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Abstract

This paper is divided into two parts. The first part is a brief sur-
vey, accompanied by concrete examples, on the main results of the
papers [8] and [9]: the construction of projective models of toric ar-
rangements and the presentation of their cohomology rings by gen-
erators and relations. In the second part we focus on the notion of
well-connected building set that appears in the cohomological compu-
tations mentioned above: we explore some of its properties in the more
general context of arrangements of subvarieties of a variety X.
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1 Introduction

Let T' ~ (C*)" be an n-dimensional torus and let X*(7T) be its group of
characters; a layer in T is a subvariety of T' of the form

KT, ¢)={teT|x(t)=¢(x) for all x € T'}

where I' < X*(T') is a split direct summand and ¢: I' — C* is a homo-
morphism. A toric arrangement A is a (finite) set of layers {K1,...,K,}
in T. We remark that in literature the usual definition of “toric arrange-
ment” requires the layers to be 1-codimensional; instead we allow layers of
any codimension and use the term divisorial arrangement for the case where
all layers are 1-codimensional.

Toric arrangements have been studied since the early 1990s, and over
the last two decades several aspects have been investigated: in particular, as
far as the topology of the complement is concerned, De Concini and Procesi
determined the generators of the cohomology modules over C in the diviso-
rial case, as well as the ring structure in the case of totally unimodular ar-
rangements [12]; d’Antonio and Delucchi, generalizing an algebraic complex
first introduced by Moci and Settepanella in [25], provided a presentation
of the fundamental group for the complement of a divisorial complexified
arrangement [6, 7|; Callegaro, Delucchi and Pagaria computed the graded
cohomology ring with integer coefficients (see [3, 4, 26]); the cohomology



ring itself was computed by Callegaro, D’Adderio, Delucchi, Migliorini and
Pagaria [2].

The problem of studying wonderful models for toric arrangement was
first addressed by Moci in [24], where he described a construction of a non-
projective model. Wonderful models for subspace arrangements were intro-
duced by De Concini and Procesi in [10, 11|, where they provided both a
projective and a non-projective version of their construction. A wonderful
model for the complement of an arrangement M (A) is a smooth variety
Y4 containing M (A) as an open set and such that Y4 \ M (A) is a divisor
with normal crossings and smooth irreducible components. In [11] the inte-
gral cohomology ring of these wonderful models was presented by generators
and relations. Subsequently, many authors studied the cohomology rings
of the models of subspace arrangements: among others Yuzvinsky [31] and
Gaiffi [17], where some integer bases were provided; and Etingof, Henriques,
Kamnitzer and Rains [13, 30| in the real case.

The connections between the geometry of these models and the Chow
rings of matroids were pointed out first by Feichtner and Yuzvinsky [16] and
then by Adiprasito, Huh and Katz in [1|, where they also played a crucial
role in the study of some log-concavity problems—see also [19].

The first part (Sections 2-5) of this paper is a short survey, enriched with
examples, on the main results of the papers [8] and [9]: the construction of a
projective wonderful model Y 4 for a toric arrangement A and the presentation
of its cohomology ring by generators and relations.

The key ingredient in the construction of Y4 is a toric variety X 4 with
some good properties. In [8] this variety is obtained by subdividing a given
fan in a suitable way. De Concini and Gaiffi provided an algorithm to do so,
and Papini implemented it in his Ph.D. thesis [27] in order to produce some
meaningful examples.

Inspired by the computations in [11] and using [8], in [9] the same authors
describe a presentation of the cohomology ring of the wonderful model Y4
with integer coefficients; more precisely, they show that H*(Y 4;Z) is isomor-
phic to a quotient of a polynomial ring with coefficients in H*(X 4;Z). Papini
in his Ph.D. thesis wrote some code that computes the ideal of the relations
involved in the presentation of H*(Y4;Z) as the quotient of a polynomial
ring with Z coefficients, thus being able to provide some first examples of
computed presentations. Actually, the wonderful model Y4 depends on the
choice of a so-called building set and the algorithm allows the user to choose
one, even computing the minimal one if requested.

This part of the paper is structured as follows. Section 2 describes the
properties of a “good” toric variety in which we have to embed the toric ar-
rangement in order to construct the model. Section 3 outlines the algorithms
that subdivides the fan to compute the toric variety, and illustrates a cou-
ple of examples. Section 4 recalls the theoretic construction of a wonderful
model for an arrangement of subvarieties. Section 5 shows how to construct



a projective wonderful model for a toric arrangement, using the results from
the previous sections, and exhibits generators and relations of a presentation
of the cohomology ring, together with some examples.

The second part (Section 6) of this paper explores the notion of well-
connected building set of subvarieties (see Definition 5.1), which was intro-
duced in [9] and turned out to play a crucial role in the computation of
the cohomology rings of projective models for toric arrangements. More in
detail, the construction of a wonderful model of a variety X is obtained by
a sequence of blowups, whose centres are the (transforms of the) elements
of a building set of subvarieties. The order in which the blowups are per-
formed respects the inclusion relation of the subvarieties (i.e. the minimal
subvarieties with respect to inclusion are blown up first, and so on).

In the case of projective models of toric arrangements, if the building set
is well-connected, it is possible to compute the cohomology ring by induction
on the steps of the blowup process. The key points in this toric case are the
following:

(a) the property of being well-connected turns out to be stable under the
blowup process;

(b) at each step of the blowup process, the restriction map in cohomology
from the blown up variety to the transform of an element of the building
set is surjective; this allows for the application of a Keel’s lemma (see
Theorem 6.6) to compute the cohomology ring;

(c) at every step of the blowup process, some polynomials are chosen in
such a way that their restrictions to the transforms of the elements
of the building set coincide with the Chern polynomials of the normal
bundles of the strata; then one proves that the ideal generated by these
polynomials does not depend on their choice.

In Section 6 we consider an arrangement of subvarieties in a variety X. We
consider a well-connected building set of subvarieties and we prove that the
properties (a) and (b) mentioned above are still valid in this general setting
(see Theorems 6.5 and 6.8). The proof of property (c) instead uses some
specific features of toric arrangements. In our opinion this remark points out
the interest of the definition of well-connected building set: if for a specific
family of wonderful models one can prove property (c), the same methods
used in [9] can be applied to compute their cohomology rings. This is the
case, for instance, of the wonderful models of subspace arrangements, where
the methods of [9] can be used to give a different proof of the presentation
of the cohomology ring provided in [11].



2 A good toric variety for the arrangement

Let A= {K;...,K,} be a toric arrangement in the n-dimensional torus T,
where IC; = K(T';, ¢;) with I'; split direct summands of X*(7T') and ¢;: T'; —
C* homomorphisms, and let V' = X, (T') ®z R. Notice that a layer (T, ¢)
is a coset with respect to the torus

H= ﬂ ker(y) C T. (1)
xer’

In [8] it is shown how to build projective wonderful models for the com-
plement M (A). The goal is to apply Li’s machinery [22], thus we have to
identify a toric arrangement 4 as an arrangement of subvarieties in the sense
of Li’s paper.

Definition 2.1. Let X be a non-singular variety. A simple arrangement of
subvarieties of X is a finite set A of non-singular closed connected subvari-
eties properly contained in X such that

1. For every two A;, A; € A, either A;NA; € Aor AyNA; = 0;

2. If A; N A; # 0, the intersection is clean, i.e. it is non-singular and for
every y € A; N A; we have the following conditions on the tangent

spaces:
Ty(Ai NVA;) = Ty(Ai) NTy(Ay).

