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Abstract

Given an undirected multigraph G = (V, E) with no self-loops, and
one of its nodes s € V', we consider the #P-complete problem of count-
ing the number ETS(e)(G) of its Eulerian tours starting and ending at
node s. We provide lower and upper bounds on the size of ETS(e)(G).
Namely, let d(v) denote the degree of a node v € V; we show that
max{L{*, L{7} < |ET{V(G)| < d(s) [I,ev (d(v) — 1)1 where
L = (d(s) — D! [[ep, (d(v) — 2)! and LY = 21~ IVIHIEL
We also consider the notion of node-distinct Eulerian tours. Indeed,
the classical Eulerian tours are edge-distinct sequences. Node-distinct
Eulerian tours, denoted ET™ (@), should instead be different as node
sequences. Let A(u) be the number of distinct neighbors of a node wu,
D C E be the set of distinct edges in the multigraph G, and m(e) for
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an edge e € E be its multiplicity (i.e. |E| = > _cp m(e)). We prove
that max{L{™, LY, L{M} < |ETS(G)| < d(s) [Tyey (d(w) —
DI [Lepm(e)!™, where L™ = L{?/(T.cp m(e)), LYY =
(A(s) — DU Tepne (A@) —2)1, and LEY = 2'-IVIHIPL
We also extend all of our results to graphs having self-loops.

Keywords: Euler tours, Graph theory, Graph Enumeration, Combinatorial
Bounds
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1 Introduction

Eulerian graphs and tours are the oldest concept in graph theory, introduced
in 1736 by Euler’s paper [1]. An Eulerian tour traverses all the edges in a
graph exactly once. Apart from their theoretical interest [2], Eulerian tours
and related concepts are commonly employed in bioinformatics for sequence
assembly using de Bruijn graphs [3, 4]; other applications involve sanitization
in data mining [5] and flame-cutting in manufacturing [6], to name a few.
Based on Euler’s theorem, it takes linear time to establish whether a graph
admits an Eulerian tour (i.e. check graph connectivity and node degrees);
moreover, finding one such tour takes linear time in the graph size by a suitable
implementation of the ideas by Hierholzer and Wiener [7].

The counting version of the problem creates an interesting dichotomy.
While the number of Eulerian tours in a directed graph can be computed in
polynomial time by using fast matrix multiplication within the so-called BEST
theorem [8], counting these tours for an undirected graph is #P-complete as
shown by Brightwell and Winkler [9], even for planar graphs as proved by
Creed [10] and for 4-regular graphs as proved by Ge and Stefankovic [11].

A related notion is that of Eulerian orientation for an undirected graph
(where all degrees are even numbers), which assigns a direction to each of its
edges, so that the resulting directed graph admits an Eulerian tour. The prob-
lem of counting Eulerian orientations is #P-complete as shown by Mihail and
Winkler [12]. Schrijver [13] and Las Vergnas [14, 15] independently provided
some upper and lower bounds for the number of Eulerian orientations.

In this paper we investigate Eulerian tours for general undirected multi-
graphs, observing that we are not aware of upper and lower bounds for their
number (differently from Eulerian orientations) whereas their counting com-
plexity is known to be #P-compete (as in Eulerian orientations). Formally,
given a connected multigraph G = (V, E), a trail T = ej,...,e; in G is a
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Fig. 1 Graph G is Eulerian with source and target ui, where T' = ejezezesesereges is an
Eulerian tour of G. Tours T and T’ = ejezesesegeseres are edge-distinct, but they are not
node-distinct as Nodes(T) = Nodes(T') = u1uau3usui usususu .

sequence of adjacent edges e; = {u;,u;41} € F for all ¢ = 1,...,k — 1. The
corresponding node sequence for T is Nodes(T) = ujusus - - - ug_1ug, and we
say that T starts at u; and ends in ug. An Eulerian tour for a node s € V' is
a trail that starts and ends in s, and traverses every edge in E exactly once
(counting multiplicities); if a graph admits an Eulerian tour, then the graph
is called Eulerian (see Figure 1 for an example). We denote with ETS(E)(G)
the set of edge-distinct Eulerian tours in G starting and ending at s of degree
d(s), and provide our first result.

Theorem 1 Given an Eulerian multigraph G = (V, E) with no self-loops and with
at least two nodes, and a node s € V', we have
max{L{), L§} < |BT{V(6)] < U9,

where our explicit bounds are the following:

o L{¥ = (d(s) - DI L e, (d(v) — 2)11;

o Lée) = 21_|V‘+|E|; and

e U =d(s) [Tyey (d(v) — D).

Another contribution of this paper concerns node-distinct Eulerian tours.
Whereas the Eulerian tours in ET q(e)(G) are edge-distinct sequences, node-
distinct Eulerian tours should instead be different as node sequences:
ET™(G) = {Nodes(T) | T € ET”(G)}. They arise from bioinformatics and
string applications in a special kind of graphs, called de Bruijn graphs (dBGs),
where each node-distinct Eulerian tour corresponds to a different string: e.g.,
genome assembly [3] in bioinformatics, or privacy [5, 16] in data structures,
where bounds for the number of Eulerian tours are sought for. Our second
result deals with node-distinct Eulerian tours in G. Here, D C F' is any maxi-
mal set of distinct edges, and m(e) for an edge e € E denotes its multiplicity

(ie. [E] =) cpmle)):

Theorem 2 Let G = (V, E) be an Eulerian multigraph with no self-loops and with
at least two nodes, let s € V, and let us denote with A(x) the number of distinct
neighbors of a node x. Then

max{r{", L5, 1§V} < |ET(M(G) < U™,
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where our explicit bounds are the following:

n e (d(s) =D T evs (d(v)=2)!
o L = L /([oep mle)!) = . ol ;

o L = (A(s) - DI e o (A(0) = 2)1;
o L{V = 91 IVI+IDI Zgl- VI3 Soey A®); g

n e vey (d@)—=1)1
e UM = U /([eepmie)t) = d(s) T 2020,

Lower bound Lgn) and upper bound U™ of Theorem 2 follow immediately
from the corresponding bounds in Theorem 1, due to the following observation:

Observation 1 The following relationship between the number of edge-distinct and
node-distinct tours holds:

|ETS)(@)| = BT (@) - T mile)
eeD

In fact, every time an edge e = {u, v} is traversed by a tour T' € ET(”)(G)7 it can
be substituted by any other f # e with f = {u,v}, yielding different edge-distinct
tours but the same node-distinct one.

This also proves that the problems of counting edge-distinct and node-distinct
FEulerian tours belong to the same complexity class.

Note that if we symmetrically consider L / [I.cpm(e)!, this quantity is
always smaller than Lgn). Indeed

91-|V|+|E]| _ Lée) . Lge)
ST~ o271~ Loy m(@)l

L{M =

since z! > 27! for any = > 1.

1.1 Preliminaries.

Let G = (V, E) be a loopless undirected multigraph. For v € V, the set of
its neighbors is Ng(u) = {v € V\ u | {u,v} € E}, and Ag(u) = |Ng(u)|.
If Ag(u) =1, uis a pendant node. The incident edges of u form a multi-set
E¢(u) = {{u,v} € E}, and the degree is dg(u) = |Eg(u)|.

