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Abstract
We  study  an  extraction  site  reclamation  problem  in  a 
two- player  differential  game  setting  over  a  finite  time 
horizon.  Environmental  regulation  requires  each  firm 
to engage in reclamation efforts during the entire lifes-
pan of  the extraction site and to pay an abandonment 
reclamation fee at the end of its lease term for the un-
claimed pollution caused by firms’ activities. Firms de-
termine their reclamation efforts  in order to minimize 
their  reclamation  cost.  We  analyze  and  compare  indi-
vidual firms’ choices and the pollution stock in the non-
cooperative and the cooperative cases by distinguishing 
between  situations  in  which  firms  are  homogeneous 
and heterogeneous. We study  the case  in which  firms 
have different  lease durations and different degrees of 
environmental liability. We show that the dynamics of 
the  reclamation  efforts  may  be  substantially  different 
under  noncooperation  and  cooperation,  and  in  both 
cases,  it  is mainly determined by how the rate of  time 
preference and the growth rate of firms’ liabilities com-
pare. Moreover, in all scenarios, the reclamation efforts 
generally rise with the degree of  liability and fall with 
the lease duration, suggesting that in order to promote 
better  environmental  outcomes,  the  regulators  should 
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1 |  INTRODUCTION

Extraction of natural  resources deteriorates  the environment both on and near  the extraction 
field. The side effects of resource extraction on land are mostly severe and include the construc-
tion of access roads, seismic lines, well- sites, tailing ponds, worker camps, storage areas and fa-
cilities,  processing  plants,  compressor  and  pumping  stations,  as  well  as  other  miscellaneous 
infrastructure  of  various  sizes  (e.g.,  pipeline  corridors  in  the  case  of  oil  and  gas  industry). 
However, the degree and the size of the deterioration associated with these activities varies con-
siderably  from case  to case and  tends  to be more  severe when  the extraction  field consists of 
surface mines and unconventional resources. In general, the environmental disturbance is larger 
or, at least more salient, when extraction occurs through surface mining also known as open- pit, 
which involves extracting rock or minerals from the earth by their removal from an open pit or 
borrow, in contrast to other extractive methods that require tunneling into the earth.1 Aside from 
the specific extraction site, in many cases, land is also disturbed due to hazardous tailings and 
waste generated from the varied processes of extraction and production. For example, oil sands 
extraction results in the accumulation of large amounts of residual waste, which contains a mix-
ture of water, clay, unrecovered bitumen and solvent, and dissolved chemicals including organic 
toxic compounds, captured by the tailing ponds.2 Moreover, abandoned oil and gas wells may 
provide pathways for subsurface fluid migration, which can lead to groundwater contamination 
and gas emissions into the atmosphere (Kang et al., 2015). The environmental deterioration is 
particularly severe in the case of exploitation of unconventional resources, while recently pro-
duction from these resources has grown much faster than expected due to the improvements and 
developments in the extraction technologies which have drastically reduced the unit production 
cost (Mistré et al., 2018). Such a technological improvement has had a significant impact on the 
energy  portfolios  of  different  countries  especially  in  North  America  over  the  past  decade; 

 1For example, just to give a sense of the size of the problem, in Canada about 4800 square kilometers of land could be 
impacted by the mining method of extracting oil sands in Alberta, mostly through surface mining (Canadian 
Association of Petroleum Producers, 2018).

 2For example, in 2017 in Alberta, the oil sand’s tailing ponds cover more than 220 square kilometers and hold an 
estimated 1.2 trillion liters of contaminated water (Herald, 2017). Even if the water released from the ponds can be 
recycled and reused in oil sand processing, the majority remains as mud almost indefinitely (Natural Resource Canada, 
2018).

carefully determine the lease conditions by introducing 
intra- term  reclamation  fees  along  with  stringent  envi-
ronmental accountability.
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nevertheless, the reclamation technologies have not improved at a same pace and are still in their 
infancy. For example, in Canada firms are required to have specific plans in place to ensure rec-
lamation; however, the effective reclamation of extraction sites is predicted to be very difficult 
without significant improvements in tailings management techniques (Natural Resource Canada, 
2018). Moreover, that recent downturn in energy prices exacerbates the issue of cleaning up in-
active oil and gas wells further, as the number of unclaimed and abandoned wells (i.e., orphaned 
wells) has increased dramatically, from less than 100 in 2012 to more than 3000 in 2017, only in 
Alberta (Dachis et al., 2017). In addition to the limits in the reclamation technologies, the current 
regulations may not be effective either, as confirmed by the US example, where extraction firms 
are required to post a bond to ensure environmental reclamation of abandoned sites; however, 
the bonding requirements mostly cover only a small fraction of the reclamation costs even though 
they vary across states (Ho et al., 2018; Mitchell & Casman, 2011). The scenario is not more com-
forting in developing countries either. For example, China has introduced a bonding system in 
1998 but only by 2013 all its provinces have become compliant with it; moreover, such a bonding 
system suffers from critical deficiencies (including the absence of a national administrative au-
thority to oversee reclamation standards and bonding, the absence of any national standard for 
the types of financial instruments that can be used for bonding) resulting in few companies re-
claiming the disturbed land, or receiving any bond refund since the bond paid turns out to be 
lower than the reclamation costs (Cheng & Skousen, 2017; Yan et al., 2012).

Given  the  size  and  the  spread  of  the  environmental  deterioration  caused  by  resource  ex-
traction industries in general and the fast development of extraction of unconventional resources 
in particular, reclamation of these sites are crucial in order to reduce the negative environmen-
tal consequences imposed on future generations. Site reclamation, also known as rehabilitation 
or  revitalization,  is  the  process  of  restoring  the  land  that  has  been  mined  or  drilled  to  a  nat-
ural  or  economically  usable  state.  In  some  cases,  the  process  of  site  reclamation  occurs  once 
extraction is completed, but proper reclamation planning activities are needed and often occur 
prior to even beginning the site development. For example, different Canadian provinces have re-
cently introduced diverse regulations to ensure that reclamation effectively takes place. Alberta’s 
Environmental Protection and Enhancement Act (EPEA) of 2014 requires firms to prepare for 
reclamation early in the extraction phase in coal or oil sands mines, and in particular, companies 
must submit several plans and reports to guide progressive reclamation through the life of a mine 
in order to be able to complete reclamation within one year of the surface disturbance, as en-
couraged by the EPEA (Alberta Energy Regulator, 2018). In Ontario even before a mine opens for 
production, plans need to be in place for the future reclamation of the land; in particular, every 
advanced exploration and mining project needs to include a closure plan to restore the land to a 
natural state upon completion of exploration and mining activities, and such rehabilitation plans 
may include razing buildings, planting trees and natural grasses, and restoring wildlife habitats 
(Ontario Mining Association, 2018). Similar regulations are also present  in the US, where the 
Federal Land Policy and Management Act of 1976 demands to take any action to prevent “un-
necessary or undue degradation” of the land. To do so, the Bureau of Land Management requires 
oil and gas operators to reclaim the land they disturb and to post a bond as a warranty; these 
bonds are meant to ensure the lease terms are fulfilled, including covering reclamation costs in 
the event that the operator abandons the well. However, the bonding requirements have not been 
updated since the 60s with the consequence that the bureau currently faces potential reclamation 
liabilities that exceed the value of the bonds it holds, possibly by a considerable amount (United 
States Government Accountability Office, 2010; Center for Western Priorities, 2018).
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The policy relevance of site reclamation and the increasing number of extraction sites all over 
the world have given rise to a growing interest in reclamation issues, especially over the last de-
cade. Several papers analyze  the consequences of  reclamation  liabilities on  firms’  investment 
decisions and the effectiveness of current reclamation policies in specific contexts and specific 
case  studies  (e.g.  Andersen  &  Coupal,  2009;  Bishop,  2013;  Dachis  et  al.,  2017;  Davis,  2015; 
Espinoza & Morris, 2017; Gerard, 2000; Mitchell & Casman, 2011; Sullivan & Amacher, 2009). 
Most of these works focus on reclamation bonds, discussing their strong limitations (Andersen & 
Coupal, 2009; Gerard, 2000; Mitchell & Casman, 2011) and thus the need for a reform for the 
regulatory system (Bishop, 2013; Dachis et al., 2017).3 Some compare the effectiveness of differ-
ent policy instruments on firms’ behavior showing their strong impact on the viability of alterna-
tive project opportunities (Espinoza & Morris, 2017), showing either that bonds may reduce but 
not eliminate the wedge between private and socially optimal reclamation choices (Sullivan & 
Amacher, 2009), or that despite their limitations bonds still represent the best option available 
(Davis, 2015). More limited are the papers analyzing the reclamation policies from a theoretical 
point  of  view,  which  clearly  requires  to  rely  upon  dynamic  settings.  In  a  dynamic  hazardous 
wastes cleanup model, Caputo and Wilen (1995) analyze the intertemporal tradeoffs imposed by 
regulations  to  assess  the  environmental  damage  and  resource  cost  of  cleaning  up  the  wastes. 
Lappi (2018) studies a social planner’s problem deciding upon cleaning up multiple polluted sites 
by choosing the time and order of cleanups, showing that because of the natural decay of hazard-
ous wastes it may be optimal to delay cleanup activities, potentially explaining why at the recla-
mation date in reality firms rarely deliver. By considering the implications of reclamation on the 
extraction decisions, even if  in different setups, both Yang and Davis (2018) and Lappi (2020) 
analyze how different policy instruments can be used to decentralize the social optimum, even-
tually underlying the problems associated with bonding requirements (Yang & Davis, 2018).