Definition 2.2. Let X be a non-singular variety. An arrangement of sub-
varieties of X is a finite set A of non-singular closed connected subvarieties
properly contained in X such that

1. For every two A;, Aj € A, either A; N A; is a disjoint union of elements
of A or Aj N A; = 0;

2. If A; N A; # 0, the intersection is clean.

By choosing a basis of X*(T"), we get an isomorphism 7" ~ (C*)™. There-
fore we can embed T into (P!)™ which, as a toric variety, is associated with
the fan €2 induced by the decomposition of V' into orthants. Then we consider
the closures of the layers KC; in (P!)". These do not give an arrangement
of subvarieties in the sense of Li, since these closures of the layers, or their
intersections, may be singular.

To see a simple example, let us consider the torus (C*)™ as the open set
of C" consisting of points with non zero coordinates. If we take n = 2, the
closure in C? of the layer of equation K(Z(2,—3),1) is the cubic curve of
equation z? = z3 which has a cusp in the origin.

On the other hand, it can be easily shown (see for instance Theorem 2.5
below, which recalls Theorem 3.1 of [8]) that, given a layer (T, ¢) C (C*)™,
if T has a basis (x1, ... xs) C Z"™ consisting of vectors of positive coordinates,
then the closure of K(I', ¢) in C™ is non-singular.



Definition 2.3. Let A be a fan in V. A character x € X*(7') has the equal
sign property with respect to A if, for every cone C' € A, either (x,c) > 0
for all ce C or (x,c) <0 forall ceC.

Definition 2.4. Let A be a fan in V and let K(T', ¢) be a layer. A Z-basis
(X1 .-+, Xxm) for I is an equal sign basis with respect to A if x; has the equal
sign property for alli =1,... m.

This suggests the following idea (see [8], in particular Proposition 6.1).
Let A={K;i...,K,} be a toric arrangement. Let us start with a fixed pro-
jective toric variety (for example (P')") and suppose that we can subdivide
its fan to obtain a smooth projective fan A(A) such that for every layer
Ki = K(I';,¢;) in A there is an equal sign basis (x;1,..., Xi,s;) of I'; with
respect to A(A). Then all the intersections of the closures K(T';, ¢;) of the
layers of A in the toric variety X4 = Xa(4) defined by A(A) are smooth.
We will say that X 4 is a good toric variety for A.

The behaviour of the layers in this variety X 4 has been described in [8].
In fact, consider the closure K(T', ¢) of a layer in X 4. It turns out that this
closure is a toric variety itself, whose explicit description is provided by the
following result.

Theorem 2.5 ([8, Proposition 3.1 and Theorem 3.1]). For every layer
K(T, ¢) let H be the corresponding homogeneous subtorus as defined in (1)
and let Vo ={0 e V | (x,V) =0 for all x € T'}.

1. For every cone C € A(A), its relative interior is either entirely con-

tained in Vr or disjoint from Vr.

2. The collection of cones C € A(A) which are contained in Vr is a
smooth fan A(A)g.

3. K(T, ) is a smooth H-variety whose fan is A(A)py.

4. Let O be an orbit of T in X 4 and let Co € A(A) be the corresponding
cone. Then

(a) if Co is not contained in Vi, O NK(T, ¢) = 0;

(b) If Co C Vr, ONK(L, @) is the orbit of H in (T, ¢) corresponding
to Co € A(A)g.

Once we have the toric variety X 4, the next step is to build the wonderful
model. Let @ be the set

Q' :={K|KeA}
and let

Q= Q' U{D | D is an irreducible component of X 4\ T} .



As a consequence of Theorem 2.5, the family £ of all the connected compo-
nents of intersections of elements of Q gives an arrangement of subvarieties
in the sense of Definition 2.2.

Notice that also the family £’ of all the connected components of inter-
sections of elements of Q' is an arrangement of subvarieties, because it is
contained in £ and it is closed under intersection. This allows, by a series
of blowups, to build a projective wonderful model associated with A: the
construction is outlined in Section 4.

3 Subdividing the fan

3.1 A first algorithm

The core of the process outlined in Section 2 is the construction of the T-
variety X 4. Section 4 of [8] is devoted to a combinatorial algorithm that,
starting from a finite set = C X*(T') of characters (here identified with
vectors of Z™) and a fan A in V' ~ R", produces a new fan A’ with the same
support as A (in fact, a proper subdivision of A) and such that each vector
of Z has the equal sign property with respect to A’. We describe it here
briefly.

First of all, we suppose that = = {x}, i.e. we subdivide a fan A in such a
way that a single fixed character x has the equal sign property with respect
to the new fan A'; in general, if = = {x1,..., xs} we set A(g) := A and repeat
s times the previous step, where we obtain A;) by subdividing A(;_; using
the character y;, for i = 1,...,s. The output is A’ := Ay

So, suppose that A is a fan in V' and x € X*(7'). In accordance with (8|,
we have to consider only the 2-dimensional cones of A: in fact, let C' € A be
a k-dimensional cone generated by (r1,...,7x) and suppose that for each 2-
dimensional cone C’ € A we have either (x,c) > 0or (x,c) <0forallc e C".
For each r;, r; let C(r4,7;) € A be the 2-dimensional cone generated by r;
and 7;. Now, without loss of generality we may assume that (x,r;) > 0
and (x,r2) > 0, since we have the property for C(ri,r2). But now also
(x,r3) > 0, due to the property applied to the cone C(rg,73). By induction
then we have (x,r;) >0 foralli=1,... k.

Notice that for 2-dimensional cones of the form C(v1,vy) the property
translates as

(x,v1) (x,v2) >0,

and the algorithm checks it for each 2-dimensional cone of A, building a list of
“bad” cones for which the property is not satisfied. If there are no bad cones,
the algorithm terminates returning the fan; otherwise, it chooses a bad cone
C = C(v1,v2) and defines a new fan A(C') obtained from A by substituting
each cone C(vy,vg,w1,...,w,) containing C' with two new cones generated



by (vi,v1 + vo,w1,...,w) and (v; + ve,ve, w1,. .., wy) respectively. After
that it restarts with A(C) as the new input fan.

Proposition 3.1 ([8, Proposition 4.1]). The new fan A(C) is smooth, and
a projective subdivision of A. Moreover, if Xa and X(c) are the two toric
varieties associated with the fans A and A(C) respectively, then Xa(c) is
obtained from Xa by blowing up the closure of the 2-codimensional orbit in
XA associated with C'.

The only thing to do is to find a way to choose wisely the bad cone that
has to be replaced. We follow the choice of [8]: if Ay is the set of the bad
2-dimensional cones, define

Ph: A(N) — Nx {07 1}
C(Ul,vg) — (M07€C’)
where Mc = max{[(x,v1)l, |{x,v2)|} and

B {1 if [ (O v | = [{x, v2)|
€c =

0 otherwise.
Fix the lexicographic order on N x {0, 1}, i.e.
(0,0) < (0,1) < (1,0) < (1,1) < (2,0) < - -~
Lemma 3.2 ([8, Lemma 4.2]). Assume A(yy # 0 and choose C € A(yy such
that PA(C) = (Mc, ec) is mazimum in Im(Pa).
1. Ifec =1, then A(C)(ny = An) \ {C}.
2. If ec = 0, then max(Im(Px(c))) < (Mc,ec), and

Pxio) (Mo, ec))| < | PR (Mo, ec))]

The previous lemma proves that, if we choose C' € Ay such that
PA(C) = (Mc,€ec) is maximum in Im(Pa), we are guaranteed that the
number of bad cones eventually decreases and the algorithm stops.

We are now ready to describe (the fan associated with) a good toric
variety X 4 for a toric arrangement A. Let

A= {K(Fla ¢l)v ce 7K(Fra ¢r)}

be a toric arrangement in the n-dimensional torus T; for i = 1,...,r let B;
be a Z-basis for the lattice I'; and define

=1

A good toric variety X 4 is obtained by using this set = in the algorithm
described above, starting with any fan that gives a projective smooth vari-
ety: in [8] the authors choose the one generated by the orthants of R™ (the
associated variety is (P1)").

