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Abstract. We collect and present in a unified way several results in recent years
about the elastic flow of curves and networks, trying to draw the state of the art of
the subject. In particular, we give a complete proof of global existence and smooth
convergence to critical points of the solution of the elastic flow of closed curves in
R2. In the last section of the paper we also discuss a list of open problems.
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1. Introduction

The study of geometric flows is a very flourishing mathematical field and geometric
evolution equations have been applied to a variety of topological, analytical and
physical problems, giving in some cases very fruitful results. In particular, a great
attention has been devoted to the analysis of harmonic map flow, mean curvature
flow and Ricci flow. With serious efforts from the members of the mathematical
community the understanding of these topics gradually improved and it culminated
with Perelman’s proof of the Poincaré conjecture making use of the Ricci flow,
completing Hamilton’s program. The enthusiasm for such a marvelous result en-
couraged more and more researchers to investigate properties and applications of
general geometric flows and the field branched out in various different directions,
including higher order flows, among which we mention the Willmore flow.

In the last two decades a certain number of authors focused on the one di-
mensional analog of the Willmore flow (see [26]): the elastic flow of curves and
networks. The elastic energy of a regular and sufficiently smooth curve + is a linear
combination of the L2-norm of the curvature & and the length, namely

E(v) = / k|? + pds.
v

where 1 > 0. In the case of networks (connected sets composed of N € N curves
that meet at their endpoints in junctions of possibly different order) the functional
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is defined in a similar manner: one sum the contribution of each curve (see Defini-
tion 2.1). Formally the elastic flow is the L? gradient flow of the functional £ (as
we show in Section 2.3) and the solutions of this flow are the object of our interest
in the current paper.

To the best of our knowledge the problem was taken into account for the first
time by Polden. In his Doctoral Thesis [46, Theorem 3.2.3.1] he proved that, if we
take as initial datum a smooth immersion of the circle in the plane, then there exists
a smooth solution to the gradient flow problem for all positive times. Moreover, as
times goes to infinity, it converges along subsequences to a critical point of the
functional (either a circle, or a symmetric figure eight or a multiple cover of one
of these). Polden was also able to prove that if the winding number of the initial
curve is £1 (for example the curve is embedded), then it converges to a unique circle
[46, Corollary 3.2.3.3]. In the early 2000s Dziuk, Kuwert and Schétzle generalize the
global existence and subconvergence result to R™ and derive an algorithm to treat
the flow and compute several numerical examples. Later the analysis was extended
to non closed curve, both with fixed endpoint and with non—compact branches. The
problem for networks was first proposed in 2012 by Barrett, Garcke and Niirnberg
[7].

Beyond the study of this specific problem there are quite a lot of catchy variants.
For instance, as for a regular C? curve v : I — R? it holds k = 0,7, where 7 is
the unit tangent vector and Js denotes derivative with respect to the arclength
parameter s of the curve, we can introduce the tangent indicatriz: a scalar map
0 : I — R such that 7 = (cos#,sin ). Then we can write the elastic energy in terms
of the angle spanned by the tangent vector. By expressing the L? corresponding
gradient flow by means of 6 one get another geometric evolution equation. This is a
second order gradient flow and it has been first considered by [54] and then further
investigated by [30,31,42,45,55].

Critical points of total squared curvature subject to fixed length are called
elasticae, or elastic curves. Notice that for any p > 0 the elasticae are (up to
homothety) exactly the critical points of the energy €. Elasticae have been studied
since Bernoulli and Euler as the elastic energy was used as a model for the bending
energy of an elastic rod [53] and more recently Langer and Singer contributed to
their classification [27,28] (see also [20,32]).

The L?-gradient flow of [ |k|*ds when the curve is subjected to fixed length is
studied in [12,13,21,49].

It is worth to mention also results about the Helfrich flow [17,56], the elastic
flow with constraints [25,43,44] and other fourth (or higher) order flows [1,2,36,37,
57].

In the following table we collect some contributions on the elastic flow of curves
(closed or open) and networks. The first column concerns papers containing detailed
proofs of short time existence results. The initial datum can be a function of a
suitably chosen Sobolev space, or Holder space, or the curves are smooth. In the
second column we place the articles that show existence for all positive times or
that describe obstructions to such a desired result. When the flow globally exists, it
is natural to wonder about the behavior of the solutions for t — +o00. Papers that
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answer this question are in the third column. The ambient space may vary from
article to article: it can be R?, R", or a Riemannian manifold.

Short time Long time Asymptotic
existence behavior analysis
Closed curves [46] [21,46] [21,35,46,47]
Open curves Navier b.c. [40] [40] [40,41]
Open curves, clamped b.c. [52] [29] [18,41]
Non compact curves [40] [40]
Networks [15,22,23] [14,22] [14]

We refer also to the two recent PhD theses [38,48].

The aim of this expository paper is to arrange (most of) this material in a
unitary form, proving in full detail the results for the elastic flow of closed curves
and underlying the differences with the other cases.

For simplicity we restrict to the Euclidean plane as ambient space. In Section 2
we define the flow, deriving the motion equation and the necessary boundary condi-
tions for open curves and networks. In the literature curves that meet at junctions
of order at most three are usually considered, while here the order of the junctions
is arbitrary.

In Section 3 we show short time existence and uniqueness (up to reparametriza-
tions) for the elastic flow of closed curve, supposing that the initial datum is Holder-
regular (Theorem 3.18). The notion of L2-gradient flow gives rise to a fourth order
parabolic quasilinear PDE, where the motion in tangential direction is not specified.
To obtain a non—degenerate equation we fix the tangential velocity, then getting first
a special flow (Definition 2.12). We find a unique solution of the special flow (The-
orem 3.14) using a standard linearization procedure and a fixed point argument.
Then a key point is to ensure that solving the special flow is enough to obtain a
solution to the original problem. How to overcome this issue is explained in Sec-
tion 2.4. The short time existence result can be easily adapted to open curves (see
Remark 3.15), but present some extra difficulties in the case of networks, that we
explain in Remark 3.16.

One interesting feature following from the parabolic structure of the elastic
flow is that solutions are smooth for any (strictly) positive times. We give the idea
of two possible lines of proof of this fact and we refer to [15,22] for the complete
result.

Section 4 is devoted to the prove that the flow of either closed or open curves
with fixed endpoint exists globally in time (Theorem 4.15). The situation for network
is more delicate and it depends on the evolution of the length of the curves composing
the network and on the angles formed by the tangent vectors of the curves concurring
at the junctions (Theorem 4.18).

In Section 5 we first show that, as time goes to infinity, the solutions of the
elastic flow of closed curve convergence along subsequences to stationary points of
the elastic energy, up to translations and reparametrizations. We shall refer to this
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phenomenon as the subconvergence of the flow. We then discuss how the subcon-
vergence can be promoted to full convergence of the flow, namely to the existence
of the full asymptotic limit as ¢ — +oo of the evolving flow, up to reparametriza-
tions (Theorem 5.4). The proof is based on the derivation and the application of a
Lojasiewicz—Simon gradient inequality for the elastic energy.

We conclude the paper with a list of open problems.

2. The Elastic Flow

A regular curve 7 is a continuous map v : [a, b] — R? which is differentiable on (a, b)
and such that |0,7| never vanishes on (a,b). Without loss of generality, from now
on we consider [a, b] = [0, 1].

In the sequel we will abuse the word “curve” to refer both to the parametriza-
tion of a curve, the equivalence class of reparametrizations, or the support in R2.

We denote by s the arclength parameter and we will pass to the arclength
parametrization of the curves when it is more convenient without further mention-
ing. We will also extensively use the arclength measure ds when integrating with
respect to the volume element i, on [0, 1] induced by a regular rectifiable curve 7,
namely, given a pg-integrable function f on [0, 1] it holds

1 £(7)
Sny = / F(2)|0u(2)| dz = / f(x(s)) ds = / fds,

[071

where £(7y) is the length of the curve ~.

Definition 2.1. A planar network A is a connected set in R? given by a finite union
of images of regular curves 7" : [0,1] — R? that may have endpoints of order one
fixed in the plane and curves that meet at junctions of different order m € N>,.
The order of a junction p € R? is the number >_.{0,1} N #(7*) " (p).

As special cases of networks we find:

e a single curve (either closed or not);
e a network of three curves whose endpoints meet at two different triple junction
(the so-called Theta);
e a network of three curves with one common endpoint at a triple junction and
the other three endpoint of order one (the so called Triod).
Notice that when it is more convenient, we will parametrize a closed curve as
amap v :S! — R2,
In order to calculate the integral of an N-tuple f = (f*,..., f) of functions
along the network N composed of the N curves 7% we adopt the notation

N N 1 A A
/ fds:= Z/ fiyi ds = Z/ 407" de.
N =177 i=170

If o= (p', ..., pN) with p* > 0, then the notation [, puf ds stands for vazl f01 pt f
|0,7| da.
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Let v : [0,1] — R? be a regular curve and f : (0,1) — R a Lebesgue measurable
function. For p € [1,00) we define

1
T / s = [ f@PoA@) o

and
LP(ds) := {f 1 (0,1) — R Lebesgue measurable with [ f[7, 4, < —1—00} :
We will also use the L°°-norm

[ ]| oo (ds) := €8S SUP oo (as |.f*]-
Whenever we are considering continuous functions, we identify the supremum norm
with the L> norm and denote it by ||| .
We remark here that for sake of notation we will simply write || - ||» instead
of ||| Lr(as) both for p € [1,00) and p = oo whenever there is no risk of confusion.
We will analogously write
N N
Iflze = Y NI sy forallp € [L,00) and [|fllze == D I llr=(as),
i=1 1=1
for an N-tuple of functions f along a network N .
Assuming that 7% is of class H?, we denote by k’ := 92+° the curvature vector
to the curve 7%, which is defined at almost every point and the curvature is nothing

but x? := |k’|. We recall that in the plane we can write the curvature vector as
k' = k'v* where ' is the counterclockwise rotation of 5 of the unit tangent vector
7= 0,771 (0:7") to a curve ' and then k° is the oriented curvature.

Definition 2.2. Let u' > 0 be fixed for i € {1,..., N}. The elastic energy functional
&, of a network A given by N curves 7% of class H? is defined by

N
Ey(N) = / lk|?ds + pL(N) = Z (/ (k)2 ds +ui€(7i)) : (2.1)
N i=1 N
and pL(N) is named weighted global length of the network N.

2.1. First Variation of the Elastic Energy

The computation of the first variation has been carried several times in full details in
the literature, both in the setting of closed curves or networks. We refer for instance
to [7,35].

Let N € N, i € {1,...,N}. Consider a network N composed of N curves,
parametrized by 7¢ : [0,1] — R? of class H*. In order to compute the first variation
of the energy we can suppose that the curves meet at one junction, which is of order
N and ~%(1) is some fixed point in R? for any i. That is

) = =¥ (0), () = PR
The case of networks with other possible topologies can be easily deduced from the

presented one. We consider a variation 7! = v*+¢e1)? of each curve 4 of N with e € R
and ¥ : [0,1] — R? of class H?. We denote by N. the network composed of the
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curves 7%, which are regular whenever |¢| is small enough. We need to impose that
the structure of the network N is preserved in the variation: we want the network
N to still have one junction of order N and we want to preserve the position of the
other endpoints v:(1) = P’. To this aim we require

By definition of the elastic energy functional of networks, we have
A= [ s =37 [ it ds
=177 i=177¢

We introduce the operator 93 (that acts on a vector field ) defined as the normal
component of 9y along the curve v, that is 91 ¢ = 95 — (Dstp, Dsy) sy. Then a
direct computation yields the following identities:

0. ds. = (09", 71) ds. = (8s<wi,7'§> — <W,né>) ds.,
0:0 — 0:0. = (KL, ¥') = Ou(7L,9")) Os,
Betl = 85 (W) + (T4, WKL,
0okl = (V2 (01) — (OF (1), wE)d 4+ (of, 00wl + (L, ),
for any i on (0,1), where s is the arclength parameter of v, for any e. Therefore,
evaluating at € = 0, we obtain

(2.2)

N

OZZMIQW,@? i>d5+Li(—3|ﬂi|2+,Uzi)<7'i,6swi> ds|. (2.3)

e=
=1

d
%‘%(Na)

Moreover, denoting by 9 (+) := 9s(-) — (9s(+), 7)T, we have
Dok’ = 0F k' — |21,
02kt = (0)%k" — 3(0,k", K)NON — |k K,

then, using these identities and integrating (2.3) by parts twice, one gets
N
— Z/ (2(07)°K" + |K' PR — P! ") ds
+ Z [2 (5,000, + (—205 K = W20+ it 0] (24)
N
= Z/ <2(8j‘)2f<f + |k PR — ,u%’,wz> ds
; ¥

N
+22 (1)) — 2(k¥(0), D50 (0))

d
dfegu(
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As we chose arbitrary fields v, we can split 51" into normal and tangential com-
ponents as

O = 001 + 0Ly = (001, vy v + (B0, 70 7 = (i) T+ () 7
This allows us to write
(5,000 = (Ko, (02) T + () 1) = K (00)

and we can then partially reformulate the first variation in terms of the oriented
curvature and its derivatives:

Te N = i/ (202K + (K')® — i'k") ()" ds
de H c e=0 el i s
N 1 N
+2) K (w;’)ﬂo + <(Z —20; K'(0) — [K*(0)[*7°(0) + u%im)) ,w1<0>> :

(2.6)

2.2. Second Variation of the Elastic Energy

In this part we compute the second variation of the elastic energy functional £,. We
are interested only in showing its structure and analyze some properties, instead
of computing it explicitly (for the full formula of the second variation we refer
to [18,47]). In fact, we will exploit the properties of the second variation only in
the proof of the smooth convergence of the elastic flow of closed curves in Section
5. In particular, we we will not need to carry over boundary terms in the next
computations.

Let v : (0,1) — R? be a smooth curve and let ¢ : (0,1) — R? be a vector field
in H%(0,1)NC2(0,1), that is, ¢ identically vanishes out of a compact set contained
in (0,1). In this setting, we can think of v as a parametrization of a part of an arc
of a network or of a closed curve. We are interested in the second variation

2

d
@5;1(7 + e1)

e=0
By (2.4) we have

2

d d
e =+

| s~ ) ds
=0y,

€

where k. is the curvature vector of 7. = v + e, for any ¢ sufficiently small.
We further assume that v is a critical point for £, and that v is normal along
~. Then

d2

@5H(7 + €v))

0 = / <85‘5:0 (2(8;_)2’4'8 + ”{"'5‘2“'8 - /“”"'8) a¢> ds.
= v

Using (2.2), if ¢. is a normal vector field along 7. for any ¢ and we denote ¢:=¢y,
a direct computation shows that

Ocl._ 003 be — 030c|._ybe = (0, K)Oy & — (050, 05 U)T + (¢, K)O .
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Hence 0.|._,(0+)%k. can be computed applying the above commutation rule twice,
first with ¢. = 01 k. and then with ¢. = k.. One easily obtains

el . (asj_)2’is = (f’i)ﬂ/} +Q(¥),

where Q(¢) € L?(ds) is a normal vector field along +, depending only on k, and
their “normal derivatives” & up to the third order. Moreover the dependence of
on v is linear. For further details on these computations we refer to [35].
Using (2.2) it is immediate to check that .| _, (|ke|*ke — i) yields terms
that can be absorbed in (¢). Therefore we conclude that
2

de?

By polarization, we see that the second variation of £, defines a bilinear form
52, (¢, 1) given by

58, (1)) = / (2(04) 0 + Qp). ) ds.

&r+ev)| = [ (205 +00), ) ds

for any normal vector field ¢, 1 of class H* N CY along +, which is a smooth critical
point of &,.

2.3. Definition of the Flow

In this section we define the elastic flow for curves and networks. We formally derive
it as the L?-gradient flow of the elastic energy functional (2.1). We need to derive
the normal velocity defining the flow. The reasons why a gradient flow is defined in
term of a normal velocity are related to the invariance under reparametrization of
the energy functional and we will come back on this point more deeply in Section
2.4.

The analysis of the boundary terms appeared in the computation of the first
variation play an important role in the definition of the flow. Indeed, a correct
definition of the flow depends on the fact that the velocity defining the evolution
should be the opposite of the “gradient” of the energy. Hence we need to identify
such a gradient from the formula of the first variation and, in turn, analyze the
boundary terms appearing.

Suppose first that the network is composed only of one closed curve v €
C*°(]0,1],R?). This means that for every k € N we have 9%y(0) = 9%v(1) and
~ can be seen as a smooth periodic function on R. Then a variation field ¢ is just a
periodic function as well and no further boundary constraints are needed and then
the boundary terms in (2.4) are automatically zero. Then (2.5) reduces to

d

A (re)jeo = / (204)2m + |52k — ) ds.
de ~

We have formally written the directional derivative of £, of each curve in the direc-
tion 1 as the L2-scalar product of ¢ and the vector 2(9;))%k + |k|?k — pk. Hence
we can understand 2(01)%k + |k|?Kk — pk to be the gradient of £,. We then set the
normal velocity driving the flow to be the opposite of such a gradient, that is

(07)" = =2(07)*k — |KI*K + pk, (2.7)
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where, again, (-)* denotes the normal component of the velocity d;y of the curve
~:
(&W)L =0y — Oy, 7) T

In R? it is possible to express the evolution equation in terms of the scalar curvature:
Oy, v)v = (0)F = 2(05)°k + K[’k — pk = (202 + (k)*k — pk) v.

