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Abstract

This paper aims to describe the behavior of diffeological differential 1-forms under the operation of
gluing of diffeological spaces along a smooth map (the results obtained actually apply to all k-forms
with & > 0). In the diffeological context, two constructions regarding diffeological forms are available,
that of the vector space Q'(X) of all 1-forms, and that of the (pseudo-)bundle A'(X) of values of
1-forms. We describe the behavior of the former under an arbitrary gluing of two diffeological spaces,
while for the latter, we limit ourselves to the case of gluing along a diffeomorphism.

MSC (2010): 53C15 (primary), 57R35, 57R45 (secondary).

Introduction

The aim of this work is rather modest; it is to examine the behavior of diffeological differential forms (1-
forms, usually, but a lot of it naturally holds for forms of higher order) under the operation of diffeclogical
gluing. In fact, assuming that the notation is known, the main question can be stated very simply: if a
diffeological space X1 is glued to a diffeological space Xo along a map f, how can we obtain the pseudo-
bundle A (X1 Uy Xa) out of A'(X1) and A'(X2)?

Of course, we make no assumption, as to any of these symbols or terms being known (although the
explanation of them can be found in the excellent book [4]), so here we give a rough description of their
meaning, and give precise definitions of the most important ones in the first two sections. A diffeological
space is a set equipped with a diffeology, a set of maps into it that are declared to be smooth. There are
ensuing notions of smooth maps between such spaces, the induced diffeologies of all kinds, among which
we mention in particular the subset diffeology and the quotient diffeology, for the simple reason that they
provide for any subset, and any quotient, of a diffeological space, being in turn a diffeological space, in
striking contrast with the category of smooth manifolds.

This latter property makes for the operation of diffeological gluing to be well-defined in the diffeological
context. In essence, we are talking about the notion of topological gluing: given two sets (say, they are
topological spaces) X7 and X2 and a map f: X7 DY — X, the usual gluing procedure yields the space
(X1UX5)/0,—f(z,), which for a continuous f has a natural topology. Now, the just-mentioned property
of diffeclogy ensures the same thing, if we assume that f is smooth as a map on Y, which inherits its
diffeology from Xj.

There is a certain correlation between this operation being well-defined in the diffeological setting,
and the fact that the diffeological counterpart of a vector bundle is a diffeological vector pseudo-bundle,
and in general it is not a bundle at all. The reason for it not being a bundle, not in the usual sense,
is simply that it is allowed to have fibres of different dimensions (which are still required to be vector
spaces with smooth operations), and the necessity of such objects for diffeology is not just aprioristic;
they arise naturally in various aspects of the theory (see Example 4.13 of [2] for an instance of this). The
aforementioned correlation with the operation of gluing is that such pseudo-bundles, when they are not
too intricate, can frequently be obtained by applying diffeological gluing to a collection of usual smooth
vector bundles.

Diffeological vector spaces and particularly diffeological pseudo-bundles give the appropriate frame-
work for differential forms on diffeological spaces. By itself, a differential k-form on a diffeological space
X is just a collection of usual k-forms, one for each plot and defined on the domain of the definition of
the plot; a very natural smooth compatibility is imposed on this collection to ensure consistency with



(usual) smooth substitutions on the domains of plots. The collection of all possible k-forms defined in this
fashion is naturally a diffeological vector space and is denoted by Q!(X), but it does not fiber naturally
over X; a further construction, a certain space A'(X), has a pseudo-bundle structure, and this is our
main object of study.

The main results These regard three main points: the diffeological vector space Q'(X; Uy X3), the
pseudo-bundle A'(X; U § X5), and construction of so-called pseudo-metrics on the latter. As for the
former, our main result is as follows.

Theorem 1. Let X7 and X5 be two diffeological spaces, let f: X1 DY — Xy be a smooth map, and let
a1 :Y < X1 and as : f(Y) < Xa be the natural inclusions. Then Q'(Xy Uy Xs) is diffeomorphic to the
subset of Q1 (X1) x QY1 (X2) of all pairs (w1, ws) such that ofwy = f*abws.

The description is much less straightforward when it comes to the pseudo-bundle A'(X; Uy X3), and we
only give it in the case where f is a diffeological diffeomorphism. Even in that case, it is easier to say
what it is not rather than what it is. We indicate here (the precise statements appear in the paper itself)
that each fibre of A'(X;Us X5) coincides either with a fibre of A'(X;), or one of A*(X2), or with a subset
of the direct product of the two. Accordingly, A'(X; Uy X5) is equipped with two standard projections,
each of them defined on a proper subset of it, to A'(X;) one, to A'(X5) the other. The diffeology of
A'(X7 Uy X5) can be characterized as the coarsest one for which these two projections are smooth:

Theorem 2. Let X1 and X5 be two diffeological spaces, and let f : X1 DY — Xo be a diffeomorphism
with its image. The space A'(X1 Uy Xo) is obtained as

(Uxexl\YAglc(Xl)) U (UyEYAgl,(Xl) Xcomp A;(y)(XQ)) U (UmeXz\.f(Y)Aalc(X2))

and is endowed with the coarsest diffeology such that the natural projections p?, of the first two factors
to AY(X1), and py, of the last two factors to A*(Xs), are smooth.

As an application of this, we consider (under appropriate assumptions) a construction of a pseudo-metric
on A'(X; Uy X5), which is a counterpart of a Riemannian metric for finite-dimensional diffeological vector
pseudo-bundles.
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1 Main definitions

We recall here as briefly as possible the basic definitions (and some facts) regarding diffeological spaces,
diffeological pseudo-bundles, and diffeological gluing; the definitions regarding differential forms are col-
lected in the section that follows.

1.1 Diffeological spaces

The notion of a diffeological space is due to J.M. Souriau [11], [12]; it is defined as a(n arbitrary) set X
equipped with a diffeology. A diffeology, or a diffeological structure, on X is a set D of maps U — X,
where U is any domain in R™ (and, for a fixed X, this n might vary); the set D must possess the following
properties. First, it must include all constant maps into X; second, for any p € D its pre-composition
p o g with any usual smooth map g must again belong to D; and third, if p : U — X is a set map and
U admits an open cover by some sub-domains U; such that p|y, € D then necessarily p € D. The maps
that compose a given diffeology D on X are called plots of D (or of X).



Finer and coarser diffeologies on a given set On a fixed set X, there can be many diffeologies;
and these being essentially sets of maps, it makes sense (in some cases) to speak of one being included
in another;! the former is then said to be finer and the latter, to be coarser. It is particularly useful,
on various occasions, to consider the finest (or the coarsest) diffeology possessing a given property P;
many definitions are stated in such terms (although the diffeology thus defined can, and usually is, also
be given an explicit description).

Smooth maps, pushforwards, and pullbacks Given two diffeological spaces X and Y, a set map
f: X — Y is said to be smooth if for any plot p of X the composition f o p is a plot of Y. The wvice
versa (that is, that every plot of Y admits, at least locally, such a form for some p) does not have to be
true, but if it is, one says that the diffeology of Y is the pushforward of the one of X by the map f; or,
accordingly, that the diffeology of X is the pullback of that of Y.

Topological constructions and diffeologies Given one or more (as appropriate) diffeological spaces,
there are standard diffeological counterparts of all the basic set-theoretic and topological constructions,
such as taking subspaces, quotients, direct products, and disjoint unions (with more complicated con-
structions following automatically). What we mean by a standard diffeological counterpart is of course
the choice of diffeology, since the underlying set is known. Thus, any subset X’ of a diffeological space X
has the standard diffeology that is called the subset diffeology and that consists of precisely those of
plots of X whose range is contained in X’; the quotient of X by any equivalence relation ~ has the quo-
tient diffeology that is the pushforward of the diffeology of X by the quotient projection X — X/ ~.
The direct product of a collection of diffeological spaces carries the direct product diffeology that is
the coarsest diffeology such that all projections on individual factors are smooth; and the disjoint union,
the disjoint union diffeology, defined as the finest diffeology such that the inclusion of each component
is a smooth map.

Diffeologies on spaces of functions For any pair X and Y of diffeological spaces, we can consider
the space C*°(X,Y) of all smooth (in the diffeclogical sense) maps X — Y. This space is also endowed
with its standard diffeology that is called the functional diffeology and that can be defined as follows.
A map ¢: U — C®(X,Y) is a plot for this functional diffeology if and only if for every plot p : U’' — X
of X the natural evaluation map U x U’ 3 (u,u’) — ¢q(u)(p(v')) € Y is a plot of Y.

1.2 Diffeological vector pseudo-bundles

We briefly mention this concept, since we will need it in order to consider A'(X) (see Introduction and
the following Section). A smooth surjective map 7 : V' — X between two diffeological spaces V' and
X is a diffeological vector pseudo-bundle if for all + € X the pre-image 7~ !(x) carries a vector
space structure, and the corresponding addition V' xx V — V and scalar multiplication R x V" — V
maps are smooth (for the natural diffeologies on their domains). This is a diffeological counterpart of
the usual smooth vector bundle; we stress however that it does not include the requirement of local
triviality. Indeed, various examples that motivated the concept do not enjoy this property, although
there are contexts in which it is necessary to add the assumption of it.?

Diffeological vector spaces and operations on them Each fibre of a diffeological vector pseudo-
bundle is a vector space and a diffeological space at the same time; and the operations are actually
smooth maps for the subset diffeology. Thus, the fibres are diffeological vector spaces (that are
defined as vector spaces endowed with a diffeology for which the addition and scalar multiplication maps
are smooth). We briefly mention that all the basic operations on vector spaces (subspaces, quotients,
direct sums, tensor products, and duals) have their diffeological counterparts (see [14], [16], also [6]), in
the sense of there being a standard choice of diffeology on the resulting vector space. Thus, a subspace

1Formally speaking, the diffeologies on any given set are partially ordered with respect to inclusion and form a complete
lattice; see Chapter 1 of [4] for more details.

2These contexts mostly have to do with with attempts to endow these pseudo-bundles with a kind of pseudo-Riemannian
structure; we will not deal with these in the present paper.



is endowed with the subset diffeology, the quotient space, with a quotient one, the direct sum carries the
product diffeology, and the tensor product, the quotient diffeology relative to the product diffeology on
the (free) product of its factors.

The case of the dual spaces is worth mentioning in a bit more detail, mainly because there usually is
not the standard isomorphism by duality between V and V*, not even for finite-dimensional V. Indeed,
the diffeological dual V* is defined as C*°(V,R), where R has standard diffeology, and, unless V is also
standard, V* has smaller dimension than V. The diffeology on V* is the functional diffeology (see above).
Notice also that if V' is finite-dimensional, V* is always a standard space (see [8]).

Operations of diffeological vector pseudo-bundles The usual operations on vector bundles (direct
sum, tensor product, dual bundle) are defined for diffeological vector pseudo-bundles as well (see [14]),
although in the absence of local trivializations defining them does not follow the standard strategy.
Indeed, they are defined by carrying out these same operations fibrewise (which is still standard), but
then are endowed with a diffeology that either described explicitly, or characterized as the finest diffeology
inducing the already-existing diffeology on each fibre. For instance, if m : V43 — X and 79 : Vo — X are
two finite-dimensional diffeclogical vector pseudo-bundles over the same base space X, their direct sum
m Dy Vi ® Vo — X is defined by setting V1 & Vs := Ugex (71'1_1(1‘) &) 7r2_1(x)) and endowing it with the
finest diffeology such that the corresponding subset diffeology on each fibre 7y *(x) @ 7y *(2) is its usual
direct sum diffeology (see [14]). We will not make much use of most of these operations and so do not go
into more detail about them (see [14]; also [9] and [10] for more details), mentioning the only property
that we will need in the sequel and that regards sub-bundles.

Let m: V — X be a diffeological vector pseudo-bundle. For each x € X let W, < 7~ !(x) be a vector
subspace, and let W = U, xW,. It is endowed with the obvious projection onto X, and as a subset of
V', it carries the subset diffeology (which on each fibre W, induces the same diffeology as that relative
to the inclusion W, < m~1(x)). This diffeology makes W into a diffeological vector pseudo-bundle and
is said to be a sub-bundle of V; we stress that there are no further conditions on the choice of W, as
long as each of them is a vector subspace in the corresponding fibre.

Pseudo-metrics It is known (see [4]) that a finite-dimensional diffeological vector space admits a
smooth scalar product if and only if it is a standard space; in general, the closest that comes to a scalar
product on such a space is a smooth symmetric semi-definite positive bilinear form of rank equal to the
dimension of the diffeological dual (see [8]). Such a form is called a pseudo-metric on the space in
question.

It is then obvious that neither a diffeological vector pseudo-bundle would usually admit a diffeologically
smooth Riemannian metric (it would have to have all standard fibres, and this condition is still not
sufficient). However, it mat admit the extension of the notion of pseudo-metric (called pseudo-metric
as well), which is just a section of the tensor square of the dual pseudo-bundle such that its value at
each point is a pseudo-metric, in the sense of diffeological vector spaces, on the corresponding fibre. The
precise definition is as follows.

Let 7 : V — X be a finite-dimensional diffeological vector pseudo-bundle. A pseudo-metric on it
is a smooth section ¢ : X — V* @ V* such that for all z € X the value g(x) is a smooth symmetric
semidefinite-positive bilinear form on 7=1(z) of rank equal to dim((7~1(z))*) (see [9] or [10] for more
details).

1.3 Diffeological gluing

This concept, which is central to the present paper, is just a natural carry-over of the usual topological
gluing to the diffeological context.

1.3.1 Gluing of diffeological spaces and maps between them

Gluing together two diffeological spaces along a map between subsets of them is the main buidling block
of this construction. It then naturally extends to define a gluing of smooth maps, and in particular (also
a central concept for us) of diffeological pseudo-bundles.



Diffeological spaces Let X; and X5 be two diffeological spaces, and let f : X; DY — X5 be a smooth
(for the subset diffeology on V) map. The result of (diffeological) gluing of X; to X5 along f is the space
X1 Uy Xy defined by

X1 Uy Xo = (X1 U X))/ ~,

where ~ is the equivalence relation determined by f, that is, Y 5 y ~ f(y). The diffeology on X3 Uy Xo,
called the gluing diffeology, is the pushforward of the disjoint union diffeology on X; Ll X5 by the
quotient projection 7 : X3 U Xy — X3 Uy X5. Since a pushforward diffeology (equivalently, quotient
diffeology) is the finest one making the defining projection smooth, it is quite obvious that the gluing
diffeology is the finest one induced® by the diffeologies on its factors. Indeed, it frequently turns out to
be weaker than other natural diffeologies that the resulting space might carry, as it occurs for the union
of the coordinate axes in R?, whose gluing diffeology (relative to gluing of the two standard axes at the
origin) is finer than the subset diffeology relative to its inclusion in R?, see Example 2.67 in [15].

