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Abstract In this paper we consider fully discrete approximations of abstract evolution equa-
tions, by means of a quasi non-conforming spatial approximation and finite differences in time
(Rothe-Galerkin method). The main result is the convergence of the discrete solutions to a weak
solution of the continuous problem. Hence, the result can be interpreted either as a justification
of the numerical method, or as an alternative way of constructing weak solutions.

We set the problem in the very general and abstract setting of pseudo-monotone operators,
which allows for a unified treatment of several evolution problems. The examples —which fit into
our setting and which motivated our research— are problems describing the motion of incom-
pressible fluids, since the quasi non-conforming approximation allows to handle problems with
prescribed divergence.

Our abstract results for pseudo-monotone operators allow to show convergence just by veri-
fying a few natural assumptions on the operator time-by-time and on the discretization spaces.
Hence, applications and extensions to several other evolution problems can be easily performed.
The results of some numerical experiments are reported in the final section.
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1 Introduction

We consider the numerical approximation of an abstract evolution equation’

Wy LA = F) Ve

dt (1.1)

u(0) = g in H,

by means of a quasi non-conforming Rothe—Galerkin scheme. Here, V<—H = H*—V™* is a given
evolution triple, I := (0,7") a finite time horizon, uyp € H an initial value, f € Lp/(LV*),
p € (1,00), a right-hand side and A(t) : V. — V* ¢t € I, a family of operators.

In order to make (1.1) accessible to non-conforming approximation methods, we will addition-
ally require that there exists a further evolution triple X<—Y = Y*<— X* such that V' C X with
|-l =|-llx onVand H CY with (-,-)zz = (-,-)y in H, and extensions A(t) : X — X* t € I,
and f € LP (I, X*) of {A(t)}ser and f, resp., i.e., (A(t)v,w)x = (At)v,w)y and (f(t),v)x =
(f(t),v)y for all v,w € V and almost every ¢t € I. For sake of readability we set A(t) := A(t)

~

and f(t) := f(¢) for almost every ¢ € I.

Recently, the existence theory for abstract evolution problems with Bochner pseudo-monotone
operators in [35], based on the convergence of a Galerkin approximation, was extended in [7] to
the convergence proof of a fully discrete Rothe—Galerkin approximation. However, the result in
[7] is not applicable to the treatment of problems describing the flow of incompressible fluids.
The main aim of this paper is develop an abstract framework which shows that a fully discrete
Rothe—Galerkin approximation converges also for such problems (cf. Theorem 6.16). Even though
the framework is rather abstract it is easily applicable to many problems, since we show that it is
enough to check a few easily verifiable conditions (cf. conditions (A.1)—(A.4) in Proposition 4.6
and conditions (QNC.1)—(QNC.2) in Definition 3.1).

A prototypical example for the flow of incompressible non-Newtonian fluids are the following
equations describing the unsteady motion of incompressible shear-dependent fluids

dyu —div ((k + [Du|)’*Du) + div(u®@u) + Vg=f inlx £,
divu =0 in I x £2,
u=0 onl xdf,
u(0) =wup in £2.

(1.2)

Here, 2 C R?, d > 2, is a domain, I = (0,7) a time interval, and £ > 0 and p € (1,00) are
material parameters of the shear-dependent fluid. Moreover, u : I x {2 — R? denotes the velocity,
f:Ix 2 — R?%is a given external force, ug : 2 — R? is an initial condition, g : I x 2 — R is
the pressure and Du := %(Vu + Vau') denotes the symmetric gradient.

We define for p > 32 the function spaces X := Wyt ()4, Y = L2()4, V = Wolﬁiv(ﬂ)
as the closure of V := {v € C§°(2)| div v = 0} in X, H := L3, (£2) as the closure of V in Y,

and the operators S, B : X — X* for all u,v € X via

(Su,v)x == / (k + |Du|)?"?*Du: Dvdr and (Bu,v)x := 7/ u®u: Vodr. (1.3)
9] (0]

L If not specified differently, we will denote in boldface elements of Bochner spaces (as the solution w(t) and
the external source f(t)), to highlight the difference with elements belonging to standard Banach spaces, denoted
by usual symbols.
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Then, (1.2) for ug € H and f € LP (I, X*) can be re-written as the abstract evolution equation

D) S(ult) + Blult) = £(t) iV

dt (1.4)

’LL(O) = Uo in H.

Typical fully discrete approximations of (1.4) are often based on appropriate finite element
spaces (Vi )nen. As the construction of finite element spaces which meet the divergence constraint
exactly, i.e., satisfy V,, C V for all n € N, highly restricts the flexibility of the approximation, one
usually works with finite element spaces satisfying a discrete divergence constraint only. Thus,
we have V,, € V' which is the reason that the theory in [7] is not applicable. However, the spaces
V,, often satisfy V,, C X, which allows us to develop a convergence theory for such a setting.
Note that this problem is treated from a different point of view, namely the theory of maximal

monotone graphs, in the recent contributions [54] and [51].

1.1 The numerical scheme

A quasi non-conforming Rothe—Galerkin approximation of the initial value problem (1.1) usually
consists of two parts:

The first part is a spatial discretization, often called Galerkin approximation, which consists
in the approximation of V' by a sequence of closed subspaces (V;,)nen of X. We emphasize that
we do not require (V,,)nen to be a sequence of subspaces of V', which motivates the prefix non-
conforming. Hence, we do not have V,, C V and V,, 'V (approximation from below). The prefix
quasi® indicates that the subspaces V,, are for all n € N equipped with the norm of the space X. In
this case we have, under appropriate assumptions, that V,, \(V, i.e., we have an approximation
of the space V from above. The assumption that the subspaces V,, are equipped with the norm
of the space X (and not with a norm depending on n), together with the assumption that
II“llx = |l - |[v on V reflects the fact that the spaces V;, and X have the same ,regularity*.
This excludes spaces V,, resulting from spatial discontinuous Galerkin approximations (cf. [18]).
For a spatial discontinuous Galerkin approximations in the above example one would choose
X =L%(2)% and V,, C X as a subspace® of Py (s, )¢ satisfying a discrete divergence constraint
and being equipped with the norm of the broken Sobolev space W&fiv’DG (Tn,)?, where Ty, is
an appropriate triangulation of 2. These choices violate both our assumptions and are thus not
included in our treatment.

The second part is a temporal discretization, also called Rothe scheme, which consists in
the approximation of the unsteady problem (1.1) by a sequence of piece-wise constant, steady
problems. This is achieved by replacing the time derivative % by so-called backwards difference
quotients. These are for a given step-size 7 := % > 0, where K € N, and a given finite sequence
(uk)kzow’x C X defined via

1 .
doub == —u*) inX forallk=1,..., K.

Moreover, the operator family A(t) : X — X*, ¢t € I, and the right-hand side f € L¥ (I, X*)
are discretized by means of the Clement 0-order quasi interpolant. This means that for a given
step-size 7 = % > 0, where K € N, we replace them piece-wise by their local temporal means,

2 Observe that the subspaces (Vp)nen are spatially conforming in X.

3 P (Thn), k € No, denotes the space of possibly discontinuous scalar functions, which are polynomials of degree
at most m on each simplex K € Tp,.
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ie,by [A]] : X = X* k=1,...,K, and ([f]})k=1,..xk € X", resp., for every k =1,..., K and
u € X given via

Tk Tk
[A]Lu = ][ A(t)udt and (% = ][ f(t)dt in X*.
T(k—1) T(k—1)

Altogether, using these two levels of approximation, we formulate the following fully discrete or
Rothe-Galerkin scheme of the evolution problem (1.1):

Algorithm 1.5 (quasi non-conforming Rothe—Galerkin scheme) For given K,n € N and

ul € V,, the sequence of iterates (uX)r—o x C V,, is given solving the implicit scheme for 7 = %
and k=1,..., K
(dTuﬁ,vn)y + ([A};uﬁ7vn>x = (fli;vn)x forall v, € V,. (1.6)

Traditionally, the verification of the convergence of a Rothe-Galerkin scheme like (1.6) to
a weak solution of the evolution equation (1.1) causes a certain effort. In the case that quasi
non-conforming approximations are used in (1.6), to the best of the authors’ knowledge, there
are no abstract results guaranteeing the weak convergence of such a scheme. Therefore, the pur-
poses of this article are (i) to give general and easily verifiable assumptions on both the operator
family A(t) : X — X*, t € I, and the sequence of approximative spaces (V;,)nen which provide
both the existence of iterates (uﬁ)k=07.,,7 k C Vi, solving (1.6), for a sufficiently small step-size
T = % € (0,79), where 79 > 0, and K,n € N; and (ii) to prove the stability of the scheme, i.e.,
the boundedness of the piece-wise constant interpolants @, € L*°(I,V,), K,n € N with 7 = %,
in LP(I,X)NL>(I,Y); and finally (iii) to show the weak convergence of a diagonal subsequence
(unr Jnen € L>®(I,X), where 7, = Kln and K,,,m, — oo (n — 00), towards a weak solution
of problem (1.1). All these results are formulated exactly and proved in Section 6 (cf. Proposi-
tion 6.6, Proposition 6.8 and the main Theorem 6.16).

Surprisingly, there are only few contributions with a rigorous convergence analysis of fully dis-
crete Rothe—Galerkin schemes towards weak solutions. Most authors consider only semi-discrete
schemes, i.e., either a pure Rothe scheme (cf. [44]) or a pure Galerkin scheme (cf. [28], [56], [50],
[35]). Much more results are concerned with explicit convergence rates for more regular data
and more regular solutions (cf. [3], [45], [39], [26], [19], [42], [15], [6], [25], [5], [12]). Even in the
conforming case, that is if the sequence (V;,),en satisfies the following two natural conditions:*

(C.1) (V)nen is an increasing sequence of closed subspaces of V', i.e., V,, CV,, ;1 C V for allneN.
(C.2) U,en Vn is dense in V.

there are very few results concerning the convergence analysis of a fully discrete Rothe—Galerkin
scheme. We are only aware of the early contribution [1] which treats the porous media equation
and [7] dealing with a setting similar to the one proposed in the present paper.

Let us shortly explain the strategy used in [35] and [7], since it will be extended in the present
paper to handle also a quasi non-conforming setting. Using the properties of the operator family
A(t): V = V* t el (cf. [35, condition (C.1)—(C.4)]) and the properties of the Rothe-Galerkin
scheme (1.6) one can show that the iterates (ufl)k:07,,,,K C Vy, K,n € N, solving (1.6), generate
for sufficiently small 7 = % a family of piece-wise constant interpolants w;, for which the following
holds:

4 If (C.1) and (C.2) are satisfied one can choose X = V in the above setting.
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There exists a sequence (Wn)nen := (U Jnen and an element w € LP(I,V)NL>®(I, H), such
that

u, — u in LP(I,V) (n — 00),

*

u, — u in L*(I, H) (n — 00),
un(t) — @) inH foraetel (n— o0),

lim sup (A, w, — ) rr(r,v) <0,
n—oo

where A : LP(I, V)N L>®(I,H) — (LP(I,V))* denotes the induced operator, which is for every
we LP(I,V)NL>®(I,H) and v € LP(I,V) given via (Aw,v)r(r,v) = [; (A(t)(u(t)),v(t))y dt.
Using these properties and the fact that the induced operator A is Bochner pseudo-monotone one
can conclude that Aw, — Aw in (L?(I,V))* (n — o0), and therefore the weak convergence of
the scheme (1.6). In this argumentation one has used on several places the fact that the sequence
(Vi)nen satisfies the conditions (C.1) and (C.2).

Without the conditions (C.1) and (C.2), i.e., V # X and V,, € V for all n € N one could
hope to prove the above properties with V' and H replaced by X and Y, respectively. Even if
this works it is not clear whether the weak limit lies in the right function space, i.e., whether
uw e LP(I,V)N L>(I,H). To guarantee that this procedure works in an appropriate sense, we
will assume that (V,)nen satisfies the assumptions (QNC.1) and (QNC.2) from Definition 3.1.
Moreover, we have to adapt the notion of Bochner pseudo-monotone operators to the quasi
non-conforming setting.

1.2 The example of the p-Navier-Stokes equations

Let us indicate that the prototypical example (1.2) fits into the abstract setting of the previous
section. Full details will be given in Section 7 where two different problems from the field of
incompressible fluid flows are treated. In fact, one of these examples contains problem (1.2) as a
special case.

Let Z := L¥ (£2). For a given family of shape regular triangulations (cf. [13]) (7)a>0 of
a polygonal Lipschitz domain 2 and for given m,¢ € Ny, we denote by X; C P,(T5)¢N X,
equipped with the X-norm, and Z;, C P¢(T) N Z, equipped with the Z-norm, appropriate finite
element spaces. In addition, we define for h > 0 the discretely divergence free finite element
spaces

Vi = {’Uh c Xy | <diV’Uh,77h>Z =0 for all Nh € Zh}.

For a null sequence® (h,)neny € (0,00) and V,, := Vi, n € N, we formulate the following
algorithm of a space-time discrete approximation of (1.2):

Algorithm 1.7 For given K,n € N and u% € V,, the sequence of iterates (u¥)i—o.  x C Vi, is

given solving the implicit Rothe—Galerkin scheme for 7 = % and k=1,.... K
(douk o)y + ([S]uk v x + (Buk v, x = ([f]F,vn)x  for all v, € V,,, (1.8)

where B : X — X* is given via (Bu,v)x = % [,v®u:Vudr — L [,u®u: Vvdz for all
u,v € X.

5 A null sequence is a sequence converging to zero.
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The operator B can be viewed as a symmetrized extension of B, as (Bu,v)x = (Bu,v)x
for all u,v € V, which in contrast to B fulfils <§u,u>x =0 for all u € X (and not only for all
u € V), and therefore guarantees the stability of the scheme (1.8).

