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Optical harmonic generation occurs when high intensity light (> 1010W/m2) interacts with a
nonlinear material. Electrical control of the nonlinear optical response enables applications such

as gate-tunable switches and frequency converters.

Graphene displays exceptionally strong-light

matter interaction and electrically and broadband tunable third order nonlinear susceptibility. Here
we show that the third harmonic generation efficiency in graphene can be tuned by over two orders
of magnitude by controlling the Fermi energy and the incident photon energy. This is due to
logarithmic resonances in the imaginary part of the nonlinear conductivity arising from multi-photon
transitions. Thanks to the linear dispersion of the massless Dirac fermions, ultrabroadband electrical
tunability can be achieved, paving the way to electrically-tuneable broadband frequency converters
for applications in optical communications and signal processing.

The response of a material to interaction with an op-
tical field can be described by its polarizationﬂ]:

P=e[xV - E+x® . EE+x®:EEE+---] (1)

where E is the incident electric field and €p is the
permittivity of free space. x()(dimensionless) is the
linear susceptibility, while the tensors x®) [m/V] and
x® [m?/V?] are the second- and third-order nonlinear
susceptibilitiesﬂa]. Thanks to the nonlinear terms of P,
new frequencies can be generated inside a material due to
harmonic generationﬂg] and frequency mixing@]. E.g.,in
Second Harmonic Generation (SHG) an incident electro-
magnetic wave with angular frequency wy = 27v, with
v the photon frequency, generates via y(?) a new elec-
tromagnetic wave with frequency 2wy B] The SHG ef-
ficiency (SHGE) is defined as the ratio between the SH
intensity and the intensity of the incoming light. Analo-
gously, Third Harmonic Generation (THG) is the emis-
sion of a photon with energy triple that of the incident
one. The THG efficiency (THGE) is defined as the ratio
between the TH intensity and the intensity of the in-
coming light. Second-order nonlinear processes are also
known as three-wave-mixing, as they mix two optical
fields to produce a third one[5]. Third-order nonlincar
processes are known as four-wave-mixing (FWM) B], as
they mix three fields to produce a fourth one.

Nonlinear optical effects are exploited in a vari-
ety of applications, including laser technolo ﬂa], ma-
terial processingﬂ] and telecommunicationsﬁ],. E.g.,
to generate new photon frequencies (532nm from SHG
in a Nd:YAG laser at 1.06um)[d] or broadly tune-
able ultrashort pulses (fs-ps) by optical parametric
amplifiers (OPAs)[10] and optical parametric oscilla-
tors (OPOs)[1l]. High harmonic generation is also
used for extreme UV lightﬂﬂ] and attosecond pulse

generationﬂﬂ], while difference frequency generation is
used to create photons in the THz rangeﬂﬂ].

Second order nonlinear effects can only occur in ma-
terials without inversion symmetry, while third order
ones occur in any system independent of symmetry],
and they thus represent the main intrinsic nonlinear re-
sponse for most materials. THG intensity enhancement
was achieved by exploiting magnetic dipoleﬂﬁ] and ex-
citonic resonancesﬂﬁ], surface plasmons in Ag ﬁlmsﬂﬂ]
and photonic-crystal waveguides@], by exploiting spa-
tial compression of the optical energy, resulting in an
increase of the local optical field. Nonlinear optical ef-
fects depend on the characteristics of the impinging light
beam(s) (frequency, polarization) and on the properties
of the nonlinear material, dictated by its electronic struc-
ture. The ability to electrically control the nonlinear op-
tical response of a material by a gate voltage opens up
disruptive applications to compact nanophotonic devices
with novel functionalities. However, to the best of our
knowledge, external electrical control of the THGE has
not been reported to date in any material.

Layered materials (LMs) have a strong nonlinear op-
tical responseM]. Electrically tunable SHG was re-
ported for monolayer WSes for photon energies close to
the A exciton (~1.66eV)[20]. However, the tunability
was limited to a narrow band (~10meV) in the prox-
imity of the excitonic transition. FElectrically tunable
SHG was also reported by inversion symmetry breaking
in bilayer MoSy close to the C exciton (~2.75eV)[23],
but SHGE was strongly dependent on the laser detuning
with respect to the C exciton transition energy. Thus, in
both cases electrical control was limited to narrow energy
bands (~10-100meV) around the excitonic transitions.
Graphene, instead, can provide electrically tunable non-
linearities over a much broader bandwidth thanks to the
linear dispersion of the Dirac Fermions. In single layer
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FIG. 1. Samples used for THG experiments. (a) CVD
SLG on Sa for transmission and (b) exfoliated SLG on Si/SiO2
for reflection measurements.

graphene (SLG), SHG is forbidden due to symmetrym

|. SHG was reported in the presence of an electric
current@, @], but weak compared to third-order non-
linear effects. The data in Refs@ imply that THG
in SLG is at least one order of magnitude stronger than
SHG activated by inversion symmetry breaking. Thus,
third order nonlinear effects are the most intense terms
of the intrinsic nonlinear optical response of SLG.