(1]



3.2 A second algorithm

The algorithm described in the previous section begins with a smooth fan
and subdivides it in such a way that:

e each intermediate subdivision of the fan remains smooth;

e in the end we have a fan such that each vector of the set = has the
equal sign property with respect to that fan.

Let us show that in the 2-dimensional case we can use a different strategy.
Given a set of integral vectors = that span V ~ R? (which is the relevant
case—see Remark 6.2 of [8]),! we compute the fan A whose rays are the
vectors orthogonal to the ones in =: this fan is projective and by construction
the vectors of = have the equal sign property with respect to it, but it can
be non-smooth. Hence we proceed as follows: at first for each 2-dimensional
cone C' € A we check if C is smooth. This is easily done because, if the
two rays delimiting a cone C' are v; = (z,y) and vy = (z,w), smoothness is

guaranteed as long as
det (m z) ’ =1
Yy ow

Therefore we compute p for each cone; if p = 1, we leave the cone untouched
and proceed with the next one; otherwise we subdivide it with the following
method.

Let ¢, ¢ be integer numbers such that ¢z + coy = 1 (they exist because
v is supposed to be primitive) and notice that the value ¢;z 4 cow (mod p)
does not depend on the choice of ¢; and cy. In fact, let ¢}, ¢, be another
such choice; therefore

pi=

0=1-1=(az+cy) — (hz +chy) = (1 — )z + (c2 — &)y
and on the other hand there exists k such that
zmod p x mod p
=k
w mod p y mod p
(this is because det = 0 (mod p), but none of the vectors can be the zero
vector modulo p since they are primitive). It follows that

(12 + cow) — () z + chw) = (e1 — )z + (ca — h)w
=k((c1 — )z + (c2—¢y)y) =0 (mod p).

Now let ¢ = c1z + cow and let gy be the remainder of the division of ¢
by p. Notice that 0 < g9 < p and that GCD(qp,p) = 1 (by absurd: let

1For technical reason we suppose also that all vectors of Z are primitive and that there
are no parallel vectors.



GCD(qo,p) = h > 1; since h | go and h | p, by definition h | ¢, hence the
vector (g, p) is not primitive; but

(5 %) @)=6)

and the determinant of the matrix is cix 4+ coy = 1, so it sends primitive
vectors to primitive vectors). Therefore we define the vector

Ui:;((P—CIo)Ul+v2)=;<

(p+q—qo)r— C2p>
(p+q—q)y+cp)’

where it is an easy check that the division is exact, i.e. T € Z2. Now notice
that ¥ belongs to the cone generated by v; and vs, because it is a linear com-
bination of them with positive coefficients (remember that gy < p); moreover,

det (vy | 0) = p;qo det (vy | v1) + ;det (v1 | v2) = ig =+1

so the cone C(v1,v) is smooth. On the other hand

__b—4qo

det (| vg) = . det (vy | v2) —l—;det (v2 | v2) = iM

p

= +(p—qo)

and |p — qo| < p, so we can reapply the algorithm to the cone C(7,v3). Since
the absolute value of the new determinant strictly decreases, we can prove
by induction that this procedure terminates with p = 1.

3.3 Examples

An implementation of the aforementioned procedures was done by one of the
authors in his Ph.D. thesis [27], using the SageMath language.

Ezample 3.3. Consider in (C*)? with coordinates z,y the following sets:

Ly ={(z,y) € (C)? | 2? =’}
Ly = {(z,y) € (C")? | y = —a?},
Ls = {(1,-1)}.

They are layers of a toric arrangement A = {1, Ko, K3} with
I =((2,-3)), ¢1:(2,-3)—1;
Iy = <(_2’ 1)>7 P2 (_2, 1) — —1;

B ] (1,0) =1,
T3 = ((1,0),(0,1)), ¢3: {(07 1) > —1.



Therefore we have to give the set

== {(27 _3)7 (_27 1)7 (17 0)7 (07 1)}

to the algorithm. The resulting fan is pictured in Figure 1. Actually, both
algorithms return the same fan, and this behaviour happens in many other
examples that we computed, even if it is possible to construct examples in
which this does not happen.

(b)

Figure 1: Arrangement of Example 3.3. (a) Picture of the corresponding
arrangement in (S1)%: L is the blue subtorus, Ly is the red one, and L3 is
the green dot. (b) Fan associated to the arrangement.

Ezample 3.4. By running the code, we notice that even relatively small ar-
rangements can give rise to quite large objects. Consider the arrangement
in (C*)* with two layers

Ly = {(xaya Z,’U}) S (C*)4 ‘ Y = Z’U)},
Ly = {(w,y,2w) € (€Y |y = a2,z = —1}.

In this case
== {(17 L, -1, _1)7 (27 _17070)7 (07 0, 170)}

and if we apply the algorithm of Section 3.1 we get a fan with 52 rays, which
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are the following:

(172a2a0) (07071a_1) ( ) 7370) (0,0,—1,0)
(1,2,0,0) (-1,-2,0,-3) (1,2,1,0) (—=1,-2,-2,0)
(-1,-1,-1,0) (=1,-2,-2,-1) (- 1,1,0,0) (-1,-2,-1,0)
(_L_la_la_l) (_17_2707 _2) (_1a_27 _370) (_17_27_17_2>
1

(1,2,2,1) (1,-1,0,0) (0,—1,-1,0) (1,2,0,1)
(-1,0,—1,0) (1,2,0,2) (-1,-2,0,—1) (1,1,0,1)
(1,2,1,2) (1,0,0,0) (-1,-1,-2,0) (1,0,1,0)
(0,0,0,1) (0,1,0,1) (0,—1,0,0) (0,1,0,0)
(1,1,1,1) (0,1,1,0) (0,0,0,—1) (0,0,—1,1)
(-1,-1,0,0) (—1,0,0,0) (1,1,0,2) (1,1,1,0)
(1,2,0,3) (=1,0,0,—1) (1,1,0,0) (-1,-1,0,-1)
(1,2,1,1) (-1,-2,-1,-1)  (1,0,0,1) (0,0,1,0)
(1,1,2,0) (-1,-2,0,0)  (=1,-1,0,—2)  (0,—1,0,—1)

4 General construction of wonderful models for ar-
rangements of subvarieties

In this section we recall the construction of a wonderful model associated with
a variety X using Li’s techniques [22|, which were inspired by the original
work of De Concini and Procesi [11] and by the work of MacPherson and
Procesi [23].

We start by giving the definitions of building sets and nested sets of
subvarieties; we refer the reader to the papers [14, 15, 18, 28, 29| where
building and nested sets are studied from a more combinatorial point of
view (in particular in [28, Section 2| one can find a short comparison among
various definitions and notations in the literature).

Definition 4.1. Let A be a simple arrangement of subvarieties of X (see
Definition 2.1). A subset G C A is a building set for A if for each subvariety
A; € A\ G the minimal® elements of the set {G € G | G D A;} intersect
transversally and their intersection is A;. These minimal elements are called

the G-factors of A;.

Definition 4.2. Let G be a building set for a simple arrangement A. A sub-
set T C G is called G-nested if for any subset {A,..., Ay} C T of pairwise
non-comparable? elements there is an element in A of which Aq,..., Aj are
the G-factors.

Let U C X be an open set. The restriction of an arrangement of subva-
rieties A to U is the set

A‘U 2:{AZ‘HU|A¢€A, AZQU%@}

2With respect to the inclusion.
3This means that for any 4, j we have A; ¢ A; and A; 2 A;.
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Definition 4.3. Let A be an arrangement of subvarieties of X. A subset
G C A is a building set for A if there is an open cover U of X such that

1. for every U € U, the restriction A|y is simple;
2. for every U € U, G|y is a building set for A|y.

