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Abstract

We analyze the spatio-temporal dynamics of a simple model of macroeconomic geography in which
demography and pollution dynamics mutually affect each other. Pollution by reducing the carrying ca-
pacity of the natural environment, which determines the maximum amount of people a given location can
effectively bear, crucially affects labor force dynamics which in turn alter the amount of resources available
for abatement activities aiming to reduce pollution. Such mutual links determine the eventual sustain-
ability of the development process in different locations and economies, and spatial interactions further
complicate the picture. We show that neglecting the existence of mutual feedback between population and
pollution leads to misleading conclusions about the eventual sustainability of a specific location. We also
show that even neglecting the existence of spatial externalities can lead to misleading conclusions about
the sustainability of different regions in the spatial economy. This suggests thus that both the nature of
the population and pollution relationship and geographical factors may play a critical role in the process
of sustainable development.
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1 Introduction

The topic of sustainability has become very popular over the last decades, and both academics and pol-
icymakers are nowadays more interested than ever in understanding how to address the economy along
a sustainable development path (Solow, 1974; Stokey, 1998; UNEP, 2012). Sustainability has been tradi-
tionally defined as the ability to satisfy “the needs of the present without compromising the ability of future
generations to meet their own needs” (WCED), 1987). Thus, such a notion requires to take into account three
different critical dimensionsﬂ of the sustainable matter: an economic, an environmental and a demographic
dimension. Clearly, economy and environment are strictly interconnected, since economic activities are the
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main source of environmental degradation and environmental quality may feed back on economic capabil-
ities. But also demography plays a crucial role in the sustainable problem: population growth demands
rising economic activities and exacerbates environmental problems, and at the same time it is affected by
both economic and environmental outcomes, through food production and health conditions, respectively.
Despite these clear links among such three dimensions of sustainability, most of the efforts in literature
have been devoted to the analysis of the relation between the economic and environmental dimensions (see
Xepapadeas, 2005, for a survey of the growth and environment relationship), often completely neglecting
population growth and its mutual feedbacks with both economy and environment, even if a growing consen-
sus has recently emerged on the fact that population clearly matters for sustainable developmentﬂ (UNFPA,
2012). Thus, the goal of this paper is to shed some light on the role of population change in the sustainable
discourse, by developing a simple model in which population and pollution dynamics mutually interact.
Specifically, our contribution to extant literature is twofold: firstly, we explicitly allow for some mutual dy-
namic interactions between the population size (and thus the labor force) and the pollution stock; secondly,
we also allow for the demographic and environment relation to be not only time but also space dependent.

The existence of some important relation between the human population and its hosting natural en-
vironment has been known for centuries. Malthus (1798) is the first to conjecture that fast population
growth is not sustainable, since exercising excessive pressure on the availability of food supplies. The rise
of technological progress in agricultural production has weakened the Malthusian argument, which over
time, following Kahn et al. (1976), has been replaced by the cornucopian view that population growth by
promoting technical change may even tend to increase food availability (see Panayotou, 2000, for a survey
of alternative theories on the population and environment relation). As a result the concerns for the role of
human population in the (sustainable) development process have vanished and very few attempts have been
made to characterize the extent to which human population and the natural environment are effectively
compatible from a sustainability point of view. By focusing only on the population and environment rela-
tion, some works show that the existence of sustainable paths where humans and the natural environment
coexist does not have to be taken for granted at all (Nerlove, 1991; Marsiglio, 2011), while others show that
sustainability can be achieved if humans adapt their behavior according to the state of the environment
(Berck et al., 2012). By taking into account also economic factors, some recent works have shown the impor-
tance of demographic policies (de la Croix and Gosseries, 2012; Marsiglio, 2017) and technological progress
(Boucekkine et al., 2014) in order to favor sustainable development. Our paper contributes to this literature
by considering how spatial spillovers impact on all the three dimensions of the sustainable matter.

The importance of spatial interactions for economic activities and outcomes has been recognized only
recently by the economic geography literature. Krugman’s (1991) seminal work firstly identifies spatial
externalities as the main source of regional differentiation, explaining why some regions might end up
becoming an industrialized core and others an agricultural periphery; such a core-periphery pattern by
being self-reinforcing may give rise to path dependent outcomes strongly affecting the development process
of different regions for long periods of time. Only more recently an economic geography approach has been
introduced in other setups, giving rise to spatial macroeconomics and spatial ecological economics models.
A growing number of studies has analyzed the effects of spatial spillovers on economic growth (Brito, 2004;
Camacho and Zou, 2004; Camacho et al., 2008; Boucekkine et al., 2009; 2013a, 2013b) and natural resource
management (Brock and Xepapadeas, 2008, 2010; Brock et al., 2014b; Camacho and Pérez—Barahona, 2015).
Only recently some attempts have been made to characterize the role of such spatial effects on the process of
sustainable development, by analyzing the mutual economy and environment relation (Brock et al., 2014a;

2 A recent report of the United Nations Population Fund stresses the importance of demographic challenges for sustainability
issues and calls for more efforts in order to better understand its implications for development policies. “In sum, while changes
in population size have important implications for sustainable development, other population dynamics, which have received even
less attention, have too. How many people will be added to the world matters; it also matters where they will live, how old they
are and what they do, produce and consume” (UNFPA, 2012).



La Torre et al., 2015). Our paper contributes to this literature by focusing on the role of demography and
its spatial patterns in the process of sustainable development.

This work tries thus to combine together two different streams of literature: the sustainability and
the macroeconomic geography literatures. From the latter we borrow the framework for our analysis: we
consider, indeed, a spatial macroeconomic model with environmental and demographic interactions; the
setup most similar to ours is La Torre et al.’s (2015), but differently from them we allow for population
growth and labor migration to play a specific role in the dynamic evolution of the spatial economy. From the
former, instead, we borrow the interest in analyzing whether and under which specific contexts sustainable
development paths may exist; to the best of our knowledge, the presence of a spatial dimension in our
analysis makes our paper not comparable to any other existing work, since spatio-temporal dynamics have
never been discussed from a similar sustainability point of view thus far. Our main results allow to stress that:
(i) by taking into account the population and pollution relationship, it is particularly difficult to identify
sustainable development paths along which human population and the natural environment mutually coexist,
and (ii) by neglecting the existence of spatial externalities, the conclusions about the sustainability of the
development path followed by certain regions analyzed in complete isolation from neighboring regions may
be completely misleading. Indeed, related to the first type of result, we can show that neglecting the mutual
feedback between demographic and environmental outcomes precludes us from identifying the existence of
a sustainable problem; this is due to the fact that such a view on the population and environment relation
would lead us to conclude that sustainability would be naturally achieved and thus there is no need at all
to worry about sustainable development. Related to the second result, instead, it may happen that some
regions, which in absence of spatial interactions are meant to develop along a sustainable path, because of
spatial externalities will be brought in an unsustainable status characterized by unlimited pollution growth
and extinction of human population because of the interaction with neighboring regions developing along a
unsustainable trajectory. These results suggest that despite the little attention received in literature thus far
the relation between population and environment, along with its geographical characteristics, are essential
elements to take into account in order to plan sustainable development and design appropriate policies.