Third order nonlinearities in SLG were studied
both theoretically@—@] and experimentally, 37~
39d]. Refl21 reported that SLG has y® ~10~15m?2/V?2
(~10~"esu), several orders of magnitude higher than typ-
ical metals (e.g. x® ~ 7.6 x 107m?/V? in Auﬂlya])
and dielectrics (e.g. x® ~ 2.5 x 107%2m?/V? in fused
silica[15]). Refl21 also reported a 1 Jwa proportionality
of the third order optical nonlinear response in a nar-
row band (emitted photons between~1.47 and 1.63eV),
but no resonant behavior nor doping dependence. Ref
reported a factor~2 enhancement of the third order non-
linear signal in a FWM experiment at the onset of inter-
band transitions (hwo=2|Er|, where Ey is the Fermi En-
ergy) for SLG on SiN waveguides in a narrow band (emit-
ted photon energies between~0.79 and 0.8eV). Thus, to
date, evidence of tunable third order nonlinear effects in

SLG is limited to narrow bands and weak enhancements.

Here we show that THGE in SLG can be tuned by al-
most two orders of magnitude over a broad energy range
(emitted photon energies between~1.2-2.2e¢V) and over
20 times by electrical gate tuning. These results, in
agreement with calculations based on the intrinsic third-
harmonic conductivity of massless Dirac fermions, con-
firm that SLG is a unique nonlinear material since it
allows electrical tuning of x® over an ultra-broad range,
only limited by the linearity of the Dirac cone (+2eV [40]).

In order to test both the photon energy dependence
and the electrical tunability of THGE we use two sets
of samples: SLG placed on a transparent substrate (sap-
phire, Sa), Figllh, and back-gated SLG on a reflective
substrate (Si/SiO2), Figllb. To study the THGE photon
energy dependence, we measure it over a broad range
(incident photon energy~0.4-0.7¢V, with a THG signal
at~1.2-2.1eV only limited by the absorption of the Si
based charge-coupled device, CCD, used in our set-up).
Transmission measurements allow us to derive the ab-
solute THGE, by taking into account the system losses
and by minimizing the chromatic aberrations of the op-
tical components (e.g. in reflection one needs to use
beam splitters and these do not have a flat response
over the~0.4-2.2eV range). Thus, we use chemical va-
por deposition (CVD) to obtain a large area SLG (~cm
size) and simplify the alignment, given the low optical
contrast of SLG on sapphireﬂﬂ]. When measuring the
THGE electrical tunability we need to follow the THG
intensity normalized to its minimum, as function of gate
voltage (V). For each wy we measure 62 spectra, one for
each V. For each spectrum we calculate the total num-
ber of counts on the CCD, which is proportional to the
total number of THG photons, and divide all the spec-
tra by that with the minimum counts. The key here is a
precise control of Er, while any system uncertainties on
the absolute THGE are removed by the normalization.
Thus, we use an exfoliated SLG back-gated field-effect
transistor (FET) on Si+285nm SiOs.

The two sets of samples are prepared and character-
ized as described in Methods (Sect[MIl). Ep for the
CVD SLG on Sa is~250meV, and <100meV in the ex-
foliated SLG on Si+285nm SiOs. The defect density is
np ~6x10%%m~2 for SLG on Sa and np ~2.4x10%m—2
for SLG on Si/SiOs. The different Er is considered in
our theory and addressed experimentally, since Er is one
of the parameters of our study. The small difference in
defects suggests that the two samples are comparable. In
fact, as we discuss in the following, THGE has a negligi-
ble dependence on disorder, impurities and imperfections
over a range of values that covers the vast majority of
SLG reported in literature.

The THGE measurements are performed in air at room
temperature for both transmission and reflection, as de-
tailed in Methods (Sect[M2]). FiglZh plots representa-
tive TH spectra for different incident hwg for SLG on
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FIG. 2. Energy dependence of SLG THGE (a) THG
spectra for hwo ~ 0.4 to~ 0.7eV and an average power~1mW.
(b) THGE for SLG on Sa as a function of fiwg (x bottom axis)
and 3hwo (x top axis). Curves are calculated for 7 > 1 ps and
increasing T, for Er=250meV and I, ~ 2.4 X 10'2Wm 2.
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FIG. 3. Gate tunability of THG (a) THG spectrum as
a function of Er for exfoliated SLG on Si/SiO2. (b) THG
intensity (left y axis, blue dots) and Isp (right y axis, red
dots) as a function of Er (bottom x axis) and corresponding
Ve (top x axis) for SLG on Si/SiO.

Sa. We assign the measured signal to THG because
the energy of the detected photons is equal to three
times that of the incident one: hwryg = 3hwy and
its intensity scales with the cube of the incident power
(I3, X Ifm)ﬂﬁ] Fig[2b shows that when hwg decreases
from~ 0.7 to~ 0.4eV THGE is enhanced by a factor~75,
almost one order of magnitude larger than the~ 9.5 ex-

pected from the 1/wg dependence of THGE in SLG at
E F=O@]. This can be explained by taking into account
the dependence of the SLG third order optical conductiv-
ity Uéi)lawS, where ¢, ;=1 2 3 are the Cartesian indexes,
on wg, Er and electronic temperature (7). Note that
X® = i0® /(3eqwodesf)32], by considering SLG with
(3)

a thickness defr. Our modeling is based on o, . ...

therefore we do not need to use dc¢y.

The dependence on Er was calculated in Refs.m, @]
and gives resonances at hiwg = 2|Ep|, |EFr|,2|Er|/3 for
T.=0K. A finite T, modifies the height and broadening
of these resonances, as derived in Methods (Sect[M3). A
comparison between theoretical curves, for Ep=250meV
and different T,, and experiments is plotted in Fig[2hb.
This indicates that Ep plays a key role, in particular
when fiwy <2|Ep|. The effects of disorder, impurities
and imperfections can be phenomenologically introduced
by a relaxation rate, I' = h/7, through the density matrix
approach|33, [34]. Our analysis (see Methods Sect.M3.3)
shows that the effect of a finite 7 in the ~0.1fs-1ps range
on THGE is negligible. Since T' ~ e /(. Er)[42] this
range of 7, for SLG with Er between 100 and 600meV,
would correspond to mobilities~1-10° cm?V~'s~!, cov-
ering the vast majority of experimental SLG in literature.