The sequence (V;,)nen violates the conditions (C.1) and (C.2). However, the assumptions
(QNC.1) and (QNC.2) on the discrete spaces (V;,)nen are often fulfilled under mild assumptions,
e.g., if one assumes that P;(73)¢ C X5, R C Zj,, and that there exist linear interpolation opera-
tors I8V © X — X, and 12 : Z — Zj, which are locally W' !-stable and locally L'-stable, resp.,
and that T¢IV preserves the divergence in Z; (cf. Section 7 or [9], [54] for more details).

Plan of the paper: In Section 2 we recall some basic definitions and results concerning
the theory of pseudo-monotone operators and evolution equations. In Section 3 we introduce the
concept of quasi non-conforming approximations. In Section 4 we introduce quasi non-conforming
Bochner pseudo-monotonicity, and give sufficient and easily verifiable conditions on families of
operators such that the corresponding induced operator satisfies this concept. In Section 5 we
recall some basic facts about the Rothe scheme. In Section 6 we formulate the scheme of a fully
discrete, quasi non-conforming approximation of an evolution equation, prove that this scheme
is well-defined, i.e., the existence of iterates, that the corresponding family of piece-wise constant
interpolants satisfies certain a-priori estimates. Moreover, we formulate and prove the main result
of this paper, Theorem 6.16, which shows the existence of a diagonal subsequence which weakly
converges to a weak solution of the corresponding evolution equation. In Section 7 we apply this
approximation scheme to two problems describing incompressible non-Newtonian fluid flow. In
Section 8 we present some numerical experiments for one of the problems.

2 Preliminaries
2.1 Operators

For a Banach space X with norm || - || x we denote by X* its dual space equipped with the norm
Il - || x+. The duality pairing is denoted by (-, -) x. All occurring Banach spaces are assumed to be
real.

Definition 2.1 Let X and Y be Banach spaces. The operator A : X — Y is said to be

(i) bounded, if for all bounded subsets M C X the image A(M) C Y is bounded.

(ii) pseudo-monotone, if Y = X* and for (uy)ney € X from w, — u in X (n — oo0) and
limsup,,_, o (Atn, up —u)x <0, it follows (Au,u — v)x < liminf, o (Aup,u, —v)x for
every v € X.

nes . . _ * . (Auu)x
(iii) coercive, if Y = X* and lim,| x -0 Tl = %

Proposition 2.2 If X is a reflexive Banach space and A : X — X* a bounded, pseudo-
monotone, and coercive operator, then R(A) = X*.

Proof See [56, Corollary 32.26]. 0

Lemma 2.3 If X is a reflexive Banach space and A : X — X* a locally bounded and pseudo-
monotone operator, then A is demi-continuous.

Proof See [56, Proposition 27.7]. O
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2.2 Evolution equations

We call (V, H,j) an evolution triple, if V is a reflexive Banach space, H is a Hilbert space
and j : V — H is a dense embedding, i.e., j is a linear, injective and bounded operator with

j(V)”'”H = H.Let R: H — H* be the Riesz isomorphism with respect to (-, )g. As j is a dense
embedding the adjoint j* : H* — V* and therefore e := j*Rj : V — V* are embeddings as well.
We call e the canonical embedding of (V, H, j). Note that

(ev,w)y = (jv,jw)y  for all v,w € V.
For an evolution triple (V, H,j), I :== (0,T), T < o0, and 1 < p < ¢ < oo we define operators
j:LP(I,V)— LP(I,H): w — ju and j* : LT ([,H*) — L1 (I,V*): v — j v, where ju and

’

j*v are for every w € LP(I,V) and v € LY (I, H*) given via
(Ju)(t) :=j(u(t)) inH forae tel,
(7)) :==j"(v(t)) InV* forae. tel.

It is shown in [35, Proposition 2.19] that both j and j* are embeddings, which we call induced
embeddings. Moreover, we define the intersection space

LP(I,V)n; LYI,H) :={u e LP(I,V) |ju € LiY(I,H)},
which forms a Banach space equipped with the canonical sum norm
I Nzevym o ey = I - llee,vy + 13Ol Lacr,m)-

If1 <p<gqg< oo, then LP(I,V)N; LI, H) is additionally reflexive. Furthermore, for each
u* € (LP(I,V) N LY(I, H))* there exist functions g € LP (I, V*) and h € LY (I, H*), such that
for every w € LP(I,V)n; L9(I, H) it holds

(U ) o1y L1 10) = / (@) + (GR) (1), u(t))y dt. (2.4)
I
and [|w* (o1, vyn;Lacrm)) = 19l vy TRl Lo (1,50, 100 (LP(L, V)N LI(I, H))* is isomet-

rically isomorphic to the sum L¥' (I, V*) + j* (L (I, H*)) (cf. [28, Kapitel I, Bemerkung 5.13 &
Satz 5.13]), which is a Banach space equipped with the norm

||f||LP’([7V*)+j*(Lq’([,H*)) = min : ||g||LP’(I,V*) + [|h| L' (I,H*)"

geL? (1,v*
heL? (I,H*)
f=g+ji"h
Definition 2.5 (Generalized time derivative) Let (V, H, j) be an evolution triple, I := (0,7,
T <oo,and 1 < p < ¢ < oo. A function w € LP(I,V) N; LY(I, H) possesses a generalized
time derivative with respect to the canonical embedding e of (V| H, j) if there exists a
function w* € LP (I, V*) + (LY (I, H*)) such that for all v € V and ¢ € C3°(I)

- / (i(u(s)), jo) s (s) ds = / (u* (5), )y o(s) ds.

I I

As this function w* € L? (I, V*)+4* (L9 (I, H*)) is unique (cf. [55, Proposition 23.18]), dett ;— q*
is well-defined. By

WPV, H) = {u e LP(I,V) Ny LY(I, H) ‘ 3 %‘ e LY (I,V*) + (LY (I, H*))}

we denote the Bochner-Sobolev space with respect to e.
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Proposition 2.6 (Formula of integration by parts) Let (V, H,j) be an evolution triple,
I:=(0,T), T <o0,and 1 < p < ¢ < oco. Then, it holds:

(i) The space WhP4(I,V, H) forms a Banach space equipped with the norm

de -
dat

| - ||W€1””‘1(I,V,H) = ||LP(1,V)OJ-LQ(LH) + ’ )
L' (1,V*)+§* (L9 (I,H*))

(ii) Given u € WIP4(I,V, H) the function ju € L9(I, H) possesses a unique representation
j.u € C°I, H), and the resulting mapping j, : WIP4(I,V,H) — C°(I, H) is an embed-
ding.

(iii) Generalized integration by parts formula: It holds

tdou . . s—t b do
| (0, ds = () Gl = [ (T u), i
for all w,v € WhP4(I,V,H) and t,t' € I with ¢’ < t.
Proof See [28, Kapitel IV, Satz 1.16 & Satz 1.17]. a

For an evolution triple (V, H,j), I := (0,T), T < oo, and 1 < p < ¢ < oo we call an
operator A : LP(I,V)Nn; LY(I,H) — (L*(I,V)Nn; LY(I, H))* induced by a family of operators
A(t):V = V* t el if for every u,v € LP(I,V) N; LI, H) it holds

(Aw, v) L (1,v)n;L9(1,1) =/I<A(t)(U(t))7v(t)>v dt. (2.7)

Remark 2.8 (Need for LP(I,V)N; L9(I, H)) Note that an operator family A(t) : V — V*,
t € I can define an induced operator in different spaces. In [35], [34] the induced operator A
is considered as an operator from LP(I,V)N; L>(I, H) into (LP(I,V))*. Here, we consider the
induced operator A as an operator from LP(I,V)N; LY(I, H) into (L?(I,V)N; LY(I, H))*, which
is more general and enables us to consider operator families with significantly worse growth
behavior. Here, the so-called Temam modification B : X — X*, tracing back to [52], [53], of the

convective term B : X — X* defined in (1.3), defined for p > 3ddj22 and all u,v € X via

. 1 1
<Bu7v>X:f/v®u:Vudx—f/u®u:Vvdx,
2 /e 2/a

serves as a prototypical example. In fact, following [35, Example 5.1], one can prove that
B : X — X* satisfies for d = 3 and p > % the estimate

1Bullx < e(1+ [lully) (1 + Jul5 ), (2.9)

for all w € X and that corresponding induced operator B is well-defined and bounded as an op-
erator from LP(I, X)NL>*(1,Y) to (LP(I, X))*. Regrettably, for the remaining term in Temam’s
modification, i.e., for the operator B := B — %B : X — X*, we can prove (2.9) for d = 3 only for
p> 1—53 In order to reach p > % for d = 3, one is forced to use a larger target space, i.e., we view
the induced operator of B as an operator from LP(I,X)N Li(I,Y) to (LP(I,X) N LY(I,Y))*,
where ¢ € [p,00) is specified in the proof Proposition 7.4.
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Definition 2.10 (Weak solution) Let (V, H,j) be an evolution triple, I := (0,7), T < o0,
and 1 < p < ¢ < oo. Moreover, let ug € H be an initial value, f € )i (I,V*) a right-hand
side, and A : LP(I,V) N; LY(I,H) — (L?(I,V) N; LY(I, H))* induced by a family of operators
A(t) : V. — V* t € I. A function w € W)P4(I,V, H) is called weak solution of the initial
value problem (1.1) if (§,u)(0) = ug in H and for all ¢ € C}(I,V) there holds

deu
[ (Ftwe), der [ amw)son = [ #o.o0)
I v I I
Here, the initial condition is well-defined since due to Proposition 2.6 (ii) there exists the
unique continuous representation j.u € C°(I, H) of u € WP 4(I,V, H).

3 Quasi non-conforming approximation

In this section we introduce the concept of quasi non-conforming approximations.

Definition 3.1 (Quasi non-conforming approximation) Let (V, H,j) and (X, Y, j) be evo-
lution triples such that V' C X with |-y = ||-[|x in V and H CY with (-, )y = (-,-)y in H x H.
Moreover, let I := (0,7), T' < oo, and let 1 < p < co. We call a sequence of closed subspaces
(Vi)nen of X a quasi non-conforming approximation of V in X if the following properties
are satisfied:

(QNC.1) There exists a dense subset C' C V', such that for each v € C there exist elements
v, € Vp,, n € N, such that v, - vin X (n — 00).

(QNC.2) For each sequence u,, € LP(I,V,, ), n € N, where (my)ney €N with m,, — oo
(n = 00), from u,, = w in LP(I, X) (n — 00), it follows that w € L?(I,V).

The next proposition shows that the notion of a quasi non-conforming approximation is indeed a
generalization of the usual notion of a conforming approximation. In Section 7 we will show that
our motivating example, namely the approximation of divergence-free Sobolev functions through
discretely divergence-free finite element spaces, fits into the framework of quasi non-conforming
approximations.

Proposition 3.2 Let (X,Y,5) and (V, H,j) be as in Definition 3.1. Then, it holds:

(i) The constant approximation V,, =V, n € N, is a quasi non-conforming approximation of V'
in X.

(if) If (Vi)nen is a conforming approximation of V, i.e., (Vy,)nen satisty (C.1) and (C.2), then
(Vi)nen is a quasi non-conforming approximation of V' in X.

Proof ad (i) Follows right from the definition.

ad (ii) We set C := J,,cn V- Then, for each v € C there exists an integer ng € N such that
v € V, for every n > ng. Therefore, the sequence v, € V,,, n € N, given via v,, := 0 if n < ng and
vy, = v if n > ng, satisfies v, > v in V (n = 00), i.e., (Vi )nen satisfies (QNC.1). Apart from
that, (V,,)nen obviously fulfills (QNC.2). ]

The following proposition will be crucial in verifying that the induced operator A of a family
of operators (A(t)):er is quasi non-conforming Bochner pseudo-monotone (cf. Definition 4.1).

Proposition 3.3 Let (V, H,j) and (X,Y,j) be as in Definition 3.1 and let (V,,)nen be a quasi
non-conforming approximation of V' in X. Then, the following statements hold true:
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(i) For a sequence v, € V,,,,, n € N, where (my,)nen C N with m,, = oo (n — 00), from v, = v
in X (n — 00), it follows that v € V.
(ii) For a sequence v, € Vi, , n € N, where (mp)neny € N with m,, — 0o (n — o0), with
sup, ey llvnllx < 00, and v € V the following statements are equivalent:
(a) v, ~vin X (n — 00).
(b) Pgjv, — jvin H (n — o), where Py :Y — H is the orthogonal projection of Y into H.
(iii) For each n € H there exists a sequence v, € V,,, , n € N, where (my,)neny C N with m,, — 0o
(n = o), such that jv, - ninY (n — o00).

Proof ad (i) Immediate consequence of (QNC.2).

ad (ii) (a) = (b) Follows from the weak continuity of j : X — Y and Py : Y — H.

