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Abstract

We consider an abstract wave equation with a propagation speed that depends only
on time. We assume that the propagation speed is differentiable for positive times,
continuous up to the origin, but with first derivative that is potentially singular at the
origin. We examine the derivative loss of solutions, and in particular we investigate
which conditions on the modulus of continuity and on the behavior of the derivative in
the origin yield, respectively, no derivative loss, an arbitrarily small derivative loss, a
finite derivative loss, or an infinite derivative loss. As expected, we obtain that stronger
assumptions on the modulus of continuity can compensate weaker assumptions on the
growth of the derivative, and viceversa. Suitable counterexamples show that our results
are sharp. We prove indeed that, for every set of conditions, the class of propagation
speeds that satisfy the given conditions, and for which the corresponding equation
exhibits a derivative loss as large as possible, is nonempty and actually also residual
in the sense of Baire category.

Mathematics Subject Classification 351.90 (35120 - 35B30 - 35B65)

1 Introduction

In this paper, we consider the wave equation

u; —c(t)Au =0, (1.1)

and its abstract version
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W (1) + () Au(t) = 0, (1.2)

where A is a linear nonnegative self-adjoint operator with domain D(A) in some real
Hilbert space H. We always assume that the coefficient c(¢), which in the model (1.1)
represents the square of the propagation speed, is defined in some time interval (0, Tp),
and satisfies the strict hyperbolicity assumption

0<pr=c@) =p2 Vre(0,To). (1.3)
We investigate the regularity of solutions to (1.2) with initial data
u) =ug, u'(0)=u. (1.4)

We recall that problem (1.2)—(1.4) admits a unique solution for large classes of
initial data, even if the coefficient c(¢) is just in L'((0, Ty)), without sign conditions.
Nevertheless, in general this solution is very weak, in the sense that it lives in a huge
space of hyperdistributions, even if initial data are smooth.

Here we are interested in solutions with more “space” regularity. In order to state the
definitions in the abstract setting we recall that, for every real number 8, the operator
AP is defined in a suitable domain D (A®), which in the concrete case corresponds to
the Sobolev space H 28 (distributions if B < 0).

Definition 1.1 (Well-posedness vs derivative loss)

e (Noderivative loss). Problem (1.2)—(1.4) is said to be well-posed with no derivative
loss if, for every pair of initial data (ug, u1) € D(APT1/2) x D(AP), the unique
solution satisfies

(u(t), u'(t)) € D(APTY2) x D(AP) Vi €0, To).

e (Arbitrarily small derivative loss). Problem (1.2)—(1.4) is said to be well-posed
with (at most an) arbitrarily small derivative loss if, for every pair of initial data
(ug, u1) € D(APT/2) x D(AP), the unique solution satisfies

(u@), u' (1)) € D(AP~¢T1/2) x D(AP=%) Vi €0, Ty] Ve > 0.
The arbitrarily small derivative loss does actually happen if there exists a pair of
initial data (1o, u1) € D(APT1/2) x D(AP) such that the unique solution satisfies
(@), u' (1) ¢ DAPH2) x D(AP) Vi € (0, To.

o (Finite derivative loss). Problem (1.2)—(1.4) is said to be well-posed with (at most a)

finite derivative loss if there exists a positive real number § such that, for every

pair of initial data (ug, u1) € D(APH1/2y x D(AP), the unique solution satisfies

(u(r), u'(t)) € D(AP=9F1/2) 5 D(AP~%) vr €0, To).
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Optimal derivative loss for abstract wave equations 457

The finite derivative loss does actually happen if there exist a function 6 : (0, Tp] —
(0, 400), and a pair of initial data (ug, u;) € D(APT1/2) x D(AP), such that the
unique solution satisfies

(u(r), u'(t)) ¢ D(AP3OF2y 5 p(AP=®Dy i € (0, Ty).