Refsjﬂ7 35 predicted that gate tunability of THGE
should be possible. FigBh plots the THG spectra for
different Vg and hwp=0.59¢V. FigBb shows the THG
intensity over -600meV< Erp <4150meV corresponding
to-150V< Vi <+150V. EF is derived from each Vg as
discussed in Methods Sect.M1.

FiglBb shows that, as a function of Vg, there is a
THG intensity enhancement by over a factor of 20 when
hwo < 2|Ep|. FigBb also indicates that THGE in SLG
follows an opposite trend compared to FWM@] it is
higher for intra-band (fiwy < 2|Ep|) than inter-band
(hwo > 2|Ep|) transitions. This is reproduced by the cal-
culations in Methods (Sect[M3)). THGE for SLG, con-
sidered as a nonlinear interface layer between air and
substrate, under normal incidence can be written as (see
Methods Sect.M3.1):

I3, 1
"7 (wo, Ep, T.) = 2o =f(w0)r4z4 oﬁ}l(wo,EF,Te)
0

L,

(2)
where ¢y ~ 8.85 x 10712C(Vm)~! and ¢ = 3 x 10%m/s
are the vacuum permittivity and the speed of light;
f(wo) = ny > (wo)na2(3wo)[n1 (Bwo) + n2(3wp)] 2 in which
ni=1,2(w) is the refractive index of air (i=1) and sub-
strate (i=2). For SLG on any substrate n;(w) ~ 1 and
na(w) = \/€e2(w), with ea(w) the substrate dielectric func-
tion. For Sa, we use €5 ~ 10[43]. According to the Cg,
point group symmetry of SLG on a substrate@], the
relative angle between laser polarization and SLG lattice
is not important for the third-order response (see Meth-
ods Sect.M3.2). We can thus assume the incident light
polarization i along the zigzag direction without loss of
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FIG. 4. Broadband THGE electrical modulation. Experiments (circles) and theory (dotted lines) for THGE as a function
of Er and for different T, for SLG on Si/SiO2 and incident photon energies of (a)0.41, (b)0.52, (¢)0.59, (d)0.69eV. The vertical

dotted lines in each panel are at |Er| = hwo/2 and |Er| = hwo.

generality. 0225 can then be calculated employing a di-
agrammatic techniquem, @, @], where we evaluate a
four-leg Feynman diagram for the TH response function
(see Methods Sect[M3). The light-matter interaction is
considered in a scalar potential gauge in order to capture
all intra-, inter-band and mixed transitions M]

FigH compares experiments and theory for THGE for
four incident photon energies between 0.41 and 0.69e¢V
and different T.. Both theory and experiments display
a plateau-like feature for THGE at low Ep (2|Ep| <
Tiwo ), which corresponds to inter-band transitions for the
incident photon. By further increasing |Er|, we reach the
energy region for intra-band transitions (hwy < 2|Er|),
where we observe a THGE rise up to a maximum for
|Ep| ~ 1.25fwy (Figlh). This is due to the merging
of the two T,=0K resonances at |Ep|/hwy =1 and 1.5
as a result of high T, (see Methods Sect.M3.4). FigHl
indicates that the best agreement between theory and
experiments is reached when ~1500K< T, <2000K.

T. can be also independently estimated as follows.

When a pulse of duration At and fluence F, with av-
erage absorbed power per unit area P/A, photoexcites
SLG, the variation dU of the energy density in a time
interval dt is dU=(P/A)dt. The corresponding T, in-
crease is dT.=dU/c,, where ¢, is the electronic heat ca-
pacity of the photoexcited SLG, as derived in Methods
(SectIM4)). When the pulse is off, T, relaxes towards the
lattice temperature on a time-scale 7. This reduces T,
by dT. = —(T./7)dt in a time interval dt. Thus:

dTe 1P T

dt e, A T (3)
If the pulse duration is: (i) much longer than~20fs, which
is the time-scale for the electron distribution to relax to
the Fermi-Dirac profile in both bands[45]; (i) comparable
to the time-scale~ 150—200 f s needed to heat the optical
phonon modes ], it is safe to assume that T, reaches
a steady-state during the pulse, given by:

T P

T, =— -
Colftes po, Te) A

(4)
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FIG. 6. Multi-photon resonances in SLG. Resonances
corresponding to the three logarithmic peaks in the imaginary
part of the SLG nonlinear conductivity that occur at T.=0K
for hwo = 2|Er|/3, |EFr|, 3|Er|/2. The red arrows represent
the incident wp photons and the blue arrows represent the TH
photons at 3wo.