The paper proceeds as follows. Section [2] introduces our baseline spatio-temporal dynamic model, which
for the sake of simplicity abstracts from capital accumulation, and thus it is summarized by two partial
differential equations describing the evolution of human population and pollution, respectively. We explicitly
analyze how the demographic and environmental outcomes change both over time and across space in the
case in which spatial externalities are either present or absent. Specifically, in section [3]we focus on the role of
population growth (with no spatial externalities), showing that abstracting from the mutual population and
pollution feedback leads to conclusions completely different from those obtained by taking into account such a
mutual relation. In section[d]we focus on the role of spatial extenalities, showing that neglecting the existence
of spatial interactions may distort completely our conclusions, which may end up being more optimistic in
an a-spatial than in a spatial framework. Section [5| relaxes our assumption of no capital accumulation and
thus extends the baseline model by introducing a third partial differential equation describing the evolution
of capital. We show that the introduction of capital accumulation only complicates the analysis but does
not substantially change our qualitative results. As usual section [6] concludes and presents directions for
future research. Mathematical technicalities are discussed in the appendices [A] and [B]

2 The Baseline Model

We consider a simple model of macroeconomic geography in which for the sake of simplicity agents consume
all their disposable income (we shall remove this assumption in section [5)) and inelastically supply labor.
Since there is no unemployment, the population size and the labor force perfectly coincide, thus the terms
population and labor force (or simply labor) will be used interchangeably in what follows. We assume that

economic production activities generate pollution and abatement activities financed by income taxation



reduce the amount of pollution in the economy, such that production has a net beneficial effect on pollution
(via abatement). Pollution, by affecting the carrying capacity of the natural environment in which human
population lives, determines the evolution of the labor force, which is an essential input in the production
of final output. Differently from the extant spatial macroeconomic literature, population grows over time
and its dynamics is therefore affected by pollution; at the same time pollution evolves over time and is
affected by the population size; thus human population and the natural environment strongly affect each
other through the pollution channel. We assume a continuous space structure to represent that the spatial
economy develops along a linear city (see Hotelling, 1929), where the population (labor force) is mobile
across different locations and pollution, even if generated in a specific location, diffuses across the whole
economy as in La Torre et al. (2015). We denote with L(x,t) and P(z,t) respectively the population size
and pollution stock in the position x at date ¢, in a compact interval [z,,z;] C R, and ¢ > 0. We also
assume that the initial population and pollution distribution, L(x,0) and P(z,0), are known and there
is no migration or pollution flow through the borders of [z, zp], namely the directional derivative is null,

3Lé§§’t) = 6P§§’t) =0, at ¢ = 2, and z = xp.

Output is produced according to a Cobb-Douglas production function employing a constant amount of
capital, K, and labor as Y (z,t) = AK®L(z,t)!~®, where A > 0 is a scale parameter measuring the total
factor productivity and 0 < a < 1 represents the capital share of income; without loss of generality the
capital stock is normalized to unity, K = 1. Pollution increases with the emissions generated by economic
activity and decreases according to natural factors; specifically, economic output generates emissions which
increase the stock of pollution at a rate 8 > 0, while the natural decay rate of pollution is §p > 0. We assume
that such a difference is positive, 8 > dp, such that because of anthropogenic activities pollution tends to
accumulate over time (La Torre et al., 2017). However, the local government collects taxes proportional to
income, at the rate 0 < 7 < 1, in order to finance abatement activities; the tax revenue, R(z,t) = 7Y (z,1),
is entirely devoted to reduce emissions, and in particular the rate of pollutant emissions is lowered by a
decreasing and convex abatement function M[R(z,t)] with M’(-) < 0 and M”(-) > 0. The abatement

function is assumed for the sake of simplicity to take the following form M[R(x,t)] = , implying that

HR;(M)
with no economic activities, Y (x, t) = 0, since there are no resources to finance abatement, pollution will tend
to grow at its exogenous and constant rate, 8 — dp. The local population, entirely consumes its disposable
income, C(z,t) = (1 — 7)Y (2,t), and grows over time. We assume that it evolves according to a logistic
equation, where €2 > 0 represents the carrying capacity of the natural environment, which is affected by
pollution flows, through a decreasing and convex feedback function F[P(x,t)] with F'(-) < 0 and F"(-) > 0.
This captures the fact that pollution, by putting under stress the natural ecosystem, acts as an hindrance
to the development of human population, which in turn is the primary source of pollution reduction. Such

a feedback function is assumed to take a form similar to the abatement function, F(x,t) = with

1
1+0P(z,t)
0 > 0 being a scale parameter.

The spatio-temporal dynamic model can thus be summarized by the following system of two partial

differential equations:

z *L(x
8L(6t’t) _ dLag(m;t) + L(x,t) [H_QQW - Hat) } .
oP x, 9P z,
((%t) = dpa(xgt) +P(z,?) [1 + TALB(HJ, t)t-e - 5P] ?

Equation describes the evolution of pollution over time and across space. Pollution accumulation is
driven by the characteristics of the environment, which suggest that the self-cleaning capacity of the natural
environment, dp, is not enough to offset the human-induced pollution growth rate, 8 (La Torre et al., 2017).
However abatement activities allow to lower the pollutant emissions, which net of abatement activities are
HTA%; if abatement is effective, the net (of abatement) growth of pollution is negative, and
the pollution stock will decrease over time. The spatial externality is taken into account by the diffusion
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term: the intensity of the diffusion process is measured by the coefficient of diffusion dp > 0, measuring
the extent to which pollution no matter where it is originally generated spreads across the whole spatial
economy (La Torre et al., 2015). Equation describes the evolution of the human population over time
and across space. In absence of pollution, the population size would grow according to a logistic law with
constant carrying capacity, Q (Verhulst, 1838). By taking into account the negative pollution externality, the
demographic law of motion is still logistic, but the maximum value of the population size that the natural
environment can bear is represented by the term H%: pollution thus decreases the carrying capacity. As
for the case of pollution, the spatial externality is represented by the diffusion term, where d;, > 0, represents
the diffusion coefficient, measuring the extent to which population tends to migrate across different locations
in the spatial economyﬂ Equations and allow us to analyze how human population and pollution are
mutually related in a spatial context, formally taking into account two of the three dimensions (environment
and population) of the sustainable problem. We shall introduce the third dimension (economy) in section
where we will consider the implications of capital accumulation on our setup.

Note that our framework is substantially different from extant works in the macroeconomic geography
literature along two main directions. (i) Most of the papers focus on the spatial spillovers arising from capital
accumulation (Brito, 2004; Camacho and Zou, 2004; Camacho et al., 2008; Boucekkine et al., 2009; 2013a,
2013b; La Torre et al., 2015), while we analyze the spatial spillovers associated with pollution and population
growth. While no other work has accounted for the spatial implications of population growth, the effects
of pollution diffusion are discussed only by La Torre et al. (2015), who analyze how pollution and capital
accumulation are mutually related. In their setup static and dynamic spatial externalities are both essential
determinants of the economic and environmental performance of specific regions; even if not explicitly
mentioning sustainability to some extent their work allows to identify eventual sustainable paths and how
the development pattern may vary from region to region within the spatial economy. Differently from them,
we wish to understand the nature of the feedback effects between population growth and pollution, thus
taking into account capital accumulation is not our main goal. However, as we shall show in section
the introduction of capital in our setup will not change our main conclusions, thus it seems convenient to
present the model first in its simplest possible formﬂ (ii) Moreover, most of the papers in this literature
analyze a framework with optimizing agents, which however raises issues related to the formulation of the
associated optimal control problem (see Boucekkine et al., 2013a, 2013b, for a discussion of how a typical
macroeconomic model extended to a spatial setup gives rise to an ill-posed problem). Even abstracting from
agents’ optimization, our model is able to capture in a neat and interesting way the main channels through
which population and geography matter in the sustainability debate, thus it seems convenient to keep the
analysis as simple as possible.