The standard disjoint cover of X; Uy X, There is a technical convention, which comes in handy
when working with glued spaces, for instance, when defining maps on them (see below for an instance of
this). It is based on the trivial observation that the following two maps are inductions,* and their ranges
form a disjoint cover of X7 Uy Xo:

i X\ Y s (X U Xe) = Xy Up Xp and 5% Xo (X U Xo) — X3 Uy Xo,

where in both cases the second arrow is the quotient projection w. We will omit the upper index when it
is clear which glued space we are referring to.

Smooth maps Let us now have two pairs of diffeological spaces, X1, Xo and Z1, Z>, with a gluing
within each pair given respectively by f: X1 DY — Xy and g: Z; DY’ — Z5. Then, under a specific
condition called (f, g)-compatibility, two maps ¢; € C*(X;, Z;) for i = 1,2 induce a well-defined map
in COO(Xl Uy Xo, Z1 Ug ZQ)

The (f, g)-compatibility means that ¢1(Y) =Y’ and go 1|y = ¢ o f. The induced map, denoted by
01 U(1,q) ¥2, is given by

[ D) @) it e € Range(i)
(o e2)e) = { BRI i ot

—

Furthermore, the assignment (1, 92) = 1 U(y,g) w2 defines a map C°°(X1, Z1) Xcomp C (X2, Z2) —
C® (X1 Uy X9, Z1 Uy Z3) from the set of all (f, g)-compatible pairs (¢1,¢2) to C®(X1 Uy Xo, Z1 Uy Z3).
This map is smooth for the functional diffeology on the latter space and for the subset diffeology (relative
to the product diffeology on the ambient space C° (X1, Z;) x C°°(X2, Z3)) on its domain of definition
Coo(Xl, Zl) X comp COO(XQ, ZQ) (see [10])

1.3.2 Gluing of pseudo-bundles

Gluing of two diffeological vector pseudo-bundles is an operation which is essentially a special case of
gluing of two smooth maps (see immediately above). We mention it separately since it is prominent to
our subject (in fact, we would like to describe differential 1-forms on a glued space X7 Uy X3 in reference
to the pseudo-bundles of differential 1-forms of its factors).

Let m : Vi — X1 and 73 : Vo — X5 be two diffeological vector pseudo-bundles, let f: X; DY — X
be a smooth map defined on some subset of X1, and let f : 77 1(Y) = 7, 1(f(Y)) be a smooth lift of
f whose restriction to each fibre in 7 !(Y) is linear. The definitions given so far allow us to consider
(without any further comment) the spaces V; Uf Vo and X, Uy X5, and the map m U(f7f) mo: Vi Uf Vo —

X1 Uy X5 between them. It then follows from the assumptions on f that this latter map is, in turn, a

3We use the term informally at the moment; it stands for whatever diffeology can be obtained in not-too-artificial a way
from those on the factors.

4 An injective map f : X — Y between two diffeological spaces is called an induction if the diffeology of X is the pullback
of the subset diffeology on f(X) C Y.



diffeological vector pseudo-bundle, with operations on fibres inherited from either V; or V5, as appropriate
(see [9]).

This gluing operation is relatively well-behaved with respect to the usual operations on smooth vector
bundles, which, as we mentioned above, extend to the diffeological pseudo-bundles. More precisely, it
commutes with the direct sum and tensor product, but in general not with taking dual pseudo-bundles.
We do not give more details about these, since we will not need them.

2 Diffeological differential 1-forms

For diffeological spaces, there exists a rather well-developed theory of differential k-forms on them (see
[4], Chapter 6, for a detailed exposition). We now recall the case k = 1 (some definitions are given also
for generic k).

2.1 Differential 1-forms and differentials of functions

We briefly go over those definitions that will be needed in what follows.

2.1.1 The definition of a 1-form

A differential 1-form on a diffeological space X is defined by assigning to each plot p : R¥ > U — X
a (usual) differential 1-form w(p)(u) = fi(u)duy + ... + fr(u)du, € AY(U) such that this assignment
satisfies the following compatibility condition: if ¢ : U’ — X is another plot of X such that there exists
a usual smooth map F : U’ — U with ¢ = po F then w(q)(v') = F* (w(p)(w)).

The definition of a diffeological k-forms is the same, except that the differential forms assigned to the
domains of plots are k-forms.

2.1.2 Locality of differential forms

Let X be a diffeological space, and let w; and wy be two differential k-forms on X. Let x € X; the forms
w1 and wy have the same germ at x if for every plot p : U — X such that U 5 0 and p(0) = x there exists
an open neighborhood U’ of 0 in V such that the restrictions of w;(p) € A*¥(U) and of wo(p) € A*(U)
to U’ coincide, wy(p)(u') = wa(p)(u') for all ' € U’. The locality property states that two differential
forms w; and wsy coincide if and only if they have the same germ at every point of X; alternatively, if and
only if there exists a D-open covering {X(i)} of X such that the restrictions of w; and ws to each X
coincide.

2.1.3 The differential of a function

Let X be a diffeological space, and let f : X — R be a diffeologically smooth function on it; recall that
this means that for every plot p : U — X the composition fop: U — R is smooth in the usual sense,
therefore d(f op) is a differential form on U. It is quite easy to see that the assignment p — d(fop) =: w,
is a differential 1-form on X; indeed, let g : V' — U be a smooth function. The smooth compatibility
condition wyog = ¢g*(wp) is then equivalent to d((f o p) o g) = ¢g*(d(f o p)), which is a standard property
of usual differential forms.

2.2 The space Q'(X) of 1-forms

The set of all differential 1-forms on X is denoted by Q!(X); it carries a natural functional diffeology
with respect to which it becomes a diffeological vector space. There is also a (pointwise) quotient of it
over the forms degenerating at the given point; the collection of such quotients forms a (pseudo-)bundle

AY(X).



The functional diffeology on Q!(X) The addition and the scalar multiplication operations, that
make Q(X) into a vector space, are given pointwise (meaning the points in the domains of plots). The
already-mentioned functional diffeology on Q'(X) is characterized by the following condition:

e amap q : U — QX) is a plot of Q'(X) if and only if for every plot p : U — X the map
U' x U — AYR™) given by (u’,u) — q(u’)(p)(u) is smooth, where U C R™.

The expression ¢(u')(p) stands for the 1-form on the domain of definition of p, i.e., the domain U, that
the differential 1-form ¢(v’) on X assigns to the plot p of X.

The spaces QF(X) for any k These are defined in the same way as Q'(X), i.e. they are the sets of
all differential k-forms on X. The functional diffeology is also similarly defined, with the evaluation map
taking values in A*(R"™).

2.3 The bundle of k-forms A*(X)

Once again, our main interest here is the case of k = 1; we treat the general case simply because it does
not change much.

The fibre A¥(X) There is a natural quotienting of Q¥(X), which gives, at every point € X, the set
of all distinct values, at x, of the differential k-forms on X. This set is called A¥(X); its precise definition
is as follows.

Let X be a diffeological space, and let = be a point of it. A plot p: U — X is centered at x if U 5 0
and p(0) = z. Let ~, be the following equivalence relation: two k-forms «, 3 € QF(X) are equivalent,
a ~, B, if and only if, for every plot p centered at z, we have a(p)(0) = B(p)(0). The class of « for the
equivalence relation ~, is called the value of o at the point x and is denoted by «,. The set of all
the values at the point z, for all k-forms on X, is denoted by A% (X):

Afc(X) = Qk(X)/ ~r= {aw | o€ Qk(X)}

An element o € A¥(X) is said to be a k-form of X at the point z (and = is said to be the basepoint
of ). The space A¥(X) is then called the space of k-forms of X at the point .

The space A¥(X) as a quotient of QF(X) Two k-forms a and 3 have the same value at the point =
if and only if their difference vanishes at this point: (o — ), = 0. The set {a € Q¥(X) |, = 0, } of the
k-forms of X vanishing at the point x is a vector subspace of Q¥(X); furthermore,

AZ(X) = QMX) /{a € QM (X) [ag = 04}

In particular, as a quotient of a diffeological vector space by a vector subspace, the space A¥(X) is
naturally a diffeological vector space; the addition and the scalar multiplication on A¥(X) are well-defined
for any choice of representatives.

The k-forms bundle A*¥(X) The bundle of k-forms over X, denoted by A*(X), is the union of all
spaces A¥(X):
AMX) = T AN = {(z, ) |a € AF(X)).
reX

It has the obvious structure of a pseudo-bundle over X. The bundle A*(X) is endowed with the diffeology
that is the pushforward of the product diffeology on X x Q¥ (X) by the projection IT : X x Q¥(X) — A*(X)
acting by II(x, o) = (2, a,). Note that for this diffeology the natural projection 7 : A¥(X) — X is a local
subduction;® furthermore, each subspace m~!(z) is smoothly isomorphic to A¥(X).

5A surjective map f : X — Y between two diffeological spaces is called a subduction if the diffeology of Y coincides with
the pushforward of the diffeology of X by f.



The plots of the bundle A*(X) A mapp:U > uw (p1(u),p2(u)) € A¥(X) defined on some domain
U in some R™ is a plot of A*(X) if and only if the following two conditions are fulfilled:

1. The map p; is a plot of X;

2. For all u € U there exists an open neighborhood U’ of u and a plot ¢ : U’' — Q¥(X) (recall that
QF(X) is considered with its functional diffeology described above) such that for all v’ € U’ we

have ps(u') = q(u')(p1)(w).

In other words, a plot of A¥(X) is locally represented by a pair, consisting of a plot of X and a plot of
QF(X) (with the same domain of definition).

3 The spaces Q'(X; Uy X5), Q'(X; U Xy), and Q'(X;) x Q1(X5)

In this section X; and X, are two diffeological spaces, and f : X3 D Y — X, is a smooth map that
defines a gluing between them. Our aim here is to describe how the space Q!(X; Uy X2) is related to the
spaces 21(X;) and Q'(X3).

Since the space X; Uy X5 is a quotient of the disjoint union X; U X5, the natural projection 7 :
(X1 UX9) = Xy Uy Xy yields the corresponding pullback map 7* : QX Ur Xo) = QX7 U Xo) (see
[4], Section 6.38); as we show immediately below, the latter space is diffeomorphic to Q'(X7) x Q'(X>).
We then consider the image of 7* (this space is sometimes called the space of basic forms); we show that,
although in general 7* is not surjective, it is a diffeomorphism with its image. Finally, we describe, in as
much detail as possible, the structure of this image.

3.1 The diffeomorphism Q'(X; U X,) = Q1(X;) x Q'(Xy)
This is a rather easy and, in any case, expected fact, but for completeness we provide a proof.

Theorem 3.1. The spaces Q' (X1 U X5) and Q(X1) x Q1 (X3) are diffeomorphic, for the usual functional
diffeology on Q' (X1 U Xo) and the product diffeology on Q'(X1) x Q1 (X5).

Proof. Let us first describe a bijection ¢ : Q'(X; U X3) — Q1(X1) x Q1(X3). Let w € QY(X; U X3), so
that for every plot p of X7 L X» there is a usual differential 1-form w(p). Furthermore, every plot of X
is naturally a plot of X; U X5 (and the same is true for every plot of X3), therefore

{w(p) |p € Plots(X1 U X2)} D {wi(p1) | p1 € Plots(X1)},

where wi(py) is the differential 1-form (on the domain of definition of p;) assigned by w to the plot® of
X1 U X5 obtained by composing p; with the natural inclusion X; < X; U X5. Furthermore, there is an
analogous inclusion for X, that is,

{w(p) |p € Plots(X; U X2)} D {wa(p2) | p2 € Plots(X2)}.
Notice, finally, that as sets,

{w(p) |p € Plots(X1 U X2)} = {wi(p1) | p1 € Plots(X1)} U {wa(p2) | p2 € Plots(X2)};

indeed, it is a general property of the disjoint union diffeology (see [4], Ex. 22 on p.23) that for any plot
p: U — X1 U X, we have U = Uy U U,, where Uy NUs = (), and if U; is non-empty then p|y, is a plot of
X;. We indicate this fact by writing w = w1 U ws.

Observe now that each w; is a well-defined differential 1-form on X;; indeed, it is defined for all plots
of X; (these being plots of X; L1 X5), and it satisfies the smooth compatibility condition simply because w
does. On the other hand, for any two forms w; on X; their formal union wy Uwsy yields a differential form
on X7 U Xo, by the already-cited property of the disjoint union diffeology (since X; and X5 are disjoint,

6We did not formally introduce the notation Plots(X); its meaning as the set of all plots of X should be completely
obvious.



the smooth compatibility condition is empty in this case). Thus, setting ¢(w; Uws) = (w1, ws) yields a
well-defined bijection Q!(X; U X5) <+ Q1(X}) x Q1(X5); let us show that it is both ways smooth.

Let ¢ : U' — Q'(X; U X3) be a plot; we need to show that ¢ o ¢ is a plot of Q'(X;) x Q1 (X5). Notice
that each g(u’) writes in the form g(u') = ¢1(v') U g2(v), and (¢ o ¢)(v') = (q1(v'), g2(v’)). It suffices
to show that each ¢;, defined by ¢;(u’)(p) = ¢q(u)(p) whenever p coincides with a plot of X;, is a plot
of Q1(X;). For it to be so, for any arbitrary plot p; : U; — X; the evaluation U’ x U/ > (v/,u;)
(qi(w')(ps))(u;) € AY(U;) should be smooth (in the usual sense). Now, the pair of plots p1,ps defines
aplot py Upy : Uy UU; — X1 U Xo7 of X3 U Xy, The evaluation of g(u’) on this plot, smooth by
hypothesis, is (u',u1) — (q(uw')(p1))(w1) = (q1(v')(p1))(w1) for uy € Uy and (v, uz) = (q(u')(p2))(u2) =
(g2(u)(p2))(uz) for us € Us, by definitions of ¢; and g2, so we are finished.