To the best of our knowledge, no single study thus far has tried to analyze the issues asso-
ciated with the design of reclamation policy and how firms’ reclamation efforts are affected 
by the presence of multiple firms operating close to each other. Indeed, extraction activities 
of  different  firms  often  take  place  in  narrow  areas  in  which  firms  pollute  the  surrounding 
environment (e.g., any possible spills and leakages that contaminate the nearby air and water 
resources) and also end up sharing a variety of facilities (including, but not limited to, access 
roads,  infrastructures,  landfill  sites,  lakes  or  other  water  bodies,  pipeline  corridors).  Such 
interconnections between firms gives rise to the possibility of  free riding since it  is hard to 
distinguish who should be held responsible for the environmental damages generated by the 
side effects of extraction activities. The implications of such shared facilities have been mostly 
ignored  in both  theoretical  literature and policy  settings while  their  relevance  for environ-
mental outcomes may be very significant, especially in cases like western Canada’s oil sand 
industry where firms operate in close proximity of each other and do share main development 
facilities  including, but not  limited to, access roads,  landfill sites, and pipelines. Our paper 
tries to make a first theoretical contribution in this context complementing extant reclama-
tion literature by focusing on strategic interactions between firms whose extraction activities 
result  in  polluting  shared  nearby  environment  and  may  require  to  set  up  shared  facilities 

 3Mitchell and Casman (2011) show that the oil and gas bonding requirements in the United States, which generally 
determine the minimum bonding values either on a blanket basis or for individual wells (and which may be met even 
without transferring money), do not incentivize reclamation since their levels are typically set too low; in particular, 
due to the expected growth of extraction activities which will lead several operators to drill thousands of wells, the 
blanket bond is particularly inadequate to cover the reclamation costs.
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polluting the environment. Without a doubt, the shared nature of the environment and, there-
fore, the strategic interaction of the involved parties introduce additional layers of complexity 
to the reclamation problem, allowing us to assess the effectiveness of actual reclamation pol-
icies from a broader perspective.

Specifically, we develop a theoretical model of site reclamation from the point of view of 
two neighboring firms whose extraction generates emissions jointly polluting a common en-
vironment. We assume that environmental regulation requires firms to engage in reclamation 
and restoration efforts during the entire lifespan of the site, and also it makes firms liable to 
pay an abandonment reclamation fee at the end of their extraction lease for the amount of 
pollution they fail to reclaim by then. Therefore, each firm plans for its dynamic reclamation 
activities strategically in an attempt to minimize its costs, which is the discounted sum of the 
instantaneous losses associated with reclamation activities and the end- of- lease reclamation 
fee which depends on the unclaimed pollution stock at the abandonment date. First, we study 
the case in which the two firms are homogeneous and then we depart from this baseline setup 
by introducing heterogeneity, including different lease terms (i.e., different duration and de-
grees of liability). While it is possible to derive all of our results analytically in the former case, 
we need to rely on numerical simulations to illustrate some of our results in the latter due to 
the complexity that heterogeneities introduce into the model. In both cases, we analyze firms’ 
decisions under two different scenarios, namely a situation in which they do not cooperate on 
their reclamation strategies and a situation in which they do. Our results show that, if firms 
are  homogeneous,  the  time  trajectory  of  the  reclamation  effort  in  the  noncooperative  case 
may be nonmonotonic, while in the cooperative case, it is always monotonic and dependent 
on how the rate of time preference and the gross growth rate of pollution compare. Moreover, 
for any given level of pollution, the cooperative rule prescribes a higher level of reclamation 
effort than the noncooperative one for both firms. If firms are heterogeneous they generally 
choose different reclamation efforts under noncooperation, while under cooperation this oc-
curs only if the efficiency of their environmental maintenance is different. Under noncoop-
eration, the reclamation efforts of the two firms can show opposite dynamics, while this does 
not occur under cooperation, where instead there is a discontinuity in the reclamation effort 
of the firm with longer lease duration at the other firm’s site dismissal date. Independently of 
the fact that firms are homogeneous or heterogeneous, in all scenarios the reclamation efforts 
generally rise with the degree of liability and fall with the lease duration, suggesting that in 
order to promote better environmental outcomes, the regulators should carefully determine 
the lease conditions by introducing intra- term reclamation fees along with stringent environ-
mental accountability. Also, by determining the lease terms such to compel firms to contin-
ually involve in reclamation activities proportional to the pollution level, they can effectively 
address individual firms’ reclamation efforts along the optimal cooperative level.

Different from extant literature which focuses on the reclamation problem from the point of 
view of the regulator by either determining the socially optimal reclamation efforts (Caputo & 
Wilen, 1995; Lappi, 2018) or how decentralizing the first best (Lappi, 2020; Yang & Davis, 2018), 
our paper analyzes the issue from the site operators’ perspective by discussing the implications 
of strategic interaction between firms. Our focus at the firm- level allows us to understand how 
different  lease  terms  (i.e., different durations and degrees of  liability)  impact  the  reclamation 
choices of the firms operating in and sharing a common extraction site not only at the site dis-
missal date but also during the entire production phase, showing that the introduction of intra- 
term  reclamation  fees  along  with  stringent  environmental  accountability  may  result  in  better 
environmental outcomes. Previous studies have abstracted from the analysis of the role of lease 
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conditions in driving firms’ decisions (since focusing on the regulator’s problems), and from the 
possibility to engage in reclamation activities during the production phase (since assuming the 
existence of a separate reclamation phase, completely independent from extraction). We believe 
that our approach is more consistent with the current regulations in place that prescribe recla-
mation since early in the production process (e.g., in Canada) and provides simpler to implement 
suggestions to support reclamation policymaking.

This paper proceeds as follows. Section 2 presents our model, which consists of a reclama-
tion problem in a differential game setting in which firms seek to minimize their reclamation 
cost, given by the discounted sum of the instantaneous losses associated with environmental 
maintenance activities and the abandonment reclamation fee. In Section 3, we focus on the 
simplest case in which the firms are homogeneous, by analytically deriving and comparing 
the noncooperative and cooperative outcomes. In Section 4, we extend the analysis to a frame-
work with heterogeneous firms by comparing the noncooperative and cooperative outcomes 
through numerical simulations which allow us to discuss how different lease durations and 
degrees  of  liability  affect  individual  reclamation  efforts.  Section  5  presents  concluding  re-
marks and highlights directions for future research. All mathematical technicalities are pre-
sented in the Appendix 6.

2 |  THE MODEL

We consider a two- firm (indexed by z, z ∈ {i, j}) differential game of site reclamation in which 
the extraction leases have finite duration. At the site dismissal time, each firm is liable to pay a 
reclamation fee proportional to the level of unclaimed environmental degradation (i.e., the pol-
lution stock pt) caused by their joint production activities. At each moment in time, each firm z 
engages in resource extraction and reclamation activities, 𝜏zt > 0, which we refer to as “reclama-
tion effort” for simplicity. For the sake of simplicity, we assume that firms extract the resource at 
an exogenous rate �z, where 𝛾z > 0 is a technological parameter, while emissions due to extrac-
tion are not constant but increasing in the pollution stock due to, for example, the decreasing 
returns of  the extraction  technologies.  In other words,  emissions, ezt ,  are given by ezt = �z�zpt, 
where 𝜖z > 0 is the environmental inefficiency of extraction activity. Comparing to the standard 
pollution dynamic models, this assumption is indeed a move toward increasing realism: in the 
case of minerals, for example, the higher- grade ores are extracted first, followed by an increasing 
reliance on lower- grade ones, resulting in the marginal emissions to increase with the cumula-
tive amount extracted.4 The reclamation effort defines the ability of each firm to curb the pollu-
tion and reclaim the environment via purposive abatement activities azt = �z�

z
t , where azt  denotes 

abatement or environmental maintenance and 𝛼z > 0 the efficiency of environmental reclama-
tion activity.5 Pollution accumulates according to the difference between the emissions gener-
ated by the two firms i and j, net of pollution decay and the two firms environmental maintenance: 
ṗt = (�i� i + �j� j − �)pt − �i� it − �j�

j
t, where 𝛿 > 0 is the natural pollution decay rate. We assume 

 4Note also that a similar dynamic equation has recently been employed in a single- player pollution control problem 
frameworks by Saltari and Travaglini (2016) and La Torre et al. (2017, 2021).

 5We may assume that firms’ extraction rates and their environmental inefficiencies are known to the regulator, through 
tax and technology information (income taxes provide details regarding sales and thus extraction, and extraction does 
depend on the technology available by firms).
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776 |   MARSIGLIO et al.

that the gross growth rate of pollution (i.e., the growth rate of pollution in the absence of abate-
ment) is positive, that is, 𝜖i𝛾 i + 𝜖j𝛾 j > 𝛿, meaning that without purposive reclamation activities 
pollution will increase over time leading the firms to face a substantial reclamation fee on their 
lease termination date.

We assume that by environmental regulations each firm is liable to cleanup and reclaim the 
environment by the end of its lease duration (i.e., on site dismissal). If a firm fails to thoroughly 
reclaim the environment by then it has to pay a fee to cover the cost of the environmental damage 
it has left behind, which we shall refer to as “abandonment reclamation fee.” Different from cur-
rent  bonding  requirements,  we  assume  that  existing  regulations  require  firms  to  post  a  large 
enough bond to ensure they will effectively cover these fees. Firm z’s cost function, denoted by 
�z , is the sum of two different terms: the discounted (𝜌 > 0 is the rate of time preference) sum of 
instantaneous  losses generated by  the  firm’s  reclamation effort  (i.e.,  abatement cost),  and  the 
discounted abandonment reclamation fee associated with the unclaimed damage at the end of 
firm z’s (finite and known) lease duration, Tz.6 We assume that abatement activities are subject to 
decreasing returns- to- scale such that the abatement cost function, �(�zt ), is increasing and convex 
in the reclamation effort. In other words, removing pollution and reclaiming the environment 
becomes more and more difficult as the removed stock of pollution increases (see, among others, 
Barrett, 1994; Finus, 2008; Nordhaus, 2010). For the sake of simplicity, we assume the abatment 
cost function to be quadratic as follows: �(�zt ) =

(�z
t
)2

2
. The environmental damage is assumed to 

be increasing and convex in the pollution, and to take a quadratic form, thus the abandonment 
reclamation fee,  f (pTz ), is assumed to be  f (pTz ) = �z

p2
Tz

2
, where �z ≥ 0 is determined by the reg-

ulator and quantifies  the extent  to which firm z  is effectively  liable  for  the damage caused by 
pollution at site dismissal.7 Thus, each firm chooses the reclamation effort �zt  to devote to recla-
mation activities in order to minimize its cost, by taking into account the evolution of pollution, 
its given initial level and, of course, the choice made by the other firm. The initial level of pollu-
tion, p0, represents the extent of environmental degradation before extraction effectively takes 
place,  due  to,  for  example,  pre- extraction  activities  like  preparing  infrastructures  and  seismic 
lines.  In  other  words,  the  time  zero  in  our  model,  represents  the  beginning  of  the  extraction 
phase for the firms, while, p0 represents the stock of pollution that during the pre- development 
and site preparation has taken place. Naturally, firms are responsible for this initial stock of pol-
lution and should be held accountable if failed to reclaim it.