(b) = (a) From the reflexivity of X, we obtain a subsequence (v, )nea, with A C N, and an
element ¢ € X, such that v,, = ¥ in X (A > n — o0). Due to (i) we infer ¥ € V. From the weak
continuity of j : X =Y and Py : Y — H we conclude Pgjv, — Pyjo = join H (A3 n — o0).
In consequence, we have jo = jv in H, which in virtue of the injectivity of j : V' — H implies
that o = v in V, and therefore

vy, — v inX (A3n— 00). (3.4)

Since this argumentation remains valid for each subsequence of (v, )neny € X, v € V is weak
accumulation point of each subsequence of (v,)nen € X. Therefore, the standard convergence
principle (cf. [28, Kap. I, Lemma 5.4]) guarantees that (3.4) remains true even if A = N.

ad (iii) Since (V, H, j) is an evolution triple, j(V') is dense in H. As a result, for fixed n € H
there exists a sequence (v, )neny € V, such that ||n — jv, ||z < 27" for all n € N. Due to (QNC.1)
there exist a sequence (wy, )nen € C, such that [v, — wy|v <2777 for all n € N and a double
sequence (v} )nken C X, with vy € V, for all k,n € N, such that v} — w, in X (k — oo) for
all n € N. Thus, for each n € N there exists m,, € N, such that ||w, —v}|x < 277! for all
k > my. Then, we have vy, € V,,, foralln € Nand ||n — jv}, |y < (1+¢)27" for all n € N,
where ¢ > 0 is the embedding constant of j. a

4 Quasi non-conforming Bochner pseudo-monotonicity

In this section we introduce an extended notion of Bochner pseudo-monotonicity (cf. [35], [34]),
which incorporates a given quasi non-conforming approximation (V;,)nen-

Definition 4.1 Let (X,Y,j) and (V, H,j) be as in Definition 3.1 and let (V,)nen be a quasi
non-conforming approximation of Vin X, I := (0,T), with 0 < T < 0o, and 1 < p < ¢ < 0. An
operator A : LP(I, X)N;LI(I,Y) — (LP(I,X)N;L9(I,Y))* is said to be quasi non-conforming
Bochner pseudo-monotone with respect to (V,,),en if for a sequence u,, € L>(I,V,,, ),

n € N, where (my,)neny C N with m,, = co (n — o0), from
u, — u in LP(I,X) (n— o), (4.2)
ju, = ju in L>®(1,Y) (n— 00), (4.3)
Py (jun)(t) — (ju)(t) inH (n—oo) forae. tel, (4.4)
and
lim sup (Awn, wn — W) 1r(1,x)n,La(1,y) < 0, (4.5)

n— oo

it follows for all v € LP(I,X) N; L(1,Y) that

(Au,u — ) o1, x)n;09(1,Y) < “,Pi{fgf (Atp, U — V) Lo(1,x)0;L9(1,Y)-
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Note that (4.2) and (4.3) guarantee that w € LP(I,V) N; L*(I, H) due to Definition 3.1.

The basic idea of quasi non-conforming Bochner pseudo-monotonicity, in comparison to the
original notion of Bochner pseudo-monotonicity tracing back to [35], consists in incorporating
the finite dimensional approximation (Vj,)nen into the definition. We will see in the proof of
Theorem 6.16 that (4.2)—(4.5) are natural properties of a sequence w,, € LP(I,V;,, ), n € N,
coming from (1.6) (which is a quasi non-conforming Rothe-Galerkin approximation of (1.1)),
if A satisfies appropriate additional assumptions. In fact, (4.2) usually is a consequence of the
coercivity of A, (4.3) stems from the time derivative, while (4.4) and (4.5) follow directly from
the approximative scheme.

Proposition 4.6 Let (X,Y,j) and (V, H, j) be as in Definition 3.1 and let (V},),en be a quasi
non-conforming approximation of Vin X, I := (0,7), T < o0, and 1 < p < ¢ < co. Moreover,
let A(t) : X — X* t €I, be a family of operators with the following properties:

(A.1) A(t): X — X* is pseudo-monotone for almost every ¢ € I.
(A.2) A(-)u:I — X* is Bochner measurable for every u € X.
(A.3) For some constants ¢y > 0 and ¢1,c2 > 0 holds for almost every ¢ € I and every u € X

(A)u, u)x > collully — cilljully — ca.
(A.4) For constants v > 0 and A € (0, ¢g) holds for almost every ¢ € I and every u,v € X
[{A)u, v)x| < Mullk +(1+ lully + l5olly + Toll%)-

Then, the induced operator A : LP(I, X)N; LY(1,Y) — (LP(I,X)N; LI(1,Y))*, given via (2.7),
is well-defined, bounded and quasi non-conforming Bochner pseudo-monotone with respect to the
subspaces (V,)nen.

Proof 1. Well-definiteness: For uq,us € LP(I, X)N; LI(I,Y) there exists sequences of simple
functions (87" )nen € L™®(I,X), m = 1,2, i.e., sT'(t) = Zf;l spixem (t) for t € I and m = 1,2,
where 57, € X, k7' € N and E7; € £1(I) with Uj”, E?; = I and E, 0 E; = 0 for i # j,
such that s7'(t) — wn,(t) in X for almost every t € I and m = 1,2. Moreover, it follows
from Lemma 2.3 that A(t) : X — X* is for almost every ¢ € I demi-continuous, since it is

for almost every t € I pseudo-monotone (cf. (A.1)) and bounded (cf. (A.4)). This yields for
almost every t € I

kn kg

(AW(h (), 2(0)x = 3 S (AW)sh 1052 ) xxes a2 ()" (AD) (D), ua(0)x. (A7)

i=1 j=1

Thus, since the functions (t — (A(t)sk ., s2 Vx : T =R, i=0,...,k}, j= kZ, n €N, are

n,i’ °n,j s Vs st vn

L
Lebesgue measurable due to (A.2), we conclude from (4.7) that (t — (A(t)(u1(t)), u2(t))x): I - R
is Lebesgue measurable. In addition, using (A.4), we obtain

[ (A 0, st de < Nl )

+ 'Y[T"_ HjulH%q([,y) + ”quH%q([,y) + ||u2||zl),p(]’x)]a

ie., A: LP(I,X)N; LI(1,Y) — (LP(I, X) N; L9(1,Y))* is well-defined.
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2. Boundedness: As |[v||1r(7,x)n,Le(1,y) < 1 implies that ||v||1£p(1 X+ ||_7v||Lq 1y < 2 for
every v € LP(I,X)N; LY(I,Y), we infer from (4.8) for every u € LP(I, X) N L°°(I Y') that
Al (e 1,x)0;L01.7)) = sup (A, v) 1o(1,X)0;L9(1,Y)
lvllee 1, x)n;La0,v)<1

< )\HuHiP(IX +7|‘]u“Lq 1Y) +7[T+2]»

ie, A:LP(I,X)N; LY(I,Y) — (LP(I,X)N; LY(I,Y))* is bounded.

3. Quasi non-conforming Bochner pseudo-monotonicity with respect to (V,,),en:
In principle, we proceed analogously to [35, Proposition 3.13]. However, as we have solely almost
everywhere weak convergence of the orthogonal projections available, i.e., (4.4), in the defini-
tion of quasi-nonconforming Bochner pseudo-monotonicity (cf. Definition 4.1), the arguments in
[35] ask for some slight modifications. In fact, in this context the properties of the quasi non-
conforming approximation (V;,),en come into play. Especially the role of Proposition 3.3 will be
crucial. We split the proof of the quasi non-conforming Bochner pseudo-monotonicity into four
steps:

3.1. Collecting information: Let u,, € L>(1,V,, ), n € N, where (my)neny CN with m,, — oo
(n = 00), be a sequence satisfying (4.2)—(4.5). We fix an arbitrary v € LP(I, X)N; LY(I,Y), and
choose a subsequence (uy,)nea, with A C N such that

A (A, wn — ) o(1,x)0,L9(1,y) = hnrggf (Atp, wn — V) Lr(1,X)n;L9(1,Y)- (4.9)
nGA

Due to (4.4) there exists a subset E C I, with I\ E a null set®, such that for all t € E
Pr(ju,)(t) — (Ju)(t) in H (n— o). (4.10)
Using (A.3) and (A.4), we get for every z € LP(I,X) N; LY(I,Y) and almost every t € I
(A@) (un (), wn(t) — 2(8)) x

> collun ()% = c1lli(un@O)F — 2 = (At) (un(t)), () x (4.11)
> (co = Nua@l% = e1K? =2 = y[1+ K7+ [[(G2)OIF + [I2(@0)]I%].

where K := sup,, ey [lJunl = (1,y) < 00 (cf. (4.3)). If we set p.(t) := —c1 K* —co —y[1+ K1+
1G2)DONF + lz@)[%] € L(1), then (4.11) reads

(At)(un (), un(t) — 2(1) x = (co = Mun®)l — p=(?), (*¥)zn1
for almost every ¢t € I and all n € A. Next, we define
Ey:={te€ E|A(t): X — X" is pseudo-monotone, | iy (t)| < 00 and (%) n,¢ holds for all n € A}.

From the defining properties of E; it follows directly that I\ E; is a null set.
3.2. Intermediate objective: Our next objective is to verify that for all ¢ € F; there holds

liminf (A(t) (u, (1)), wn(t) — u(®))x > 0. (+4):
neA

To this end, let us fix an arbitrary ¢t € E; and define
A:={nc¢€ /1| (A(t)(un(t)), un(t) — u(t))x < 0}.

6 A null set is a set of zero Lebesgue measure.
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We assume without loss of generality that A; is not finite. Otherwise, (xx); would already hold
true for this specific t € F; and nothing would be left to do. But if A; is not finite, then

lirrlri)solép (A(®)(un (1)), un(t) —u(t))x <O0. (4.12)
neA

The definition of A; and (%), ¢ imply for all n € A,

(co = Mun(®)ll% < (A#) (un(t)), un(t) = w(t))x + [ ()] < [pu(t)] < oo (4.13)

This and A < ¢g yield that the sequence (4, (t))nea, is bounded in X. In view of (4.10), Propo-
sition 3.3 (ii) implies that

un(t) = wu(t) inX (4;3n— o). (4.14)
Since A(t) : X — X* is pseudo-monotone, we get from (4.14) and (4.12) that

lim inf (A(£) (0 (6)) 20 (£) — w(t)) x> 0.
neA;
Due to (A(t)(wn (), un(t) — u(t))x > 0 for all n € A\ As, (x%); holds for all t € E;.

3.3. Switching to the image space level: In this passage we verify the existence of a
subsequence (wp)nea, € LP(I,X) N; L*(I,Y), with Ay C A, such that for almost every t € I

un(t) — wu() inX (Adg>dn— o),
lim sup (A(£)(wn (£)), wn(t) — w(t))x < 0. (4.15)
n—oo
neAy
As a consequence, we are in a position to exploit the almost everywhere pseudo-monotonicity of

the operator family. Thanks to (A(t)(wn,(t)), wn(t) — w(t))x > —pu(t) for all t € Ey and n € A
(cf. (*)u,n,t), Fatou’s lemma (cf. [44, Theorem 1.18]) is applicable. It yields, also using (4.5)

0< /hnn_1>10%f (A(s)(un(s)), un(s) —u(s))x ds
I' nea

< liminf [ (A(s)(wn(8)),un(s) — u(s))x ds

2o (4.16)
< limsup (Awn, Up — W) Lr(1,X)n,L9(1,Y)
n—oo
<0.
Let us define g, (t) := (A(t)(wn(t)), un(t) — u(t))x. Then, (xx); and (4.16) read:
lim inf gn(t) >0 forallt e Ej. (4.17)
nne%o
Aim [ gn(s)ds = 0. (4.18)
neA v 1
As s — s~ := min{0, s} is continuous and non-decreasing we deduce from (4.17) that

0 > limsup g (1)~ = liminf g, (1)~ = min {0, lim inf g, (1)} = 0,
neA neA neA
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ie, gn(t)” = 0 (A >n — oo) for all t € Eq. Since 0 > g, ()" > —pq(t) for all t € E; and
n € A, Vitali’s theorem yields g, — 0 in L'(I) (A > n — o). From the latter, |g,| = g, — 2g,,
and (4.18), we conclude that g, — 0 in L'(I) (A > n — o). This provides a further subsequence
(Un)nea, with Ag C A and a subset F' C I such that I\ F' is a null set and for all ¢t € F

T (A(E) (2 (1)), wn () — u(t))x = 0. (4.19)
n€g

This and (4.13) implies for all ¢ € E1 N F that

tn sup (e — ) (1) % < L sup (A(E) (an (1), 2 (6) = 0(0)) x + e (8)] = e (8)] < 0,
nelp neAg

i.e., (Un(t))nea, is bounded in X for all ¢ € Ey N F. Thus, (4.10) and Proposition 3.3 (ii) yield
forallte By NF

u,(t) = wu(t) inX (Adg>dn— o). (4.20)

The relations (4.19) and (4.20) are just (4.15).

3.4. Switching to the Bochner-Lebesgue level: From the pseudo-monotonicity of the
operators A(t) : X — X* for all ¢t € E1 N F we obtain almost every ¢ € T

(A (w(t)), ult) — v(0))x < Timinf () (un(8)), un(t) — v(8)) .
neAy

Due to (%)q,n,¢, we have (A(t) (wn, (1)), uy (t)—v(t)) x > — e (t) for almost every t € Tand all n € Ay.
Thus, using the definition of the induced operator (2.7), Fatou’s lemma and (4.9) we deduce

(Au,u —v) o1, x)0L0(1y) < /linrgiolgf (A(s)(un(s)),un(s) —v(s))x ds
n€Ap

<limint [ (AG) (wn(5), un(s) ~ v(s))x ds
neAy 1

= lim (Atn, Un — V) Lo(1,x)0;L9(1,Y)
neA

= hnrglgf (Atp, Up — V) Lo(1,X)0;L9(1,Y)-

Aswv e LP(I,X)N; L(1,Y) was chosen arbitrary, this completes the proof of Proposition 4.6. O

5 Rothe scheme

Let X be a Banach space, and I := (0,7), T < oo, be a finite time interval. For K € N we set
T = %, IT = ((k—=1)r, k7], k=1,...,K, and Z, := {I] }x=1,... k. Moreover, we denote by

S%Zr, X)={u:I— X |u(s) =u(t)in X forall t,s € I[ ,k=1,..., K} C L™(I, X)

the space of piece-wise constant functions with respect to Z,. For a given finite sequence
(u*)k=o,...k € X the backward difference quotient operator is defined via

1
dyu = —(WF -4 imX, k=1,... K.
T
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Furthermore, we denote for a given finite sequence (u*)r—o . x C X by u” € 8°Z,, X) the
piece-wise constant interpolant, and by 4" € W1°(I, X) the piece-wise affine inter-
polant, for every t € I] and k =1,..., K given via

t t
@) =k,  aAT(l) = (f (k- 1))uk + (k - f)uk_l in X. (5.1)
T T
In addition, if (X,Y,j) is an evolution triple and (uk)kzo)m,K C X a finite sequence, then it
holds for k,1 =0, ..., K the discrete integration by parts formula

Todea’ 1, 1,
| (o) ae= il - i - (52)
which is an immediate consequence of the identity (d,eu®,u*)x = 1d.|ju*|3 + Z|/d-ju"||} for
every k=1,..., K.