This last equality can be directly deduced from (2.6). In this way we have derived
an equation that describe the normal motion of each curve.

We pass now to consider, exactly as in Section 2.1, a network composed of
N curves, parametrized by ~* : [0,1] — R? with i € {1,..., N}, that meet at one
junction of order N at x = 0 and have the endpoints at = 1 fixed in R?. We denote
by N: the network composed of the curves 7i = ~¢ + g¢)® with 9% : [0, 1] — R? such
that

PH0) = =9¢N(0), '(1)=0 Vie{l,...,N}.

Since the energy of a network is defined as the sum of of the energy of each
curve, it is reasonable to define the gradient of £, as the sum of the gradient of
the energy of each curve composing the network, that we have identified with the
vectors 2(05)%k! + |k?|?k’ — pik’. Hence, a network is a critical point of the energy
when the the vectors 2(95)%k! + |k!|?k? — pik? vanish and the boundary terms
in (2.5) are zero. Depending on the boundary constraints imposed on the network,
i.e., its topology or possible fixed endpoints, we aim now to characterize the set of
networks fulfilling boundary conditions that imply

N
Z [2 <I@i,8swi>‘é + (=20} K — KPP+ ,uiTi,wi)‘(l]} =0.
i=1
Let us discuss the main possible cases of boundary conditions separately.
Curve with constraints at the endpoints
As we have mentioned before, if the network is composed of one curve, but
this curve is not closed, then we fix its endpoint, namely v(0) = P € R? and
(1) = Q € R2. As already shown in in Section 2.1, to maintain the position of the
endpoints, we require 1(0) = ¢(1) = 0, that automatically implies
(—203 K — |k P74 i u) | = 0,
in the computation of the first variation. On the other hand we are free to chose
051 as test fields in the first variation. Suppose for example that 951(0) = v (where
v is the unit normal vector to the curve v) and Js¢(1) = 0, then from (2.5) we
obtain k£(0) = 0 and so k(0) = 0. Interchanging the role of d,1(0) and 059 (1) we
have k(1) = k(1) = 0.
Hence we end up with the following set of conditions

10)=P
(1) =@
k(0) = k(1) =0,

known in the literature as natural or Navier boundary conditions.
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However, since the elastic energy functional is a functional of the second or-
der, it is legitimate to impose also that the unit tangent vectors at the endpoint
of the curve are fixed, namely that the curve is clamped. Hence we now have
v(0) = P,y(1) = Q,7(0) = 70,7(1) = 71 as constraints. This time these bound-
ary conditions affects the class of test function requiring 951(0) = 9s1(1) = 0, that,
together with ¢(0) = (1) = 0, automatically set (2.5) to zero.

Networks

We can consider without loss of generality that the structure of a network is as
described in Section 2.1. Indeed boundary conditions for a other possible topologies
can be easily deduces from this case.

The possible boundary condition at x = 1 are nothing but what we just de-
scribed for a single curve with constraints at the endpoints. Thus we focus on the
junction O = v1(0) = --- = vV (0). We can distinguish two sub cases

Neumann (so-called natural or Navier) boundary conditions

In this case we only require the network not to change its topology in a first
variation. Letting first ¢*(0) = 0 for any i, it remains the boundary term

> (00, 5(0)) = 0,

where the test functions 1* appear differentiated. We can choose 951! (0) = v*(0)
and 9,*(0) = 0 for every i € {2,..., N}. This implies &*(0) = 0. Then, because of
the arbitrariness of the choice of 7 we obtain:

k'(0) =0, (2.8)
for any i € {1,...,N}.

It remains to consider the last term of (2.5). Taking into account the just
obtained condition (2.8), by arbitrariness of ¢'(0) = --- = ¥V (0) it reads
N
Z (—20;K(0) + p7'(0)) =0,
i=1

Dirichlet (so-called clamped) boundary conditions

As discussed above, also in the case of a network we can impose a condition on
the tangent of the curves at their endpoints. As we saw in the clamped curve case,
from the variational point of this extra condition involves the unit tangent vectors.
Then an extra property on 051" is expected.

At the junction we require the following (N — 1) conditions:

<Ti1(0),7_i2 (0)> — 01,2’ e <7_7;N—1(0)7TiN <O)> — CN—l,N’

that is, the angles between tangent vectors are fixed. We need that also the variation
N satisfies the same

(721(0), 722(0)) = ¢V, (72N 1(0), 72N (yw)) = VBN,
for any |e| small enough. This means that for every ¢,5 € {1,..., N} we need that

d

o ((0), 7 (0)) =0,
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that implies

0= 2 (0, 7O) | _ = (0:9(0),7(0)) + (r'(0), 014 (0))
= (¥)7(0) ((0), 77 (0)) + (¥2)(0) (r'(0),17(0))
= (#)7(0) ('(0), 7 (0)) = (¥4)*(0) (+'(0), 7/(0))..

é)L = (0¥, "), So we impose

(%) (0) = -~ = () (0). (2.9)
Then the first boundary term of (2.5) reduces to

N .
£(0), Y " E(0))
=1

Hence we find the following boundary conditions:

where we used the notation (

N N
> E(0)=0, > —205K(0) — [£'(0)PT°(0) + p'7" (0) = 0.
i=1 i=1

In the end, whenever the network is composed of N curves we have a sys-
tem of N equations (not coupled) that are quasilinear and of fourth order in the
parametrizations of the curves with coupled boundary conditions.

We now need to briefly introduce the Holder spaces that will appear in the
definition of the flow.

Let N € N, consider a network N composed of N curves with endpoints of
order one fixed in the plane and the curves that meet at junctions of different order
m € N>5. As we have already said each curve of A is parametrized by ~* : [0, 1] —
R2. Let € (0,1). We denote 7 := (7%,...,74Y) € (R?)" and

Iy := C4te ([0, 1]; (RZ)N) )

We will make and extensive use of parabolic Holder spaces (see also [51, §11,
§13]). For k € {0,1,2,3,4}, o € (0, 1) the parabolic Holder space

CHE ([0, 7] x [0,1])

is the space of all functions u : [0,7] x [0,1] — R that have continuous derivatives
0107w where i, j € N are such that 4i + j < k for which the norm

k
lullgrge e = D [I0f0%u]l o+ D7 [0505],,
4i45=0 di+j=k

+ Z [8;6%14 k+az4i—j10

0<k+a—di—j<4
is finite. We recall that for a function u : [0,7] x [0,1] — R, for p € (0,1) the
semi-norms [u], o and [u]o,, are defined as
u(t,r) —u(t,x
o sap D) (o)

(t,2),(r,2) [t — 7| ’
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and

u(t,r) — ul(t,
(ulo, = sup lu(t, x) [() y)|
) (ty) 1T =Yl

Moreover the space C'1:® ([0, T] x [0,1]) is equal to the space
C% ([0, 73: ¢°([0,11)) N C° ([0, T: ([0, 1]))
with equivalent norms.

We also define the spaces C 5%+ ([0, T] x {0,1},R™) to be C "5 ([0, T], R2™)
via the isomorphism f ~ (f(t,0), f(¢,1))%.

Definition 2.3. (Elastic flow) Let N € N and let Nj be an initial network composed
of N curves parametrized by 70 = (7,...,7) € Iy, (possibly) with endpoints
of order one and (possibly) with curves that meet at junctions of different order
m € Nxo. Then a time dependent family of networks N (t);c[o, 7] is a solution to the
elastic flow in the time interval [0, 7] with 7" > 0 if there exists a parametrization

Yt @) = (Yt 2), ... AN (E2)) € O A (0,7] % [0,1]; (RH)N)

with 4% regular, and such that for every t € [0,7],z € [0,1] and i € {1,..., N} the
system

(2.10)

{(at,yz’)J_ _ (_23§ki — (k) + k,z) Ui
7' (0,2) =5 ()

is satisfied. Moreover the system is coupled with suitable boundary conditions as
follows, corresponding to the possible cases of boundary conditions discussed in the
formulation of the first variation.

e If N =1 and the curve 7y is closed we require 7(¢,z) to be closed and we
impose periodic boundary conditions.

e If N =1 and the curve 7p is not closed with 70(0) = P € R?, vo(1) = Q € R?
and we want to impose natural boundary conditions we require

~v(t,0) =P
v(t,1) =Q (2.11)
K(t,0) = k(t,1) =0.

e If N =1 and the curve 7 is not closed with 70(0) = P € R?, y(1) = Q € R?
and we want to impose clamped boundary conditions, we require

~(t,0) = P
Zg(l)i ifi (2.12)
T(t, 1) =T1.

e If N is arbitrary and Ny has one multipoint

Yo (1) = =" (Ym)s
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with (i1,v1), -+, (¢m,Ym) € {1,..., N} x {0,1} and we want to impose natural
boundary conditions, for every j € {1,...,m} we require

K (t,y) =0
Yoje (205 kY 4 ptiTh) (ty;) = 0.
e If N is arbitrary and Ay has one multipoint

(2.13)

% W) = = 26" Ym),s
with (i1,91),-++, (im,ym) € {1,...,N} x {0,1} where we want to impose
clamped boundary conditions, we require

(7" (1), 7 (y2)) = "2

<7—im71 (Ym—1), Tim (ym)> =cnohm (2.14)
Z;‘nzl kb =0
>ty (2205 K% — |65 (y3) P79 (y:) + pi 7% () = 0.

Clearly in the case of network with several junctions and endpoints of order
one fixed in the plane, one has to impose different boundary conditions (chosen
among (2.11), (2.12), (2.13) and (2.14)) at each junctions and endpoint.

We give a name to the boundary conditions appearing in the definition of the
flow. When there is a multipoint

%' (Y1) =+ = 70" (Ym),
with (i1,y1), .-+, (im, ym) € {1,..., N} x {0, 1} we shortly refer to:
° 781 (t,y1) == 76’" (t,ym) as concurrency condition;
o (T (y1), 72 (y2)) = M2, (T (Ypo1) T (Y) ) = €™ as angle condi-
tions;
e cither k% (t,y) = 0 for every j € {1,...,m} or > i ki = 0 as curvature
conditions;

. Z;nzl (=205 K%Y — |k (y;) P75 (y;) + p 7% (y;)) = 0 as third order condition.
When we have an endpoint of order one we refer to the condition involving the
tangent vector as angle condition and the curvature as curvature condition.

Remark 2.4. In system (2.10) only the normal component of the velocity is pre-
scribed. This does not mean that the tangential velocity is necessary zero. We can
equivalently write the motion equations as

815’)/1' — Viui + Ti'Ti7
where Vi = —202k" — (k)3 + k' and T* are some at least continuous functions. In

the case of a single closed curve or a single curve with fixed endpoint we can impose
T =0 (see Section 2.4).

Definition 2.5. (Admissible initial network) A network Ay of N regular curves par-
ametrized by v = (v1,...,v"), v* : [0,1] — R? with i € {1,..., N} possibly with ¢
endpoints of order one {77 (y;)} for some (j,y,) € {1,..., N} x {0,1}, and possibly
with curves that meet at k different junctions {OP} of order m € N>y at OP =
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Yi(yr) = -+ = YP™(py,) for some (p;,y;) € {1,...,N} x {0,1},p € {1,...,k}
forming angles aPi"Pi+1 between vPi and vPi+! is an admissible initial network if

(i) the parametrization v belongs to Iy;
(ii) Np satisfies all the boundary condition imposed in the system: concurrency,
angle, curvature and third order conditions;
(iii) at each endpoint 47 (y;) of order one it holds

200K (y) + (K7)? (y;) — 1"k (3) = 0;
(iv) the initial datum fulfills the non-degeneracy condition: at each junction
span{vP', ... "} = R

(v) at each junction 4P (y;) = ... = vP™(y,,) where at least three curves concur,
consider two consecutive unit normal vectors vPi(y;) and vP*(y;) such that
span{vPi(y;), vP*(yr)} = R%. Then for every j € {1,...,m}, j # i, j # k we
require

sin 0"V (y;) + sin 0F V¥ (yy.) +sin 07V (y;) = 0,

where 0% is the angle between vP*(y;) and vPi(y;), 0% between vPi(y;) and
vPi(y;) and 67 between vPi(y;) and vP* (yy,).

Remark 2.6. The conditions (ii)—(iii)—(v) on the initial network are the so-called
compatibility conditions. Together with the non-degeneracy condition, these condi-
tions concern the boundary of the network, and so they are not required in the case
of one single closed curve.

Remark 2.7. We refer to the conditions (iii) and (v) as fourth order compatibility
conditions. We explain here how one derives condition (v) in the case of a junc-

tion v1(0) = ... = 4™(0). Differentiating in time the concurrency condition we
get 9yy1(0) = -+ = 9y™(0), or, in terms of the normal and tangential velocities
V3(0)vt(0) + TH(0)7H(0) = - - = V™(0)r™(0) + T™(0)7™(0).

Without loss of generality we suppose that the concurring curves are labeled
in a counterclockwise sense and that span{v'(0),2%(0)} = R2. Then for every j €
{3,...,m} we have

sin @' (0) + sin 6%%(0) + sin 6717 (0) = 0,
where 0! is the angle between v?(0) and 17(0), % between 7(0) and v'(0) and 67
between Vl(O) and V2(0). Then
sin @'V (0) = (V1(0)v' (0) + T*(0)7"(0),sin 6" (0))
= <V2 v?(0) + T%(0)72(0), — sin 6**(0) — sin 6717 (0))
= —sin0*V>(0) + (V2(0)*(0) + T%(0)72(0), — sin 6?17 (0))
= —sin0*V>(0) + (V7 (0)27 (0) + 17 (0)77(0), — sin 6717 (0))
= —sin0?V?(0) —sin #7V7(0).

Hence for every j € {3,...,m} we obtained sin #1V1(0)+sin §2V2(0)+sin 67 V7 (0) =
0.
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Remark 2.8. To prove existence of solutions of class C' 1% 4+a 46 the elastic flow of
networks it is necessary to require the fourth order compatibility conditions for the
initial datum. This conditions may sound not very natural because it does not appear
among the boundary conditions imposed in the system. It is actually possible not
to ask for it by defining the elastic flow of networks in a Sobolev setting. The price
that we have to pay is that in such a case a solution will be slightly less regular (see
[22,38] for details). On the opposite side, if we want a smooth solution till ¢ = 0 one
has to impose many more conditions. These properties, the compatibility conditions
of any order, are derived repeatedly differentiating in time the boundary conditions
and using the motion equation to substitute time derivatives with space derivatives
(see [14,15]).

2.4. Invariance Under Reparametrization

It is very important to remark the consequences of the invariance under reparametriza-
tion of the energy functional on the resulting gradient flow. These effects actually
occur whenever the starting energy is geometric, i.e., invariant under reparamen-
trization. To be more precise, let us say that the time dependent family of closed
curves parametrized by 7 : [0, T] x S' — R? is a smooth solution to the elastic flow

{8,57@,1:) =V, (t, 2)vy (L, 3),

+(0.) = 700) (2.15)

and the driving velocity 9y is normal along 7. If x : [0,7] x S! — S! with
Xx(t,0) = 0 and x(¢,1) = 1 is a smooth one-parameter family of diffeomorphism
and o(t, x):=v(t, x(t,z)), then it is immediate to check that o solves

Opo(t,x) = Vy(t,x)vs(t,x) + W(t,x)1,(t, x),
0(07 )= VU(X(Oﬂ ))7

and W can be computed explicitly in terms of y and . More importantly, one has

that V,(t,2)ve(t,x) = V4 (t, x(t,2))v,(t, x(t,x)). Since W (t,x)7,(t,z) is a tangen-

tial term, o itself is a solution to the elastic flow. Indeed its normal driving velocity

0i-0 is the one defining the elastic flow on o. This is the reason why the definition

of the elastic flow is given in terms of the normal velocity of the evolution only.
In complete analogy, if 3 : [0,T) x S! — R? is given, it is smooth and solves

{(‘%ﬁ(tafﬂ) = Vﬁ(t>$)yﬁ(ta ) + w(t7$)7—ﬁ(t’ z),
B(0,-) = v0(xo(")),

where o : S — S! is a diffeomorphism, then letting 1 : [0,7] x S — S! be the
smooth solution of

{atw,x) = —[(0:8)(t, (¢, 2))| " w(t, ¥ (t, x)),
¥(0,9) =xp " (),

it immediately follows that (¢, x):=5(t,¥(t, x)) solves (2.15).
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Something similar holds true also in the general case of networks. First of all it is
easy to check the all possible boundary conditions are invariant under reparametriza-
tions (both at the multiple junctions and at the endpoints of order one). Concern-
ing the velocity, we cannot impose the tangential velocity to be zero as in (2.15),
but it remains true that if a time dependent family of networks parametrized by
v =Y., 4N) with 4% 1 [0,7] x [0,1] — R? is a solution to the elastic flow, then
o= (ol,...,0%) defined by oi(t,z) = (¢, x*(t,z)) with x* : [0,T] x [0,1] — [0, 1]
a time dependent family of diffeomorphisms such that o(¢,0) = 0 and o(t,1) = 1
(together with suitable conditions on 9,0 (t,0), 920 (t,0) and so on) is still a solution
to the elastic flow of networks. Indeed the velocity of 4* and o° differs only by a
tangential component.