Our framework is also substantially different from extant works in the sustainability literature. The
papers most closely related to ours are Berck et al.’s (2012) and Boucekkine et al.’s (2014) who characterize
population dynamics through a logistic differential equation to account for feedback effects between human
population and the environment. While in both these studies the feedback is unidirectional (from environ-
ment to population in Berck et al., 2012; and from population to environment in Boucekkine et al., 2014),
in our model population and environment mutually affect each other. Moreover, none of these works takes
into account the effects of spatial spillovers which is instead the main focus of our analysis.

3Note that in our setting the only determinant of the interlocation spatial dynamics of pollution and population is the
interlocation concentration differential of pollution and population, respectively. Specifically, pollution (population) tends to
spread out from locations with high concentrations to locations with low concentrations of pollution (population).

41t is also possible to show that from a qualitative point of view our results are robust to alternative formulations. Other
than the introduction of capital accumulation, also allowing the consumption good to be tradable across location or abatement
activities to be financed via lump sum (rather than proportional) taxation or else abatement to be independent of output would
not substantially modify our conclusions.



3 No Diffusion: the Role of Population Dynamics

In order to look at the mutual interactions between population and pollution in the simplest possible way,
we first analyze the behavior of the above system without diffusion, but preserving the spatial structure.
This allows us to comment in a simplified setup on the role that population might play in the sustainable
debate, but also to compare the outcome with what arises in the diffusion case which we will analyze later in
section [d As we shall see, not considering the interaction between population dynamics and pollution, as it
has generally been done thus far in the sustainability literature, leads to substantially misleading conclusions
about the eventual sustainability of the development process of specific locations or economies. In the case
with no diffusion, that is dp = dy, = 0, the system of partial differential equations and boils down to
the following parametric system of ordinary differential equations:

S = 10 10 ®
dP(t) g
@ - 70 [W‘5P] @

The system - is characterized by several parameters, each of which could be space dependant,
but for the sake of simplicity, and in order to emphasize the implications of spatial externalities, we assume
that they are all spatially homogeneous. Any position x needs to be interpreted as a specific location, thus
a set of adjacent locations can be interpreted as a region in the spatial economy. Note first that the system
- is actually a system of ordinary differential equations, since each point in the spatial domain has
its own time dynamics, but there is no interaction between adjacent locations. Next proposition offers a
concise description of the properties of this system, stating that Vo € [x4,xp] the system - has a
trivial unstable equilibrium along with two non-trivial and somehow stable equilibria.

Proposition 1. Suppose that B—3p < TASpQ~. Then the system (@ - has three equilibria, E1 = (0,0),
Es = (2,0) and E3 = (L, P), where:

— (B—ép ==

L <TA6P> (5)

— 1 Q

P = 2 7(5—5p)ﬁ_1 (6)
TAdp

The origin Ey = (0,0) is unstable, E5 = (Q,0) is asymptotically stable, while E3 = (L, P) is saddle-point
stable.

Proof. See Appendix [A] [ |

Proposition [1] fully characterizes the possible long run outcomes of our model economy. The technical
condition in Proposition [I| requires that abatement activities are effective enough in their goal of reducing
the growth rate of pollution; indeed, what such a condition means is that the otherwise positive net (of
natural decay) growth rate of pollution, S — dp > 0, thanks to environmental protection efforts is lowered

enough to become negative — dp < 0. If this condition was not met, all environmental efforts

e
would be pointless since pollution would always be meant to permanently grow, no matter the amount of
resources devoted to abatement; clearly abatement activities in such a framework would make no sense.
Provided that such a technical condition is met, apart from the trivial and not interesting equilibrium, there
exist two different equilibria: FEs is an “idyllic equilibrium” in which pollution is completely null and the
population stabilizes at the level implied by the environmental carrying capacity, while E3 is a more “realistic
equilibrium” in which both population and pollution stabilize at strictly positive levels. Even if the idyllic

equilibrium is asymptotically stable, the possible outcomes in our model economy are all but obvious and



sustainable development cannot be taken for granted. Indeed, a crucial role in this context is played by the
other non-trivial (realistic) equilibrium which to some extent determines whether the economy will tend to
converge to the idyllic outcome or not.

In order to look at why this might be the case, let us analyze the demographic and pollution dynamics
through the phase diagram in Figure [I} In the left panel, the blue stars identify the three equilibria, while
the red curves show the joint evolution of population and pollution starting from arbitrary initial conditions
(Lo, Py). The black curve represents instead the unique trajectory allowing pollution and population to
converge to the equilibrium E3 = (L, P), that is it represents its unidimensional stable manifold. It is
straightforward to notice that the stable manifold of the saddle behaves as a separatrix between the basin
of attraction of the idyllic equilibrium FEs, and the region of the plane where the diverging trajectories are
doomed to reach (0, +00) eventually. This means that according to the value of the initial conditions (Lg, Pp)
two different outcomes are possibleﬂ as long as (Lg, Py) lies below the stable manifold of the saddle then the
idyllic equilibrium will be achieved over the long run; however, as (Lo, Py) lies above this curve the idyllic
equilibrium will no longer be reached, and in such a framework pollution will continue to grow permanently
and, because of its effect on the carrying capacity, the population will asymptotically disappear. Clearly,
while the former case represents an outcome which can be deemed as sustainable (since human population and
the environment coexist), the latter needs to be deemed as unsustainable (the environment gets infinitely
polluted and human population vanishes). Therefore, despite the existence of an asymptotically stable
idyllic equilibrium the economy does not necessarily need to achieve a sustainable outcome, and whether
this happens or not depends on the initial level of both human population and pollution. In Figure [I], the
right panel represents both the stable and unstable manifolds of the saddle, and as it should be clear from
the left panel, the unstable manifold gives rise to an heteroclinic orbit connecting the saddle itself to the
idyllic equilibrium.

Phase Diagram (L,P)
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Figure 1: Phase diagram of population and pollution in the (L, P) plane (right panel), and stable and
unstable manifolds of the saddle-point stable equilibrium Ej3 (right panel).

From the above discussion it is clear that analyzing the size of the basin of attraction of the idyllic
equilibrium is essential in order to understand whether the economy is likely to develop along a sustainable
or unsustainable path. The phase diagram above is shown for a given set of parameter values satisfying the
technical condition in Proposition [I| However, whenever 8 — dp changes, getting closer to zero or closer to
its upper bound 7A5pQ' =%, the size of the basin of attraction of the idyllic equilibrium drastically changes.

5Note that a third outcome is possible: (Lo, Po) lies exactly on the stable manifold and thus over the long run the more
realistic equilibrium FE3 will be reached; also such a possibility gives ruse to a sustainable outcome. Since there exists a unique
path allowing for convergence to such an equilibrium, we restrict our analysis to the discussion of whether the economy will
tend to converge to an idyllic or a catastrophic status.



In the extreme case in which § — dp approaches zero, such a basin of attraction gets particularly large and
eventually covers the entire first orthant. In the other extreme case in which 8 — dp approaches its upper
bound, the basin of attraction shrinks and eventually becomes negligible. This result is illustrated in Figure
where the value of 5 — dp gradually increases from the top-left to the bottom-right. What this result
means is simply that the possibilities to achieve sustainable development crucially depend both on natural
features to a large extent out of human control (represented by the parameters g, dp, §2), and on economic
elements which to some extent can be affected by policymakers (given by 7).

Phase Diagram (L,P)
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Figure 2: Phase diagram of population and pollution in the (L, P) plane with different value of the parameter
B, gradually rising from top left to bottom right. Note the contraction of the basin of attraction of Eo, from
the different scales of the vertical axis in each panel.