The proof works in a very similar manner for the inverse map ¢~ 1. Indeed, let ¢; : U’ — Q(X;) for
i = 1,2 be a pair of plots of Q1 (X1), Q!(X>) respectively; such pair represents a plot of the direct product
QL(X1) x Q1(X2). We need to show that oo (g1, q2) : U’ — Q1 (X1 X>) is a plot of Q1 (X; U X5). Notice
first of all that (p=* o (g1,q2))(v') = q1(u') U ga(v'). To show that the assignment u’ — (g1(u') U g2(u'))
defines a plot of Q'(X; U X3), consider a plot p = p; Upy : Uy UU; — X1 U Xy of X1 U Xy and the
evaluation of ¢1(u’) Ugza(u’) on it. The same formulas as above show that we actually a disjoint union of
the evaluations of g; and g2, smooth by assumption, so we are finished. O

3.2 The image of the pullback map Q'(X; Uy X5) — Q'(X; U Xy)

We now begin to consider the pullback map 7* : Q(X; Uy X5) — Q}(X; U X5). Recall that, given a
differential 1-form w on X; Uy Xo, the form 7*(w) is defined by the following rule: if p is a plot of X; UX>
then the (usual) differential form (7*(w))(p) is the form w(m o p) (see [4], Chapter 6, for this and other
standard facts regarding the behavior of diffeological forms under smooth maps).

Following from this definition and from the already-established diffeomorphism Q'(X; U X5) =
QY(X1) x QY(X2), each form in Q'(X; Uy X») splits as a pair of forms, one in Q'(X;), the other in
02%(X;). This point of view can be used to show that the pullback map is not in general surjective,
which we do in the section that follows, using the notion of an f-invariant 1-form and that of a pair of
compatible 1-forms (these notions serve also to describe the image of the pullback map).

3.2.1 The map 7* composed with Q!(X; U X5) — Q1(X5) is surjective

Let us make our first observation regarding the properties of the pullback map. This property, stated
in the title of the section, follows easily from the existence of the induction iéQ : Xy = X5 Uy Xy (see
Section 1.3.2); the composition [Q(X; LI X5) — Q1 (X)) on* is the map (i52)*, whose surjectivity follows
from it being an induction.

3.2.2 Determining the projection to Q'(X;): f-equivalent plots and f-invariant forms

As follows from the gluing construction, there is in general not an induction of X; into X; Uy Xo; the
map zf is an induction, but it is defined on the proper subset X7\ Y of X;. Obviously, there is a natural
map 7} : X; = X; Uy X, obtained by taking the composition of the inclusion X; < (X; U X5) and the
projection (X7 U Xs) — X7 Uy Xo; in general, it is not an induction, so the corresponding pullback map
(#))* a priori is not surjective. It is rather clear that this is correlated to f being, or not, injective, so in
general the forms in Q!(X;) contained in the image of (i})* should possess the property described in the
second of the following definitions (we need an auxiliary term first).

1

Definition 3.2. Two plots p; and p} of X1 are said to be f-equivalent if they have the same domain of
definition U and for alluw € U such that p1(u) # p}(u) we have p1(u),pi(u) €Y and f(p1(u)) = f(p1(v)).

Thus, two plots on the same domain are f-equivalent if they differ only at points of the domain of
gluing, and among such, only at those that are identified by f.

"The meaning of this notation is that p(u) = p1(u) for u € Uy and p(u) = pa2(u) for u € Uz (we could also say that
p; = ply,); the disjoint union Uy U Uz is considered as a disconnected domain in a Euclidean space large enough to contain
both, and possibly applying a shift if both contain zero.



Definition 3.3. A form w; € Q'(X1) is said to be f-invariant if for any two plots f-equivalent py,p] :
U — X1 we have wy(p1) = w1 (p)).

As we will see with more precision below, this notion is designed to ensure that an f-invariant form
descends to a (portion of a) well-defined form on the result of gluing of X to another diffeological space.

3.2.3 Q}(X,) is a vector subspace of Q'(X;)

This is a consequence of the following statement.

Lemma 3.4. Let wi,w] € Q'(X1) be two f-invariant forms, and let o € R. Then the forms w| + w{
and aw! are f-invariant forms.

Proof. Let p',p"” : U — X; be two plots of X; with the following property: if u € U is such that
p'(u) # p”’(u) then p'(u),p”"(u) € Y and f(p'(u)) = f(p”(u)). The assumption that wi, wi are f-
invariant means that we have w/(p’) = w|(p”) and wi(p’) = W} (p”). The same equalities should now be
checked for w] +w/ and aw], and these follow immediately from the definition of the addition and scalar
multiplication in Q(X7). Specifically,

(W) +w)@) =wi () + W/ () = w1 (") + W (p") = (W] +w))(p") and

(awy)(p') = a(wi(p') = a(wi(p") = (aw)(@").
O

We thus obtain that Q}(X 1) is a vector subspace of Q!(X1). In particular, its intersection with any
other vector subspace of Q(X1) is a vector subspace itself, so we always have a well-defined quotient (in
the sense of vector spaces).

3.2.4 Characterizing the basic forms relative to 7*

We now establish the following statement.

Theorem 3.5. Let w; be a differential 1-form on X;, for i =1,2. The pair (w1, ws) belongs to the image
of the pullback map ™ if and only if wy is f-compatible, and for every plot p1 of the subset diffeology on
Y we have

wl(Pl) = w2(f OP1)~

Proof. Suppose that (wi,ws) = 7*(w) for some w € Q'(X; Uy X5). That wy has to be f-compatible, has
already been seen. Recall also that by definition w;(p;) = w(m o p;) for i = 1,2 and any plot p; of X;.

Let us check that the second condition indicated in the statement holds. Let p; be a plot for the
subset diffeology of Y; then fop; is a plot of X5. Furthermore, mom; = mo fop; by the very construction
of Xy Uy Xy. Therefore we have:

wi(p1) =w(mop1) =w(mo fopr) =wa(fopr),

as wanted.

Let us now prove the reverse. Suppose that we are given two forms w; and ws, satisfying the condition
indicated; let us define w. Recall that, as we have already mentioned, it suffices to define w on plots with
connected domains. Let p : U — X; Uy X3 be such a plot; then it lifts either to a plot p; of X; or to
a plot po of X5. In the former case we define w(p) = w1 (p1), in the latter case we define w(p) = wa(p2).
Finally, if p is defined on a disconnected domain, w(p) is defined by the collection of the values of its
restriction to the corresponding connected components.

Let us show that this definition is well-posed (which it may not be a priori if p happens to lift to two
distinct plots). Now, if p lifts to a plot of X5 then this lift is necessarily unique, since i3 : Xo — X7 Uy Xo
is an induction. Suppose now that p lifts to two distinct plots p; : U — X7 and p} : U — X3 of X;. It is
then clear that p; and p) differ only at points of Y, and among such, only at those that have the same
image under f. More precisely, for any v € U such that p;(u) # pj(u), we have pi(u),p}(u) € Y and
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fp1(w)) = f(P}(u)). Thus, for w to be well-defined we must have that wy(p1)(u) = w1 (p})(u) for all such
u.

What we now need to check is whether w thus defined satisfies the smooth compatibility condition.
Let ¢ : U — X1 Uy X5 be another plot of X; Uy Xy for which there exists a smooth map g : U’ — U
such that ¢ = po g. We need to check that w(q) = g*(w(p)).

Suppose first that p lifts to a plot ps of X5. Then we have p = mops, so ¢ = mopyog. Notice that psog
is also a plot of X5 and is a lift of ¢; thus, according to our definition w(q) = wa(pz 0 g) = g*(wa(p2)) =
g*(w(p)). If now p lifts to a plot p; of X; the same argument is sufficient, whence the conclusion. O

The theorem just proved motivates the following definition, which will serve to characterize the basic
forms in Q}(Xl) X comp 1 (X2).

Definition 3.6. Let w; € Q'(X;) fori = 1,2. We say that w, and wo are compatible with respect to
the gluing along f if for every plot p1 of the subset diffeology on the domain'Y of f we have

wi(p1) = wa(fop1).

3.3 The pullback map is a diffecomorphism Q'(X; Uy X3) = Q5(X1) X comp 2 (X2)

We now obtain our first definite conclusion regarding the space Q!(X; U ¢ X2); namely, in this section we
construct a smooth inverse of the map 7*, which obviously ensures the claim in the title of the section.

3.3.1 Constructing the inverse of 7*

Let us first define this map; in the next section we will prove that it is smooth.

The induced 1-form w; Uy wy on X; Uy X5 Let wy be an f-invariant 1-form on X, and let wy be
a 1-form on X5 such that w; and w, are compatible. Let p : U — X; Uy X5 be an arbitrary plot of
X1 Uy Xo; the form (wy Us wo)(p) € C°°(U, A (U)) is defined as follows.

Let u € U; in any connected neighborhood of z = p(u) the plot p lifts to either a plot p; of X7 or a
plot ps of Xo. We define, accordingly,

(w1 Uy wa)(p)(u) = wi(pi) (u).

Lemma 3.7. If wy is f-invariant, and wi and wy are compatible with each other, the differential 1-form
w1 Ur wy 1s well-defined.

Proof. We need to show that for each plot p : U — X1 Uy Xo of X; Uy Xy the form (w1 Uy wa)(p) €
C> (U, A*(U)) is well-defined, i.e., that it does not depend on the choice of the lift of the plot p. Obviously,
it suffices to assume that U is connected, which then implies that p lifts either to a plot of X7 or to a
plot of Xs. If p has a unique lift, then there is nothing to prove. Suppose that p has two distinct lifts, p’
and p”. Notice that Xo smoothly injects into X1 Uy X», therefore p’ and p” cannot be both plots of Xs.

Assume first that one of them, say p’, is a plot of X, while the other, p”, is a plot of X5. Since they
project to the same map to X; Uy Xo, we can conclude that p” = fop/, so

(w1 Up w2)(p) = wi(p') = wa(fop) = walp”),

by the compatibility of the forms w; and wy with each other.

Assume now that p’ and p” are both plots of X;. Once again, since they project to the same plot of
X1 Uy Xo, for every u € U such that p/(u) # p”(u) we have p/(u),p”(u) € Y and f(p'(u)) = f(p"(u)),
that is, that they are f-equivalent; since wy is assumed to be f-invariant, we obtain that

wi(p) = wi(p") = (w1 Uy w2)(p)-

We can thus conclude that for each plot p : U — X; Uy X5 of X; Uy Xy the form (wy Uy wa)(p) €
C>(U,A'(U)) is well-defined. It remains to observe that the resulting collection {(w; Usws)(p)} of usual
differential 1-forms satisfies the smooth compatibility condition for diffeological differential forms for all
the same reasons as those given at the end of the proof of Theorem 3.5. O
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The map L : Q3(X1) Xcomp Q' (X2) = Q'(X1 Uy X2)  As we have seen above, the assignment
(wl,wg) — W1 Uf w2

to any two compatible differential 1-forms w; € Q}(X1) and wy € Q'(Xy), of the differential 1-form
w1 Uy woy is well-defined. This yields a map £ defined on the set Q} (X1) Xcomp QH(X2) of all pairs of
compatible 1-forms (such that the first component of the pair is f-invariant), with range the space of
1-forms on X; Uy Xo.

Lemma 3.8. The map L is the inverse of the pullback map 7 : Q' (X1 Uy Xo) = Q1(X7) x Q1(X2).

Proof. This follows from construction. Indeed, let w € Q!'(X; Uy X5); recall that n*(w) = (wi,ws),
where for every plot p; of X; we have w;(p;) = w(w o p;). Furthermore, by Theorem 3.5, the form w; is
f-invariant and the two forms w; and wy are compatible with each other. Therefore the pair (wq,ws) is
in the domain of £, and by construction w; Uy ws is precisely w.

Vice versa, let (w1,ws) be in the domain of definition of £. It suffices to observe that 7* (w1 Uy wo) =
(W, wy) with wl(p;) = (w1 Uy wa)(m o p;) = w;(p;) for any plot p; of X;, which means that w = w; for
i=1,2. O

3.3.2 The inverse of the pullback map is smooth

To prove that the map 7* is a diffeomorphism, it remains to show that its inverse £ is a smooth map,
for the standard diffeologies on its domain and its range. Specifically, the range carries the standard
diffeology of the space of 1-forms on a diffeological space (see Section 2), while the domain is endowed
with the subset diffeology relative to the inclusion Q}-(Xl) X comp 1 (X2) C QH(X7) x Q1(X2) (this direct

product has, as usual, the product diffeology relative to the standard diffeologies on Q2!(X;) and Q! (X3)).
Theorem 3.9. The map L : Q}(Xl) X comp 2 (X2) — QX Us X3) is smooth.

Proof. Consider a plot p : U — Q3(X1) Xcomp Q' (X2). First of all, by definition of a subset diffeology
and a product diffeology, we can assume that U is small enough so that for every u € U we have
p(u) = (p1(u),p2(u)), where p; : U — Q}(Xl) is a plot of Q}(Xl) (considered with the subset diffeology
relative to the inclusion Q}(X1)), p2 : U — Q'(X2) is a plot of Q' (X2), and p; (u) and pa(u) are compatible
with respect to f, for all u € U.

That p; is a plot of 2!(X;), by definition of the standard diffeology on the latter, means that for every
plot ¢; : U/ — X; the map U x U] — A'(R), acting by (u,u}) — (pi(u))(g:)(u}), is smooth (in the usual
sense). The compatibility of the forms p;(u) and pa(u) means that pa(u)(f o 1) = p1(u)(q1), for all u
and for all plots ¢; of the subset diffeology of Y.

Suppose we are given p; and po satisfying all of the above. We need to show that (£ o (p1,p2)) :
U — QY(X; Uy X5) is a plot of Q'(X; Uy X2). This, again, amounts to showing that for any plot
q:U" — X1 Uy X, the evaluation map

(u, ) = (L(p1(u), pa(w)))(q) (u)

defined a usual smooth map U x U’ — AY(R") (for U’ C R").

Assume that U’ is connected so that ¢ lifts either to a plot ¢; of X3, or a plot g2 of X5. It may
furthermore lift to more than one plot of X7, or it may lift to both a plot of X; and a plot of Xo.
Suppose first that ¢ lifts to a precisely one plot, say a plot ¢; of X;. Then

(u,u') = (L(p1(w), p2(w)) (@) (W) = pi(u)(g:)(u') € A*(R™);

this is a smooth map, since each p; is a plot of Q!(X;).

Suppose now that ¢ lifts to two distinct plots ¢; and ¢j of X;. In this case, however, pi(u)(q1) =
p1(u)(¢)) because py(u) is f-compatible for any u € U by assumption, so we get the desired conclusion
as in the previous case. Finally, if ¢ lifts to both ¢; and g2 (each ¢; being a plot of X;) then g2 = f o ¢y,
and we obtain the claim by using the compatibility of the pair of forms p;(u), p2(u) for each w. O

Corollary 3.10. The pullback map 7 is a diffeomorphism with its image.