Remark 2.9. We want to stress that at the junctions the tangential is velocity de-
termined by the normal velocity.
Consider a junction of order m

71(t70) = =9"(t0).
Differentiating in time yields 9;y'(¢,0) = ... = 9;y™(t,0) that, in terms of the
normal and tangential motion V' and T reads as
Viy + TIFi — yitly i+l + Tj+17_j+1’
where j € {1,...,m} with m 4+ 1 := 1 and the argument (¢, 0) is omitted from now
on. Testing these identities with the unit tangent vectors 77 leads to the system:

1 —cosa? 0 0 0 T! —sinat?V?
0 1 —cos a3 0 0 T2 —sina?3Vv?3
0 0 1 —cosa®?t ... 0 T3 —sin a>*V*

0 0 0 1 —cosa™bm Tmt —sinam~bmym
—cosa™! 0 0 . 0 1 ™ —sina™'V?!
We call M the m x m-matrix of the coefficients and Ry, ..., R,, its rows.

It is easy to see that

det(M) =1 —cosa™! cosa®?...cosa™ 2™ L cosa™ 1™,

that is different from zero till the non-degeneracy condition is satisfied. Then the
system has a unique solution and so each T*(t) can be expressed as a linear combi-
nation of V(t),...,V™(¢).

Remark 2.10. The previous observations clarify the fact that the only meaningful
notion of uniqueness for a geometric flow like the elastic one is thus uniqueness up
to reparametrization.

We can actually take advantage of the invariance by reparametrization of the
problem to reduce system (2.10) to a non-degenerate system of quasilinear PDEs.
Consider the flow of one curve . As we said before, the normal velocity is a geometric
quantity, namely 0,y = Vv = —20%kv — k3v + pkv. Computing this quantity in
terms of the parametrization v we get

— Vv =20%kv + kv — pkv
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We can insert this choice of the tangential component of the velocity in the
motion equation, which becomes

— 2
Oy=Vv+T1=— |8 7’48§7 + f(a$’77 8%77 8;)7)
x
2
0 05y o0 (00.00y)  ORy|O|T (03 (02, 0n)
= 1 6 6 6
1027 1027 10271 0271
2
35970927, 007) p all
|07/ 10271
Considering now the boundary conditions: up to reparametrization the clamped
condition 7(t,0) = 7y can be reformulated as 0,7(t,0) = 79 and the curvature

condition k = k = 0 as 92v(t,0) = 0. We can then extend this discussion to the
flow of general networks, in order to define the so-called special flow.

Definition 2.11. (Admissible initial parametrization) We say that ¢o = (¢g, - - -, ¢d)
is an admissible parametrization for the special flow if

the functions ¢} are of class C4T<(]0, 1]; R?);

0o = (¢}, ..., ¢l) satisfies all the boundary conditions imposed in the system;

at each endpoint of order one it holds V = 0 and T" = 0 for any i;
at each junction it holds

Vivh 4+ TiTi =V + T 7
for any 1, j;
at each junction the non-degeneracy condition is satisfied;
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where T is defined as in (2.17) for any 7 and j.

Definition 2.12. (Special flow) Let N € N and let ¢o = (¢3, - .., ¢}’) be an admissi-
ble initial parametrization in the sense of Definition 2.11 (possibly) with endpoints
of order one and (possibly) with junctions of different orders m € N>5. Then a time
dependent family of parametrizations ¢icpo 7], ¢ = (o, ..., ") is a solution to
the special flow if and only if for every i € {1,..., N} the functions ¢ are of class
C At ([0,T) x [0,1];R2), for every (¢, ) € [0,T] x [0,1] it holds d,¢(z) # 0 and
the system

{6,:(;3 =V +Tr (2.18)

¢'(0,2) = po(x)
is satisfied, where T' is defined as in (2.17) for any i. Moreover the following bound-
ary conditions are imposed:

e if N =1 and ¢y is a closed curve, then we impose periodic boundary conditions;
e if N =1 and ¢o(0) = P, (1) = @, we can require either

p!(t,0) =P
Pt 1) = Q
D2p(t,0) = D2 (t,1) = 0,
or
@' (t,0) =P
(Pl(tv 1) =Q

833(,01(t, 0) =170
D0 (t,1) = 7.
e if N is arbitrary and Ny has one multipoint

%6 (1) = = %" (Ym)s
with (i1,91), -+, (im, Ym) € {1,..., N} x {0,1} we can impose either

2% (t,y) =0 for everyj € {1,...,m}
ity (<205 K5 4 ptiT') (t,y;) =0,
or

(T (y1), 7 (y2)) = "2

(77 (Y1), T () ) = " H

S k=0

<8g<pij (t,y), Op% (t, y)> =0 foreveryje{l,...,m}

ey (205 K5 — |k (y;) P (y;) + phi 7% (yi,)) = 0.

Lemma 2.13. Let oy = (pd, ..., ) be an admissible initial parametrization and

Prefo,T], P = (o1, ..., M) be a solution to the special flow. Then Ny = UXN_ (¢, ]0,1])
is a solution of the elastic flow of networks with initial datum Ny := UN_;¢8(]0,1]).
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Proof. We show that A is an admissible initial networks. Conditions (i) and (iv)
are clearly satisfied, together with condition (ii) because at the endpoints of order
one 0 = V% =202k + (k*)® — u'k*. Also condition (iii) it is easy to get: 92p(y) = 0
implies k(y) = 0, 0,¢(y) = 7* implies 7 = 7* and all the other conditions are already
satisfied by the special flow. At each junction v'(y;) = -+ = y™(y,n) of order at
least three we consider two consecutive unit normal vectors v*(y;) and v*(y.) such
that span{v(y;), v*(yx)} = R2. For every j € {1,...,m}, j # 1, j # k we call §' the
angle between v*(0) and v7(0), 6% between 17(0) and v*(0) and 67 between ¢(0)
and v¥(0) and we recall that it holds

ViV 4 T = VI 4 T, (2.19)
Vivi + T'ri = Ve 4 Tk, (2.20)

By testing (2.19) by sin#/7% and by cos #/v* and summing, we get
Vi = cos0F V7 — sin OFT . (2.21)

If instead we test (2.19) by cos@’7% and by sin#/vF and we subtract the second
equality to the first one, it holds

T' = cosO"T° +sin 0"V (2.22)

Similarly, by testing (2.20) by cos #*17 and by sin %77 and subtracting the second
identity to the first we have

Vi=cos@VF 4 sin0T". (2.23)
Finally we test (2.20) by cos *77 and by sin #*27 and sum, obtaining
T = cos'T" — sing7V*. (2.24)
With the help of the identities (2.21), (2.22), (2.23) and (2.24) and interchanging
the roles of i, j, k we can write
sin 0V = cos 9T — cos Hka,
sin 0 V* = cos 0T — cos HjTj,
sin @’ V7 = cos 0" T" — cos 0T
and so for every j € {1,...,m}, j #1, j # k we have sin 0V’ +sin 0¥ VF 4-sin ¢/ V7 =
0, as desired.
The solution A/ admits a parametrization ¢ with the required regularity. As we

have seen for the initial datum, the boundary conditions in Definition 2.18 implies
the boundary conditions asked in Definition 2.3. By definition of solution of the

special flow the parametrizations ¢ = (!, ..., ¢") solves 9! = Vivi + T'ri.
Then

(0", V'Y V' = <Viyi —|—Ti7'i, I/i> V= Vit = —202k" — (K')® + 'k,

and thus all the properties of solution to the elastic flow are satisfied. O
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Lemma 2.14. Suppose that a closed curve parametrized by
v € C([0,T];C%([0,1]; R*)) nC* ([0, T]; C*([0, 1], R?))

is a solution to the elastic flow with admissible initial datum o € C5([0,1]). Then
a reparametrization of v is a solution to the special flow.

Proof. The proof easily follows arguing similarly as in the discussion at the beginning
of the section and, in particular, by recalling that reparametrizations only affect the
tangential velocity. O

The above result can be generalized to flow of networks as stated below.

Lemma 2.15. Suppose that a network Ny of N reqular curves parametrized by v =
(vY, oo AN) with 4% 2 [0,1] — R2, i € {1,...,N} is an admissible initial network.
Then there exist N smooth functions 0" : [0,1] — [0,1] such that the reparametrisz-
tion (fy" o Qi) is an admissible initial parametrization for the special flow.

For the proof see [23, Lemma 3.31]. Moreover by inspecting the proof of The-
orem 3.32 in [23] we see that the following holds.

Proposition 2.16. Let T > 0. Let Ny be an admissible initial network of N curves
parametrized by vo = (¢, ... ) with v : [0,1] — R?, i € {1,...,N}. Suppose that
N (t)iepo,1) is a solution to the elastic flow in the time interval [0,T] with initial
datum Ny and suppose that it is parametrized by reqular curves v = (v1,...7Y)
with 4% : [0,T] x [0,1] — R2. Then there exists T € (0,T] and a time depen-
dent family of reparametrizations ¢ : [0,T] x [0,1] — [0,1] such that o(t,z) =
(P (t, ), ..., N (t,2)) with p(t,x) = v (t,9(t,x)) is a solution to the special flow
in [0,77].

Remark 2.17. In the case of a single open curve, reducing to the special flow is is
particularly advantageous. Indeed one passes from a the degenerate problem (2.10)

couple either with quasilinear or fully nonlinear boundary conditions to a non-
degenerate system of quasilinaer PDEs with linear and affine boundary conditions.

2.5. Energy Monotonicity

Let us name V* := —202k* — (k%)2k’ + 1*k? the normal velocity of a curve 4% evolving
by elastic flow and denote the tangential motion by T":
oy = Vil + T (2.25)

Definition 2.18. We denote by p” (k) a polynomial in k, ..., 0"k with constant coef-
ficients in R such that every monomial it contains is of the form

h h
cl@k)"  with > (1+1)8 =0,
1=0 =0

where 3, € N for [ € {0,...,h} and 3, > 1 for at least one index lj.

‘We notice that
05 (pa(k)) = phii(k),
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oo (R)poa (k) = pos " (k). (2.26)
po’ (k) + po? (k) = pyoxtinlied (k). (2.27)
By (2.2) the following result holds.
Lemma 2.19. If v satisfies (2.25), the commutation rule
0105 = 050 + (kV — 0sT") 05
holds. The measure ds evolves as
0i(ds) = (0T — kV') ds.

Moreover the unit tangent vector, unit normal vector and the j—th derivatives of
scalar curvature of a curve satisfy

ot = (0,V +Tk) v,
v =—(0V+Tk),
Otk = (Oyk,v) = O*V + TOsk + k*V

= —20%k — 5k29%k — 6k (9sk)® + Tk — k> + 1 (92K + k°) (2.28)
atagk = —20k — 5K200 12k + p 012k + TOI ke + pl 1L (k) + ppl5(k)  (2.29)
—200 % + TOI ke + pl 12 (k) + ppl 15 (k). (2.30)

With the help of the previous lemma. it is now possible to compute the derivative
in time of a general polynomial p”(k). By definition every monomial composing
pl(k) is of the form m(k) = CH?:O(ﬁék)ﬁl with Z?:o(l +1)5; = 0. Then for every
fixed j € {1,...,h} the monomial n(k) = CB;(07k)% ! H?¢j,z:o(6ik)ﬁl can be
written as n(k) = C H;;O(aik)o‘l with Zzh:o(l +1)ay = 0 — j — 1. Differentiating in
time m(k) we have

h

h
o0 (m(k) =" ((cﬂjazjkﬁ“wgk)- I1 (aim)

j=0 1#5,1=0

‘ h
= ((2ag+4k +TOI ke + p12 (k) + i3k )) (csokm 1) ] (agk)ﬁl>
=0 1#3,1=0

= phli(k) + TplTi (k) + phi3 (k) + ppl i3 (k),

where we used the product rule (2.26) and the structure of the monomial n(k).
Summing up the contribution of each monomial composing p” (k) we have

Or (ph(k)) = plTd(k) + Tphtl (k) + ppl i3 (k). (2.31)

Proposition 2.20. Let N; be a time dependent family of smooth networks composed
of N curves, possibly with junctions and fized endpoint in the plane. Suppose that
N is a solution of the elastic flow. Then

—/ V?2ds.
N
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Proof. Using the evolution laws collected in Lemma 2.19, we get

Oy / k* 4+ pds = / 2k0sk + (K + 1) (0T — kV) ds
N N
= / 2k (O2V + Ths + k°V) + (K* + 1) (9;T — kV) ds
N

= / 2kO2V + KPV — pkV + 0, (T (K* + p)) ds.
N

Integrating twice by parts the term [ 2kV;, we obtain

/5 ds = — /V2ds+22kz’6 V=206V 4+ TH (k)

=1

(2.32)

It remains to show that the contribution of the boundary term in (2.32) equals zero,
whatever boundary condition we decide to impose at the endpoint among the ones
listed in Definition 2.3. The case of the closed curve is trivial.

Let us start with the case of an endpoint 47 (y) (with y € {0,1},5 € {1,...,N})
subjected to Navier boundary condition, namely k7(y) = 0. The point remains
fixed, that implies V7 (y) = T7(y) = 0. The term 2k’ (y)0sV7(y) vanishes because
K (y) = , ,

Suppose instead that the curve is clamped at 47 (y) with 77(y) = 7*. Then
using Lemma 2.19, 0 = 9,77 (y) = (0:V7 (y) — T7 (y)k’ (y))v” (y). Hence

2K (y) (0:V7 (y) — T (y)k (y)) = 0,
that combined with VJ(y) = T7(y) = 0 implies that the boundary terms vanish
n (2.32).

Consider now a junction of order m where natural boundary conditions have
been imposed. Up to inverting the orientation of the parametrizations of the curves,
we suppose that all the curves concur at the junctions at x = 0. The curvature
condition k*(0) = 0 with i € {1,...,m} gives

szl 0)0,V*(0) + T7(0) (k'(0))* = 0.

Differentiating in time the concurrency condition !(0) = ---~4™(0) we obtain
VH0)r'(0) + TH(0)r(0) = - - = V™(0)r™(0) + T™(0)7™(0),
that combined with the third order condition 0 = Y. | 20,k*(0)v*(0) — p'7*(0) gives

—07(0), ) _ 20,k (0)v(0) - w’r"<0>>

(=V*(0)r'(0) — T*(0)7°(0), 205k* (0)*(0) — p'7*(0))

0=

Pllﬂg/\

1

.
Il

'Pnﬂs

s
Il
—

—205k'(0)V'(0) + p'T"(0),
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hence the boundary terms vanish and we get the desired result.

To conclude, consider a junction of order m, where the curves concur at x =0
and suppose that we have imposed there clamped boundary conditions. In this case
using the concurrency condition differentiated in time and the third order condition
we find

0=2 (=07 (0), 20k (0)v(0) + ((k"(0)) — ') 7(0))
i=1

= Z —20,k"(0)V*(0) — ((k°(0)) — p*) T'(0). (2.33)

Differentiating in time the angle condition
<7‘i(0)’7-i+1(0)> — it — cos(eiai“)
we have
0= <at7'i(0), 7-i+1(0)> + <7.i(0)’ 3157'H1(0)>
= <(as VI(O) + T'i (O)k’ (0))I/i(0)7 7_2.+1 (0)> —+ <Ti(0)’ (asvi+1 (0) + Ti+1 (O)ki+1 (0))Vi+1 (0)>
= (9.V1(0) + T*(0)K(0)) sin(6" 1) — (8,V'71(0) + T (0)k*+(0)) sin(6 ),

and hence 9;V(0) + T%(0)k*(0) = 9,V TH(0) + T*T1(0)k*™1(0). Repeating the pre-
vious computation for every i € {2,...,m — 1} we get

VI0) + T Ok (0) = - = V7*(0) + T™(0)k™ (0),

that together with the curvature condition Y k* = 0 at the junction gives

m m

0=2(0,V'(0) + T"(0)k'(0)) D _K'(0) = > 20,V (0)K*(0) + 27°(0)(k")*(0).
i=1 i=1

Summing this last equality with (2.33) we have that the boundary terms vanishes

also in this case. g

3. Short Time Existence

We prove a short time existence result for the elastic flow of closed curves. We
then explain how it can be generalized to other situations and which are the main
difficulties that arises when we pass from one curve to networks.

3.1. Short Time Existence of the Special Flow

First of all we aim to prove the existence of a solution to the special flow. Omitting
the dependence on (¢,z) we can write the motion equation of a curve subjected
to (2.18) as

Dy

Op = —2
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We linearize the highest order terms of the previous equation around the initial
parametrization ¢ obtaining

2 2 2
TR P
K2+ (50 = [~ o) S 1@ ?)
=: [(950, 050, 050, 02p). (3.1)

Definition 3.1. Given ¢° : S — R? an admissible initial parametrization for (2.18),
the linearized system about ¢ associated to the special flow of a closed curve is
given by

Dpelt,m) 1
{&gp(t ) + 270258 = f(t,x) on [0,T] x § 52)

(0, ) =1(z) onSh
Here (f,) is a generic couple to be specified later on.