After showing that even if an idyllic asymptotically stable equilibrium exists it is not possible to take
sustainable development for granted, we now compare this outcome with what we would obtain in absence
of demographic and environmental interactions, as it has generally been done in literature. This can be
seen by setting = 0, which means that pollution does not feed back to population dynamics, which thus is
completely exogenous and independent of pollution dynamics. In such a case the two differential equations
in - are coupled only in one direction: from population to pollution, but not viceversa. In this
framework, it is straightforward to note that the results substantially change, since the economy admits a
unique non-trivial equilibrium.

Proposition 2. Suppose that § =0 and B —6p < TASpQ'~*. Then the system (@ - has two equilibria,
E, =(0,0) and Ey = (2,0). The origin E1 = (0,0) is unstable, and Ey = (2,0) is asymptotically stable.

Proposition [2]shows that in the § = 0 case, there is an important difference with respect to what discussed
before, and this is due to the fact that the saddle (the realistic equilibrium) completely vanishes. Thus, apart
from the unstable trivial equilibrium, the economy admits a unique non-trivial equilibrium, represented by



the idyllic equilibrium with no pollution and population size determined by the environmental carrying
capacity. In such a framework, there is a unique possible outcome for our model economy, that is reaching
the idyllic outcome over the long run. In such a case, there is no need to worry about sustainable outcomes,
since the economy will naturally develop along a sustainable path. Such a result is substantially different
from what discussed before, and clearly illustrates the limits of neglecting the existence of mutual feedbacks
between population and pollution: we will be brought to conclude that to some extent sustainability can
be taken for granted. Note that the result is consistent with our above discussion about the phase diagram
in Figure |1} Indeed, there is no topological variation of the phase space when 6 changes, but what simply
happens is that there is a drastic expansion of the basin of attraction of E5 as 0 falls. As 6 tends to zero,
the stable manifold of the saddle Ej3 shifts infinitely upward such that the basin of attraction of the stable
equilibrium F» includes the entire first orthant; this can be intuitively seen from @ which shows that P
tends to infinity and thus the basin of attraction of Fo becomes infinitely large. This means that, if initial
conditions are strictly positive, no matter their values, then the population converges to 2 while pollution
converges to zero (provided that the technical condition in Proposition [2[is met).

By comparing Proposition [1] and Proposition [2] it is clear the extent to which taking or not taking into
account the mutual interactions between population change and pollution modifies the conclusions about
the eventual process of sustainable development in specific locations or economies. When such interactions
are considered, the economy may either converge to the idyllic equilibrium with no pollution and a positive
population level, or alternatively diverge to a situation in which the pollution stock dramatically increases
bringing population to disappear asymptotically. When the population and pollution interactions are not
taken into account the economy will automatically converge to the idyllic equilibrium with no pollution and
a positive population level. Clearly, while in the former case sustainability cannot be taken for granted, in
the latter it can; this suggests that the current debates about sustainable development and the associated
policy recommendations are often misleading since lacking a global view on the different dimensions of the
sustainable problem.

4 Diffusion: the Role of Geographical Factors

We now turn to the analysis of the full model in which diffusion and thus spatial externalities are explicitly
taken into account. In particular, we wish to understand whether the presence of such spatial interactions
can alter our previous conclusions about the overall sustainability of the spatial economy. As we shall see
the introduction of spatial externalities, conveyed by diffusion effects, alter not only the short run dynamics
but also the long run steady states of pollution and population, meaning that not considering any spatial
implication might lead to misleading conclusions about the eventual sustainability of the development process
of different locations or regions, and even of the entire spatial economy.

Since we now allow for diffusion, the system - is a system of two partial differential equations
(PDEs). It is well known that analyzing PDEs in order to obtain analytical solutions is very complicated
but in this case, by borrowing from the mathematics literature, we can derive some interesting analytical
results about the long run behavior of population and pollution. Let us first focus on the case in which
pollution does not feed back on population, that is # = 0; in such a case, equation reduces to the following
expression:

OL(x,t) d O?L(x,t)
ot oa?
which gives rise to a PDE widely discussed in the mathematics literature, known as the “Fisher equation”.

+ L(z,t) [Q — L(z,t)], (7)

The behavior of this equation is thus known and this allows us to characterize the long run behavior of our
system, not only when 6 = 0 but also when 6 > 0. As discussed in appendix [B], the above equation admits
two equilibria L(x) = 0 and L(z) = Q, with the former being unstable while the latter being asymptotically
stable, meaning that in absence of pollution feedback, in the long run human population will naturally



achieve its carrying capacity. When 6 > 0, by applying a classical comparison theorem for parabolic PDEs
(see Friedman, 2008, as reported in Proposition (7)) it is possible to show that L(z,t) is bounded from above
by L(z) for all x and ¢, meaning that in presence of pollution feedback, at any moment in time and in any
location across space human population is bounded from above from the population dynamics that would
result in absence of pollution feedbacks. Therefore, in the long run in every location the population size
will be at most equal to its carrying capacity, and the extent to which human population will fall below
its carrying capacity crucially depends on the pollution level. For what concerns equation , by applying
again a comparison theorem we can show that P(z,t) is bounded from above by the solution of the following

PDE:
OP(z,t) 0?P(x,t) B
=d + P(x,t) | ————— —dp|, 8
ot P52 (%) L+rALL s (8
where L,y = inf,; L(x,t), and whenever 1-&—714% < Jp its solution P(x) converges to zero. Similarly,
inf

P(x,t) is bounded from below by the solution of the following PDE:

OP(z,t)
ot

0?P(x,t)
Ox?

—dp +PGt) [ 6 )

1+ TALiY

where Ly, = sup, ; L(z,t), and whenever > 0p its solution P(x) diverges to infinity. We can thus

B
4+TALLGY
summarize these results in the following proposition.

Proposition 3. Ast — 400 and for any x € [x,, ], two cases are possible: (i) if 1-1—7'14% < 0p then
P(x) =0 and L(x) = Q, while (ii) if HA% > 0p then P(x) — oo and L(z) = 0.
T sup

Proposition |3| identifies some (sufficient) conditions allowing to characterize the two possible outcomes
for our spatial economy, in which either (i) pollution converges to zero and human population to its carrying
capacity, or (ii) pollution diverges to infinity and human population completely disappears. Clearly the
former case represents a situation in which the economy develops along a sustainable path, while the latter
an unsustainable situation leading to a catastrophic outcome. By recalling that we are focusing on a situation
in which the growth rate of pollution is larger than its decay rate, that is 5 > dp, the above proposition
states that: (i) sustainability can be achieved whenever the minimal abatement within the spatial economy
is effective enough in order to make the net growth rate of pollution become negative; similarly, (ii) an
unsustainable outcome is achieved whenever the maximal abatement within the spatial economy is not
effective enough. Note that the effectiveness of abatement crucially depends on the (minimum or maximum)
population level, which by determining income ultimately determines the amount of resources available for
environmental protection activities.

These results are consistent with those discussed in the previous section, confirming that according to
whether the growth rate of pollution, net of its natural decay and abatement activities, is positive or negative,
the stock of pollution can achieve an idyllic (zero pollution) or a catastrophic (extremely high pollution)
situation; this thus determines whether the population size is able to stabilize at a level consistent with the
environmental carrying capacity or tends to collapse. However, an important difference with respect to what
discussed earlier applies. While in absence of spatial externalities, the long run outcome in each location
and each region depends on the their specific initial level of population and pollution (see Proposition , by
accounting for such spatial spillovers allows us to conclude that this is not actually true. Indeed, thanks to
the role of diffusion which tends to smooth spatial differences out (Boucekkine et al., 2009; La Torre et al.,
2015), the long run outcome in the whole economy is spatially homogeneous (i.e., either a sustainable or a
catastrophic outcome everywhere within the entire spatial domain) meaning that every location and region
will achieve the same outcome independently of their specific initial condition. Specifically, the effectiveness
of abatement activities in every location (i.e., the maximum and the minimum effectiveness) determines

10



which outcome the entire spatial economy will experienceﬁ As we shall clarify through some numerical
simulations in a while, this intuitively suggests that geographical factors need to be crucially taken into
account in the sustainability debate.