Definition 4.4. Let G be a building set for an arrangement A. A subset
T C G is called G-nested if there is an open cover U of X such that, for every
U €eU, G|y is simple and Ty is G|y-nested.

We have first introduced the notion of arrangement of subvarieties and
then defined a building set for the arrangement. However it is often conve-
nient to go in the opposite direction.

Definition 4.5. A finite set G of connected subvarieties of X is called a
building set if the set of the connected components of all the possible inter-
sections of collections of subvarieties from G is an arrangement of subvarieties
A (the arrangement induced by G) and G is a building set for A according to
Definition 4.3.

Given an arrangement A of a non-singular variety X and a building set
G for A, we can construct a wonderful model Y (X;G) by considering (by
analogy with [11]) the closure of the image of the locally closed embedding

X\ U A; —>HBng

AN €A Geg

where Blg X is the blowup of X along GG. This can be done one step at a
time, as the following results show.

Proposition 4.6 (see |22, Proposition 2.8|). Let G be a building set in the
variety X. Let F' € G be a minimal element in G under inclusion and, for
a subvariety V. C X, denote by t(V) its proper transform. Then the set
t(G) = {t(G) | G € G} consisting of the proper transforms of the elements
in G is a building set in Blp X.

Proof. In fact, Li shows this for a building set of a simple arrangement. But
since the definition of building set is local, one can easily adapt his proof. [

Theorem 4.7 (see [22, Theorem 1.3]). Let G be a building set in a non-
singular variety X. Let us order the elements Gy,...,Gm of G in such a
way that for every 1 < k < m the set G .= {G1,...,Gg} is building. Then
if we set Xo =X and Xy =Y (X;Gx) for 1 <k <m, we have

X = Blyg,) Xe-1,

12



where t(G},) denotes the dominant transform* of Gy in Xp_1.

Remark 4.8. 1. We notice that any total ordering of the elements of a
building set G = {G1, ..., Gy, } which refines the ordering by inclusion,
that is i < j if G; C G}, satisfies the condition of Theorem 4.7.

2. In particular, using the above ordering we deduce that Y (X;G) is
obtained from X by a sequence of blowups, each with centre a minimal
element in a suitable building set.

To finish this section let us mention a further result of Li describing the
boundary of Y (X;G) in terms of G-nested sets.

Theorem 4.9 (see [22, Theorem 1.2|). The complement in Y (X;G) of X \
U A is the union of the divisors t(G), where G ranges among the elements
of G. An intersection of the form t(Ty)N---Nt(T) is non-empty if and only
if {Th,...,Tx} is G-nested; moreover, if the intersection is non-empty then
it 1s transversal.

5 Projective wonderful model in the toric case: the
cohomology

Let A= {K;...,K,} be a toric arrangement in the n-dimensional torus T,
where K; = K(I';, ¢i). Recall that V = X, (T) ®z R and let V¢ = {v €
V| (x,v) =0forall x € T'}. Let X4 be a good toric variety for A, as we
have seen in Section 2, and consider the arrangement of subvarieties £’ as
defined in the same section. We choose a building set G for £’ and construct
a projective wonderful model Y4(G) = Y (X 4;G) according to the strategy
of Section 4.

5.1 Computing the cohomology

In order to compute the cohomology H*(Y4(G); Z) using the methods of [9],
the building set is required to have an additional property.

Definition 5.1. A building set G is well-connected if for any subset {G1,...,Gr} C
g, if the intersection G1 N --- N G} has two or more connected components,
then each of these components belongs to G.

Example 5.2. If A is a simple arrangement, then each building set G for A
is well-connected. In fact every intersection G1 N --- N Gy is either empty or
connected, therefore the condition of Definition 5.1 is vacuously true.

4In the blowup of a variety M along a centre F' the dominant transform of a subvariety
Z coincides with the proper transform if Z ¢ F (and therefore it is isomorphic to the
blowup of Z along Z N F), and with 7~*(Z) if Z C F, where w: Blp M — M is the
projection. We will use the same notation ¢(Z) for both the proper and the dominant
transform of Z, if no confusion arises.
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Remark 5.3. One may choose G to be the whole arrangement A, which is
always a well-connected building set. However bigger building sets imply
more complicated wonderful models (and cohomologies).

Remark 5.4. If G is well-connected and F' € G is minimal, we have that for
every G € G the intersection G N F' is either empty or connected.

In [9] the cohomology ring H*(Y4(G);Z) is presented as a quotient of a
polynomial ring with coefficients in H*(X 4;Z). We recall here a well-known
presentation of this ring, which was proven by Danilov.

Theorem 5.5 (|5, Theorem 10.8|). Let X = Xa be a smooth complete T-
variety. Let R be the set of primitive generators of the rays of A and define
a polynomial indeterminate C, for each r € R. Then

H*(Xa;Z) = Z[Cy | r € R]/(Isr + L)
where
e Igr is the Stanley-Reisner ideal

Isg = (Cyy - Cy | 71,..., 7% do not belong to a cone of A);

e [1, is the linear equivalence ideal

I, = (Z (B,7)C,

reR

Be X*(T)> .

Notice that for Isr it is sufficient to take only the square-free monomials,
and for Iy, it is sufficient to take only the B’s belonging to a basis of X*(T).

Let £’ be as before; let X4 be a good toric variety for A and let B =
H*(X 4;Z) be its cohomology ring. For each G € G let T be a polynomial
indeterminate. We are going to produce an ideal Iy of the polynomial ring
B[T | G € G] such that the cohomology ring of Y 4(G) is isomorphic to the
quotient B[Tg | G € G]/Iw. To do so, we need some auxiliary polynomials.

Let Z be an indeterminate and, for every G € £’ denote by I'¢; the lattice
such that G = K(T'g, ¢). For every pair (M, G) € L' x L with G C M choose
a basis (x1,...,xs) for I'q such that (x1,...,x%), with & < s, is a basis for
I'ps and such that it is equal sign with respect to the fan A associated with
the variety X 4.> If M is the whole torus 7', then choose any (equal sign)
basis of ' and let k = 0. Define the polynomials PX € B[Z] as

P = 1] (z — > min(0, <Xj,r>)cr> : (2)

j=k+1 reR

This last property was not explicitly stated in [9], although the authors assumed it;
we would like to thank Roberto Pagaria for pointing this out. This remark should be
considered as an erratum to [9], first lines of Section 8 at p. 528.
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Notice that we allow G = M: in that case Pg := 1 since it is an empty
product.
Now consider the following set:®

W:={(G,A) e GxP(G) | GC K forall Ke A}
For each G € G define
Be={He€G|HCG} (3)

and for each (G,A) € W with A = {Gy,...,Gr} let M be the unique
connected component of G1N---NGy, that contains G (if A =0, let M =T).
Define the polynomial in B[T¢ | G € G]

F(G, A) = Pg( 3 —TH> I1 7« (4)

HeBg KeA

Finally let Wy .= {A = {G1,...,Gr} € P(G) | G1N---N G}, = 0}. For each
A € W) define the polynomial in B[Tg | G € G]

F(A) =[] T (5)

KeA

Theorem 5.6 (|9, Theorem 7.1]). The cohomology ring H*(YA(G);Z) is
isomorphic to the quotient of BT | G € G] by the ideal Iw generated by

1. the products C,T¢q, with G € G and r € R such that r does not belong
to VFG N

2. the polynomials F (G, A) for every pair (G,A) € W;
3. the polynomials F(A) for every A € Wy.