The T, dependence of ¢, in EqMlis discussed in Methods
(SectIM4]). In our experiments we have: F=70uJ/cm?
At=300fs, P/A=2.3%xF/At. The resulting T., as a
function of hwy, for several 7, are in Fighl T, increases
for more energetic photons and for longer 7. Overall, T,
ranges between~1000 and 1500K, in excellent agreement
with the estimate from Fig]

The observed gate-dependent enhancement of the
THGE can be qualitatively understood as follows. The
linear optical response of SLG at T.=0K has a "reso-
nance” for fiwg = 2|EF|, the onset of intra- and inter-
band transitions@]. Around this energy, a jump oc-

5

curs in the real part of Uéi)lawg due to the relaxation of
the Pauli blocking constraint for vertical transitions be-
tween massless Dirac bands. From the Kramers-Kronig
relations @], this jump corresponds to a logarithmic peak
in the imaginary part of Uéi)la2a3. In a similar way,
for the SLG third-order nonlinear optical response, log-
arithmic peaks in the imaginary part of aéi)lazas oc-
cur at T.=0K for multi-photon transitions such that
mhw = 2|Er| with m=1,2,3, which correspond to inci-
dent photon energies hiwo = 2|Er|, |Er|, 2/3|Er|[34,35],
as sketched in Figlgl At high T, due to the broadening
of the Fermi-Dirac distribution, these peaks are smeared
and merge (see Methods Sect.M3.4). Our work provides
experimental evidence of this resonant structure (FigHl),
in agreement with theory.

In summary, we demonstrated that the THG efficiency
in SLG can be modulated by over one order of magni-
tude by controlling its Er and by almost two orders of
magnitude by tuning the incident photon energy in the
range~0.4-0.7eV. The observation of a steep increase of
THGE at |Er|=hw/2 for all the investigated photon
energies suggests that the effect can be observed over
the entire linear bandwidth of the SLG massless Dirac
fermions. These results pave the way to novel SLG-based
nonlinear photonic devices, in which the gate tuneability
of THG may be exploited to implement on-chip schemes
for optical communications and signal processing, such
as ultra-broadband frequency converters.

METHODS
M1. Sample preparation and characterization

SLG on Sa is prepared as follows. SLG is grown by
CVD on Cu as for Ref.[50]. A Cu foil (99.8% pure)
substrate is placed in a furnace. Annealing is performed
at 1000 °C in a 20scem (standard cubic centimeters
per minute) hydrogen atmosphere at ~196mTorr for
30min. Growth is then initiated by introducing 5sccm
methane for 30mins. The grown film is characterized
by Raman spectroscopy@, | with a Horiba Labram
HR800 spectrometer equipped with a 100x objec-
tive at 514nm, with a power on the sample~500uW
to avoid any possible heating effects. The D to
G intensity ratio is I(D)/I(G)<0.1, corresponding
to a defect density np < 2.4 x 10°m~2[53, [54).

The 2D peak position (Pos) and full width at
half maximum (FWHM) are Pos(2D)~2703cm™!
and  FWHM(2D)~36cm !, respectively, while
Pos(G)~1585cm ™! and FWHM(G)~18cm~t. The 2D

to G intensity and area ratios are I(2D)/I(G)~3.3 and
A(2D)/A(G)~6.5, respectively. The CVD SLG is then
transferred on Sa by polymer-assisted Cu wet etching@],
using polymethyl methacrylate (PMMA). After



transfer  Pos(2D)~2684cm~!, FWHM(2D)~24cm™1!,
Pos(G)~1584cm ™!, FWHM(G)~13cm ™},
1(2D)/1(G)~5.3, A(2D)/A(G)~10. From Refs56, 57 we
estimate Ep ~250meV. After transfer, I(D)/I(G)~0.14,
which corresponds to np < 6.0 x 1010cm_2ﬂé, ] with
a small increase of defect density.

The back-gated SLG sample is prepared by microme-
chanical exfoliation of graphite on Si+285nm SiOs @]
Suitable single-layer flakes are identified by optical
microscopy[4l] and Raman spectroscopy[51, é] The
device is then prepared as follows. We deposit a resist
(A4-495) on the exfoliated SLG on Si/SiO; and we
pattern it with electron beam lithography. Then, we
develop the resist in a solution of isopropanol (IPA)
diluted with distilled water, evaporate and lift-off
5/70nm of Cr/Au. Cr is used to improve adhesion of
the Au, while Au is the metal for source-drain contacts.
Raman spectroscopy is then performed after processing.
We get Pos(2D)~2678cm ™!, FWHM(2D)~25cm ™!,
Pos(G)~1581cm ™1, FWHM(G)~12cm 1,
I(2D)/1(G)~4.9, A(2D)/A(G)~10.3, indicating
Er <100meV|5d, [57]. correspond-

1(D)/1(G)<0.1,
ing to np < 2.4 x 100cm~2[53, 54]. When V¢ is
applied, Er is derived from V¢ as follows|56]:

EF = fL’UF m (5)

where £ is the reduced Plank constant, and n is the SLG
carrier concentration. This can be written as@]:

n =50 - 1) )

where Cpg = eeg/dpg = 1.2 x 107 8Fcm ™2 is the back-
gate capacitance (dpg=285nm is the back-gate thick-
ness and ¢ ~4 the SiOq dielectric constant|[56]), e > 0
is the fundamental charge and 1} is the voltage at which
the resistance of the SLG back-gated device reaches its
maximum (minimum of the current between source and
drain). We note that the SLG quantum capacitance
(Coc) is negligible in this context. In fact the SiO, layer
and SLG can be considered as two capacitors in series
and the SLG Cgc is ~10 Fem~2[59]. Thus the total
capacitance Cyot =(1/Cpg+1/Cqc) ! ~Cpe.