If the graph has self-loops, all notation remains the same with one excep-
tion: every self-loop (u,u) in Eg(u) adds two to the degree of the node, instead
of one. For example, if node u has Eg(u) = {(u,v), (u,v), (u, 2), (u,w), (u,u)},
then its degree is d(u) = 7.

A node v € V is safe if the graph G’ = (V \ {v}, E \ Eg(v)) is connected.
A folklore observation is that a connected graph with at least two nodes has
at least two safe nodes. In what follows, when the graph is clear from the
context we omit the G subscript. G is Eulerian if and only if it has either zero
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Fig. 2 A tree of cycles, with k = 5 cycles and 2F = 32 = 217-13+1 Eulerian tours.

or two nodes of odd degree: without loss of generality, we assume that we are
in the former case. Indeed, if two nodes s,t have odd degree, consider G =
(VUu{z}, EU{{z,s},{t,x}}) and then divide the bounds by 2, as |ET(G)| =
2|ET(G)| for both edge- and node-distinct tours.

1.2 Roadmap

We start with a discussion on the tightness and well-foundedness of the bounds,
in Section 2. We then present some essential tools employed in the proofs of
our theorems in Section 3.

Then, Section 4 focuses on edge-distinct Eulerian tours, providing the
proof of Theorem 1. This section is divided in three parts: proving that Lge)
(Section 4.1) and Lée) (Section 4.2) are lower bounds, and finally proving upper
bound U(®) (Section 4.3).

In Section 5 we consider node-distinct Eulerian tours, presenting the proof

of Theorem 2. More specifically, we first detail the proof for lower bound Lg")
)

is a lower
n)

in Section 5.1, and then provide the more involved proof that Lg"
bound, in Section 5.2. As mentioned before, the proofs for lower bound Lg
and upper bound U™ are immediate.

Finally, section 6 will be devoted to extending the results of Theorems 1-2
to graphs with self-loops.

2 Discussion of the Results

In this section, we discuss our results from two points of view. First, we discuss
the tightness of the bounds we provide. Then, we show that our lower bounds
are well-founded, in the sense that they cannot easily be simplified into one
unified formula.

2.1 Tightness of Bounds

In this section, we discuss the tightness of the bounds given in Theorems 1-2.
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Edge-Distinct Fulerian Tours

Theorem 1 gives a lower bound on the number of edge-distinct Eulerian tours
of a loopless graph G, given by the maximum between 2/Z1=IVI+1 and (d(s) —
i HUGV\S(d(v) — 2)!I. This bound is tight for the infinite family of tree of
cycles: a graph formed of simple disjoint cycles, joined at a single node (see
Figure 2 for an example). More formally, a graph G = (V| E) is a tree of cycles
if the cycles Cy = (V4, E1), ..., Cx, = (Vi, E)) of the graph are such that

(i) Ui, Vi =V;

(ii) |V; NV;| <1 for every i # j; and
(iii) V; N V; NV, = 0 for every i, j, h all different.
Let s be a node that only belongs to one cycle (i.e. s € V; NV for any 1, j).
Since |E| — |V |+ 1 = k, we have Lge) = 2F. Furthermore, we have d(v) = 4 for
v e V;NV;, and d(v) = 2 otherwise. Therefore, L4 = 2k=1 < LI Thus, our
lower bound is 2%, which is exactly |ET. S(e)(G)| as each cycle can be traversed
in two directions when d(s) = 2.

As for upper bound U(®) given by the theorem, due to the techniques
employed to prove it (see Observation 2 in Section 4.3), it is only tight when
the graph is a simple cycle: indeed, in this case U(®) = 2 = |ET()(G)]. Still,
it can be quite close to the lower bound in several interesting cases: indeed,
consider 4-regular graphs, recalling that the corresponding counting problem
is still #P-complete. Here, |E| = 2|V| and d(v) = 4 for any node v. Thus we
have U(®) = 4.3Vl and L{) = 2IVI+1 > 3. 2IVI=1 = Ll9) Since 3 ~ 213, we
obtain an exponent of |V| + 1 for the lower bound, versus 1.5|V| + 2 for the
upper bound.

Node-Distinct Eulerian Tours

The lower bounds for simple graphs G are the same in both Theorems 1 and 2:
indeed, in this case Lée) = Lg") and Lge) = Lg") = Lgn). Since for simple
graphs |ETS(6)(G)| = |ETS(")(G)| also, the same tightness discussion as above
applies. On the other hand, |[ET{® (G)| can be much larger than |[ET{™(G)|
for general multigraphs G, making both theorems meaningful.

Let us now talk about the upper bounds U(®) and U™); again, these two
bounds coincide for simple graphs. As for multigraphs, upper bound U™ is
not tight, but since U™ = U(e)/(HeeD m(e)!), we always have U™ < U,
as it should be.

2.2 Uncomparability of Bounds

Since our lower bounds are presented as a maximum of several quantities, it is
natural to wonder whether this representation is well-founded, or if it may be
further simplified. We show the former through the following: for each lower

bound LZ(-E) (resp. L;n)), we present a class of graphs for which the maximum

of Theorem 1 (resp. Theorem 2) is realized by the selected quantity Lge) (resp.

(n)
i),
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Fig. 3 Left: A cycle of triangles of length k£ = 6 and multiplicity m = 3. Right: A modified
cycle of triangles with the same m, k.

Edge Distinct FEulerian Tours

Lge) > Lge) Let G = (V, E) be a 4-regular simple graph. Since |E| = 2|V,
and d(v) =4 for all v € V, then:
o Lge) = 22VI=IVI+1 = 9lVI+1,

o LV =3 [[ep 2 =32V < L.

Lge) > Lée) Consider a simple 6-regular graph as G = (V, E); then

o L8 =5l [, AN = 15 [[,epn, 22 = 15~ 230VI- 1,
° Lge) — 93IVI=IVI+1 _ 92|V|+1

The first quantity is bigger than the second whenever |V| > 4, which is always
the case for simple 6-regular graphs.

Node Distinct FEulertan Tours

Lg") > Lg"), Lén) Consider a cycle of triangles formed in the following way:

start with a simple cycle of k£ nodes, to each node u attach two new nodes
Ty, Yy SO that they form a triangle. Except for one of these triangles, let the
multiplicity of the newly added edge (xy,y.) be some odd m. See the left of
Figure 3 for an example of this kind of graph for £ = 6 and m = 3. Let us fix
the source s to be one of the nodes of degree two; the graph is clearly Eulerian
with |V| = 3k and |E| = 3k + 1 + m(k — 1). We have k nodes with A(:) =4
and d(-) = 4, and two nodes (including s) with A(-) = d(-) = 2. Finally, the
other 2(k — 1) nodes have A(-) =2 and d(-) = m + 1. We thus have:

o [(MW _ WA= (m-12*D ((m—1)!12>k*1,

= = n=1)7

mlk—1 m! ’

o L\ =1(4—2)1k = 2k,
° Lén) — 21+%k — 2]4:-&-1.

It is clear that Lgn) > Lg") for any m, k. To conclude, it suffices to notice that
2
(=D 1 and thus L™ < 2% < L{" for any

!

for any = > 1, the quantity
value of m, k > 1.