The representative firm z’s problem can be summarized as follows:

 6A similar two- terms objective function has been used in different one- player environmental and macroeconomic 
contexts by La Torre et al. (2017) and La Torre and Marsiglio (2020), respectively.

 7A lower bound for each firm’s liability may be borrowed from Caputo and Wilen’s (1995) and Lappi’s (2018) works. By 
studying the optimal timing and amount of final cleanup of abandoned mines from the social planner’s perspective, 
their minimum cost provides an estimate of the minimum firm’s liability in our setup.

(1)min
�
z
t

�z =∫
Tz

0

(�zt )
2

2
e−�tdt+�z

p2
Tz

2
e−�T

z
,

(2)s. t. ṗt = (�
i� i+�j� j−�)pt−�i� it−�j�

j
t ,

(3)p0>0 given.
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As explained above, the second component in (1) represents the discounted value of the lump- 
sum penalty that firm z should pay to the regulator if it fails to reclaim the environment by the 
end of its lease. If �z = 0 then the firm is not liable for reclamation and thus only the sum of 
instantaneous  losses  will  determine  the  firm’s  choices  (and  in  this  case  the  cost  minimizing 
reclamation effort will clearly be null). For any 𝜙z > 0 (and finite), the firm needs to account for 
both its instantaneous losses and abandonment reclamation fee to determine its rehabilitation 
efforts. We are particularly interested in quantifying how firms’ reclamation decisions depend 
on the value of this parameter, which we shall refer to as the “degree of liability,” in order to 
provide a first assessment of how reclamation regulations may impact firms’ behaviors and en-
vironmental outcomes.

Before proceeding to the solution of our model, it may be convenient to mention some com-
ments on our modeling approach and assumptions. Similar to extant reclamation literature, we 
assume that the damages are reversible (Caputo & Wilen, 1995; Lappi, 2018, 2020; Yang & Davis, 
2018), and we assume that reclamation may occur only during the site lifespan (Caputo & Wilen, 
1995; Yang & Davis, 2018). Different from Yang and Davis (2018), in order to preserve tractabil-
ity due  to  the presence of  strategic  interaction between  firms, we abstract  from modeling  the 
resource stock dynamics, and different from Caputo and Wilen (1995) in our setting firms pays 
a reclamation fee at the site dismissal date related to the amount of unclaimed damages, along 
the lines of the historical policy scenario in Yang and Davis (2018). The introduction of a game 
between firms is the main aspect that distinguish our paper from all previous studies and makes 
comparison of results difficult. For the sake of simplicity, we have assumed that only two firms 
operate on the site sharing the common environment, but in reality it may well be possible that 
the number of strategically interacting firms is larger than two. Introducing multiple firms in our 
setting will not modify our conclusions from a qualitative point of view, thus it seems convenient 
to present the model in the simplest possible form. In addition to the game aspect, another aspect 
that this work contributes to the extant literature is suggesting important departures in the model 
from previous works on the optimal clean up of polluting sites. Given the specific focus on rec-
lamation activities, the works most closely related to ours are Lappi (2018, 2020) and Yang and 
Davis (2018). The polluted sites in Lappi’s (2018) framework can be interpreted as the abandoned 
or orphan mine sites that the operators have failed to reclaim in ours, and thus our paper is com-
plementing Lappi’s (2018). As a matter of fact, we consider the firms’ abatement and reclamation 
activities before the site closure and abandonment, therefore, the reclamation cost estimated in 
Lappi’s (2018) social planner framework may be considered as a lower bound for the abandon-
ment reclamation fee determined by the regulator in our setup. Unlike Yang and Davis (2018), we 
consider environmental costs that are nonlinear in the pollution stock, which is a more realistic 
assumption (Dockner et al., 2000), and thus while some of our special case results are consistent 
with their findings we find that the time path of abatement (and thus the marginal abatement 
cost) and pollution are dependent on the difference between firms’ time preference and pollution 
accumulation (and thus future liabilities accumulation) rates. Similar to Lappi (2018), we do con-
sider the natural revitalization of the environment into our model, which instead Yang and Davis 
(2018) abstract from. Nevertheless, different from both Yang and Davis (2018) and Lappi (2018), 
our focus is on the firms’ choices and their continuous abatement and reclamation activities by 
taking into account possible fines and punishments they may face for leaving pollution behind. 
This gives us the possibility to study and discuss the impact of different aspects of lease terms 
(such as duration and liabilities) on the results in a rather realistic way, since these terms are nor-
mally predetermined and, for example, firms cannot simply extend their lifespan forever to avoid 
facing reclamation  fees. With  that purpose, we also  include  the possible strategic  interactions 
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778 |   MARSIGLIO et al.

between neighbor firms which share a variety of facilities and as such share the environmental 
degradation liabilities. It is also worth mentioning that another aspect that our research add to 
the considerably limited theoretical literature in environmental reclamation is that extant works 
focus on open- loop solutions based on an optimal control method while in our setup we rely on 
dynamic programming and thus focus on the closed- loop solutions.

In what follows, we first study our model under the assumption that firms are homogeneous 
under noncooperative and cooperative assumptions, and then we depart from the homogeneity 
assumption to present a rather general model.

3 |  THE HOMOGENEOUS CASE

We first assume that the two firms are exactly identical. This simplification allows us to explicitly 
characterize and compare the noncooperative and cooperative outcomes and identify the sources 
of distortions underlying the inefficient noncooperative behavior.

3.1 | The noncooperative solution

In a business as usual scenario, since firms do not cooperate on their reclamation strategies, they 
will only be concerned about their own individual cost and make their choices of reclamation ef-
fort accordingly. When the two firms are perfectly identical (Ti = Tj = T, �i = �j = �, �i = �j = �, 
� i = � j = � and �i = �j = �), the above minimization problem reads as follows:

We are interested in finding the closed- loop feedback solution for the above problem. Thus, solving 
it requires to find an explicit expression for the value function satisfying its associated Hamilton– 
Jacobi– Bellman equation. After some algebra, it is possible to claim the following (the proofs of all 
the following propositions are presented in the Appendix 6).

Proposition 1 The Cournot– Nash rule for the reclamation effort of the representative firm 
z ∈ {i, j}, (�zt )

N, and the Cournot– Nash time path of pollution, pNt , are, respectively, given by:

where � ≡ � − 2(2�� − �).
Proposition 1 states that the Cournot– Nash reclamation effort (which defines the effec-

tive environmental maintenance rule, �(�zt )
N) is proportional to pollution. The reclamation 

(4)min
�
z
t

�z =∫
T

0

(�zt )
2

2
e−�tdt+�

p2
T

2
e−�T ,

(5)s. t. ṗt = (2��−�)pt−�(� it+�
j
t).

(6)(�zt )
N =

���e�t

(�+3��2)e�T −3��2e�t
pNt ,

(7)pNt =p0

[
(�+3��2)e�T −3��2e�t

(�+3��2)e�T −3��2

] 2
3

e(2��−�)t ,
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effort turns out to be well defined (i.e., positive) independently of the sign of �. Note that � 
equals  the  time preference, �, net of  twice  the gross growth rate of pollution, 2(2�� − �),8 
where the latter will eventually determine the abandonment reclamation fee. Thus, a posi-
tive (negative) � represents a situation in which firms discount future faster (slower) than 
they are concerned with the rate at which their reclamation liabilities in the distant future 
increase in the absence of reclamation efforts. As we are going to see later, the model’s out-
come is going to be crucially different according to which of these two alternative situations 
holds true.

By plugging (7) into (6), the Cournot– Nash reclamation effort time path is given by the follow-
ing time- varying expression:

 suggesting that the reclamation effort increases with the pollution due to pre- extraction activities, 
which is thus effectively accounted for by the single firm in the determination of its abatement level. 
Straightforward algebra allows us to show that the time path of the Cournot– Nash reclamation effort 
may not be monotonic, since the sign of the following derivative is ambiguous and depends on a 
number of factors:

However, provided that the rate of time preference is smaller than the gross growth rate of pollution, 
that is 𝜌 < (2𝜖𝛾 − 𝛿) (which can be verified only whenever 𝜆 < 0), the Cournot– Nash reclamation 
effort will monotonically fall over time if � is small enough in absolute value. When this is the case, 
the reclamation effort is initially high, then decreases over time, otherwise it might be initially low 
and then gradually increase over time. The intuitive explanation behind this behavior of reclamation 
efforts is that when firms discount future at a rate relatively lower than the growth of their future 
liabilities  (i.e.,  when  the  discount  rate  is  mildly  less  than  the  gross  growth  rate  of  pollution, 
𝜌 < (2𝜖𝛾 − 𝛿)) but |�| remains small, they act more aggressively to reduce and control pollution by 
implementing higher levels of abatement and environmental maintenance early on and viceversa. 
However, if 𝜆 < 0 and large in absolute value then as we will show later on in our numerical exam-
ples the reclamation effort might show a non- monotonic behavior. Such non- monotonic behavior 
can be understood by relating the size of the natural pollution decay which ultimately determines 
whether it may be convenient for the individual firm to intervene in environmental maintenance as 
soon as possible or to postpone it to some future date. If the natural decay is low, there is no point in 
postponing maintenance activities and thus the reclamation effort will be high initially to then de-
crease gradually over time. However, if this is high then the natural dynamics tend to reduce pollu-
tion providing a clear incentive for firms to postpone intervention: in this case, the reclamation effort 
will be high initially (the net growth rate of pollution is higher than the discount factor) and tend to 
fall for some time (exploiting the natural environmental cleaning capacity) to then radically increase 

 8Due to the quadratic forms of the instantaneous losses and end- of- lease reclamation fee, firms attach to the net 
extraction activities twice the value they attach to time.

