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Abstract—In teletraffic engineering, M/G/1 queues are pivotal
for optimizing network performance and operational efficiency.
Closed formulas like the mean-value Pollaczek-Khinchin (MV-
PK) are highly valued by practitioners due to their simplicity,
facilitating rapid and flexible system analyses. This formula
aids in verifying the reliability of complex simulations concern-
ing M/G/1 models, especially when applicable. The challenge
intensifies when dimensioning M/G/1 systems with heavy-
tailed service time distributions. Simulation of such queues
becomes notably arduous, necessitating increased number of
samples and longer simulation durations. Moreover, verification
becomes more intricate as the MV-PK formula cannot be
straightforwardly applied in such cases. This paper extends
the MV-PK formula to heavy tailed service distributions with
infinite/infinitesimal moments using Nonstandard Analysis. Ad-
ditionally, it shows how recently introduced Bounded Algo-
rithmic Numbers (BANs) enables numerical verification of the
extended PK formula via discrete-event simulations of the
M/G/1 queue, even when predicted delay values are infinite.
The implemented approach tends to converge fast and exhibits
remarkable numerical robustness. It adheres to the principle
of “write once, run multiple times", as the same source code
for queue simulation handles both finite and infinite variance
cases.

Index Terms—M/G/1 model, heavy-tailed service time dis-
tribution, queuing system simulation, Pollaczek-Khinchin for-
mula, Nonstandard Analysis.

I. INTRODUCTION

UEUING theory is used in telecommunication net-

works to model various aspects related to teletraffic
analysis. Specifically, it is employed each time a resource on
the network—such as a link between two nodes, a network
element accessed by hosts, etc.—is shared by competing
“jobs”, i.e., traffic flows. In typical cases, to reduce the loss
probability when the arrival rate temporarily exceeds the
service rate, queues may include a waiting buffer, which,
as an approximation, can often be assumed to be infinitely
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long, if no limitations are imposed in this respect [1].

In this regard, the M/G/1 queue proves to be a good model
for describing different types of nodes in the Internet. In
fact, the versatility given by the generality of the service
time distribution (indicated by the letter G) makes this
queuing model applicable to various single server elements
working at a constant rate, such as transmission pipes,
switching devices, and multiplexers [2], [3], [4], under the
assumption of Poisson’s arrival process.

As additional recent application examples, consider that the
M/G/1 queue model has been used to derive upper and
lower bounds for download latency in distributed storage
systems [5], or in the Internet of Things domain to assess
the performance of a node within a LoRaWAN network [6].
Moreover, it has been employed in the field of resource
allocation for URLLC and eMBB communications [7] or
even to model nodes within a Bitcoin’s Blockchain Delivery
Network [8]. In a recently published study [9], an M/G/1
queuing system is integrated with model predictive control,
to dynamically regulate the timer parameter associated with
frame coalescing, within energy-efficient Ethernet inter-
faces.

The mean-value Pollaczek-Khinchin (MV-PK) formula is one
of the most known tools in queuing theory that allows a
quick evaluation of the steady-state behaviour of the M/G/1
queue, as regards the mean waiting time, a fundamental
parameter to assess the performance of the system.
However, as many studies already presented in the literature
have shown [10], [11], [12], [13], [14], measurements of
traffic both on local area and wide area networks (like
aggregated packet lengths in Ethernet flows, duration of FTP
connections etc.) are usually better described (in terms of
statistical fitting) by heavy-tailed distributions, rather than
by exponential (or slower) tails. Such distributions behave
quite differently from common light-tailed ones and can
lead to various issues in the analysis of the M/G/1 queue
with classical methods.

It is a typical scenario to consider a heavy-tailed distribution
with infinite (i.e., divergent, as we will clarify later on)
variance for the service time, and obviously, in such a
case, the above-mentioned MV-PK formula is no longer a
useful tool, since the second-order moment is also infinite.
In other words, in such situations, it cannot be directly
applied, since the only general information it provides
is that the mean value of the steady-state waiting time
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will also be infinite, but it does not give a quantitative
indication that can be double-checked with a numerical
value, provided for instance by a simulation. This also
makes it very difficult to verify the absence of bugs in the
code and thus the reliability of the implementation, if, for
example, one wants to compare the behaviour of a detailed
discrete-event system simulation with an M/G/1 model.
More generally, computer simulations dealing with heavy-
tailed distributions prove to be very challenging, given their
intrinsically slow convergence to a stable state (i.e, a huge
number of samples is typically required) and also the high
variability demonstrated even at the steady-state [15], [16].
For example, taking into account a Pareto distribution to
model service times, the queuing system rate of conver-
gence to steady-state strongly depends on the value of the
Pareto power law decay rate, and the distribution of the
mean queue waiting times changes depending on the value
of such parameter [15].

All the issues mentioned above appear to be relevant,
because: i) various measures of traffic characteristics in
the Internet (uptime and silence times in remote com-
munications, Variable-Bit-Rate (VBR) video services, TCP
connections, CPU times, etc.) can be described by distri-
butions with infinite variance [17], [18], [3], and because,
as previously discussed: ii) the M/G/1 queue seems to be
a good performance model for Internet components [2].
To address the problem of the non-direct applicability of the
MV-PK formula in the presence of heavy-tailed service time,
in this paper we show how it is possible to use Nonstandard
Analysis (NSA) to extend the scope of applicability of the
above formula to the case of infinite service time moments.
In contemporary engineering research, NSA is finding
increasing importance, offering a powerful mathematical
framework to address complex problems with unparalleled
precision and efficiency. For example, some recent appli-
cations include the field of electrical engineering, where
it has been employed to analyse DC electrical circuits
with ideal reactive elements (inductances and capacitances)
[19], or the field of computer engineering, where it has
been exploited for hardware design of accelerated number-
crunching processors [20], and even the field of lexico-
graphic multi-objective quadratic programming [21]. In
[22], NSA addresses the problem of regularizing Geometric-
Zeno Behaviour in Hybrid Systems.

The field of “hyperreals”, denoted as R* in Robinson’s NSA
[23], contains also infinitesimal and infinite quantities. On
the other hand, in the framework of Standard Analysis,
which deals with the finite-number field of real numbers
R, it is often considered the union of R and the two new
symbols —oco and +oo, which defines the new set R. Typi-
cally, these symbols are included for topological purposes,
introducing the neighbour of the “point at infinity".

This clarification is useful to emphasise that infinite num-
bers in Robinson’s hyperreal set R* should not be confused
with oo; the former are numbers, while the latter is only a
symbol.

In accordance with this, and specifically by leveraging
Alpha-Theory, an advancement within NSA introduced by
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Benci and Di Nasso in the late nineties [24], [25], we will
provide a theoretical extension of the MV-PK formula for
M/G/1 queues. In this context, it can yield numerical values
concerning the steady-state average waiting time in the
queue, even when the service time distribution has a precise
infinite variance (as opposed to the standard diverging one,
as indicated by the symbol “co").

In addition, we will employ Bounded Algorithmic Num-
bers (BANs) to conduct a discrete-event simulation of the
queue, in order to confirm the validity of the presented
formula. BANSs, recently introduced in [26], constitute a
fixed-length representation for Euclidean numbers, akin to
IEEE floating-point numbers, which can be represented
on a conventional computer. Moreover, they have recently
enabled the pseudo-random generation of distributions
with well-specified infinite variance (see for example the
results in [27]).

In this work, leveraging their Matlab implementation, we
will numerically reassess the infinite queuing delay values
predicted by theory against the sampled ones provided
by the simulation of the M/G/1 queue with heavy-tailed
service time. The simulation will turn out to be stable and
convergent at a relatively rapid pace, offering a reasonable
level of consistency even with a modest number of sam-
ples. Additionally, the simulation code remains unchanged,
adhering to the “write once, run multiple times" principle.
In other words, this design enables it to handle either finite,
infinite, or infinitesimal quantities seamlessly.

We will discuss our methodology working with two differ-
ent Euclidean heavy-tailed distributions: Generalized Pareto
and Inverse Gaussian.

