2.18] imply that, after a modification on a set of measure zero,
ue Cy([0,T); V) and u' € Cy([0, T]; H) for every T > 0.

1.2 Main results

Throughout the paper we fix u® € Vo, u' € H, and a sequence {ul} ¢ Vo such that
lul —ully -0 ase -0+ and  elullo < C (1.3)

for some constant C; < co. For every € > 0 we consider the functional

[ee]

j e (2" (O + Qu(e)) dt,

0

Fe(u) :=

N~

defined on the set
V02O, ul) = {u e Vo2 : u(0) = u°, u'(0) = ul},

which is well-defined in view of Remark 1.2.
We now state our main results, which are proven in Sections 2, 3, and 4.

Theorem 1.5. Forevery ¢ € (0, 1) the functional F admits a unique global minimizer u; in the set V%2 (u°, u}).
Moreover,
Fe(ue) < Ce, (1.4)

for some constant C < oo depending only on |[u®|lo and C;. In particular, if €]lu}|o — O as € — 0+, then
1
Fe(ug) < e(zQ(uo)HS), (1.5)
wherer, — 0as &€ — 0+.

Theorem 1.6. There exists a constant C < oo such that for every € € (0, 1) the minimizer u, of T in V%2 (u°, u})
satisfies the following estimates:

t+T

j Q(ug(s))ds < Ct foreveryt>0, T > ¢, (1.6)
t
lue(H)]> < C(1 +t2) foreveryt =0, (1.7)
luL(t)ll < C forevery t > 0. (1.8)

Theorem 1.7. For every € € (0, 1) let u. be the minimizer of F, in V%2(u°, ul). Then for every sequence
{en} € (0, 1), with £, — 0 as n — oo, there exist a subsequence, not relabeled, and a weak solution u of (1.1)
such that u,, — u weakly in W(;’l forevery T > 0. Moreover, the following properties hold:

(a) Weak continuity: u € C,([0, T]; V1) and u’ € C,, ([0, T]; H) for every T > O.

(b) Initial conditions: u(0) = u® and u'(0) = ul.

If, in addition, sllué lo = 0 as € — 0+, then the following energy inequality holds:

lu' (612 + Qu(®) < [ull?> + Q®) foreveryt> 0. (1.9)
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2 Proof of Theorem 1.5

Before proving our results we introduce a change of variables that will be useful throughout the paper.
Remark 2.1. For every € > 0 and every T > O we set

We'g := L2((0, T); Ver) n H*((0, T); H),
\72;% ={ve WS:% 1 v(t) € Vg forae. t € (0, T)}.

Note that Wg’% is a Hilbert space with the scalar product

(s V)ygo2 = (U, V)20, 1)3vep) + W', V2o, msmy + W, V) 120,15y

and \72”% is a closed subspace of WS”%. Furthermore, \7?’2 denotes the space of functions u: [0, co) — H whose
restrictions to the interval (0, T) belong to V?:% forevery T > 0. By Remark 1.2 every u € Wg:% admits a repre-
sentative, still denoted by u, which belongs to C'([0, T]; H). With this convention we have VS”% c CY([o, T]; H)
for every T > 0. Finally, we define

V22w, eul) := {v € V22 : v(0) = 0, v'(0) = eul}.
It is easy to see that if u € V%2(u®, u}), then the function v defined by
v(t) := u(et)
belongs to V22 (u°, eul) and
Fe(u) = €Ge(v),
where

@® 110412
Se(v) o= 3 J e—f(@ + QD)) dt.

0
In view of Remark 2.1, Theorem 1.5 is a consequence of the following result for the functional G..
Theorem 2.2. Foreverye € (0, 1) the functional . admits a unique global minimizer v in Vg’z(uo, sug). More-

over,
Ge(ve) < C (2.1)

for some constant C < co depending only on ||u®|lo and C,. Furthermore, u.(t) := vg(é) is the unique global
minimizer of F in V°-2(u°, ul) and satisfies (1.4). Finally, if €|u§llo — 0 as € — 0+, then

Ge(ve) < %Q(uo) re, 2.2)

wherere — 0as & — 0 and u; satisfies (1.5).
Proof. Fix & > 0 and set v(t) := u® + etul for every t > 0. Note that v € V2?(u°, eul), since u°, ul € Vo c V;
for every t > 0. By (H3) and by (1.3), we have

(o)

1 _
j e'Q(v(t) dt < EQ(uo) + Mo ellugllo(ellugllo + 1u°llo) < C, (2.3)
0

N =

Ge(v) =

where C is a constant depending only on C; and |uollo. Note that, if ellul]o — O as € — 0+, then by (2.1) it
follows that