For the discretization of the right-hand side in (1.1) we use the following construction. Let
X be a Banach space, I = (0,7), T < oo, K € N, 7 := % > 0and 1 < p < oo. The
Clemént O-order quasi-interpolation operator 7, : LP(I,X) — S8%(Z,, X) is defined for
every u € LP(I, X) via

Sl = [l ST, X),  [u]f = ][ u(s)ds € X.

k=1 k

Proposition 5.3 For every u € LP(I, X) it holds:
(i) Zrlu] = win LP(1,X) (1 —0), i.e., U,2 0 S%(Zr, X) is dense in LP(I, X).
(i) sup,so || Z-[ulllr,x) < [lullLe(r x)-

Proof See [44, Remark 8.15]. O

Since we treat non-autonomous evolution equations we also need to discretize the time de-
pendent family of operators in (1.1). This will also be obtained by means of the Clemént 0-order
quasi-interpolant. Let (X,Y, j) be an evolution triple, I := (0,7), T < oo, K € N, 7 = % >0
and 1 < p<g<oo. Let A(t) : X — X*, t € I, be a family of operators satisfying the conditions
(A.1)-(A.4), and denote by A : LP(I,X)N; LY(I,Y) — (LP(I,X)N; LY(I,Y))* the induced op-
erator (cf. (2.7)). The k-th temporal mean [A]] : X — X*, k=1,...,K, of A(t) : X — X*,
t € I, is defined for every u € X via

[Alfu:= 4 A(s)uds in X".

s

The Clement 0-order quasi-interpolant ¢, [A](t): X — X*, t eI, of A(t): X — X* tel,
is defined for almost every ¢t € I and u € X via

K
A Bu =3 x Ol in X
k=1
The Clement 0O-order quasi-interpolant #.[A] : LP(I,X) N; LY(1,Y) — (LP(I,X) N;
Li(1,Y))*, of A: LP(I,X)N; LY(I,Y) — (LP(I,X)N; LY(I,Y))* is for all w,v € LP(I,X)N;
LY(1,Y) defined via

(I [Aw,v) Lo (1, x)0;L9(1,) 1:/I</T[A](t)(u(t))7v(t)>x dt.

Note that #;[A] is the induced operator of the family of operators ¢ [A](t) : X — X*, t € I.
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Proposition 5.4 (Clement 0-order quasi-interpolant for induced operators)
Let A(t) : X — X*, t € I, be a family of operators satisfying the conditions (A.1)—(A.4), and
denote by A : LP(I,X)N; LY(I,Y) — (LP(I,X)N; LY(I,Y))* the induced operator (cf. (2.7)).
Then, there holds:
(i) [A]}: X — X* is well-defined, bounded, pseudo-monotone, and satisfies:
(i) ([l vhx < Mull +1+ [l + 17013 + o)) for all w0 € X.
(ib) ([Alfu,u)x > collull% — cilljull3 — c2 for all u € X.
(ii) Z-[A|(t) : X — X*, t € I, satisfies the conditions (A.1)—(A.4).
(i) Z-[A]:LP(I,X)N;LI(I,Y)— (LP(I,X)N;LI(I,Y))* is well-defined, bounded and satisfies:
(iii.a) For all u, € 8%(Z,,X), v € LP(I,X)N; LY(I1,Y) holds

</T[A]u‘rvv>LF(I,X)r"|jL‘1(I,Y) = (Au,, /r[”])LP(I,X)mqu(I,Y)~
(iii.b) If the functions u, € 8°(Z,, X), 7 > 0, are bounded in L?(I, X) N; L4(I1,Y), then
Au, — 7 [Alu, — 0 in (LP(I,X)N; LYI,Y))" (1 —0).
(iii.c)

| 2 [ Alur (e, x)nLa(1,y)) < AU (e (1, x)0,L0(1,y))* -

Proof ad (i) Let u € X. Due to (A.2) the function A(-)u : I — X* is Bochner measurable. (A.4)
guarantees that ||A(-)ul|x~ € L*(I), and thus the Bochner integrability of A(-)u : I — X*. As
a result, the Bochner integral [A|fu = fl; A(s)uds € X* exists, ie., [A]f : X — X* is well-
defined. The inequalities (i.a) and (i.b) are obvious. In particular, we gain from inequality (i.a)
the boundedness of [A]] : X — X*. So, it is left to show the pseudo-monotonicity. Therefore, let
(un)nen € X be a sequence such that

U, — uw inX (n—o0), (5.5)
lim sup ([A]Lun, un —u)x < 0.

n—oo

If we set uy, := u,x1; € L2(1, X), n € N, and w := uyx;; € L>(I, X), then (5.5), the Lebesgue
theorem on dominated convergence and the properties of the induced embedding 3 imply

U, — u in LP(I,X) (n— o0), (5.7)
ju, = ju in L%(1,Y) (n— o), (5.8)
(Gun)(t) "= (ju)(t) inY forae. tel. (5.9)

In addition, from (5.6) we infer

limsup (Awn, Un — ) Lr(1,x)n;Le(1,y) = T limsup ([A]zun, un — u)x < 0. (5.10)
n— oo n—00
Note that the constant approximation V,, = X, n € N, is trivially a quasi non-conforming

approximation of X in X (cf. Remark 6.5 (i)). Thus, Proposition 4.6 yields that the induced
operator A : LP(I,X) N; LY(I,Y) — (LP(I,X) N; L9(I,Y))* is quasi non-conforming Bochner
pseudo-monotone with respect to V,, = X, n € N. Consequently, we obtain from (5.7)—(5.10)
that for all v € LP(I, X) Ny LY(I,Y") there holds

(Au,u —v) o1, x)nLa(1,y) < linH_ljgf (A, Wn, — V) Lo(1,x)0;L9(1,Y) - (5.11)
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If we choose in (5.11) v := vxs; € L>([,X) with v € X and divide by 7 > 0, we conclude

([Alfuu —v)x < liminf (Al w, = 0)x.

In other words, [A]] : X — X* is pseudo-monotone.
ad (ii) The assertion follows immediately from (i) and the definition of #[A](t), t € I.

ad (iii) Since _#,[A] is the induced operator of the family of operators _#-[A](t), t € I, the
well-definiteness and boundedness of _#-[A] results from (ii) in conjunction with Proposition 4.6
applied again in the trivial setting of the constant approximation V;, = X, n € N.

ad (iii.a) Let u, € 8°(Z,,X) and v € LP(I, X)N; L4(1,Y). Then, using for every ¢,s € I],
k=1,...,K, that (A(s)(u,(t)),v(t))x = (A(s)(u,(s)),v(t))x and Fubini’s theorem, we infer

AV T S / 2L (u(t)), o(0)) x dt
K
_ ,;/1 < g AGs) ur(1)) s, (1))t

=3 [ (46w f.
= [ A @), 7 lvl(e)x ds

I
= (Au., Z:[0]) o1, x)n;La(1,Y)-

ad (iii.b) Let the family uw, € 8°(Z;, X), 7 > 0, be bounded in LP(I,X)N; LY(1,Y). Then,
by the boundedness of A : LP(I,X)N; LY(I,Y) — (LP(L,X)N; LY(I,Y))* (cf. Proposition 4.6),
the family (Au;),;>0 C (LP(I, X)N; L9(1,Y))* is bounded as well. Therefore, also using (iii.a),
we conclude for every v € LP(I,X) N; LY(I,Y) that

v(t)dt >X ds

(Au, — - [Alur, ) o1, x)n,L01y) = (Atr, v — Zo[0]) o1, x)n;Leyy — 0 (7 —=0),

where we also used Proposition 5.3 (i).
ad (iii.c) Using (iii.a) and Proposition 5.3 (ii), we deduce
| 7 [Alwrl| (e 1, x)0;L9(1,)) = sup (I [Alur, v) o1, x)0La(1Y)
lvlle (1, x)n;Lar,v)<1

= sup (Aur, 7 [0]) e x)n;La(1y)

lvllee (1. x)n Laz,v)<1

< A (e (1, x)0;L9(1,7))* - O

6 Fully discrete, quasi non-conforming approximation

In this section we formulate the exact framework of a quasi non-conforming Rothe—Galerkin
approximation, prove its well-posedness, i.e., the existence of iterates, and its stability, i.e., the
boundedness of the corresponding double sequence of piece-wise constant interpolants. Moreover,
we prove the main result of this paper, Theorem 6.16, which shows the weak convergence of a
diagonal subsequence towards a weak solution of problem (1.1).

Assumption 6.1 Let I:=(0,T), T<oo and 1<p<g<oo. We make the following assumptions:
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(i) Spaces: (V, H,j)and (X,Y,j) are as in Definition 3.1 and (V,,)nen is a quasi non-conforming
approximation of V in X.

(ii) Initial data: uo€ H and there is a sequence u2 € V,,, n € N, such that u® — ug in Y (n—o00)
and sup,, ey [l7uplly < lluollz.”

(iii) Right-hand side: f € L (I, X*).

(iv) Operators: A(t) : X — X* t € I, is a family of operators satisfying (A.1)—(A.4) and
A:LP(I,X)N; L>®(1,Y) — (LP(I,X) N; LI(1,Y))* the corresponding induced operator.

Furthermore, we set H,, := j(V;,) C Y equipped with (-,-)y, denote by j, : V,, — H,, the
restriction of j to V,, and by R,, : H,, — H the corresponding Riesz isomorphism with respect
to (-,+)y. As jp is an isomorphism, the triple (V;,, Hy,, j,) is an evolution triple with canonical
embedding e, := jrRy,j, : V,, = V7, which satisfies

(enVn, Wn)v, = (JnUn, jnwy)y  for all v,,w, € V. (6.2)
Putting all together leads us to the following algorithm:

Algorithm 6.3 (Quasi non-conforming Rothe—Galerkin scheme) Let Assumption (6.1)
be satisfied. For given K,n € N the sequence of iterates (u¥)r—o... x C V, is given solving the

implicit Rothe—Galerkin scheme for 7 = % andk=1,.... K

.....

(deufl,jvn)y + <[A]};ufl,vn)x = {([fli,vn)x for all v, € V,,. (6.4)

Remark 6.5 Note that the Rothe-Galerkin scheme (6.4) also covers pure Rothe schemes, i.e.,
without spatial approximation, and fully discrete conforming approximations:

(i) ¥X=V,Y=H,and V, = X, n € N, then (6.4) is a pure Rothe scheme.
(ii) If X =V, Y = H, and the closed subspaces (V,,)nen satisfy (C.1)—(C.2), then (6.4) is a
conforming Rothe—Galerkin scheme.

Proposition 6.6 (Well-posedness of (6.4)) Let Assumption (6.1) be satisfied and set
To 1= i. Then, for all K,n € N with 7 = % < 7o there exist iterates (ufl)kzlw_,K C Va,
solving (6.4).

Proof Using (6.2) and the identity mapping idy, : V,, — X, we see that (6.4) is equivalent to
1 1
(idv;, )" ([FIF) + Zenub™" € R(;en + (idy, )* o [A]L o idvn>, forallk=1,....K.  (6.7)

We fix an arbitrary k£ = 1,..., K. Apparently, %en : V., — V¥ is linear and continuous. Using
(6.2), we infer that (Le,u,u)y, = |joul} > 0 for all u € V,,, ie., Le, : V;, = VI is positive
definite, and thus monotone. In consequence, %en : Vo, — V. is pseudo-monotone. Since the
conditions (A.1)-(A.4) are inherited from A: X — X* to (idy, )* o Aoidy, : Vi, — V, and since
(idy, )* o [A]] oidy, = [(idv,)* o A oidy, ]}, Proposition 5.4 (i) guarantees that the operator
(idy,)* o [A]¥ oidy, : V,, — V,* is bounded and pseudo-monotone. Altogether, we conclude that
the sum Ze, + (idy,)* o [A]F oidy, : Vi, — V7 is bounded and pseudo-monotone. In addition, as
T < i, combining (6.2) and Proposition 5.4 (i.b), provides for all u € V,

1 . « o .
((Zen+ lidv,) o (A o idy, Juyu) > Berlljuulld + collullf - ez,

ie., Le, + (idy,)* o [A]} oidy, : Vi, — V¥ is coercive. Hence, Proposition 2.2 proves (6.7). O

7 For a quasi non-conforming approximation Proposition 3.3 guarantees the existence of such a sequence.
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Proposition 6.8 (Stability of (6.4)) Let Assumption (6.1) be satisfied and set 7y := i. Then,
there exists a constant M > 0 (not depending on K,n € N), such that the piece-wise constant
interpolants u}, € S°(Z,, X), K,n € N with 7 = % € (0,79), and piece-wise affine interpolants

e Wh(I,X),ne N, 1€ (0,79) (cf. (5.1)) generated by iterates (u%)—o . x CV,, K,n € N
with 7 = L € (0,7), solving (6.4), satisfy the following estimates:

@7 e (1, x)0 2o (1,y) < M, (6.9)
gty | o 1,yy < M, (6.10)