(8)�Nt =
p0���e

[�−(2��−�)]t

[(�+3��2)e�T −3��2e�t]
1
3 [(�+3��2)e�T −3��2]

2
3

,

��Nt

�t
=
p0���e

[�−(2��−�)]t
{
[�− (2��−�)](�+3��2)e�T − [2�− (2��−�)]��2e�t

}

[(�+3��2)e�T −3��2e�t]4∕3[(�+3��2)e�T −3��2]2∕3
.
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780 |   MARSIGLIO et al.

closer to the dismissal date in order to minimize the unclaimed damage and thus the abandonment 
reclamation fee.9

Aside from the temporal evolution of the reclamation effort, from Proposition 1, we can also 
infer the implications of policy parameters (i.e.,  the lease duration and the degree of liability) 
which can eventually be determined by the regulator when setting the lease conditions of single 
individual firms. Indeed, the reclamation effort will monotonically fall with the lease duration 
whenever 𝜆 > 0 or 𝜆 < 0 but small enough in absolute value:

and will rise with the degree of liability:

These last two results are intuitive by considering that a longer lease duration tends to reduce recla-
mation efforts at any moment in time by postponing the payment of the abandonment reclamation 
fee associated with pollution to a later date in the future. Similarly, a lower degree of liability by 
reducing the size of the reclamation fee tends to lower abatement at any moment in time.

Note also that Proposition 1 implies that the abandonment reclamation fee to be paid by firm 
z is given by:

which monotonically  increases (decreases) with the degree of  liability  if 𝜆 > 0  (if 𝜆 < 0), while  it 
monotonically increases (decreases) with the lease duration if � is large enough (if � is small enough). 
Both these results are intuitive by recalling that � measures the how fast firms discount the future 
with respect to the pollution gross growth rate. When 𝜆 > 0 firms have weak incentives to engage 
in reclamation efforts and this will lead to a large stock of pollution in the future and thus to a large 
abandonment reclamation fee, and the higher � the higher the abandonment fee. Since such effects 
compound over the time, when 𝜆 > 0 and possible high, the shorter the lease duration the lower the 
end- of- lease fee.

To complete our discussion about the impact of different parameters on the reclamation ef-
forts and the pollution dynamics, we present some numerical examples. The parameter values 
are arbitrarily chosen in order to make sure that our numerical solution leads to economically 
meaningful values for all our variables and also to visualize the implications of different param-
eters in the most effective way; moreover, changing the parametrization allows us to conclude 
that our results along with our sensitivity analysis are robust.10 Specifically, in our benchmark 

 9This explanation is similar to Lappi’s (2018) argument, even if derived in a completely different setting with jump 
reclamation activities. Different from Lappi (2018) who abstracts completely from emissions, in our setting emissions 
are exogenously deteriorating the environment at a constant rate (equal to 2�� is our current homogeneous case), thus 
what really drives firms’ decision is the rate of natural decay net of total emissions (i.e., � − 2��).

(9)
��Nt

�T
= −

p0��
2�(�+3��2)

[
(�+3��2)e�T −2��2e�t−��2

]
e[�−(2��−�)]te�T

[(�+3��2)e�T −3��2]5∕3[(�+3��2)e�T −3��2e�t]4∕3
,

(10)
𝜕𝜏Nt

𝜕𝜙
=
p0𝛼𝜆

2
[
(𝜆+3𝜙𝛼2)e𝜆T −2𝜙𝛼2e𝜆t−𝜙𝛼2

]
e[𝜌−(2𝜖𝛾−𝛿)]te𝜆T

[(𝜆+3𝜙𝛼2)e𝜆T −3𝜙𝛼2]5∕3[(𝜆+3𝜙𝛼2)e𝜆T −3𝜙𝛼2e𝜆t]4∕3
>0.

(11)f (pz
T
)N =

�p0
2

[
�e�T

(�+3��2)e�T −3��2

] 2
3

e(2��−�)T ,

 10The practice of choosing parameter values to ensure economically meaningful values for all model variables is 
common in the literature using dynamic and differential games to study environmental economics (see, e.g., Breton et 
al., 2010; Masoudi & Zaccour, 2013, 2018).
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   | 781MARSIGLIO et al.

example, we set p0 = 100, � = 1, � = 0.04, � = 0.05, � = 0.1, � = 1, � = 0.05, T = 15 and either � = 1 
(such that 𝜆 > 0 ) or � = 0.2 (such that 𝜆 < 0), and let � and T eventually change. Figure 1 presents 
the results of our numerical simulations, showing the impact of changes in the degree of liability 
(left panels) and in the lease duration (right panels) on the time paths of the reclamation effort 
for the 𝜆 > 0 (top panels) and 𝜆 < 0 (bottom panels) cases. We can observe that, while in the 𝜆 > 0 
case  the  reclamation  effort  is  monotonically  increasing,  in  the  𝜆 < 0  it  is  nonmonotonic— 
decreasing in earlier times and increasing closer to the lease end date. Regardless of the sign of �,   
consistent with what discussed above, the higher the lease duration or the lower the degree of 
liability, the lower the reclamation efforts and so the higher the pollution stock at each moment 
in time. Therefore, intuitively, the environment will benefit from lower lease duration and higher 
degrees of liability, suggesting that in order to ensure better environmental outcomes, the regula-
tors should carefully determine the lease conditions, by introducing intra- term reclamation fees 
along with stringent environmental accountability. For example,  this may be  implemented by 
anticipating part of the penalty for the past unclaimed pollution at some earlier phase following 
intermediate evaluation and assessment of the effectiveness of firms’ reclamation activities.

3.2 | The cooperative solution

The above case may present how firms interact with each other in a noncooperative business- 
as- usual scenario but this is clearly not optimal since firms fail to internalize the externality that 
their activities  impose on each other.  In order  to determine the optimal equilibrium, we now 

F I G U R E  1   Impact of � (left) and T (right) on �Nt  in the 𝜆 > 0 (top) and 𝜆 < 0 (bottom) cases [Colour figure 
can be viewed at wileyonlinelibrary.com]
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782 |   MARSIGLIO et al.

focus on the case in which the two firms cooperate and coordinate their reclamation efforts, and 
as such, they minimize their joint reclamation cost as follows:

In this case, it is possible to derive the following result.

Proposition 2 The cooperative rule for the reclamation effort for firm z ∈ {i, j}, (�zt )
C, and the 

cooperative time path of pollution, pCt , are, respectively, given by:

where � ≡ � − 2(2�� − �).
Proposition  2  states  that  the  cooperative  reclamation  effort  is  proportional  to  pollution. 

Exactly as in the noncooperative case, the optimal reclamation effort turns out to be well defined 
(i.e., positive) independently of the sign of �; however, its behavior is dependent on the (sign and 
magnitude) of �. Similar to the noncooperative case, in the very specific case in which � = 0, the 
cooperative reclamation effort is null.

By substituting (15) into (14), the cooperative time path of the reclamation effort is given by 
the following expression:

Unlike the previous case, it is straightforward to see that the time evolution of the optimal recla-
mation effort is monotonic since the sign of the following derivative only depends on the sign of 
� − (2�� − �):

Specifically, the cooperative reclamation effort will rise (fall) over time if the discount factor is larger 
(smaller) than the gross growth rate of pollution, which can occur only when 𝜆 < 0. Moreover, ex-
actly as in the noncooperative case, the optimal reclamation effort will monotonically fall with the 
length of the lease duration, T, whenever 𝜆 > 0 or 𝜆 < 0 but small enough in absolute value since:

(12)min
� i
t
,�
j
t

�=�i+�j=∫
T

0

[
(� it)

2

2
+
(�
j
t)
2

2

]
e−�tdt+�p2Te

−�T ,

(13)s. t. ṗt = (2��−�)pt−�(� it+�
j
t).

(14)(�zt )
C =

2���e�t

(�+4��2)e�T −4��2e�t
pCt ,

(15)pCt =p0

[
(�+4��2)e�T −4��2e�t

(�+4��2)e�T −4��2

]
e(2��−�)t ,

(16)�Ct =
2p0���e

[�−(2��−�)]t

(�+4��2)e�T −4��2
.

(17)
��Ct

�t
=
2p0���[�− (2��−�)]e[�−(2��−�)]t

(�+4��2)e�T −4��2
.

(18)
��Ct

�T
= −

2p0�
2��(�+4��2)e�Te[�−(2��−�)]t

[(�+4��2)e�T −4��2]2
,
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   | 783MARSIGLIO et al.

and the cooperative reclamation effort will rise with the degree of liability since we have:

The same arguments discussed earlier to explain the effect of changes in the lease duration and in 
the degree of liability also apply to the cooperative case. The main difference between the reclama-
tion efforts in the noncooperative and the cooperative scenarios is related to the fact that the time 
trajectory of the reclamation effort will always be monotonic in the latter case while it may be non-
monotonic in the former.

Note also that Proposition 2 implies that the abandonment reclamation fee to be paid by firm 
z is given by:

which monotonically  increases (decreases) with the degree of  liability  if 𝜆 > 0  (if 𝜆 < 0), while  it 
monotonically increases (decreases) with the lease duration if � is large enough (if � is small enough). 
These results can be explained exactly as in the previous noncooperative case, and exactly the same 
comments apply.

By relying on the same parameter values employed earlier in the noncooperative case, Figure 2 
presents some numerical examples to illustrate the above discussed comparative dynamics in the 
𝜆 > 0 and 𝜆 < 0 cases. We can note that, different from the noncooperative case, the time paths 
of the cooperative reclamation efforts are always monotonically decreasing, while the effects of 

𝜕𝜏Ct

𝜕𝜙
=

2p0𝜆
2𝛼e𝜆Te[𝜌−(2𝜖𝛾−𝛿)]t

[(𝜆+4𝜙𝛼2)e𝜆T −4𝜙𝛼2]2
>0.