e (Infinite derivative loss). Problem (1.2)—(1.4) is said to exhibit and infinite deriva-
tive loss if there exists a pair of initial data (uq, u1) € D(APH1/2)y « D(AP), such
that the unique solution satisfies

(u@),u' (1)) ¢ D(A7"T2) x D(A™Y) Vy >0, Vie (0, Tl

Due to the linearity of the equation, all the definitions stated above do not depend
on the choice of 8. In words, no derivative loss means more generally that all solutions
live in the same space of the initial data, while finite derivative loss means that the
“space regularity” of the solution for positive times is less than the corresponding
regularity of initial data. The parameter § measures this loss of regularity, which is
a true loss of derivatives in the concrete case where the domains of powers of A are
actually Sobolev spaces. The arbitrary small derivative loss is a condition in between
no derivative loss and finite derivative loss: in this case solutions for positive times do
not remain in the same space of initial data, but in all spaces with smaller exponents.
Finally, the infinite derivative loss is a dramatic loss of regularity: in the concrete case it
means the existence of solutions whose initial data have any given Sobolev regularity,
and nevertheless they are not even distributions for positive times.

It is well known that the derivative loss of solutions depends on the time-regularity
of the coefficient c(¢), and in particular on its oscillatory behavior. This regularity has
been measured in different ways in the literature. Let us mention some of them.
Modulus of continuity Let us assume that ¢(¢) is continuous in the closed interval
[0, Tp], and let w : [0, +00) — [0, +00) be a function such that

le(t) — c(s)| < w(|t —s]) V(z,5) € [0, Tol*. (1.5)

Any function w with this property is called a modulus of continuity for c(t) in
[0, Tol.

The relations between the modulus of continuity of the coefficient and the regularity
of solutions was investigated for the first time by F. Colombini, E. De Giorgi and
S. Spagnolo in the seminal paper [4]. The result was then refined and extended in
many subsequent papers (see for example [2, 5, 8, 9]). Concerning the derivative loss
of solutions, the situation is summarized in Table 1, where the assumptions in the first
column refer to the behavior of w(c) as o — 0F.

Now we know that all the results stated in Table 1 are residually optimal, namely for
every modulus of continuity w the set of coefficients c¢(¢) that are w-continuous, and
for which problem (1.2)—(1.4) does exhibit the prescribed derivative loss is residual
in the sense of Baire category (see [12, 13]).
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458 M. Ghisi, M. Gobbino

Table 1 Modulus of continuity

of ¢(t) vs derivative loss wlo)~o No derivative loss
o KL w() Lol|logo| Arbitrarily small derivative loss
w(o) ~ollogo| Finite derivative loss
w(o) > ollogo]| Infinite derivative loss
Table 2 Singular behavior of T
¢/ (¢) vs derivative loss / 0(t)dt < 400 No derivative loss
0
T
[ 6(t)dt = +oo and Arbitrarily small derivative loss
0
1
0(t) < ;
1
6(t) ~ n Finite derivative loss
1
6(t) > n Infinite derivative loss

Singular behavior of the derivative at the origin Let us assume that c(¢) is differentiable
for positive times, and let 6 : (0, +00) — (0, +00) be a nonincreasing function such
that

Ic' ()] < 6@) Vt e (0, Tl (1.6)

We point out that now c(¢) is not required to be continuous in ¢t = 0, and also
0(t) is allowed to diverge as t — 07, and actually this is the interesting case. The
effect of this singular behavior of ¢/(¢) in # = 0 was studied by Colombini et al. [6]
in the case where 0(r) ~ 1/t#. Concerning the regularity of solutions, the situation is
summarized in Table 2, where the assumptions in the first column refer to the behavior
of 6(t) as t — 0T. Note that, due to the strict hyperbolicity condition, the divergence
of the integral of |¢/(¢)| implies a highly oscillatory behavior of c(z).