In order to illustrate the implications of the results just discussed, we now proceed with some numerical
simulations. The parameters’ values have been set in order to satisfy the parameter restriction in Proposition
and also in order to make the figures as clear as possible; however, it is possible to show that even under
different parametrizations our qualitative results will not differ from the two scenarios (consistent with
those pointed out in Proposition [3)) that we shall discuss. The parameter values employed in our simulations
are summarized in Table [[I Note that in our setting the initial conditions of population and pollution,

Tqg | Tp dL dp 0 B Q T A « (5]3
-1(1701701]1]2]2]|05]2]033]| 1

Table 1: Parameter values employed in our simulations.

namely L(z,0) and P(x,0), are the only source of spatial heterogeneity. Moreover, given that diffusion acts
as a convergence mechanism (Boucekkine et al., 2009; La Torre et al., 2015) and there is no divergence
mechanism to counteract on it (as for example in La Torre et al., 2015), the initial spatial heterogeneity
will tend to be completely wiped out over time, meaning that intuitively the spatial economy will achieve
either a sustainable or catastrophic outcome homogeneously in space (as discussed in Proposition . Note
that in order to look at the implications of spatial externalities we need to compare the long run behavior
of a two dimensional system, that is a point in R2, {L(400), P(+0c0)}, with the long run behavior of an
infinite dimensional system, that is a function in C2, {L(z, +00), P(z,+0c0)}. Indeed, what discussed in the
previous section by abstracting from spatial interactions can be interpreted as simply the outcome in terms
of population and pollution of one single location in the spatial economy (i.e., a point in R?). By taking into
account spatial interactions, each single location is no longer independent from other locations, and thus
its outcome in terms of population and pollution depends also on the outcome of others locations (i.e., a
function in C?).

In order to illustrate all possible outcomes, we consider two alternative spatial configurations for the
initial conditions of L and P. Without loss of generality we shall assume that the initial condition for
pollution is spatially homogeneous while that for population is spatially heterogenous. Specifically, we shall
assume that P(z,0) = 1 with L(z,0) = 0.1 + ﬁ and L(z,0) = 0.1 + % in the first and
second configuration, respectively; such specifications for the initial conditions allow us to obtain in the
simplest possible way some smooth degree of heterogeneity within the spatial economy, but it is possible
to show that considering other configurations will not modify our qualitative results. The rationale behind
such two alternative configurations can be explained from Figure [3, which summarizes the model’s outcome
that we discussed before in the two dimensional framework. Remember that from what discussed in the
previous section the pair of initial conditions for L and P determines whether the economy will converge to
a sustainable equilibrium (initial conditions below the stable manifold of the saddle) or will diverge towards
an unsustainable outcome (initial condition above the stable manifold). By keeping the initial condition
of P exactly the same across the entire spatial domain, the initial condition for L is the only determinant
of whether we lie below or above the stable manifold of the saddle at a given location z. In the figure
our two spatial initial conditions configurations for L are represented by the blue curves while the red
horizontal line represents the threshold value above/below which (given the initial value of P) we effectively
are below/above the stable manifold of the saddle, such that in absence of spatial externalities we can expect

5Tt may be natural to think that the speed at which population diffuse across space depends on the pollution level in some
specific location. However, it is possible to show that our results extend in a similar fashion to the case in which the diffusion
coefficients dr, and dp are functions of population and pollution, provided that such functions are bounded from above and
below by positive constants.
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Figure 3: Initial population distributions for the two scenarios considered in the following numerical simu-

convergence or divergence according to where the blue curve lies with respect to the red line. Note that given
the parameter values in Table |1} without loss of generality, the threshold level for L(z,0) is conveniently
normalized to one. Both our initial conditions configurations allow the initial condition for L to span from
points below to others above the red line, which separates the basin of attraction of the idyllic equilibrium
E, from the basin of attraction of the catastrophic outcome (L = 0, P = +00); thus, such configurations of
initial conditions imply that the spatial economy is divided in two main regions, one in which we can expect
unsustainable outcomes (below the red line, in the left region) and one in which we can expect sustainable
outcomes (above the red line, in the right region). Note that while in the converging region the case (i)
of Proposition 3| applies, in the diverging region case (ii) applies, meaning that we cannot predict a priori
which of the two possible scenarios (i.e., sustainable or catastrophic outcome) will arise within the entire
spatial economy. Note also that the only difference in our two configurations is the relative size of the two
regions which the spatial economy is divided into: while in the first configuration (left panel) the size of
the diverging region is as large as that of the converging region, in the second (right panel) the size of the
converging region is larger than that of the diverging region.

Figures {4] and [5| represent the results of our simulations for the first and the second initial conditions
configuration, respectively. Their purpose is to visualize the consequences of the introduction of some spatial
interaction between locations and regions on the dynamics and long run behavior of population and pollution
with respect to the no-diffusion scenario. Both Figure [ and Figure [f] are composed by four panels: on the
left we present the evolution of L(z,t) (top panel) and P(x,t) (bottom panel) in the absence of spatial
interactions, while on the right we introduce diffusion and show how the dynamics of L(z,t) (top panel) and
P(x,t) (bottom panel) changes. Even if the parameters and initial conditions are the same in both left and
right panels, we can observe that the spatio-temporal evolutions are dramatically different.

Recall that in the no-diffusion scenario the initial condition of L determines whether each location will be
able to achieve a sustainable or unsustainable outcome, exactly as we have discussed before. In Figure {4] we
can notice that the entire right region (the locations in which z > 0, such that L(x,0) > 1) converges to the
idyllic equilibrium in which pollution is null and population is determined by the carrying capacity; the left
region (the locations in which = < 0) instead entirely diverges towards an outcome characterized by infinite
pollution and no population. Overall, assessing whether the spatial economy develops along a sustainable
path is not possible, since while one region achieves a sustainable outcome the other clearly achieves an
unsustainable outcome. With the introduction of spatial externalities, the results are substantially different.
Indeed, because of the effects of diffusion, even the region which in absence of spatial interactions is able
to follow a sustainable development pattern is eventually brought to diverge and achieve an unsustainable
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Figure 4: Spatio-temporal dynamics of population (left) and pollution (right) in the case without (left) and
with (right) diffusion.

outcome characterized by an economic collapse (extinction of human population and infinitely high pollution
level). In such a framework we can undoubtedly claim that the spatial economy follows overall an unsustain-
able trajectory which will lead the human population to completely disappear (because of the effect induced
by pollution on the environmental carrying capacity) over the long run.