A || (Lo (1, x)0; La(r,y ) < M, (6.11)
len (g =) Lo (rvey < TF e (r,x0) + M) (6.12)

Proof Weuse v, =uk € V,,, k=1,...,1, for arbitrary = 1,..., K in (6.4), multiply by 7 € (0, 79),
sum with respect to k = 1,...,1, use (5.2) and sup,cy ||jullly < |Juollm, to obtain for ev-
eryl=1,..., K

l !
1. .
Sl + > oAy u) x < *||Uo||H + > {1 up) x (6.13)
k=1 k=1

Applying the weighted e-Young inequality with constant c(¢) := (pe)!=? /p’ for all & > 0, using
| 2= F W Lo (1, x4y < I1Fllw (1,x+) (cf. Proposition 5.3 (ii)), we deduce for every [ =1,..., K

l

T
S el = (AR @xan)ion) < O gy +2 [ I ds

k=1
In addition, using Proposition 5.4 (i.b), we obtain for every [ =1,..., K

-1

It
> (A ) x > Co/ I (s)I[% ds — ealljuplls = Y rerlljup |y — e (6.14)
0

k=1 k=1

We set € := L, a = L|luol|} + c(e )||f||Lp axn T T, B :=47rc; < 1 and y¥ = 1[|juk||? for

k=1,...,K. Thus, we infer for every [ = 1,..., K from (6.13), (6.14) that

T -1
Co —r
ot 3 [ lEmelds<at Yok (6.15)
2 Jo k=1
The discrete Gronwall inequality applied on (6.15) yields

1, €O |
Z”]un”%“’(I,Y) + EH’U’n”IiP(LX) < aexp(Kp) = aexp(4T'cr) =: Co,

which proves (6.9). From the boundedness of A : LP(I, X)N; L(I,Y) — (LP(I, X)N; LY(I,Y))*
(cf. Proposition 4.6) and (6.9) we infer ||Aun||(Lp (1,x)n;La(r,y)) < Ci for some Cy > 0, ie.,
(6 11). In addition, it holds ||gun||Loo Iy) < ||gun|\Lm(1 yy < 4Cq for every n € Nand 7 € (0 To)

e., (6.10). Moreover, since e, (@, (t) —up(t)) = (t — kT)d-e t, (t) = (¢ kT) < "( )in V¥ and

n

\t—kT| <rtforeveryte I, k=1,...,K, K,n €N, there holds for every n € N and 7 € (0, 79)

~T
den un

dt e v
ZTH(iqu(I,Vn))*(/T[ | = 7] A] )HLq I,V T(HfHLP'(LX*)'i_Cl)’
i.e., the estimate (6.12), where we used Proposition 5.3 (ii) and Proposition 5.4 (iii.c). O

llen (@, =) || por gy <7
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We can now prove the abstract convergence result, which is the main result of this paper.

Theorem 6.16 Let Assumption (6.1) be satisfied and set 7y ::i. If (Wn)nen := (W7 Jnen C
L>(1,X), where 7, = Kl and K,,,m, — oo (n — 00), is an arbitrary diagonal sequence of piece-
wise constant interpolants u], € 8°(Z,, X), K,n € N with 7 = % € (0,79), from Proposition 6.8.
Then, there exists a not relabelled subsequence and a weak limit w € LP(I,V)N; L*°(I, H) such
that

u, — w inLP(I,X),

*

(n — ).
W, & w inL®(I,Y),

Furthermore, it follows that w € W>P4(I,V, H) is a weak solution of the initial value prob-
lem (1.1).

Proof We split the proof into four steps:

1. Convergences: From the estimates (6.9)—(6.12), the reflexivity of LP(I,X)N; LY(I,Y),
also using Proposition 5.4 (iii.b), we obtain not relabelled subsequences (@y)nen, (Un)nen C
LP(I X)nj L>=(1,Y), where @, := 4a,; foralln € N, as well as w € LP(I,X)N; L>(1,Y),
ju € L>®(1,Y) and x € (LP(I,X) N; Lq(l Y'))* such that

u, — uw inILP([,X) (n—o0),
ju, — ju inL>®(I,Y) (n— o),
ja, ~ ja in L°°(I Y) (n— o), (6.17)
e Aun = x in (L1, X)N; LY(LY))"  (n — o0),
Au,, — x in(LP(I,X)n; LY1,Y))" (n— o0).
From (QNC.2) we immediately obtain that @ € L?(I,V)N; L>(I, H). In particular, there exists

g e LY (I,V*) + 3% (LY (I, H*)) (cf. (2.4)), such that for every v € LP(I, V) n; LI(I, H)

(X V) Le(1,X)n;La(1,Y) :/<9(t)av(t)>v dt. (6.18)
I
Due to (6.12) there exists a subset F C I, with I\ E a null set, such that for every t € £

l[em,, (@n(t) —wn(t))]

Owing to (QNC.1) we can choose for every element v of the dense subset C C V a sequence
Un € Vi, n € N, such that v,, = v in X (n — 00). Then, using the definition of Py, (6.2), (6.9),
(6.10) and (6.19), we infer for every ¢ € E that

v — 0 (n— 00). (6.19)

mn

|(Pr[(3@n)(t) = (7)), j0)m| = [((Gn) () = (G8n)(1), j0)v |
< [em, [(Gan)(t) = (FEa) ()] vn)v,,,, [+ [ ((G2n) () = (G8) (1), j0 = Jvn)y | (6.20)
< lem, [@n(t) = @n(®)]llv;, lonllx + 1(G8n) () = () @)y [l70 = jonlly '
< lem, [@n(t) =@ ®lllv,;, v —=jually = 0 (n—o0).

Since C'is dense in V and j(V) is dense in H, we conclude from (6.20) for every ¢ € E that
Pyl(gu,)(t) — (ju,)(®)] — 0 inH (n— o). (6.21)

Since the sequences (Pyjtp)neN, (Pujt)neny € L°(I, H) are bounded (cf. (6.9) and (6.10)),
[35, Proposition 2.15] yields, due to (6.21), that Py (jt, —ju,) — 0in LY(I, H) (n — o0). From
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(6.17)2,3 we easily deduce that Py (j@, — ju,) — Py(j@ — ju) in LIY(I,H) (n — o0). Thus,
Py (ja) = Py (ju) = ju in L>°(I, H), where we used that w € LP(I,V)N; L>(I, H).

2. Regularity and trace of the weak limit: Let v € C and v, € V,;,,, n € N, be a
sequence such that v, — v in X (n — oo). Testing (6.4) for n € N by v, € Vj,,,,, multiplication
by ¢ € C*°(I) with ¢(T') = 0, integration over I, and integration by parts yields for every n € N

(I [Aln, v ) v (1,x)0; L9(1,Y) */I</rn[f](5)avn>xsﬁ(s) ds
(6.22)

= [ (G o) (5)ds + (5, o)y 0.
I

By passing in (6.22) for n — oo, using (6.17), (6.18), Proposition 5.3 (i), Py(j&) = ju in
L>(I,H), u), — uginY (n — o0) and the density of C' in V, we obtain that for all v € V and

¢ € C>(I) with ¢(T) = 0 there holds

[ a9 = fs1 0wl ds = [ (@), 500 (5)ds + (un. o)y (0
I I (6.23)
- / () (5), 50) e (5) ds + (g, j0) r9(0).

In the case ¢ € C§°(I) in (6.23), recalling Definition 2.5, we conclude that @ € W}?(I,V, H)
with continuous representation j . u € C°(I, H) and

dpi ’ ox 4 *
Ci;“ —f—g inIP(I,V*)+ (LY (I, H")). (6.24)

Thus, we are able to apply the generalized integration by parts formula in Whra(I,V, H)
(cf. Proposition 2.6) in (6.23) in the case ¢ € C*°(I) with ¢(T) = 0 and ¢(0) = 1, which
yields for allv € V

((]Cﬂ)(O) - UOJU)H =0.

As j(V) is dense in H and (j,@)(0) € H, we deduce from (6.24) that (j,@)(0) = uo in H.

3. Pointwise weak convergence: Next, we show that Py(ja,)(t) — (j.@)(t) in H
(n — o) for all t € I, which due to (6.21) in turn yields that Py (ju,)(t) — (ju)(t) in H
(n — oo) for almost every t € I. To this end, let us fix an arbitrary ¢+ € I. From the a-
priori estimate ||(j4,)(t)|[y < M for allt € T and n € N (cf. (6.10)) we obtain a subsequence
((F8n)(t))nea, CY with A, C N, initially depending on this fixed ¢, and an element @4, € Y

such that
(J,)(t) — @, nY (A 2n— c0). (6.25)

Let v € C and v, € Vi, n € N, be such that v, = v in X (n — o0). Then, we test (6.4) for
n € Ay by v, € Vi, multiply by ¢ € C°°(I) with ¢(0) = 0 and ¢(t) = 1, integrate over [0, ]
and integrate by parts, to obtain for all n € A,

<jm [Alw,,, U”@X[O,t]>Lp([7X)mjL(1([7Y) - / </m [f](s), Un>X§0(3) ds
0 (6.26)

- / () (), Jm)y 9 (5) ds — ((Fn) () G0m)y
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By passing in (6.26) for n € A; to infinity, using (6.17), (6.18), Proposition 5.3 (i), (6.25) and
the density of C'in V| we obtain for all v € V

/ (a(s) — F(s), v)vip(s) ds = / () (s), ) (s) ds — (@, jo)y.  (627)
0 0

From (6.24), (6.27), the integration by parts formula in W)P4(I,V, H) and the properties of Py
we obtain

0=((7.w) () = @a, jv)y = ((1:2) (1) = Putia,, jo)u, (6.28)
for all v € V. Thanks to the density of j(V) in H, (6.28) yields (j.@)(t) = Pyta, in H, i.e.,
Py(ja,)(t) — (Ja)(t) inH (A 3n— ). (6.29)

As this argumentation remains valid for each subsequence of (Py (§t,)(t))nen € H, the element
(j.w)(t) € H is a weak accumulation point of each subsequence of (Py (jty,)(t))neny € H. The
standard convergence principle (cf. [28, Kap. I, Lemma 5.4]) yields A4; = N in (6.29). Therefore,
using (6.21) and that (j @)(t) = (Ju)(t) in H for almost every ¢ € I, there holds for almost
every t € 1

Py (gu,)(t) — (Juw)(t) in H (n— o). (6.30)

4. Identification of Au and x: Inequality (6.13) in the case 7 = 7,, n = m,, and | = K,,,
using Proposition 5.4 (iii.a), (j.@)(0)=uo in H, | Py (§@,)(T)||r <[|(58:)(T)|ly = 1(52:)(T)ly
and (_Z-, [f],@n)r(1,x) = (F, Wn) 1r(1,x) for all n € N, yields for all n € N

_ 1 . 1,.._ _
(AT, W) Lo (1,x)0;L9(1,Y) < —§||PH(JUn)(T)H%1 + §||(qu)(0)\|12r{ +(f,Un)r(1,x)- (6.31)

Thus, the limit superior with respect to n € N on both sides in (6.31), (6.17), (6.18), (6.29) with
Ay = N in the case t = T, the weak lower semi-continuity of || - | g, the integration by parts
formula in W}P4(I,V, H) and (6.24) yield

. o . 1., 1.
lim sup (A, Wy — W) Lo(1,X)n,;L9(1,Y) < —§||(qu)(T)H?q + §||(qu)(0)\|12r{

n—oo

- / (f(t) —g(t),u(t))y dt (632)
I —
= _ /I <d;? )+ f(s) — g(s),ﬁ(t)>vdt -0

As a result of (6.17), (6.30), (6.32) and the quasi non-conforming Bochner pseudo-monotonicity
of A: LP(I,X)N; LI, Y) — (LP(I,X)N; LY(I,Y))* (cf. Proposition 4.6), there holds

(AT, T — V) Lo(1,x)n,;La(1Y) < linﬁiigf (AT, Wy, — V) Lo(1,X)n;L9(1,Y)

<G — V) Lo(1,X)n; L(1,Y)

for any v € LP(I, X) N; L9(1,Y), which in turn implies that Aw = x in (LP(1, X) N; LY(1,Y))*.
This completes the proof of Theorem 6.16. a



Analysis of fully discrete, quasi non-conforming approximations of evolution equations and applications 23

7 Applications

In this section, we apply the abstract theory developed in the previous sections to two problems
stemming from incompressible non-Newtonian fluid flows. In particular, we treat the motion of
micropolar electrorheological fluids and a variant of the Smagorinsky model in turbulence. In
both cases we show that solutions of a fully discrete implicit Rothe—Galerkin scheme converge
to a weak solution of the corresponding problem. These results are new and, to the best of the
authors’ knowledge, can not be found in the literature. We restrict our treatment to the three-
dimensional case. All results have an analogue in the two-dimensional setting (for a formulation
of (7.1) in two dimensions see (8.1) in Section 8).

In this section we always assume that we have given a family of shape regular triangulations
(cf. [13]) (Th)n>o0 of a bounded polygonal Lipschitz domain 2 C R3, and that I = (0,7) is a
finite time interval.

In order to formulate the problems we need some additional notation. We denote by & the
anti-symmetric Levi-Civita symbol. For a tensor P and a vector w, resp., we denote by € : P
the vector having the components €, Pjr, ¢ = 1,2,3 and by € - w the tensor with components
€ijkWk, 1, J = 1,2, 3, respectively. In both cases the summation convention over repeated indices
is used. For a tensor P and a vector w the symbol Pw € R? denotes the matrix-vector product,
ie., (Pw); = Pjw; for i =1,2,3. M2} is the vector space of all symmetric 3 x 3 tensors P and
MSkXc%v is the vector space of all skew-symmetric 3 x 3 tensors P. We equip the vector space M?3*3
of all 3 x 3 tensors P with the scalar product P : Q := P;;Q;; and the norm |P| := (P : P)z.
Moreover, we denote the symmetric and the skew-symmetric part, resp., of a tensor P € M?>*3
by P¥™ = L(P+ PT) and PV := 1(P — PT), respectively. The particular case of the skew-

symmetric part of the velocity gradient is denoted by Wu := %(Vu —Vul).