M2. THGE measurements and calibration

THGE measurements are performed in air at room
temperature for both transmission and reflection, as
shown in Figlll For excitation we use the idler beam
of an OPO (Coherent) tuneable between~0.31eV (4um)
and~0.73eV (1.7um). This is seeded by a mode-locked
Ti:Sa laser (Coherent) with 150fs pulse duration, 80MHz
repetition rate and 4W average power at 800nm. The
OPO idler is focused by a 40X reflective objective (Ag
coating, numerical aperture NA=0.5) to avoid chromatic

Filter o o
Flip mirror

pramy

Ti:Sa
Laser

OPO

150fs, 80MHz @ 800nm Idler 1.7 um — 4um

FIG. 7. Setup used for THG experiments in both transmission
and reflection. BS, Beam Splitter.

aberrations. The THG signal is collected by the same
objective (in reflection mode) or collimated by an 8mm
lens (in transmission mode) and delivered to a spectrom-
eter (Horiba iHR550) equipped with a nitrogen cooled
Si CCD, Figlll The idler spot-size is measured with
the razor-blade technique@] to be~4.7pum. This corre-
sponds to an excitation fluence~70uJ/cm? for the aver-
age power (ImW) used in our experiments. The idler
pulse duration is checked by autocorrelation measure-
ments based on two-photon absorption on a single chan-
nel Si photodetector and is~300fs. Under these excita-
tion conditions, the THG signal is stable over at least 1
hour. For the electrical dependent THGE measurements
we use a Keithley 2612B dual channel source meter to ap-
ply Vg between -150 and +150V, a source-drain voltage
(10mV), as well as to read the source-drain current (Isp).
For the photon energy dependence measurements we use
60s acquisition time and 10 accumulations (giving a total
of 10 minutes for each spectrum). For the gate depen-
dence measurements we proceeded as follows. We tune
Vi (62 points between -150 and +150V) and for each Vg
we measure the THG signal by using 10s acquisition time
and 1 accumulation. We use a shorter accumulation time
compared to the photon energy measurements to reduce
the total time required for each Vg scan. A lower accu-
mulation time implies that less photons are collected by
the CCD. We consider the amplitude of THG in counts/s,
obtained by dividing the number of counts detected on
the CCD by the accumulation time. Thus, in the case
of Vi dependent measurements, SLG is kept at a given



Ve for 10s before moving to the next point (next value of
Ve). This corresponds to~10minutes for each measure-
ment (i.e. a full Vi scan between -150 and + 150V). In
this way, for each Viz and, consequently, for each Er, we
record one THG signal spectrum.

To estimate the wy dependent THGE, it is necessary to
first characterize the photon energy dependent losses of
the optical setup. The pump-power is measured on the
sample (by removing it and measuring the power after
the objective). The major losses along the optical path
are the absorption of Sa, the grating efficiency, and the
CCD quantum efficiency. We also need to consider the
CCD gain. The Sa transmittance is~85% in the energy
range of our THG experiments@]. To evaluate the losses
of the grating and the absorption of the CCD, we align
the Ti:Sa laser, tuneable between~1.2 and 1.9eV (~650-
1050nm), with the microscope and detect it on the CCD.
We then measure the signal on the spectrometer, given a
constant number of photons for all wavelengths, and com-
pare this with the spectrometer speciﬁcationsﬂﬁ_l]]. We get
an excellent agreement between the two methods (i.e.
evaluation of the losses from detection of the fundamen-
tal beam and spectrometer specifications). Thus we use
the spectrometer specifications to estimate the losses due
to grating and CCD efficiencies. We also account for the
CCD gain, i.e. the number of electrons necessary to have
1 count. The instrument specs@] give a gain~7.

M3. TGHE modeling

0226 is calculated through a diagrammatic technique,

with the light-matter interaction taken in the scalar po-
tential gauge in order to capture all intra-, inter-band
and mixed transitions ]. We evaluate the diagram

in Figlfland denote by H§

Je are the density and paramagnetic current operators.
Then, 0,522 = (ie)?limg_o 63H§3)/5q?, where e > 0 is
the fundamental charge We use the Dirac Hamil-
tonian of low-energy carriers in SLG as Hy = hvpo - k
where ¢ = (70, 0y) stands for the Pauli matrices in the
sublattice basis. Note that 7 = + stands for two val-
leys in the SLG Brillouin zone. We get ' bpa (w, Ep, 0) =

iaég)@({o;)m (w, Br,0) at T, = 0[33-335]:

%) the response function. n and

17G(2|Erp|, hwy) — 64G(2|Er|, 2hw )|
24(hw4 )
45G(2|Er|, 3hwy)
24(hwy )%

3 (w,Ep,0) =

Trxrxr

(7)

where G(z,y) = Inllz + y)/(z — vy)|, 0(()3) =
Neethwd /(32m) with Ny = 4 and hw; = hw + 90", A

W

Y

A

N 37
CER

FIG. 8. Feynamn diagram for Hf) in the scalar potential
gauge. Solid/wavy lines indicate non-interacting Fermionic
propagators/external photons. Solid circles and square indi-
cate density and current vertexes

finite Tt, aé?;e is evaluated as[68):

1 o0 ) (. E.,0
a;§>ww(w,EF,Te):—/ g Zivee(@ E,0). (8)
HpTe Joo " oot <2E—u)

Y, .’ nq

Graphene 5L =

FIG. 9. Schematic of SLG on substrate. The TH radiated
waves in the top and bottom medium obey the TH Snell’s law:
ni(3wo) sin O; = ni1(wo)sinf. The red dashed arrows indicate
the propagation direction of in-coming and out-going waves.