(19)f (pz
T
)=

�zp0
2

[
�e�T

(�+4��2)e�T −4��2

]
e(2��−�)T .

F I G U R E  2   Impact of � (left) and T (right) on �Ct  in the 𝜆 > 0 (top) and 𝜆 < 0 (bottom) cases [Colour figure 
can be viewed at wileyonlinelibrary.com]
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changes in the lease duration and the degree of liability on the reclamation efforts mimic those 
presented in the noncooperative case.

3.3 | Comparison

After presenting the noncooperative and cooperative solutions, now we analyze the difference 
between these two scenarios by quantifying the size of the distortion imposed by firms’ strategic 
behavior and examining the impact of the model parameters on this distortion. By comparing 
the cooperative and noncooperative reclamation efforts, given by (16) and (8), respectively, we 
obtain the following expression whose sign is ambiguous since it depends on how specific pa-
rameter values compare:

However,  except  under  extremely  special  circumstances  that  require 
2[(�+3��2)e�T −3��2e�t]

1
3 [(�+3��2)e�T −3��2]

2
3 = [(� + 4��2)e�T − 4��2] (or ��� = 0, which 

may occur when the discount factor is equal to twice the gross growth rate of pollution, � = 0, when 
there is no penalty for leaving the environment unclaimed, � = 0, or when reclamation activities are 
not effective at all, � = 0; in each of these cases there will be no reclamation under both scenarios), 
the gap between the cooperative and noncooperative reclamation efforts will not be null, meaning 
that in general the noncooperative solution distorts the reclamation effort away from its socially op-
timal value, as expected. However, we cannot derive a general conclusion about the sign of the dis-
tortion in (20), as this depends non- monotonically on the different model’s parameters as well as 
time. Nevertheless, some additional conclusion can be obtained by directly comparing the reclama-
tion effort coefficients. Indeed, from (6) and (14), we get:

which implies that, for any given level of pollution, the cooperative rule will prescribe a higher level 
of reclamation effort than the noncooperative one. As a result, beginning from the same initial value, 
the pollution trajectory resulting from cooperation will be located underneath the noncooperative 
one. Therefore, it is possible that at some point in time the cooperative reclamation effort becomes 
lower than the noncooperative effort. This may occur whenever the pollution stock becomes con-
siderably smaller in the cooperative than in the noncooperative case, such that this difference more 
than compensates the difference in the coefficients given by (21).

Figures 3 and 4 illustrate the size of the difference between the cooperative and noncooper-
ative reclamation efforts and pollution, respectively,  in both the 𝜆 > 0 and 𝜆 < 0 cases. We can 
observe that, as discussed above, beginning from the same initial value of pollution, cooperation 
implies more reclamation efforts than noncooperation (such that the size of the difference be-
tween the two reclamation efforts is positive; see Figure 3) which leads into a widening of the 
distortion between the cooperative and noncooperative pollution (see Figure 4); however, when 
pollution  becomes  large  enough  the  noncooperative  reclamation  effort  becomes  larger  than 
the  cooperative  effort  (the  difference  between  the  two  reclamation  efforts  becomes  negative). 

(20)

�Ct −�Nt =

p0���e
[�−(2��−�)]t

{
2[(�+3��2)e�T −3��2e�t]

1
3 [(�+3��2)e�T −3��2]

2
3 − [(�+4��2)e�T −4��2]

}

[(�+4��2)e�T −4��2][(�+3��2)e�T −3��2e�t]
1
3 [(�+3��2)e�T −3��2]

2
3

.

(21)
𝜕𝜏Ct

𝜕pCt
−
𝜕𝜏Nt

𝜕pNt
=

𝜆𝜙𝛼e𝜆t
[(
3𝜆+10𝛼2𝜙

)
e𝜆T −10𝜙𝛼2e𝜆t

]
[
(𝜆+4𝜙𝛼2)e𝜆T −4𝜙𝛼2e𝜆t

] [
(𝜆+3𝜙𝛼2)e𝜆T −3𝜙𝛼2e𝜆t

] >0,
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Another noteworthy observation is that, as we get closer to the end of the lease duration, the non-
cooperative reclamation effort increases faster than the cooperative one, giving rise eventually to 
a decrease in the gap between the cooperative and noncooperative pollution. Moreover, the larger 
the firm’s degree of  liability,  the smaller this gap. The figures also show that, as expected,  the 
impact of the lease duration and the degree of liability on the difference between the cooperative 
and noncooperative reclamation efforts and pollution is similar to what has been discussed in 
relation to Figures 1 and 2.

Assuming that the cooperative solution is the optimal solution, we may wonder whether the 
regulator  can  adjust  the  policy  parameter �  in  order  to  decentralize  the  cooperative  solution 
under noncooperation. In other words, if the business as usual assumption is that firms do not 
cooperate, the regulator must adjust its policy accordingly. Given the complex and dynamic set-
ting of our model, it is not possible to adjust � to a new value, �′, to equalize the noncooperative 
and cooperative reclamation efforts, but the regulator can still adjust this parameters to ensure 
that  the  pollution  left  at  site  dismissal  under  noncooperation  coincides  with  the  cooperative 
level, that is pC

T
(�) = pN

T
(��), where �� = g� and g is the adjustment parameter. Under the same 

parametrization earlier employed, Table 1 determines the value of the adjustment parameter as a 
function of the policy parameters, � and T, by considering one of the them fixed and varying the 
other. We can see that the adjustment parameter increases with the lease duration and with the 
degree of liability: since both the lease duration and the degree of liability determine the firms’ 
incentive to engage in reclamation efforts, these parameters affect the size of the gap between the 
cooperative and noncooperative pollution and so the size of the adjustment parameter to decen-
tralize the cooperative pollution outcome.

F I G U R E  3   Impact of � (left) and T (right) on �Ct − �Nt  in the 𝜆 > 0 (top) and 𝜆 < 0 (bottom) cases [Colour 
figure can be viewed at wileyonlinelibrary.com]

 1467999x, 2022, 3, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/m

eca.12381 by C
ochraneItalia, W

iley O
nline L

ibrary on [31/08/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://onlinelibrary.wiley.com/


786 |   MARSIGLIO et al.

4 |  THE HETEROGENEOUS CASE

We now assume that the two firms have different characteristics and thus we restore all sources 
of heterogeneity. Specifically, we allow the degree of liability and the lease duration to be differ-
ent between the two firms to represent a situation in which firms differ in their bargaining power 
with the public authority and in their extraction lease terms. The introduction of heterogeneity 
substantially complicates the model, thus we have to rely on numerical simulations to character-
ize and compare the noncooperative and cooperative solutions.

F I G U R E  4   Impact of � (left) and T (right) on pCt − pNt  in the 𝜆 > 0 (top) and 𝜆 < 0 (bottom) cases [Colour 
figure can be viewed at wileyonlinelibrary.com]

T A B L E  1   Decentralization of the cooperative pollution level at site dismissal

Fixed � (� = 0.5) Adjustment (g) Fixed T (T = 15) Adjustment (g)

𝜆 > 0 𝜆 > 0

T = 10 3.59992 � = 0.5 3.67156

T = 15 3.67156 � = 2 7.32724

T = 25 3.69604 � = 5 11.5795

𝜆 < 0 𝜆 < 0

T = 10 7.59878 � = 0.5 9.94695

T = 15 9.94695 � = 2 18.9374

T = 25 15.15240 � = 5 29.6266
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4.1 | The non- cooperative solution

When the two firms face different lease durations, we need to specify which time horizon is longer 
and what happens beyond the shortest time horizon. Without loss of generality, we assume that 
Ti > Tj, thus after Tj (and before Ti) only firm i makes decisions since firm j has already dismissed 
the site, and by assumption, at  time Tj has paid  the abandonment reclamation  fee  to  the public 
authority. Since after Tj only  firm  i needs  to determine  its reclamation efforts, we use backward 
induction to find the solution. Specifically, we first solve firm i’s problem for the period from Tj to 
Ti assuming that pollution at time Tj is given. Then by using the discounted value function found in 
this step as the continuation value in firm i’s problem, we can solve the game between the two firms 
from time 0 to Tj. The former problem reads as follows:

while for the latter problem for firm i we have:

where �i
(Tj, pTj ) is the value function associated with the problem in (22) and (23). For firm j, the 

problem is similar to the one faced by firm i between 0 and Tj, aside from the fact that the second 
component in (24) is replaced by firm j’s discounted abandonment reclamation fee, that is �

j

2
p2
Tj
e−�T

j . 
The noncooperative solution of these problems is characterized below.

Proposition 3 From time 0 to Tj, the Cournot– Nash reclamation effort for firm i and j, (� it)
N and 

(�
j
t)
N, and the time path of pollution are, respectively, given by:

where Ait and Ajt are the solutions of the following system of differential equations:

(22)min
� i
t

�i=∫
Ti

Tj

(� it)
2

2
e−�tdt+�i

p2
Ti

2
e−�T

i
,

(23)s. t. ṗt = (�
i� i−�)pt−�i� it .

(24)min
� i
t

�i=∫
Tj

0

(� it)
2

2
e−�tdt+�

i
(Tj, pTj )e

−�Tj ,

(25)s. t. ṗt = (�
i� i+�j� j−�)pt−�i� it−�j�

j
t ,

(26)(� it)
N =�ipNt A

i
t ,

(27)(�
j
t)
N =�jpNt A

j
t ,

(28)ṗNt = [�i� i+�j� j−�− (�i)2Ait− (�
j)2A

j
t]p

N
t ,

(29)Ȧ
i
t = (�

i)2(Ait)
2+2(�j)2AitA

j
t+ [�−2(�

i� i+�j� j−�)]Ait ,

(30)Ȧ
j
t = (�

j)2(A
j
t)
2+2(�i)2AitA

j
t+ [�−2(�

i� i+�j� j−�)]A
j
t ,
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788 |   MARSIGLIO et al.

with terminal conditions Ai
Tj

=
��ie�T

j

[�+�i(�i)2]e�Ti −�i(�i)2e�T
j ≥ 0 and Aj

Tj
= �j ≥ 0.