Proof. We have just seen that 7* has a smooth inverse £. It remains to observe that 7* itself is smooth,
because the pullback of a smooth map is always smooth itself (see [4], Section 6.38). O
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4 The space Q3(X1) Xcomp ' (X3) as a sub-direct product Q;(X;)
and Q(X5)

What we mean by a sub-direct product® of any direct product X x Y of two sets is any subset such that
both projections on the two factors X and Y are surjective. Thus, the question of whether Q} (X1) Xcomp
Q1(X,) is a sub-direct product of Q}(Xl) and Q'(X3) takes the form of the following two: first, if
w1 € Q}(Xg) is an arbitrary f-invariant form, does there always exist wy € Q!(X5) compatible with it?,
and wvice versa, if wy € Q'(X>3) is any form, does there exist an f-invariant form w; on X;, compatible
with wy as well? An additional assumption on f, namely, that it be a subduction, ensures that the answer
is positive in both cases. Proving this requires an intermediate construction.

4.1 The space of f-equivalence classes X {

The intermediate construction just mentioned is a certain auxiliary space X { , which is a quotient of X;.
The aim of introducing it is to identify the space X; Uy X5 with a result of a specific gluing of X { to Xo;
and under the assumption that f is a subduction, this other gluing turns out to be a diffeomorphism.

The space X{ and the map f. In order to consider the projection Q}c (X1) X comp Q' (X2) = Q1(X>),

we introduce a slightly different form of our glued space X;Uf X5. Let us define X 1f to be the diffeological®
quotient of Xy by the equivalence relation y; ~ y; < f(y1) = f(y2), that is:

f._
Xi = X1/ ()= (v2))-

Let 7r{c X1 — X{ be the quotient projection, and let us define the map f- : X{ 2 w{ (Y) — X5 induced
by f. This map is given by the condition f. o 71'{ = f.

Lemma 4.1. The map f~ is injective and smooth. It is a diffeomorphism with its image if and only if
f is a subduction.

Proof. The injectivity of f. is by construction (we actually defined the space X { so that the pushforward
of f to it be injective), and its smoothness follows from the definition of the quotient diffeology. Recall
now that a subduction is a smooth map such that the diffeology on its target space is the pushforward of
the diffeology of its domain by the map. Thus, the assumption that f, considered as a map ¥ — f(Y),
is a subduction means that for every plot ¢ of the subset diffeology on f(Y'), defined on a sufficiently
small neighborhood, there is a plot p of the subset diffeology on Y such that f op = g. Therefore
fuo (ﬂ{ op)=g¢q,and so (f.) tog= 7r{ o p for any plot ¢ of f(Y') and for an appropriate plot p of Y.
Since 7{ o p is a plot of 7 (Y), we conclude that (f.)~! is smooth, and so f. is a diffeomorphism with
its image. We obtain the vice versa by applying the same reasoning in the reverse order. O

Lifts of plots of X { By definition of the quotient diffeology, every plot p of X { lifts (locally) to a plot
of X;. Two lifts p’ and p” are lifts of the same p if and only if they are f-equivalent.

The diffeomorphism X; Uy X, = X{ Uy, X2 The existence of this diffeomorphism is a direct con-
sequence of the definition of gluing. Formally, it is defined as the pushforward of the map w{ Uldx, :
X, U X, — X; UX, by the two quotient projections, 7 and 7/ respectively. Here by 7r{ UIdx, we mean
the map on X7 L1 X5, whose value at an arbitrary point x € X711 X5 is w{(m) ifz € X1 and z if x € X5; the
map 7/ : X{ UXs — X{ Uy, X> is, as we said, the quotient projection that defines the space X{ Us. Xo.

8Which is more or less a standard notion, I guess.
9That is, endowed with the quotient diffeology.
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4.2 The linear diffecomorphism Q}(X,) = Q'(x{)

The reason that explains the introduction of the space X { is that it allows to consider, instead of a subset
of 1-forms on X;, the space of all 1-forms on X{; and to obtain X; Uy X5 by gluing X{ to X, along a
bijective map (a diffeomorphism if we assume f to be a subduction, see above).

Proposition 4.2. The pullback map (7])* : Q1 (X{) — Q4 (X1) is a diffeomorphism.

Proof. Let us first show that (w{)* takes values in Q}(Xl). Let w € Ql(X{); its image (w{)*(w) is

defined by setting, for every plot p; of X, that (w{)*(w)(pl) = w(w{ op1). We need to show that

(W{)*(w) is f-invariant, so let p; and p}] be two f-equivalent plots; then we have 7r{c op; = w{ o p}, and

so (mD)* (W) (p1) = (7)*(w)(p}). Thus, the range of (xf)* is contained in Q}(Xl).

Let us show (7r{ )* is a bijection by constructing its inverse. Let w; be an f-invariant 1-form on
X1, and let us assign to it a form w! on X{ by setting wf (p!) = wi(p1), where p; is any lift to X;

of the plot p{. We need to show that this is well-defined, i.e., wi(p;) does not depend on the choice

of a specific lift.10 Indeed, let p; and p} be two lifts of some p{ ; this means, first, that they have
the same domain of definition U and, second, that for any w € U such that p;(u) # pj(u), we have
p1(u),pi(u) € Y and f(p1(u)) = f(pi(u)). In other words, they are f-equivalent, so by f-invariance of
wy we have wy(p1) = wi(p}). The form w! is therefore well-defined, and the fact that the assignment
Q3w = w] € (X)) is obvious from the construction.

Thus, (71'{ )* is a bijective map and, as any pullback map, it is smooth. It thus remains to show that
its inverse, that we have just constructed, is smooth (with respect to the usual functional diffeology of
a space of forms; obviously, the diffeology of Q} (X7) is the subset diffeology relative to its inclusion in
Q1(X,)).

Let ¢ : U" — Q3(X1) be a plot of Q}(X1); thus, for every plot p; : R" D U — X; the evaluation map
(', u) — (q(u')(p))(u) is a smooth map to A'(R™), and furthermore for any u’ € U’ and for any two
f-equivalent plots p1,p)| of Xy, i.e., such that 77{ opy = m op}, we have ¢(u')(p1) = q(v’)(p}). Let us now

~1
consider the composition ((w{)*) o g; as always, we need to show that this is a plot of Ql(X'lf). Since

the plots of X{ are defined by classes of f-equivalent plots of X7, and the forms (((7r1f)*)_1 o q) (u') are

given by values of g(u’) on class representatives, the evaluation map for this composition is simply the
same as the one for ¢, so we get the desired conclusion. O

Thus, the f-invariant forms on X; are precisely the pullbacks by the natural projection of the forms
on X f . Furthermore, by construction of X{ we can, instead of gluing between X; and X5, consider the

corresponding gluing between X { and Xs, which has an advantage of being a gluing along a bijective
map.

4.3 The space Q'(X{ U X3)

We have already given a description of the space Q*(X; Uy X5) in terms of Q}(Xl) and Q!(X3). We now
use the presentation of X; Uy X as X{ Uys. Xo, to write the same space Q!(X; Ur Xo) = Ql(Xf Ur. X2)
in terms of Q*(X7) and Q!(X5).

Compatibility of w; € Q' (X { ) and ws € Q'(X3) The notion of compatibility admits an obvious
extension to the case of a 1-form w! € Q!(X{) and a 1-form w, € Q'(X5). This notion is the same as the
f-compatibility, but considered with respect to f... Specifically, w{ and w9 are said to be f.-compatible
if for every plot p{ of Y/ = 7r{ (Y), considered with the subset diffeology relative to the inclusion Y/ C X {

we have

wi (p{) = wa(f~ Op{)-

We then easily obtain the following.

10 At least one lift always exists, by the properties of the quotient diffeology.
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Lemma 4.3. The forms w{ and wy are f--compatible if and only if w1 = (ﬂ{)*(w{) and wy are f-

compatible.

Proof. Let pl : U — X{ be a plot of X{, and let {pgi)} be the collection of all its lifts to X7; this
collection is then an equivalence class by f-equivalence, and moreover, we always have

fuop =fopi.
This ensures that the equalities w! (p/) = wa(f o pgi)) and wl(pgi)) = wy(f o pﬁi)) hold simultaneously,
whence the claim. O

The diffeomorphism Q'(X; Uy X5) & Ql(X{) X comp 21 (X2) The lemma just proven, together with
Proposition 4.2, trivially imply that

QL (X1) X eomp Q1 (X2) = QHXT) X comp VH(Xa).
This, together with Corollary 3.10 (and Theorem 3.9), yields immediately the following.
Proposition 4.4. There is a natural diffeomorphism
Ql(Xl Uy Xo) = Ql(Xif) X comp Ql(X2)7
that filters through the pullback map 7*.
Notice that this diffeomorphism is given by
((r)* x 1d%,) o [QH(X1 U X3) — QY(X1) x QY(Xy)] o 7",

4.4 The surjectivity of the projections to Q}(X;) and Q'(X,)

We are now ready to prove the final statement of this section, that is, that the natural projections of
Q' (X1 Uy X) to the factors of Q(X1) Xcomp Q' (X2) are surjective, if f is assumed to be a subduction
onto its image. More precisely, the projection onto Q!(X5) is surjective even without this assumption
(see Section 3.2.1). Tt remains to establish the claim for Q}(X1).

4.4.1 The space Ql(X{) X comp 1 (X2) is a sub-direct product

The statement in the title of the section is the main argument in the proof that Q} (X1) Xcomp QH(X2)
is a sub-direct product of its factors; and the statement itself easily follows from what we have already
established. Indeed, f. being a diffeomorphism with its image immediately implies the following fact.

§
Lemma 4.5. The map ifl : X‘lf — X{ Uy, Xo given by the composition of the natural inclusion
X{ — X{ U Xo with the quotient projection 7/ X{ UX, — X{ Uy, X3 is an induction.

Also immediate from this lemma is the following.
s
Corollary 4.6. The pullback map (zfl ) QI(X{c Ur, Xo) — Ql(X{) is surjective.

§
It thus remains to notice that (zf1 )* is precisely the composition of the diffeomorphism Ql(X{ Us.
Xo) & Ql(le) X comp 2 (X2) with the projection of the latter onto its first factor.

4.4.2 The projection Q3(X1) Xcomp Q' (Xa) — Q}(X)) is surjective
We now collect everything together to obtain the final statement of this section. (We give the statement
for both projections at the same time).

Theorem 4.7. Suppose that f is a subduction onto its image; let i; : X; — (X1 U X>) for j = 1,2 be the
natural inclusions. Then the maps ijon* : QN (X1 Up X2) — Q}(Xl) and ijom* : QN (X1 Us Xo) = QN (X2)
are surjective.

Proof. Tt suffices to consider Q' (X, Uy Xy) as Q1 (X U Xy) 22 QY(X]) Xeomp Q1 (X2), to identify the
latter space with QF(X1) Xcomp Q' (X2) via the diffeomorphism (r])* x 1d%,, and deduce the claim from
Corollary 4.6. O
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5 Vanishing 1-forms and the pullback map 7*

Recall that each fibre of the pseudo-bundle A'(X; Uy X3) is the quotient over the subspace of forms
vanishing at the given point. In this section we consider how the vanishing of forms interacts with the
pullback map 7*.

Let x € X7 Uy Xy, and let w € QX Us X2). Recall that w vanishes at z if for every plot p : U —
X1 Uy X5 such that U 3 0 and p(0) = = we have w(p)(0) = 0. Let us consider the pullback form 7*(w),
written as 7*(w) = (w1, w2); the fact that w vanishes at some point x might then imply that either w; or
wo, or both, vanish at one of, or all, lifts of x; and going still furthermore, some kind of a reverse of this
statement might hold. Below we discuss precisely this kind of question, concentrating on the structure
of the pullback of a form on X; Uy X, vanishing at some x. Three cases arise there, that depend on the
nature of x.

5.1 The pullbacks of forms on X; U; X, vanishing at a point

Let € X1 Us Xo, and let w € Q'(X; Uy X5) be a form vanishing at z. It is quite obvious then (but
worth stating anyhow) that the pullback of w vanishes at any lift of this point.

Lemma 5.1. Let z € X1 Uy Xo, let w € QY (X1 Us X2) be a form vanishing at z, and let 7 (w) = (w1, w2).
Let & € X; be such that w(Z) = x. Then the corresponding w; vanishes at Z.

Proof. Let p; : U — X; be a plot centered at Z; then obviously, m o p; is a plot of X; Uy X5 centered at
x. Furthermore, w;(p)(0) = w(mw o p)(0) = 0, since w vanishes at x. O

Let us consider the implications of this lemma. Note first of all that at this point it is convenient to
consider X{ instead of Xy, identifying Q}(X 1) with Q'(X}) and, whenever it is convenient, the space

X1 Uy X5 with X{ Uy X5. Recall that 7/ stands for the obvious projection X LI X5 — X7 U Xy, and
let z € X{ Uy, Xo; there are three cases (two of which are quite similar).

If z € i1(X; \ Y) then it has a unique lift, both with respect to 7/ and with respect to m; this lift
furthermore is contained in X { and X, respectively. Therefore

T (Q(X0 Uy X2)) = () (Q(X] Up. Xa)) C

C O )1y (XT) Xeomp O (X2) 2 () r-1(a) (X1) X comp 2 (X2).

The case when x € i5(X2 \ f(Y)) is similar; the lift of z is also unique then, and belongs to X5 \ f(Y).
We thus have a similar sequence of inclusions:

T (Q(X0 Uy Xo)) = () (4 (X] Up. Xa)) C

C QYXT) X comp

(nh)=1 () (X2) = Q5 (X1) Xcomp Q}r_l(m)(XZ)'

Now, in the third case, which is the one of z € 7/ (Y), it admits precisely two lifts via 7/, one to a
point 1 € le, the other to a point 3 € X5. By Lemma 5.1,

7 (2, (X1 Uy Xa2)) 2 ()" (X Uy X2)) € Q4 (X]) Xeomp O, (Xo);

note that in this case, 27, which is a point of X { , may have multiple (possibly infinitely many) lifts to
X1.

5.2 Classification of pullback spaces according to the point of vanishing

The discussion carried out in the section immediately above allows us to obtain the following statement.