The optimality of many points in Table 2 remained an open problem for almost

two decades. In particular, the result of the last row was proved in [14, Theorem 2.9],
while the optimality of the results of the second and third row follows, respectively,
from Corollaries 2.6 and 2.7 of the present paper.
Singular behavior of the first two derivatives at the origin A natural way to extend
the results of the previous paragraph is to consider the first two derivatives of the
coefficient c(¢), with the hope that a bound on |¢/(¢)| and |¢” (¢)| can prevent ¢(¢) from
oscillating too fast and yield a smaller derivative loss. A first result in this direction
was obtained by Yamazaki in [22]. The assumption is that c(¢) is twice differentiable
for positive times and satisfies, up to multiplicative constants, the estimates

1 1
and |7 (1) =

~ | —

lc"(0)] <

for every ¢ € (0, Tp]. Under these assumptions she proved that problem (1.2)—(1.4) is
well-posed with no derivative loss.
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Table 3 Singular behavior of

¢/ () and ¢ () vs derivative loss A +eNy@) ~1 No derivative loss
1<K +e@)yY() < |logt] Arbitrarily small derivative loss
A+ @)y @) ~ [logt| Finite derivative loss
I+ @)Y () > |logt| Infinite derivative loss

Some years later, Colombini et al. [7] assumed that, up to multiplicative constants,
the coefficient c(¢) satisfies

log t logt\?
()] < @ and |’ ()] < (%)

in a right neighborhood of the origin. Under these assumptions they proved that prob-
lem (1.2)—(1.4) is well-posed with finite derivative loss (see also [15, 16]).
These results were extended and unified recently in [14], were it is assumed that

o) = 22

2
and |”()] < (@) exp(¥ (1)),

where ¢ : (0, Tp) — (0, 400) and ¥ : (0, Tp) — (0, 4+00) are suitable nonincreasing
and continuous functions. The results of [14] are summarized in Table 3, where the
first column refers to the behavior as t — 0.

We observe that in the case where ¢(¢) and v (¢) are constant functions this is

exactly the result of [22], while in the case where ¢(#) ~ |log¢| and ¥ (¢) is constant
this is exactly the result of [7]. Again, the derivative loss prescribed by Table 3 is
residually optimal.
Modulus of continuity and first derivatives In this paper we combine the assumptions
on the modulus of continuity and on the first derivative. More precisely, we assume
that ¢(¢) is continuous in the closed interval [0, Tp], differentiable in the half-open
interval (0, Tp], and that it satisfies both (1.5) and (1.6) for suitable functions w and
6. The case where w(c) ~ % and () ~ 1 /tﬂ was considered by Colombini et al.
[6] (see also [1]), while more subtle examples where considered by Colombini et al.
[7] and by Del Santo et al [10] (see also [19]). Here we unify and improve some of
their results, both on the positive and on the negative side. More important, we show
that all those special examples fit into a common framework.

Our main result is that the key quantity

Ti
m(A) :=min{)»a)<%>s+/oé(t)dl:se[O,To]} VA >0 (1.7)

determines the derivative loss of solutions to problem (1.2)—(1.4) according to Table 4,
where the first column refers to the behavior of m (1) as A — +o0.

As usual, all results are residually optimal.
Overview of the technique—upper bound for the derivative loss From the technical
point of view, it is well-known that the spectral theorem for self-adjoint nonnegative
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Table 4 Modulus of continuity

and singular behavior of ¢/(r) vs =~ " W ~1 No derivative loss

derivative loss 1 <Kmr) < logh Arbitrarily small derivative loss
m(x) ~ log A Finite derivative loss
m(x) > log Infinite derivative loss

Table 5 Energy growth for .