To summarize, the contribution of this work is two-fold:

1) We extend the applicability of the MV-PK formula for
M/G/1 queues also to the case of heavy-tailed service
time distributions with infinite moments. Specifically,
we provide its generalization in the framework of NSA
(more precisely Alpha-Theory), making it possible to
straightforwardly apply it, for numerical evaluation
of the M/G/1 queue performance (in terms of mean
delay), even with well-specified infinite values of the
service time variance.

2) By a practical point of view, thanks to the recently
introduced BANs, we implement a Matlab simulation
of the queue in such heavy-tailed situations and we
numerically verify the infinite delay values predicted
by theory (in accordance with the extended MV-PK
formula). The simulation, which works interchange-
ably with infinite, infinitesimal, and finite numbers,
demonstrates fast convergence and numerical stabil-

ity.

A. Organization of the Work

The remainder of this paper is organized as follows. In
Section II, we review related works on this topic, while in
Section III we introduce the mathematical background of
Alpha-Theory, Algorithmic Numbers and BANs. In Section
IV, we present the Euclidean heavy-tailed distributions
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subsequently used and briefly describe their statistical
properties. In Section V, we propose the extended MV-PK
formula, discussing its validity and its differences from the
Standard version. In Section VI, we detail our simulation
methodology and discuss the numerical results and errors
obtained in our tests. Finally, Section VII concludes the

paper.

II. RELATED WORKS

The M/G/1 queue with heavy-tailed service time distri-
bution has been extensively studied in the literature using
classical methods, i.e., within the framework of Standard
Analysis. In this context, the problem of analysing the
waiting time distribution has typically been addressed,
which is more comprehensive than studying just the mean
value. In this regard, however, considerable critical aspects
have often emerged.

The most widely followed approach has been that of the
so-called “exact analysis", by means of PK formulas in the
transformed version [28]. In fact, they make it possible
to know exactly the Laplace-Stieltjes transform (LST) of
the waiting time distribution, on condition of possessing
the expression of the LST of the service time cumulative
distribution function (or equivalently the Laplace transform
of the service time pdf). However, it is interesting to have
explicit expressions not just in the transformed domain [29].
If, for example, the LST is rational, then the LST of the wait-
ing time will also have this form, and hence it will be easy to
invert the transform and obtain the closed-form expression
of the waiting time distribution. Unfortunately, this is not a
common case for the distributions typically treated in this
field. On the contrary, some of the most well-known heavy-
tailed distributions, such as Pareto, Weibull or LogNormal,
do not even have a closed-form Laplace transform [3], [29],
[2], [30]. For instance, explicit expressions for the waiting
time distribution under heavy-tailed service time have been
obtained in the past only for certain classes of distributions
(mainly based on exponential mixtures of Inverse Gaus-
sian), specifically defined to be mathematically tractable
(see for example the famous works [31], [29], [30]). In
the remaining cases, various approaches may be followed,
such as the use of numerical methods to approximate the
inverse Laplace transform (e.g. the Fourier series method,
[32], [33]) or even numerical methods to approximate the
Laplace transform itself (e.g. the Transform Approxima-
tion Method (TAM) approach, [34], [35]). However, such
numerical tools are quite complex from a computational
point of view (time-consuming) and introduce numerical
errors [29], [35]. To cite another notable contribution, in
[36], the authors present an approximate technique for
calculating M/G/1 queue-length probabilities in the case
of power law services. The basic idea involves sampling the
stationary customer number distribution transform (from
the Pollaczek-Khinchine formula) at K points to numer-
ically approximate the inversion integral. However, the
choice of the parameter K requires an additional iterative
algorithm based on the tolerable error. In some cases, K can
become extremely large, so that “obtaining accurate results

is computationally infeasible" [36]. Furthermore, the sim-
ulation tests, although considering 10® jobs, diverge from
the predicted values for the tail probabilities (below 107°).
This condition can be attributed, as the authors suggest,
to the fact that in practice the service time distribution
is truncated to have finite variance, thus deviating from
the theoretical infinite variance assumption. In this respect,
another valuable proposal is suggested by [37]: to determine
the stationary waiting time probabilities of M/G/1 queues
with Pareto service, the Hankel-type countour integral is
employed and, by exploiting a polynomial approximation
of the complementary incomplete gamma function, an an-
alytical integral expression for the waiting time distribution
is obtained. However, this expression, besides being ap-
proximated, still requires a numerical integration technique
for explicit calculation (as the integrand contain Ramsay’s
generalisation of the exponential integral or, depending
on the value of the power law parameter, Kummer and
Whittaker functions). Moreover, this method does not allow
for a simple closed-form evaluation of the moments of the
theoretical distribution and therefore its objective, although
being ambitious, differs from the one of this paper.
Furthermore, there also exist in the literature asymptotic
approximations of tail waiting probabilities [38], [30], which,
however, as already documented [34], [30], [39], are inac-
curate on a large scale of interest values. An alternative,
more recent asymptotic method, proposed by Sakurai in
[40], seems to be valid over a wider range of values, but,
as reported in that work, this technique was tested only
for a narrow class of distributions (PME: Pareto Mixture of
Exponentials) and the authors do not have the proof that
it works for heavy-tailed distributions, which “seems to be
difficult to prove in general".

Finally, even on the simulation side, numerous difficulties
are present [15], [16], [41], related to the peculiar behaviour
of heavy-tailed distributions, which typically makes them
slow in convergence (requiring a lot of samples) and numer-
ically unstable, as already commented in the Introduction.
More specifically, in the scope of rare event simulations
with heavy tails, there has been a significant interest in the
literature in finding alternative methods to the crude Monte
Carlo (cMC) approach for estimating tail probabilities of
heavy-tailed processes. More in detail, this topic can be
exploited in the context of M/G/1 (and more generally
G/G/1) queues, for the study of steady-state waiting time
probabilities through the description of such systems as
random walk processes (in accordance with Lindley’s equa-
tion [42]). In this regard, the problem of estimating P(S,, >
x) by simulation, where S, is the sum of I.I.D. non-negative
heavy-tailed random variables, has a long history [39], and
it has been efficiently solved with light-tailed distributions,
resorting to the Importance Sampling (IS) method [43] to
obtain reduced variance estimators.

In particular, the “exponential tilting" technique [44] has
typically been employed. The classical methodology based
on IS turns out to be nevertheless difficult when con-
sidering heavy-tailed distributions: the optimal technique
of exponential tilting is intrinsically impossible to apply
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in such cases, as it requires the existence of sufficiently
many exponential moments. For these reasons, various
approaches (such as conditional Monte Carlo with ordered
statistics [39], hazard rate twisting [45] and alternative IS es-
timators [46]) have been proposed over the years. However,
these methods have their limitations: firstly, they are, from
a theoretical point of view, typically only logarithmically
efficient [45]; moreover, in order to test their performance,
simulation results are usually compared with theoretical
values provided by asymptotic expressions for the steady-
state waiting probabilities (the latter in fact exploited as
assumptions in the construction of such estimators [47]),
which compared to the exact analysis with PK have proven
not to be so reliable (as discussed above). Finally, such
simulations implement the estimator formula and do not
provide, for example, mean delay values as output, and so it
seems unfeasible in this sense to make a comparison with
our methodology, which is a complementary and different
approach.

Given these premises, in this work we focus on the MV-PK
approach and we employ as service time distributions in the
queue: a Generalized Pareto (which is an extension of the
Pareto), for which there is no closed-form expression of the
Laplace transform [30], and an Inverse Gaussian, for which
it is complicated to analytically invert the LST of the waiting
time (provided by the PK transformed version) since the
Laplace transform of the Inverse Gaussian is not explicitly
derivable for any value of the transformed domain s [48].

It is also for these reasons that our work does not concern
the study of the waiting time distribution, but instead
consists of a novel mean value analysis of the queue
through the application of the MV-PK formula in extended
form, thus providing numerical values of the delay (which
can be verified by a simulation) even in the case of infinite
(but not diverging) service time variance.