7.1 Micropolar electrorheological fluids

We consider the following system describing the motion of micropolar electrorheological fluids

Ou —divS+diviu®@u) +Vg=f in I x £2,
divu =0 in I x (2,
Ow —divN+diviw®u) =£€—e:S  in I x {2, (7.1)
u =0, w=0 on I x 02,
u(0) = wo, w(0) = wo in £2.

In these equations u denotes the velocity, w the micro-rotation, g the pressure, S the me-
chanical extra stress tensor, N the couple stress tensor, £ the electromagnetic couple force,
f = f" + x¥ div(E ® E) the body force, Wheref is the mechanical body force, x¥ the di-
electric susceptibility and F the electric field. The electric field solves the quasi-static Maxwell’s
equations

divE =0 curl E =0 inl x {2,

7.2
E-n=E;-n on I x 012, (72)

where m is the outer unit normal vector of the boundary 0f2 and Ej is a given time-dependent
electric field.

This model was developed in [24] to obtain a more realistic description for the motion of
electrorheological fluids. A representative example for a constitutive relation for the stress tensors
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in (7.1) reads (cf. [24], [46])

S = (a31 + ass|E[*)(1 + |D|)P 7D + as1(1 + |D|)P"*(DE ® E + E ® DE)
+an|EP(1+|R))’?R+ap(1+|R|)’ *(RE® E+ E® RE) , (7.3)
N = (831 + B33|E|*) (L + |L|)P">L + B51(1 + |L|)’ *(LE® E+ E® LE)
with p € (1,00) and constants asi, ass, a1, 831, 833 > 0. The constants a1, @91, 851 have to
satisfy certain restrictions (cf. [24], [46]), which ensure the validity of the second law of thermo-
dynamics. In (7.3) we used the notation D = Du, R = R(u,w) := Wu+¢€-w and L = Vw.
This model for micropolar electrorheological fluids is rather general and contains as special
cases the models for generalized Newtonian fluids (F = 0, ag; = 0), electrorheological fluids
with constant exponents (a71 = ag1 = f31 = f33 = 851 = 0) and micropolar fluids (E = const.,
as1 = ag1 = P33 = P51 = 0). Consequently the results presented in this section also apply to
these models either directly or by an easy adaptation.
We refrain from considering concrete constitutive relations for the stress tensors, but we make
general assumptions covering prototypical situations:

The continuous mapping S : ngxn?l’ x M2X3 x R3 — M3*3 satisfies for some p € (1,00) and

k>0andall D,PeM3X3 R QeMX3 FE cR3 the following properties:

sym skew?
(S.1) |S¥™(D,R,E)| < ap(1+ |E]>) (k+|D|)*~2|D| + oy for (g > 0, g > 0);
1S°%*¥ (D, R, E)| < Bo|E|*(r + |R|)P~2|R| + B4 for (8o > 0, 81 > 0).
(S.2) S(D,R,E):D > co(1+|E°) (k + |D|)P~2|D|? — ¢ for (¢g > 0, ¢; > 0);
S(D,R,E) : R > ¢o|E|*(k + |R|)P"2|R|? — ¢ for (¢cy > 0, ¢35 > 0).
(S.3) (S(D,R,E)—S(P,Q,E)): (D—P+R—-Q)>0.

The continuous mapping N : M3*3 x R3 — M?>3*3 satisfies for the same p € (1,00) and x > 0 and
all L, K € M?*3 E € R3 the following properties:

(N.1) IN(L, B)| < 70(1+|E]*) (5 + |L)P~| L] +m for (30 > 0, 91 > 0).
(N.2) N(L,E):L>c3(1+|E|?) (k + |L|)P"2|L|2 — ¢4 for (c3 >0, cs > 0).
(N.3) (N(L,E)—N(K,E)): (L—K)>0.

Concerning the electric field E solving (7.2) we assume that the boundary data Ej are regular
enough to ensure that

(E.1) E belongs to the space L (I, L>°(§2)) and a.e. in I x {2 there holds |E| > 0.

To treat problem (7.1) we define for p > & the function spaces
X =Wy P2 x Wy P(2)3, Y :=L*N)° x L*()?,
V= Wok (2) x Wo (@), H = L3,(2) x L*(2)*,
and the families of operators S(t), N(¢), B : X — X* for all (u,w)", (v,n)" € X via®
(S(0(w.) " (o) )x = [ S(Du R(w). BO) s (Do+ R(w,n) de.
Q

(N (t) () T (0,) ) x = / N(Vw, E(t) : Vi d,
2

(B(u,w) ", (v,n) N x := /Qu®u Vo+w®u: Vnde,

8 To formulate the operator S we used that S: Vu+ (e:S)-w=S: (Du + R(u,w)).
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andsetA() S(t) + N(t)+B:X — X* t € I. Then, (7.1) for Uy := (ug,wo) ' € H and
= (f,€)7 € L (I, X*) can be re-written as the abstract evolution equation for U := (u,w)T

i)+ Ay =7 wmv,
UO)=Uy, inH.

In [8] it is shown that, under appropriate assumption on the data, there exists a weak solution
of the problem (7.1) for p > & provided S satisfies (S.1)—(S.3), N satisfies (N.1)=(N.3), and F
satisfies (E.1).

Due to the presence of B in the definition of the operator family A(t) : X — X*, ¢t € I,
the condition (A.3) is not satisfied. Thus, we modify this family and define the operator family
A(t) : X — X* via A(t) := S(t) + N(t) + B, t € I, where B is given for all (u,w)",(v,n)T € X
via

(B(u,w) ", (v,n) ") x = %/ vu:Vu—u®u:Vuo+n®u:Vw—w®u: Vndz.
Q
The operator B is a symmetrized extension of B, as (B(u,w) T, (v,n)T)x =
for all (u,w)’, (v,n)"T € X, which in contrast to B fulfils (E( u,w) ', (u
(u,w)T € X. Thus, we have the following result:

Proposition 7.4 For p > 1L the operator family A( ): X — X* t el satisfies (A.1)—(A.4).

(B(u,w)", (v,n)")x
,)) = 0 for all

Proof The assertion is essentlally proved in [8]. For the sake of completeness we sketch the main
arguments. Let us first consider S(¢t) + N(¢) : X — X*, t € I. From (S.1), (N.1), (S.2), (N.2) and
(E.1) in conjunction with the standard theory of Nemytskil operators (cf. [44, Theorem 1.43]) we
deduce for almost every ¢t € I the well-definiteness and continuity of S(t) + N(t) : X — X*, as
well as condition (A.3). Condition (A.2) follows in a standard way by using (S.1), (N.1), (E.1),
Pettis’ and Fubini’s theorem, since X is separable. (S.3) and (N.3) certainly imply for almost
every t € I the monotonicity of S(¢) + N(¢) : X — X*. Hence, S(t) + N(¢t) : X — X* is for
almost every ¢ € I pseudo-monotone, i.e., condition (A.1) is satisfied. Eventually, it can readily
be seen by exploiting (S.1) and (N.1) that S(t) : X — X*, t € I, satisfies (A.4).

Next, we treat the more delicate part B : X — X*. One can verify by the standard the-
ory of Nemytskil operators and Rellich’s compactness theorem that B : X — X* is bounded
and pseudo-monotone, i.e., satisfies (A.1) and (A.2). As already pointed out above we have
(B(u,w), (u,w))x = 0 for all (u,w) € X, ie., B satisfies (A.3). To verify that B satisfies (A.4)
we note that it is sufficient to treat the last two terms, since the same estimates apply for the
first two if one replaces w and i by u and v, respectively. Thus, we define for fixed u € VVO1 P(02)3
the operator B via (Bw, n)Wol,p = % fQ n®u:Vw—w®u: Vnde. By Holder’s inequality there

holds for every n,w € Wy ?(£2)3
(B, m)] < Nl o 1] oot N0 lag0 + 0] 2o el L2 Ilygraon - (7.5)

For p > 3, the Sobolev embedding provides ||[v|| 2 < ch||W3,p for every v € Wy*(£2)3. Thus, a
twofold application of the e~Young inequality yields for every € > 0

[(Beo, )| < e lullyao lllzo o

’
< elull s + el s 7))

P _
< ellullfyrs +ellwllfy . + cellnlly

< eflully

e T elolyn + (L + Il ),
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where we exploited for the last inequality that a7 2 < (1+a)7 2 < (1+a)? < ¢(p)(1+aP), valid
for all @ > 0 and p > 3. Therefore, (A.4) is satisfied for € > 0 sufﬁciently small

Ifpe (%,3), then by interpolation with % = lp_f 2, where p = ps, 0 = = and p* = 33%1),
we obtain for all v € W, (£2)3

< Hv

28
[olle < llvllz2llv]l;

[ (7.6)

|| 1,p-
Wy

Hence, since p > 2p/, we further conclude from (7.6) in (7.5) that for all w,n € W, "*(£2)3

- 2 3 2 3 2 3 3
(B, < ellullZallullgan Il 22 7l 5y 1 0 llollye + € llull 22 l[ull g, ;’Vl.pHnHwLp

< ellull s el o el + el 35 +c5||w||5p 5 el T
where we applied an appropriate version of the e-Young’s inequality with exponents 12;’1 _11),

5(”3_1), 15?;(;1:_1})7 5(1)3_1) and p. Thus, (A.4) is satisfied for € > 0 sufficiently small.

Altogether, B : X — X* satisfies (A.4) with ¢ = 5p L. As a result, Alt): X = X* tel,
satisfies (A.1)—(A.4). O

Let us now define the discrete setup. For given m, ¢, k € Ny, we define X}, := X' x X}/, where
XP CPu(Th)P WP (2)3, X C Pr(Th)? 0 Wy P (2)3 are appropriate finite element spaces,
both equipped with the WO1 P(£2)3-norm. In addition, we define for > 0 and an appropriate
finite element space Z;, C P¢(Tn) N Z equipped with the Z—norm, where Z := Lpl(.Q), the space

Vi, = {(uh,wh)T e Xy ‘ / divup np, dx = 0 for all ny, € Zh}.
[0

For a null sequence (hy,)nen C (0,00), we set V,, :=V},_, n € N. To ensure that the spaces (V,,)nen
are a quasi non-conforming approximation of V' in X we make the following assumption:

Assumption 7.7 (Projection  operators) For every h > 0 it holds
P1(Tn)? € X}, Pi(Th)® C X¥, R C Zj, and that there exist linear interpolation operators
MY - WP (2)2 — X, TY : Wy P(02)* — Xy and TIZ : Z — Z, with the following prop-
erties:

(i) Divergence preservation of TI%V in Z7: It holds for all u € Wy **(2)? and 1y, € Z),
/ divuny de = / div T8V, da .
2 fe)

(ii) local Wll-stability of TT#iV: There exists a constant ¢ > 0, independent of h > 0, such
that for every u € Wy (22)? and K € T;,°

||r[dlvUHL1(K) <c Hu”Ll(SK) +chgi ||VU||L1(SK).

(iii) local L!-stability of ﬂf: There exists a constant ¢ > 0, independent of h > 0, such that
for every n € Z and K € Ty,

ITZnl 2 x) < clnllrse)-

-/

9 The neighbourhood Sk of a simplex K € T}, is defined via Sk := interior U{f'eTh ’f/ﬂfqé@}
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(iv) local W' l-stability of TT¢': There exists a constant ¢ > 0, independent of h > 0, such that
for every w € Wy (£2)® and K € 7y,

ITMhwllz1 (k) < cllwllzrsgy +chr [VwllL1(sg)-

Certainly, the existence of such operators depends on the choice of X}, and Zj. It is shown in
[14], [29], [31], [9], [30], [21], [48] that T}V exists for a variety of spaces X}, and Zj,, which, e.g.,
include the Taylor-Hood, the spatially conforming Crouzeix—Raviart, and the MINI element in
dimension two and three. Projection operators ﬂf satisfying Assumption 7.7 (iii) are e.g. the
Clément interpolation operator (cf. [17]) and a version of the Scott-Zhang interpolation operator
(cf. [49]). The standard Scott-Zhang interpolation operator (cf. [49]) satisfies Assumption 7.7
(iv). The abstract assumptions allow for an easy extension of our results to other choices of X},
and Zp,.

The next proposition shows that the approximation of divergence-free Sobolev functions
through discretely divergence-free finite element spaces perfectly fits into the framework of quasi
non-conforming approximations.

Proposition 7.8 Let p > g and let Assumption 7.7 be satisfied. Then, the sequence (V,)nen
forms a quasi non-conforming approximation of V' in X.