Proposition 5.2. Let x € X; Uy X5. Then:
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1. Ifx €i1 (X1 \Y) then

7T*(Q;;(Xl Uy X2)) - (Q})wfl(z)(Xl) X comp Ql(X2)-

2. If x €ia(Xa \ f(Y)) then

7 (QA(X1 Uy Xa)) © QH(X1) Xeomp b () (X2):

3 Ifxen(Y)=1i(f(Y)), and T; € X{ and &3 € Xo are the two points in (7f)~1(z), then

()" (X0 Uy X2)) € Q4 (X]) Xcomp O, (X2).

The questions that arise now are, whether any, or all, of the three inclusions are actually identities,
and, for the third item, how the space Qalh (X 1f ) is related to one or more spaces of vanishing f-compatible
forms on Xj.

5.3 The reverse inclusion for points in i5( X, \ f(Y)) and i1(X; \ Y)

This follows from a rather simple observation. If wy € Q'(X3) is a form that also belongs to the image
of the projection Q} (X1) Xcomp D (Xa) = Q1 (X2) (that is, there exists an f-compatible form w; on X;
such that wy and ws are compatible between them), and ws vanishes at some point x, then any form on
X1 Uy Xo to which wy projects, also vanishes, at the point of X; Uy X, that corresponds to x».

Lemma 5.3. Let (w1, ws) € Q}(Xl) X comp L (X2), and let & € Xo be such that wy vanishes at . Then
wi Uy wo vanishes at x := m(Z).

Proof. Let p : U — X; Uy X5 be a plot centered at . As we have noted above, & is the only lift
of x to Xo (although it may have lifts to X; as well), and any lift of p to a plot of X, is centered
at . Note also that at least one such lift exists, by definition of a pushforward diffeology and the
disjoint union diffeology on X; U X5. It remains to observe that if ps is such a lift then by construction
(w1 Ug wa)(p)(0) = wa(p2)(0) = 0, whence the claim. O

This lemma, together with the second point of Proposition 5.2, immediately implies the following.
Corollary 5.4. If x € io(X2 \ f(Y)) then
T (Q(X1 Uy X)) = Q}(Xl) X comp Q‘}r’l(z) (X2).

The case of a point in i1 (X7 \ Y is completely analogous to that of a point in i (X2 \ f(Y)), since the
main argument is based on the same property, that of there being a unique lift of the point of vanishing.
We therefore immediately state the final conclusion.

Corollary 5.5. Ifx € i1(X1\Y) then

T (QL(X1 Up X2)) = () n-1(2)(X1) Xcomp 2 (X2).

5.4 The case of points in 7(Y) =i (f(Y))

For points such as these, we already have the inclusion (7/)*(QL(X; Uy X2)) C Q%I(le) X comp 2%, (X2).
The questions to consider now are, first, whether it is actually an identity, and then, how the right-hand
side is related to one or more subspaces of f-invariant forms on X; vanishing at points in the lift of x.
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5.4.1 The reverse inclusion (/)" (QL(X1 Uy X2)) 2 QL (X{) X comp QL (X2)

Let z € X1 Uy X5, and let &, € X{c, T3 € X3 be such that 7/ (#;) = x, which is equivalent to f (%) = 2.
Let w! Q}CI(X{) and wy € QL (X3) be 1-forms compatible with f.. Consider ((m/)*)~ Ywf wy) =

w{ Uys, wa;
Lemma 5.6. The form ((xf)*) (w],ws) vanishes at x.

Proof. Let p: U — X7 U X5 be a plot centered at z; assume U to be connected. Then p lifts to a plot
p; of X;. Suppose it lifts to a plot po of Xs; since the lift of z to X5 is unique, it has to be Z5, which
implies that po is centered at Zo, and therefore

((()") ™ (w],w2)) () (0) = wa(p2)(0) = 0.

Assume now that p lifts to a plot p; of X;. Notice that 7/ o p; is a plot of X{, and it is centered at
Z1, since the lift of z to X{. Thus, we have again

(")) (@], w2)) (p)(0) = wf (p1)(0) = 0,
and the lemma is proven. O

Corollary 5.7. For x, 1, and Ts as above, we have
(Wf)*(Q;-(Xl Ur X2)) = Ql ( ) X comp Q (X2)

Let us now turn to the relation of the space Qalh (X { ) to the subspaces of vanishing forms in Q} (X1).
Recall that we have already established the diffeomorphism of Q3(X;) and Q'(X 1), so we are essentially

asking, what becomes of subspaces of forms vanishing at a given point of X { under this diffeomorphism
(the pullback map (w{)*).

5.4.2 The pullback space (w{)*(Qlll(le)) for y € (V)

Fix a point y € w{ (Y); let first w € Q;(le) be a form vanishing at y. By the argument identical to that
in the proof of Lemma 4.1, the pullback form (W{)*(w) € Q}c (X1) vanishes at any lift of y. Indeed, if
y € Y C X; is such that W{(gj) =y, and p: U — X is a plot centered at g, then 7r{ op is a plot centered

at y, and .
((7])* (@) (#)(0) = w(n{ o p)(0) = 0.
Thus, we obtain the following.

Proposition 5.8. For any y € w{(Y) C X{ we have
(=) QLX) = Nyt ) (@) (X0).

Proof. The inclusion (W{)*(Q;(X{)) C ﬂge(wf),l(y)(Q})y(Xl) has been proven immediately prior to the
1
statement of the proposition, so it suffices to establish the reverse inclusion. This follows from the
definition of the inverse of (r{)*. More precisely, suppose that w; € ﬂge(ﬂf),l(y)(Q )y(X1); this means
1 K

that wy vanishes at every point ¢ € X3 such that 7T{ (§) = y, which in turn means that for every plot p1
centered at any such point We have w1 (p1)(0) = 0. Let w! be the pushforward of the form wi to X{, that

is, wlf = ((W{)*)’ (w1); let p1 be any plot of X centered at vy, and let p; be a lift of pl to a plot of X

(such a lift exists by the definition of the pushforward diffeology), ]ol = 7T{ op;. Notice that p{ is centered

at some ¢ such that 7T1f (§) =y, and w; vanishes at all such points, therefore wy(p1)(0) = 0. Finally, recall

that wy (p{) = w1 (p1) for any lift p; of the plot p1 This allows us to conclude that w{ (p{)(()) = w1 (p1)(0),

and since p{ is arbitrary, we further conclude that w{ vanishes at y, as we wanted. O
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5.4.3 The subspace (ﬁge(ﬂ{)_l(y)(Q})g(Xﬂ) X comp U, (X2)

Here 5 is the point of X5 such that f(§) = g2. The structure of the subspace in question depends on
whether f is a subduction; we will assume that it is. Recall that, as has been established in the previous
section, this ensures that the natural projections Q}(Xl) X comp Q2 (X2) — Q}(Xl) and Q}(Xl) X comp
O1(Xy) — Q(X3) are both surjective. We now need to see whether this holds for subspaces of vanishing
forms; to avail ourselves of the tools used previously, we first consider the interaction between the vanishing
of forms and the f-invariance. Here is what we mean.

Projection to Qzlk (X2) Let us now use the above construction to show that the surjectivity of the
projection is preserved for the subspaces of vanishing forms. We start from the second factor; as before,
it is the easier case.

Proposition 5.9. Let y € wl (Y) be any point, and let j, € Xy N (xf)~(y). Then the projection
(ﬁge(ﬁf),l(y)(ﬂ})g(X1)> X comp Qzliz (X2) — Qzlh (X2) is surjective.

Proof. By Proposition 5.8 it suffices to show that (7] x IdXz)*(erf(y) (X{UfN X>)) is a sub-direct product

of Q;(X{) and of leh (X2), and this follows, again, from X{ — X{c Uy, X2 and X — X{ Uy, X» being
inductions. O

Projection to (ﬂge(wf),l(y) (Q})g(Xl)) This has just been proven together with the case of the other

factor.
Proposition 5.10. Let f be a subduction, let y € W{(Y) be any point, and let §o € Xo N (77)7(y).
Then the projection (ﬂge(ﬂ{),l(y)(ﬁ})g(X1)> X comp g, (X2) = (ﬂge(ﬂ{),l(y)(ﬁ})g(X1)> is surjective.

5.5 The pullbacks of the spaces of vanishing forms: summary

We collect here the final conclusions of this section regarding the image of the space Q1 (X; Uy X5) under
the pullback map 7* : Q' (X, Uy Xo) — Q}(Xl) X comp 0H(Xy).

Theorem 5.11. Let f be a subduction, and let x € X1 Uy Xo. Then the following is true:
1. Ifx €iy (X1 \Y) then
T (Qg (X1 Uy X2)) = () r-1() (X1) Xcomp Q' (X2)-
2. If v €ia(X2\ f(Y)) then
T (Q (X1 Uy X2)) = Q3(X1) Xeomp Qi (2 (X2)-

3. If x €ia(f(Y)) then
W*(Qalc(Xl Uy XZ)) = (m:ge(ﬂ{)—l(m)(ﬂ})i(Xl)) X comp Qal"cz (X2)v

where Ty is such that i2(Z2) = x.

6 The pseudo-bundle A'(X; Uy X5) when f is a diffeomorphism
with its image

We now turn to the pseudo-bundle A'(X; U X5) of the values of differential 1-forms on X; Uy Xo. We
actually limit ourselves to the case when the gluing map is a diffeomorphism with its image, one, because
it is the easiest case (in particular, we can dispense with the f-invariance), and two, because the relative
conclusions do apply to the general case, but they will be stated in terms of spaces X lf and Xs, and their

gluing along f. (from which one may hope, justifiably or not, to draw some conclusions in terms of the
initial Xl, X27 and f)
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6.1 The fibres of A'(X; Uy X5)

Here we describe the fibres of A*(X; Uy X3), i.e., the spaces AL(X; Uy X3), in terms of the spaces AL (X1)
and AL (X5) for 2; € X; such that z; € 7~ (z).

6.1.1 The fibre AL(X; Uy X») for = €41 (X; \Y) Uia(Xo\ f(Y))

We first consider the fibres of A'(X; Uy X5) in the case of z € i1(X; \ V) and that of x € i2(X2 \ f(Y)).
These two cases are rather straightforward because these are precisely the cases where the point x has a
unique lift to X L X5, and the answer is as follows.

Theorem 6.1. Let f be a diffeomorphism with its image, and x € X1 Uy Xy such that x ¢ i2(f(Y)).
Then

1. Ifx €41(X1\Y) then

AL(Xy Uy Xo) 2 AL (X1), where 21 =7 ' (z).

2. If x €ia(Xa \ f(Y)) then

AL(X1 Uy Xo) 2 AL (X2), where zo =7 ().

Both diffeomorphisms are induced by the pullback map 7*.

Recall that the f being a diffeomorphism with its image means in particular that Q}(X;) = Q'(X1),
i.e. any form is f-invariant.
Proof. Let first x € i1(X1\Y). Then, by Theorem 5.11 we have 7*(Qg (X1 Uy X2)) = Q) 1 () (X1) Xcomp

Q' (X5), which is a subset in Q' (X1) X comp Q' (X2) = 7% (21 (X7 U X2)). Thus, 7* lifts, first of all, to a
well-defined map on A, (X; Uy X5), whose image is the quotient

(Q(X1) Xcomp 2 (X2)) / (Q}T_l(w)(xl) X comp 91<X2)) .

We need to verify that Al(X;) is diffeomorphic to this quotient. Let p{ be the map induced by
the projection p1 of Q'(X1) Xcomp 2(X2) to the first factor, i.e., to Q'(X;). This means that, if A7 is

the quotient projection 2! (X1) X comp@! (X2) =+ (1(X1) Xcomp Q' (X2)) / (L1 4y (X1) Xcomp 2(X2)),
and Al is the quotient projection Q'(X;) — Ql(Xl)/Q;_l(I)(Xl), then we have

phoAn =ALop.

It is clear that p%* is a smooth linear map; furthermore, the fact that (Q}r,l(z)(Xl) X comp Ql(Xg)) is

a sub-direct product ensures that its image is indeed AL(X7). It remains to see that it has trivial kernel.
To do so, let (w1, ws) be a representative of an equivalence class, in the quotient

(N (X1) Xcomp Q(X2)) / (Q}r,lm (X1) X comp Ql(X2))

belonging to the kernel of p¢. Tt suffices to observe that w; belongs to the kernel of L. Since this kernel
is composed precisely of the forms vanishing at 7 1(:1:), we have w; € Q}T,l(m) (X1) and, since wy has to
be compatible with it, the pair (w;,ws) belongs to Q}r,l(m)(Xl) X comp 1 (X2), which proves the first part
of the statement.

The proof of the second part is completely analogous, but let us go over it briefly. Let z € i5(X2\ f(Y)).

We observe that also in this case (and for all the same reasons) the pullback map 7* lifts a map AT, on
Ay (X1 Uy X2), whose image is the quotient (Ql(Xl) X comp Ql(Xg)) / (Ql(Xl) X comp Q}F_l(w)(Xg)); we
need to show that this quotient is diffeomorphic to AL(X5).
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Similar to the case of the first factor, let us denote by ps the projection onto the second factor of
Ql(Xl) X comp Ql(Xg), that iS,

P2t Q(X1) Xeomp U (X2) = Q(Xa),
and by A2 the defining projection of A;_l(m)(Xg), that is,
No s QN (Xe) = QN (X) /D () (Xa) = Afa () (Xa).
Then there is a smooth linear map
7 (Q1(X1) Xeomp 2 (X2) / (21 (X1) Xeomp Vs (X2) ) = Abos ) (Xe)

such that gy o A% = A2 o py; this map is the pushforward of the map ps by the other two maps. It is
well-defined and surjective, since both spaces Q!(X1) X comp QH(X2) and Q' (X1) X comp Q}r,l(x) (X3) are
sub-direct products (of their factors). It then suffices to verify that it has trivial kernel, which follows
from the equality 52 o A% = A2 o py (the fact 5% is a smooth linear bijection implies that it also has

a smooth inverse due to the properties of the diffeologies involved; recall that both are pushforward
diffeologies). m

The essence of Theorem 5.11 be summarized by saying that over the points of X; Uy X5 that admit
a unique lift to X L Xy, the fibre of the bundle A'(X; Us X») coincides with a fibre of either AY(Xy) or
AY(X3), as appropriate.