III. ALPHA-THEORY AND EUCLIDEAN NUMBERS

The term “non-Archimedean" in Mathematics denotes
an ordered field that lacks the Archimedean property or,
equivalently, fails to satisfy the “Axiom of Archimedes". The
latter asserts [49]:

Axiom of Archimedes. Let F be any totally ordered field.
Then, Vx,ye FO0<x<y,dneN:y<nx.

Since the axiom appears as Axiom V of Archimedes’ On
the Sphere and Cylinder, Otto Stolz named it Archimedean.
Non-Archimedean analysis deals with fields that lack the
Archimedes’ property, and NSA stands as a significant
branch of it. Robinson first proposed NSA in 1961 and wrote
the seminal book on it in 1966 [23]. There is currently an
abundance of books on NSA; for those who are interested,
we suggest [24], [50], as they are more in line with our
methodology.

Actually, our approach is founded on Alpha-Theory [24],
[51] and numerosity theory [25]:

. Based on the idea of the a-limit, Alpha-Theory acts

as an introduction to NSA. The concept of a-limit
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represents a more concrete (i.e., easier to be used by
practitioners) example of the transfer principle (pre-
sented below); in fact, it can be expressed essentially
as follows: “every relation between sequences is retained
by the limit".

. Alpha-Theory and numerosity theory are strictly con-
nected. Giving a meaning to some infinite numbers is
helpful; for instance, «, that is the numerosity of the
set of positive natural numbers, might be beneficial in
some applications (see, for example, [21], [20]).

A. Benci’s Alpha-Theory

Any axiomatic approach to Nonstandard fields is founded
on two bases: i) the presence of at least one infinite (or
infinitesimal) number and its algebraic features; and ii) the
transfer principle. They actually correspond to the Axioms 2
and 4, which are discussed later in this section, respectively.
We refer to [24] for the consistency of the axioms and proofs
of the facts asserted in this section.

Axiom 1. There exists an ordered field E 2 R whose numbers
are called a-Euclidean numbers.

In the following we will refer to E as to the a-Euclidean line.

For a clearer understanding and prior to introducing
Axiom 2, the following definition is required. It divides the
set E into three categories: infinite, finite, and infinitesimal
numbers.

Definition 1. Given ¢ €E, then
. ¢ isinfinite < VneN,|{|>n
. & is finite < dneN L <& <n
. & is infinitesimal <Y neN, || < 1.

Let V(N) denote the superstructure on N, namely
(o]
VIN) = [ Vi(N),
i=0

where
VWwiN) =N,

and
Vieit(N) = Vi(N) u 22 (V; (N));

(where 22(:) indicates the set of the parts of a given set),
we set
9 :={XeV(N) |X is countable}.

Axiom 2. There exists a function num : % — E which satisfies
the following properties:

- if A is finite num(A) = |A|l (|-] denotes the cardinality

of a set)

o num(A) <num(B) if AcB

« num(AuUB) =num(A) + num(B) —num(An B)

« num(A x B) =num(A) -num(B)

o a=num(N).

Axiom 2 presents the infinite number a and claims that
it can be treated as any other finite real number using
field rules such as commutativity, associativity, and so on.
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For instance, the following relationships are valid in Alpha-
Theory:

1 -1 0 1
O0<—=a <a' =l<a =a<(a+l),
[04

a-(a2—5) = a3—5a,
—4.0a? +27.0 + 40.0n?
4.0a%2+5.0
where we have set

=-1.0+8.0n%,

n:za.

Thus 7 is an infinitesimal number, since it is the reciprocal
of @. Now we will present the notion of a-limit in an
axiomatic way:

Axiom 3. Every sequence ¢ : N — R has a unique -
limit denoted by lim,1,@(n) which satisfies the following
properties:
1) if ¢ € E, then there exists a sequence ¢ :N — R such
that
&=limep(n)
nla

2) if o(n) =n, then
limpn) =a
nla

3) if eventually ¢(n) = w(n) (namely Iny € N such that
Vnz=ng, @n) =y(n)), then

limg(n) =z limy(n)
nla nla
4) for every sequence @,y
lime(n) +limy(n) = lim (¢(n) + w(n))
nla nla nla
lime(n) -limy(n) = lim () -w(n).
nta nla nla

We use the “n { a" notation to express the a-limit in order
to clearly distinguish it from the classical Cauchy limit “n —
oo".

The assertions in points 1-3 are unsurprising, as one
can anticipate their satisfaction in any concept of limit,
given that the target space is endowed with a reasonable
topology. However, in Axiom 3, a novel and, perhaps for
some, unexpected fact emerges: every sequence possesses
an a-limit. Despite its potential surprise, Axiom 3 is not
inherently contradictory, and a constructible model align-
ing with it can be established within the framework of
Zermelo-Fraenkel set theory with the axiom of choice,
as detailed in [24].

The first consequence of the a-limit is that every real
function f:R— R can be extended to a function f*:E—E
by setting:

fr (limq)(n)) =lim f (p(n)). )
nla nla

The fact that f*(¢) does not depend on the sequence ¢(n)
that defines ¢ makes this a “good” definition, and it is
easy to demonstrate [51]. Throughout the remainder of this
paper, when no ambiguity is possible, f and f* will be
represented by the same symbol, hence omitting the “x".
Axiom 3 can be viewed as a weak form of the Transfer

Principle. Assume, for instance, that you desire to transfer
the following trigonometric function property:

sin(2x) =2cosx-sinx,

to their extension over E. If we take a generic point ¢ € E,
by Axiom 3 there exists a sequence ¢ such that:

&= lr}?;q)(n).

Since ¢(n) € R, we have that:

sin(2¢(n)) = 2cosp(n) - sing(n).
We can take the a-limit of both sides:

lrzgxlsin (2p(n) = lr%} [2cosg(n)-sing(n)],
and use the properties of the a-limit to get:
sin (2¢) =2cos¢ -siné.
This concept is further clarified by the following axiom:

Axiom 4. Given a real function ¢, @™ defined over E such
that: o(x) =¢@*(x) VxeR.
Furthermore:

« Idg = Idg, where 1dy is the identity function on A
- Any couple of real functions ¢,y satisfies:

- (p+y)" =" +y”
- gy =9y”
- (poy)" =g oy’

Axiom 4 can be seen as the Transfer Principle in the
Euclidean field. For example, it asserts that f(x) = X%, xeR,
has a unique extension over E. Actually, f*(y) = y?, y €,
a seemingly insignificant fact at first sight. However, since
the transfer principle is an essential component of all
Nonstandard models, its impact cannot be understated. In
fact, it immediately guarantees that f* is also continuous,
differentiable, and always positive, as well as satisfying all
of f’s additional properties. Furthermore, this is true for all
of the attributes of any Nonstandard extension (functions,
sets, and so on), without the need to prove it for each of
them individually.

Let us now examine a fundamental theorem in non-
Archimedean mathematics. According to the theorem, there
exists a function that associates any non-infinite hyper-real
number with its standard part, the only real number to
which it is infinitely close. st indicates the definition of
this function, which goes from all non-infinite values of E
(expressed by Erin) to R.

Theorem 1. Standard part There exists a function
st:Efip — R satisfying:

. X~y st(x)=st(y)
o St(st(x)) = st(x),

where ~ stands for “is infinitely close to’, i.e., x—y is an
infinitesimal number.

Proof. See e.g. [50] or [24] . O
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As an example, the following equalities hold true:

st(6.2-31%)=6.2,  st(-5)=-5,

st(V3n—-mn*) =0, stda)A.

In other words, the standard part function maps any num-
ber into its closest real.

There also exists a relationship between the standard part
of a number and the Cauchy limit. That is, if a sequence
¢(n) admits the Cauchy limit, the relation with the a-limit
is given by the following identity:

’11111(11 @n) = st(lr}gxup(n)) . )

The following theorem, which is crucial in defining the
idea of algorithmic numbers (introduced in the next Sec-
tion) and the operations between them, is demonstrated
once more in [24].

Theorem 2. The number a satisfies the following properties:

« DIVISIBILITY PROPERTY: For every k € N, the number
a is a multiple of k and the numerosity of the set of
multiples of k:

num(k, 2k, 3k, ..., nk, ..}) = %
« ROOT PROPERTY: For every k € N, the number « is a k-th
power and the numerosity of the set of k-th powers:

num({1%,2% 3% . n* .H=Va.