1. THGE of SLG as an interface layer

In order to evaluate the THGE for SLG on a sub-
strate we consider SLG as an interface layer between
air and substrate, see Fig[d and implement electromag-
netic boundary conditions for the non-harmonic radia-
tions. We follow Ref@, and provide explicit details for
THG in SLG. The Maxwell equations in the nonlinear
medium in the m(> 2)-th order of perturbation are given



V.Bm =g, (9)
(m)

. 1 - =

V.Dm =l 2. pm) (10)
€0 €0

V x E™ = jws B™) | (11)

V x B(m = uoff(m) — zw—fﬁ(m) — iwzﬂoﬁ(m) . (12)
c

where D(M) = e(wg)ﬁ(m) is the conventional displace-
ment vector. pgm) and ff(m) are the m-th order Fourier
components of free charge and free current. Note that
wy = Z;n w; in which w; correspond to the incoming pho-
tons frequency into the nonlinear medium. In the case of
THG, we have m = 3, wy 2,3 = wp and wy, = wtHG = 3wo.
€(w) is the isotropic and homogenous linear relative di-
electric function. Only electric-dipole contributions are
included.

We consider SLG in the z-y plane embedded between
air and a substrate. SLG is modeled by a dielectric func-
tion es(w), nonlinear polarization, free surface charge and
free surface current:

P = §(z)P(m) (13)
o™ =o(2)o™ (14)
J = §(2) K™ (15)

Having the Dirac delta, §(z), in the above relations im-
plies that SLG only shows up in the electromagnetic
boundary conditions. Note that P(™) and I?f(’”) are in-
plane vectors with zero component along the interface
normal, 2. The interface layer is the only source of non-
linearity. We assume Ut(»m) =0 and I%f(m) = 0, consistent
with our experiments, where there are no free surface
charges and currents that oscillate at frequency mw with
m=2,3,....

The boundary conditions for the nonlinear fields at
z=0 are obtained as:

Bm B§m> = o (K™ —iws Py x 3 |
(m) & DB(m)
Sim .o \% P
{ "~ ealw) B | 2 = T ,
€0
(B! E<m>) 2=0. (16)

Where the sub-indexes 1,2 stand for the top(bottom)
medium and Vop = £8/82 +§9/dy. The dielectric func-
tion of the interface layer, e5(w), does not emerge in the
above boundary conditions.

The wave equation in the top and bottom media, with
vanishing nonlinear polarization, follows:

w2

V x Vx EM — ZZe(wg)E™ =0, (17)

which has a plane wave solution@]:

Em) = jglm) oil@sm—wst) 4 ¢ 0 (18)

/- ¢s = 0 and the dispersion relation in the top and
bottom media is given by:

as = 35| = “n(ws) . (19)

where n(ws) = /e(ws) is the refractive index of the
lossless media.
We consider a linearly polarized incident laser with

arbitrary incident angle exposed to the interface layer:

B = {86, 4+ 9, + 2E.} 1 @T—w0D) 4 ¢ ¢ (20)
where
- Wo A PN
¢ = —n1(wo)[—cos Bz + sin O] . (21)
c

The leading nonlinearity of SLG is encoded in a third-

3
order conductivity tensor, S’( ). Using the SLG symme-
try, the third-order nonlinear polarization follows:

- =(3)
PE) =P exp {z% [n1(wo)x sin 6 — ct]} +cc (22)
c

where
D(3) 3 2
Py 30-20 Mm {5 + &€, }
D(3) 3 2
Py 30-20 Mm {5 +&,E; }
PO —0. (23)

The wave-vectors of TH radiated waves in the top and
bottom media are then:

3
(o1 = inl(?wo)[cos 012 + sin 6, 7] |
c
3
@Buso,2 = ﬂng(?w.)o)[— cos 22 + sin 027 . (24)
c

According to the boundary condition relations of Eq[IG],
we find ¢3u9,1,2 = G3wo,2,c = 3¢z Therefore, we derive
the Snell’s law for THG:

n2(3wo) sin fy = n1(3wp) sin 6y = ny(wp)sin . (25)

Considering frequency dependence of the refractive in-
dexes, the Snell’s law for THG implies that sinf; =
[n1(wo)/n1(3wp)] sin B is not generally equal to sin 6. This
is in contrast with the specular reflection for first har-
monic generation

The plane wave nature of the TH radiations implies:

cos 9151(32 + sin 9151(332 =0,

— cos 9252(2 + sin 925(3) =0. (26)



By considering Eqs23I24] the boundary condition rela-
tions Eqs[If become:

n1(3wo) {cos 0181(:2 — sin 9151(?2} +
3CLJ0 73

n2(3wo) {cos 0282(392 + sin 9282(32)} =i— =, (27)
’ ’ C €9
s B
n1(3wp) cos 9151(373 + n2(3wp) cos 028(3) = —i%ﬂ ,
, €0
(28)
n1(3wp) sin 915( — na(3wp) sin 9252 =0, (29)
&) = &7, (30)
&) =&, (31)
3
n1(3w0)251(3z) - n2(3w0)252(32) = ﬂfp—nl(wo) sinf .
’ ’ cC €
(32)
From Eqs 273225P6 we get:
(3) ot 3 2
g =G, g3 L g.82) 33
7,2 5 ceo { x + y} ( )
(3) Ug:?)z)zz 3 2
iy = iy ceo {5y +‘€y‘€z} ) (34)
(3) ol 3 2
£°) =8, Igd 1 £,82) . 35
1,2 5 ceo { x =+ y} ( )
where
cos 61 cos 05
S1p=290,=— , (36
L 2 ni (3w0) cos by + no (3CUO) cos 6 ( )
1
S, =89, = — 37
Ly 2y n1(3wp) cos B + na(3wp) cos by (37)
cos 05 sin 64
Sy . = : 38
L n1 (3(00) cos By + no (3CUO) cos 6 ( )
oz — cos 01 sin 6o (39)