Putting all together, we have
H*(Y4(G);Z) ~ B[Tg | G € G)/Iw ~ Z[C,, T | r € R, G € G]/(Isr+Ir+Iw).

Remark 5.7. It is known (see [8, Theorem 9.1]) that the cohomology of the
projective wonderful model Y4(G) satisfies:

e H'(YA(G);Z) =0 for i odd;

e Hi(Y4(G);7Z) is torsion-free for i even.

SFor a set S, we denote by P(S) the power set of S.
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Notice that the ideal Iw is homogeneous and that the image of an in-
determinate Tz under the isomorphism stated in Theorem 5.6 belongs to
H2(YA(G);Z) (|9, Theorem 7.1] describes this isomorphism explicitly). This
means that H*(Y4(G);Z) and B[Tg | G € G]/Iw are isomorphic as graded
rings and that

(BlTg | G € G]/Iw); ~ H*(Ya(G); Z).

In particular, if B is a monomial basis of BT | G € G|/Iw as Z-module,
we have ‘
rk(H* (Ya(G);2)) = [{m € B | deg(m) = i}|.

5.2 Examples

To compute these examples we use a quite straightforward implementation
of the algorithm that computes the cohomology H*(Y4(G);Z) written in the
SageMath language, which can be found in [27], with a minor correction:
in order to make sure that all the bases required for the P(]y polynomials
(see Formula (2)) have the equal sign property, we compute them before
computing the fan with the procedure of Section 3.1, and we include all the
vectors of those bases in the set =. The result is a fan A with respect to
which all the bases are automatically equal sign.

Example 5.8. Let us begin with a small arrangement A of three 1-dimensional
layers in (C*)?, namely

Ly = {(z,y) € (C*)* | 2 = ¢},

L2 = {($7y) S ((C*)Q | Yy = 7’}7

Ly = {(z,y) € (C)? |z = w},
where i is the imaginary unit and w = €2™/3 is a primitive third root of unity.
We want to compute a presentation of the cohomology ring H*(Y4(G);Z),
where G is the minimal (i.e. with least elements) well-connected building set.

We begin computing the well-connected building set G: in this case it
is not difficult, even by hand (see Figure 2c). Then we compute the fan A
with one of the algorithms described in Section 3 (in this case they actually
return the same fan). The result is pictured in Figure 2b.

Once we have all the ingredients, we compute all the relations as stated
in Theorem 5.6:

1. the relations of the form C,Tq are: Ci1Yy, CoTy, CyTy, CsTy, CgTh,
C7Ty, CgTy, CioTr, CoTy, C3Ty, CyTh, CsTh, CeTn, Cr1s, CyTs, CroTy,
C1T3, C3T3, CsT3, CeTs, CrT3, CsTs, CoTs, C10T3, C1Ty, CoTy, C3Ty,
CyTy, C5Ty, CeTy, CrTy, CsTy, CoTy, CroTy, C1T5, CoT5, C3Ts, CyTs,
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Cro
Co
Cs
N
Cs < > Co
Cr
Cy
Cs
Cy
(b)
= ,2' (w wn (w, w? 77 (w, 1)

g

T3 Ly T1 L2 T2 Ls

(C*)
(c)

Figure 2: Arrangement of Example 5.8. (a) Picture of the corresponding
arrangement in (S)2: L; is the blue subtorus, Lg is the red one, and Lg is
the green one. (b) Fan associated to the arrangement, with polynomial inde-
terminates C, corresponding to the generators of the rays (see Theorem 5.5).
(c) Poset of the connected components of the intersections of the layers in A,
with elements of the building set highlighted, together with the associated
polynomial indeterminates T; note that it contains the whole torus (C*)?
as the intersection of zero layers. The values are & = e3™/4 pn = £271/9,
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CsTs, CeTs, C7T5, CsT5, CoTs, C1oTs, CiTs, CoT6, C3Tg, CyTs, CsTg,
CeTs, C7Ts, CsTs, CoTp, Cr0Ts, C1T7, CoT7, C3T7, CoTr, C5Tr, CTr,
C7T7, CTr, CoT7, C1oTr, CiTs, Coly, CsTy, CyTy, CsTy, Cely, C71Ts,
CsTy, CoTy, C1oTs;

2. the relations of the form F(G, A) are: 2C4+C5+C7+Cs—T1 —T5—1Tg,
C34+3Cs+Cs5+2C; =Ty — Ty —T7 — Ty, 3C1 4+ 2C3 + C7 + Chg —
T3 — Ty — Ts — Tg — Tr — Ty, 2C5Cy + 6C3 + C3C5 + 5C4Cs + C2 +
C3C7;+7C4C7+3C5Cy +2C$ +C3Cs+3C,Cs+C5Cs+2C7Cs — C3Ty —
5C4T4—205T4—3C7T4—08T4+Tf, 20415+ C5To+CrTo+CsTo —T5Ty,
C1 T3+ C3T5+Cy T3+ Cr T3 —T3Ty, ToTs, 203C4+6C7+C3C5+5C,Cs+
052 +C3C; +7C,C7+3C5C7 + 20% + C3C5+3C41Cs + C5Cs +2C7Cg —
C3T5 — 5C4T5 — 2C5T5 — 3C7T5 — CsT5 + T52, Cs3Th +3C4Th + C5Th +
2071y — ThT5, Ci13 + CsT5 + Cyls + C715 — T3T5, 1113, 2C3C, +
602 + C3C5 4+ 5C4Cs + 052 + C3C; + 7C,C7 4+ 3C5C7 + 20% + C3Cs +
3C4Cs+ C5Cs +2C7Cs — C3Tg — 5C4 T — 2C5Ts — 3C7 T — CsTg + T627
CsTh+3C, T+ CsTy+2C7T —Th Ty, CiI5+C3T3+CyT3+Cr 15 —T3T5,
205C4 4 6CF + C5C5 4 5C4Cs + C2 + C5C7 + 7C4Cr + 3C5Cr + 2C2 +
C3Cs + 3C4Cs + C5Cg + 2C7Cs — C3T7 — 5CyT7 — 2C5T7 — 3C7T7 —
CsT7 + T72, 20415 + C5To 4+ C7To + CsTo — 117, C113+ C3T3+ CyT5+
C7Ty — T5T7, 2C3C4 + 6CF + C3C5 + 5C4Cs + C2 + C5C7 + 7C4Cr +
3C5C7 + 20? + C3Cs + 3C4Cs + Cs5Cs + 2C7Cs — C3Ty — 5Cy Ty —
2C5Ty — 3C7Ty — CsTs + T2, 2C4To + C5Ty + CrTy + CsTy — ToTy,
C1T3 + C3T3 + C4T3 + C7T3 — T3T5;

3. the relations Of the form F(A) are: Tng, TQTG, T6T87 TITQTGTS, T‘4Tg7
T Ty, TyTs, TYIT3Ts, ToT3T6Ts, ThT2T3T6, T1T3T6Ts, ToT3T4Ts, T 12131y,
TT3TyTg, ToT5TyTs, T3TyT6Ts, Ti 13Ty T, T71s, TiT7, TeT7, TyTr,
TT3T7Tg, ThI5T3T7, ThT3T7Ts, ToT53T6 17, T5TeT7Ts, T1 131617, ToT5T4T7,
T3TyT7 18, TAT3TyT7, T3TyT6T7, 1215, T51s, ThIxT5Ts, Ts51s, TyTs,
TT3T5Ts, Th T2 T3T5, ThT3T5Ts, ToT3T5Ts, T5T5T6Ts, 11131516, ToT3T4Ts5,
T3TyT5Ty, ThYI3T,Ts, T5T T5Tg, TsT5.