Lgn) > Lﬁ"), Lgn) For this inequality, we modify the cycle of triangles consid-

ered in the previous case in the following way: we replace the simple triangle
containing s with 4 paths of length 2, all sharing the same two endpoints.
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One of these endpoints belongs to the central cycle, and will be the source
s (see the right of Figure 3). For such a graph we have |V| = 3k + 3 and
|E| = 3k + 5+ m(k — 1). We still have k& nodes with A(-) = d(-) = 4 and
2(k — 1) nodes with A(-) = 2, but d(-) = m + 1. Now we also have four nodes
with A(-) = d(-) = 2, and finally we have A(s) = d(s) = 6. Then:

o Lgn) _ A=) m—12E D 152K mon2k D 15. 9k ((m:nl!)!!z)k_l;

mlE=T mlF—T
o LM =54 — 211k = 15 . 2,
. L§n> — 9l+452k+55% _ gk+3 _ g . ok
It is immediate that Lén) < Lg"), and since (w_zil,)uz < 1 for any x > 1, we also
have L:(Ln) <15-2F = Lén), for any choice of m,k > 1.

Lﬁ”) > Lgn), Lgn) For this final case, we consider the case of a 3-regular graph,

where every edge has even multiplicity m > 2. Such a graph is of course
Eulerian, and it has |E| = 22:|V], and all nodes with A(-) = 3,d(:) = 3m.
Therefé)r)e ' Vi
n 3m—1)1(3m—2)!I1"" 1™
o L= (Bm ),,ié?w’ :

o LM =an=2
o Lg") — 9l+32 |V _ 9l¥l41

sianvi-t o 15 . 23IVI=3=3V| —

Consider for instance m = 2; then L(ln) = T
22

15 2305 =D 5 23Vl > Lg"),Lg”) for any |V].

3 Pairings and Pairing Reductions

In this section we present some tools employed in the proofs of Theorems 1
and 2, based on the pairing reduction. Let G = (V, E) be a loopless Eulerian
multigraph, and let s € V. In what follows we will denote, without loss of
generality, ET”(G) = ET®)(G) and ET™(G) = ET™(G).

Given a node v € V'\ s, a pairing (a.k.a. transition system) is a partition
of the set E(v) of edges incident to v into pairs (see Figure 4):

Definition 1 (Edge pairing) An edge pairing for a node v € V with even d(v) is
a bijection Py : E(v) — E(v) such that (i) Py(e) # e for all e € E(v); and (ii)
Pyu(e1) = ez if and only if Py(ez) = e for all e; # ez in E(v). The set of all
possible pairings over node v will be denoted with Pair(v). It is easy to see that
|Pair(v)| = (d(v) — 1)!! (see e.g. [10] or [14]), where 2!l =z - (x —2) - (x —4)---3- 1.

Note that in an Eulerian graph, the degree d(v) = |E(v)| is even for all
velV.

Definition 2 (Pairing Reduction) Given anodev € V\s, and a pairing P € Pair(v),
the pairing reduction for P yields a graph, denoted Gp, with vertex set V' \ {v}, and
edge set composed as follows: we start from E \ E(v); after that, for every pair of
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edges e; = {u,v} and eg = {v, z} such that Py(e;) = ez, we add a copy of edge
{u, z} to the edge set (see Figure 4).

It is easy to see that pairing reductions applied to safe nodes of an Eulerian
graph yield an Eulerian graph:

Lemma 1 Let G = (V,E) be an FEulerian loopless graph, with source and target
se€ V. Letv € V\s be a safe node, and let P € Pair(v). Then the reduced graph
Gp is Eulerian with source and target s.

Proof Since v is safe, graph Gp is connected. Furthermore, we have dg(u) = dg, (u)
for all w € V \ {v}: for every e € E(u) that is removed, another edge is added to
E(u). Recalling that G is Eulerian if and only if it is connected and it has either zero
or two nodes of odd degree, we have that Gp is also Eulerian. ]

We use pairings to characterize the relationship between the number of
Eulerian tours, both edge- and node-distinct, of the original graph G with
respect to the reduced graph Gp. Starting with edge-distinct tours, it is known
(see e.g. [10, eq. (1.21)]) that in a simple graph if we apply all possible pair-
ings on a safe node v we are partitioning its Eulerian tours: |ET(®)(G)| =
> PePair(v) |ET)(Gp)|. As for multigraphs, we need to consider possible
self-loops that might form.

Lemma 2 Let v € V be a safe node for G, and let Ng be the number of self-loops
P
of Gp. Then |ET')(G)| = Spe pain(n) 27 1ET (Gp)].

Proof First, for every pairing P € Pair(v) we will present a mapping Fp
ET(Gp) — P(ET(G)) such that | Fp(T)| = 25, where 2(X) = {Y | Y C X}. Let
Gp = (Vp,Ep), and let u € Vp such that £ = {u,u} € Ep. Observe that since G
was loopless, this self-loop originated during the pairing reduction. By definition, this
happens if and only if edges e = {u, v} and f = {v,u} were paired together through
P. Let E(v) = {e1 = {u1,v}, fi = {wi,v},...,eq = {ug, v}, fqg = {wg,v}}, with all
ui, w; € N(v), such that pairing P maps P(e;) = f; for all i. Thus, Vp = V \ v
and Ep = E\ E(v) U {{u;,w;} | i =1, ..,d}. Assume without loss of generality that
the first N;) of these new edges form self-loops, that is, u; = w; for i = 1, ...,Ng?.
Given T € ET(Gp), we can build 2NF distinct tours of G from T in the following
way: for every i < Ng, choose either e; f; or f;e;, and substitute this pair to edge
{u;, w;} in the edge sequence of T'; for N;) < i < d substitute {u;, w;} with the only
one between e; f; and f;e; that has the correct endpoints (that is, edges are adja-
cent to previous and next ones). In this way, we generate 2N 4 different trails, which
are Eulerian tours of G since they traverse every edge of the graph: indeed, we have
removed all edges {u;, w;}, and re-inserted edges of E(v).

To conclude, we need to show that for every T' € ET(G), there is exactly one
pairing P and one T' € ET(Gp) such that T € Fp(T’). Consider the pairing Pr
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< (3)
&Q A
O O

Fig. 4 Pairing reduction with associated multipliers. On the left, we have a pairing P for
a node v, where edges drawn in the same color are paired together. On the right, we have
the graph resulting after the pairing reduction; next to every edge we have its corresponding
factor in Mp. The total multiplier of P is Mp = 6.

defined as follows: the first time that T traverses an edge e; € E(v), the next edge
of the sequence must be some f1 € E(v); set Pr(e1) = f1, and repeat for the next
edge es € F(v) found. This yields a pairing over v, and in particular it is the only
pairing which represents the local behaviour of T": any other pairing choice cannot
have T in its image through Fp, by definition of the latter. We now show that T €
Fp,.(T') for some T" € ET(Gp,). Let E(v) = {e1 = {u1,v}, i = {w1,v},...,eq =
{ug,v}, fg = {wq,v}}, where Pr(e;) = f; for all i. Consider the tour 7’ obtained
from T' by substituting e; f; with {u;,w;}, for all 4, in its edge sequence. Then, by
definition T' € Fp,.(T"). We can now conclude the uniqueness of 77 by noting that
Fp (TN Fp, . (T") = 0 for any T” # T': if two tours’ edge sequences differ on an
edge e, then all their images differ at least on that same edge e. |