The results illustrated by Figure [b| are qualitatively the opposite of those just presented. Without
diffusion, the entire right region (the locations in which x > —0.5, such that L(x,0) > 1) converges to the
idyllic equilibrium in which pollution is null and population is determined by the carrying capacity; the
left region (the locations in which x < —0.5) instead entirely diverges towards an outcome characterized
by infinite pollution and no population. Also in this case assessing the development process of the spatial
economy from a sustainability point of view is not possible. The introduction of spatial externalities again
completely changes the results, but differently from what discussed in the previous case, now both the regions
achieve a sustainable outcome in which human population reaches its carrying capacity and pollution is
completely null. In this case, when spatial interactions are taken into account, the spatial economy overall
develops along a sustainable path with no pollution at all over the long run. Consistently with our theoretical
conclusions, these two examples clearly show that the sustainable outcome of specific regions or economies
may dramatically change when spatial heterogeneity and spatial interdependence are taken into account,
and results which may seem obvious when we analyze locations or regions in complete isolation can be
dramatically changed when we take into account their spatial interactions.

Our graphical analysis (which is however consistent with our theoretical predictions) allows us to derive
some interesting conclusions. The size of the basin of attraction of the idyllic equilibrium dramatically
changes with the introduction of diffusion, and this happens even in a context in which there is no other
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Figure 5: Spatio-temporal dynamics of population (left) and pollution (right) in the case without (left) and
with (right) diffusion.

source of spatial heterogeneity apart from what induced by the spatial configuration of initial conditions.
This means that even those regions which could be deemed as virtuous (non-virtuous) regions since develop-
ing along an apparent sustainable (unsustainable) path if analyzed in complete isolation, may be brought to
an unsustainable (sustainable) outcome by non-virtuous (virtuous) regions simply because of spatial exter-
nalities. An important policy implication of this lies in the fact that for single regions or economies trying
to plan sustainable development in isolation without coordinating efforts with others may be completely
pointless, since pollution is a phenomenon with no geographical barriers and thus spatial externalities are
likely to affect at least to some extent each single region and economy. This type of result confirms that
the eventual spatial interdependence across regions and economies does matter in the sustainability debate.
Since geographical characteristics have never been discussed in the sustainability literature thus far, our
conclusions clearly call for the need of additional efforts to analyze the issue with more depth.

5 The Extended Model with Capital Accumulation

After presenting the model’s results in the simplest possible form, by reducing the analysis to the mutual
interactions between population and pollution, we now extend our baseline setup to introduce capital dy-
namics. This allows us to formally take into account all the three dimensions of the sustainable problem,
such that economic, demographic and environmental phenomena are affecting one another. In order to in-
troduce capital dynamics we follow the basic approach proposed firstly by Solow (1956), assuming thus that
agents consume only an exogenously given fraction of their disposable income and the remaining portion is
saved and used for capital investments. The spatio-temporal dynamics of the fully fledged model is thus
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described by the following system of three partial differential equations:

" 2 x T o x 11—«

Mt g ZEED o AREEEE ) (10)
T 2L(x

6[’((%’75) _ dLaIa/(xg?t) + L(x,t) [HGQP(:ct) — L(z,t) ] (11)

OP(z,1) 0%P(x,t) B

T = dpw+P(.’E,t) |:1—|—TAK<.Z‘,t)aL(x,t)1_a _5P:| (12)

where 0 < s < 1 denotes the saving rate, dx > 0 the depreciation rate of capital, and dx > 0 the diffusion
coefficient, measuring the extent to which capital tends to flow across different locations in the spatial
economy. Note that the production function takes again a Cobb-Douglas form, but now capital is no longer
assumed to be constant (and normalized to unity) but it evolves over time and across space. Moreover,
the amount of resources available for capital investment is affected by pollution through a decreasing and
convex damage function D[P(x,t)] with D’(-) < 0 and D"(:) > 0, representing the impact of environmental
outcomes on economic performance, as in La Torre et al. (2015); such a damage function, consistently with
the abatement and feedback functions, is assumed to take the following form, D(x,t) = m with ¢ > 0
being a scale parameter.

It is possible to show that results very similar to those discussed in our benchmark model apply, as
summarized in the following proposition (whose proof relies on the same argument based on a comparison
approach discussed in the previous section).

Proposition 4. Ast — +o0o and for any x € [z, xp), two cases are possible: (i) sz% < Op where
T infinf
. - + = 1-1)AQ —o\ s
Kiny =inf,; K(z,t), then P(x) =0, L(z) = Q and K(x) = (%)1*0 > 0; (i) if 1+TAK§§ZLSW1—& >

6p where Ky = sup, ; K(x,t), then P(x) = oo, L(z) =0 and K(x) = 0.

Proposition [4| is qualitatively identical to Proposition |3 showing that according to the effectiveness
of abatement activities (which now depends also on the maximal or minimal capital level) two alternative
situations are possible: either (i) a sustainable outcome in which pollution is null, human population achieves
its carrying capacity and capital a positive constant level, or (ii) an unsustainable outcome in which pollution
diverges to infinity bringing both human population and capital to collapse to zero. Note that exactly as
in the previous section, these two possible outcomes are homogeneous within the spatial domain, meaning
that the entire spatial economy will achieve either a sustainable or unsustainable outcome.

L(x,t) P(x,t) Kx.t)

Time t o -1 Space x Time t -1 Space x

Figure 6: Spatio-temporal dynamics of population (left), pollution (center) and capital (right) in the case
with diffusion.

In order to clarify our theoretical results above, we now briefly proceed with a numerical simulation of
the system - - in order to illustrate the two scenarios outlined in Proposition |4, We rely on
the same parameter values employed in the previous section (see Table , apart from the new parameters
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which are set as follows: dx = 0.05, dgy = 0.1, ¢ = 1 and s = 0.2. In order to make the comparison
between a framework with and without spatial interactions as clear as possible, we rely on the same initial
conditions configurations as in Figure[d] and Figure[5] setting K (z,0) = P(x,0) = 1 for the sake of simplicity.
Our simulation results with the two alternative initial conditions configurations are shown in Figure [6] and
Figure [7] respectively, which clearly show that the introduction of capital does not modify the qualitative
(transitional and long run) behavior of population and pollution.

Lix.H P(x,t) Kt

Time t o 1

Space x Space x Space x

Figure 7: Spatio-temporal dynamics of population (left), pollution (center) and capital (right) in the case
with diffusion.

In both the cases, the spatio-temporal evolution of capital closely mimics the dynamics of population,
and in the long run it achieves either a zero level indicating the overall collapse of the spatial economy (Figure
@, or a positive level indicating overall sustainability for the spatial economy (Figure @ Intuitively, this
is due to the fact that pollution determines human population dynamics which, since labor is an essential
input in the production of the unique consumable good, ultimately drives economic production (which is
also affected by pollution as well) ruling capital dynamics. In the first case, since the pollution stock achieves
an extremely high level, human population over the long run disappears, economic production will be null
and thus capital will converge to zero; in the second case, since pollution vanishes over the long run, human
population stabilizes at its carrying capacity level, economic production will be positive and so will the
capital level. These results exactly confirm our previous conclusions derived in a simplified setup: mutual
demographic-pollution feedbacks and spatial interactions do matter for sustainable development.

6 Conclusion

The topic of sustainable development has become quite popular lately, both among policymakers and aca-
demics. The discussions about sustainability have thus far mainly focused on two (economic and envi-
ronmental) dimensions of the problem only, and the third (population) has barely been considered. Our
paper proposes a more comprehensive approach to the sustainable problem by analyzing simultaneously the
three dimensions of sustainable development, along with the implications of geographical heterogeneity and
spatial externalities. Our results highlight two important types of conclusions: the mutual population and
environment feedback matter for sustainable development, and also geographical considerations and spatial
interactions do. Indeed, we show that neglecting the existence of mutual feedback between population and
pollution leads to distorted conclusions about the process of sustainable development. We also show that ne-
glecting the existence of spatial interactions between regions and economies leads to conclusions substantially
different from those obtained by allowing for spatial externalities. Neglecting the role of both population
and geography may lead to more optimistic results on the prospects of sustainable development, suggesting
that the approach followed thus far in the sustainability literature has undermined the importance and the
role of economic, environmental and demographic policies in addressing our society along a sustainable path.