5e(v) < 3 Q%) +1e,

wherer, — 0as e — 0.
In particular, G, has a finite infimum and (2.1) (as well as (2.2)) follows as soon as G, has an absolute
minimizer v.. To show this, consider a minimizing sequence {v; p} C Vg’z(uo, eué) and fix T > 0. By the very

Authenticated | Ideluca@sissa.it author's copy
Download Date | 8/24/18 9:09 AM



6 —— G.DalMasoand L. De Luca, A minimization approach to the wave equation DE GRUYTER

definition of G, and by (2.3),
T T
J vy, (o1 dt < e’ J e llvy (017 dt < 26T Ge(ve,n) < €2Cr (2.4)
0 0

for some constant C7 < co. The bound (2.4), together with the boundary conditions
Ven(0) =u’ and v, ,(0) = eul, (2.5)
implies
IVe,nllt2(0, ;1) < Crie (2.6)

for some constant Cre < co independent of n. Moreover, by (H2) and (H4), for ¢ € [0, T] we have
VollVen(OIF = Vollve,n (D117 < Aollve,n(DI* + Q(ve,n (D))

from which, using (2.3) and (2.6), we get
T
VolVeulEa o,y < AolVealoo,yan + [ QWen(®)de < Ere
0
for some constant C‘T,g < oo independent of n. It follows that ||v£,nllwg:; is uniformly bounded and hence, up
to a subsequence,
Ven — Ve in Wg,’% asn — oo,

for some v, € Wg’%. Moreover, since \72’% is closed, v, € \72’%, By the arbitrariness of T we have v, ¢ \72’2 and

by (2.5) we get vg’ € VS’Z(uO, eu}). Finally, since G, is lower semi-continuous and strictly convex by (H5), v is
the unique minimizer of G, in V2> (u®, eul). The statements about u,(t) follow from Remark 2.1. O

3 Proof of Theorem 1.6

We first introduce some notations. Let v, be the minimizer of G, in \78’2 (u°, sug) and let L. be the correspond-
ing Lagrangian defined as

Le(t) := De(t) + Qe(0), (3.1)
where .
lve (DI Q(ve())
Dg(t) := 8282 and Qg(t) := TR
Moreover, we define the kinetic energy function K, as
(NAGIS
K. (¢t) := .
(0) = =53

We shall use the following result, which can be proven as in [9, Lemma 3.4].

Lemma 3.1. There exists a constant C < co (depending only on |u®|lo, |ull,, and Cy in (1.3)) such that for every
€ € (0, 1) the minimizer v of G¢ in VS’Z(uO, eu}) satisfies

T N VAGIE
Je‘th(t) dt = Je‘t E——dt<C,
] 3 2¢e

T G &

j e 'Ke(t) dt = Je‘f = —dt<C.
0 0 2¢

In particular, in view of Lemma 3.1, we have K, ¢ W%1(0, T) forall T > 0 and

KL(t) = glz(v"g(t), vl(t)) fora.e.t>O0. (3.2)
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Following the approach in [9], we introduce the average operator A, defined by

o0

(AN(S) = j eI dt, s3>0,

S

for every measurable function f: [0, co) — [0, co].
We note that Af is well defined (possibly co) since f > 0. Moreover, the equality

[ee]

AF(0) = j e f(t) dt

0

implies that, if Af(0) < oo, then Af is absolutely continuous on all intervals [0, T] and
(AP = Af -f a.e.in[0, 00). (3.3)

In any case, since Af > 0, starting from f > 0 one can iterate A, and a simple computation gives

o0

(A2f)(s) = j e 9t~ )b dt,

S

thus in particular

(A2)(0) = j eUtf(b) dt.
[0)

Finally, we define the approximate energy
Ec(t) == Ke(t) + (A2 Qe)(D).
The key ingredient in order to prove Theorem 1.6 is given by the following proposition.

Proposition 3.2. The function E. is uniformly bounded and monotonically nonincreasing. More precisely, there
exists a constant C} < co, depending only on |[u®llo, llu'll, and C; in (1.3), such that

Ec(t)< C} foreveryt=0. (3.4)
Moreover, if elluéllo — 0as e — O+, then
Ee(0) < SILI + 5Q0) + 7, (3.5)
where7, — 0as e — 0+.

Proof. The proof of Proposition 3.2 closely follows the strategy adopted in [9] to prove [9, Theorem 4.8]. We
briefly sketch the main steps, underlining the main differences with respect to the case treated in [9]. The
proof is divided into four steps.