« POWER PROPERTY: If we set Q?’fm(A) ={FePA) | F is
a finite set}, then

num(@y;i,(N7) =27,
+ INTEGER NUMBERS PROPERTY:
num(Z) =2a+1.
« RATIONAL NUMBERS PROPERTY: For every q € Q
num(Q) =2a’+1,
and
num((q,g+1]NQ) =num((0,11nQ) = a.
Proof. See [24], Sections 16.6 and 16.7. O

B. The Algorithmic Numbers

The concept of Algorithmic Numbers (ANs) is introducted
in [26]. They comprise a subset of E numbers that are
more easily standardized and, thus, computer-manipulated.
The following definition of AN draws inspiration from Levi-
Civita and utilizes the idea of monosemium, denoted as a
number of the form ra”, where r eR and p € Q.

Definition 2. Algorithmic number A number ¢ € E is called
algorithmic if it can be represented as a finite sum of
monosemia, namely

¢
=) ra™; reeR, sp €@ osp> Sy 3)
k=0

IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. XX, NO. YY, 2024

Furthermore, one can always use the “normal form” to
represent it:

&= aF’P(n#), )

where 7 is an infinitesimal (the reciprocal of a, see above),
peQ, meN and P(x) is a polynomial with real coefficients
such that P(0) # 0. The uniqueness of the representation
may be suggested by a parallelism with scientific notation.
As an example, consider the number 2.1843E2: the term E2
means 10 and plays the same role as a”, while the number
2.1843 can be represented by a polynomial of non-positive
powers of 10, ie., 2- 10°+1-101+8-102+... . Since a
polynomial in 7 is a polynomial in non-positive powers of
a, the parallelism is completed.

Specifically, when one attempts to manage ANs within a
computer, two problems arise:

. the inverse of an AN is not necessarily an AN; for

example, (a+1)"! is not an AN;

. because of their variable length coding, they are un-
suitable for applications that focus on numerical com-
putation.

It is necessary to understand truncation in order to get over
these problems.

The number of monosemia used to construct a generic
AN ¢ and the fixed length representation of the coefficients
ri, 1=0,...,¢ are both impacted by the truncation of the
AN. However, the second topic is insignificant because it
has already been covered in the literature and there is
already a highly effective system in place to address it [24].
Concerning the first, it simplifies to the reduction of the
polynomial P(-) to its normal form. To address it, simply
define the truncation function that follows and apply it to
a generic polynomial P(x) = pox® +...+ ppx*m, z;_ < z;,
i=1,...,m:

P(x) n=m

2 2 )
Pox? + ...+ ppxn

n<m

te, [P(x)] = {
The encoding of an AN truncated at 7 is referred to as ANn.

C. The BANs (Bounded Algorithmic Numbers)

A specific subgroup of ANs, known as the Bounded
Algorithmic Numbers (BANs), merits special consideration.
The normal form a” P(n), where p € Z and P(0) #0, defines
a BAN.

The approximated algebraic operations between the
truncated versions of two BANs, { = a7Q(n) and & = a? P(n),
are reported below. It is important to note that the
truncation order, n, is chosen at the beginning as an
arbitrary natural value and left unchanged during the
computations. Generally speaking, the user adjusts it by
taking into account a number of factors, such as the
needed computation precision, the available computing
time, the machine’s architectural characteristics, and so on.

Sum (assuming p = q):
{+{=alP(n)+a” (Qun’™1) =

(6)
= a” (P +ten [QupnP~1]) .
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Product:
&-C=al* e, [Pm)-Qm)] . )

Division:
After having rewritten ( as:

n
(=af (qo +) qknk) =qoa?(1-¢), 8)
k=1

Gk hk

n
where € = — Y “=n", the definition of the division becomes:
k=1

—; 90

2P
qo

§=ap_qttn [M[1+£+52+...+£")
¢ 9o

:ocp_”’(m +try [EM )
qo qo

As demonstrated in [20], the BAN Processing Unit can accel-
erate the operations between BANs. Software acceleration
of BAN operations using SIMD (Single Instruction, Multiple
Data) instructions is described in [52]: the approach does
not require any unconventional hardware support, but, of
course, is slower than having a hardware BAN Processing
Unit. See [26] for more information on additional opera-
tions, like the problem of computing the square root of a
generic AN. A few engineering applications of BANs in par-
ticular and Alpha-Theory in general, already documented
in the literature, can be found in [53], [21], [27].

€)

+...+1r, [5

IV. EUCLIDEAN HEAVY-TAILED DISTRIBUTIONS

In this Section, we present the Euclidean heavy-tailed
distributions used in our work as models for the service
time distribution of the M/G/1 queue.

First of all, it is useful to recall the more general “Euclidean”
definition of heavy-tailedness [27]:

Definition. A distribution is considered heavy-tailed if its
variance diverges towards +oo, or if it assumes a (precise)
infinite value.

Clearly, such a definition only makes sense when using

non-Archimedean mathematics, where well-specified infi-
nite values are allowed.
Following this concept, for our study purposes, we have
chosen two distributions: the Generalized Pareto (GPD), an
extended version of the common Pareto distribution, which
has several applications in modeling teletraffic behaviours
[54], and, in order to further test the validity of the extended
MV-PK formula, also the Inverse Gaussian (IG) distribution.
This should in fact be one of the main benefits of the MV-PK
formula for M/G/1 queues, i.e., its applicability regardless
of the type of distribution used for the service time, which,
in this work, we seek to extend even to the case of infinite
moments.

A. Euclidean GPD

We recall that an Euclidean GPD has the following prob-
ability density function (pdf):

1 _ ~1/¢-1)

o o

where the only difference with its standard counterpart is
that the boldface parameters (@, o) are now Euclidean
numbers and hence they can be also infinite/infinitesimal.
Please note that also the capital X that identifies the
random variable of the distribution (the subscript in fx (x))
is shown in bold, to remind that we are considering the
Euclidean version of the distribution. On the other side,
the argument of the pdf (the lower-case x) is not altered, in
order not to burden the notation any further. This approach
will be followed from here on in the rest of the paper.
The support is: x= pug when (=0 and ug<x<ug-o/¢
when ¢ <0.

Htg, o >0 and ¢ are, respectively, the location, scale and
shape parameters.

In our work, we choose the location parameter pug = 0,
just to consider all possible positive service times values.
In this way, we are implicitly taking in account a Lomax
distribution, that, as discussed in [4], retains the Pareto
heavy tail characteristics, but seems to be a better model to
describe a large number of small flows in Internet queues.
In particular, the relation between the parameters of the
GPD and Lomax(ay, A1) distributions is the following:

g =0, é¢=1/ay, o=Arl/aj.

The theoretical GPD mean is, assuming that ¢ < 1:

o
E{X}=——, 11
{X} 1-¢ (11)
while it is co (diverging) otherwise.
As regards the GPD theoretical variance, if ¢ <1/2:
2
VAR{X} = (12)

a-921-28’

while it is co if ¢ € [,1) and it is undefined (ie., the
difference of two diverging infinite quantities) otherwise,
since in that case the second-order moment is oo.

In order to get an Euclidean GPD distribution in heavy-
tailed version, i.e., with well-defined infinite variance, we
can just choose o equal to any infinite BAN, while ¢ equal
to any finite real value, according to the constraints shown
above (and p, as already mentioned, equal to 0).

1) How to Generate Pseudo-Random Samples According
to It: The concept behind how to simulate such a distribu-
tion inside a computer is based on an algorithmic method
of producing pseudo-random numbers. This method uti-
lizes our implementation of two Matlab classes, Ban and
BanArray, to manage vector and scalar quantities, respec-
tively.

By inverting the cumulative distribution function, we find
the way to generate pseudo-random BANs following this
Euclidean distribution:

ocU™*-1)
¢
where U are BANs having components uniformly dis-
tributed in (0,1), which can be generated by exploit-
ing our rand(size,1l,’like’,BanArray) function,
which makes use of the Matlab built-in rand function,

X = +ua, (13)
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adequately applied to each component of the BANs. One
important parameter, that must be set during this genera-
tion phase, is the degree of the BAN used, i.e., the degree
of the polynomial in 1 of the BAN, as already highlighted
in Section III-C.