Proof Clearly, (V,H,idy) and (X,Y,idx) form evolution triples satisfying V' C X with
Ilv =1llx in Vand H CY with (-,-)g = (-,-)y in H x H. So, let us verify that (V},)nen
satisfies (QNC.1) and (QNC.2):

ad (QNC.1) Due to their finite dimensionality, the spaces (V;,)nen are closed. We set
C:=VxC5(2)3, where V = {v € C§°(2)*| dive = 0}. Let (u,w) € C. Then, owing to
standard estimates for polynomial projection operators (cf. [54, Lemma 2.25]), the sequence
(tp,wn) " == (TP, TR w)T € V,,, n € N, satisfies

()" = (unyw) T llx < el | (w,w) llwzogs = 0 (n— o).

ad (QNC.2) Let (up,w,)" € LP(I,V,,,), n € N, where (m,)nen € N with m,, — oo
(n — o), be such that (u,,w,)" = (u,w)’ in LP(I, X) (n — oo). Since the second component
of V and X coincide we only have to show that w € LP(I, Wolﬁiv(ﬂ)?’). Let n € C§°(£2) and
¢ € C5°(I). As in the previous step we infer that the sequence n,, :=TIZ n € Z,, , n € N,
satisfies 7, = 1 in Z (n — 00). On the other hand, in view of the definition of V,,, there holds
(divun,(t),nn)z = 0 for almost every t € I and n € N. Thus, for every n € N we have

/1 /Q div e, (5) m da 0(s5) ds = 0, (7.9)

By passing in (7.9) for n — 0o, we obtain for every n € C5°(£2) and ¢ € C§°(I)

// divu(s)ndz p(s)ds =0,
1o
ie, ue LP(I, Wy (2)). O

Remark 7.10 From the proof of Proposition 7.8 it is clear that instead of Assumption 7.7 it is
sufficient to require that there exist dense subsets X of WO1 P(2)3 and Z of L¥' (£2) and linear
interpolation operators ﬂ‘,ili" A = Xp Ty - X — X and ﬂf . Z — Zp which have a global
approximation property, i.e., for every (u,w) € X' x X there holds ||(u,w) " — T8V, T¥w) || x — 0
for h — 0, as well as for every n € Z there holds |[n — TTZn||z — 0 for h — 0.
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Let us summarize our setup for the treatment of problem (7.1) describing the motion of microp-
olar electrorheological fluids.

Assumption 7.11 Let £ C R? be a bounded polygonal Lipschitz domain, I := (0,7, T < oo,
and p > % We make the following assumptions:

(i) The stress tensors and the electric field satisty (S.1)-(S.3), (N.1)-(N.3), and (E.1).

(ii) (V,H,id), (X,Y,id) and (V,,)nen are defined as in Proposition 7.8.

(iil) Uo == (up,wo)" € H and U = (u®,wd)T € V,,, n € N, such that U? — Uy in Y (n — 00)
and sup,,ey [Unlly < [|Uo] -

(iv) F:=(f,0)T € LV (I, X*).

(v) A(t): X — X*, t €1, is defined as in Proposition 7.4.

Furthermore, we denote by e := (idy)*Rpy : V — V* the canonical embedding with respect to
the evolution triple (V, H,id). Thus, the quasi non-conforming Rothe-Galerkin scheme in this
setup reads:

Algorithm 7.12 Let Assumption 7.11 be satisfied. For given K,n € N the sequence of iter-
ates UF := (uF,wk)T €V, k=0,..., K is given solving the implicit Rothe-Galerkin scheme for
T:% and k=1,..., K

(d U W)y + ([AFUE W) x = ([Fli Wa)x  for all W, € V,. (7.13)

By means of Proposition 6.6, Proposition 6.8, Theorem 6.16 and the observations already
made in Proposition 7.4 and Proposition 7.8, we can immediately conclude the following results.

Theorem 7.14 (Well-posedness, stability and weak convergence of (7.13))
Let Assumption 7.11 be satisfied. Then, it holds:

(I) Well-posedness: For every K,n € N there exist iterates (U )x—o... .k C Vi, solving (7.13),
without any restrictions on the step-size.

(IT) Stability: The corresponding piece-wise constant interpolants H; € SYZ,,X), K,n €N
with 7 = £, are bounded in LP(I, X) N L>®(1,Y).

(III) Weak convergence: If (U, ) ey := (H,T:n)neN, where 7, = Kl and K,,, m, — oo (n = 00),
is an arbitrary diagonal sequence of the piece-wise constant interpolants H; € SYZ., X),
K,neN with 7= %, then there exists a not relabelled subsequence and a weak limit
U e LP(I,V)N L>(I, H) such that

U, ~ U LX),
. — 00).
U, = U inL>Y),

Furthermore, it follows that U € WXPP(I,V, H) N L>(I, H) satisfies U(0) = Uy in H and
for all ¢ € LP(I,V)

dU _
[ (EF0.6w), dt+ [ an@w).sw)xdi= [ (Fo.¢l0)x
I v I I
Proof ad (I)/(II) The assertions follow immediately from Proposition 6.6 and Proposition 6.8,
since the operator family A(t) :== S(t) + N(t)+ B : X — X*, t € I, satisfies (A.1)—(A.4) with
c1 = 0 due to Proposition 7.4.
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ad (IIILThe assertions follow from Theorem 6.16. To be more precise, Theorem 6.16 initially
yields that U € Whpa(I,V, H), where ¢ > 1 is specified in the proof of Proposition 7.4, satisfies
U(0) =Up in H and for all ¢ € CE(I,V)

(St w.0w), ar+ [ Aw@m).om)x i~ [ (.o
Since (B(U ( )) @(t))x = (BU(t)), d(t)) x for almost every ¢ € I and all ¢ € C§(I,V) as well as
BU()) € LV (I,V*) (cf. [8, Theorem 2.30]), as U(t) € LP(I, V)N L>®(I, H), we actually proved
that U € Wl’p’p( V,H)N L*(I, H), is such that for all ¢ € C}(I,V)

[ (&2 0.001), e+ [ @, o= [ o, o) o
Remark 7.15 The results in Theorem 7.14 for micropolar electrorheological fluids are com-
pletely new. There are some previous results for the various subcases. Let us mention some of
them. For the special subcase of generalized Newtonian fluids the result in Theorem 7.14 is,
among others, already contained in [54] (cf. [51]). Theorem 7.14 extends the convergence of a
conforming implicit fully discrete Rothe—Galerkin scheme of an evolution problem with Bochner
pseudo-monotone operators, proved in [7], to the quasi non-conforming setting. Convergence re-
sults with optimal rates for the unsteady p-Navier-Stokes equations and related problems can
be found e.g. in [10], [25], [12] and [11]. For the special subcase of micropolar fluids with p = 2
optimal convergence rates for strong solutions are proved in [41], [43]. The convergence of a fully
discrete approximation towards a mollified problem for electrorheological fluids with variable
exponents is proved in [15].

7.2 A modified Smagorinsky model

We consider the following modified'? version of the Smagorinsky model for turbulent flows

Oyu — div (5 |Du|Du) +diviu®@u)+Vg=f inlx {2,
divu =0 in I x {2,
u=20 on I x 012,
u(0) =up in £2.

(7.16)

In these equations u denotes the velocity, g is the pressure, f is the mechanical body force
and d(-) := dist(-, 042) the distance from the boundary 0f2. This modification (with a position-
dependent eddy viscosity) is intended to improve some of the weakness of the original Smagorin-
sky model, which is considered to be too dissipative in laminar regimes and close to walls, and
thus does not work satisfactorily for the computation of boundary layers and of the transition to
turbulence (cf. [16], [47], [2]). The introduction of models similar to (7.16) dates back to Obukhov
and van Driest, at least in the case of a channel flow, see [16]. Improved (as well as adaptive
and selective) eddy viscosity models are mostly used in numerical computations, while the basic
analytical problems are still mainly open.

For the functional setting we make use of the standard theory of weighted Lebesgue spaces
LP($2;0) and Sobolev spaces W1P(§2; o) (cf. [32], [36]) with a weight o belonging to the Muck-

1
enhoupt class A,. The norm in LP(£2;0) is defined as ||v||rr(0:0) == ( [, [v[’ odz)?. The dual

10 Models of this type are known in literature as improved eddy viscosity models.
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space (LP(£2;0))* can be identified with L¥' (£2;¢”), where ¢’ := o7 1. In particular we have
[ foda] < 1lramllsllr oo, (717)

if f e LP(2;0), g € L’ (£2;0"). Note that o € A, iff o’ € A, . The space W, ?(£2; o) is defined as
the completion of C§°(2) with respect to the norm |- [lw1.r(2:0) := ||| r(250) + IV || L (2:0)- The
norm ||V - || zr (20 is an equivalent norm on WyP(£2;0). Let us summarize some facts needed for
our analysis. The distance function ¢ belongs to the Muckenhoupt class A, for p > 2 (cf. [23]).
The embedding W, ?(£2;48) into L(£2;6) is compact for all ¢ € [1,6) (cf. [27, Theorem 2.6]).
Moreover, W, *(£2;6) embeds into L?(£2;6°) if 8 > —2 (cf. [23]).

To treat problem (7.16) we define the function spaces

X =W, 2(2;6)%, Y :=L*0)3
V= W(},’czijlv(‘97 5)’ H = Lﬁiv(g)7

and the operators S, B : X — X* for all u,v € X via
(Su,v)x ::/J\Duﬂ?u:Dvdx, (Bu, v)x :z/u@u:Vvdx,
10 0

and set A(t) := S+ B : X — X*, t € I. Then, (7.16) for up € H and f € L? (I, X*) can be
re-written as the abstract evolution equation

M) AW ut) = F(t) iV

dt
u(0) = uo in H.

As in the previous section we modify the operator family A(t), t € I, and define fl(t) X = X
via A(t) := S+ B, t € I, where B is given for all u,v € X via

1
(Bu,v)x 125/ v@u:Vu—u®u:Vode.
Q

The operator B is a symmetrized extension of B, as <§u,v>x = (Bu,v)x for all u,v € X and
fulfils (Bu,v)x = 0 for all w € X. Thus, we have the following result:

Proposition 7.18 The operator family A(t) : X — X*, ¢ € I, satisfies (A.1)—(A.4) with p = 3.

Proof Let us first consider S : X — X*. From a straightforward modification of the theory of
Nemytskil operators to weighted spaces we deduce for almost every t € I the well-definiteness and
continuity of S : X — X*, as well as (Su,u)x = ||Du||i3(9;5), which is condition (A.3). Condition
(A.2) is obviously satisfied, since the operator S does not depend on time. The monotonicity of
S : X — X* follows in the same way as for the operator (5’u,v>W01,3(m := [, |Du|Du : Dvdx
as the arguments to prove this are pointwise. Hence, S : X — X* is pseudo-monotone, i.e.,
condition (A.1) is satisfied. Condition (A.4) follows from the pointwise e-Young inequality.
Next, we treat B : X — X*. Again a straightforward modification of theory of Nemytskil
operators to weighted spaces and the above compact embedding yield that B:X = X*is
bounded and pseudo-monotone, i.e., satisfies (A.1). Condition (A.2) is obvious, since the operator
B does not depend on time. As already pointed out above we have (Bu, uyx =0 forallu € X,
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i.e., B satisfies (A.3). We use Hélder’s inequality (7.17), the above stated embeddings and the
e-Young inequality to verify that for every uw,v € X there holds

2

(B, v)| < N0ll g 1) 11l o 53 IVl 2) + 1l Zs g5-3) IV Ol 22@:0)
< el|Vul|Fsn.5) + I VUllFs(0,4);
i.e., (A.4) for £ > 0 sufficiently small.
Altogether, A(t) : X — X*, t € I, satisfies (A.1)—(A.4). O

Let us now define the discrete setup. For p € (1,00) and a Muckenhoupt weight o € A,
we define Z := L?'(£2;0"). For given m,{ € Ny we denote by X, C P,,(T5)? N W, (£2;0)% and
Zy, € Py(Th)NZ suitable finite element spaces equipped with the W, (£2; ¢)3-norm and Z-norm,
respectively. In addition, we define for A > 0 the space

Vi = {uh e Xy,

/ divup np de = 0 for all iy, € Zh}.
10

For a null sequence (hy )nen C (0, 00) we set V;, :=V},, n € N. To ensure that the spaces (V,,)nen
are a quasi non-conforming approximation of V in X we make the following assumption:

Assumption 7.19 (Projection operators) For every h > 0 there exist linear interpolation
operators TTHY Wol’p(ﬂ; 0)3 — X, and TZ : Z — Z;, with the following properties:

(i) Divergence preservation of T4V in Z;: It holds for all u € Wy (2;0) and 1y, € Zy,
/ divuny, dx = / div TV 1y, daz .
Q fo)

(ii) global WP (§2; 0)-approximability of TT4V: There exists a constant ¢ > 0, independent
of h > 0, such that for every u € W, *(£2;0) N W2P(£2;0)?

[ =TT ull Lo (@i0) + R VU = VTN Ul Lo (0i0) < ¢B? [Vl Lo(i0) -

(iii) global L? (£2;¢’)-approximability of TTZ: There exists a constant ¢ > 0, independent of
h > 0, such that for every n € ZNWh?' (£2;0')

I — nfn”LP’(Q;a’) <ch HVUHLP/(Q;U/).

Remark 7.20 Since interpolation operators in weighted spaces are not so common in the liter-
ature, we discuss them in some detail.

(i) The Clément interpolation operator (cf. [17]) satisfies Assumption 7.19 (iii). Indeed, the
proof of [4, Theorem 4.2], using a duality argument and a local Poincaré inequality, also works in
the setting of weighted spaces in view of the local Poincaré inequality in weighted spaces (cf. [20,
Theorem 5.1]).