Therefore, adding the relations that come from the cohomology of X 4 (see
Theorem 5.5), we conclude that

H*(YA(G):Z) ~ Z[Ch, ..., Cro, Th, ... Ts)/1

where I is the ideal generated by T3, C3 — 212, CsCq, C2 — 212, CCs,
C7Cs, Cg — T82> CsCq + T827 C7Cy, CsCy + T82> Cg — 2T82> CsCho, C7Chp,
080107 CgCl(), C%O — 3T827 C(;Tl, C7T1, Cng, CoTy + T827 CIOTL T12 — 2T827
CeTs, CiTy, CgTy + T827 CoTs, Cho1s, ThTH + T82v T22 — 3T82, CeTs, CiT3,
CsTs, CoTs, C1oTs, ThT3, ToTs, T3 — 5T3, CsTy, C7Ty, CsTy, CoTy, C1oTy,
ThTy, 15Ty + T827 T5T, + T827 T42 — T827 CeTs, C7Ts, CsTs, CoTs, CioTs,
T\Ts + T2, ToTs, T5Ts + T2, TyTs, T2 — T2, CsTs, C7Ts, CsTs, CoTs, CroTs,
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TTs + T2, ToTs, TsTs + T2, TuTs, TsTs, Ty — T, CeTr, C7T7, CsTr, CoTr,
CloT7, ’1_'17777 T2T7 =+ T827 T3T7 + T82’ T4T7, T5T7, T6T7, T72 — T827 CGTS; C7T8,
CsTy, CoTs, CioTs, ThTs, ToTx + T2, TsTs + T2, TuTs, Ts1s, TeTs, TrTs,
3C1 —Cg—2Cy+ Cg—3T1 + 215+ 2T, — 315 — 3T+ 217 + 213, 3Cy +2Cs +
Co+Cio—To—Ty—T7r —Tg, 203+ Cs+Cr+2Cy + 311 — 215 — T35 — 3T, +
205+ 2T — 317 — 31y, 2Cy — Cg+ C7 —2Cs — 2Cy — 11 + T35 + Ty + 17 + Tg,
C5+Cs+3Cs+2Cg—T3—Ty—T5—Ts—T7—Tg. In particular, the computation
of a monomial normal basis for Z[C, ..., Cio,T1,...,Tg]/I gives us the Betti
numbers: such a basis is

(T827 T8a T77 T6) T57 T4) T37 T27 T17 ClOa 097 085 077 067 ]-)7

so we have HO(Y4(G);Z) ~ Z, H*(YA(G); Z) ~ Z'3 and HY(YA(G); Z) ~ Z,
as one could also check by hand, since in this case we are blowing up points
in a 2-dimensional toric variety.

Ezample 5.9. Consider the (non-divisorial) arrangement in (C*)3 with three
layers

Ly = {<x7y72) S (C*)S | = 1}’

Ly = {(z,y,2) € (C*)’ | y = 1},

Ly ={(z,y,2) € (C*) | z=1, zy* =1}.
The poset of the connected components of the intersections of the layers, as
well as the well-connected building set G that we use to build Y4(G) (in this

case the minimal one coincides with the set of all the elements of the poset
except the whole torus), is represented in Figure 3.

T, P Q Ts
L]
T L3 K T;
/\
L1135 LT
L/
(C*)3

Figure 3: Poset of the connected components of the intersections of layers
for the arrangement in Example 5.9, with elements of the well-connected
building set G highlighted, together with the associated polynomial variable
Tc.
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The fan A as computed with the algorithm of Section 3 has 10 rays:”

Cy — (—1,1,0) Cy — (—2,1,0)
C5 — (1,0,0) Cy — (2,-1,0)
Cs — (0 0,1) Cs — (1,—1,0)
C7 — (0,0,—1) Cs — (0,—1,0)
Cy — (— 100) C1o — (0,1,0)

The ideal I of Z[CY, ..., Cho,T1, ..., Ts] of the relations for H*(Y4(G); Z) has
a Grobner basis DEGREVLEX with 68 polynomials, which are the following:
T64, T3 —ATS, T3 — T3, TS — 2T, T¢Ts + T3, T2Ts + T3, ThTg, T5T¢,
CG 2T2 4T5Ty — 2T627 0607 + 207Cs 4+ C7Cy + T12 + T42 + 47T + T27 C%,
0608+T5 +2T5 T +T6, C3—T2—2T5T5— T2, CsCy, CsCo+T2+2T5Ts+T7,
09 2T5 —4T5T6 — 2T6 s 060107 08010; 09010, C%O —T52 — 2T5T6 —T62, CﬁTl,
C7Th, CsTy, CyTh, CioT1, CgTs, CsTy, CoTh +T52+2T5T6 —|—T62, Cho1s, ThTs,
T2—T2-2T5Ts—12, CeTs, CsT3+T2+2T5Ts+T2, CoTs, CroT3+T2+2T5Ts+
T2, ThTs, ToTs, T3 — T2 — T2 — 2T5Ts — T2, CsTy, C7Ty, CsTy, CoTy, CroTy,
T\Ty — ThTs, ToTy, T5Ty + T3, CeT5, CrTs5 — T5Tg, CsTs, CoTs, ChoTs, TiTs,
ToTs + T2 + TsTs, T5Ts + T2 + T5Tg, TuTs, CTs, C7Ts, CsTg, CoTs, CroTs,
T2T6+T5T6+T62, T3T6+T5T6+T62, TyTs, C1—Co+2C10—2T5+T5+T4—T5—1Tg,
CQ+CQ—010+T2—T3—T4, 03—06—208+2T2—T3—T4+T5+T6,
Cy+Cs+Csg—1Ts —T5 — Ty, C5 — C.

Finally the computation of a monomial basis gives us the following Betti
numbers:

i= 0 2 4 6
tk H(YA(G);Z) 1 11 11 1

6 More on well-connected building sets

In Section 5 we outlined how the cohomology of the wonderful model has
been computed in [9]. In this section we are going to show under which
circumstances a similar strategy can be, at least in theory, used in a more
general situation.

Let us start from a well-connected building set G in a variety X and
blowup a minimal element F' € G. Consider the set ¢(G) := {¢t(G) | G € G}
in Blp X. Our two main observations are

1. The set t(G) .= {t(Q) | G € G} in Bl X is a building set which is still

a well-connected building set (Theorem 6.5).

"On the left of each ray there is the corresponding polynomial variable C,.
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2. If for any subset {Gj,,...,G},} of G for which Gj, N---N G}, is con-
nected, the map

H*(X) —>H*(Gj1 ﬁ---ﬂGjS),

induced by the inclusion, is surjective, then for every subset {¢t(Gj,), ..., t(Gi,)}
of t(G) for which t(G;,) N---Nt(G;,) is connected, the map

H*(Blp X) — H*(t(Gsy) N---Nt(Gy,)),
induced by the inclusion, is surjective (see Theorem 6.8).

We remark that the concrete application to the computation of the co-
homology ring of compact models for toric arrangements as it is described
above, also depends on some further specific properties of toric arrangements
and toric varieties (see Section 6 of [9]). Anyway, we think that it is useful
to point out these general properties of a well-connected building set in a
variety X and of the model constructed starting from it.

Remark 6.1. A description of the cohomology of a wonderful model of sub-
varieties as a module was already found by Li in [21].

We begin by recalling some useful lemmas for building sets that are not
necessarily well-connected. In the following, let A be an arrangement of
subvarieties in a connected, non-singular variety X and let G be a building set
for A. Moreover, let F' be a minimal element of G with respect to inclusion;
for any subvariety D of X, we denote by ¢(D) the dominant transform of D
in the blowup Blg X.

Lemma 6.2 (|9, Lemma 3.1|; see |22, Lemma 2.9|). Let A, B, Ay, As, By,
By be non-singular subvarieties of X .