solutions to (1.8) vs derivative o+ 1) ~ 1 No derivative loss

loss 1<+, 1) K logh Arbitrarily small derivative loss
¢+ (A, 1) ~ logr Finite derivative loss
¢+ (A, 1) > logh Infinite derivative loss

operators reduces the abstract equation (1.2) to the family of ordinary differential
equations

ul (1) + 2y (t) =0, (1.8)

where A is a positive real parameter. In particular, if one can prove that solutions to
(1.8) satisfy an estimate of the form

(0 + 22us (1) < (M’A(O)2 + Azuk(O)z) exp(¢s (h, 1)) Vi € [0, Tol, (1.9)

where ¢ (X, t) is a function independent of initial data, then the behavior of ¢ (X, 1)
as A — +oo determines the maximum possible derivative loss of solutions to (1.2)—
(1.4) according to Table 5.

When c(t) is w-continuous, the approximated energy estimates introduced in [4]
allow to show that (1.9) holds true with

6400, 1) ~Aw<%)r,

and this explains all the results of Table 1 and much more, for example the well-
posedness in Gevrey spaces in the case of Holder continuous coefficients.

In a different direction, when c(z) is of class C! in the closed interval [0, Tp], the
classical hyperbolic estimates give that (1.9) holds true with (note that in this case
there is no dependence on A)

t
G0, 1) ~ /0 I (1)) dr.

In this paper |¢’(f)] is not necessarily integrable in a right neighborhood of the
origin, and therefore we need to mix the two techniques, in the sense that we use an
estimate of the first type in some initial interval [0, s], followed by an estimate of
the second type in the remaining interval [s, ¢], where (1.6) provides a control on the
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Optimal derivative loss for abstract wave equations 461

derivative. When we optimize with respect to s we conclude that now (1.9) holds true
with ¢4 (A, t) ~ m(A), with m(A) given by (1.7). This is enough to conclude that the
derivative loss of solutions to (1.2) is at most the one given in Table 4. We refer to
statement (1) of Theorem 2.3 for the details.

Overview of the technique—road map to counterexamples The main contribution of
this paper is the construction of solutions that exhibit a prescribed derivative loss. This
is a much more delicate issue, since it requires to show that estimates of the form (1.9)
are in some sense optimal. In statement (2) of Theorem 2.3 the idea is to look for
coefficients c¢(¢) such that solutions to (1.8) satisfy

(1) + 22u(1)* = (M;(O)2 + AZMA(O)Z) exp(¢_ (A, 1) Vi € [0, Tol, (1.10)

at least on a sequence A, — 400, with ¢_ (X, 1) ~ m(X) for positive times. These
coefficients are called “universal activators” because the same coefficient induces the
exponential growth of a sequence of solutions. They are the fundamental tool in the
construction of counterexamples, as we show in Proposition 4.4 for operators that admit
an unbounded sequence of eigenvalues, and in Proposition 4.5 for general unbounded
self-adjoint operators, which is the case, for example, of the concrete wave equation
(1.1) on the whole space or an external domain.

Following the path introduced in [12—-14], the existence of universal activators is
reduced to the existence of families of “asymptotic activators”, namely families {c; (¢)}
of coefficients such that solutions to

u (1) + 22ex(tu; (t) =0 (1.11)

satisfy (1.10) when A is large enough.

We stress the difference between universal activators, where the same coefficient
produces an exponential growth for a sequence of solutions, and asymptotic activa-
tors that achieve the same exponential growth by choosing a different coefficient for
different values of A (note that in (1.11) the coefficient does depend on ).

The main point proved in [14] is that the existence of sufficiently many families of
asymptotic activators, within a certain class of coefficients, implies the existence of a
residual set of universal activators in the same class. This is some sort of “nonlinear
uniform boundedness principle” (where nonlinear refers to the map coefficient —
solutions): if there exist sufficiently many families of objects that show asymptotically
the optimality of some estimate, then there are residually many objects that show
directly the optimality of the same estimate. Equivalently, if we can not estimate the
norm of (u(z), u'(¢)) is some space Y in terms of the norm of (ug, 1) in some space
X, then there exist solutions such that (uq, u1) lies in the space X, but (u(z), u'(¢))
does not lie in the space Y for positive times.