For node-distinct tours, the introduction of new multi-edges might result in
two former node-distinct tours to be still edge-distinct, but not node-distinct
anymore, after the reduction. Theorem 3 describes the relationship between the
number of node-distinct Eulerian tours before and after a pairing reduction:

Theorem 3 Let G = (V,E) be a loopless Eulerian multigraph, with source and
target s. Let v € V' \ s be a safe node, and let P € Pair(v) be any pairing over v.
Then |ET™(G)| > Mp |ET™ (Gp)|, where the multiplier of pairing P is Mp =

H(u,z)eN(U)Z (mGP(uvz)) (see Figure 4)

me (u,z)

Proof Along this proof, we denote ET(G) = ET™)(G). For a pair (u,z) € N(v)?,
let My,. = ("7 (u’z)). Note that M, . > 2 if and only if Py({u,v}) = {v,z} and

mg(u,z
{u,z} € E: in f&gct,)this is the only case where the multiplicity of {u, z} changes
during the reduction.
For a set X, its power set is Z(X) ={Y | Y C X}. We will present a mapping
F : ET(Gp) — Z(ET(G)) such that: (i) |F(T)| = Mp for any T € ET(Gp);
and (i) F(T) N F(T") = ® for any two distinct T,7" € ET(Gp). Such a mapping
concludes the proof. Let T' € ET(Gp); its image F(T') is defined as follows. For
every pair (u,v) € N(v)? there are mga,, (u, z) occurrences of consecutive uz or zu
in Nodes(T). We choose mq,, (u, z) — mg(u, z) of them, and we insert v in between
u and z in the selected occurrences of the node sequence. By definition, there are
exactly My, . such choices, all yielding different trails.
To build the set F(T)), we perform this procedure on all pairs (u,z) € N(v)?
simultaneously; that is, for every such pair we independently perform all insertions
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oo = [>E [ [

Fig. 5 Left: node v with 3 pairings. Right: corresponding reduced graphs. All pairings
correspond to the same node-distinct behaviour: |Pair(v)| = 3 but |Pair(™ (v)| = 1.

of v as described. First, we show that F(T) € Z2(ET(G)); that is, each trail obtained
through a specific choice for insertion is an Eulerian tour. In fact, every edge of
G is necessarily traversed exactly once: edges of Gp \ E(v) are traversed because
T € ET(Gp), while, since we have inserted v in between pairs of its neighbors exactly
|E(v)]| times, all these edges are also traversed once. Next, note that the insertions of
v with respect to different pairs combine independently, and each distinct choice for
insertion yields different tours (the node sequences are different by definition). Thus,
[F(T)| = Tl(u,2)en(v)2 Mu.z= = Mp, and condition (i) is satisfied. To conclude, we
show that if T, T € ET(Gp) with T # T, then F(T)NF(T') = 0. This is immediate:
Nodes(T) differs from Nodes(T’) in at least one position, which also differs in all
their images F(T) and F(T"). O

Another delicate point when dealing with pairings and node-distinct tours
is that two pairings that yield different edge-distinct tours might actually result
in the same node-distinct tour (see Figure 5):

Definition 3 Two pairings P1, P2 for node v are called node-distinct equivalent if
for every e € E(v), P1(e) = {v, z} if and only if Pa(e) = {v, z}. That is, every edge
is mapped through both pairings into edges with the same endpoints. This is an
equivalence relation over Pair(v); the set of pairings over node v where node-distinct
equivalent ones are identified is thus well defined, and it is denoted with Pair(")(v)‘

To conclude, the next corollary is the node-distinct analogous to Lemma 2:

Corollary 1 |ET™(G)| > 2 PePairm (v) MP |[ET™ (Gp)|.

Proof Let Pair(")(v) = {Pl, ...,PC}, and let us consider T} € ET(Gp1),...,T¢c €
ET(Gpc). Since the pairings Pl PC‘ are all different, for every pair i # j we will
have at least one v € N(v) such that P*({u,v}) = {v, z;} and P?({u,v}) = {v, z;},
where z;,z; € N(v) and z; # z;. This means that Nodes(T;) will have at least one
more occurrence of consecutive uz; (or z;u) than Nodes(T}). Let now Ry,...,Rc €
ET(G) be any Eulerian tours of G built by inserting v an appropriate amount of
times in the node sequences of T1, ..., T¢ respectively (more formally, R; € F(T;) as
defined in the proof of Theorem 3). Since the T;s are all different, we have R; # R; for
all 4 # j. This holds for any choice of T1, ..., T and their reconstructions Ry, ..., R¢;
therefore we have |ET(G)| > S| Mp: |[ET(Gp:)|. 0
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4 Edge-Distinct Eulerian Tours

In this section, we provide the proof of Theorem 1. We denote |ETS(€)(G)| with
|[ET(G)|, and we use the notation exp(z) to denote 2¥. The proof is split in

three parts: lower bound Lée) (Section 4.2), lower bound Lge) (Section 4.1),
and upper bound U(®) (Section 4.3).

4.1 Lower Bound: Lge)

In this section, we prove that |[ET(G)| > Lge) = (d(s) =D, e s (d(v) = 2)IN.
We prove that this relationship holds in the more general case where G can
have two nodes s,t of odd degree (and thus has an Eulerian tour from node s
to node t).

Proposition 1 Let G be an FEulerian loopless graph. If G has two nodes of odd
degree, let s € V' be one of these two; otherwise, let s be any node of G. Then:

|ETs(G)| > (d(s) — D! J] (d(v) —2),

veEV\s
where ETs(G) is the set of Eulerian tours of G starting at node s.

Proof The proof is by induction on the number of edges |E| of the graph:
Base Case: When |E| = 1, the graph G is composed of a single edge connecting

node s to another node u. Thus, Lge) =1=|ET(G)|.

Inductive Case: Let G be an Eulerian loopless graph, with |E| > 2. Let E(s) =
{e € E'| e = (s,u)} the set of edges incident to s, and let us denote with G \ e the
graph obtained by removing edge e = (s,u) from G:

e JV:ENe) if dex(s) > 1,
@ {(V\&E\e) if dex(s) = 1.

We first prove the following claim: there is at most one b € E(s) such that G \ b
is not an Eulerian graph. This implies that all edges of E(s), except for at most one,
are the first edge of a valid Eulerian tour of G. Recall that a graph is Eulerian if and
only if it is connected, and it has either zero or exactly two nodes of odd degree. We
will prove that removing any edge (s,u) € E(s) from the graph retains the degree
condition. The edge removal only changes the degree of nodes s, u, decreasing them
by one. We have three cases:

1. d(s) and d(u) are both even: after the edge removal they both become odd, and
they are the only two nodes of odd degree of the graph.

2. d(s) and d(u) are both odd: after the edge removal they both become even, and
every other node of the graph is even as well.

3. Finally, d(s) is odd while d(u) is even. In this case, there must be some other
node ¢ # u of odd degree. After the edge removal, d(s) becomes even and d(u)
odd; the number of nodes of odd degree is therefore exactly two.