n1(3wp) cos B + na(3wp) cos by

For normal incidence we have 8 = 0. From Eq23 we
have §; = 0> = 0. Therefore, S; ., =0 and S;, = S,y =
—1/[n1(8wo)+n2(3wp)]. The time-average of the incident
intensity gives I, = 2n1(w0)eoc|ﬁin|2. The intensity of
the transmitted TH signal is 5., = 2n2(3wp)eoc| E®) 2.
From this we get Eql2l for THGE.

2. Symmetry considerations

The rank-4 tensor of ¢® transforms as follows under
an arbitrary ¢-rotation:

s = 3 Rt

aBy

JRg5(0) Ry (¢)R5/5(¢)0(()136)75 .

(40)

We take the z-axis as the rotation-axis, perpendicular
SLG. Therefore, the rotation tensor is:

o) = (50 o) ()

—sing coso

~ <
We take £ = R(¢) - &. By plugging EqMl in 0, we get:

nge - [Sln ¢]4 égy;yy + [COS ¢] mm)mm

conofin [0, + o2+ oy + 7]

+ [eos ¢ sin g o3, + 018, + 00, + 0D,

+ [COS (b sin ¢] [ mgm)yy + O';gy)my + O';gy)ym
+ 4y + Ty + sl (42)

Because of the Cg, symmetry for SLG on a substrate,
there are only 4 independent tensor elementsﬂﬁ]:

Uo(ci)yy = Ol
U:(E3y)wy = Ul(l:;)yﬂﬂ' (43)

By implementing Eq.43 in Eqd2] we get 01522 =P

8. Effect of finite relaxation rate

The effect of finite 7 in the TH conductivity can be
derived from@]



73 (wo, Er,0) ~
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_17G(2|Ep|, hwy + iT) — 64G (2| Er |, 2hwo + iT) + 45G(2| By, 3hwp + iT")

rrxrx

24(huwoo)*

I 1
17
i 6(hw0)4{ [2|EF| T+ 3hwo F il

1
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FIG. 10. THGE for SLG on Sa as a function of wg for different
7 = h/T at constant Te=2000K and Er=200meV, for incident
intensity~ 2.4 x 10'*Wm ™2, corresponding to the value used
in our experiments

Note that (=) is because we assume I' < Tiwo [33]. FigIQ
shows that a finite 7 has a small effect on THGE for most
of the SLG in literature, as well as those in this paper.

4. Te and Er effects on THGE

The T, and Er dependence of THGE for SLG on SiO9
at iwg = 500meV is shown in Fig[TTl where 3 logarithmic
singularities at 2|FEr| = hwo, 2hwy, 3wy for T,=0K can
be seen. By increasing T, the first peak at 2|Er| = hiwg
disappears and the two others merge and form a broad
maximum, roughly located at 2|Ep| ~ (2 + 3)hwy/2 =
2.5hwy. THGE is almost insensitive to Ep for 2|Fy| <
hwo. This can be explained using the asymptotic relation
of the TH conductivity for |Er| < hwy. For T, = 0:

43,2 , 3
3 A ° hog ) 1 i (2|Ep| 45
Tezae ¥ oyi 196 T 7 \ Bhwo ) T (45)
Eqs[432] explain the flat part of the curves in FiglIl in
the low-doping regime (fiwy >2|Er|).
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FIG. 11. Er dependence of THGE for SLG on SiO2 at hwo =
500meV for different Tt between 0K and 1800K. (a) Absolute
THGE. (b) THGE normalized to the minimum so that THGE
at BFr = 0 is equal to 1 for all Ts.

In order to quantify the tuneability of THG in SLG by
altering Fr, we define a parameter:

é-THG — UIEI;I)E} (46)
- nTHG ’
min

where nIHCG stands for THGE in the nearly undoped

regime (|Er| < hwp). Figll2 indicates that ¢THE de-
creases by increasing 7.



1000 —— : . : : .
C O\\
O\
100 3 > E
0 AN
R L
o
10| e :
E \o
~_ ]
0\0 ]
T
1 L 1 L 1 1
0 900 T, (K) 1800 2700
FIG. 12. T, dependence of fTHG.
1.0 T T T T T T T T
I (a) | (b)
E. =10meV E. =200meV
0.8} 1 r e
©
<
< 06 1 F B
&<
€
[
E 04} 1 F B
o l
0.2} 4 F ~
0.0 L b = = = = = " 1 L 1 n
0 1000 2000 30000 1000 2000 3000
T, (K) T, (K)

FIG. 13. Numerical calculation of ¢, for (a) Er=10 and (b)
300meV. The blue and red dashed lines are Eqs[52]

M4. Fermi energy, Fermi level, chemical potential
and the estimation of 7. in photoexcited SLG

When a pulsed laser interacts with SLG, for sev-
eral hundred fs after the pump pulse, the electron and
hole distributions in valence and conduction bands are
given by the Fermi-Dirac functions frp(e;pn,Te) with
the same T, and two chemical potentials ., and p.. By
definition pe = —pty. The term Fermi level (Egy,) is some-
times used in literature to denote p. The Fermi energy
(Er) is defined as the value of p at T, = 0K. Ep is
thus a function of the electron density only. Only af-
ter the recombination of the photoexcited electron-hole
pairs, a single Fermi-Dirac distribution is established
in both bands and the equilibrium condition puy, = pic
holds. The recombination time depends on carrier den-
sity and laser fluence, and can be much longer than the
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timeS 20fs needed for thermalization (see Refl64 and
references therein).