Let o € (0,1) be fixed. Whenever a curve + is regular, there exists a con-
stant ¢ > 0 such that inf,cg1 [0,y > ¢. From now on we fix an admissible initial
parametrization ¥ with

1€°]|ca+e(simz) = R, and zlggfl 0,¢%(z)| > c.

Then for every j € N there holds

1
_ < C(R,c).
0240017 Ce(S1;R2)
Definition 3.2. For 7" > 0 we consider the linear spaces
Ep:=C555"" (j0,T] x S, R?),

Fr:==C%" ([0,T] x S} R?) x C*+* (S} R?),
endowed with the norms

IVler = IVl age sras (D) lEr = 1fllgg.e + [Plloara.
and we define the operator Lr : Er — Fr by

£r(e) = (Eh(0), £3(0) = (O + a0t oumo)

Remark 3.3. For every T' > 0 the operator L1 : Ep — Fr is well-defined, linear and
continuous.

Theorem 3.4. Let o € (0,1), (f,v) € Fp. Then for every T > 0 the system (3.2)
has a unique solution ¢ € Ep. Moreover, for all T > 0 there exists C(T) > 0 such
that if ¢ € Er is a solution, then

lpller < G, )l (3:3)
Proof. See for instance [33, Theorem 4.3.1] and [51, Theorem 4.9]. O

From the above theorem we get the following consequence.

Corollary 3.5. The linear operator L : BEr — Fr is a continuous isomorphism.



Vol. 89 (2021) A Survey of the Elastic Flow of Curves and Networks 83

By the above corollary, we can denote by E;l the inverse of L.

Notice that till now we have considered fixed T' > 0 and derived (3.3), where
the constant C' depends on T'. Now, once a certain interval of time (0, ﬂ with 7> 0
is chosen, we show that for every 1" € (0, T ] it possible to estimate the norm of £,*
with a constant independent of T'.

Lemma 3.6. For all T > 0 there exists a constant C(T) such that

sup  [|1L7" | (e ) < o(T).
Te(0,3T)

Proof. Fix T > 0, for all T' € (O,f], for every (f,v) € Fr we define the extension
operator E(f, ) := (Ef, ) by

E:CH (10,T] x $5R?) — 1" ([0, 7] x S R?)
= N RAUED) fort € [0, T,
Ef(t,x) := {f (Tg::tp,g:) fort € (T,T),

It is clear that E(f,¢) € F5 and that ||Ef z@, F.) < 1.
Moreover E%I(E(f, Y))ijo,m = EEl(f, 1) by uniqueness and then
L2 ) ler < L5 B ) e,
< L2 eEr m 1B, ) ey < (D)o

Definition 3.7. We define the affine spaces
EY. = {v € Er such that Vit=0 = %1,
Fy = C%" ([0,7] x S4R?) x {¢°}.
In the following we denote by Bjs the closed ball of radius M and center 0 in
Er.

Lemma 3.8. Let T > 0, M >0, c>0 and ¢° an admissible initial parametrization
with inf,eg1 |0:0°] > c. Then there exists T = T(c, M) € (0,T] such that for all
T € (0,T] every curve p € E% N By is reqular with

(3.4)

&
inf |9,0(t, )] > =.
nf 10xp(t,2)| 2 3

Moreover for every j € N

1
—_— < C(c, M, j).
H’@n@(ta )| T ([0,T]%[0,1]) ( )
Proof. We have

[Oasp(t,2)| > 02" (2)] = |0wp(t, 2) — ® ()],
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with |0z (t, 2) — 0up” ()] <[] t# < MtP with 8 = 3 + <. Taking T sufficiently
small, passing to the infimum we get the first claim. As a consequence
- 2
sup ——— < —.
z€[0,1] |0zp(t, )| c

Then for 7 = 1 the second estimate follows directly combining the estimate (3.5)
with the definition of the norm || - The case 7 > 2 follows from

(3.5)

Hc%»a([o,T]xsl)'
multiplicativity of the norm. O

Form now on we fix T = 1 and we denote by 7' = T(c, M) the time given by
Lemma 3.8 for given ¢ and M.

Definition 3.9. For every T € (0, T] we define the map
E} — C%°([0,T] x S'; R?)
NT .
@ — flo),

where the functions f(¢) := f(9tp, 03, 02p, d,¢p) is defined in (3.1). Moreover we
introduce the map Nr given by ES. 3 v — (Nr(7),¥]t=0)-

Remark 3.10. We remind that f is given by
2 2 20 (20, 0up) | O2p|02¢|"
fle) = ( )84 15
O =\~ orer 0,5 0.0l"
D3¢ (03¢, o) 35@%@(3%90,8#)2 . 0%
0" 00l 0ol

By Lemma 3.8, for ¢ € EY%, we have that for all ¢ € [0,7] the map ¢(t) is a
regular curve. Hence Nt is well-defined. Furthermore we notice that the map N; is
a mapping from EY to FJ..

The following lemma is a classical result on parabolic Holder spaces. For a proof
see for instance [33].

Lemma 3.11. Letk € {1,2,3}, T € [0,1] and ¢, ¢ € E%. We denote by Q(A—k) F(A—Fk)
the (4 — k)—th space derivative of ¢ and @, respectively. Then there exist € > 0 and
a constant C independent of T such that

H90(47k) _ ;04(4%)“0%@ < oTe (p(4fk) _ @«(471@”

oS hta <CT* H(P B SZHIET :

Definition 3.12. Let ¢" be an admissible initial parametrization, ¢ := inf,cg1 [9,¢°|.

For a positive M and a time T € (0,7 (c, M)] we define K7 : ES. N By, — ES by
Kr:= ﬁ;l o N7.

Proposition 3.13. Let ©° be an admissible initial parametrization, ¢ := inf eg1 [0,0°|.

Then there exists a positive radius M(¢°) > H(p |cata and a time T(c, M) such that

for all T € (0,T] the map Kz : EY. N By, — EY. takes values in ES N By and it is
a contraction.

In the following proof constants may vary from line to line and depend on ¢,
M and [|@°]|ata.
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Proof. Let M > 0 and T > 0 be arbitrary positive numbers. Let f(c, M) be given
by Lemma 3.8 and assume without loss of generality that T'(c, M) < %T .Let T €
(0,7 (¢, M)] be a generic time. o

Clearly £;'(F}) C EY. and the Kr is well defined on ES. N Byy.

First we show that there exists a time 7" € (0,T(c, M)) such that for all
T € (0,7, for every ¢, € E% N By, it holds

~ 1 ~
1Kz (p) = Kr(D)ller < 5lle — &ller- (3.6)
We begin by estimating
INT () = No (@)l o g0 = [[1(9) = [P o -

The highest order term in the above norm is
2 2 2 2
e N e L
<|81‘900|4 aﬂ:80|4> 0:01* 04

2 2 2 2
— _ 84 _a4~ o a4~
<|axso°|4 \awsaﬁ)(” M*(WH \amsor*) w¥

We can rewrite the above expression using the identity

1 1 1 1 1 1
= (b — ST e — 3.8
ot~ oyt~ (P! ’“‘)<|a|2|b|+ra\|b\2><|a|2+rb|2> (3.8)

(3.7)

We get

(e~ o)
02001 |Oppl*

1 1 1 1
o (b ) s )
(10:01= 100" (5 omiam0] * T itnel ) \1mg * s

1 1 1 1
In order to control <\8w°\2laz¢\ + |8I<P°||81<P\2) (laﬂoolg + \8z¢|2> we use Lemma 3.8.

Now we identify ¢" with its constant in time extension °(t,z) := ¢%(z), which
belongs to EY. for arbitrary T. Observe that ||1)%||g, = ||¢0HC4+TQ,4+Q = [|°]| g1+ is
independent of 7. Then making use of Lemma 3.11 we obtain

[1020] = [0:4°|| oy < |02 — 02| gog < OT |l — ¢°lg < OMT".

Then
(o - e ) @ -220)| < oMl = Pl
021 |Ouppl* ) et
Similarly we obtain allows us to write
(537~ o) 247, < OMTlo = Bl (39)
0z01*  [0u|*) T || gt ’

The lower order terms of f(¢) — f($) are of the form

albc) alb,é)
i jap

(3.10)
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with j € {2,6,8} and with a, b, ¢, d, a, l;, c, d space derivatives up to order three of ¢
and @, respectively. Adding and subtracting the expression
abc) alb,e) alb,e)
|d}7 |d}7 |d}7

to (3.10), we get

(a—) (b, ) d<(b_5>’c>+d<5’(c_é)>+<|dl‘j—,le-)&<575>' (3.11)

|7 |}’ |7
With the help of Lemma 3.11 we can estimate the first term of (3.11) in the following
way:
(a — EZ) <b7 C> ~ ~
‘ i || . SCla=dlcge < OCT e = Pller
|d| o

The second and the third term of (3.11) can be estimated similarly by Cauchy—
Schwarz inequality. To obtain the desired estimate for the last term of (3.11) we
proceed in a similar way as for the second term of (3.7). We use the identities

1 1 ~ 1 1
e~ e = (=) (),
iz~ 1) e

1 1 ~ 1 1 1 1 1 1
T T =T — d—d ~+ ~><+~><+~)7
[l |d)s (| . |) <\dl2|dl jdld2/ \ldl* — [d]2/ \|dP=* "~ |d]i=4

for j € {6,8} and Lemmas 3.8 and 3.11 and we finally get

G-+

Putting the above inequalities together we have
1F(0) = F O og o < CT 9 = @ller-
By Lemma 3.6, this implies that for all T € (0, (M, c)]

ICr () = Kr(@)ller = 1£7" N1 (0) = L7 N(@)) e

< sup 17 cr e INT(0) = N2 (@) [ler
Te[0,T]

< O(M, e, T)T* ¢ = &l (3.12)

< CTe|ld—d| 5.0 < CT%|¢ — |-

o
ca®

with 0 < & < 1. Choosing 7" small enough we can conclude that for every T' € (0,7"]
the inequality (3.6) holds.

In order to conclude the proof it remains to show that we can choose M suffi-
ciently big so that K1 maps E% N By into itself.

As before we identify ¢°(x) with its constant in time extension 1°(t, z). Notice
that the expressions K7 (¢°) and N (¢°) are then well defined.

As M is an arbitrary positive constant, let us choose M at the beginning,
depending on ¢° and T only, so that

M
[¥°ller = ¢ llosse < = VT >0,
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and
1Kr (@) er < sup L7 2@ er) INT (00) ],
T€[0,T/2—0]
= sup LA @ en I(F(@°), ") ller
Te[0,T/2—6]

< o(T)C(¢")
< % Vo >0,

where we used that ||(f(¢"),©°))||r, is time independent and then estimated by a
constant C'(¢") depending only on ¢° and we also used Lemma 3.6. For T € (0,T"],
as T' < T(c, M) < 1T — § for some positive §, we also have
IKz(P)ller < 1K1 (@) ler + 1KT(0) = K (4°)ller
M -
< 5+ C(M,e, DT 2M,

for any ¢ € E% N By, where we used (3.12). It follows that by taking 7' < T”

sufficiently small, we have that Cp : EOT N By — E% N By and it is a contraction.
O

Theorem 3.14. Let ©° be an admissible initial parametrization. There exists a posi-
tiwe radius M and a positive time T' such that the special flow (2.18) of closed curves
has a unique solution in C ™4 -4+ ([0,T) x S*) N By;.

Proof. Choosing M and T as in Proposition 3.13, for every T € (0,T] the map
Kr: IEOT N By — ]EOT N By is a contraction of the complete metric space IEOT N B)y.
Thanks to Banach—Cacciopoli contraction theorem KCp has a unique fixed point
in E% N Bys. By definition of Kr, an element of ]EOT N By is a fixed point for
Kr if and only if it is a solution to the special flow (2.18) of closed curves in
CH5 At (10, 7] x SY) N Bar. O

Remark 3.15. In order to prove an existence and uniqueness theorem for the special

flow of curves with fixed endpoints subjected to natural or clamped boundary con-

ditions, it is enough to repeat the previous arguments with some small adjustments.
In the case of Navier boundary condition we replace Er, E%., Fz and FY. by

Ep = {o € O3 (0,7) % (0,1 R?) : 926(0) = 92p(1) = 0, 0 = ¢}
Ey' = {p €Ep : o(t,0) = Po(t,1) =Q,},

Fh = 0" ([0,7] x [0,1;R?) x (C75 ([0, T];R?))? x ¢+ ([0, 1]; R?),

Fy' = C%" ((0,7] x [0,1; R?) x {P} x {Q} x {¢"},

where by P,Q € R2. In this case we introduce the linear operator

2

Lr(p) = | Op + ﬁai@ﬂplxzoﬂﬂx:b@ﬁzo .
026"

This modification allows us to treat the linear boundary conditions 9%2p(0) =

0:¢(1) = 0 and the affine ones ¢(t,0) = P, p(t,1) = Q.
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In the case of clamped boundary conditions instead we have to take into account
four vectorial affine boundary conditions. We modify the affine space EJ. into
Ep? = {p €Er : ¢(t,0) = P,o(t,1) = Q,0:(t,0) = 7°,0up(t, 1) = 71,010 = ¢°},
and
2 2 Ha 21\
F} = 5 ([0,7] x [0,15R2) x (C™5* ([0, T|;R?))
x (¢ (1o, 7; R2)> x CHO((0,1];R?),
Fy? = CT" ([0,7] x [0,1;R?) x {P} x {Q} x {7} x {r'} x {¢"}.

Finally the operator L in this case is
2
'CT(QD) = <at()0 + Wa;lcpv Ple=0) Plz=1> aw§0|z:07 8w90\z:15 @to) .

Remark 3.16. Differently from the case of endpoints of order one, at the multipoints
of higher order we impose also non linear boundary conditions (quasilinear or even
fully non linear). Treating these terms is then harder: it is necessary to linearize
both the main equation and the boundary operator.

Consider for instance the case of the elastic flow of a network composed of
N curves that meet at two junction, both of order N and subjected to natural
boundary conditions. The concurrency condition and the second order condition
are already linear. Instead the third order condition is of the form

N o ,
D g (e ) v+ 1 (0ue) = 0,
i=1 T

where we omit the dependence on (¢,y) with y € {0,1}. The linearized version of
the highest order term in the third order condition is:

Zw 01|3 907”6>V6

Zm S (@ @,W@'a (B0, V')V + W (Da6) = ble),
(3.13)

where we denoted by 1 the unit normal vector of the initial datum ¢°. Then,
instead of (3.2), the linearized system associated to the special flow is

0 (t,2) + oy s @' (s ) = f'(t,z)

@' (t,y) — ¥’ (t,y) =0

020 (t,y) =0 , (3.14)
— i e (O3t ), ) vily) = bt y)

©'(0,z) = ¢’ (x)

fori,je{l,...,N}, j#i,t€0,T], z€[0,1], y{0,1}.
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The spaces introduced in Definitions 3.2 and 3.7 are replaced by

Ep = {p € O 4 ([0,T] x [0,1]; (R*)™) such that fori,j € {1,...,N},¢ € [0,T],
y € {0,1} it holds ¢'(t,y) = ¢’ (t,y), D2¢'(t,y) = 0},

Fr =C% ([0,T] x [0,1); R)N) x (CH ([0, T R?))? x € ([0, 1]; (R%)N)
EY. = {¢ € Ersuch that ¢|;—o = ¢"},
F). = %" ([0,T) x [0, 1]; (R)N) x (G ([0, T]; R?))? x {¢°}.

The operator L : Ep — Fp becomes

1
Lr(p) = (9t90+ 1,00 Dyips — Zm (93(t,y), 10) vo(y) |t0> ;

and the operator that encodes the non-linearities of the problem is N : ES — FY,

that maps ¢ into the triple (N4(7), N2(7),¥|t=o0) with
N {E‘% — O ([0, 7] x 0, 1;R?)

v = f(),
N2 {EOT — O ([0,7] x [0,1);R?)
p b( )
where the functions f(yp) := (02 ©,0%0,0,p) and b(yp) := b(D2p, D2, D) are

defined in (3.1) and in (3.13). The map K will be defined accordingly. We do not
here describe the details concerning the solvability of the linear system, as well as
the proof of the contraction property of K and we refer to [23, Section 3.4.1].

3.2. Parabolic Smoothing

When dealing with parabolic problems, it is natural to investigate the regularization
of the solutions of the flow. More precisely, we claim that the following holds.

Proposition 3.17. Let T > 0 and po = (¢4, ..., 0)) be an admissible initial para-
metrization (possibly) with endpoints of order one and (possibly) with junctions of
different orders m € N>o. Suppose that vic(o,1), ¢ = (0., ™) is a solution in
Er to the special flow in the time interval [0,T] with initial datum ¢o. Then the
solution  is smooth for positive times in the sense that

p € C™ (e, T] x [0,1]; (R*)™)
for every e € (0,T).
We give now a sketch of proof of this fact in the case of closed curves. Basically,
it is possible to prove the result in two different ways: with the so-called Angenent’s

parameter trick [4,5,11] or making use of the classical theory of linear parabolic
equations [51].