1. Suppose that Ay ¢ Ay and Ay ¢ Ay, and suppose that Ay N Ay = F
cleanly. Then t(A1) Nt(As) = 0.

2. Suppose that Ay and As intersect cleanly and that F C Ay N As. Then
t(Al) N t(Az) = t(Al N Ag)

3. Suppose that By and By intersect cleanly and that F is transversal to
Bi, By and By N Bs. Then t(Bl) mt(Bz) = t(Bl N Bg).

4. Suppose that A is transversal to B, F is transversal to B and F' C A.
Then t(A)Nt(B) =t(AN B).

Lemma 6.3 (|9, Lemma 3.2|). Let G be a building set for A and let U be
an open set belonging to an open cover U as in Definition 4.3. Consider two
subsets {Hy,...,Hy} and {G1,...,Gs} of G, and let H' == Hy N ---N Hy,
and G' = G1N---NGys. Finally let H =UNH and G =UNG". If
HC £ 0 and H° C G°, then the connected component of H' containing H°
is contained in the connected component of G' containing G°.
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Lemma 6.4 (|9, Corollary 3.4|; see [22, Lemma 2.6]). Let G be a building
set for A and let U be an open set belonging to an open cover U as in
Definition 4.3. In order to keep the notation simple, in the following every
object 1s considered restricted to U but we avoid repeating the symbol. Let F
be a minimal element in G with respect to inclusion.

1. For any G € G, either G contains F, or FNG = 0, or FNG 1is
transversal.

2. Let Gh,...,Gy be elements of G such that F ¢ G; for every i =
1,...,k. Suppose that GyN---NGy # 0. Then the intersection between
Gi1N---NGy and F is either empty or transversal.

Theorem 6.5. Let G be a well-connected building set of X, and let F' be
a minimal element in G. Then t(G) == {t(G) | G € G} is a well-connected
building set of subvarieties in Y := Blp X.

Proof. We know from Proposition 4.6 that ¢(G) is still a building set in
Y'; we still need to check that it is well-connected, i.e. that for any subset
{t(G1),...,t(Gg)} of t(G), whenever the intersection t(G1) N --- Nt(Gy) is
non-empty, it is either connected or it is the union of connected components
each belonging to ¢(G).

We notice that the statement is trivial for £ = 1, so from now on we
assume k > 2. We also assume that t(G1) N --- N ¢(Gy) is non-empty and
that the elements Gy, ..., Gy are pairwise non-comparable. We analyze all
the possible relations of inclusion between F and G, ...,G:

1. F'is properly contained in all the G;’s;
2. F is not contained in any Gy;

3. F is properly contained in some of the G;’s, say in the first s, and not
contained in the others;

4. F belongs to {G1,...,Gy}, say F = G.

We proceed by induction on k > 2 in each case. It is useful to introduce
a notation: for I C G let GG be the intersection of the elements of I; we
denote by t*(G) the union of the transforms of the connected components of
G which are not equal to F'.

Case 1: F C G; for every i = 1,...,k. We start with the case k = 2. If
G1 NGy = F, by Lemma 6.2(1) it would follow that ¢(G1) Nt(G2) = 0 but
this is excluded by assumption; therefore we have F' C G1 N Gs.

Now, since G is well-connected, we know that GGy NGy is either connected
or it is the union of connected components Ay, ..., A, belonging to G. In the
first case, t(G1) Nt(G2) = t(G1 N G2) by Lemma 6.2(2), so it is connected.
In the second case, one of the connected components Aq,..., A,, say Ay,
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contains F', while the others have empty intersection with F'. We have again
two cases:

e if I C A;, we may apply again Lemma 6.2(2) and deduce that ¢(G1)N
t(G2) = t(G1 N G2): we conclude that ¢t(G1) N t(G2) is the disjoint
union of the connected components ¢t(A1),...,t(A,), which belong to

t(9);

o if ' = Ay, then t(G1) Nt(G2) is the disjoint union of the connected
components t(As),...,t(A,), which belong to t(G).

Therefore, in all the previous cases we have
t(G1) Nt(Ge) =t (G1 N Ga)

using the notation introduced before.

The case k > 3 follows by a straightforward induction, whose essential

ingredient is the k = 2 step illustrated above.
Case 2: F ¢ G; for everyi=1,... k. In this case FNG; is either empty or
transversal by Lemma 6.4(1), and it is connected by well-connectedness (see
Remark 5.4). Suppose k = 2. If (G1 N G2) N F = (), it follows immediately
that t(Gl) N t(Gg) = t(Gl N Gg) If (G1 N Gg) N F is not empty, then
it is connected by well-connectedness (otherwise each connected component
of G1 N G2 N F would belong to G, against the minimality of F') and it is
transversal by Lemma 6.4(2). Then, using Lemma 6.2(3), we conclude again
that t(Gl) N t(Gg) = t(Gl N GQ)

In either case, since G is well-connected we know that G N Gy is either
connected or the union of connected components Ay, ..., A, each belonging
to G. This implies that t(G1) Nt(G2) = t(G1 N G2) is either connected® or
it is the disjoint union of the connected components t(A;),...,t(A,) each
belonging to t(G).

Suppose now k > 3. We will prove by induction that

LGN Nt(Gg) =t(Gi1N---NGy),

from which we can conclude immediately by well-connectedness. The base
step is k = 2, which we did before. Let us denote G :=G1N---NGi_1. By
inductive hypothesis

t(Gl) n---N t(kal) = t(Gl n---N kal) = t(G),

so we need to prove that t(G) Nt(Gy) = t(G N Gy). The situation is similar
to the case k = 2:

o if GNGNF is empty, we immediately obtain ¢t (G)Nt(Gy) = t(GNG);

81t is the blowup of the connected subvariety G1 N G2 along G1 N G2 N F.
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o if GNGLNF is not empty, then we notice that the intersections Gx N F,
GNF and (GNGg) NF are transversal and connected, again by
Corollary 6.4 and well-connectedness, and we conclude t(G) Nt(G) =
t(G N Gg) by Lemma 6.2(3).

Case 3: there exists 1 < s < k such that F C G; for everyi=1,...,s and
F ¢ G; for everyi=s+1,... k. Let

s k
U, ::ﬂGi and Uy = ﬂ G;.

i=1 i=s+1
By the previous cases we know that
t(Gy)N---Nt(Gg) = t"(Ur) Nt(Us).

From the analysis made before we know that one of the following cases
occurs:

(i) Uy is connected (and properly contains F', otherwise t*(U;) would be
empty);

(ii) Uj is the disjoint union of some connected components Ay, ..., A, be-
longing to G, with F' C A;, while the other components have empty
intersection with F’;

(iii) Uj is the disjoint union of some connected components A, ..., A, be-
longing to G, with F' = A;y.

For case (i), we have t*(Uy) = t(Uy) and UyNUaNF = UaNF. IfUsNF = ()
we deduce t(Uy) Nt(Usz) = t(Uy NUz) and conclude by well-connectedness of
G. Suppose now that Uy N F # (): then, using again the same reasoning than
the previous cases, it is connected by well-connectedness. Now notice that,
if C' is the unique connected component of U; N Us that intersects F', then
the intersection of Uy and Us in C' is transversal. This follows again from
Lemma 6.4(2): we know that Us is tranversal to F', but F' C Uj, therefore
for every point y € F the set of linear equations that describe the tangent
space Ty (F') includes the equations that describe T, (Uy). Since UyNF C C
and C' is smooth, this implies our claim.

All the properties listed above allow us to apply Lemma 6.2(4) and deduce
that t(Ul) N t(Ug) = t(Ul N UQ).