6.1.2 The fibre AL(X; Uy X5) for x € ia(f(Y))
Then the quotient that we are now interested in is the following one:
(Q'(X1) Xcomp @ (X2)) / (2, (X1) Xcomp 0, (X2)) ;
This is the space that we denote by
Az, (X1) X comp Ay, (X2)
we wish to relate it to the spaces A} (X1) and A} (X5). More precisely, we establish the following.
Lemma 6.2. Let f be a diffeomorphism with image, let &5 € f(Y) C Xo, and let &1 = f~(Z2). Then
(21(X1) Xcomp 2(X2)) / (2, (X1) Xcomp 3, (X2))
is diffeomorphic to a sub-direct product of A%I(Xl) and A%z (Xa2).

Proof. The proof consists of two parts. We first show that there is a natural embedding of the quotient
(Ql(Xl) X comp Ql(Xg)) / (Q};l (X1) Xcomp Q%Z (Xg)) into the direct product Aglz1 (X1) XA%2 (X2), and then,
that the restrictions of the two direct product projection (to the embedded quotient) are surjections onto
the factors AL (X1) and A} (X>).

Let (w1, w2), (w,wh) € (2 (X1) Xcomp Q(X2)) be two pairs that represent the same coset of
Q%I(Xl) X comp 9%2 (X2). Since the latter is a subdirect product of its factors, this is equivalent to the
following two conditions: w; and wj representing the same coset of Q} (X1) in Q'(X1), and wy and wy
representing the same coset of QL (X3) in Q'(X;). Thus, the pairs (wi,ws) and (w],w)) represent the
same element of A} (X1) x AL (X3). This implies that the assignment

Ql(Xl) D wy [wl] S A31~01 (Xl), Q1<X2) S Wy [wg} S A‘%,2(X2)
yields a well-defined smooth linear map
(Ql (Xl) X comp Ql(XQ)) / (Qalzl(Xl) Xcomp Qalzz (XQ)) — A‘%l(Xl) X A;}”m (XQ)

acting by (wi,ws2) — ([w1], [w2]). It now remains to observe that its compositions with the projections
AL (X1) x AL (X2) = AL (X1) and A} (X)) x AL (X3) = AL (X3) are both surjective maps, and this,
again, follows from the spaces Q' (X1) X compQ' (X2) and QF (X1) X compQ3, (X2) being sub-direct products
of their respective factors. O
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Corollary 6.3. Under the assumptions of the above lemma, we have a diffeomorphism
AL(X1 Uy Xo) 2 AL (X1) Xeomp AL, (X2).
Notice that the above statement could be seen as making a reference to an independent notion of
compatibility for elements of AL (X1) and A}, (X3). The appropriate definition is as follows.

Definition 6.4. Let [w;] € A} (X;) for i = 1,2. We say that [w1] and [w2] are compatible if for any
wi € [w;] the forms wi and wj are compatible.

6.2 Re-interpreting the compatibility

We now describe another way of viewing the compatibility, or, more precisely, the space of compatible
pairs of 1-forms. The map f has the pullback map f* : Q'(f(Y)) — QY(Y), so the spaces Q'(f(Y))
and Q(Y) serve as the projective images of the spaces Q!(X5) and Q'(X;) respectively. Indeed, let
a1 Y <= X7 and as : f(Y) < X5 be the natural inclusions; the projections just mentioned are their
pullbacks:

oy QN X)) = QYA(Y)) and af : QX)) — QY(Y).

What we then have is the following.

Proposition 6.5. Let w; € Q'(X;) fori=1,2. Then wy and we are compatible if and only we have
fH(ag(w2)) = aj(wr).
Proof. Suppose first that w; and wy are compatible; consider f*(aj(w2)), af(w1) € QN (Y). Let p: U —» Y
be a plot for the subset diffeology of Y'; then
aj(wi)(p) = wi(a op) = wi(p),

where we identify the plot p with aq o p, as is typical for the plots in a subset diffeology. Likewise,

[ (a3 (w2))(p) = az(wa2)(f o p) = wa(az o (f o p)) = wa(f o p),

where again we identify ag o (f o p) and f o p. By the compatibility of w; and wsy, we have that wy(p) =
wa(f o p), which implies that f*(a3(w2))(p) = aj(w1)(p) for all plots in the subset diffeology of Y; this
means precisely that f*(a%(w2)) and o (w1) are equal as forms in Q(Y).

The vice versa of this statement is obtained from the same two equalities, by assuming first that
fH(ab(w2))(p) = aj(wi)(p) for all p and concluding that then also wi(p) = wa(f o p), which is the
condition for the compatibility of forms w; and ws. O

The proposition just proven allows us to give some alternative viewpoints on the subspace Q' (X1) X comyp
Q' (X5) 2 % (X1Up Xo) (recall that formally, 7% (2! (XU X)) is contained in Q2! (X1 X2)) of compatible
forms. The main one is contained in the following statement.

Corollary 6.6. Let (af, f*oa3): QY(X1) x QY (Xs) — QYY) x QYY) be the direct product map. Then
T (X1 Uy Xa)) 2 QH(X1) Xeomp ' (X2) = (af, f* 0 a3) 7" (diag(Q' (V) x Q1(Y))).
The space diag(Q2}(Y) x Q1(Y)) is the usual diagonal of the direct product Q(Y) x Q'(Y) and is
trivially identified with just Q(Y).
6.3 Canonical decomposition of A'(X; Uy X5)

The fibrewise description of the pseudo-bundle A'(X;Us X5) suggests that it has a natural decomposition
into three pieces, two of which are essentially portions of the pseudo-bundles A'(X;) and A'(X5), and
the third is constructed from the two as a subset of their fibrewise direct product. This decomposition is
in accordance with the decomposition of the base space X; Uy X5 as the disjoint union

(X1 \Y) Uia(Xo \ f(Y)) Wiz(f(Y)),
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and is denoted as follows:

AMX U X)) = Usei ay) s (X1 Ur Xa),
A XUy X)) = Usein o pony) As(X1 Uy Xa),
AN (X1 Ur Xo)lin(s0v)) = Useinrory As(X1 Up Xa).

6.3.1 The counterparts of the three components of A'(X; Uy X3)

The above decomposition of A'(X; U X») is stressed by the following consequence of Theorem 7.1 and
Corollary 7.3:

Umeil(Xl\Y) A;:(Xl Uy Xa) < L= UreXl\YA;:(Xl)
Usein(xa\£(v)) AL(X1Up Xo) ¢ Lo = Upexy\ p(v)As(X2)

Uscin(rory Aa(X1 Uy X2) < Ly = Uyey {y} x (Agl,(Xﬁ X comp M) (Xz)) :

The four spaces in the first two cases come with natural diffeologies, that are subset diffeologies relative to
their inclusions into A'(X; Uy X3) (the two left-hand sides), and into A'(X7) or A'(X>), as appropriate. In
the third case, the space on the left-hand side is again a subset of A'(X;U;X>) and so can be endowed with
the corresponding subset diffeology. On the other hand, the space on the right-hand side is an independent
construction (that is, its explicit definition and its identification with Umeiz(f(y)) AL(X; U Xs) are the
only descriptions that we have of it), which does not automatically provide them with a diffeclogy (and
so we must specify one).

6.3.2 The covering map for the decomposition

The starting point now is the presentation of A'(X; Uy X2) as the diffeological quotient
(X1 Uy X2) x (Q1(X1) Xeomp ¥ (X2))) / (Uzexyu,x, ({2} x 7(Q5(X1 Us Xo)))) -

(Notice that here the space being quotiented can be seen as a trivial (pseudo-)bundle over X7 Uy X,
while the space by which we quotient, is its diffeological sub-bundle). In particular, the diffeology on
A'(X; Uy Xo) is the pushforward of the diffeology of (X1 Uy Xa) X (Q1(X1) Xcomp Q1(X2)); we will use
the fact that the diffeology on the latter is a restriction of the product diffeology on a direct product of
three factors ((X; Uy Xa), (Q1(X1), 21(X2))).

Recall that p; : Q1(X1) Xeomp Q1 (X2) — Q1(X;) is the projection of Q'(X71) X comp Q21 (X2) onto its
i-th factor, for ¢ = 1,2. Since they obviously preserve the subspaces of vanishing forms, they induce
well-defined bijections A'(X1 Uy Xo)[;, (x,\v) — L1 and AY (X1 Uy Xo)|i,(x,\f(v)) — Lo; these are the
two of our desired maps (see below for details). Finally, we observe the following:

* * * .
ajopr = froazopy;

this is also obvious from the discussion in Section 7.2.

6.3.3 The bijection Al (Xl Uy X2)|i1(X1\Y) — Iy

As we already mentioned,

{ A XU Xo)loxivy) = Usexay (21(X1) Xeomp 21(X2)) / ((X1) Xcomp 2H(X2)) s
A X)) DLt = Upex,\y Q'(X1)/Q(X1).

We construct the desired bijection between them from the map p; : Q(X;) X comp QX)) — QL(Xy).
Since we obviously have
P1(Q (X1) X comp 2 (X2)) € Q3 (X1),

p1 induces a well-defined map
pi o AN(Xy Uy Xo)liy(xi\v) — L1
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Proposition 6.7. The map p? is bijective, linear on each fibre, and smooth for the subset diffeologies
relative to the inclusions

Al(Xl Uf X2)|11(X1\y) - Al(Xl Uf XQ) and Ly C Al(Xl)
Proof. Recall that the entire A'(X; Uy X5) is defined as the following diffeological quotient:
(X1 Up Xa) x (21(X1) Xcomp 2(X2))) / (Usexiupxa ({2} x 7 (2(X1 Uy X2)))) 5

in particular, the diffeology on A'(X; Uy X») is the pushforward of the product diffeology on (X7 Uy
X5) x (2(X1) Xcomp ' (X2)). This implies that any plot p: U — A (X, Uy Xo)liy(x1\v) of A(Xy Uy
Xo)liy(x,\v) locally (that is, assuming that U is small enough) lifts to a map of form (i; o p1, pit X p),
where p; is a plot of X7 \'Y C X, and pf is a plot of Q'(X;) for i = 1,2, where furthermore p$(u) and
pS(u) are compatible for all u € U.

Since p} is defined as the pushforward, by the quotient projections, of the map p;, the composition
pl opis aplot of Ly if the composition (i %, p1) o (i1 o p1,p x p) is a plot of X x Q'(X;); and that it
is one, is rather obvious, since

(iv ', p1) o (in o pr,pf x p3) = (p1,07),
which is indeed a plot of X; x Q(X;) by the choice of p; and p$. O

6.3.4 The bijection Al (Xl Uy X2)|i2(X2\f(Y)) — Lo
This case is entirely analogous to the previous one. Indeed, we have

Al(Xl Uy X2)|¢2(X2\f(Y)) = Uz€X2\f(Y) (Ql (Xl) X comp QI(X2)) / (Ql (Xl) X comp Qi(X2)) )
Al(Xg) D) L2 = 2€X\F(Y) Ql(XQ)/Qi(XQ)

Once again, the projection

P2 Ql (Xl) X comp QI(XQ) — Ql (XQ)
induces a well-defined bijective and linear on each fibre map

P2+ M (X1 Up Xo)liy o\ pvy) — Lo
The following is then established exactly as Proposition 6.7.

Proposition 6.8. The map pb is smooth for the subset diffeologies relative to the inclusions

Al(Xl Uy X2)|i2(X2\f(y)) C Al(Xl Uy XQ) and Lo C Al(XQ)

6.3.5 The case of A'(X; Uy Xo)|i,(5(v))

This is somewhat different from the previous two, in that the corresponding collection of fibres is not
contained in either A*(X;) or A'(X3). It can however by seen as a subspace of the following:

UA;(Xl) X UA}(y)(XQ) )

yey yey

that is, we consider the restriction of the pseudo-bundle A'(X1) onto (7)~(Y), that is, the pseudo-
bundle
AV Ay = AN (X))l 2 Y
yey
over Y, and the analogously defined restricted pseudo-bundle

AY U Ay (X2) = AN (X)) pvy = F(Y) = Y,
yey

which in this case is post-composed with the diffeomorphism f~!, in order to obtain again a pseudo-bundle
over Y. We then take the usual product over Y of AY and A}, obtaining a pseudo-bundle A} xy A} with

the total space (Uer A;(XQ) Xy (Uer A}(y) (Xg)), that contains Ly .

24



The two descriptions of A'(X; Uy Xo)liz(#(vy) By analogy with the first two components in the
decomposition of A'(X; Uy X») that we are considering at the moment, we can write

Al(Xl Uy X2)|iz(f(Y)) = UyEY (QI(XI) X comp Ql(X2)) / (Q;(Xl) X comp Q}‘(y)(XQ))
N XDy eomp A (X)) D Ly = Uyey (Q1(X0)/95(X1)) Xeomp (21(X2) /b, (X))

The second equality requires us to specify once more what is being meant by the compatibility of the
equivalence class in Q'(X1)/Qy(X1) with an equivalence class in Q' (X») /%, (X2). By definition, two

such classes are compatible if every form in the first class (an element of Q'(X1)/Q,(X1)) is compatible

with every form in the second class (an element of Ql(XQ)/Q}(y)(XQ)).ll We also note, although this

should be quite clear, that the space Q, (X1) X comp 2}, (X2) is by definition the space of all pairs (wi,w2)
such that w; and ws are compatible, w; vanishes at y, and ws vanishes at f(y).

The diffeology on Ly We have just described Ly as a subset of the direct product (over Y') of
AY(X4)]y and A'(X2)|f(y), each of which carries the corresponding subset diffeology. Thus, their direct
product carries the product diffeology; we endow Ly with the subset diffeology relative to that.

The map A'(X; Uy X2)|i2(f(y)) — Ly To construct this map, we use again the two projections p;
and po; this time, we start by considering the (essentially trivial) map (p1, p2) : Q' (X1) X comp Q1 (X2) —
Q' (X1) x Q'(X3). We claim that it induces a well-defined and bijective map A*(X1 Uy X2)|i,(r(v)) — Ly-

Proposition 6.9. The map
P Uyey (9 (X0) eomp 91(X2) / (25(X0) Xeomp Db (X2) ) =
= Uyey (Q1(X0)/2(X0) Xeomp (21(X2)/ 2, (X2)
that acts by assigning, for each y € Y, to any coset
(w1, w2) + (25(X1) Xeomp Py (X))
with compatible wi and wq, the pair of cosets
(w1 + Q4 (X0), w2 + Q) (X2) )

is well-defined, bijective, and two ways smooth.