B. Euclidean IG
The Euclidean IG distribution is characterized by the

following pdf:
Ap(x-pr)?
| Ar "oz
Jx ()= 2720 =

for x>0, where gy > 0 is the mean and Ay >0 is the shape
parameter. The only difference, again, with its standard
version lies in the fact that gy and Ay are now Euclidean
numbers.

Theoretical mean and variance are, respectively:

(14)

3
E{X}=pg VAR{X}= g (15)
Ar
As can easily be noticed, thanks to the two degrees of
freedom, it is possible to choose various combinations of Ay
and p g to obtain the desired infinite variance. For example,
for this purpose, we can set both Ay and py equal to a. In
addition, the Scaling property holds for this distribution,
ie, if X is an Inverse Gaussian random variable with
parameters py and Ay, then kX (k> 0), is still an Inverse
Gaussian random variable, but with new parameters kpuj
and k\j, respectively.

1) How to Generate Pseudo-Random Samples According
to It: For this aim, we can rely on the algorithm presented
in [55] and adapt it to the BAN case. That is, we start from
a Normal variate v with mean equal to 0 and standard
deviation equal to 1, generated by exploiting our Matlab
function randn (1,1, ’ 1ike’ ,BanArray), which lever-
ages the built-in randn function, suitably adapted to the
individual components of the BANs, and then we follow
these steps (please note again the boldface used to highlight
Euclidean numbers):

2
MY
T = pr+ 5k — g \ARIATY + B3y

At this point, we generate another random variate z, taken
from an Uniform distribution between 0 and 1 (gener-
ated as described in the previous Section IV-Al), and if
Z<pr/(up+x) we return x, otherwise p /.

More in detail, in our practical simulation, we start from
finite values of pr and Ay in the generation of the Inverse
Gaussian according to the algorithm described above, and
then, exploiting the Scaling property (see IV-B), we multiply
the obtained pseudo-random values by an infinite BAN to
achieve the desired heavy-tailed distribution.

(16)

V. THE EXTENDED MV-PK FORMULA

In this Section, referring to the well-known MV-PK for-
mula [1], we provide its theoretical extension to the case
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of infinite/infinitesimal service time moments, using the
mathematical framework of Alpha-Theory, presented in
Section III.

Considering a single server queue, with an infinite waiting
line, FIFO (First In First Out) service policy, where jobs
arrive according to a Poisson process with rate A (a BAN)
(see Appendix A for the details), and where the service
times have a general distribution, are identically distributed,
mutually independent, and independent of the interarrival
times (known in the literature as M/G/1), the following
Proposition applies:

Proposition 1. Extended MV-PK formula
The expected waiting time in the queue (considering only
the waiting line) at steady-state is given by:

AE{Ts?}
2(1-p)
where E{Ts?} is the mean square value of service time and

p=AE{Ts} <1 is the utilization coefficient, with E{Ts} the
expected value of the service time.

E{Tw} = , 17)

At first glance, the formula has the same form as the
standard one, but it should be remarked again that some
parameters, namely X, E{Ts2} and p, are in bold type,
indicating that they are BANs (we recall that this notation
convention will be maintained from here on in the rest
of the paper). They can therefore be finite, infinitesimal
or infinite as desired, according to the definitions given in
Section III. In addition, the expression above indicates that
even the average waiting time in the queue will in turn be
a BAN.

Consequently, the expression of the total average delay
in the queue (considering also the server) at steady-state is:
AE{Ts?}
2(1-p)

It is worth noting that the MV-PK formula is also valid
for other service disciplines, such as LIFO (Last In First
Out), SIRO (Service In Random Order), and PS (Processor
Sharing), and can be easily extended to include priority
classes, while it is not applicable in case of state-dependent
services (for instance, in presence of raising popularity
AQM (Active Queue Management) techniques). However,
this work aims to highlight the applicability of NSA to

queuing systems, so we focus on the simplest case of the
FIFO service discipline.

E{T}= + E{Ts}. (18)

VI. QUEUE SIMULATION METHODOLOGY

In this work we take into account, as service time dis-
tributions, the two Euclidean distributions of Section IV in
“strong" heavy-tailed version, as they have precise infinite
variance, but also precise infinite mean. More specifically,
the considered M/G/1 queue is characterized by a Poisson
arrival process with arrival rate A (for the specific Euclidean
implementation see Appendix A) and by an infinitesimal
service rate p (reciprocal of the average service time E{Tg}).
The interesting aspect is that, in order to respect the
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Algorithm 1 M/G/1 Queue simulation

Require: \, N, K, {service time distribution parameters}
Ensure: E{T}
/1 Allocate memory for BanArrays a,e,d, s of size N:
: a=BanArray(1,N) /| Times when the jobs arrive
e=BanArray(1,N) /| Times when the jobs are served
d=BanArray(1,N) /| Times when the jobs leave the queue
s=BanArray(1,N) // Service times
: for i—1to N do
s[i] — Generate a pseudo-random BAN // (according to the
chosen Euclidean service time distribution)
: end for
: a[l] — Generate a pseudo-random BAN from an exponential
distribution with parameter X // First arrival time
9: for i —2 to N do
10: ali] — a[i — 1]+ Generate a pseudo-random BAN from an
exponential distribution with parameter A // Generate all the
arrival times
11: end for
12: e[l]l — all] // The queue is assumed empty at the beginning:
first job immediately enters the service as soon it arrives
13: d[1] — e[1] + s[1]
14: for i —2 to N do
15: if dl[i — 11 < ali] then // If the server is empty then

S

[o<IN]

16: eli] — ali] /1 it is immediately served

17: else

18: elil] —d[i—1] /] Otherwise it enters the server when
the previous job leaves it

19: end if

20: d[i] —elil+ s[i] // Update departure time

21: end for

22: T —d-a /| BanArray to contain the total delay for all jobs
23: E{T} — mean{T'[N-K:end]} /| Compute the mean delay from
sample N-K to the end

ergodicity condition, we must have p = A < 1. Hence, n
being infinitesimal, A must also be infinitesimal.
Therefore, we analyse the performances of an M/G/1 queue
with both Poisson inter-arrival rates and service rates being
infinitesimal and with infinite variability of service times.
Consequently, the questions we pose and answer are: can
we predict the steady-state behaviour of the average waiting
time in such a queue? Can we then numerically verify these
theoretical performances through a computer simulation?
Surprisingly, the answers will be yes to both questions,
by resorting to the extended MV-PK formula (17) and by
exploiting the simulation approach of Alg. 1, respectively.
As concerns the queue simulation, we report in Alg. 1
the methodology we follow. Please note that this imple-
mentation is general, in the sense that it simulates the
M/G/1 queuing process without exploiting any theoretical
expression at any point (there is obviously no trace of
the MV-PK formula!). It is worth emphasizing that the
code, which makes use of our Matlab implementation of
Ban and BanArray classes with the related mathematical
operations (as theoretically defined in Section III-C), is
the same regardless of the finiteness or infiniteness of the
parameters used, as already highlighted in the Introduction.
We choose to simulate N arrivals to the queue, while the
parameter 0 < K <1 serves as a kind of “use-factor", in
order to neglect an initial transient of jobs entering into
the system. The purpose, on a theoretical level, is to take

into account the fact that the considered MV-PK formula
(17) refers to the steady-state of the queue.

From here on in the remainder of the paper, the notation
E{} will indicate the sample amount of the corresponding
value, obtained by the simulation. More specifically, the
calculation of the estimated mean of BANs is entrusted
to the Matlab function mean, which we have developed
to exploit the classical sample definition of mathematical
statistics, appropriately applied to the Ban.

In addition to the already introduced bold form to indi-
cate BANs, in order not to further burden the notation
and reduce the readability, in the pseudocode of Alg. 1,
BanArray are explicitly indicated in the comments, with-
out resorting to any other new symbolism. Finally observe
how, on line 15 of Alg. 1, the comparison involves two
BANSs (d[i-1] and ali], respectively), and such comparison
between BANs follows the lexicographic ordering (see [21]
for more information).