Step 1. Foreveryg € C1(R; [0, 00)), with g(0) = 0 and g(t) affine for t sufficiently large, there exists a constant
C1(g) < oo, depending on g, |[u°|lo, and C1 in (1.3), such that

(o) (o)
I e™(g'(s) - g(s))Le(s)ds - J e (4Dc(s)g'(s) + K.(s)g" (s))ds + Re > 0, (3.6)
0 0
where
o0
R :=eg'(0) J eSsa(ve(s), ul)ds
0
satisfies
[Re| < C1(8). (3.7)
In particular, ifsllug lo — 0as e — 0+, then
|[Re] =0 ase—0+. (3.8)
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Using the approximation argument in [9, Corollary 4.5], it is enough to prove (3.6) for g € C2(RR; [0, 00)) with
g(0) = 0 and g(t) constant for t large enough.

For § > 0 small enough, the function @g(t) := t - 8g(t) is a C2-diffeomorphism of [0, co) into itself. We
consider the function v, s(t) := ve(@s(t)) + t6£g’(0)u§. By construction @s(t) <t so that, in view of (H2),
Ve,s € \78’2. Note that in the proof of this property the condition § > 0is crucial. Moreover, v, s(0) = v¢(0) = u®
and

vy 5D, = ve(0)(1 - 68(0)) + beg’ (O)u; = euy,
whence ve 5 € V22O, eul).

Set Ys(s) := (pgl(s) for every s > 0. By the change of variables ¢ = Y5(s), it is straightforward to check
that

Ge(Ve,5) = 2—22 j P5(9)e PO v () hs(9))I? + vi(s)p) (Ps(s))I ds
R (3.9)
+3 | Whe P O0(s) + Beg 05 ds.
0
Notice that
s = @s(Ps(s)) = Ps(s) — 6g(PPs(s)) (3.10)

so that, in view of the assumptions on g, we have e ¥s() < gdl8l= =5 Moreover, since
Ps(s) =1+ 68 (Ps()Ps(s) and  Py(s) = 6(8" (Ps(s)(W5(s)* + &' (Ps(s)P} (),

for 6 sufficiently small both ¢ (’3(5) and Y g’ (s) are bounded uniformly with respect to s. This fact, together with
Lemma 3.1, implies that the first integral in (3.9) is finite. As for the second integral we have
(o]
1
j Pi(s)e™Qve(s) + g (0o (s)uz) ds < S [l (Ay +4; + A3),
0

N[~

where

Ay = je*so(vas))ds,
(0]

Ay = 6%(g'(0))’*QMuy) J e~ (1hs(s))* ds,
0

(o)
As = 26e¢'(0) J e SPs(s)a(ve(s), ul) ds.
0
Now, A; < oo by (2.1) and A, < +co in view of (3.10). Finally, by (H5) and the Cauchy inequality, we have
As < Aj + Ay < oo. It follows Ge(ve,5) < oo for 6 sufficiently small. Analogously, one can show that differen-
tiation under the integral sign in (3.9) is possible.
Since vg,o = veand vg 5 € V?’z(uo, eu}) only for § > 0, the minimality of v, implies

d
Egs(ve,ﬁ) 50 >0,

while in [9] the equality holds. One can compute this derivative as in [9, pp. 2031-2032] and one can check
that it coincides with the left-hand side of (3.6).
As for R, by assumptions (H3) and (H5) and by (1.3) and (2.2), we have
Rel = elg'(0)] | e lawve(s), ub)lds

0
(e 00

< s|g'(0)|( j e Q(ve(s)) ds + Mol o j ess? ds)
0 0
< 18" (0)1(2€G¢(ve) + 2Moellutllo) < 28" (0)(eC + C1) =: C1(g), (3.11)
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thus proving (3.7). By the last but one inequality in (3.11) and by (2.2), it follows that, if eJulllo — O
as & — 0+, then R, — Oas & — O+.

Step 2. We have (A?L,)(0) < (AL¢)(0) — 4(ADg)(0) + Re.

The claim follows by applying (3.6) with g(t) = t.

Step 3. We have K.(t) < (AL¢)(t) — (A?Le)(t) — 4(ADg)(t) for almost every t > 0.

The proof closely resembles the one of [9, Corollary 4.7]. Fix ¢ > 0 and for every § > O let g¢ 5 be defined by
0 ifs<t,

% ifse[t t+6],

s—t-% ifs>t+8.
The claim follows by considering g = g¢,5 in (3.6) and sending § — O.
Step 4. Inequality (3.4) holds true.