Note that we cannot have d(u) odd and d(s) even: if there are nodes of odd
degree, the source must be one of them.
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We have shown that G \ (s,u) always has either zero or two nodes of odd degree;
furthermore, in the latter case, u is one of them. Therefore, when removing an edge
b € E(s) from graph G, the only way to yield a non-Eulerian graph is when G \ b is
not connected (i.e., b is a bridge).

We now show that at most one b € E(s) can be a bridge. By contradiction, assume
that s is adjacent to two different bridges b1,b2 € E(s). Then, we must have that
G \ b1, by has three connected components, Cs, C1,Ca, with s € Cs, by connecting
Cs to C1, and by connecting Cs to Ca. The target node t belongs to exactly one of
the three components, therefore there must exist C; € {C1,C2} such that t ¢ C;;
without loss of generality assume C; = C7. This implies that edge b1 cannot belong
to any Eulerian tour from s to ¢: indeed, if we were to traverse edge b along an
Fulerian tour, since we cannot traverse any edge more than once, we would have no
way of reaching ¢. This is a contradiction: G was not Eulerian.

We have now proved that for all edges (s,u) € E(s) except at most one, we have
that Gu = G\ (s,u) is Eulerian with source u. In this graph, we have dg, (s) =
dg(s)—1and dg, (u) = dg(u)—1, while all other degrees stay the same. By induction
hypothesis, we have:

|ETw(Gu)| = (g, () = D! [T (da, (v) = 2)1 =
vFEU
> (dg(u) - 2))(dg, (s) = 2)!! [] (da() —2)!' =
v#U,S
= —3) H (dg(v) —2),
v#S

We note that graph Gy represents all Eulerian tours of G that start with edge (s, u),
and by the claim above we have at least dg(s) — 1 choices for the first edge of an
Fulerian tour, each choice leading to distinct Eulerian tours. Therefore:

BTG > Y |ET(Gu)] = (da(s) = D(da(s) = 3)! [ [ (da(v) —2)1 =
u€Ng(s)\b v#ESs

s) = DI ] (da(v) -

v#S

Y

4.2 Lower Bound: LY

Let G = (V, E) be an Eulerian loopless multigraph with |V| > 2, and let s € V.

The aim of this section is to prove the lower bound Lée) of Theorem 1, that is,
exp(|E| — |V] 4+ 1) < ETs(G). The proof is by induction on the size of graph
G.

Base Case: the graph has two nodes, s and u, with m(u,s) = |E| > 2.
Each of the |E|! ways of ordering the edges yields a different Eulerian tour.
Since z! > exp(x — 1) for all © > 2, we have |[ET(G)| > |E|! > exp(|E| — 1) =
exp(|E| — V] +1).

Inductive Case: choose a safe node v # s, perform a pairing reduction over
v, and finally remove possible self-loops that might have formed.

The inductive case is well-posed: there always exists a safe node v € V'\ s.
Moreover, the induction always terminates at the described base case, since
we remove one node at a time.
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Let G’ = (V', E') be the graph obtained at the end of the inductive case.
Since G\v is connected, G’ must be too as neither self-loop removals nor pairing
reductions over a safe node influence connectivity. Furthermore, G’ is Eulerian
by Lemma 1, and has size strictly smaller than the one of G. Therefore, by
inductive hypothesis, we have |ET(G’)| > exp(|E’| — |V'| + 1). Thus, to prove
the lower bound it suffices to show that

|ET(G)| = exp(|E| - |E'| = (V| = [V'])) |[ET(G")]. (1)

This is ensured by a specific pairing choice; more spec1ﬁcally, we consider the
pairing P which attains the minimum minpe pair(v) oNE |ET(Gp)|, where N¥
is the number of self-loops of graph G'p. Noting that! | Pair(v)| = (d(v)—1)!! >
exp((d(v) — 2)/2), by Lemma 2 we obtain

|ET(G)| > |Pair(v)] _min 25 |ET(Gp)| > exp (d(v)z—2

PePair(v)

+N§) |ET(G5)|-

Since |ET (G )| > |ET(G')| (we are removing edges), to conclude the proof of
bound (1) it is sufficient to note that [V|—|V’| = 1, and |E|—|E'| = 42 4 Ng.
Indeed, we only remove one node, which is the safe node v. Concerning the
amount of edges removed, it is immediate that during the self-loop removal
stage we remove Ng edges; on the other hand, during any pairing reduc-
tion over node v, we decrease the number of edges by exactly d(v)/2. Thus,
|E|—|E'| = (|[V|—-|V']) = d(v) 2 + Ng, proving inequality (1) and concluding
the proof of the lower bound L(;).

4.3 Upper Bound: U

In this section, we provide the proof of the upper bound of Theorem 1. We
start with the definition of a pairing induced by an Eulerian tour:

Definition 4 (Induced Pairing) Given a tour T' € ETs(G) and a node v € V,
we say that T induces a unique pairing Pr over v, given by the order in which T
traverses E(v). Specifically, let T = {s,u1}---e1e] - - - eaeh - - - ege}, - - - {um, s}, where
E(v) = {e1,..., ek, €], ..., €} }; then Pr(e;) = e} for all i = 1,.., k. Since T visits all
edges in F(v) once, this procedure yields a pairing.

Given T € ET(G), we simultaneously induce a pairing Pr on every node
of G. On the other hand, let us choose a pairing on every node, and a starting
edge eg € E(s): this choice might induce an Eulerian tour 7', or not. In fact,
consider the following procedure: start by traversing edge eg; every time we
enter a node u with edge e, we continue by traversing the unique edge f paired
with e. We note that this can either yield a tour, or a union of disjoint cycles,

1t is easy to see by induction that k!l > 2(F=1/2 for all k > 1, and since G is Eulerian, d(v) > 2
for all v € V.
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and thus counting these possible choices produces an upper bound on the
number of Eulerian tours.

Since different choices for the |Pair(v)| pairings and the |E(s)] = d(s)
starting edges combine independently, the number of Eulerian tours of G can
be upper bounded as follows:

Corollary 2 Let G = (V, E) be an Eulerian graph with source and target s of degree
d(s), and let Pair(v) denote the set of all possible pairings for node v. Then we have

|ETs(G)| < d(s) [T,ey [Pair(v)] = d(s) [Ley (d(v) = D

Observation 2 The bound given by Corollary 2 is tight if and only if every pairing
choice leads to an Eulerian tour, that is, it leaves the graph connected. It is easy to
see that this can only happen when the graph is either a simple cycle or it is acyclic,
and only the former is Eulerian.

5 Node-distinct Eulerian Tours

The aim of this final section is to prove Theorem 2. First, we prove lower
bound Lgn) in Section 5.1. Then, in Section 5.2, we will focus on the more
involved lower bound L:(S"). We recall that, as mentioned in the introduction,
lower bound L:(Ln) and upper bound U of the theorem need no further proof.

In the rest of this section, will denote |ETS(")(G)| = |ET(G)|, and
Pair(™ (v) = Pair(v). We will again use the notation exp(z) = 2%.