16



Our paper represents only a preliminary attempt to analyze a very delicate and complicated problem,
thus we cannot expect our analysis to be exhaustive. Several issues still need to be analyzed in order to
build a unified approach allowing to understand the several channels through which economy, environment
and population mutually interact. For example, understanding to what extent policymakers should revise
their approach to deal with the sustainable problem in order to account for spatial interactions along with
population-environment feedbacks is an important open question. Extending the analysis in order to consider
the associated optimal control problem along the lines of La Torre et al. (2015) is a priority for future
research; however, in order to meaningfully deal with this issue additional efforts from a computational
point of view to develop reliable algorithms are needed (Boucekkine et al., 2009). Also the potential role
of climate change in inducing poverty and worsening health conditions as suggested by a recent report
from the World Bank (see Hallegatte et al., 2016) is likely to complicate the picture, further delocalizing
the effects of environmental processes and increasing the degree of spatial interdependence. Extending the
analysis to explicitly take into account climate change and its role in affecting economic, environmental and
demographic outcomes is another priority for future research. These additional challenging tasks are left for
future research.

A Proof of Proposition

The equilibria of the system of ordinary differential equations - correspond to the solutions of the
following nonlinear system of algebraic equations:

0 = L(t)[HQHPL(t)} (13)

0 = P) [M’imla—ap] (14)

It is straightforward to verify that the origin is an equilibrium F; = (0,0). Straightforward algebra leads to
the other two equilibria Ey = (Q,,0) and F3 = (L, P) with:

1

_ B—6p\T =
L = 15

< TAdp (15)
1 Q
0 (5_513 ) =

TAO

The parametric restriction in Proposition [1| guarantees that L > 0 and P > 0; indeed, 5 — 6p > 0 ensures

that L > 0, while Q'~%7Aép > B — 6p that P > 0.
The stability property of the origin, £ cannot be analyzed via the traditional linearization method. It

P = -1 (16)

is however possible to show that the trajectories are eventually escaping from a circular sector surrounding
the origin, provided that the radius of this sector is small enough. For this purpose, let us express the vector
of the initial condition as:
L(0) = Lo (17)
P(O) == Po == ’ULO (18)
where v = tan() ! defines implicitly the direction of the vector of initial conditions (Lg, Py), whose angle
with respect to the L axis is 6. The idea is to show that, Yv € (0, +00), the following vector field:

dL Q

@ " LO[H—%LO_LO] 19)
dP 8

= = wly|— = 20
a " 0[1+7‘AL(1)Q P} (20)
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has both positive components eventually, when Ly — 0. When Lg tends to zero, equations - can

be written as:

% ~ L0|:Q—L0:| (21)
% ~ vLy(8—bp) (22)

Given that 2 > 0, the quantity on the RHS of equation will eventually become positive, no matter the
value of v. As for equation , the RHS is always positive Vv € (0,+00), provided that the parametric
restriction required by Proposition [I]is met. It remains to explore the extreme case where v = 0 or v = +00,
that is the axes P = 0 and L = 0 respectively. When P = 0, the RHS of equation is eventually positive,
in the limit Ly — 0, as shown before, while in equation the RHS is identically null. When L = 0, the
RHS in equation is null, while the RHS in equation is positive, because S — dp > 0 by assumption.
The trajectories are eventually escaping from a circular sector in the positive orthant around the origin.
For what concerns the other two equilibria, linearization can be applied. The associated Jacobian matrix

is given by:
0 0QL
_Q 95 —
J(L,P)= | spiaprapi-e o) (23)

B _
(1+7ALI—)?[  14+7ALI=® op

Let us start with Ey = (©,0). The Jacobian matrix (23)) evaluated at E» reads as follows:
—Q —60?
0 i —0p

Since the term as o is negative thanks to the parametric restriction required by Proposition the determinant
is positive and the trace is negative, thus the equilibrium FEs is asymptotically stable. Finally we consider
FE3 = (f, ?). Simple inspection of the Jacobian matrix shows that the terms a2 and ao; are both
positive under Proposition |1} The Jacobian matrix evaluated at Fs3 in this case becomes:

_ _(B=8 )T
J(L,P) = (Zar) ™" <0
<0 0

Both the determinant and the trace are negative, thus the equilibrium FEj3 is saddle point stable.

B Basic Facts on Partial Differential Equations
The aim of this appendix is to recall only few results that are useful to analyze our model. For more details

and information, refer to Polyanin (2002). The following PDE:

ou(z,t)  d%u(z,t)
ot 02

is known as Fisher equation or logistic equation in literature. Traveling-wave solutions are known for this

+ [1 — u(z, t)]u(x,t) (x,t) € [a,b] x (0,+00) (24)

equation and take the form:
1

u(z,t) = — 1 5
[1 + Cexp( gat £ 6\/@33)]

(25)

and . .
(1) = 1+ 2Cexp (—6at +5 —6aa:)2 (26)
[1 + Cexp (f%at + % 76a3:)]

where C is an arbitrary constant. The following proposition provides a convergence result.
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Ou(za,t) _ Ou(wp,t)
ox - ox
solutions exist with 0 < u(z) < 1: u(x) =0 and u(z) = 1. For continuous initial conditions u(z,0) = ug(z),

Proposition 5. For the Fisher equation with Neumann boundary conditions = 0, two

0 < wup(x) < 1, the solution satisfies limy_, oo u(x,t) = 1, uniformly in x € [xq, xp]; except for u(z) = 0, if
ug(x) =0 (everywhere).

The following linear PDE:

Ju(z,t) d82u(az, t)

o = 502 + cu(z, t) (27)
8u(§;,t) _ 8u§3£,t) _o (28)
u(z,0) = wug(x) (29)

is known as heat equation with linear source term. When ¢ = 0 it collapses to the classical heat equation
and through the substitution u(x,t) = e“w(z,t) it can be reduced to the heat equation in the unknown w.
It admits a closed form solution given by:

2
u(m, t) = e ag + Z ane_d(xb—xa) tcos < nme ) (30)

n>1 Tp — Lq
where:

— [l (31)

aygy = ug(x)dx 31
0 o — Ta Jo, 0

2 T

anp = / ug(z) cos < o ) dx (32)
Tp — Ta Jax, Ty — Zq

The following proposition summarizes the possible outcomes associated with the above equation.
Proposition 6. One of the following scenario can occur:

o Ifc>0 and d >0 then u(x,t) — oo whenever t — +oo and for any x € [xq,xp),

o Ifc=d=0 then u(x,t) = ag+ ), ancos (ﬁ) for any x € [zq, ),
e Ifc=0 and d> 0 the u(x,t) — ag for any x € [zq,xp),
o I[fc<0 andd >0 then u(x,t) — 0 whenever t — +oo and for any x € [xq,xp).

In order to study the behavior of PDEs with form different from the Fisher and the linear equation, we
can rely on a comparison method. The following comparison theorem (Friedman, 2008) is useful in order to
obtain some insights on the long run behavior of a general PDE.