In view of Step 2 and (3.2), A%Q, and K, are absolutely continuous on the intervals [0, T] for every T > 0.
Therefore, we can differentiate E. and, using Step 3, (3.3), and the very definition of L. in (3.1), we get

EL =K. +(A%Q.) = K. + A*Qc — AQ < AL — A’Lg — 4AD; + A*Qe — AQ; = ~A*De -~ 3AD, < 0,
and hence E(t) < E.(0) fora.e. t > 0. Moreover, by the very definition of E; and L., together with (2.1), Step 2,
and (3.7), it follows that

1
Ee(0) = Ke(0) + (A?Qe)(0) = S luz|* + (A?Qe)(0)
1 1
< Sl + (A2Le)(0) < Sz | + (AL)(0) + Re

1
= Elluéll2 +Ge(ve) + R < CY, (3.12)

where C'; depends on [[u°]o, [[ulll, and C; in (1.3). This concludes the proof of (3.4). Finally, by using (3.8)
and (2.2) in the last line in (3.12), we obtain that, if ]ulllo — 0 as € — 0+, then

1 1 1 1 —
Ec(0) < Slugl® + S QM) + 7 + Re < Slugl® + S Q) +7e,
where 7. — 0 as € — 0+. Therefore also (3.5) holds true.

Proof of Theorem 1.6. By using Proposition 3.2, Theorem 1.6 can be proven as in [9, Section 5]. O

4 Proof of Theorem 1.7

Before proving Theorem 1.7, we introduce a suitable subset of VS”%, which is dense in
{n € C3(0, T); V1) : n(t) € V; forevery t € (0, T)}.

For every € > O and T > 0, we define D as the set of all functions 17 € C%((O, T); V) of the form
N-2 2

n6)y =Y Y @ijdhi;

i=2 j=0
forsome NeN,O=fy <ty <---<ty=T, @jj¢ C%(R) with supp @i C [ti-1, tiv1], and h;j e Vi, fori=
2,...,N-2andj=0,1,2. By (H2) the last two conditions imply that n(t) € V; for every t € [0, T]. We are
now in a position to state and prove our density result.

Lemma 4.1. Let T > 0. For every n € C2((0, T); V). with n(t) € V; for every t € (0, T), there exists a sequence
{nn} c Dr such that
In - nwllc2o,m;v,) = 0 as N — oo. (4.1)
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Proof. Let n € C%((O, T); V), with n(t) € V; for every t € (0, T). In order to construct the approximating
sequence {ny} ¢ D7, we make use of quintic Hermite interpolants, that we construct here through the Bern-
stein polynomials. Let N € IN and set t; = i% fori=0,1,...,N.Fixi=0,...,N. For n € N, we define the
Bernstein polynomials in the interval [¢;, ti+1] as

. (Z)(t—ti)k(tm—t)"‘k fork=0,...,n,
k,n =

0 fork<Oork>n,

and we define the polynomials of the spline basis as follows:

NS . . . N5 . . .
Pi0.(0) 1= 7= (Bl (0 + By 5(0+ By 5(0), Wio,-(0) i= (B 5(0)+ Bl 5(0) + B 5(0),

Nt : N* i i
Pina(0) = o (B 5(0) + 2B) 5(0), Wit ~(0) =~ (25 5(0) + B 5(0),
N3 . N> .
Yio,+(t) = ZOTBIZ’S(”’ Yio,-(t) := ﬁBé,g(t)-
By construction, it is easy to see that
Yi0,+(t) + Yio,-(t) =1 fort e [ti, tira]. (4.2)
Moreover, by using that
d . . .
B0 = (Bl 1 (0= Bl 4 (0),
one can easily show that
T ! ! !
—N¢i,o,+(t) +Yi, O+, (D=1, (4.3)
T2 n T " n "
_Wlpi,o,+(t) + Nl/)m,,(t) + l/)i,z,+(t) + ll)i,Z,,(t) =1. (4.4)

Foreveryi=1,...,N-1andj=0,1,2 weset

lpi,l,]",(t) lft € [tl'fls ti]’
@i i(t) == PYij+(0) ift e [t;, tiy1],

0 elsewhere.
Finally, we define the function
N-2
N = Y (@i0(ON(ti-1) + i1 (07 (tio1) + @i2(ON" (ti-1)).-
i=2