Case (ii) can be reduced to case (i): also in this case t*(Uy) = t(Uy),
therefore t(Uy)Nt(Us) is the disjoint union of the ¢(A;)Nt(Usz). Fori =1, the
same argument of case (1) allows us to conclude t(A41) Nt(Us) = (A1 NUs);
for i > 2, we already know that ¢(A;) Nt(Uz) = t(A; N Uz). In conclusion,
we have t(Uy) Nt(Uz) = t(Uyp NUs) and the claim follows again from well-
connectedness.
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In case (iii) we have that

7 7

t(G1) N NH(GE) = *(Un) N#(U2) = [ J(#(A) Nt (U2)) = | 1(Ai N Uo)

i=2 =2

and everything follows from well-connectedness.

Case 4: F = Gi. Notice that in this case F' ¢ G; for all i = 2,...,k
because we suppose that the G;’s are pairwise non-comparable. We put
U := GoN---NGg; from the preceding points we have that

HF) N H(Ga) N+~ NE(Gy) = LHEF) N ).

Now, if F NU is empty, then it immediately follows that ¢(F) N ¢t(U) = 0,
which cannot happen under our assumptions. If F N U is not empty, then it
is connected, by the well-connectedness of G and the minimality of F'. Only
one connected component of U contains FNU (the others, if any, have empty
intersection with F'), and ¢(F') Nt(U) coincides with the exceptional divisor
of the blowup of this component along F' N U, therefore it is connected. [

We recall here Keel’s Theorem (Theorem 1 of the Appendix of [20]).
Let Y be a smooth variety and suppose that X is a regularly embedded
subvariety of codimension d (we denote by i: X — Y the injection). Let
Blx Y be the blowup of Y along X, with the usual map 7: Blx Y — Y, and
let E¥ be the exceptional divisor.

Theorem 6.6 (Keel). Suppose that the map i*: H*(Y) — H*(X) is sur-
jective with kernel J and let T be an indeterminate. Then H*(BlxY) is
isomorphic to

H*(Y)[T]/(J- T, P(T))

where P(T) € H*(Y)[T] is any polynomial whose constant term is [X| and
whose restriction to H*(X) is the Chern polynomial of the normal bundle
N = NxY, that is to say

i*(P(T)) = T+ c¢;(N)T? 4 -+ 4 ¢4(N).

This isomorphism is induced by ©*: H*(Y) — H*(BlxY) and by sending
=T to [E].

In the sequel we will denote by J(Y, X) and by P(Y, X)(T') respectively
the kernel J and the polynomial P(T') that appear in the statement of The-
orem 6.6.

Let X be a smooth variety and let G = {G1, ..., Gn,} be a well-connected
building set of subvarieties of X whose elements are ordered in a way that
refines inclusion, i.e. if G; C G; then @ < j. For every k = 1,...,m, let
us denote by Gy the set Gy = {G1,...,Gk}. We extend this notation by
putting Gy == 0 and Y (X;Gp) = X.
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Lemma 6.7 (|9, Proposition 4.3|). For every k =1,...,m, the set Gy is a
building set in the sense of Definition 4.5 and it is well-connected.

Notice that by Proposition 4.6 the set
{t'(G1),.. ., 1 (Gm)}

is a building set in Y (X;G), where t'(G;) denotes the transform of G; in
this blowup. Moreover, since t!(G1) is a divisor, hence maximal with respect
to inclusion, we have that also

Gl = {tY(Gy),...,t"(Gn)}

is a building set in Y'(X;G;), well-connected by Theorem 6.5, and t*(Gz2) is
a minimal element.
By a simple induction, we obtain that

G = {t°(Gas1). .. 1*(Gim)}

is a well-connected building set in Y (X; G;) (again, t*(G;) denotes the trans-
form of G; in this blowup) and ¢*(Gsy1) is a minimal element. We also
observe that, by Theorem 4.7, for every s = 1,...,m we have

Y(X;6) =Y (Y(X;G5);G%).

Moreover we extend this notation to G° = G.

The following theorem, which is about the surjectivity of some restric-
tion maps in cohomology, shows that in this general setting one can start
an inductive process which involves the repeated application of Keel’s Theo-
rem 6.6; by dealing with this process in the particular case of compact models
of toric arrangements we managed to compute their cohomology rings (The-
orem 5.6 illustrated above); this motivates our interest in the following more
general statement.

Theorem 6.8. Assume that, for any subset {Gj,,...,Gj,} of G for which
Gj, N---NGj, is connected, the map

H*(X) — H*(Gj, n---NGj,),
induced by the inclusion, is surjective. Then for all k = 0,...,m — 1 and
every subset {t*(Gy,), ..., t*(Gi)} of GF for which t*(Gy) N ---Nt*(Gy,) is
connected, the map

H*(Y/(X:Gr)) — H*(t"(Gi,) 0+~ N8 (Gy),

induced by the inclusion, is surjective.
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Proof. We prove this by induction on k. For & = 0 the statement is true by
assumption. Now suppose that £ > 1 and that the theorem is true for k — 1.
Let the indices i1, ..., be such that

k<1 <ig<---<ig<m
and t*(G;,) N+~ Nt*(G;,) is connected. We have to prove that the map
¢: H*(Y(X;Gy)) — H*(t*(Giy) 0 --- N tM(Gy,))

is surjective. Let us put for brevity

G=t"1G)n - nt"1G,,),

G =t"Gy) N ntF(Gy,).
Recall that Y (X; Gy) is obtained by blowing up Y (X; Gr_1) along t*~1(Gy).
We have to cases.
Case 1: G Nt*=1(G}) is empty. In this case we have G’ = ¢(G) which
is isomorphic to G. In this case the surjectivity follows by the inductive

hypothesis, since G’ is connected and so is G.
Case 2: G NtF~1(Gy) is not empty. By inductive hypothesis we know that

H*(Y(X;G,1)) = H (1" (Gy))
is surjective, so we can apply Keel’s Theorem 6.6 and deduce that

H*(Y (X;G-1))[T]
(Y(X;Gk1), t*"1Gy)) - T, P(Y(X, gk—l)»tkl(Gk))((jg)

H*(Y(X;Gg)) ~ 7

where the indeterminate T is evaluated at —[t*(Gy)] € H*(Y (X;Gy)).
Now notice that G N t¥~1(G},) is connected (by Remark 5.4: t*=1(G},) is
minimal in the well-connected building set G*¥~1), therefore the map

H*(Y(X;Gr_1)) = H (G ntF~1(Gr))

is surjective again by inductive hypothesis. Moreover, notice that in this case
G’ = t(G): checking the proof of Theorem 6.5, one realizes that G’ # t(G)
can happen only if t*~1(G},) is contained properly in all the t*~(G;.), for

i
j=1,...,s, and it is equal to one of the connected components of G; but

e G is connected, because G’ and G NtF~1(G},) are;
o th71(G}) # G, otherwise G’ would be empty by Lemma 6.2(1).

The surjectivity of the map H*(G) — H*(G N t*~1(G})) induced by the
inclusion allows us to apply again Keel’s Theorem 6.6 to t(G) = G’, which
is the blowup of the variety G along G' N t*~1(G},). We obtain

H*(G)[T]

H*(1(G)) ~ J(G,t*=1(Gp) N G) - T, P(G,t*1(G},) N G)(T)

(7)
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where the indeterminate T is evaluated at —[tF(Gy) Nt(G)] € H*(t(G)).

We can now compare the isomorphisms (6) and (7): looking at the right
members of these equations, we conclude that the surjectivity of the map
¢: H(Y(X;Gr)) = H*(t(Q)) follows from the surjectivity of H*(Y (X;Gi—1)) —
H*(G), which is provided by the inductive hypothesis, and from ¢([t*(G})]) =
[t"(Gr) NH(G)). 0
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