Proof. The map p” is of course well-defined as a map into

(Q(X1)/94(X1)) x (21(X2)/Q,)(X2) )

what we need to check is that its range is contained
(Q1(X0)/24(X1)) eomp (21(X2) /R (X2))

that is, if (w1, ws) is a compatible pair then w; + Q; (X1) and wa + Q}(y) (X2) are compatible cosets. [

11We note without explaining that this is a far more restrictive condition than that of the existence of just one form in
the first class compatible with at least one form in the second class.
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6.4 Characterizing the plots of A'(X; Uy X3)
Let us now describe the local shape of plots of A'(X; Uy X5), based on its definition as the quotient

(X1 Uy Xo) x QHX1 Uy Xo)) / U  {e} x (X1 Uy Xo)
r€X1UsrXo

and the above decomposition. Recall that
AU (X1 Uy Xo) x QY(X7 Uy Xo) — AY(X Uy Xo)

is the corresponding quotient projection; let 7 : A'(X; Ur X2) — X1 Uy Xy be the pseudo-bundle
projection.

6.4.1 General considerations

Since the diffeology of A'(X; Uy X5) is by definition the quotient diffeology, i.e., the pushforward of
the diffeology on (X7 Uy X3) x Q1(X; Uy X») by m*, any plot of A'(X; Uy X2) locally lifts to a plot of
(X1 Uy X5) x X, Ur X3). We will identify this space with

(X1 Uf XQ) X ﬂ'*(Ql(Xl Uf XQ)) = (X1 Uf XQ) X (Ql(Xl) Xcomp Ql(XQ)) s

and from now on we will assume that the domain of definition of 7* is this latter space, (X; U 5 X2) x
(Q(X1) Xcomp 2'(X2)). The properties of the product, the quotient, and the gluing diffeologies then
trivially imply the following:

Lemma 6.10. Let p: U’ — A (X1 Us Xs) be any plot of A'(X1 Uy Xs). Then there exists a sub-domain
U C U’ such that ™ o (p|v) lifts, via the projection X1 U Xy — X1 Ur Xo that defines X1 Uy X, to either
a plot p1 of X1 or a plot ps of X5.

Proof. By definition of a quotient diffeology, there exists a sub-domain U; of U’ such that p|y, lifts to a
plot p1 of (X1 Uy X5) x (Ql(Xl) X comp Ql(Xg)). By definition of the product diffeology, there exists a
sub-domain U C U; such that the restriction p1|y, has form (p{,, p’), where p is a plot of X3 Uy X»
and p® is a plot of QY (X1) Xcomp Q1(X2). Since the subset diffeology on the latter is a subset of the
product diffeology on Q' (X;) x Q'(X>), there exists a sub-domain Us C Uy such that py|p, = (pu”,p?"),
where p? " has form p® " = (p’, p$’) for some plots p$¥’ of Q' (X;) and p§’ of Q*(Xz). Set U to be any
connected component of Us, and let p = p1|y, which writes as

p= (pUa (p?apg))v

where p, = pu"|v is a plot of X3 Uy Xa, pf = p§¥/|v is a plot of Q1(X7), and p§ = p$'|y is a plot of
Q'(X2). It now suffices to observe that p, = 7 o (p|yy) is a plot of X; Uy Xo defined on a connected
domain, and (as follows from the gluing construction) any such plot lifts to a plot of exactly one of the
factors. O

Remark 6.11. Let p: U — A (X, Uy X3) be a plot such that U is as in the above lemma. Then we can
summarize by saying that the lift p of p to (X1 Uy X2) x (Q(X1) Xcomp Q(X2)) has either form

_ { (irop1, (P, %) on (7 oply) M (X1 \Y)
(izo fopi, (v, p5)) on (7 oply )~ (Y)

3

or form
P = (iz 0 pa, (P, p3)) if Range(w o plu) C ia(Xo).
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6.4.2 The two diffeologies D and D§' on Q'(Y)

As we have just seen (and as is clear from the definition of A'(X; Uy X3) itself), we have to consider
frequently pairs of form (p$, p$), where p{ : U — Q1(X) and p} : U — Q'(X3) are plots of, respectively,
Q'(X1) and Q' (X5) such that p$(u) and p§}(u) are compatible for all u € U. Furthermore, we have already
seen that this compatibility can be expressed as the requirement

@i (pf(w) = (f* 0 a3)(pf () for all u € U.

Observe now that af op$! : U — Q(Y'), which is a plot for the standard (functional) diffeology on Q!(Y))
by the smoothness of a7}, can also be viewed as a plot of the diffeology on the same Q' (Y') that is obtained
by pushing forward the diffeology of Q!(X;) by the map aj.

We denote this pushforward diffeology by D{. It follows from what has just been said that D§* is
contained in the standard diffeology of Q!(Y). We do not discuss whether it is properly contained in it
(we do not know), since the condition that will usually be sufficient for us is that the two diffeologies be

equal to each other:
DY = Dy C DU(Y),

where D(Y') is the usual functional diffeology on Q'(Y"). The effect that such equality has is summarized
in the following statement.

Corollary 6.12. Let X1, X, and the gluing diffeomorphism f be such that D¢ = DS. Then, up
to restricting a plot on each domain, for every plot p : U — QY(X1) of QY(X1) there exists a plot
P U — QY(Xy) of QY(Xa) such that p(u) and p§(u) are compatible for all u € U, and vice versa for
each plot p§ of QY (Xs) there exists a plot pf of Q' (X1) such that p$t and pS} at each point.

Proof. This follows directly from the criterion of compatibility of forms and the definition of a pushforward
diffeology. Indeed, let p$! : U — Q!(X1) be a plot of Q'(X;). By definition of a pushforward diffeology,
ajop: U — QUY) is a plot of the diffeology D{?, and by assumption, it is also a plot of the diffeology
DE. Since the latter is also a pushforward diffeology, every plot of it locally has form f* o o o ¢ for some
plot q of Q'(X5). Thus, if we assume that U is small enough, there exists a plot p$' of Q'(X5) such that
ajops = f*oalops; then it follows from the condition of compatibility that o (p$(u)) = (f* o) (p$(u))
for all w € U, which is what we wanted. The reverse is obviously obtained by the exact same reasoning. [

6.4.3 Plots of A'(X;) and those of A'(X; Uy X5)

We have said already that it is natural to distinguish between plots of A*(X; U ¢ X2) whose compositions
with 7 lift to plots of X; and those whose compositions lift to plots of X5. It then follows from the
shape of the canonical decomposition of A'(X; Uy X2) (see above) that it might be possible to relate
these plots, themselves, to those of A'(X7) and those of A'(X5), respectively, which is what we do in the
present section.

From plots of A'(X; Uy X5) to those of A'(X;) Assume first that p is such that the component py
of its lift p lifts in turn to a plot of X;. The plot p can then be characterized as follows.

Lemma 6.13. Let U be a connected domain, and let p : U — A(X; Uy X2) be a map such that the
range of the composition of p with the pseudo-bundle projection A'(X; Ur Xo) = X1 Uy Xy is contained in
m(X1) = i1 (X1 \Y)Uiz(f(Y)). Then p is a plot of A*(X1 Uy X2) if and only if, up to passing to a smaller
sub-domain of U, there exists a lift p = (pu, (p1, %)) of p to a plot of (X1 Uy X3) x (Q1(X1) x QY(X3))
such that

ajopl = froajopy.
Conversely, for any py, pit, p5 that satisfy these conditions, p is a lift of some plot of A'(X; Ur Xa).

Proof. This is a trivial consequence of the definition of the diffeology of A'(X; Uy X2) as a pushforward
of the diffeology on (X Uy X5) (Ql(Xl) X comp Ql(Xg))7 that of the gluing diffeology, and the criterion
of the compatibility of forms in terms of pullback maps aj and f* o 3. O
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The vice versa: from a plot of A'(X;) to one of A'(X; Uy X5) Let p: U — A'(X7) be a plot of
A'(X1), with U small enough so that p lifts a plot of X; x Q'(X;) of form (py, p$), where p; : U — X is a
plot of X7 and p$? : U — Q!(X;) is a plot of Q1(X;). We say that p extends to a plot of A*(X; Uy X5) there
exists a plot pS : U — Q1(X5) of Q!(X3) such that p$*(u) and pS}(u) are compatible for all u € U; and if
such pf exists, then for any choice of it the following is a plot of (X1 Uy X2) x (21(X1) X comp Q' (X2)):

{ (i1 o p1, (P PY)) on py (X1 \Y)
(iz0 fopi, (pP,p%)) onpy'(Y).

As we have essentially said already, the existence of p depends on whether af o p$ is a plot of DS’.
We thus conclude that the following statement is true.

Lemma 6.14. Let p; = (p1,pf) : U — X1 x QYX1) be a plot of X1 x Q'(X1) such that p; is a
plot of X1 and p is a plot of Q' (X1). Then there exists a plot pS of Q' (Xs) such that p : U —
(Xl Uf XQ) X (Ql(Xl) X comp Ql(XQ)) deﬁned by

,3_{ (irop, () onprl(Xi\Y)
(izo fopr, (b7, p5)) onp'(Y)

is a plot of (X1 Ug X2) x (Q(X1) Xcomp QH(X2)) if and only if af o pf* € DY.

The subduction of A'(X; Uy Xo)|;, (x,\v)uis(£(v)) onto A*(X1) We now consider the portion of the
pseudo-bundle A'(X; Uy X3) that lies over i1 (X7 \ Y) Uia(f(Y)). This is the image of X in the glued
space X1 Uy X, and since we assume throughout this section that the gluing map f is a diffeomorphism,
it is its diffeomorphic image. The notation A(X; Uy Xo2)|i, (x1\v)uis(f(v)) 18 analogous to the previous
defined A'(X; Uy Xo)liy(x1\v)» and the space itself is endowed with the subset diffeology relative to its
inclusion Al(X1 Uy XQ)‘il(Xl\Y)Uiz(f(y)) C Al(Xl Uy X5).

Proposition 6.15. Let X1, Xo, and the gluing map f be such that D = DS'. Then the map

s AN (X Up Xo)li oty — AN XD
induced by the projection p1 : Q' (X1) X comp Q1 (X2) = QY(X1) is a subduction.

Proof. Tt suffices to show that every plot of A'(X1) locally lifts to a plot of form g o p, where p is a plot
of A'(X;1 Uy X») (indeed, since the ranges of all the plots of A'(X7) cover it, the surjectivity will follow
from it). Let p’ : U — A'(X1) be a plot of A1(X;) (we will assume U small enough as needed), and let
P U — Xy x QLX) be its lift to a plot of X; x QY(X;), that has form (p;,p$?) (§' having this form
is one meaning of U being small enough). By the assumption that D> = D, there exists then a plot
P U — QY(X3) such that p¥(u) and p$(u) are compatible for all u € U. We therefore have that

73_{ (irop, (02 p%)  onpr (X \Y),
(iz0 fopr, (p,p$)) onp;'(Y)

is a plot of (X1UyX2)x (2(X1) Xcomp 2 (X2)). Let p = Auop be the corresponding plot of A'(X1UyX5).
Then it follows directly from the construction that p’ = p3 o p; since p’ corresponds to the local form of
any arbitrary plot of A'(X7), we get our claim. O

6.4.4 Plots of A'(X;) and those of A'(X; Uy X5)

We now develop the analogous reasoning for the second factor of the gluing, that is, the case of an
arbitrary plot p of A1(X; Uy Xo) such that 72 o p lifts to a plot ps of X5 (this composition being a plot
of X7 Uy Xo, this amounts to saying that it takes values in i3(X32)). Our treatment of this second case
can be made quite brief, as it essentially mimicks the case of the first factor; this is in contrast to what
usually happens for our gluing diffeologies, which are usually not symmetric in the two factors. However,
although 7 o p has then a unique form 7 o p = iy o po, the relevant part of A'(X; Uy X2) (the portion
of it that lies over i5(X3)) has different behavior over i5(f(Y)) and over i2(X2 \ f(Y)), just as it occurs
for the factor Xj.
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From a plot of A'(X; Uy X5) to one of A'(X5) Letp:U — A'(X;Us X2) be a plot of A (X7 Uyr Xo)
such that 7 o p has form is o po for some plot ps of X5. Let § be a lift of p to a plot of (X Ur Xo) X
(Ql(Xl) X comp Ql(Xg)); we assume, as we can always do, that U is small enough so that p has form
P = (ig 0 pa, p*?) for a plot p? of Q1 (X1) X comp 2 (X2), which furthermore has form p* = (p$, p$), with
pst a plot of Q1(X;) for i = 1,2. Observe that the pair (p$, pS!) is not arbitrary; it is determined precisely
by the following condition: p$}(u) and p$(u) are compatible for all u € U.

We thus have that p can be written as:

p(u) = (p2(0), D (1)) + (2 (X1) Xeomp U, (X)) on py1(Xa \ £(V))
i),

(), P2 (@) + (21 (00 (X1) Xeomp Dby (X2)) o p3 (F(V)),

to which there naturally corresponds a plot of A'(X5). This plot is defined as the pushforward to A'(X5)
of the plot (pa,pS) of Xz x Q' (Xs).

The vice versa: from a plot of A'(X;) to a plot of A'(X; Uy X5) Also the treatment of the wvice
versa case is analogous to what we have already done for the first factor. Let p’ : U — A*(X3) be a plot;
assume that U is small enough that p’ lifts to a plot ' of Xy x Q(X3) that has form ' = (pg, p}) for
some plot po of X5 and some plot p§ of Q!(X3). We wonder whether there is a plot p$ : U — Q'(X1) of
Q'(X1) such that p = (iz o pa, (P, pF)) is a plot of (X1 Uy Xo) x (Q1(X1) Xcomp 2'(X2)). The answer
is entirely analogous the case of the first factor and is as follows.

Lemma 6.16. Letp’' : U — AY(X5) be a plot of AL(Xs) that lifts to a plot of Xo x QY (X3) that has form
(p2,p). Then it extends to a plot of A* (X, UrXs), in the sense that (X1Uy X)X (Ql(Xl) X comp QI(XQ))
admits a plot of form (iy o pa, (p$,p%)), if and only if f* o ab o pS € D.

Proof. The proof is the same as in the case of the first factor, so we omit it. O

The subduction A'(X; Uy X3);,(x,) = A'(X2) Just as in the case of the first factor, we have the
following statement, which also renders that of the preceding lemma more precise. Indeed, it clarifies
what we mean by saying that a given plot p’ of A'(X5) extends'? to a plot p of A'(X; Uy X»); it means
that p’ = pb o p.

Proposition 6.17. Let X1, Xo, and the gluing map f be such that D = DS'. Then the map
Py A (X01 Up Xo)liy(x,) = AN (Xo)
induced by the projection ps : Q' (X1) X comp Q1 (X2) = QN(X2) is a subduction.