5.1 Lower Bound: Lgn)

In this section, we prove the following;:

|ET(G)] > LY = (A(s) - DI [ (Aw) —2)n.

veEV\s

This proof follows quite naturally from the proof of \ETSKE)(GH > Lge) =
(d(s) — 1)!!1_[1)6‘,\S (d(v) — 2)!!, presented in Proposition 1 (Section 4.1).
Indeed, it suffices to consider the set D of distinct edges, instead of the set
FE of edges, along the proof of Proposition 1 to obtain our current claim, as
for the purposes of node-distinct tours, different edges between the same two
nodes are undistinguishable.

5.2 Lower bound: L:(,,n)

In this section, we conclude the proof of Theorem 2, by proving

BT 2 2" =exp (1+ 5 3 (A - 2)), 2

ueV
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The proof follows an inductive scheme which is described in Section 5.2.1.
The actual proof of equation (2) itself builds onto the inductive scheme, and
is presented in Sections 5.2.2-5.2.3.

5.2.1 Lower Bound Proof Scheme

The proof scheme for equation (2) is similar to the one presented in Section 4,
but it is slightly more involved. It is a proof by induction on the size of G:

Base case: The graph G = (V,E) has exactly two nodes, s and
u, with m(s,u) = |E| (that is, A(s) = A(u) = 1). Here G has
exactly one node-distinct Eulerian tour; thus |ET(G)| = 1 = exp(0) =

exp(l+ L(A(s) — 2+ A(u) — 2)).

Inductive case: We want to reduce G by removing one node at a time, so
as to obtain graph G’ = (V’/, E’) connected, loopless, and Eulerian, of size
strictly smaller than G. There are two steps required by the inductive case:

Step 1 While |[V| > 3 and there exists a pendant node p € V' \ s (i.e.,
A(p) = 1), remove p and its incident edges.

Step 2 If the base case occurs, stop; otherwise, choose a safe node v differ-
ent from s, and perform a pairing reduction on v. Remove any self-loops that
might have formed.

As in the edge-distinct case, we are ensured to end up at the base case
since we remove one node at a time. Consider the reduced graph G’ = (V', E’)
after an execution of Steps 1 and 2 above. The following holds:

Lemma 3 Graph G’ is connected and Eulerian, and s € V.

Proof First, removing pendant nodes does not influence the graph’s connectivity.
Secondly, since v is safe, we have that G \ v is connected; this implies that any
pairing reduction over node v leaves the graph connected as well. Thus, G’ is con-
nected. Furthermore, note that by definition the source s is never removed during
the induction.

Let us now show that G’ is Eulerian. We know by Lemma 1 that all pairing
reductions retain Euler’s characterization, leaving the degrees unchanged. Thus, we
just need to study Step 1. Consider the removal of a pendant node p € V, with
N¢g(p) = {w}: since G is Eulerian, dg(p) and dg(w) are even, and thus so is their
difference d¢ (w)—dg(p), which is the degree of node w after the removal of p. Euler’s
characterization is thus retained at every step of the pendant removal procedure of
Step 1, since no other node changes its degree. ]

Now that we are ensured of the correctness of the above inductive scheme,
we can move onto proving the lower bound of Theorem 2. Since G’ satisfies
all hypotheses of Theorem 2, we can apply the inductive hypothesis to it to
obtain |ET(G")| > exp (1 + %ZUEV’ (A (u) — 2)).

To conclude the proof, we need to show two things. First, let H = (Vy, Epy)
be the graph obtained at the end of Step 1. In Section 5.2.2 we will show that
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while the number of Eulerian tours may decrease (|ET(G)| > |ET(H)|), the
lower bounding quantity remains unchanged during this step, namely:

Lemma 4 exp (1 + % >uev (A (u) —2)) =exp (1+ % > uevy (Bm(u) — 2)).

Secondly, let G’ = (V’, E’) be the graph obtained at the end of Step 2. we
need to prove that during the transformation from H to G’, we can always
choose a pairing such that the loss of A(-) values due to the pairing reduction
is balanced by a corresponding multiplier in the number of Eulerian tours.
More formally, in Section 5.2.3 we will prove the following:

Lemma 5 For any safe node v # s of graph H, there ezists a pairing P € Pair(v)
for Step 2, whose outcome G’ satisfies |ET(H)| > M' |ET(G")|, with

M 2 e (5(Bn) -2+ Y Bl - Aa(w))).
ueV’

Since Vg = V' U {v}, we have (Ay(v) —2) + >, o1/ (Am(u) — Agr(u)) +
Yowev(Bar(w) = 2) = 3 ey, (Ar(u) — 2). Thus, by combining Lemmas 4
and 5 with the inductive hypothesis on G’, we obtain the thesis.

5.2.2 Lower Bounding: Step 1

The aim of this section is to prove Lemma 4. To this end, we prove that given
G = (V, E) a loopless, Eulerian, and connected graph, the removal of a single
pendant node p does not change the quantity exp(1 + 1> i (Ag(u) — 2)).
Let p € V' \ s such that A(p) =1, with N(p) = {w}. Note that m(p,w) is
necessarily even. Let G \ p be the graph obtained after node p and its incident
edges are removed, i.e. G\p = (V\{p}, E\E(p)). Note that |ET(G)| > |[ET(G\
p)|, since we are removing a cycle from the graph. By definition, we have
Ag(w) = Ag\p(w) + 1, while Ag(u) = Ag\p(u) for all other v € V' \ {p,w}.
Thus: 3~ ey (Ac(u) =2) = Ag(p) =2+ Ac(w) =243 e (p,w) (Bc(U) —2) =
—1+Ag\p (W) +1 =243 ey paw} (Bevp (1) =2) = 2o e p(Be\p (1) —2). By
iterating this reasoning for all pendant nodes we immediately obtain Lemma 4.

5.2.3 Lower Bounding: Step 2

In this section, we conclude the proof of Theorem 2 by presenting the proof
of Lemma 5, concerning inductive Step 2. During Step 2 we start with graph
H and end at graph G, after applying a specific pairing reduction over a safe
node v # s, and removing possible self-loops that might have formed.

The lower bound of Lemma 5 on |ET(H)| involves the nodes whose
neighborhood changes in the transition from H to G’. We have two possi-
ble situations regarding the neighbors of each u € V' (see Figure 6): either
Ag/(u) > Ap(u) (multiple edges might occur between u and v in H, or u
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Fig. 6 Left: an Eulerian graph H with no pendants, and a pairing over a safe node v
(edges of the same color are paired together). Right: graph G’ obtained after Step 2. A(1)
increases during the step, A(2) and A(3) stay the same, while A(4) and A(5) decrease: the
former due to the pairing reduction, the latter due to the self-loop removal.

is not involved in the pairing reduction yielding G’), or Ag/(u) < Ap(u) (u
loses v as a neighbor from H, but does not get any new neighbors in G/, either
directly, or due to a self-loop removal). Let Wp = {u € V' | Ag/(u) < Ag(u)}
be the set of nodes involved in the latter case. Since for any u € V' \ Wp (the
first case), we have Ay (u) — Ags(u) < 0, we prove Lemma 5 by proving the
following:

Lemma 6 We have M’ > exp (% ((AH(U) —2)+ Y uew, (Ap(u) — AG/(U)))).

To prove the bound of Lemma 6, we thus need to focus solely on the set
Wp. We start with the following lemma:

Lemma 7 We have Wp C N (v), and A (u) — Ag/(u) =1 for u € Wp.