(ii) The existence of an operator T4V satisfying Assumptions 7.19 (i), (ii) depends on the
choice of X, and Zj,. The general strategy from [14, Section VI.4] can be adapted to the
weighted setting (cf. [22] for a similar approach). To do so one needs a projection operator
T, - Wy P(02,0)3 = Pr(Th)>NWy ' (£2)3, where k € N is such that Pg(7,)® C X}, which satisfies
a local approximation property, i.e., for every v € Wol’p(Q, o)3NW?2P(02;0)2 and K € Ty,

v =TThv| o (i) + B IIVO = VTR0 1o (k,0) < €h? V20| Lo (85509 - (7.21)
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The existence of such an operator is proved in [40, Theorem 5.2, 5.3]. Moreover, one needs
a correction operator TT{°" : VVOM(Q)3 — X, which is locally Wll-stable, i.e., there exists a
constant ¢ > 0, independent of h > 0, such that for every v € V[/Ol’l(Q)3 and K € T

cor

T 0l Ly < ellvlloi(se) + chr [IVollLi(si)-

This inequality implies that there exists a constant ¢ > 0, independent of h > 0, such that for
every v € Wy (2;0)® and K € Ty,
T 0l e (ki0) < €lvllLe(sicso) + chi (V] Lo (sic50) - (7.22)

The proof of this assertion just uses Holder’s inequality, the equivalence [|g|| o x) ~ f gl dz
valid for all polynomials g € P, (K), and o € A,. From (7.21), (7.22) one easily deduces that

TR (v) o= TTx (v) + T2 (0 — TTyw)

satisfies Assumptions 7.19 (i), (ii). Consequently, at least for the MINT element we proved that
Assumptions 7.19 is satisfied. The abstract assumptions allow for an easy extension of our results
to other choices of X}, and Zj,.

Proceeding in the same way as in the proof of Proposition 7.8 one can show:

Proposition 7.23 Let Assumption 7.19 be satisfied for p = 3 and ¢ = 4. Then, the sequence
(Vi)nen forms a quasi non-conforming approximation of V' in X.

Let us summarize our setup for the treatment of problem (7.16).

Assumption 7.24 Let 2 C R3 be a bounded polygonal Lipschitz domain, I := (0,7, and
T < co. We make the following assumptions:

(i) (V,H,id), (X,Y,id) and (V},)nen are defined as in Proposition 7.23.
(ii) wo € H and v, € V,,, n € N, are such that u% —up in Y (n—00) and sup,, o ||l ||y < ||luo| -
(i) f e LY (I,X*).

(iv) A(t): X — X*, t € I, is defined as in Proposition 7.18.

Furthermore, we denote by e := (idy)*Rg : V — V* the canonical embedding with respect to
the evolution triple (V, H,id). Thus, the quasi non-conforming Rothe-Galerkin scheme in this
setup reads:

Algorithm 7.25 Let Assumption 7.24 be satisfied. For given K,n € N the sequence of iter-

ates uf € V,,, k=0,..., K is given solving the implicit Rothe-Galerkin scheme for 7 = % and
k=1,....K
(druk,v,)y + <[A\]£ uf v x = ((f]5,vn)x  forall v, € V,. (7.26)

By means of Proposition 6.6, Proposition 6.8, Theorem 6.16 and the observations already
made in Proposition 7.18 and Proposition 7.23, we can conclude in the same way as in Theo-
rem 7.14 the following results:

Theorem 7.27 (Well-posedness, stability and weak convergence of (7.26))
Let Assumption 7.24 be satisfied. Then, it holds:

(I)  Well-posedness: For every K,n € N there exist iterates (uf)z—o... x C Vp, solving (7.26),

without any restrictions on the step-size.

.....
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(I) Stability: The corresponding piece-wise constant interpolants u;, € S%(Z,, X), K,n € N
with 7 = L, are bounded in LP(I,X) N L>(1,Y).

(III) Weak convergence: If (%, )nen := (W} )nen, where 7, = Kln and K, m, — oo (n — 00),
is an arbitrary diagonal sequence of the piece-wise constant interpolants @] € S°(Z,, X),

K,neN with 7 = %, then there exists a not relabelled subsequence and a weak limit
we LP(I,V)NL>(I,H) such that

gl

u, —

in LP(I,X),

— 00).
in L°(1,Y),

*
Uy, —

gl

Furthermore, it follows that w € W2PP(I,V, H) N L> (I, H) satisfies w(0) = uo in H and
for all ¢ € LP(I,V)

/I (Sr.ew), s / (AW @(1), ¢(1)) x dt = / (F(0). B(1)) x dt.

I

This result is to the best of the authors’ knowledge the first one proving the convergence of
a fully discrete approximation of problem (7.16). Moreover, it is even the first existence proof of
weak solutions for the problem (7.16) at all.

8 Numerical experiments

To conclude, we want to present some numerical experiments with data having low regularity that
perfectly suit the framework of this article. All numerical experiments were conducted employing
the finite element software FEniCS [37]. All graphics are generated using the Matplotlib library [33].

We counsider for 2 := (—1, 1)2 CR2T:=01,Qr:=Ixandp:= 1—51, the system describing
the unsteady motion of micropolar electrorheological fluids in two dimensions, i.e.,'!

Ou —divS+diviu®@u) +Vg=f in I x 2,
divu =0 inI x (2,
Ow —divN +div(wu) =€ —e:S in 1 x £, (8.1)
u =0, w=0 on I x 012,
©(0) = wo, w(0) = wo in {2,

where w: I x 2 — R is the scalar micro-rotation, w: I x {2 — R? the velocity and q: I x 2 — R the
pressure. The system (8.1) differs from its three-dimensional counterpart mainly in equation (8.1),
which is now a scalar equation that involves a scalar micro-rotation w (cf. [38] for the case p = 2).
The analogue to Theorem 7.14 in this setting holds for p > 2. Moreover, for the electric field E,
solving the two-dimensional quasi-static Maxwell’s equations (7.2), we make the particular choice

E(t,z) = (t + 2o,t +21) "

for all (t,x) " = (t, 21, 22) " € Qr. We assume that the stress tensor S : M2X2 x MZX2 x R? — M?*2

sym skew

and the couple stress tensor N : M?*?xR? — M**?, for any D € M52, R € MZ*2 and E, L € R?,
have the form

S(D, R, E) == (1+|E[*)(s + [D))’~*D + |E[*(s + |R)P*R,
N(L,E) = (1 + |E[*)(s + |L|)'72L,

11 Here, € := (4 §) € M2*2 denotes the two-dimensional Levi-Civita tensor.
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with £ = 0.001, where we used the notation D = Du, R = R(u,w) := Wu+ew = Wu+ (_Ow ‘5)
We treat solutions with a point singularity at the origin in the velocity and the micro-rotation.

More precisely, we assume that for every (¢t,z)" = (¢t,21,22)" € Qr, there holds'?
u(t,z) == (4,1) " + |2 N(wg, —21) ", w(t,@):i=t+[x|* w1, q(t,x):=0, (8.2)

where a := g — 2 0.291. Then, making the choice

2
p
f = 0w —divS +div(u @ u) € LP (I, (WP (2)%)"),

8.3

l:= 8w —divN + div(wu) +¢: S e LV (I, (WyP(£2))%), (83)
the functions (8.2) solve (8.1) with right-hand sides (8.3). In particular, note that the parameter «
is chosen so small that just w(t) € WP (§2)? for every t € T, since [Dul(t, z)| ~ |z|*~' € LP(£2), but
simultaneously w(t) ¢ W2'(£2)? for every t € I. Similar, this choice guarantees S(t) € L?' (£2)2*2
for every ¢t € T, but neither that S(t) ¢ W' (£2)2%2 nor that divS(t) € L (£2)? for every t € 1.
Thus, the right-hand side has just enough regularity, namely f € L¥' I, (VVO1 P(£2)?)*), to fall into
the framework of our weak convergence result Theorem 7.14. Exactly the same considerations also
apply to both w(t) € WhP(2) and I € L¥' (I, (WyP(£2))*).

The chosen low regularity has the consequence that one still finds convergence of the scheme,
i.e., at least weak convergence in the sense of Theorem 6.16, however, no stable convergence rates
could be recorded experimentally (cf. Tables 1 to 4).

The spatial discretization of our domain {2 is obtained by a sequence of uniform finite element
meshes (75, Jnen consisting of triangles with straight sides and diameter h,, := %, ho := 2v/2, for
every n € N. Beginning with Ty, , see, e.g., Figure 1 the first and the third picture, for every n € N
with n > 2, the mesh 7}, is a refinement of 75, _, obtained by subdividing each triangle into four,
which is based an edge midpoint or regular 1 : 4 refinement algorithm.

We consider the MINT element (cf. Table 1 and Table 2) and the spatially conforming Crouzeix—
Raviart element (cf. Table 3 and Table 4). Furthermore, we use the time step-sizes 7, :=0.02 - 27",
ie., K,:=10-2", n € N. Then, the iterates ((uf,wk) ") =0, . K, CV, solving the straightforward
two-dimensional analog of (1.8) are approximated employing Newton’s iteration. Apart from that,
let the mapping F : M2X2 — M2X2 be defined by F(A) := (k + |A|)*T" A for every A € M2X2

sym sym sym *
—2
Equally, let the mapping G : R? — R? be defined by G(a) := (k+|a|)“Z a for every a € R?. Then,
forn=1,...,6, we are interested in the parabolic errors

Kn 3
= (Yl P(Ou(t) - FOEN o) et s ) = o

0<k<Kp
k=0
Ky, 1
— ky(12 N k
oy -(I;)mc:(wtk))G(anmg(mz) L= e w(t) — wbll e,

which can be considered as approximations of || F(Du)—F(Dw;,) || 12(0r)2x2, [[u—07 || oo (1,02(2)2)
|G(Vw) = G(V@]) | L2(Qr)> and ||u—, || (1,12 (0))- In particular, we are interested in the total

parabolic errors egy o, = €, +e72 ,, and e o, = €¢ ,+efe , forn=1,...,6. As an estimation
of the convergence rates, we employ the experimental order of convergence (EQC):
log (-2
EOC(e") := 8 (=) n=2,...,6,

~ log (A )’

12 The exact solutions do not satisfy the homogeneous boundary conditions (8.1)4. However, the error is mainly
concentrated around the singularity in the origin and hence the small inconsistency with our theoretical setup does
not have any influence in the results.
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where €, n=1,...,0, either denote e, 622,u7 €tot,ur ECrws e’LLQ,w, Or €fog s M =1,...,6, resp.

In order to obtain a higher accuracy in the computation of these errors, in particular, with re-
gard to the singularities of the exact solutions around the origin, we interpolate both w(t;,) and u”,
or w(ty) and wk, into polynomial spaces of higher order with respect to a suitably refined mesh,
namely into P5(7, ), or Ps(T; ), resp., where T}/ is a refinement of 7j,,, which is obtained by
applying the longest edge bisection method of FEniCS to Thss forall cells T € Ty, ., that satisfy
dist(T,0) < 0.25 and subsequently on the resulting refined mesh ’7~71n 4 forallcells T € Th. .. that
satisfy dist(7,0) < 0.1, see e.g. Figure 1 the second and the fourth picture.

n+1

-1.0 -1.01 —1.01 -1.0

-1.0 05 0.0 0.5 1.0 1.0 —0.5 0.0 0.5 1.0 -1.0  -05 0.0 0.5 1.0 -1.0 05 0.0 0.5 1.0

Fig. 1: From the left to the right: snapshots of the meshes 7}, 7;;1, Tho and 7’,;2.

In this manner, we obtain the following results:

hn =58 | 7 =%3L | e, | EOC(e}s ) | €fn, | EOC(eR,,) | EOC(ef: )

n = on 2" u
1 1.414 1.00e-2 0.463 - 0.548 - -
2| 7.07e-1 5.00e-3 0.263 0.81 0.463 0.24 0.48
3 | 3.54e-1 2.50e-3 0.139 0.92 0.407 0.18 0.41
4 | 1.77e-1 1.25e-3 | 0.075 0.89 0.362 0.17 0.32
5 | 8.84e-2 6.25e-4 | 0.042 0.86 0.323 0.17 0.26
6 | 4.42e-2 3.13e-4 | 0.028 0.57 0.289 0.16 0.20
Table 1: Error analysis with respect to u for the MINI element.
n| hy =12 | 7 ="2%F | el | EOC(e}.,,) | €, | EOC(eZ,,) | EOC(el.,)
1 1.414 1.00e-2 0.359 - 0.592 - -
2 | 7.07e-1 5.00e-3 0.203 0.83 0.527 0.17 0.38
3| 3.54e-1 2.50e-3 | 0.105 0.95 0.465 0.18 0.36
41 1.77e-1 1.25e-3 0.058 0.87 0.410 0.18 0.29
5 | 8.84e-2 6.25e-4 | 0.039 0.55 0.363 0.18 0.22
6 | 4.42e-2 3.13e-4 | 0.036 0.13 0.324 0.16 0.16
Table 2: Error analysis with respect to w for the MINI element.
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n | he=20| n =02 | ep., | EOC(et. ) | b | EOC(eR.,) | EOC(efy )
1 1.414 1.00e-2 0.225 — 0.419 — —

2 | 7.07e-1 5.00e-3 0.134 0.75 0.367 0.19 0.36

3 | 3.54e-1 2.50e-3 0.086 0.64 0.329 0.16 0.27

4 | 1.77e-1 1.25e-3 0.054 0.67 0.299 0.14 0.23

5 | 8.84e-2 6.25e-4 0.034 0.66 0.272 0.14 0.20

6 | 4.42e-2 3.13e-4 0.026 0.38 0.249 0.12 0.15

Table 3: Error analysis with respect to u for the spatially conforming Crouzeix—Raviart element.

n | he =5 | 7= %2 | ep., | EOC(e}a,) | €., | EOC(ef,) | EOC(ef )
1 1.414 1.00e-2 0.359 - 0.591 - -

2 | 7.07e-1 5.00e-3 0.203 0.82 0.527 0.17 0.38

3 | 3.54e-1 2.50e-3 0.106 0.94 0.465 0.18 0.35

4 1 1.77e-1 1.25e-3 | 0.058 0.87 0.410 0.18 0.29

5 | 8.84e-2 6.25e-4 | 0.040 0.55 0.363 0.18 0.22

6 | 4.42e-2 3.13e-4 0.036 0.13 0.324 0.16 0.16

Table 4: Error analysis with respect to w for the spatially conforming Crouzeix—Raviart element.

techniques for classical PDE problems.” We would like to thank the referees for their valuable
comments.
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