Between time Tj and Ti firm i’s Cournot– Nash rule for the reclamation effort, (� it)
N, and the 

time path of pollution are, respectively, given by:

where � ≡ � − 2(�i� i − �).
Proposition 3 characterizes the rule for the reclamation effort for both firms and the pollution 

dynamics under noncooperation in the case of heterogeneity. Unlike what is discussed in the ho-
mogeneous case,  it  is not possible  to derive an explicit expression  for  the reclamation strategies 
of the two firms since the simultaneous system of differential Equations (29) and (30) cannot be 
solved analytically, and thus we cannot explicitly derive all the results we have presented earlier in 
the homogeneous case. Therefore, we will need to rely on numerical simulations to illustrate the 
results embedded in the above proposition between time 0 and Tj. Nevertheless, from Proposition 
3 we can conclude that, while we expect that heterogeneities lead to a divergence between the two 
firms’ choices of reclamation efforts, heterogeneity in only the rate of emission (i.e., �z�z) does not.

Figure 5 presents numerical examples to shed light on the impact of heterogeneity on the 
firms’ reclamation effort time path in the 𝜆 > 0 and 𝜆 < 0 cases. To show the impact of the main 

(31)(� it)
N =

�i��ie�t

[�+�i(�i)2]e�Ti −�i(�i)2e�t
pNt ,

(32)pNt =pN
Tj

[
[�+�i(�i)2]e�T

i
−�i(�i)2e�t

[�+�i(�i)2]e�Ti −�i(�i)2e�Tj

]
e(�

i� i−�)(t−Tj),

F I G U R E  5   Impact of � (left, �i = 0.75, �j = 0.5) and T (right, Ti = 25,Tj = 15) on �Nt  in the 𝜆 > 0 (top, � = 1 ) 
and 𝜆 < 0 (bottom, � = 5) cases [Colour figure can be viewed at wileyonlinelibrary.com]
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parameters, we remove all sources of heterogeneity apart from one at once, either in � or T. 
Our benchmark parameter values are the following: p0 = 100, � = 0.04, � = 0.05, �i = �j = 0.5

, �i = �j = 0.02, �i = �j = 0.5, Ti = Tj = 15 and either � = 1 (such that 𝜆 > 0) or � = 5 (such that 
𝜆 < 0), with � and T eventually changing. We can observe that the evolution of the reclamation 
efforts shows a larger degree of variability with respect to what is discussed in the homoge-
neous  case.  While  the  firm  with  shorter  lease  duration  provides  higher  reclamation  effort, 
the dynamics of the reclamation efforts depends on the sign of �: in the 𝜆 > 0 case both firms’ 
reclamation efforts monotonically increase, in the 𝜆 < 0 case they can show opposite dynamics 
(increasing in one firm and decreasing in the other, with the firm with shorter lease duration 
showing high reclamation effort  initially which then gradually decreases). As expected, our 
numerical results suggest that the firm with the higher degree of liability chooses higher rec-
lamation efforts.

4.2 | The cooperative solution

Similar to the noncooperative case, since after Tj only firm i is active, from Tj to Ti the cooperative 
solution coincides with the noncooperative one summarized by (31) and (32). The value function 
associated with firm i’s problem between Tj to Ti, evaluated at time Tj, allows to determine the 
effective degree of liability of firm i associated with the remaining level of pollution after Tj. Thus, 
in order to characterize the cooperative solution we need to solve the joint minimization problem 
between 0 and Tj as follows:

where �i = ��ie(�)T
j

[�+�i(�i)2]e�Ti −�i(�i)2e�T
j . Proposition 4 characterizes the solution.

Proposition 4 Between time 0 and Tj, the cooperative reclamation effort rule for firm z = {i, j}, 
denoted by (�zt )

C and the cooperative time path of pollution are, respectively, given by:

Between time Tj and Ti firm i’s cooperative reclamation effort, (� it)
C, and the cooperative dy-

namic path of pollution are, respectively, given by:

(33)min
� i
t
,�
j
t

�=�i+�j=∫
Tj

0

[
(� it)

2

2
+
(�
j
t)
2

2

]
e−�tdt+

�
i
+�j

2
p2
Ti
e−�T

i
,

(34)s. t. ṗt = (�
i� i+�j� j−�)pt−�i� it−�j�

j
t ,

(35)(�zt )
C =

�(�
i
+�j)�ze�t

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�Tj − (�

i
+�j)[(�i)2+ (�j)2]e�t

pCt ,

(36)pCt =p0

[
{�+ (�

i
+�j)[(�i)2+ (�j)2]}e�T

j
− (�

i
+�j)[(�i)2+ (�j)2]e�t

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�Tj − (�

i
+�j)[(�i)2+ (�j)2]

]
e(�

i� i+�j� j−�)t .
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790 |   MARSIGLIO et al.

where pC
Tj

 is the pollution stock (36) evaluated at time Tj, given by the following expression: 

pC
Tj

= p0

[
�e

[
�−(�i�i+�j�j−�)

]
Tj

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�T

j
− (�

i
+�j)[(�i)2+ (�j)2]

]
.

Different from what is discussed earlier for the noncooperative case, Proposition 4 explicitly 
derives the rule for the reclamation effort for both firms and the dynamics of pollution under 
heterogeneity  in the case of cooperation. Consistent with what  is shown in the homogeneous 
case, the cooperative reclamation effort  is proportional to pollution. However, the presence of 
heterogeneity in their environmental maintenance efficiency (i.e., �i and �j) drives a wedge be-
tween the reclamation efforts of the two firms up to Tj such that the firm with higher efficiency 
is required to make a higher reclamation effort. Nevertheless, other sources of heterogeneity will 
not lead to heterogeneity in the cooperative reclamation efforts. The following corollary summa-
rizes these results.

Corollary 1 Between time 0 and Tj, firm i and j will be required to provide different reclamation 
efforts only if the efficiency of their maintenance activities (i.e., �i and �j) is different, and in 
particular reclamation effort will be higher for the firm with higher efficiency.

From Proposition 4, we can note that the reclamation effort for firm i is discontinuous at Tj 
since the difference between (37) and (35) evaluated at time Tj is strictly positive as given by the 
following expression:

This suggests that the reclamation effort of firm i will drop after the end of firm j’s lease duration. 
This is due to the fact that the cooperation mechanism requires both active firms to internalize the 
negative impact of their emissions on each other— captured by the sum of the two abandonment fee 
parameters, �i + �j — and thus tend to devote a larger amount of resources to preserve the environ-
ment. This leads to a lower level of pollution at time Tj than in the noncooperative case. However, by 
assumption, firm j will not be active after Tj and it is only firm i that continues to extract the resource 
and reclaim the environment which means that during this period cooperative and noncooperative 
behaviors coincide. This will lead to a discontinuous drop in the reclamation effort of firm i at Tj. 
This result is summarized in the next proposition.

(37)(� it)
C =

�i��ie�t

[�+�i(�i)2]e�Ti −�i(�i)2e�t
pCt ,

(38)pCt =p
C
Tj

[
[�+�i(�i)2]e�T

i
−�i(�i)2e�t

[�+�i(�i)2]e�Ti −�i(�i)2e�Tj

]
e(�

i� i−�)(t−Tj),

(39)(𝜏 it)
C|Tj − (𝜏 it)

C|(Tj)+ =

{
eT

i𝜆
[
𝜆+

(
𝛼i
)2

𝜙i
]
(𝜙

i
+𝜙j)−eT

j𝜆𝜙i
[
𝜆+

(
𝛼i
)2
(𝜙

i
+𝜙j)

]}
p0𝛼

i𝜆e
(
𝜆−𝛿+𝛾 i𝜖i+𝛾 j𝜖j

)
Tj

[
𝜆eTi𝜆+eTj𝜆

(
𝛼i
)2

𝜙i(eTi𝜆−1)
]{

𝜆eTj𝜆+
[(
𝛼i
)2

+
(
𝛼j
)2 ]

(𝜙
i
+𝜙j)(eTj𝜆−1)

} >0
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   | 791MARSIGLIO et al.

Proposition 5 The cooperative reclamation effort of firm i is discontinuous at Tj.

By  plugging  (36)  into  (35),  the  cooperative  time  path  of  the  reclamation  effort,  (�zt )
C  for 

z = {i, j}, between time 0 to Tj, is given by the following expression:

from which it follows that the effects of different parameters are qualitatively identical to what is 
discussed earlier in the homogeneous case. Indeed, the time dynamics of the cooperative reclama-
tion effort for both firms is monotonic and dependent upon how the time preference rate and gross 
growth  rate  of  pollution  compare  (i.e.,  the  sign  of � − (�i� i + �j� j − �),  yielding  a  monotonically 
increasing dynamic if positive or a monotonically decreasing dynamic if negative). Moreover, the 
cooperative reclamation efforts for both firms are increasing in their own and their cross degree of 
liability since we have:

for z = {i, j}, and thus 𝜕(𝜏
z
t
)C

𝜕𝜙i
> 0 as well. Moreover, the impact of the length of firm j’s lease duration 

on the cooperative reclamation efforts of firm z = {i, j}, is negative regardless of whether 𝜆 > 0 or 
𝜆 < 0, as long as it is small enough in absolute value:

This result is in contrast with what we have observed in the noncooperative case for firm i, where its 
reclamation effort falls with the length of firm j’s lease duration due to the strategic reaction of this 
firm to j’s relatively higher level of reclamation. Under cooperation, both firms increase their recla-
mation in response to a shorter lease duration for either of them in order to minimize their joint cost.

Figure 6 shows that the two firms will be required to provide the same level of reclamation 
efforts when the source of heterogeneity is either the degree of liability or the lease duration, as 
suggested by Corollary 1. We can observe that the firms’ reclamation effort is increasing (decreas-
ing)  when 𝜆 > 0  (when 𝜆 < 0).  Moreover,  different  from  what  happens  in  the  noncooperative 
case, the heterogeneity in the lease duration yields a discontinuity at Tj, exactly as discussed in 
Proposition 5.