A. A problematic scenario in the Standard world

Before showing our numerical results we believe it is use-
ful to present, as a term of comparison with our approach,
a pathological case in the standard field.

Imagine using a heavy-tailed GPD (in standard field) to
model the service time of an M/G/1 queue. For this pur-
pose, imagine choosing the parameters of the distribution
in such a way as to obtain infinite variance (divergent) and
finite mean (in order to have p <1 and so be able to use
the standard PK formula). To make a practical example,
consider the case: yug =0 (thus service time again assumed
=0), { =0.85, 0 =7. In this way, the theoretical mean value
of the service time is E{Ts} = 46.6667, while E{TZ} = +o0
and VAR{Ts} = +o0, as already mentioned.

Let us now assume that we are required to use such a
service time model within a sophisticated simulation of a
queue system, where it is necessary to verify the consistency
of a part of it with M/G/1 queue behaviour. For this
purpose, one can legitimately suppose to exploit the well-
known PK formula, to check the steady-state mean waiting
delay.

Presuming in this respect an average inter-arrival time
greater than the average service time, or equivalently A <y,
the only general information we obtain from the PK formula
is that the average steady-state waiting time in the queue
will also be infinite (+00). But is it possible to reverify this
with simulation, to guarantee the required reliability of the
implementation?

In this regard, we report the numerical results obtained by
following the simulation methodology depicted in Alg. 1,
applied in its standard counterpart (i.e., without employing
BANS).

We select K =0.4, 1 =0.015; in this way we get p =0.7. The
simulation results are shown in Table I.

From the displayed values, as expected, it is evident
that we are not able to have a quantitative match that
is numerically aligned with the predicted theoretical value,
rendering the application of the PK formula for the above
purpose unfeasible in such a situation.
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Table 1
STANDARD M/G/1 QUEUE SIMULATION WITH GPD DIVERGING EXAMPLE

N E{T}

102 267.9524

103 709.0811

10* | 1.5317 x 10°

10° | 8.3128 x 10%

B. Numerical results and discussion

We now report and comment on a series of Matlab
tests performed through our novel simulation approach,
following the methodology outlined in Alg. 1 and discussed
earlier. The parameter K is chosen equal to 0.4 and remains
constant throughout all the tests. The degree of BANs (see
Section III-C), referred to as D hereafter, is set to 2.

To enhance stability, each simulation is repeated five times
and the sample values presented are the average results
across these multiple trials.

To evaluate the predicted theoretical value of the mean
delay at the steady-state of the M/G/1 queue, we make
use of the extended MV-PK formula presented in Section
V, and in particular (18), since we refer to the “total" delay
E{T} (i.e., including service), as it should be evident from
Alg. 1.

1) M/GPD/1 queue: For the M/G/1 queue with Euclidean

heavy-tailed GPD service time, we examine two different
traffic conditions (based on the value of p).
For the first case, we choose the configuration parameters
(see Section IV-A for the notation) in this way: pg =0,
o = (@3-1n+2n?)a and ¢ = —5. Thereby, for the service time
distribution, we get the theoretical values of mean, variance,
and second-order moment displayed in Table II.

Table 1T
EUCLIDEAN GPD 1 PARAMETERS

E{Tg} (0.5—-0.16677 +0.3333n%)a
VAR(Ts} | (0.0227-0.01521; +0.03287%) a’®
E{T2} | (0.2727-0.1818n+0.3939n%)a’

Thus, we have service rate p = (2+0.66677—1.11119%)a";

we select A = 1.7a~! and hence we get utilisation coefficient
p = (0.85-0.283n+0.5667n) < 1, as it must be for the queue
stability.
In such case, the M/G/1 simulation produces the outputs
(with an increasing N) reported in Table III, where we
also show, to allow a rapid comparison, the corresponding
theoretical value predicted by the extended MV-PK formula.
Furthermore, just for sake of completeness, by exploiting
the well-known Little’s Law (simply extended here in Eu-
clidean field by employing Transfer Principle, see Section
ITI-A), we also display the average number of jobs in steady-
state in the queue E{N} = AE{T}, from both theory and
simulation (E{IN}).
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Figure 1. Mean delay performance evaluation for the M/GPD/1 simulation

As it can be noted from Table III, even dealing with infi-
nite quantities, there is a good consistency of the simulation
output delay with respect to the predicted theoretical one,
with accuracy that seems, as is natural, to increase as N
grows (slightly slower for lower order components in the
BANSs). Clearly, the same observation is true for the steady-
state average number of jobs in the queue (E{NN} with
respect to E{IN}). In this case (but also in the following
tests), it should be emphasised that this latter value is
always a finite BAN, since in multiplication according to
Little’s Law, A (infinitesimal) always balances out the order
of infinity of the average delay.

As a second case, we consider a heavier traffic condition
for the M/G/1 queue with Euclidean GPD service times,
where we change the configuration parameters in this way:
pe =0, 0 =(6-1.57-3n")a and ¢ = —7. Table IV displays
the corresponding theoretical values for the mean, variance,
and second-order moment of the service time distribu-
tion considered. Consequently, the service rate becomes
p = (1.333+0.3337 +O.075n2)a‘1; we then set the arrival
rate to A = 1.3a~!, so that we get a higher value of the
utilisation coefficient, i.e., p = (0.975—0.2438n — 0.4875172)
<1, as required.

In this situation, we obtain the simulation results shown
in Table V.

Note that, considering here a heavier traffic condition, the
average steady-state delay is naturally bigger than in the
previous case; anyway we still get a satisfactory coherence
(quite fast in growing) of the simulation outputs with the
theoretical infinite value, even when dealing with BANSs.
We should also recall that the simulated behaviour of the
queue, as presented in Alg. 1, is completely unrelated to
any explicit link with the extended MV-PK formula (17).

In order to visually assess the performance in terms of
mean queue delay as traffic intensity varies, we show the
trend of the extended MV-PK formula together with the
simulation output values in Figure 1. To allow for better
readability, we report only the first infinite component of
the BANs. In agreement, note the coherent notation along
the y-axis. The tests are carried out with a fixed number of
arrivals set at 10* and considering for service times still
an Euclidean GPD, whose parameters are changed each
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Table III
M/GPD/1 SIMULATION 1 RESULTS, p = (0.85—-0.283n + 0.56671)2)
E{T} E{N}
Theory
(2.0455-4.1162n + 15.86427]2)05 (3.4773 -6.9975n + 26.9691172)
Simulation
N E(T} E{N}
102 (1.8620 —2.1470n + 11.8457n%) & | (3.1654 — 3.64997 + 20.137712)
103 (2.1150 — 5.24817 +18.03627%)a | (3.5955 — 8.92181 +30.661572)
10* (2.0504 — 5.15457 + 17.5006n%)a¢ | (3.4857 —8.7626n +29.751172)
10° (2.0469 —5.1043n +17.3373n%)a | (3.4797 —8.67731 +29.4734n2)
Table IV 7002
EUCLIDEAN GPD 2 PARAMETERS ‘ —— Extonded I7T] PK ol
60 o - . BT .
E(Tg} (0.75-0.1875n — 0.3757%) o
VAR{Tg} | (0.0375-0.0188n-0.0352n%)a? .
E(T2) (0.6—0.37-0.56257%) a2 B40a2
(2]
3 30 o2
8
time to obtain the desired traffic condition, but maintaining 20 a2 i
the characteristic of heavy-tailedness (i.e., infinite variance).
Numerical details are omitted for brevity. As can be seen 10 |
from Fig. 1, the blue points are close to the green curve; 0

hence, the experimental results remain consistent with the
theoretical predictions when p varies (more clearly for light
traffic conditions, as it should be natural since N is kept
constant in such trials).

2) M/IG/1 queue: As additional evidence, we now present
the simulation analysis of the M/G/1 queue with Euclidean
heavy-tailed IG distribution to model service times. As in
the GPD case, we will use two examples with different
parameters to simulate different traffic conditions.