Sketch of the proof.. For the sake of notation let

4 3 2 2 2,12 2 3
Aty 3y (927, 027) +5<9m7\3x7| Lg% (037, 0,7)

Aly) = —2—=21 412
10,7]* 10.7]° 10,7 10,7|°
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_ 5% (%, 0:7)° . Ry
EXT 19,72
Then the motion equation reads 9,y = A(y). We consider the map
G: {(07 00) x Ep — C***(SL,R?) x C12([0,T] x §1;R?)
(A7) — (7|t:0 — Y0, Oy — )\A(’y))

We notice that if we take A = 1 and v = ¢ the solution of the special flow we
get G(1,¢) = 0. The Fréchet derivative 6G(1,¢)(0,-) : Er — C*o(S1;R?) x
C52([0,T] x SY;R?) is given by

2
6G(1,¢)(0,7) = <’Y|t:07 Oy + W%’Y + Fcp(’Y))

where F, is linear in v, where 02v,9%y and 9,7 appears and the coefficients are
depending of 0., 02¢, 03 and d4p. The computation to write in details the Fréchet
derivative is rather long and we do not write it here. Since the time derivative
appears only as Jyy and it is not present in A(7y), formally one can follow the
computations of Section 2.2.

It is possible to prove that 60G(1, ¢)(0, ) is an isomorphism. This is equivalent
to show that given any ¢ € C*T*S;R?) and f € CT:%([0,T] x S'; R?) the system

0y (ts ) + otaEOay(t ) + F(v) = f(t,2)
7(0,z) = ¥(x)
has a unique solution.
Then the implicit function theorem implies the existence of a neighbourhood
(14€,1—¢) C (0, 00), aneighbourhood U of ¢ in Ey and a function ® : (1+¢,1—¢) —
U with ®(1) =0 and

{AM7)e(l+el—e)xU:GA\vy)=0={(\,2N\): A€ (1+e1—¢)}.
Given A close to 1 consider

oa(t, ) == p(At, x),
where @, as before, is a solution to the special flow. This satisfies G(\, py) = 0.
Moreover by uniqueness ¢y = ®()\). Since ® is smooth, this shows that ) is a
smooth function of A with values in E,. This implies

t0ip = Ox(pa)a=1 € Er

from which we gain regularity in time of the solution .

Then using the fact that ¢ is a solution to the special flow and the structure
of the motion equation of the special flow it is possible to increase regularity also
in space.

We can then start a bootstrap to obtain that the solution is smooth for every
positive time.

Alternatively we can show inductively that there exists o € (0, 1) such that for
all k e Nand e € (0,7),

2k+

pE OFEE 2k 42+ ([e,T] x S} R?).
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44

The case k = 1 is true because p € C 1 4+« ([O,T} X Sl;Rz) by Theorem 3.14.

Now assume that the assertion holds true for some k € N and consider any
e € (0,7). Let n € C5° ((5,00); R) be a cut—off function with n = 1 on [¢,T]. By
assumption,

@€ O 2kt 2+ ([e,T] x S} R?),
and thus it is straightforward to check that the function g defined by
(t,x) — g(t, x) := n(t)p(t, )
2k+2+a

lies in C~ 4 -2k+2+a ([O, T) x St ]Rz). Moreover g satisfies a parabolic problem of
the following form: for all t € (0,7, x € S*:

atg(t7m) + maig(t7 CB) + f (890507 8%905 83697 agga agg) (tv CIZ) = W'(t)@(t»$)7
9(0,z) =0.

(3.15)

The lower order terms in the motion equation are given by

076, 0s 0;
(029,020,029, 029, 0%9) (1) = 12<‘(,“;M;”> o = 815% 5 (000,00)

2 12 20,0, 2 1
(51020 g (0, 0n0) y 02g.
|020]6 050|® |02/

g—38

The problem is linear in the components of g and in the highest order term of exactly
the same structure as the linear system (3.2) with time dependent coefficients in
the motion equation. The coefficients and the right hand side fulfil the regularity
requirements of [51, Theorem 4.9] in the case [ = 2(k+1) 424 . As 79 (0) = 0 for
all j € N, the initial value 0 satisfies the compatibility conditions of order 2(k+1)+2
with respect to the given right hand side. Thus [51, Theorem 4.9] yields that there
exists a unique solution to (3.15) g with the regularity

ge C2(k+14)1+2+a72(k+1)+2+o¢ ([O,T] % SI;RQ) .
This completes the induction as g = ¢ on [g,T. O

3.3. Short Time Existence and Uniqueness

We conclude this section by proving the local (in time) existence and uniqueness
result for the elastic flow.

As before, we give the proof of this theorem in the case of closed curves and
then we explain how to adapt it in all the other situations.

We remind that a solution of the elastic flow is unique if it is unique up to
reparametrizations.

Theorem 3.18. (Existence and uniqueness) Let Ny be an admissible initial network.
Then there exists a positive time T such that within the time interval [0,T] the
elastic flow of networks admits a unique solution N (t).

Proof. We write a proof for the case of the elastic flow of closed curves.
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Existence. Let vy be an admissible initial closed curve of class C*T<([0, 1]; R?).
Then g is also an admissible initial parametrization for the special flow. By The-
orem 3.14 there exists a solution of the special flow, that is also a solution of the
elastic flow.

Uniqueness. Consider a solution ; of the elastic flow. Then we can reparametrize
the ~; into a solution to the special flow using Proposition 2.16. Hence uniqueness
follows from Theorem 3.14. (]

We now explain how to prove ezistence of solution to the elastic flow of net-
works. Differently from the situation of closed curves, an admissible initial network
N admits a parametrization v = (v%,...,7") of class C4+([0, 1]; R?) that, in gen-
eral, is not an admissible initial parametrization in the sense of Definition 2.11.
However it is always possible to reparametrize each curve 4% by ¢ : [0,1] — [0, 1]
in such a way that ¢ = (¢!,..., ") with ¢ := 4% 0 ¢’ is an admissible initial
parametrization for the special flow. Then by the suitable modification of Theo-
rem 3.14 there exists a solution to the special flow, that is also a solution of the
elastic flow.

Thus all the difficulties lie is proving the existence of the reparametrizations
P

In all cases we look for ¢¢ : [0,1] — [0,1] with ¥%(0) = 0, ¥(1) = 1 and
Ozt (z) # 0 for every z € [0, 1]. We now list all possible further conditions a certain
1 has to fulfill at y = 0 or y = 1 in the different possible situations. It will then be
clear that such reparametrizations 1" exist.

e If v(y) is an endpoint of order one with Navier boundary conditions (namely
v(y) = P, k(y) = 0), then ¥ (y) needs to satisfy the following conditions:
Ox(y) = 1
: 2 —
o20(w) = - (20 1) = )

OY(y) =0
4 _ 1 Y (y) 9 (w) 32v(y) 2 2~(y) . 1
929(W) = ~ A <|amy>| o T 09 ey + 307 (W) e W(y)\> A R A2k

Indeed, with such a request, we have ¢(y) = (¢ (y)) = ~v(y) = P and
0zp(y) = Iy (Y () (00 (y))* + 0uy (¥ (y)) 030 (y)

(
_ 2 9:1y) %YW\ _ 192k () =

Moreover T'(y) = 0. Indeed
= o/ Ozely)  Fuply)
TG eso)
_ <8§7(y) +60;7(y)aly) +302v(y)a®(y) + 0y (1) 0z (y)  Oar(v) >

2N oW
0 R p— 27()
=2 s (y)‘4b(y) + 2| T <b(y)aw(y), aﬂ(y)|>
= ! L 1Y) 91() _
2I8w(y)\4b(y)+2\8w(y)!5b(y)<\8ﬂ() ‘8x7(y)]>|am’7(y)’ 0.
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e If 7(y) is an endpoint order one where clamped boundary conditions are im-
posed (y(y) = P, aﬂ(y)‘ = 7% with 7* a unit vector) we require v (y) to fulfill

[027(y)
0:9(Y) =

—_

PP(y) =0

PB(y) =0

Ipb(y) = b(y).

v(y) 3 (y) 2v(y)  _«\ gaiV(y)\aiV(y)F 4. 929(y)
with b(y) = <a T — S <|aﬂ<y>|2’ > 2 10w A5
2y(y) 35 2v(y) [ Py «\® _ u 9P(y)  0uv(y)
<|31’Y(y)|3’7— > % o)l <|3z’Y(y)|2’ > AW Pty ) S0 that
e(y) = W) = 1(y) = P, du0(y) = 07 ((y))02(y) = ( w(y))(@) =
7*, and T(y) = 0.
e Suppose instead that vP(y;) = -+ = AP (y,,) is a multipoint of order m

with natural boundary conditions. Then each curve is paramatrized by 7" €
C*([0, 1]; R?) and the network N satisfies the conditions (ii), (iv) and (v) of
Definition 2.5.
The non-degeneracy condition is satisfied because of (iv).
By requiring
03P (i) = aP (i)

Pifa)) e _  0a¥"i(yi) 03" (yi) > PSR
where aPi(y;) = <‘aﬂpi Wl 0P (g all the conditions imposed by the
system are satisfied. We have to choose 921Pi(y;) in a manner that implies the
fourth order compatibility condition

VI (y)vl (y1) +TZI (y1)75 (y1) =
= V2 W )V2 (Ym) + T U ) T2 (Yom ), (3.16)

where the subscript ¢ we mean that all the quantities in (3.16) are computed
with respect on the parametrization pPi := 4P 0¢)P. Notice that the geometric
quantities V', v and 7 are invariant under reparametrization, they coincide for
©Pi and vP* and so from now on we omit the subscript. Condition iv) allows us
to consider two consecutive unit normal vectors v (y;) and vP*(y;) such that
span{vP(y;), vP*(y)} = R2. Then, by condition (v), for every j € {1,...,m},
j # i, j #k we have

sin 0'VPi (y;) + sin 0F VP (yy,) + sin ¢/ VP (y;) = 0, (3.17)

where 0 is the angle between vP*(y;) and vPi(y;), 0% between vPi(y;) and
vPi(y;) and 67 between vPi(y;), and vP*(y;) and at most one between sin 6
and sin 0¥ is equal to zero. Consider first every curve 4?7/ with j € {1,...,m},
j # 1, j # k for which both sin#® and sin #* are different from zero, then the
conditions




94 C. Mantegazza et al. Vol. 89 (2021)

l(yl) cos OFVPE (yy,) — cos 0V P (y;)
sin Q5T o (Yr) = cos 07V (y;) — cos 0" VPi (y;)
sin HJTPJ (y;) = cos 0 VPi(y;) — cos OFVPx (yy) (3.18)
combined together with (3.17) imply (3.16) (see [38] for details). Instead for
all the curves 4% with j € {1,...,m}, j # i, j # k for which, for example,
sin#* = 0 it is possible to prove (see again [38]) that
sin 0" VPE (y,) + sin 09VP (y;) = 0
sin GkTii(yi) = VPi(y;) — cos 0FVPi(y;)
sin Qijk( k) = VPi(y;) — cos 7V Px (y,)
sin 0T (yj) = cos 0FVPi (y;) — VPi(y;) (3.19)
yielding (3.16). One can show that for every ¢ € {1,...,m}, imposing such
requirements (i.e., either (3.17), (3.18) or (3.19)) implies that 9XyPi(y;) is
uniquely determined.

e Also the case of a multipoint with clamped boundary conditions can be treated
following the arguments of the just considered cases of natural boundary con-

. y=— ]
sin 0*T

ditions.
To summarise, for every i € {1,..., N} we must prove the existence of 1* :
[0,1] — [0, 1] with 9,4 (x) # 0 for every x € [0, 1] satisfying
'(0) =0 Y1) =1
9'(0) = c1 O (1) = s
029%(0) = ¢z and 029 (1) = c5 (3.20)
951" (0) =0 Gy'(1) =0
95 (0) = c3 9 (1) = co

with ¢1, 2, c3 and ¢y, 5, cg depending on the type of the endpoint v¢(0) and ~v%(1).
The 3" can be (roughly) constructed by choosing ¢ to be, near the points 0 and
1, the respective fourth Taylor polynomial that is determined by the values of the
derivatives appearing in (3.20). Then one connects the two polynomial graphs by a
suitable increasing smooth function.

To get uniqueness when we let evolve an open curve or a network, one has to
use Proposition 2.16. We refer to [15,23,38,52] for a complete proof.

Remark 3.19. The previous theorem gives a solution of class C 5 4T ([0,T] x
[0,1]; R?) whenever the initial datum is of class C***([0,1];R?) and satisfies all
the conditions listed in Definition 2.5. We can remove the fourth order condi-
tions (iii)—(iv) setting the problem in Sobolev spaces, with the initial datum in
W44/ ([0, 1]; R?) with p € (5,00). Even in this lower regularity class it is possible
to prove uniqueness of solutions (see [22]), but we pay in regularity of the solution,
that is merely in W2 ((0,T); L ((0,1); R?)) N L ((0,T); W*? ((0,1); R?)).
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With the strategy we presented in this paper it is possible to get a smooth
solution in [0, 7] if in addition the initial datum admits a smooth parametrization
and satisfies the compatibility conditions of any order (for a complete proof of this
result we refer to [15]). Since the solution of class C 5" 4+ is unique, a fortiori the
smooth solution is unique. Although a smooth solution is desiderable, asking for

compatibility conditions of any order is a very strong request.

4. Long Time Existence

Definition 4.1. A time-dependent family of networks N; parametrized by v =
(7Y, ...,¥Y) is a maximal solution to the elastic flow with initial datum Nj in
[0,7) if it is a solution in the sense of Definition 2.3 in (0,7] for all T < T,
v € C=([e,T) x [0,1]; (R*)V) for all ¢ > 0 and if there does not exist a smooth

solution N; in (0,7] with 7 > T and such that ' = A in (0, 7).

If T'= oo in the above definition, T >Tis supposed to mean T = co. The
maximal time interval of existence of a solution to the elastic flow will be denoted
by [0, Tmax), for Tmax € (0, +00].

Notice that the existence of a maximal solution is granted by Theorem 3.14,
Theorem 3.18 and Proposition 3.17.

4.1. Evolution of Geometric Quantities
In this section we use the following version of the Gagliardo—Nirenberg Inequality
which follows from [39, Theorem 1] and a scaling argument.

Let 1 be a smooth regular curve in R? with finite length ¢ and let u be a smooth
function defined on 7. Then for every 7 > 1, p € [2,00] and n € {0,...,5 — 1} we
have the estimates

- , . Bnj
0% ullzr < CogpllOZul T2 llull 2 + =57 lull 2

where
n+1/2—1/p
J

and the constants 6n,j,p and B,, ; , are independent of 7. In particular, if p = +o0,

n+1/2

o7 ul e < Cuglodulfalluls” + Do
We notice that in the case of a time-dependent family of curves with length
equibounded from below by some positive value, the Gagliardo—Nirenberg inequality
holds with uniform constants.
By the monotonicity of the elastic energy along the flow (Section 2.5), the
following result holds.

lul| - with o= (4.1)

Corollary 4.2. Let N; = vazl vi be a mazimal solution to the elastic flow with initial
datum Ny in the mazimal time interval [0, Tmax) and let €, (Ny) be the elastic energy
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of the initial datum. Then for allt € (0, Tiax) it holds

kH2ds < / k|2 ds < E.(Np). (4.2)
_ v,

Vi

Now we consider the evolution in time of the length of the curves of the network.

Lemma 4.3. Let N; = Ufil vi be a mazimal solution to the elastic flow in the maz-
imal time interval [0, Tax) with initial datum Ny and let €,(No) be the elastic
energy of the initial datum. Let p*, ..., puN > 0 and p* := min;—y_n p'. Then for
all t € (0, Tmax) it holds

) < LIND < -8, (NG). (4.3)

Furthermore if Ny is composed of a time dependent family of closed curves -y, then

for all t € (0, Tynax)

472
U(ve) = &) (4.4)

Suppose instead that v is a time dependent family of curves subjected either to
Navier boundary conditions or to clamped boundary conditions with ~(t,0) = P and
v(t, 1) = Q for every t € [0, Tinax). Then for all t € (0, Tiax)

2
()2 P=QI>0ifP#Q and l(y)> o+ — >0ifP=Q. (45)
Eu(0)
Proof. Formula (4.3) is a direct consequence of Proposition 2.20. Suppose ~v; is a
one-parameter family of single closed curves. Then by Gauss-Bonnet theorem we
have

1/2 1/2 1/2
on < [ |k|ds < < k\2d3> (/ lds) — )2 < \k\2ds> (4.6)
Tt Yt Tt Tt

that combined with (4.2) gives (4.4). Clearly if ~; is composed of a curve with fixed
endpoints v(¢,0) = P and v(t,1) = Q with P # Q, then ¢(v;) > |P — Q| > 0. Sup-
pose now that P = ). Then by a generalization of the Gauss—Bonnet Theorem (see
[16, Corollary A.2]) to not necessarily embedded curves with coinciding endpoints
it holds f% |k| ds > 7 and so repeating the chain of inequalities (4.6) one gets (4.5).
O

Remark 4.4. In many situations it seems not possible to generalize the above com-
putations in the case of networks to control the lengths of the curves neither individ-
ually nor globally. At the moment there are no explicit examples of networks whose
curves disappear during the evolution, but we believe in this possible scenario.