N¢ = 4 is the product of spin and valley degeneracy;
v(e) = Nile|/[2n(hvp)?] the density of electronic states
per unit of area. The electronic heat capacity ¢, is de-
fined as the derivative of the electronic energy density
U with respect to T,. This quantity depends on all the
variables which affect the electronic energy density, such
as T, and the carrier density, or equivalently p. and ..
In a photoexcited system, in general, ¢, depends on both
the electron and hole densities, 7.e. on both p. and .
In this case, ¢, can be written as@]:

8 oo
v (e, pv, Te) = ﬁ/o dev(e)e frp (&5 phe, To)

0
oTe

where the first integral is the electron and the second the
hole contribution, and the Fermi-Dirac distribution is

1
fFD(&:u'aTe) = —e(E—H)/(kBTe) 1 .

+ /oo dev(e)e frp(&; —pv, Tc) , (47)
0

(48)

To take the T, derivative in EqH1, the T, dependence of
¢y has to be specified. The electron and hole densities
are given by:

netie, To) = / dev(e) fop (& pies To),

o0
m(pn T = [ dev(e)fen(E-pa ) . (49)
0
Since the total electron density in both bands is con-
stant, the difference between electron and hole densities
is constant:

o9~ l® = (i T) e o)

where n£°> and nﬁo) are the electron and hole densities.

At equilibrium, when p. = uy = p, EqE0 can be solved
for p. A photoexcited density dn. changes the densities
in both bands as follows:

(50)

nc(ﬂc, Tc) = nc(,ua Tc) + 5”07

Nn(—piy, Te) = nn(—p, Te) + 0ne - (51)

After finding p with EqE0, one can get p. and u, with
Eq[EIl This defines the ¢, dependence of T, in EqHT
and allows to calculate the temperature derivative. The
result of Eqld7 is shown in Figlldl for p. = puy = p. In
Refl6d the following expression is given for cy:
18¢(3) .52

v(Te) = ——— k3T .

C ( ) ﬂ_(h,UF)g Bre
In principle, as noted in Refl67, EqBE2 is valid at the
charge neutrality point |u| < kgT only. For a degenerate
system, kT < |y, we have[6§):

(52)

2

™
CV(MuTe) = ?’/(EF)k%Te ) (53)
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FIG. 14. Numerical calculation of (a) electron energy den-
sity and (b) ¢, for Fr=200meV. The blue, and red lines
correspond to photoexcited densities dn. = 102 em~2 and
Sne = 3 x 102 crrf27 while the black line corresponds to a
thermalized system with a single p

as derived e.g. in Eqs.8.10 of Refl68, in Eq.4 of Refl6d
and in Eq.8 in the Supplementary Information of Ref!70.
However, the numerical calculation in Fig[T3] shows that
the quadratic approximation (Eq[52) is much better in
the regime where T, ~ 1000K and p ~ 100meV. Fig[T4]
shows that, taking into consideration the difference be-
tween p. and u,, for typical values of the photoexcited
density, contributes2 15% to c,.

The number of photoexcited electron-hole pairs per
unit area in the time interval dt is given by the num-
ber of absorbed photons in the same time interval per
unit area, i.e. (dne + dny)/2 = (P/A)/(hwo)dt. In the
steady state, the energy delivered by the pump is trans-
ferred into the phonon modes. Hence, we identify the
electron-hole recombination time with 7. We then get:

1 P

1 /dne n dny
2\ dt dt hwo A
[

Ne(pie, Te) + nn(— iy, Te)] —

( (0)+n(0))

1
-z 54
2 T (54)
In the steady state this becomes:
2r P
néO) + nf}o) = ’rLe(MC, Te) —+ nh(_ﬂvaTe) — FL—Q}OZ (55)
Combining EqsBOBA, we find:
T P
0N . 56
" th A ( )

To calculate EF (e.g. for a n-doped sample) one needs
to solve Eqsld8 M9 B with pe. = puy = Ep, T, = 0,
and n\”) = 0, finding Ep = hop, /7. This relation
can be safely used at T, = 300K and electron densi-

(0)

ties ne’ = 10" because the density of thermally excited
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holes is negligible. Indeed, experimental measurements of
the carrier density of n-doped SLG at room temperature
routinely neglect the hole population contributions. In
a photoexcited SLG, even after the recombination of the
photoexcited electron-hole pairs, the T, dependence of u
cannot be ignored. In this case, to calculate u, one needs

to solve Eqs[A849] with pe = gy = p and nflo) =0
as a function of T,. This gives p = Ep[l — w212 /(6T%)]
for T, S Tr and p = EpTr/ (4102 x T,) for Ty, 2 TFNﬁ]
where Tp = Er/Kg, with Kg the Boltzmann constant.
For a typical case of Fp=200meV and T, =1500K, we
have p ~ 0.3 — 0.5FEF.
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