Proof The proof follows from the definitions of pairing reduction and self-loop
removal. More specifically, the only nodes which change their set of neighbors
due to a pairing reduction are the neighbors of v, and therefore we must have
Wp C Ng(v). Moreover, let w € Ng(v), and let z1,...,z, € Ng(v) \ u be all
nodes different from w itself such that P({v,2;}) = {u,v}. By definition of pairing
reduction, we then have Ng/(u) = Ng(u) \ v U {z1, ...,z }. Therefore, Ag/(u) =
Ag(u)—1+{21,., 20} \ Ny (u)| > Ag(u)—1. This means that if Ags (u) < Ag(u),
then we must have Ag/(u) = Ag(u) — 1; that is, the difference is one. O

The next step is proving that the nodes in Wp C Ny (v) can only arise in
two specific situations, namely:

Definition 5 (A nodes) A node u € N(v) is a node of type A with respect to pairing
P if there is a z € N(v) \ u such that P({u,v}) = {v, 2}, and {u, 2z} € E. That is,
u, v, z form a triangle. Note that in this case, z is also of type A.
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Fig. 7 On the left, a graph H and a pairing P for a safe node v (edges paired together are
in the same color). On the right, graph Hp obtained after the pairing reduction. Node 1 is
of ||; nodes 3,4,5,6 are of type A, and node 2 is neither. Note that node 5 is not of type ||
even if P({5,v}) = {v,5}: it also forms a triangle of type A with node 6.

Definition 6 (|| nodes) A node u € N(v) is a node of type || with respect to pairing
P if the pairing satisfies the following: P({u,v}) = {v, z} if and only if z = u. Note
that this is only possible if m(u,v) > 2 is even.

See Figure 7 for examples of nodes of type A and type ||. We conclude our
characterization of Wp in terms of nodes of type A and ||:

Lemma 8 Ifu € Wp, then u is either of type A or of type || with respect to P.

Proof 1t is easy to see that all nodes of type || are in Wp: in fact, if u is of type ||,
then by definition Ngv(u) = Ny (u) \ {v}, and thus Ags(u) < A (u).

We now show that all nodes in Wp that are not of type || must be of type A.
Let u € Wp with k = mp(u,v) > 1 be a node that is not of type ||, and let {v, z;}
for i = 1,...,k be the edges such that P({v,z;}) = {u,v}, possibly with z; = z;
for some i # j. Since w is not of type ||, there must exist j € [1,..., k] such that
Z = zz # u. As in the proof of Lemma 7, by definition of pairing reduction we have
that Agr(u) = Ag,(u) = Ag(u) — 14 [{z1,..., 25} \ Ng(u)|. Therefore, if u is not
of type ||, we have Agr(u) < Ag(u) if and only if [{z1,...,zx} \ Ng(u)| = 0, that
is, {21, .-+, 2} € Ny (u). This implies that u is of type A, since we have P({u,v}) =
{z,v} with z # v and {u,z} € E. O

We are now ready to present the final step in the proof of Lemma 5:

Theorem 4 For any safe node v # s of graph H, there exists a pairing P € Pair(v)
for Step 2, whose outcome G’ is such that |ET(H)| > M' |ET(G’)|, with
Ap(v) -2 |WP|>

M >
7exp( D) + 5

Proof First observe that if a pairingf yields Na nodes of type A, then, by Theorem 3,
|ET(H)| > 2N/2 |ET(H)|, where H = Hz. In fact, let u be a node of type A, and
let 2 # u be a node such that P({u,v}) = {v,2}, and {u,z} € E. By definition
of pairing reduction, m4(u, z) > mg(u, 2) + 1; that is, the following holds for the
zggzg) > 2. This means that, in the

multiplier described in Theorem 3: My, . = (
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worst case, we obtain a multiplier of x2 for every pair of nodes of type A. In other
words, the nodes of Wp of type A are equipped with a multiplier, while nothing of
this kind can be said a priori about nodes of type |. Our aim is then to minimize
the number of these latter nodes.

If Ag(v) = 2, let Ny(v) = {w, 2} be its neighbors. Any pairing P such that
P({v,w}) = {v, 2z} at least once satisfies the theorem. In fact, such a pairing cannot
yield type || nodes, and in this case %(AH(’U) —2) = 0. By the previous observation,
Mp = M > exp(|Wp|/2) = exp (22G)=2 1 N

Since graph H has no pendants, the only case left is when Ap(v) > 3. We will
show that in this case there are many pairings which yield few nodes of type ||.
Let N(v) = {ug,...,up_1} with & = Ag(v) > 3. We will give a lower bound on
the number of pairings by going node by node, and counting in how many different
ways we can pair the corresponding edge while yielding no type || nodes. Let us
start with node ug: to ensure that ug is not of type ||, edge {ug,v} can be paired
with any {v,u;} as long as ¢ # 0. Let p(0) be the index of the chosen node; we
have k — 1 choices for p(0). Let us now consider u1; we can surely pair {ui,v} with
any edge {v,u;} such that ¢ # 0,1, p(0), to yield different pairings with no type ||
nodes. That is, we have at least k — 3 choices for p(1). We proceed by induction,
stopping at j = L%j, with all choices made at each step independent from each
other. At this point, we pair any possible leftover edges in any way, yielding at least?
(k—1)(k—=3)(k—5)---= (k-1 > exp(%) different pairings. If k is even, we
have covered all nodes of N (11) not yielding any type || nodes. We thus have at least
(k=1 > exp(’C 1y > exp( (k—2)) = Qe pairings which yield no type || nodes. On
the other hand, if k is odd, once we reach step L%j we have left one node unmatched,
which could become of type || When we pair the leftover edges. Thus, we have at least
(k=11 > exp( Ly = exp( (k — 1)) = Qo pairings, each of which yields at most
one type || node.

Let Qs = Qe if k is even, or Qs = Qo if k is odd, and let P!, .,.,PQ* be the
pairings described above, yielding either no type || nodes, or at most one type ||
node, according to the parity of k. Let Hp: be the graph obtained from H after
performing the pairing reduction for P*. We choose our final palrlng ‘P as the pairing
P which minimizes Mp: |ET(Hp:)|. Then |ET(H)| > Zl *, Mpi |[ET(Hpi)| >
Q+« Mp |[ET(Hp)|, where the first inequality is given by Corollary 1. Let G’ be the
graph obtained from Hp by removing all self-loops; clearly |ET (Hp)| > |ET(G’)|,
and therefore |ET(H)| > Q« Mp |ET(G")|.

We are now ready to conclude the proof, by setting M’ = Q« Mp. Let Na and
N| be respectively the number of nodes of Wp which are of type A and ||. Recall
that, by Lemma 8, we have NA + N > |[Wp|. As observed at the beginning of the

proof, Mp > exp( ~). We study two cases, according to the parity of k = Ap (v).