Consider for example a sequence of networks composed of three curves that
meet only at their endpoints in two triple junctions. In particular, suppose that the
networks is composed of two arcs of circle of radius 1 and length € that meet with a
segment (of length 2sin § ~ ) with angles of amplitude 5. The energy (with p* =1
for any i) of this network is £,(N:) = 4¢ + 2sin § and it converges to zero when
e — 0.
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FIGURE 1 A numerical example of a shrinking network. The weighs
pt are all equal to 0.2.

FIGURE 2 A numerical example of a disappearance of one curve. The
weighs p' are all equal to 2.

A similar behavior has been shown by Niirnberg in the following numerical
examples based on the methods developed in [8] (see [38, Section 5.5] for more
details). The initial datum is the standard double bubble (Fig. 1).

First the symmetric double bubble expand and then it starts flattening. The
length of all the curves becomes smaller and smaller and the same happen to the
amplitude of the angles. The simulation suggest that the networks shrink to a point
in finite time.

There is another example in which only the length of one curve goes to zero
and the network composed of three curve becomes a “figure eight” (Fig. 2).

Remark 4.5. If some of the weights p’ of the definition of the elastic flow are equal
to zero, then the L2-norm of the curvature remains bounded, but the lengths of the
network can go to infinity. However, during the flow of either a single closed curve or
a curve with Navier boundary conditions, the length of the curve can go to infinity,
but not in finite time. Suppose p = 0, in this case we call the functional &. It holds

d d
—(y,) = / lds= [ 0,T —kVds="T(1)—T(0)+ / 2k0%k + k* ds
dt dt Yt Yt Yt

:/ —2|0.k|? + k*ds + k(1)0.k(1) — k(0)dsk(0)

:/ —2[0sk|* + k* ds,
t

Gagliardo—Nirenberg inequality gives
~ 1 3 B 3 1 1
Iklla < CllosklZ 1Rl + TllFlle < cllk]; (H@skllé + HMIS)

3 1
< 2ic|k||d (|0skll2 + k)27,
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where ¢ = max {6, B/ﬁ}. Thanks to (4.4) and (4.5), we know that ¢ is uniformly
bounded from below away from zero and thus that constants are independent of the
length. Also, as [|k|l2 < C(&y(70)), using Young inequality we obtain

1k[I3 < ClIKIS (10s5kll2 + [[Ell2) < eCll0sk]3 + C(Eo(r0),€)-

By taking € small enough we then conclude

GO0 < [ 20kP 1+ ktds < [ ok ds + C(Ealan))
Tt vt

thus in both cases 4¢(v,) < C(Ey(70)) and hence the length grows at most linearly.

Unfortunately in the case of clamped curves we are not able to reproduce the
same computation because we cannot get rid of the boundary terms k(1)0sk(1) and
k(0)0sk(0). However we are not aware of examples in which the length of a clamped
curve subjected to the L?-gradient flow of & blows up in finite time.

Lemma 4.6. Let v : [0,1] — R? be a smooth reqular curve. Then the following
estimates hold:

| A (s < ez *2KIEs + O 0 (k1 + ).

[ s (015 < 07 kIR + Ces ) (I + CIRIE ), (a1
Y

for any € > 0.

Proof. Every monomial of p%jiﬁ (k) is of the form C Hj+1 (oL )al with oy € N and
S (I +1) = 2 4 6. We define J := {l € {0,...,j + 1} : a; # 0} and for every
l € J we set

2546
(l + 1)0&[
We observe that ZZEJ é = 1 and qf; > 2 for every [ € J. Thus the Holder
inequality implies

/H @ k) ds < ] (/\alkyazﬂl ds) — CTTI0kI% s
A

leJ leJ leJ

B =

Applying the Gagliardo—Nirenberg inequality for every | € J yields for every i €
{1,...,j+1}

/ 42,0 Bijaup
|00 00 < Crgann |07 2R NI + G55 Il 22

where for all [ € J the coefficient oy is given by

[ +1/2 —1/(cup)
j+2 ’

[
We may choose

B .
C' = max {C,,j,alﬁ,, ﬁ(vl)]“% e J} :
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Since the polynomial p2 +6 (k) consists of finitely many monomials of the above
type, we can write

/H\al @t ds < € [T 10K o

YieJ leJ
< CHHk,H(l o1)ag |aj+2k||L2 + ||k7HL2)Ulal
leJ
1—0o oo
= Cllklz 7 (10772 k] 2 + k] 2) e 7
Moreover we have
1
ZO’ZOJZ < 72 <2
leJ + 2)

Applying Young’s inequality with p := ﬁ and q := % we obtain

222165(1 o)y
/ TTiothiesds < Sblys == <0 (102Kl 2 + Ihll=) s
YieJ
where

ZZGJ( — o) _
— Lies o1u
As C depends only on j and the length of the curve, we get choosing ¢ small enough

j 2 2(25+5
| el 09 s < < (1022l + k1) + SR

= 2(2j +5).

To conclude it is enough to take choose a suitable ¢ > 0. The second inequality
in (4.7) can be proved in the very same way. O

Lemma 4.7. Let v : [0,1] — R? be a smooth regular curve. Suppose that v has a
fized endpoint of order one vy(y) with y € {0,1}. Then the following estimates hold:

03515 (0) ()] < 20772h13 + Cle, €0) (IR + 1172,

j j 2j+3)3
P < <0242k, + (e, b)) (IRIE + CIRIE), (4)
for any e > 0.
Proof. The term ]p%j#( )(y)| can be controlled by a sum of terms like C HJJrl 0Lk T

with ZJH(Z +1)ay = 2j +5. Then, for every I € {0,...,7+ 1} we use interpolation
inequalities with p = 400 to obtain

108kl e < Co (1072 kI RN + 1l 2 )

with oy l+1/2 . Thus

J+1 Jj+1 -
[T1Mkl5t < € TT (10721 o + 11Kl o) ™" 1] 57
= =0

j itls J .
C (102Kl o + 1] o) =0 71 ([ oo

IN
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with
o o z+1/2 245125
S o= Sl |
= Jj+2

- 2]+5—1/QZJ o au(l+1)/(+2)
- j+2
2j4+5—1-1/2(j +2) 1

j+2 2(j +2)?

Then by Young inequality,

. itl oo It 1 _ o) : 2 *
(107 2k o + [1Kl| 2 ) =0 7 kl=0 o0 < o (1|05 2k o + 1Kl 2)” + ClK]%

— ZZl 0(1 Ul)al
2-300-
€ > 0 small enough, we get the desured estlmate

Similarly p%;j:s(k)(y) can be controlled by a sum of terms like C' [/, ara|rol |7k

with ZJH(Z + 1)ay = 25 + 3. We can repeat the same proof. Also in this case

{:O ooy < 2: indeed

and the last exponent a* is equal to 2(2j 4+ 5). Choosing a value

& 2j+3-1/2511 @
3" o1 = |
Jj+2
2j+3—1/2305 au(l+1)/(j +2)
B j+2
:2j+3+1—1——§;.ﬁ:2_ 1 2543 —y
j+2 j+2 2(j+2)2 '

. 2
This time we get that the exponent a* € (%,@) We have a* =
(G+3) (1) a)—2j-3

1+ Z]+1

that 2 < ZJH oy < 25 + 3. Then a* < G+ )(2]+3) (j+8) (ZHS)Q. Moreover

. Because of the properties of the polynomial p;;i?)(k:) we have

Z]+1
a* 20+3)-2-3 _ Now that we have ensured that a* is bounded from below
1+3(25+3) ]+5
away from zero we can conclude that the desired estimate hold true. U

Lemma 4.8. Let «y; be a maximal solution in [0, Tyax) to the elastic flow of a curve
with Navier boundary conditions. The for all t € [0, Tiax) and for alln € N

0%k (t,0) = 0?"k(t,1) = 0.

Proof. We prove the result by induction. Since we required Navier boundary con-

ditions, apart from the fixed endpoints (¢,0) = P and «(t,1) = @, we also have

k(0) = k(1) = 0. Differentiating in time the first condition we get for y € {0,1}
0=0(t,y) =Vt y)vt,y) + T, y)7(t,y)
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that implies T'(t,y) = 0 and 92k(t,y) = 0, and this gives the first step of the
induction. Let n € N and suppose that 92"k(0) = 92"k(1) = 0 holds for any natural
number m < n. Then making use of (2.30) we have
0= 802" Vk(t,y) = =202V k(t,y) — 5k202"k(t,y) + ud*"k(t,y) — TO* ‘k(t,y)
+pansa (k) (6 y) + updi i (k) (¢ y) = =207 Dkt y),

where we use the induction hypothesis, T'(¢,y) = 0 and the fact that each monomial

of p313(k), upsr 3 (k) contains at least one term of the form 92"k. O

Lemma 4.9. Let v, be a mazimal solution in [0, Tyax) to the elastic flow of a curve
with clamped boundary conditions. The for all t € [0, Tinax), y € {0,1} and n € N

0 h(t,y) = pin s (B) (8, y) + upin o (B)(E y), (49)
0"k (t y) = v fa(R) (6 y) + e 1o (R)(ty). (4.10)

Proof. Consider first the fixed endpoints condition ~(¢,0) = P and ~(t,1) = Q.
Differentiating in time we have, for y € {0,1}

0=0n(ty) =V(t.yv(ty) +T(ty)r(t y)
Since both normal and tangential velocity have to be zero, we get T'(¢t,y) = 0 and

%k(t,y) = Lk(t,y) — 3k3(t,y): the case n = 0 of (4.9) holds true. Fix a certain
n € N, suppose that (4.9) is true for any natural number m < n. Then

0 =8 (05" 2k (t, y) + pinsa(k(t,v) + ppinq (k(t,y))
= —201"Ok(t, y) — T(t, )0 " 2kt y) + pinls (k(t,v) + ppinta(k(t,y))
+ pian i3 (k(t, ) + Tt y)pania(k(t, ) + upints(k(t,y)) + uT(ty)pants(k(t,y)
= =201 Ok(t, y) + pants (k(t,v) + ppints(k(t,v).

We prove also (4.10) by induction. We consider the clamped boundary condition
7(t,0) = 79 and 7(¢,1) = 71. In this case differentiating in time we obtain

0=0i7(t,y) = (O:V(t,y) + T(t, y)k(t,y))v(t,y),

that implies 0 = 9,V (t,y) = 202k(t, y)+3k?(t,y)0sk(t, y)+udsk(t,y). The induction
step follows as in the previous situation. O

Remark 4.10. It is not possible to generalize (4.9) and (4.10) to 97k = pI'75 (k) +
pp~3(k), where n € N is arbitrary. Indeed we do not have any particular request

on k and 0sk at the boundary, we cannot produce the step n = 0 of the induction.

Lemma 4.11. Let v be a maximal solution to the elastic flow either of closed curves
or of an open curve subjected to Navier boundary conditions with initial datum
in the mazimal time interval [0, Tynax). Let €,(y0) be the elastic energy of the initial
curve yo. Then for allt € (0, Tmax) and j € N, j > 1 it holds

d 1

7 | 3100k ds < C(, €u(n0))- (4.11)
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Proof. Using (2.30) we obtain

d

/ LoikPds = [ 078007k + 103K (0.T — kV) ds
dt 5 >

- / Ok {—2ag+4k — 5K200 2k + 0 2k + pl L (k) + ppd s (k) + Tﬁg“k} ds
Vt
1
+/ §\agk|2(asT— EV)ds. (4.12)
VTt
We begin by considering the terms involving the tangential velocity: we have
[ Tomkaz e 0T (0IbR ds = 5 (T D@2k )P ~ T, 0)(@k(1.0)?) = .
Tt

(4.13)

since for a closed curve T(t,1)(87k(t,1))? = T(t,0)(02k(t,0))? and in the case of
Navier boundary conditions T'(t,1) = T'(¢t,0) = 0.

Integrating twice by parts the term [ —207kd7*k ds and once [ pd?kdi 2k —
5k207k0I 2k ds we have

d
dt

Also in the case of open curves with Navier boundary conditions there is no boundary
contribution thanks to Lemma 4.8. Combing (4.14) together with (4.7) one has

LIk ds = / 2009 2h[2 — O + pht L (k) + iy (F) ds. (4.14)

d , A
\89k|2ds < /—yag+2k2 ~ gtk as
dt 2
+C k3% + CllklIZ < C(GLEu(0)),  (415)
where in the last inequality we used (4.2). O

The case of clamped boundary conditions is more tricky.

Lemma 4.12. Let v be a maximal solution to the elastic flow subjected to clamped
boundary conditions with initial datum ~o in the maximal time interval [0, Tynax)-
Let £,(v0) be the elastic energy of the initial curve vy. Then for all t € (0, Tiax)
andn € N, n >0 it holds

d

o !34”k\2 s < C(n, Eu(10))-

Proof. Consider the equality (4.12). As in the case of Navier boundary condi-
tions, also in the case of clamped boundary conditions T'(¢,1) = T'(t,0) = 0 and
thus we have (4.13). Then integrating by parts the terms [ —287kd7T*kds and
[ udIkdI T2k — 5k207k0IT2k ds appearing in (4.12) we obtain

d

5 [ 1ok s = [ 21022 — g K +wdtLy (0)+ vy () s

—200k0I T3k + 209 k0T 2k 4+ p0? k0T ke — 5207 k0IT K .
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- / 222 — O R + p L (k) + iy () ds
1

— 200k0I3k + 200 k0T 2k + phEL (B) + ppd il (R)

Suppose j = 4n with n € N. Then, using (4.9) and (4.10)
agkag—FBk — a4nka4n+3k — a4nkpizi}1( )+ Ma4nkpizié( )
= P%j#( ) + Np%ﬁ:&( )
a]+1ka]+2k _ a4n+1k84n+2k _ 84n+1kp n+3( )+M84n+1kp4n+1(k)

= P%;i%( )+ Mpéﬁg( )-

So, for j = 4n with n € N, combing (4.14) together with (4.7) and (4.8) one has
d

L Ky 2(2j+5)
J < 13 t+t21.2 _ Pig9i+11.2 J
G [ plemkizas < [ =S joru? - By a2 as + i

+ ORI 1 O k|22
< C(j, £4(70))-
]

We pass now to networks. In the case of clamped boundary conditions, apart
from the monotonicity of the energy, geometric estimates on the derivative of the
curvature are not know (see also Section 6).

To describe the results contained in [14,22] for networks with junctions sub-
jected to natural boundary conditions we need a preliminary definition.

Definition 4.13. We say that at a junction of order m € N>, the uniform non-
degeneracy condition is satisfied if there exists p > 0 such that

e e, (el 2o 10

where with o we denote the angles between two consecutive tangent vectors of the
curves concurring at the junction.

Then [22, Proposition 6.15] reads as follow:

Lemma 4.14. Let N(t) be a mazimal solution to the elastic flow with initial datum
Ny in the mazimal time interval [0, Tynax) and let E,(Ny) be the elastic energy of
the initial network. Suppose that at all the junctions (of any order m € Nxy) we
impose natural boundary conditions, for t € (0, Tymax) the lengths of all the curves
of the network N (t) are uniformly bounded away from zero and that the uniform
non—degeneracy condition is satisfied. Then for all t € (0, Tynax) it holds

d

il |02k|° ds < C(E,(N)). (4.17)

This lemma is proved in the case of network with triple junctions, but with an
accurate inspection of the proof one notices that it can be adapted to junctions of
any order m € Nx,. The structure of the proof of [22, Proposition 6.15] is the same of
Lemma 4.11 and Lemma 4.12. The main difference is the treatment of the boundary
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terms, which is more intricate. The uniform bound from below on the length of each
curve is needed in Lemma 4.6 and Lemma 4.7, that are both used in the proof. The
uniform non-degeneracy conditions allows us to express the tangential velocity at
the boundary in function of the normal velocity (see Remark 2.9). As in Lemma 4.11
and Lemma 4.12, in [22, Proposition 6.15] the tangential velocity is arbitrary.

To generalize [22, Proposition 6.15] from 92k to 02*%k with j € N we must
also require that the tangential velocity in the interior of the curves is a linear
interpolation between the tangential velocity at the junction (given in terms of the
normal velocity) and zero (for further details we refer the reader to [14]).

4.2. Long Time Existence
Theorem 4.15. (Global Existence) Let i > 0 and let

v € CHFEAH([0, Thnas) % [0,11)) 1 O ([e, Tonase) % [0,1])

be a maximal solution to the elastic flow of a single curve (either closed, or with
fized endpoints in R?) in the maximal time interval [0, Tynax) with admissible initial
datum o € C*([0,1]). Then Tmax = +o00. In other words, the solution evists
globally in time.

Proof. Suppose by contradiction that T, is finite. In the whole time interval
[0, Timax) the length of the curves 7; is uniformly bounded from above and from
below away from zero and the L?-norm of the curvature is uniformly bounded.