For generating the service times in this scenario, we com-
pute the square root of BANs using the exact Matlab built-in
sqgrt () function for the finite part, while we make use of
the Taylor expansion (up to the BAN order) for the possible
infinitesimal component. Subsequently, we multiply the two
intermediate results to get the final value.

In the first situation, we select the IG service time distribu-
tion with the following parameters (see Section IV-B for the
notation): g = (1+3n+2n?)a, A; = 2a. The corresponding
theoretical values of the mean, variance, and second-order
moment of the service time distribution are displayed in
Table VI. Hence we have p = (1-3n+70%)a”! and by
assuming A = 0.9a~!, we get the utilisation coefficient
p=(0.9+2.7n+1.8n%).

Running the queue simulation with these configuration pa-
rameters, we obtain the output results shown in Table VII.

A very good consistency of the numerical values produced
by the simulation with the predicted theoretical behaviour
can be appreciated, which is already satisfactory with low
values of the simulated number of arrivals (and even for
lower-order components of BANSs).

For the other test of the M/G/1 queue with Euclidean IG
service time distribution, we choose: py = (2+O.51]+172)a2,

Figure 2. Mean delay performance evaluation for the M/IG/1 simulation

A1 = (5+2n+3n?)a? and hence we get the theoretical values
of mean, variance, and second-order moment in Table VIII.
Therefore = (0.5—0.125n—0.2188n?)a 2 and by selecting
X = 0.3a72, we have a lighter traffic condition, that is
p=(0.6+0.15n+0.3n2).

Running the Matlab simulation, we find the numerical
results displayed in Table IX.

Even in this scenario, despite dealing with a higher order
of infinity of the parameters, the extended MV-PK formula
remains a valid tool to predict the steady-state behaviour
of the M/G/1 queue with service times modelled by an
infinite moments distribution, ensuring both stability and
numerical robustness.

Adopting the same convention as in the previous GPD
scenario, we display in Figure 2 the behaviour of the delay
performance of the M/G/1 queue with Euclidean IG service
times, when varying the traffic intensity. It is worth noticing
the second infinite order (i.e., a?) of the values along the
y-axis. Even under different p conditions, the simulation
outputs appear to be consistent with the extended MV-PK
formula predictions.

For a more precise assessment of this accuracy, please refer
to the following subsection.

3) Error evaluation and limitations: The objective of this
paragraph is to present a visual evaluation of the evolution
of the error between the output sample mean delay and
the theoretically predicted delay value, for each of the
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Table V
M/GPD/1 SIMULATION 2 RESULTS, p = (0.975—0.2438n — 0.48757]2)
E{T} E{N}
Theory
(16.3500 — 160.0875n +1.2398 x 103 n%)a | (21.2550 —208.11387 +1.6118 x 103 1?)
Simulation
N Emy E{N}
102 (15.0543 — 151.68537 + 1.0002 x 103 n2)a | (19.5706 —197.19197 + 1.3263 x 103 7)?)
103 (16.0129 — 168.32137 + 1.3575 x 103 n%)a | (20.8168 —218.8187n + 1.7645 x 103 1?)
104 (16.4427 — 166.8723n +1.3298 x 103 n%)a | (21.3755—216.93407 + 1.7287 x 103 1)?)
10° (16.3327 — 166.3480n + 1.3258 x 103 n?)a | (21.2325—216.25201 + 1.7236 x 103 1)?)
Table VI « Component Finite Component 7 Component
EUCLIDEAN IG 1 PARAMETERS [ 02
0.08 0.054 ’
E{Tg} (1+3n+2n8)a 0.07 0.052 0.18
2\ 2
VAR{’IZ“S} (0.5+4.50 +16.57%) 00 s e
E(TZ} (1.5+10.5m +29.57%)a®
50.05 5 0.048 4
5 B 5 0.14
.:Z; 0.04 -%) 0.046 '%
2 T ° 0.12
(‘x‘(‘:omp‘o“n‘ent o . Finitg gor‘npo‘n‘en‘t‘ o . gqmpqpent o o 0.03 14 0044 14
0.09 05 0.26 } 0.1
0.08 02 0.02 0.042
007 0.45 099 0.01 0.04 o
_ 008 o4 02 0 ‘ 0,038 | | 006 |
2 2 e 102 10° 10t 10° 102 10° 10t 10° 102 10° 10*  10°
g 0.05 ; ; 0.18 Number of arrivals Number of arrivals Number of arrivals
% 0.04 g 0% § 016
m 003 © 03 © o Figure 4. Relative error for the M/GPD/1 case 2 simulation
0.02 0.12
001 0.25
: 0.1 . .
, As evident from the figure, the relative error tends to
e e P L. decrease as N increases and this is true for all three com-
10 10 10’ 10 10° 10 10 10 10 10 10 10

Number of arrivals Number of arrivals Number of arrivals

Figure 3. Relative error for the M/GPD/1 case 1 simulation

four simulation cases analysed numerically in the previous
Section VI-B.
To be more precise, let us examine the relative error defined

as follows: .
_|E{T} - E{T}|

T Em
Hence, it is evident from the above formula that also A¢ is
a BAN.
For our purposes, we take into account each BAN com-
ponent separately and we evaluate the relative error (19)
accordingly, plotting the behaviour with respect to the num-
ber of simulated arrivals N. This is done to allow a fast and
simple comprehension of the convergence performances.
Starting with the case of M/G/1 queue with Euclidean
heavy-tailed GPD presented in Section VI-B as first case, i.e.,
with parameters displayed in Table II, we get the following
trends illustrated in Figure 3.
Each subplot represents a different BAN component, as
indicated by the corresponding title.

(19)

ponents, regardless of whether they are finite, infinite, or
infinitesimal. Additionally, the first BAN component exhibits
the lowest error values, reaching 0.0012 for 10° simulated
jobs, thus demonstrating a high level of consistency.

For the second GPD case, Figure 4 displays the error trend
for the numerical delay data from Table IV.

Even in this situation the accuracy of the simulation output
improves as the number of arrivals increases. Once again,
the first BAN component turns out to be the one with the
global lowest errors for all N values, reaching the minimum
of Ae¢ =0.0017 with N =10°.

As concerns the M/G/1 queue simulations with IG as
service time distribution, the first experimental results re-
ported in Table VII produce the error trends depicted in
Figure 5, while Figure 6 displays the scenario characterized
by the IG parameters in Table VIII.

In both situations, the simulated delay performances man-
ifest an increasing accuracy with respect to the number of
arrivals, as it should be natural at this point.

It is worth noticing that in the second IG case (Fig. 6),
the relative error components are scaled by a factor of
a compared to the previous examples, due to the higher
infinite order of the configured parameters. Here the relative
error reaches a minimum of Ag = 0.0128 for the first
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Table VII
M/IG/1 SIMULATION 1 RESULTS, p = (0.9+2.7n+ 1.8n2)
E{T} E{N}
Theory
(7.7500 + 232.50007 + 6.4528 x 103 %) | (6.9750 +209.25007 + 5.8075 x 103 ?)
Simulation
N E(T} E{(N}
102 (6.6508 +195.80117 +5.4339 x 103 %) | (5.9857 +176.2210n + 4.8905 x 103 72)
103 (7.9636 +243.98487 + 6.8116 x 103 %) | (7.1672+219.58647 + 6.1304 x 103 ?)
10* (7.7105 + 235.20397 + 6.5634 x 103 %) | (6.9394 +211.68357 +5.9070 x 103 72)
10° (7.7199 + 234.82447 +6.5531 x 103 %) | (6.94791 +211.34197 +5.8977 x 103 72)
Table VIII o? Component « Component Finite Component
EUCLIDEAN IG 2 PARAMETERS 0.1 i ‘ 0.8 77 T T od [ T
0.09
E{Tg} (2+0.50+n%) a? 05
0.08
VAR{Tg} | (1.6+0.56n+1.516n%)a’ 0%
0.4
E(T2) | (5.6+2.56n +5.76677)a* o i .
20.06 2 2 03
H 222 o
% 0.05 % %
o Component _Finite Component __nComponent ¢ 0.04 Zo2 £ 025
0.14 0.16 0.16 005
0.1
0.12 014 0.14 0.02 02
01 0.12 0.12 0.01 0 o
5 0.08 5 01 5 01 102 10 10t 10° 102 10° 10t 10° 102 10° 10t 10°
& @ ] Number of arrivals Number of arrivals Number of arrivals
B Loo8 £o08
T 0.06 ® K}
¢ 006 ¢ 0.06| Figure 6. Relative error for the M/IG/1 case 2 simulation
0.04
0.04 0.04
0.02
0.02
o 002 and therefore to BAN finite representation at a certain order
‘ ‘ ‘ o ‘ of, ‘ ‘ (as discussed in Sections III-B and III-C). A clear illustration
102 10° 10* 10° 102 10° 10* 10° 102 10° 10* 10°