4.3 | Comparison

The absence of an explicit expression for the reclamation effort in the noncooperative case makes 
it impossible to perform any explicit comparison between the cooperative and the noncooperative 

(40)(�zt )
C =

p0�(�
i
+�j)�ze

[
�−(�i� i+�j� j−�)

]
t

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�Tj − (�

i
+�j)[(�i)2+ (�j)2]

,

(41)
𝜕(𝜏zt )

C

𝜕𝜙
i

=
𝜕(𝜏zt )

C

𝜕𝜙j

p0𝜆
2𝛼ie𝜆T

j+(𝜌−(𝜖i𝛾 i+𝜖j𝛾 j−𝛿))t

[{
𝜆+ (𝜙

i
+𝜙j)[(𝛼i)2+ (𝛼j)2]e𝜆Tj

}
− (𝜙

i
+𝜙j)

(
(𝛼i)2+ (𝛼j)2

)]2 >0,

(42)
�(�zt )

C

�Tj
= −

p0�
2�i(�

i
+�j)

{
�+ (�

i
+�j)[(�i)2+ (�j)2]

}
e�T

j+
[
�−(�i� i+�j� j−�)

]
t

[{
�+ (�

i
+�j)[(�i)2+ (�j)2]e�Tj

}
− (�

i
+�j)

(
(�i)2+ (�j)2

)]2 .
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outcomes. We will, therefore, rely on numerical simulations to shed some light on how they ef-
fectively compare. This is illustrated in Figures 7 and 8, for the reclamation effort and pollution 
difference, respectively, for the cases in which 𝜆 > 0 and 𝜆 < 0.

The numerical simulations suggest that for the firm with either higher degree of liability or 
shorter lease duration the cooperative rule will prescribe a lower level of reclamation effort than 
the noncooperative rule (see Figure 7). Even though this result  is unusual,  it  is very intuitive. 
Under noncooperation the firm with either a lower degree of liability or longer lease duration 
strategically  chooses  to contribute  lower  reclamation efforts knowing  that  the other  firm will 
contribute more in order to avoid a high abandonment reclamation fee, which leads to a rela-
tively high effort by the latter firm. However, under cooperation which requires both active firms 
to internalize the negative impact of their extraction activities on each other and given the in-
creasing marginal cost of the reclamation efforts, the former firm is required to contribute much 
more than in the noncooperative case. Thus the reclamation effort required by the firm with a 
shorter lease duration or larger degree of liability becomes smaller than under noncooperation. 
Nevertheless, the increase in the reclamation efforts of the other firm more than compensates 
the decrease in the efforts of this firm, which consequently leads to a lower pollution trajectory 
under cooperation than under noncooperation (see Figure 8). Similar to the symmetric case, the 
difference between the cooperative and noncooperative pollution initially widens, but as firms 
get closer to the dismissal date, this gap tends to decrease.

In terms of policy implications, our results suggest that in order to address individual firms’ 
reclamation efforts along the optimal cooperative level, the environmental regulators should de-
termine  the  lease  terms  such  to  compel  firms  to  continually  involve  in  reclamation  activities 
proportional to the pollution level. According to Corollary 1, such an approach does not need to 
be firm- specific as far as firms do not differ in the efficiency of their maintenance activities, and if 

F I G U R E  6   Impact of � (left, �i = 0.75, �j = 0.5) and T (right, Ti = 25,Tj = 15) on �Ct  in the 𝜆 > 0 (top) and 
𝜆 < 0 (bottom) cases [Colour figure can be viewed at wileyonlinelibrary.com]
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F I G U R E  7   Impact of � (left, �i = 0.75, �j = 0.5) and T (right, Ti = 25,Tj = 15) on �Ct − �Nt  in the 𝜆 > 0 (top) 
and 𝜆 < 0 (bottom) cases [Colour figure can be viewed at wileyonlinelibrary.com]

F I G U R E  8   Impact of � (left, �i = 0.75, �j = 0.5) and T (right, Ti = 25,Tj = 15) on pCt − pNt  in the 𝜆 > 0 (top) 
and 𝜆 < 0 (bottom) cases [Colour figure can be viewed at wileyonlinelibrary.com]
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this is the case the effective implementation of such an approach to reclamation regulation may 
not be particularly demanding.

5 |  CONCLUSIONS AND POLICY IMPLICATIONS

Extraction activities severely deteriorate the environment on and near the extraction field in sev-
eral ways. Consequently, reclamation and rehabilitation of extraction sites are crucial in order to 
ensure that the environment remains viable for the future generations. The policy relevance of 
reclamation and the increasing number of extraction sites all over the world have given rise to a 
growing interest in reclamation issues. Thus far, from a theoretical perspective, all papers have 
focused on how a single firm is affected by reclamation policy, and none has considered how re-
sults may change with the presence of multiple firms in a single extraction area because of their 
strategic interactions. Our article tries to make the first theoretical contribution in this context 
in order to understand how individual firms’ decisions and environmental outcomes are affected 
by the existence of a penalty at site dismissal for the unclaimed damages jointly caused by firms’ 
extraction activities. We develop a theoretical model of reclamation of an extraction site from the 
point of view of two neighboring firms which plan for their dynamic reclamation activities strate-
gically. We assume that each firm is liable to pay an abandonment fee at the end of its extraction 
lease duration for the part of pollution that it fails to reclaim by then, and such a fee depends 
on the extent of the environmental damage associated with the two firms’ extraction activities. 
We analyze and compare how individual firms’ behaviors and environmental outcomes change 
under noncooperation and cooperation scenarios, by distinguishing between situations in which 
firms are homogeneous and heterogeneous.

Our results show that, if firms are homogeneous, the time trajectory of the reclamation effort 
in  the  noncooperative  case  may  be  nonmonotonic,  while  in  the  cooperative  case  it  is  always 
monotonic and dependent on how the rate of time preference and the gross growth rate of pol-
lution compare.  Intuitively, when firms discount  the  future at a rate relatively  lower than the 
growth of their future liabilities (i.e., when the discount rate is mildly less than the gross growth 
rate of pollution) they act more aggressively to reduce and control pollution by implementing 
higher levels of abatement and environmental maintenance early on and viceversa. However, if 
the discount rate is considerably lower than the rate of pollution accumulation we may observe 
that in the noncooperative case the reclamation effort might show a non- monotonic behavior. 
Such a non- monotonic behavior can be understood by relating the size of the natural decay of 
pollution which ultimately determines strategically whether it may be convenient for the indi-
vidual firm to intervene in environmental maintenance as soon as possible or to postpone it to 
some future date. In the contrary, in the cooperative case, the internalization of the externalities 
assures that the reclamation trajectory remains monotone. Nevertheless, for any given pollution 
level, the cooperative rule prescribes a higher level of reclamation effort than the noncoopera-
tive one for both firms. However, if firms are heterogeneous, under noncooperation they choose 
different reclamation efforts while, under cooperation, this occurs only if the efficiency of their 
maintenance activities is different.

We also observe that under noncooperation, due to strategic reactions of firms to each other’s 
choices, the reclamation efforts of the two firms can show opposite dynamics as long as the firm 
with the shorter lease duration is active and thus will contribute more to avoid high penalty at 
its site dismissal, while this does not occur under cooperation. As in the homogeneous case, the 
internalization  of  externalities  leads  to  equal  reclamation  efforts  for  the  two  firms  unless  the 
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efficiency of their maintenance activities is different. Instead in the cooperative case there is a 
discontinuity in the reclamation efforts of the firm with longer lease duration at the other firm’s 
site dismissal date. Independently of the fact that firms are homogeneous or heterogeneous, in 
all scenarios the reclamation efforts generally rise with the degree of liability and fall with the 
lease duration, suggesting that in order to promote better environmental outcomes, the regula-
tors should carefully determine the lease conditions by introducing intra- term reclamation fees 
along with stringent environmental accountability. Also, by determining the lease terms, to com-
pel firms to continually involve in reclamation activities proportional to the pollution stock, they 
can effectively address individual firms’ reclamation efforts along the optimal cooperative level. 
From a policy perspective, we know that the current bonding that is usually used as a warranty 
to ensure the lease terms are fulfilled has been failing since the posted bonds have been far short 
to cover the reclamation fees. Our results instead suggest that the regulator must put policies in 
place to motivate continuous reclamation efforts (posted bonds) that are proportional to pollu-
tion during the entire life of the project. This will ensure that by the time the operators abandon 
their sites they either have reclaimed the environment or have posted enough bonds to cover the 
costs.

To the best of our knowledge, this  is  the first  theoretical article analyzing the implications 
of reclamation activities on firms’ behavior and environmental outcomes in a game setting, and 
thus for the sake of clarity of arguments we have maintained our framework as simple as possi-
ble. This simplification has precluded us from endogenizing extraction choices, thus, an exten-
sion of the model to analyze the firms’ joint determination of extraction and reclamation efforts 
would be of special interest. Also, allowing for the presence of multiple (i.e., more than two) het-
erogenous firms sharing the site and of a regulator optimally determining the lease terms would 
be particularly  interesting from a policy perspective. Another complementary  line of research 
consists of collecting information from actual extraction sites in order to calibrate and apply our 
model to assess the effectiveness of reclamation activities in real world situations. These addi-
tional tasks are left for future research.
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APPENDIX A

TECHNICAL APPENDIX
Homogeneous case:  Non-  cooperative solution
By  denoting  with  �z(t, pt)  the  value  function  associated  with  problem  (4)  and  (5)  for  firm 
z ∈ {i, j} , the Hamilton– Jacobi– Bellman equation reads as:

while the corresponding terminal condition:

The first- order conditions for firm i and j yield, respectively:

Since the two firms are identical, we guess that the value functions for each firm’s problem is the 
same. Specifically, our guess takes the following form:

where At is a variable to be determined. By computing the derivatives ��
�t

 and ��
�pt

, and plugging these 

into (A3), (A4) and (A1), we obtain:

(A1)−
��z(t, pt)

�t
=min

�
z
t

{
(�zt )

2

2
e−�t+ [(2��−�)pt−�(� it+�

j
t)]

��z(t, pt)

�pt

}
,

(A2)�z(T , pT )=
�

2
p2Te

−�T ,

(A3)� it =�e�t
��i(t, pt)

�pt
,

(A4)�
j
t =�e�t

��j(t, pt)

�pt
.