If the curve is closed or subjected to Navier boundary conditions, then (4.11)
tells us that for every t1,ty € (¢, Tmax), t1 < t2

/

The estimate implies dJk € L ((5,Tmax);L2). Instead in the case of clamped
boundary condition we get

/

because Lemma 4.12 holds true only when j is a multiple of 4. Again this estimate
gives O3k € L™ ((g,Twmax); L?). Using Gagliardo—Nirenberg inequality for all ¢ €
[0, Timax) we get

105k(8) |22 < Crllgk D72 lk(t)] 127 + Call k()22 < C(Eu(r0)),

182k() ][22 < CLllask 1=k + Callk(®)]| 12 < C(Eu(70)),

102kl < Crll k@)1 lIk (@) 127 + Callk(®)] 2 < C(Eu(r0)),

|07 k| ds —/ 107k>ds < CEL(v0) (t2 — t1) < CEL(Y0) (Timax — €) -
8t

t2 ty

0K ds — / 01K ds < CE(70) (t2 — t1) < CEu(10) (Tomax — )
Yt

ta 1

with constants independent on ¢.
Hence in all cases (closed curves, either Navier of clamped boundary condi-
tions), since 7 € L™ ((€, Tmax); L°°), by interpolation we obtain

k, 05k, 0%k € L™ ((¢, Tmax); L™) .
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Putting this observation together with the formulas
Kk = kv,
sk = Oskv — k>,
02k = (02k — K*)v — 3kOskr,
D3k = (0%k — 6k?0.k)v — (4k0?k + 30,k%)T,
we get k, 05k, 02k € L™ ((e, Tyax); L) and 03k € L™ ((e, Tnax); L?). We also get
(@) " € L% (e, Tmax); L>).

We reparametrize v(t) into 4(t) with the property |0,75(t, z)| = £(7(t)) for every
€ [0,1] and for all ¢ € [0, Tinax). This choice in particular implies

0<e< sup |0:7(t,z)| < C < 0.
t€[0, Tmax),2€[0,1]

We make use of the relations

_ O3(t,x) w(t oy = 01t @)
Kk(t,z) = TETOER Oski(t,x) = e
2 o) = 8;1:}/(75,.1?) 5t ) 82’?(15,;3)
TR n) = GGy D =G0y
to get
[0z3(t 2)* . .
/0 IGOP / bl ds = /%ikﬂ ds < u(70);
and

1025(t, )| 312
/0 G dz = /% 07| ds < C(Eu(70))-
These estimates allows us to conclude that 027,037,047 €  L*®
((&, Trax); L*°((0,1))) and 925 € L= ((5,Tmax);L2((0,1))). Moreover (9;7)% =
(Dey)t € L% ((, Timax); L*°((0,1))) implies 7 € L ((e, Tmax); L°°((0,1))). Then
there exists Yoo (+) limit as ¢t — Tinax of F(¢, ) together with the limit of its deriva-
tives till 5-th order.
The curve v, is an admissible initial curve, indeed it belongs to C4T<(]0,1])
and in the case fixed endpoint are present, by continuity of k¥ and 9%k it holds

20%k00 (0) + k2 (0) — pkoo (0) = 202k (1) + k2 (1) — koo (1) = 0.

Then there exists an elastic flow 7 € o ’4+°‘([Tmax, Tnax + 0] % [0,1])) with initial
datum 7. in the time interval [Tiax, Tmax + 0] with § > 0. We reparametrize 7 in 4
with the property [0,5(t, )| = £(5(t)) for every x € [0,1] and ¢ € [Timax, Tmax + 0]
Then for every x € [0, 1]

t/hTrgax’V(t T) = Yoo(x) = t\hgnlaxv(t )

and also for j € {1,2,3,4,5}

J J — J
m 9,5t 7) = Opyeo(w) = lim  95(t, ).
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Then
t/hTIEax 9t 2) = t\hTIEax %3t 2).

Thus we can define
7 fort € [0, Tmax)

: O,Tmax+5 RQ’ t’ 0’1 =
g [ ] — g( [ ]) {ﬁ/ fOr t c [Tmax;Tl’naX +5:|

solution of the elastic flow in [0, Tiyax + 0]. This contradicts the maximality of ~.
|

Remark 4.16. In the case of the elastic flow either of closed curve or of curves with
Navier boundary conditions with the help of Remark 4.5 it is possible to generalize
the above result to the case p > 0 (see [21,46]).

Remark 4.17. In Lemma 4.11 and Lemma 4.12 we derive estimates for every deriva-
tive of k. The above proof shows that it is enough to get the estimate of Lemma 4.11
for j =1,2,3 and of Lemma 4.12 for n = 1.

At the moment for general networks we are able to get the following partial
result:

Theorem 4.18. (Long time behavior, [14,22]) Let Ny be a geometrically admissible
initial network. Suppose that (N(t)) is a mazimal solution to the elastic flow with
initial datum Ny in the mazimal time interval [0, Tmax) with Thax € (0,00) U {o0}.
Suppose that at each junction we impose Navier boundary conditions. Then

Tmax = +0o0,

or at least one of the following happens:

(i) the inferior limit as t /" Twmax of the length of at least one curve of N(t) is
zero;

(ii) at one of the junctions it occurs that liminf, ~7, . max; {|sina’(¢)|} = 0, where
a'(t) are the angles formed by the unit tangent vectors of the curves concurring
at a junction.

5. Asymptotic Behavior

In this section we collect results on the asymptotic convergence of the elastic flow,
that is, we analyze the possibility that the solutions have a limit as times goes to
400 and such limit is an elastica, i.e., a critical point of the energy. The first step
in this direction is the proof of the subconvergence of the flow, that consists in the
fact that the solution converges to an elastica along an increasing sequence of times,
up to reparametrization and translation in the ambient space. We present such a
result for the flow of closed curves and for a single curve with Navier or clamped
boundary conditions.

Proposition 5.1. (Subconvergence) Let > 0 and let y; be a solution of the elastic
flow of closed curves in [0,+00) with initial datum ~o. Then, up to subsequences,
reparametrization, and translations, the curve v, converges to an elastica ast — 0o.
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Proof. We remind that thanks to (4.2) and (4.4) for every t € [0,+00) the length
£(y¢) is uniformly bounded from above and from below away from zero by constants
that depends only on the energy of the initial datum &,(y) and on p. We can
rewrite inequality (4.15) as

d 1

G| ek [ jorkas < C(Eun))
v(t) v(®)
Using interpolation inequalities (with constants ci, ca independent of time) for every

J € N we get

d .
— \8§k}|2ds+/
dt Joy1) (

~y(t

07k ds < d/ 072 ds
) dt Jy)

+cl/ ]8§+2k\2ds+02/ k| ds
v(t) v(1)
< C(€u(10))-

By comparison we obtain
/ 07k ds < / DK% ds + C(En(70))- (5.1)
v(t) Yo

Hence by Sobolev embedding we get that ||07k|| .« is uniformly bounded in time, for
any j € N. By Ascoli-Arzeld Theorem, up to subsequences and reparametrizations,
there exists the limit lim; .., 87k;, =: &k, uniformly on [0, 1], for some sequence
of times t; — +oo. Thus, for a suitable choice of a sequence of points p; € R?
such that ~y(t;,0) — py, is the origin O of R?, the sequence of curves v(t;,-) — p;
converges (up to reparametrizations) smoothly to a limit curve v, with v(0) = O
and 0 < ¢ < /(7s) < C < 0.

It remains to show that the limit curve is a stationary point for the energy &,,.
Let V=0t = —2(04)%k—|k|?k+puk and v(t) := fy(t) |V |2 ds. By Proposition 2.20
we know that 0, E(v(t,-)) = —v(t), thus

[ a = 660, - i Eur(e.) < En) 5.2
and then v € L*(0,00). By (5.1) we can estimate
10w(t)] < C(1s70)-

Therefore v(t) — 0 as t — +o0o and then the limit curve is a critical point. 0

Notice that in the previous proof we cannot hope for a (uniform in time) bound
on the supremum norm of ~ itself. In fact all the parabolic estimates are obtained
on the curvature vector of the evolving curve. This means that we are not yet able
to exclude that the flow leaves any compact set as ¢t — oo.

Proposition 5.2. (Subconvergence) Let pn > 0 and let (¢ be a solution in [0,400)
of the elastic flow of open curves subjected either to Navier or clamped boundary
conditions. Then, up to subsequences and reparametrization, the curve v converges
to an elastica as t — oo.
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Proof. Whatever boundary condition we consider the length of +; is bounded from
above by (4.3) and from below away from zero by (4.5). Furthermore, since the
endpoints are fixed, the evolving curve will remain in a ball of center v(¢,0) = P
and radius 2€,(7y0) and so for every ¢ € [0, Tinax) it holds sup,cp 1) [7(t,2)| < C
with C' independent of time.

Consider the case of Navier boundary conditions: as in the proof of Proposi-
tion 5.1 we obtain that ||07k||;~ is uniformly bounded in time, for every j € N.
In the clamped case instead we have that 87k € L?(0,00); L>°) only when j is a
multiple of 4. However, by interpolation, we get that ||0?k|| .~ is uniformly bounded
in time, for every j € N. Therefore, up to subsequences and reparametrization, the
curves (t;,-) converges smoothly to a limit curve v, for some sequence of times
t; — 400. One can show that v, is a critical point exactly as in Proposition 5.1.

O

By the same methods, it is also possible to prove the following subconvergence
result.

Proposition 5.3. ([14]) Let Ny be a geometrically admissible initial network com-
posed of three curves that meet at a triple junction. Suppose that N; is a mazimal so-
lution to the elastic flow with initial datum Ny in the mazimal time interval [0, +00).
Suppose that along the flow the length of the three curves is uniformly bounded from
below, at the junction Navier boundary condition is imposed and the uniform non—
degeneracy conditions is fulfilled. Then it is possible to find a sequence of time
t; — 00, such that the networks N, converge, after an appropriate reparametriza-
tion, to a critical point for the energy &,, with Navier boundary conditions.

From now on we restrict ourselves to the case of closed curves and we want to
improve the subconvergence result of Proposition 5.1 into full convergence of the
flow. More precisely, we want to prove that the solution of the elastic flow of closed
curves admits a full limit as time increases and such a limit is a critical point.

Recall that when we say that « : [0, 1] — R? is a smooth closed curve, periodic
conditions at the endpoints are understood. More precisely, it holds that 9%v(0) =
Ok~(1) for any k € N. Therefore we can write that a closed smooth curve is just
a smooth immersion 7 : S' — R? of the unit circle S' ~ [0,27]/~. In this section
we shall adopt this notation as a shortcut for recalling that periodic boundary
conditions are assumed. Moreover, for sake of simplicity, we assume that the constant
weight on the length in the functional £, is = 1 and we write £.

Now we can state the result about the full convergence of the flow.

Theorem 5.4. (Full convergence [35,47]) Let v : [0,4+00) x S' — R? be the smooth
solution of the elastic flow with initial datum v(0,-) = vo(+), that is a smooth closed
curve.

Then there ezists a smooth critical point Yoo of € such that y(t,-) — Yoo(+) in
C™(SY) for any m € N, up to reparametrization. In particular, the support v(t,Sh)
stays in a compact set of R? for any time.

Let us remark again that sub-convergence of a flow is a consequence of the
parabolic estimates that one can prove. However this fact is not sufficient for prov-
ing the existence of a full limit as ¢t — +oo of (¢,-) in any reasonable notion of
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convergence. We observe that sub-convergence does not even prevent from the pos-
sibility that for different sequences of times ¢;,7; /' 400 and points pj,q; € R?,
the curves 7(t;,-) — p; and ~(7j,-) — ¢; converge to different critical points. The
sub-convergence clearly does not imply that the flow remains in a compact set for
all times either. This last fact, that is, uniform boundedness of the flow in R?, is
not a trivial property for fourth order equation like the elastic flow. Indeed, such
evolution equation lacks of maximum principle and therefore uniform boundedness
of the flow in R? cannot be deduced by comparison with other solutions.

However, all these properties will follow at once as the proof of Theorem 5.4
will be completed, that is, as we prove the full convergence of the flow.

The proof of Theorem 5.4 is based on several intermediate results. The strategy
is rather general and the main steps can be sum up as follows. First we need to set
up a suitable functional analytic framework in which the energy functional and its
first and second variations are considered in a neighborhood of an arbitrary critical
point. In this setting we prove some variational properties that are needed in order
to produce a Lojasiewicz—Simon gradient inequality. Such an inequality estimates
the difference in energy between the critical point and points in a neighborhood of it
in terms of the operator norm of the first variation. As the first variation functional
coincide with the driving velocity of the flow, this furnishes an additional estimate.
Such an estimate will be finally applied to the flow as follows. Since we know that
the flow subconverges, it passes arbitrarily close to critical points of the energy at
large times. The application of the Lojasiewicz—Simon inequality will then imply
that, once the flow passes sufficiently close to a critical point, it will be no longer
able to “escape” from a neighborhood of such critical point. This will eventually
imply the convergence of the flow.

The use of this kind of inequality for proving convergence of solutions to para-
bolic equations goes back to the semimal work of Simon [50]. The Lojasiewicz—Simon
inequality we shall employ follows from the abstract results of [9] and the method
is inspired by the strategy used in [10], where the authors study the Willmore flow
of closed surfaces. We mention that another successful application of this strategy
is contained in [18], where the authors study open curves with clamped boundary
conditions. Finally, a recent application of this strategy to the flow of generalized
elastic energies on Riemannian manifolds is contained in [47]. We remark that this
strategy is rather general and it can be applied to many different geometric flows.
We refer to [35] for a more detailed exposition of the method, in which the authors
stress on the crucial general ingredients needed to run the argument.

Now we introduce the above mentioned framework. Observe that for any fixed
smooth curve 7 : S! — R? there exists p(y) > 0 such that if 1) : S — R? is a field
of class H* with ||[¢||ga < p, then v + 1 is a regular curve of class H*. Whenever ~y
is fixed, we will always assume that p = p(v) > 0 is sufficiently small so that v +
is a regular curve for any field ¢ with ||¢|| g+ < p. Hence the following definition is
well posed.
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Definition 5.5. Let v : S! — R? be a regular smooth closed curve and p = p(y) > 0
sufficiently small. We define

H;”’J‘:: {v e H™(S",R?) | (¥(x),7(z)) =0 ae. on S'},
for any m € N and we denote L2+ = HY*. Moreover we define
E:B,(0)C Hy" =R E@):=E(y+v).

For a fixed smooth curve v : S! — R2, the functional E is defined on an open
subset of an Hilbert spaces. Therefore, we can treat the first and second variations of
£ as functionals over such Hilbert spaces. More precisely, we know that in classical
functional analysis if F': B, C V — R is a twice Gateaux differentiable functional
defined on a ball B, in a Banach space V, then 6F : B, — V* and 6*°F : B, —
L(V,V*), where

5F(v)[w]::% Y

52 F (0) ] [2]: =0 F (v) uw, 2] d‘;j F(o+ew+12)

)

a:O‘n:O

where (-)* denotes the dual space of () and L(V, V™) is the space of bounded linear
functionals from V to V*. We adopted the notation §?F(v)[w, 2] by the fact that
the second variation can be also seen as a bilinear symmetric form on V', indeed
§?F(v)[w][z] = 62F (v)[2][w]. In such a setting we have

SE: B,(0) C H}™ — (Hy)* SE()]p]:=

d
—F

e (Y +ep) _
and the second variation functional

P B0) € HI = LU (H14))

PEWe (=g ZEW + e+ 10|

We will actually only need to consider §2F evaluated at ) = 0, that is, the second
variation of £ at the given curve ~.

The study carried out in Section 2.1 shows that the functional E is Fréchet
differentiable with

SEWe] = [ O P = ) d.

where K. is the curvature vector of the curve v +1 and both arclength derivative
0s and measure ds are understood with respect to the curve v + 1. The explicit
formula for such first variation functionals shows that actually § F(¢)) belongs to the
smaller dual space (L%L)*. Indeed 0 E(7)) is represented in L2-duality as

SEW)[e] = (17 + %' (2003 )2 Kip + 16949 Py = Kyi) 1 0) 1oy (5:3)

for any ¢ € L%l, where the derivative 95 is understood with respect to the curve
YA
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Moreover, the results in Section 2.2 similarly imply that the second variation
62E(0)[¢p, ] evaluated at some ¢ € HJ* belongs to the smaller dual space (L2)*
via the pairing

PEO)p.¢ = (7] (010 + 2#)) .C) s ) (5.4)

for any ( € L%’J—, where € : H;M- — L%’L is a compact operator and the derivative
d% is understood with respect to the curve 7.

In this setting, we can prove the following properties on the first and second
variations.

Proposition 5.6. Let v :S! — R? be a regular smooth closed curve and p = p(y) > 0
sufficiently small. Then the following holds true.
1. The functions E : B, € H}* — R and 0E : B, C H}*+ — (L3)* are
analytic.
2. The second variation operator 62E(0) : Hff’L — (Lg/l)*, which is defined by

S E(0)[@][¢]:=6"E(0)[¢,¢] Vo€ Hyt, V(e L>(y),

is a Fredholm operator of index zero, i.e., dim ker 62 E(0) = codim (Imm 62 FE(0))
18 finite.