Number of arrivals Number of arrivals Number of arrivals

Figure 5. Relative error for the M/IG/1 case 1 simulation

a? component, with N = 10°. Regarding the numerical

limitations of our simulation approach, although we have
already commented in Section VI-B on the satisfactory
consistency of our results with theoretically predicted values
in almost all the performed tests, we can highlight from
Figures 3, 4, 5, 6 a slower trend of convergence for lower-
order components in the sample BANs. In other words, as
already anticipated, observing the mentioned four figures
and the Tables III, V, VII, IX, it can be noted that the
first components show, even at low N values (e.g. 103),
a good degree of coherence with the theoretical values,
while the components of lower order in 7, although still
exhibiting a convergent trend as N increases, seem to
be “noisier" in terms of accuracy. This “noise" may be
due to unavoidable numerical errors that accumulate in
the various mathematical operations performed between
the BANs, both in the pseudo-random generation of the
service time samples, as well as in the queuing process, due
probably to the ineluctable underlying truncation operation

of this phenomenon can be observed by comparing Figures
3, 4, 5, and 6: the queuing scenarios with IG service
times exhibit higher relative error values than the GPD
cases. This is consistent with the fact that the generative
algorithm for the IG distribution (see Section IV-B1) has
higher computational complexity relative to its counterpart,
hence necessitating more operations between BANSs.

4) Computational complexity and experimental times:
Let us analyze the overall computational complexity of the
queue simulation with Alg. 1 using the Big-O notation.
First of all, let us consider the computational complexity
of addition and subtraction of two BANs. It is &(D + 1),
where we recall that D indicates the degree of the two
BANs. The computational complexity of the multiplication
of two BANs is @((D+1)?) when no further optimizations are
used (by using the fast Fourier transform it can be reduced,
but this approach would give actual advantages only for
large values of D). Also the computational complexity of
the division depends on the used algorithm. In general, we
can expect it being higher than that of the multiplication.
However, the only divisions used in our GPD experiments
are that of equation (13) and that in line 10 of Alg. 1. In
the first case we are dividing a BAN by a real number and
in the other case we are doing the opposite. The division
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Table IX
M/IG/1 SIMULATION 2 RESULTS, p = (0.6 +0.151 + 0.31;2)

E{T} E{N}
Theory
(4.1 +2.24757 + 5.392602) a® (1.23 +0.6742n) +1.61787%)
Simulation
N E{T} E{N}

102 (3.7094 + 1.03287 + 3.239972) a®

(1.1128 +0.30997 + 0.971972)

103 (4.3872 +2.5941n + 7.28751%) a®

(1.3162 +0.7782n + 2.18621)2)

10* (4.1823 +2.09817 + 6.41397%) a?

(1.2547 +0.62947 + 1.92421n2)

10° (4.1492 + 2.21347 + 6.37471%) a?

(1.2447 +0.6647 + 1.91247)2)

of a BAN by a real number is significantly faster than
the division between two BANSs, because it only requires
D +1 divisions between real numbers (more precisely, the
divisions between each coefficient of the polynomial of the
dividend by the same real number of the divisor). The
computational complexity of Alg. 1 is determined by that
of the random generation, which is repeated N times. The
generation of a single pseudo random BAN according to
the GPD (see (13)) is @((D + 1)2). Therefore the overall
complexity of Alg. 1 is G(N- (D +1)?).

When the queue is analyzed using the IG, the computa-
tional complexity is higher, due to the need of computing
the division between two BANs and, even more impacting,
the square root of a BAN (both required in equation (16)),
but it is still linear in N, which is the most important aspect.
As an example, with the queue configuration parameters
presented in Sections VI-B1 and VI-B2, in the case N = 10%,
the generation of IG service times alone takes approxi-
mately 18.15 sec in the IG scenario, while 2.88 sec in
the GPD scenario. In Table X we report a representative
example of the overall computational times of Alg. 1, both
for the GPD and IG queue service times and in both the
BAN and Standard versions. The experiments were run
in Matlab R2023a on an Intel i7 4-core CPU with 16 GB
RAM and a clock frequency of 2.6 GHz, equipped with
Windows 11.

Table X
EXPERIMENTAL TIMES OF ALG. 1 FOR M/GPD/1 AND M/IG/1 QUEUES
M/GPD/1 Queue M/IG/1 Queue
WithBAN | Standard | With BAN | Standard
N Time (sec) | Time (sec) Time (sec) | Time (sec)
10? 0.16 0.0014 0.575 0.0046
103 1.06 0.009 5.25 0.051
10* 8.18 0.067 46.03 0.387
10° 73.92 0.64 512.13 4.22

Finally, Figure 7 depicts the trend of these computational
times as the number of simulated arrivals varies, for all
four cases in Table X, on a log-log scale on both axes.
From Fig. 7, we can observe how the theoretical linear

——GPD BAN|
—%—GPD

1G BAN
——1G

10
102 10° 104 10°
N

Figure 7. Experimental times of Alg. 1 for both BAN and Standard cases
with GPD and IG service distributions

dependency on the simulation length N is confirmed by
the experimental times.

VII. CONCLUSION

In this paper, to address the difficulties of studying
M/G/1 queues with heavy-tailed service times, we have
provided an extension of the applicability of the MV-PK
formula to the case of well-specified infinite/infinitesimal
service time moments, by exploiting the mathematical
framework of Alpha-Theory. This innovative approach has
proven to be a reliable method for numerically assessing the
steady-state performance of the average delay in the queue,
even in challenging scenarios characterized by significant
variations in service times.

In addition, by leveraging our Matlab implementation of
the recently introduced BANs, we have realised, for the
first time to the best of our knowledge, a discrete-time
simulation of the M/G/1 queue under Euclidean heavy-
tailed service time distribution. Moreover, the sample values
of the steady-state queue delay have resulted to be coherent
with the theoretical ones, predicted by the extended MV-PK
formula. This implementation has turned out to be rather
fast in convergence (i.e., not necessitating a huge number of
samples, as usually requested by standard approaches) and
workable in the case of either finite, infinite, or infinitesimal
parameters interchangeably, thus proving to be an efficient
alternative solution for simulating M/G/1 queues under a
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wide range of heavy-tailed traffic conditions.

Anyway, we are aware that the Poisson arrival process
assumption adopted in the M/G/1 model, although com-
monly employed in many studies, may not be so accurate
for real Internet scenarios, as packets generally have a
strong correlation between arrivals and thus often appear
in bursts. Therefore, in future work we will focus on the
G/G/1 queue in the non-Archimedean heavy-tailed case (for
which the M/G/1 simulation code just requires changing
the procedure generating the interarrival times) seeking
to theoretically extend the applicability of the theoretical
results already known in the literature to the Nonstandard
case as well.

APPENDIX
EUCLIDEAN POISSON PROCESS

To simulate the Euclidean process of Poisson arrivals,
we generate independent and identically distributed inter-
arrival times, according to an exponential distribution with
parameter A, in BAN form, simply by exploiting the Inverse

transform method:
-In(U)

A
where U is a Uniform (between (0,1)) random number.
All standard statistical properties of the Poisson process
are preserved in the Euclidean counterpart, thanks to the
Transfer Principle (see Section III-A).

X = , (B.1)
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