Proof. The proof is completely analogous to that of Proposition 6.15, so we omit it. O

6.4.5 The final description of plots of A'(X; Uy X5)
Here we give the final characterization of the diffeology of A'(X; Uy Xa).

Theorem 6.18. Let X; and Xy be two diffeological spaces, and let f : X1 DY — Xo be a diffeomorphism
of its domain with its image. Then the diffeology of A'(X1 Uy X2) is the coarsest diffeology such that both
maps p and py are smooth.

Proof. Let D’ be any diffeology on A*(X; Uy X5) such that g and g5 are subductions, and let s : U’ —
AY(X7 Uy X5) be a plot of D'. It suffices to show that for every v’ € U’ there is a neighborhood U of v’
such that s|y lifts to a plot of (X1 Uy Xo) x (Q2(X1) Xcomp Q' (X2)).

Thus, we can assume first of all that U’ is connected; this implies that 7* o s, which is a plot of
X1 Uy Xo, lifts to either a plot s; of X; or to a plot s of X». Since the two cases are symmetric in the
case of gluing along a diffeomorphism, it suffices to consider one of them; so we assume that 7 o s lifts
to a plot sy.

12 Admittedly, one may find our use of the term dubious; indeed, our use of it is not its standard meaning.
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Next, g4 o s is a plot of A'(X;) by assumption. We therefore can assume that U’ is small enough so
that it lifts to a plot of X1 x Q'(X1) and, furthermore, that this lift has form (s}, s{?) for a plot s} of
X; and a plot s of Q!(X;). It is then trivial to observe that s} coincides with s; whenever both are
defined. Thus, we obtain

p~11\ os=Ao (81’5?)7

where ! : X7 x Q1(X;) — AY(X;) is the defining projection.

Let us now consider g5 os. This is a plot of A*(X5) which takes values in A*(X5)|(y) only. Restricting
again, if necessary, the domain U’ to its sub-domain U, we can assume that it lifts to a plot of X x Q1 (X5)
and that firthermore this lift has form (s, s3}); it is again trivial to see that sy = f o s; whenever the
latter expression makes sense.

Let s, = { z:losl on S;(Xl\Y)

igofosy ons; (Y);
claim, it suffices to show that s$}(u) and s$}(u) are compatible for all u € U. This follows from their
corresponding to a unique plot s of A'(X; Uy X5); more precisely, we have, for any fixed u € U, that

A

it is obvious that sy, = 7 o s. Thus, to obtain our final

s(u) = (57 (), 55 () + 7 (2, () (X1 Uy X2)),
i.e., the pair (s(u),s$(u)) belongs to to a coset in 7*(Q'(X;) x Q!(X3)), which, as we know includes
compatible pairs only. Since by construction of the maps 57 and 5% we also have s = A\_ o (sy, (s, s%)),
we can conclude that s indeed belongs to the standard diffeology on A'(X; Us X5), whence the claim. [

7 Existence of a pseudo-metric on A'(X; Uy X5)

In this section we consider, under the assumption that both A'(X;) and A!(X3) admit pseudo-metrics,?

and that f is a diffeomorphism, the existence of an induced pseudo-metric on A'(X; Uy X5). Since the
latter is not the result of a gluing of the former two together, we cannot apply the gluing construction
for the pseudo-metrics either. However, we do something similar and obtain one on A'(X; Uf X») by
combining the given two; this requires additional assumptions on them.

7.1 The compatibility of pseudo-metrics on A'(X;) and A'(X))

It is intuitively clear that it is not possible to get a pseudo-metric on A(X; Uy X2) out of just any
two arbitrary pseudo-metrics on A'(X;) and A'(X5). We need a certain compatibility notion; the most
natural one is the following.

Definition 7.1. Let gi* and g5 be pseudo-metrics on A*(X1) and A*(Xs) respectively. We say that gi*
and gy are compatible, if for all y € Y and for all w, € (7))~ (ia(f(y))) we have

g () (B (), A1 (1) = g5 (f (1)) (55 (w), p3 (1))

There is an equivalent way to define compatibility, stated in the following proposition.

Proposition 7.2. Two pseudo-metrics g and g& are compatible if and only if the following is true: for
any y €Y and for any two compatible pairs (w',w") and (p',u"), where ', 1’ € A*(X1) and ", u’" €
AY(X3), we have

gt (W) 1) = g3 (F )", 1)

Proof. The compatibility condition given in the statement clearly implies the one given in the definition;
indeed, for any w € A*(X; Uy Xo) the forms 4 (w) and 53 (w) are compatible by construction. To establish
the equivalence, it suffices to show that for any pair of compatible forms (wy,ws), where w; € AY(X;),
there exists w € A(X; Uy X2) such that g2 (w) = w;, and this is a consequence of Lemma 6.2. O

13Notice that this assumption includes that of these pseudo-bundles having only finite-dimensional fibres, which they do,
for instance, if X; and X9 are subsets of a standard R™.
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7.2 The definition of the induced pseudo-metric g*

We now define the induced pseudo-metric g on A'(X; U 5 X2). Let g} and g5 be two compatible
pseudo-metrics, on A'(X;) and A'(X3) respectively. The map g* : X1 Uy Xo — (AY(X Uy XQ))* ®
(AY(X1 Us X5))" is defined as follows:

g (i (@) (A1 (), 51 (), ifzcin(X1\Y),
g @) () = q g8 iy (@) (55 (), 73 (), if @ € s (X2 \ f(Y)),
3 (@t (F1 G @D C), A () + g8 (i (@) (55 (), 55 (1)), if & € ia(f(Y)).

In the section immediately following, we show that this is indeed a pseudo-metric on A'(X; U X5), that
is, that it has the correct rank on each fibre, and that it is smooth.

7.3 Proving that ¢* is a pseudo-metric on A'(X; U; X5)

It is clear from the construction that there are two items to be checked: one, that g” yields a pseudo-metric
on each individual fibre, that is, that it has the maximal rank possible, and two, that it is smooth.

The rank of g We first check that ¢* yields pseudo-metrics on individual fibres. By construction,
g"(x) for * € X; Uy X5 is always a smooth symmetric bilinear form on Al(X; Uy X5). Therefore it
suffices to show that it has the maximal possible rank on each fibre; this is the content of the following
statement.

Lemma 7.3. For any v € X1 Uy Xo, the rank of g* is equal to dim((AL(X; Uy X52))*).

Proof. Over points in i1 (X1 \ Y) and those in i2(X5 \ f(Y)) this follows directly from the construction.
Let z € i2(f(Y)). Recall that for any such x the fibre AL(X;Us X5) then has form A;_l( 1 ))(Xl) X comp
J 2 (T
ALI( )(Xg), which in particular is a subspace in A;_l(_l( ))(Xl) x A il )(Xg). The definition of g
ty (T J iy (x
obviously extends to that of a symmetric bilinear form on the latter space, and furthermore, this form
is proportional to the usual direct sum form' g (f~1(iy *(x))) + ¢4 (i3 *(z)), which obviously has the
maximal rank possible. Therefore g™ (z), being a restriction of g (f~(i5 *(2))) + ¢4 (i5 ' (z)) to the vector

subspace A}f X1) X comp A: X5), has the maximal rank as well. O

1(i;l(ﬂ?))( ;1(1’)(

The smoothness of ¢* We now turn to showing that ¢g* is smooth as a map
X3 Uf Xo — (Al(Xl Uf X2))* ® (Al(Xl Uf XQ))* ;

the proof of this is the main ingredient in the statement that follows.

Theorem 7.4. The map ¢* : X, Ur Xo — (Al(Xl Uy Xg))* ® (Al(Xl Uy Xg))>k is a pseudo-metric on
Al(Xl Uy XQ).

Proof. As is the usual procedure with proving the smoothness of a prospective pseudo-metrics, it is
sufficient to choose plots p: U — X7 Uy X5 of X3 Uy X5 and ¢, : U’ — A'(X; U X3), and to show that

the evaluation map
(u,u') = g™ (p(w) (a(u'), (),

defined on the set of all (u,u’) such that 7*(q(v')) = 7™(s(u’)) = p(u), is smooth as a map into the
standard R. Also as usual, we can assume that U is connected and, subsequently, that U’ is such that
the plots ¢, s have one of the standard forms described in the previous section, i.e., they lift to products
of plots for the three-factor product space (X; Uy Xo) x (Ql(Xl) X comp Ql(Xg)). In particular, we may
assume that p either lifts to a plot p; of X7 or a plot ps of X5; notice that these two cases are perfectly
analogous in the current context.

Suppose that p lifts to a plot p; of X;. The value of the corresponding evaluation map in this case is

14Defined by requiring the two factors to be orthogonal, and the restriction to each factor to coincide with the given form
A
g; -
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g™ (p(w))(a(u'), s(u')) =

_ { g1 (p1(w) (P (a(u), 1 (s () on py (X1 \Y)
3 (91 (pr () (A (a(w)), A (s(u))) + g8 (f (p1.(w))) (55 (a(u')), 55 (s(u'))))  on pr (V).

It now suffices to apply the compatibility condition to the second part of the formula to obtain that

g (p(w)(a(w), s(u')) = g (1 (w) (51 (a(w)), 57 (s(u)))

on the entire range of p, so it is smooth, because g#* is smooth (by the assumption on it).
Likewise, if p lifts to a plot ps of X5 then the corresponding evaluation has form

g™ (p(w))(q(u), s(u')) =

_ { 95 (p2(w) (P2 (a(u"), 55 (s(u))) on py (X2 \ f(Y)
3 (g1 (F 7 (p2(w)) (51 (a(w)), 41 (s(w))) + g8 (p2()) (55 (a(u'), 55 (s(u'))))  on py* (F(Y)).

In this case the compatibility condition ensures that

g (p(w)(a(w), s(u')) = g2 (p2(w) (53 (a(w)), 2 (s(u'))),

and so we obtain a smooth function by the assumption on g*. Both cases having thus been considered,
we get the final claim. O

A direct consequence of the theorem just proven is the following statement.

Corollary 7.5. Let X; and Xo be two diffeological spaces, and let f be a map defined on a subset
of X1 that is a diffeomorphism of its domain with its image. If A'(Xy) and A'(Xs3) admit compatible
pseudo-metrics, then A (X1 Uy X5) carries a pseudo-metric induced by them.

8 Concluding remarks: A'(X;U; X») for non-injective f, and the
case of k£ > 2

In this concluding section we collect what can be more-or-less easily said about the case of non-injective
gluing maps, and make final observations regarding higher-degree forms.

8.1 The fibres of A'(X; Uy X5)

Let us assume that f is a subduction, but that at least one point in X; Uy X5 has more than one lift to
X1 U Xy. This is the case where certain points of X7 Uy Xs, specifically those in = € i5(f(Y")), may have
more than one lift to X7, and to describe the fibre of Al(Xl Uy X5) we must refer to the third case of
Proposition 5.2 in its full form. Recall that by the Proposition just mentioned, if x € i2(f(Y)), then

T (QL(X1 Ur X2)) = (Nzev, (2)z(X1)) Xcomp D, (X2),

and so the relationship with the fibres of A'(X7) is far from evident.

8.1.1 The diffeomorphism A{ ; , (X{) 2 (A})r1(s)(X1) for z € X{ \ #{ (V)

We have seen in Section 5 that there is a natural diffeomorphism QI(X{) ~ Q}(Xl); we now shall see
what becomes of it when we consider pseudo-bundles A%ﬂf),l(x)(X{) and (A})ﬂ_l(x) (X1) for = that lies

outside of the domain of gluing Y. Since such a point has a unique lift'® to X7, it is quite easy to see
that the diffeomorphism still holds.

15 As one might imagine, this is the crux of the matter.
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Proposition 8.1. For all z € X{ \ 7/ (Y) there is a natural diffeomorphism
Afwry 10X = (A)ao1 @ (K1)
that lifts to the pullback map (x))* : Q*(XJ) — Q5 (X1).

Proof. This follows essentially from the results already established, that is, from the fact that (77{ )*
preserves the subspaces of vanishing 1-forms; this follows from it being essentially a component of the
whole pullback map 7*, and Theorem 5.11, part 1. O

8.1.2 The points in i;(X; \Y) and i2(X2 \ f(Y))
This is the easier case, and we dispense with it right away, using the results of the previous section.
Theorem 8.2. Let f be a subduction, and let v € X1 Uy Xo. Then

1. Ifx €i1(X1\Y) then
A:}C(Xl Uf X2) = (A}”)ﬂ'*l(z)(Xl)

2. If x € ia(Xa \ f(Y)) then
Ag (X1 Uy Xo) 2 Apa () (Xa).

Proof. Recall first of all the identification X; Uy X, = X { Uy, Xo; since f. is a diffeomorphism with its
image, by Theorem 6.1 we have that

Ag(X1 Uy Xo) = A%ﬂf)fl(x)(X{) and A; (X1 Us X2) & AL, (Xo);

in particular, the second part of the statement is thus proven. The first part of the statement (the case
of the space X;) follows now from Proposition 8.1. O

8.1.3 A point z € X{ such that (w{)’l(x) has more than one point
This is the case of a point = € 7 (Y)). We have already seen that for such a point the space QL(X7) of

all 1-forms vanishing at x has the following structure:

QX) = () (@pa(xu)
ze(r]) (@)
Assume for simplicity that (])~!(z) = {&1,Z2}; thus, we have QL(X7) = (Q))z, (X1) N (QF)z, (X1),
and so
AL (X]) = QXD (XT) = Q5(X0)/ (), (X0) N (@), (X)) -
We observe that, in general, the latter quotient is not identified with either (A})i,l (X1)or (A})iz (X1).
But both of them can be described as surjective images of Q}(X1)/ ((Q})il (X1) N (Q})z, (X1)>. This is

due to the following simple property of quotients of (abstract) groups: if A is a group and B, C' < A are two
normal subgroups of it then A/B = (A/(BNC))/(B/(BNC))and A/C = (A/(BNC))/(C/(BNC)).
This indicates that, if f is not injective, the fibres of Al (X{) are larger than those of A}e (X1); we end
our discussion with this observation.

8.2 Remarks on QF(X; U; X3) and A*(X; Uy X5) with k& > 1

Throughout the paper, we have only been speaking about 1-forms. However, except when considering
specifically differentials of functions, we did not use the forms being degree one anywhere; in particular,
the results obtained remain valid for any k£ > 1.
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