By (H2) we have n(ti_1), n'(ti-1), n" (ti-1) € V¢,_,, hence ny € Dr for every N € IN.
It remains to prove (4.1). Let t € suppn. For N € N large enough there exists i = 2, ..., N - 3 such that
t € [ti, tiy1), so that by (4.2) and by the very definition of ny, ¥; 1.+, and ¥; 2.+, we have

Inn(®) = 1Ol < 1Pi0,+(ON(tic) + Pio-(ON(t) = 0Ol + O(F)
< In(tica) = n(®lr + In(t) = n@®lr + O(x),
and hence ny converges to  in V7 uniformly in [0, T]. Analogously, by (4.3), we obtain
T
Vo, ON(ti-1) + W0 _(ONE) + 510, OO +19] 1 el (ti-0) = 'Ol

+ II'IJ,'-,L_IILOO In'(t) - n'®lr + 0(%),
which, using that (by (4.2)) the first term on the right-hand side is bounded by

Ink(6) - ' (Bllr < \

T nt) -n(ti-)

10, Ol |- TR o)

N T r
implies that n}, converges to n’ in V¢ uniformly in [0, T]. Analogously, using (4.2), (4.3), and (4.4), one can
show that n}; converges uniformly to n” in [0, T1. O
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Lemma 4.2. Lete > 0and T > 0. For every n € C2((0, T); V), with n(t) € V¢ for every t € (0, T), we have

T
J e 5 (e2(uf (), 1" (5)) + alue(s), n(s))) ds = 0. “5)
0

Proof. In view of Lemma 4.1, it is sufficient to prove (4.5) for n € Dr. The proof is analogous to the one
of [9, Lemma 5.1]. Let § € [-1, 1] and set u, s := u, + 7. By construction, u; s € \7?’2 and, since 1 has com-
pact support, also the initial conditions are satisfied. Therefore u, s € V%2(u°, u}), and, again by construc-
tion, F,(ug,s) is finite. Then the Euler-Lagrange equation (4.5) easily follows by differentiating F, (u;,5) with
respectto §at 6 = 0. O

We are now in a position to prove Theorem 1.7.

Proof of Theorem 1.7. Let us fix a sequence {e,} c (0, 1), with &, — 0asn — oco. We divide the proof into five
steps.

Step 1. There exist a subsequence, not relabeled, and a function u € V%! such that
Ug, — U in W(}’l forevery T > 0. (4.6)
Moreover, u' € L®((0, 00); H) and u € L*((0, T); V) for every T > 0.

Let T > 0. By (1.7) and (1.8),
sup |lue, 71 (0, 1);H) < ©0.
nelN

This inequality, together with (H4) and (1.6), implies that there exists Ct < co such that

T
Vol I,y < [ Qe (0t + Aol I,y < C-
0

As aresult {u,,} is equibounded in W%l and hence there exist a subsequence, not relabeled, and a function

ue W(}’l such that ue, — u weakly in W(%’l. Moreover, since {ug,} C V(}’Z C \7%1 and \7(}’1 is a closed sub-

space of W(}’l, we have u € V‘%’l. By the arbitrariness of T, the function u belongs to V%! and (4.6) holds true.
Furthermore, in view of (4.6), inequality (1.8) implies u’ € L*((0, oo); H) and (1.7) gives u € L*®((0, T); V1)
forevery T > 0.

Step 2. Let T > 0. For every Y € CX((0, T); V1), with Y(t) € V; forevery t € (0, T), we have

T

T
J(u;n(t), 29" (6) + 2eat" () + (1)) dt = j aug, (6), () dt. “.7)
0

0
The claim follows by considering n(t) = e e Y (t) in (4.5) and integrating by parts.
Step 3. The function u is a weak solution of (1.1).

By [4, Lemma 2.8], it is enough to prove the claim for i) € C2((0, T); V1) with 1(t) € V; for every t € (0, T).
In view of (4.6), one can pass to the limit as n — co in (4.7), thus obtaining (1.2).

Step 4. The function u satisfies (a) and (b).

Since u' € L*((0, 00); H) and u € L*®((0, T); Vr) for every T > 0 by Step 1, property (a) follows from Step 3,
thanks to Remark 1.4. Claim (b) is obtained by combining (a), (1.3), and (4.6), together with the fact that
ug, € VOO, ul ).

Step 5. The function u satisfies the energy inequality (1.9).

By using [9, Lemma 6.1] and (3.5), one can argue as in [9, Section 6] to obtain that the energy inequality (1.9)
is satisfied for almost every t > 0. Actually, in view of (a), this inequality is satisfied for every t > 0. O
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