(A5)�(t, pt)=�i(t, pt)=�j(t, pt)=
1

2
p2t Ate

−�t ,

(A6)� t = � it = �
j
t =�ptAt ,

(A7)Ȧt =3�
2A2t + [�−2(2��−�)]At .
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At the terminal time, by comparing (A2) and (A5) evaluated at T, it follows that AT = � ≥ 0. Note 
that (A7) is a Bernoulli differential equation with a terminal condition, and its exact solution is given 
by:

where � ≡ � − 2(2�� − �). By plugging (A8) into (A5), we obtain the following expression for the 
value function:

By plugging (A8) into (A6) and (5) we get the closed- loop feedback Cournot– Nash policy rule for the 
reclamation efforts and the pollution dynamics given in (6) and (7), respectively.

Homogeneous case:  Cooperative solution

By denoting with �(t, pt) the value function associated with problem (12) and (13), the Hamilton– 
Jacobi– Bellman equation reads as:

while the corresponding terminal condition is:

The first- order conditions for firm i and j yield, respectively:

We guess the following functional form for the value function:

where At is a variable to be determined. By computing its derivatives ��
�t

 and ��
�pt

, and plugging these 

into (A12), (A13) and (A10), we obtain:

(A8)At =
��e�t

(�+3��2)e�T −3��2e�t
,

(A9)�(t, pt)=�i(t, pt)=�j(t, pt)=
1

2

��e(�−�)t

(�+3��2)e�T −3��2e�t
p2t .

(A10)−
��(t, pt)

�t
=min

� i
t
,�
j
t

{
(� it)

2

2
e−�t+

(�
j
t)
2

2
e−�t+ [(2��−�)pt−�(� it+�

j
t)]

��(t, pt)

�pt

}
,

(A11)�(T , pT )=�p2Te
−�T .

(A12)� it =�e�t
��(t, pt)

�pt
,

(A13)�
j
t =�e�t

��(t, pt)

�pt
.

(A14)�(t, pt)=
1

2
p2t Ate

−�t ,

(A15)� t = � it = �
j
t =�ptAt ,

(A16)Ȧt =2�
2A2t + [�−2(2��−�)]At .
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At the terminal time, by comparing (A11) and (A14) evaluated at T,  it follows that AT = 2� ≥ 0. 
Note that (A16) is a Bernoulli differential equation with a terminal condition, and its exact solution 
is given by:

where � ≡ � − 2(2�� − �). By plugging (A17) into (A14) we obtain the following expression for the 
value function:

By plugging (A17) into (A15) and (13) we get the closed- loop cooperative policy rule for the reclama-
tion efforts and the time path of the pollution given in (14) and (15), respectively.

Heterogeneous case:  Noncooperative solution

By denoting with �i
(t, pt) the value function associated with problem (22) and (23) for firm i, the 

Hamilton– Jacobi– Bellman equation reads as:

while the corresponding terminal condition:

The first- order condition yields:

We guess the following functional form for the value function:

where Ait is a variable to be determined. By computing its derivatives ��
�t

 and ��
�pt

, and plugging these 

into (A21) and (A19), we obtain:

(A17)At =
2��e�t

(�+4��2)e�T −4��2e�t
,

(A18)�(t, pt)=
1

2

2��e(�−�)t

(�+4��2)e�T −4��2e�t
p2t .

(A19)−
��

i
(t, pt)

�t
=min

� i
t

{
(� it)

2

2
e−�t+ [(�i� i−�)pt−�i� it]

��
i
(t, pt)

�pt

}
,

(A20)�
i
(Ti, pTi )=

�i

2
p2
Ti
e−�T

i
.

(A21)� it =�ie�t
��

i
(t, pt)

�pt
.

(A22)�
i
(t, pt)=

1

2
p2t A

i
te
−�t ,

(A23)� it = =�iptA
i
t ,

(A24)Ȧ
i

t = (�
i)2(A

i
t)
2+{�−2[�i� i−�]}A

i
t .
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At the terminal time, by comparing (A20) and (A22) evaluated at Ti,  it  follows that AiT = �i ≥ 0. 
Note that (A24) is a Bernoulli differential equation with a terminal condition, and its exact solution 
is given by:

where � ≡ � − 2(�i� i − �). By plugging (A25) into (A22), we obtain the following expression for the 
value function:

By plugging (A25) into (A23) and (23) we get the firm i’s closed- loop feedback Cournot– Nash rule 
for the environmental effort and the pollution dynamics between Tj and Ti, given in (31) and (32), 
respectively.

By denoting with �i(t, pt) the value function associated with problem (24) and (25) for firm i, 
the Hamilton– Jacobi– Bellman equation reads as:

while the corresponding terminal condition is:

where �i = ��ie(�−�)T
j

[�+�i(�i)2]e�Ti −�i(�i)2e�T
j . Similarly, denoting with �j(t, pt) the value function associated 

with problem for firm j, the Hamilton– Jacobi– Bellman equation reads as:

while the corresponding terminal condition is:

The first- order conditions for firm i and j yield, respectively:

(A25)A
i
t =

��ie�t

[�+�i(�i)2]e�Ti −�i(�i)2e�t
,

(A26)�
i
(t, pt)=

1

2

��ie(�−�)t

[�+�i(�i)2]e�Ti −�i(�i)2e�t
p2t .

(A27)−
��i(t, pt)

�t
=min

� i
t

{
(� it)

2

2
e−�t+ [(�i� i+�j� j−�)pt−�i� it−�j�

j
t]
��i(t, pt)

�pt

}
,

(A28)�i(Tj, pTj )=
1

2
�
i
p2
Tj
e−�T

j
,

(A29)−
��j(t, pt)

�t
=min

�
j
t

{
(�
j
t)
2

2
e−�t+ [(�i� i+�j� j−�)pt−�i� it−�j�

j
t]
��i(t, pt)

�pt

}
,

(A30)�i(Tj, pTj )=
�j

2
p2
Tj
e−�T

j
.

(A31)� it =�ie�t
��i(t, pt)

�pt
,

(A32)� it =�je�t
��j(t, pt)

�pt
.
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For each firm, we guess the following functional forms for the value functions:

where Ait and Ajt are some variables to be determined. By computing the derivatives ��
�t

 and ��
�pt

, and 

plugging these into (A31), (A32), (A27), and (A29), we obtain, respectively:

At the terminal time, by comparing (A28) and (A33) and (A30) and (A34) evaluated at Tj, it follows 
that Ai

Tj
= �

i ≥ 0 and Aj
Tj

= �j ≥ 0. Since (A37) and (A38) form a simultaneous system of differen-
tial equations, an exact solution for Ait and Ajt cannot be determined. The above equations determine 
the closed- loop feedback Cournot– Nash reclamation efforts for countries i and j, while the pollution 
dynamics between 0 and Tj is determined by plugging these reclamation efforts into (28).

Heterogeneous case:  Cooperative solution

By denoting with �(t, pt) the value function associated with problem (33) and (34), the Hamilton– 
Jacobi– Bellman equation reads as:

while the corresponding terminal condition is:

The first- order conditions for firm i and j yield, respectively:

(A33)�i(t, pt)=
1

2
p2t A

i
te
−�t ,

(A34)�j(t, pt)=
1

2
p2t A

j
te
−�t ,

(A35)� it = =�iptA
i
t ,

(A36)�
j
t = =�jptA

j
t ,

(A37)Ȧ
i
t = (�

i)2(Ait)
2+2(�j)2AitA

j
t+ [�−2(�

i� i+�j� j−�)]Ait ,

(A38)Ȧ
j
t = (�

j)2(A
j
t)
2+2(�i)2AitA

j
t+ [�−2(�

i� i+�j� j−�)]A
j
t .

(A39)−
��(t, pt)

�t
=min

� i
t
,�
j
t

{
(� it)

2

2
e−�t+

(�
j
t)
2

2
e−�t+ [(�i� i+�j� j−�)pt−�i� it−�j�

j
t]
��(t, pt)

�pt

}
,

(A40)�i(Tj, pTj )=
�
i
+�j

2
p2
Tj
e−�T

j
.

(A41)� it =�ie�t
��(t, pt)

�pt
,

(A42)
�
j
t =�je�t

��(t, pt)

�pt
.
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We guess the following functional form for the value function:

where At is a variable to be determined. By computing its derivatives ��
�t

 and ��
�pt

, and plugging these 

into (A41), (A42) and (A39), we obtain, respectively:

At the terminal time, by comparing (A40) and (A43) evaluated at Tj, it follows that AT = �
i
+ �j ≥ 0 . 

Note that (A46) is a Bernoulli differential equation with a terminal condition, and its exact solution 
is given by:

By plugging (A47) into (A43), we obtain the following expression for the value function:

By plugging (A47) into (A45), (A44) and (34) we get the closed- loop cooperative reclamation efforts 
and the pollution dynamics given in (35) and (36), respectively.

(A43)�(t, pt)=
1

2
p2t Ate

−�t ,

(A44)� it =�iptAt ,

(A45)�
j
t =�jptAt ,

(A46)Ȧt = [(�
i)2+ (�j)2]A2t + [�−2(�

i� i+�j� j−�)]At .

(A47)At =
�(�

i
+�j)e�t

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�Tj − (�

i
+�j)[(�i)2+ (�j)2]e�t

.

(A48)�(t, pt)=
1

2

�(�
i
+�j)e(�−�)t

{�+ (�
i
+�j)[(�i)2+ (�j)2]}e�Tj − (�

i
+�j)[(�i)2+ (�j)2]e�t

p2t .
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