1. If Ag(v) is even, then Ny = 0, and Qe Mp > exp(M + TA) >
eXp(AH(U) + IWP\)
2. Otherwise, if Az (v) is odd, then Ny < 1, and Qo Mp > exp (B2E@=L 4 Nay >
exp (BI=2 4 ZATEL) > exp (S22 4 2L,
O

2By a simple induction, we have (=1 > exp(%) for all k > 3.
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Finally, by Lemma 7 we know that Ap(u) — Ag/(u) = 1 for all u €
Wp. Therefore, |Wp| = > (Ap(u) — Ags(u)), concluding the proof of
Lemma 6.

ueWp

6 Handling self-loops

In this section, we describe how to extend our results to graphs with self-loops.
Let G = (V,E) be an Eulerian multigraph with self-loops, with source and
target equal to s € V. As usual, we will study edge- and node-distinct tours
separately, in this order.

6.1 Edge-Distinct Tours

Let us first consider edge-distinct Eulerian tours of a multigraph G = (V, E)
with self-loops. For ease of presentation, in the rest of this section we denote
ETS(S)(G) = ET(G). Consider graph G = (V,E) obtained in the following
fashion: for every self-loop e = (u,u) € E, we add a new node u., and two
more edges e, = (u,u.), ep = (u, ue). That is, we add a pendant node for every
self-loop of the graph.

Lemma 9 If G has Ng self-loops, then
|ET(G)| = 2"° |ET(G)]

Proof Consider the one-to-many mapping ¢ : ET(G) — ET(G), where ¢(T') are the
tours built as follows: for every self-loop e = (u,u) of G, substitute the traversal of
e in T with eqep in one of the images, and with epeq in the other. More specifically,
we have 2Vs images of tour T, each obtained by independently substituting every
self-loop e with one between eqep and epeq. |

It is easy to see that graph G is loopless. Recalling that self-loops account
for two in the degree of nodes, we note that the degree of the nodes belonging
to V remains unchanged during this transformation, and that all newly added
nodes in V \ V have degree 2. In particular, this implies that the value of the
bounds of Theorem 1 is also unchanged during the transformation.

Therefore, by applying Theorem 1 to graph G, we obtain the following;:

Theorem 5 Let G = (V, E) be an Eulerian multigraph with Ng self-loops and with
at least two nodes. Let s € V' be the source and target of G; then
maX{Lge)7 Lée)}
2Ns

Ue
9Ns

< |ET) @) <

where Lge), Léc) and U®) are defined as in Theorem 1.
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6.2 Node-Distinct Tours

Let us now study the more delicate node-distinct Eulerian tours of a multi-
graph G = (V, E)) with self-loops. We will present a reduction which will allow
us to end up at a loopless graph, while losing Eulerian tours in a controlled
way. In the rest of this section we denote ETs(n)(G) = ET(G), and we use the
notation ¢(u) to denote the number of self-loops of a node wu.

We first study how the removal of one self-loop influences the number of
node-distinct tours of a graph G:

Theorem 6 Let G = (V, E) be an Eulerian multigraph, and let u # s be a node with
L(u) = k self-loops e1 = (u,u),...,ep = (u,u) € E. Consider graph G = (V, ) with
V=V and E = E\ {e1,...,e;}. Then:

Lo (u) 4 ke — .
BT(G)] = <2dG( ) 1) BT ()]

Proof Consider an Eulerian tour T of G; we want to show that there are exactly
14 _
(2dG(u)+k 1) corresponding tours of G that we lost during the reduction.

The self loop (u, u) can be traversed by an Eulerian tour of G any time node wu is
reached. At each arrival of T" in u, we can thus choose how many self-loops to traverse
in a corresponding tour of G, from zero to all, until we use them all. Each such choice
corresponds to a node-distinct Eulerian tour of G, by definition. In other words,
we want to place k indistinguishable objects (the self-loops) into d(u)/2 bins (the

1 ~ —
arrivals into node u), where bins might be left empty. This leads to (fdc(u]3+k 1)
distinct choices. O

We can also remove self-loops for node s; in this case, since we are start-
ing our tour at node s, we want to place k indistinguishable self-loops into
d(s)/2+1 bins, where the extra bin represents putting a self-loop first, before
exiting s for the first time. In this way, we obtain

pr©) = (>0 1) 1.

For any node u € G, let us denote with ¢f(u) the binomial coefficient given
by its self-loop removal; that is:

1 if £(u) = 0;
cf(u) := (fdé(?&f(u)_l) if (u) > 0 and u # s;
(5%25)4)'5(“)) if £(u) >0 and u = s.

(u
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With this notation, we have the following:

ET(@)| = [] ef(w) - [ET().

veV

Letting L C V be the set of nodes which have self-loops, we note that
Ag(u) = Ag(u) + 17 (u) while dg(u) = da(u) + 24(u) for all uw € V, where
1y, is the indicator function of set L. Indeed, the number of neighbors changes
according to whether the node had at least one self-loop, while each self-loop
contributes two to the degree of the node. Therefore, to find the number of
node-distinct tours of an Eulerian multigraph with self-loops, we can apply
Theorem 2 to graph G obtained by removing all self-loops of G, yielding:

Theorem 7 Let G = (V, E) be an Eulerian multigraph with at least two nodes, and
let se V. Let L CV be the set of nodes of G which have self-loops, and let S be the
set of self-loops of G; then

o o () i
max{L{", L§", L§"} < 7@# < g,

cf(u)
ueV

=(n) _ (da(s)=20(s)=DNTL, cy\, (dg (0) =2 £(0) =21
- HeeD\S m(e)! ’

e LYY = (Ac(s) — 11(s) = DI Tevn s (Ac(v) — 1p(0) = 2)1;

L-IVI+3 % (Ag(w) -1z (w)

° f/én) -9 ueEV :and
~(n da(s)—24(s v dg(v)—24(v)—1)!!
,U():(G() ())I}_{evns(g)(') (w)-D!
e€D\S

7 Comparison to preliminary version

A preliminary version of some of the results in this paper have appeared in

preliminary form in [17]. Here we address the added value of this paper. In

the main results stated in Theorem 1, we introduce the new lower bound Lge),

and reformulate the upper bound to obtain a tighter form of U(®). We provide
the proof of lower bound L§€> in Section 4.1. In the main results stated in

(n)

Theorem 2, we introduce two new lower bounds, Lgn) e Ly, and improve the

upper bound to obtain U™ . We provide the proof of lower bound Lg") in
Section 5.1. We added Section 2.2 to provide a thorough discussion comparing
the bounds provided in the aforementioned theorems. Finally, we extended our
results to graphs with self-loops, described in the new Section 6.

8 Conclusions

In this paper we provided lower and upper bounds on the number of Eulerian
tours, both edge- and node-distinct, of undirected graphs. It is #P-complete
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to compute these quantities exactly, and no similar bounds are known in the
literature for this problem.

We provided bounds that are exponential with respect to certain quantities
relative to the size of the input graph (e.g. difference between number of edges
and number of nodes for edge-distinct tours). The lower bounds are non-trivial,
and they are expressed as a maximum of two or three quantities; we show this
to be necessary by presenting classes of graphs in which each different bound
achieves the maximum. We also present examples showcasing tightness of our
lower bounds, and we discuss how our upper bounds are close to being tight,
for example in the interesting case of 4-regular graphs.

Possible future directions of research include refinements of the upper
bounds, aimed at reaching tightness, and finding a closed formula for the lower
bounds, which would encompass the different bounds as specific cases.
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