Proof. The fact that both E and 0F are analytic maps follows from the fact that
such operators are compositions and sums of analytic functions. For a detailed proof
of this fact we refer to [18, Lemma 3.4].

Now we prove the second statement. Consider the operator L : H;LL — L,QY’L
defined by

L() = Y 1(0:5) e + 17 19(e),

where Q is as in (5.4). We clearly have that 6°E(0) : Hy* — (L2")* is Fredholm of
index zero if and only if £ is. Since |7/|€2(+) is compact, the thesis is then equivalent
to say that H3* 3 ¢ — |7/|(85)*% € L3t is Fredholm of index zero (see [24,
Section 19.1, Corollary 19.1.8]). Since |7/| is uniformly bounded away from zero, the
thesis is equivalent to prove that the operator

IRV 2,1
(88) .fI,y —)L,Y

is Fredholm of index zero. By [24, Corollary 19.1.8], as id : H;LL — L%L is compact,
this is equivalent to show that the operator

id+ (07)* s Hy+ — L2

is Fredholm of index zero. We can prove, in fact, that id + (9+)* is even invertible.
Injectivity follows as if o+ (91 )*¢ = 0, then multiplication by ¢ and integration
by parts give

/ (012 + [ ds = 0,

and then ¢ = 0.
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Let now X € L%’J- be any field and consider the continuous functional F' :
Hg’i — R defined by

1 1
F(e)i= [ G106l + Jlol? - (. X) ds.
Sl
The explicit computation shows that
(05)%0 = 02 + (2005, &) + (9, 0sK)) T — (Dsip, T) K. (5.5)

Since [ |0sp*ds = — [(p,050) ds < e [ |0s5¢]* + C(e) [ |]?, computing |95¢|? us-
ing (5.5), Young’s inequality yields that

1 1
[ Ve 10l + 1320 s <€) [ 5108 + 5l s

Therefore, by direct methods in Calculus of Variations, it follows that there exists
a minimizer ¢ of F in H%l. In particular ¢ solves

| (070,020 + (00 as = [ (Xophas, (56)

S

for any ¢ € Hgvi. If we show that ¢ € H,‘YL’L, then ¢ + (0+)*¢ = X and surjectivity
will be proved. However, this follows by very standard arguments, simply noticing
that once writing the integrand of the functional F in terms of 8%¢, ds¢ and ¢, by
means of Equation (5.5), its dependence on the highest order term 9%y is quadratic

and the “coefficients” are given by the geometric quantities of v, which is smooth.
O

We remark that it is essential to employ normal fields in the proof of the Fred-
holmness properties of §2F(0) in Proposition 5.6 in order to rule out the tangential
degeneracy related to the geometric nature of the energy functional.

The above analysis of the second variation is exactly what is needed in order
to derive a Lojasiewicz—Simon gradient inequality. More precisely, we can rely on
the following functional analytic result, which is a corollary of the results in [9]. We
recall the result here without proof.

Proposition 5.7 ([47, Corollary 2.6]). Let E : B,,(0) € V. — R be an analytic
map, where V is a Banach space and 0 is a critical point of E. Suppose that we
have a Banach space W = Z* — V* where V. — Z, for some Banach space
Z, that ImmoE C W and the map 6E : U — W is analytic. Assume also that
§?E(0) € L(V,W) and it is Fredholm of index zero.

Then there exist constants C, p >0 and 6 € (0,1/2] such that

[E(p) = EO)' < CIGE®)|lw,
for any ¢ € B,(0) CU.

We can use Proposition 5.7 in order to derive a Lojasiewic—Simon inequality
on our elastic functional &£.

Corollary 5.8 (Lojasiewicz—Simon gradient inequality). Let v : St — R? be a smooth
critical point of £. Then there exists C,o > 0 and 0 € (0, %] such that
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E(y+4) — EMI < CIEW) 2.
for any ¥ € B,(0) C Hﬁ’L(Sl,R%.

Proof. By Proposition 5.6 we can apply Proposition 5.7 on the functional E :
B,,(0) € H}* — R with the spaces V' = H}+ and W = (L2+)*. This imme-
diately implies the thesis. O

Let v : St — R? be an embedded smooth curve. Choosing such p small enough,
the open set U = {p € R? : d,(p) := d(p,7) < p} is a tubular neighborhood of v
with the property of unique orthogonal projection. The “projection” map w : U —
7(SY) turns out to be C? in U and given by p + p — Vd?y (p)/2, moreover the vector
VdZ (p) is orthogonal to v at the point m(p), see [34, Section 4] for instance. Then,
given ¢ € B,(0) C H*(S',R?), we can define a map x : S! — S* by

x(@) =7 [ (v(2) + ¢(2))],
that is C? and invertible if v/ (x)+¢’ () is never parallel to the unit vector Vd., (y(z)+
©(x)), which is true if we have (possibly) chosen a smaller p (so that || and |0, ¢
are small and the claim follows as (y/(z), Vd,(p)) — 0 as p — v(x)).
We consider the vector field along v defined by

Y(x(#)) 1= 5V (1(x) + p(a))

which is orthogonal to v at the point 7(y(z) + ¢(x)) = v(x(x)), for every x € S!,
by construction. Hence v is a normal vector field along the reparametrized curve
x +— vy(x(z)). Thus, we have
Y(x(@)) + p(x(2) =7 (v(z) + p(a)) + V2 (v(z) + p(x))/2
=5(x) + ¢(x) = V& (v(x) + () /2 + Vd5 (y(2) + ¢(x)) /2
=7(z) + ().
and we conclude that the curve v + ¢ can be described by the (reparametrized)
regular curve (v 4 1) o x, with ¥ o x normal vector field along v o x. Moreover, by
construction it follows that ¢ oy € H;lgj);. Moreover, it is clear that if ¢ — 0 in H*
then also ¢ — 0 in H?,

All this can be done also for a regular curve v : S — R? which is only immersed
(that is, it can have self-intersections), recalling that locally every immersion is an
embedding and repeating the above argument a piece at a time along v, getting also
in this case a normal field ¢ describing a curve v + ¢ for ¢ € B,(0) C H*(S', R?).

Now, if v = 7(t,x) is the smooth solution of the elastic flow with datum ~g,
by Proposition 5.1 there exist a smooth critical point v+, a sequence t; — +o00, a
sequence of points p; € R? and Yi, = 7(t;j,-) reparametrization of v(t;,-) such that

Ve, —Pj > Yoo (5.7)
Jj—+o0

in C™(SY,R") for any m € N. Moreover, we know there are positive constants
Cr = CL(v) and C(m, ), for any m € N, such that

1
CT, < f(%) <Cp,
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and

1(8:)™k(t, ) L2 (as) < C(m,70) (5.8)
for every ¢t > 0.

If for suitable times t € J we can write v = oo + ¢ With ||¢¢]|gs < p = py..
small enough, then it is an immediate computation to see that, if we describe v as a
“normal graph” reparametrization along v., by 7~ + %+ as in the above discussion,
then

HthHm < C(m770a700)7 (59)

for every m € N for any ¢ € J.
We are finally ready for proving the desired smooth convergence of the flow.

Proof of Theorem 5.4. Let us set v, := (¢, ) and we let Yoo, t;, pj and 7, = 7(t;, )
be as in (5.7). Since the energy is non-increasing along the flow, we can assume that
EM) \ €(Vo), as t — 400 and E(v) > E(7e0) for any ¢. Thus, it is well defined
the positive function

0
H(t) = [E(7e) = E(rea)]”
where 0 € (0,1/2] is given by Corollary 5.8 applied on the curve 7.,. The function
H is monotone decreasing and converging to zero as t — +o0o (hence it is bounded
0

above by H(0) = [€(70) — €(700)]")-

Now let m > 6 be a fixed integer. By Proposition 5.1, for any € > 0 there exists
je € N such that

[¥e,. = Pj. — Yoollomsrrny <€ and H(tj.) <e.

Choosing € > 0 small enough, in order that

(Ve,. —Pj. —Yoo) € By, (0) C H*(S',R™),
for every ¢ in some interval [t;_,t; + 0) there exists 1), € Hé; such that the curve
Yt = Yoo + V¢ is the “normal graph” reparametrization of v, — p;_. Hence

L 1L

(at’Y) = _(2(83 )2’4”% - |K’~Yt‘2l<"’§t + K”%)a
as the flow is invariant by translation and changing the parametrization of the
evolving curves only affects the tangential part of the velocity. Since 7;_ is such
reparametrization of Ve,. —Pi. and this latter is close in C™(S!,R™) t0 7o, possibly
choosing smaller €, > 0 above, it easily follows that for every t € [t;_, ;. +0) there
holds

1Yl s <o,

where o > 0 is as in Corollary 5.8 applied on 7., and we possibly choose it smaller
than the constant po.

We want now to prove that if € > 0 is sufficiently small, then actually we can
choose 6 = +o0 and ||[¢¢||g+ < o for every time.

For F as in Corollary 5.8, we have

[E(v) = E(rea)]' ™0 = [EGe) — E(v)]'™°
= [E(ye) — E(0)]'™°



Vol. 89 (2021) A Survey of the Elastic Flow of Curves and Networks 115

IN

C1(o0, O)ISE(Woe) I (22,2 )-

= C1(Yx,0) sup /S1 (17:1(2(05) k5, + |K5,1°K5, — K5,),S) dz

_1®

IN

01(700,0) su / < | 2(8L)2K’Yt + ‘K’Yt| K”Yt R:‘/t)7s> d:I?

”S“L2(sl JRM)=1

1/2
C1(Yoo, 0) </§1 7:122(85 )%k 5, + k5, P r5, — '%|2d$) (5.10)

where we can assume that C1(7e0,0) > 1.

Now, (V¢ Ty..) = (Yoos Ty ) s time independent, then (0,7, 7,. ) = 0 and possibly
taking a smaller o > 0, we can suppose that |7, — 75| < % for any ¢ > t;_ such
that ||¢]| s < o. Hence,

(OF)H = 107 = (0, 75)75] = 10 + (0, Ty — 7375
- - 1.~
> (0] ~ 0172, = 751 2 510771

Differentiating H, we then get

CH() = LEG) ~ 0’

= —HH / | |’2 aL H”Yt + ‘K”}’t’ K"Yt K:?t‘de

IN

—HH @ CQ(’}/OO,O')

9 1/2 ) 1/2
([l Pac) ([ FPlaos s + P, - wsao)

< —H'T C (oo )0l 2 a0y [EGe) — EFoc)]'
—C(’Yom U)||<9ﬁ||L2(dx),

where C'(Yoo, ) = 0C2(Yoo,0)/2C1 (Y00, ). This inequality clearly implies the esti-
mate

&2
(o0, o) / 101|120 df < H(E) — H(&) < H(E) (5.11)

for every t;. < & < & < tj. + d such that ||¢¢||gs < o. Hence, for such &;,&; we
have

1/2
es — v = ([ Fia(0) 7o o) Pt

€ 2 1/2
< </ ( oy (t, x) dt) da;)
St &1

‘ I
L2(dz)

8,7 dt
&2 B
< / 107 L2 (de) At
&1

&1
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H(&)

= C('YOO: U)
13
< 70(7007 o)’ (5.12)

where we used that H(&) < H(t;.) < e and the fact that Hf&f vdtHLz(dz) <

/. ;12 || £2(az) dt, which easily follows from Holder inequality.
Therefore, for t > t;_ such that ||¢¢| g+ < o, we have

Vel 22(de) = 17t — YoollL2(de) < Ve — Ve, [ 22(de) + [1Ve;. — Vool L2 ()

g
< 4o
C(Voos0)

Then, by means of Gagliardo—Nirenberg interpolation inequalities (see [3] or [6], for
instance) and estimates (5.9), for every [ > 4, we have

el e < ClelSge el 5 < CU A0, Yocs )7,

for some a € (0,1) and any t > ¢;_ such that ||[1);| gs < 0.
In particular setting [ +1 = m > 6, if ¢ > 0 was chosen sufficiently small depending
only on 7y, Yo and o, then ||i)¢| gs < 0/2 for any time ¢ > ¢, , which means that
we could have chosen § = +oo in the previous discussion.

Then, from estimate (5.12) it follows that 7; is a Cauchy sequence in L?(dx)
as t — oo, therefore 7; converges in L?(dxz) as t — +0o to some limit curve o
(not necessarily coincident with v+, ). Moreover, by means of the above interpolation
inequalities, repeating the argument for higher m we see that such convergence is
actually in H™ for every m € N, hence in C™(S!,R") for every m € N, by Sobolev
embedding theorem. This implies that 7., is a smooth critical point of £. As the
original flow 7, is a fixed translation of 7;, up to reparametrization, this completes
the proof. O

Collecting the results we proved about the elastic flow of closed curves, we can
state the following comprehensive theorem.

Theorem 5.9. Let vy : S' — R? be a smooth closed curve. Then there exists a unique
solution 7y : [0, +00) x St — R? to the elastic flow

ey = — (20 + Ik — k) on [0, 00) X S
7(0,2) = vo(x) on S.

Moreover there exists a smooth critical point Vo of £ such that y(t, ) — Yoo(:) in
C™(SY) for any m € N, up to reparametrization.

Remark 5.10. We remark that Theorem 5.9 is true exactly as stated for the anal-
ogously defined flow in the Euclidean spaces R™ for any n > 2 (see [35]). Indeed,
it is immediate to see that the proof above generalizes to higher codimension. We
observe that the very same statement holds for the suitably defined elastic flow de-
fined in the hyperbolic plane and in the two-sphere by [47, Corollary 1.2]. It is likely
that smooth convergence of the elastic flow still holds true in hyperbolic spaces
and spheres of any dimension > 2 and, more generally, in homogeneous Riemannian
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manifolds, that is, complete Riemannian manifolds such that the group of isometries
acts transitively on them. For further results and comments about the convergence
of the elastic flow in Riemannian manifolds we refer to [47].

Let us conclude by stating the analogous full convergence result proved for the
elastic flow of open curves with clamped boundary conditions.

Theorem 5.11. ([18,29]) Let o : [0,1] — R™ be a smooth curve. Then there exists a
unique solution v : [0,+00) x [0,1] — R™ to the elastic flow satisfying the clamped
boundary conditions

’Y(tv 0) = ’YO(O)? 7(t7 1) = 70(1)7 85’)/(t, 0) = Tyg (O)a 83"}/(t, 1) = 7—70(1)7

with initial datum ~yo. Moreover there exists a smooth critical point v of £ subjected
to the above clamped boundary conditions such that y(t,-) — vso(+) in C™([0,1]) for
any m € N, up to reparametrization.

6. Open Questions

We conclude the paper by mentioning some related open problems.

e In Theorem 4.18 a description of the possible behaviors as t — Tax is given
for evolving networks subjected to Navier boundary conditions. When instead
clamped boundary conditions are imposed, only short time existence is known
[23]. One would like to investigate further this flow of networks as time ap-
proaches the maximal time of existence. Recent results [19] on the minimiza-
tion of £, among networks whose curves meet with fixed angles suggest that
an analogous of Theorem 4.18 is expected: either Tax = 00 or as t — Thax
the length of at least one curve of the network could go to zero.

e In Section 4 we described a couple of numerical examples by Robert Niirnberg
in which some curves vanish or the amplitude of the angles at the junctions
goes to zero. It is an open problem to explicitly find an example of an evolving
network developing such phenomena. More generally, one wants to give a more
accurate description of the onset of singularities during the flow.

e In the case of the flow of networks with Navier boundary conditions estimates
of the type

9] ok as < OE ),
dt Jn,
are shown for n = 2 4+ 45 with j € N only for a special choice of the tangential
velocity (see [14]). One could ask whether the same holds true for a general
tangential velocity.

e In the last section we show that if +; is a solution of the elastic flow of closed
curves in [0, 00), then its support stays in a compact sets of R? for any time.
The same is true for open curves and networks with some endpoint fixed in
the plane. What about compact networks? At the moment we are not able to
exclude that if the initial network N has no fixed endpoints (as in the case of
a Theta) as t — Tihax the entire configuration N; “escapes” to infinity.
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e Another related question asked by G. Huisken is the following: suppose that
the support of an initial closed curve =g lies in the upper halfplane, is it possible
to prove that there is no time 7 such that the support of the solution at time
7 lies completely in the lower halfplane?

e Are there self-similar (for instance translating or rotating) solutions of the
elastic flow?

e Several variants of the elastic flow have been investigated, but an analysis of
the elastic flow of closed curves that encloses a fixed (signed) area is missing.

e At the moment no stability results are shown for the elastic flow of networks.
More generally, one would understand whether an elastic flow of a general
network defined for all times converges smoothly to a critical point, just as
in the case of closed curves. Similarly, proving the stability of the flow would
mean to understand whether an elastic flow of networks starting “close to” a
critical point exists for all times and smoothly converges.

e Is it possible to introduce a definition of weak solution (for instance by varia-
tional schemes such as minimizing movements) that is also capable to provide
global existence in the case of networks? We remark that all notions based on
the maximum principle, such as viscosity solutions, cannot work in this context,
due to the high order of the evolution equation in the spatial variable.
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