Proposition 7. Let u(z,t) be smooth and suppose that:

du(z,t) dﬁzu(fn,t)

ot 22 —cu(z,t) in (a,b) x (0,T) (33)
au(;f; ) > 0, on{ab}x(0,7T) (34)
p(0,z) > 0 in (a,b) (35)

where d is a positive real number and ¢ € R. Then u(z,t) > 0 in (a,b) x (0,T).
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Now consider the following PDE:

ou(z,t)  0%u(z,t)
o = Ay cula Dlu(x, 1) (36)
&Lgﬂ;ﬂ _ W:o (37)
u(z,0) = wuo(x) (38)

Note that this PDE includes both the Fisher and the linear equations as particular cases. Let us suppose

that emin < clu(x,t)] < cpax for any  and ¢. By applying the above comparison theorem to the above

equation leads to the following result.

Proposition 8. If cypin > 0, then u(x,t) — oo whenever t — +oo and for any x € [zq, ). If, instead,

Cmax < 0, then u(z,t) — 0 whenever t — 400 and for any x € [x4, xp).

Note that the results summarized in this appendix contain all the information that we need to analyze
the behavior of the system of PDEs discussed in the body text.

References

1.

10.

11.

12.

13.
14.

Bartz, S., Kelly, D.L. (2008). Economic growth and the environment: theory and facts, Resource and
Energy Economics 30, 115-149

. Berck, P., Levy, A., Chowdhury, K. (2012). An analysis of the world’s environment and population

dynamics with varying carrying capacity, concerns and skepticism, Ecological Economics 73, 103-112

. Boucekkine, R., Camacho, C., Zou, B. (2009). Bridging the gap between growth theory and economic

geography: the spatial Ramsey model, Macroeconomic Dynamics 13, 20-45

. Boucekkine, R., Camacho, C., Fabbri, G. (2013a). On the optimal control of some parabolic differential

equations arising in economics, Serdica Mathematical Journal 39, 331-354

. Boucekkine, R., Camacho, C., Fabbri, G. (2013b). Spatial dynamics and convergence: the spatial AK

model, Journal of Economic Theory 148, 2719-2736

. Boucekkine, R., Martinez, B., Ruiz-Tamarit, J.R. (2014). Optimal sustainable policies under pollution

ceiling: the demographic side, Mathematical Modelling of Natural Phenomena 9, 38-64

Brito, P. (2004). The dynamics of growth and distribution in a spatially heterogeneous world, UECE-
ISEG, Technical University of Lisbon

. Brock, W.A., Engstrom, G., Xepapadeas, A. (2014a). Spatial climate—economic models in the design

of optimal climate policies across locations, European Economic Review 69, 78-103

. Brock, W.A., Xepapadeas, A. (2008). Diffusion-induced instability and pattern formation in infinite

horizon recursive optimal control, Journal of Economic Dynamics & Control 32, 27452787

Brock, W.A., Xepapadeas, A., Yannacopoulos, A.N. (2014b). Optimal control in space and time and
the management of environmental resources, Annual Review of Resource Economics 6, 33-68

Brock, W.A., Xepapadeas, A. (2010). Pattern formations, spatial externalities and regulation in a
coupled economic—ecological system, Journal of Environmental Economics and Management 59, 149—
164

Camacho, C., Pérez—Barahona, A. (2015). Land use dynamics and the environment, Journal of Eco-
nomic Dynamics & Control 52, 96-118

Camacho, C., Zou, B. (2004). The spatial Solow model, Economics Bulletin 18, 1-11

Camacho, C., Zou, B., Briani, M. (2008). On the dynamics of capital accumulation across space,
European Journal of Operational Research 186 2, 451465

20



15.

16.
17.

18.

19.

20.

21.

22.

23.
24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

de la Croix, D., Gosseries, A. (2012). The natalist bias of pollution control, Journal of Environmental
Economics and Management 63, 271-287

Friedman, A. (2008). Partial differential equations of parabolic type (Dover Ed.)

Fujita, M., Krugman, P., Venables, A. (1999). The spatial economy. Cities, regions and international
trade (MIT Press).

Fujita, M., Thisse, J.F. (2002). Economics of agglomeration (Cambridge University Press)
Hallegatte, S., Bangalore, M., Bonzanigo, L., Fay, M., Kane, T., Narloch, U., Rozenberg, J., Treguer,
D., Vogt—Schilb, A. (2016). Shock waves: managing the impacts of climate change on poverty (Wash-
ington, DC: International Bank for Reconstruction and Development)

Hotelling, H.(1929). Stability in Competition, Economic Journal 39, 41-57.

Kahn, H., Brown, W., Martel, L. (1976). The next 200 years: a scenario for America and the world.
With the assistance of the staff of the Hudson Institute (New York: Morrow)

Krugman, P. (1991). Increasing returns and economic geography, Journal of Political Economy 99,
483-499

Krugman, P. (1993). On the number and location of cities, European Economic Review 37, 293-298
La Torre, D., Liuzzi, D., Marsiglio, S. (2015). Pollution diffusion and abatement activities across space
and over time, Mathematical Social Sciences 78, 48—63

La Torre, D., Liuzzi, D., Marsiglio, S. (2017). Pollution control under uncertainty and sustainability
concern, Environmental and Resource Economics 67, 885-903

Marsiglio, S. (2011). On the relationship between population change and sustainable development,
Research in Economics 65, 353—-364

Marsiglio, S. (2017). A simple endogenous growth model with endogenous fertility and environmental
concern, Scottish Journal of Political Economy 64, 263—282

Polyanin, A.D. (2002). Handbook of linear partial differential equations for engineers and scientists
(New York: Chapman and Hall/CRC)

Panayotou, T. (2000). Population and environment, Center for International Development at Harvard
University, Working Paper 54

Smulders, S. (1999). Endogenous growth theory and the environment, in (van den Bergh, J., Ed.),
“The Handbook of Environmental and Resource Economics” (Edward Elgar: Cheltenham)

Solow, R.M. (1974). Intergenerational equity and exhaustible resources, Review of Economic Studies
41, 29-45

Stokey, N. (1998). Are there limits to growth?, International Economic Review 39, 1-31

UN (2005). 2005 World Summit Outcome, Resolution A/60/1, adopted by the General Assembly on
15 September 2005, available at:
http://data.unaids.org/Topics/UniversalAccess/worldsummitoutcome_resolution_24o0ct2005_en.pdf
UNEP (2012). The future we want - Rio+20 outcome document, available at:
http://www.uncsd2012.org/thefuturewewant.html

UNFPA (2012). Population matters for sustainable development, available at:

https:/ /www.unfpa.org/sites/default /files/pub-pdf/...

... UNFPA %20Population%20matters%20for%20sustainable%20development_1.pdf

Verhulst, P.F. (1838). Notice sur la loi que la population suit dans son accroissement, Correspondance
Mathmatique et Physique 10, 113-121

Xepapadeas, A. (2005). Economic growth and the environment, in (Méler, K.G., Vincent, J., Eds.),
“Handbook of Environmental Economics”, vol. 3. (Elsevier: Amsterdam, Netherlands)

World Commission on Environment and Development (1987). Our common future (Oxford University
Press, Oxford)

21


http://data.unaids.org/Topics/UniversalAccess/worldsummitoutcome_resolution_24oct2005_en.pdf
http://www.uncsd2012.org/thefuturewewant.html
https://www.unfpa.org/sites/default/files/pub-pdf/UNFPA%20Population%20matters%20for%20sustainable%20development_1.pdf
https://www.unfpa.org/sites/default/files/pub-pdf/UNFPA%20Population%20matters%20for%20sustainable%20development_1.pdf

	Introduction
	The Baseline Model
	No Diffusion: the Role of Population Dynamics
	Diffusion: the Role of Geographical Factors
	The Extended Model with Capital Accumulation
	Conclusion
	Proof of Proposition ??
	Basic Facts on Partial Differential Equations