Finally, asymptotic activators are produced starting from the usual building blocks,
introduced for the first time in [4], and then modified and adapted in the subsequent
literature. The key observation is that

t
u (1) = %sin(kt) exp (é/o s(s)sinz(ks)ds) (1.12)
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462 M. Ghisi, M. Gobbino

grows exponentially and solves (1.11) with

e(t)?
6412

o) =1- % sin(2At) — 88/)(;) sinz()\t) —

sin*(A1). (1.13)

When showing the optimality of the results of Table 1, it is enough to choose &(¢)
to be independent of ¢ and equal to A w(1/1), up to multiplicative constants. In this
way the integral in the exponential term of (1.12) grows as a multiple of X w(1/1),
as required, and it is possible to control the modulus of continuity of the coefficient
because c; () makes oscillations of order w(1/A) in intervals with length of order 1/A
(namely the period of the trigonometric terms).

In this paper we consider the minimizer s, in the minimum problem (1.7), and
we check which of the two summands is bigger for s = s5. When it is the first one,
we define again e(¢) as A w(1/A) (see Proposition 4.9). When it is the second one,
namely the integral, one would like to choose £(f) = 6(¢), so that the integral in
the exponential term of (1.12) grows as the integral of 6(¢). This choice has several
disadvantages, mainly because we need to control ¢} (¢), and therefore the presence of
¢’(t) in (1.13) forces to assume that 8 (¢) is twice differentiable, with a lot of control
on its derivatives.

In Proposition 4.10, we overcome this difficulty by choosing e(¢) equal to a

piecewise constant approximation of 6 (¢), changing the constant whenever the trigono-
metric terms vanish. In this way ¢, (#) remains Lipschitz continuous, the term with
&'(t) disappears, and the integral in (1.12) is equivalent to a Riemann sum for the inte-
gral of 6(¢). The lack of this type of construction, which becomes fundamental when
the growth of 6(¢) is close enough to 1/, is probably the reason why the previous
results in the literature were not optimal.
Related problems and future perspectives We hope that the methods of this paper,
more than the results themselves, could be useful to deal with analogous problems.
For sure the nonlinear uniform boundedness principle, namely the general path from
asymptotic to universal activators, can be used to show in an efficient way the optimality
of many positive results. Indeed, some of the known counterexamples are still stated
in the form of impossibility of a certain energy estimate, in the spirit of asymptotic
activators, and not as examples of solutions that actually lose derivatives (see for
example [2, Theorem 2.3 and Theorem 2.5], or [11, Theorem 2.7]).

In a different direction, we are confident that our techniques could shed some light
also on arelated problem studied in the last two decades in a series of papers by Reissig
and Smith [21], Colombini [3], Hirosawa [17, 18], and Ebert et al. [11]. They consider
the wave equation (1.1) with a smooth coefficient c(¢) defined for all positive times,
with two types of assumptions: the decay of some derivatives of c(¢) as t — 400,
and a “stabilization condition”, namely some integral control on |c(t) — coo|, Where
Co 18 a suitable constant. They are interested in what they call “generalized energy
conservation”, namely the boundedness of the ratio between the energy at time ¢ and
the energy at time 0. There are still some gaps between the positive results and the
counterexamples (see for example [11, Table 1 and Table 2]). The analogy with this
paper is plausible: the decay of derivatives at infinity should correspond to the blow-up
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at the origin, the stabilization condition could correspond to the modulus of continuity,
and the general energy conservation to well-posedness with no derivative loss.
Structure of the paper This paper is organized as follows. In Sect. 2, we state our
main results and some consequences, and we comment on them. In Sect. 3, we prove
the positive part, namely the energy estimates from above that yield a bound from
above for the derivative loss. In Sect. 4, we present the construction of the asymptotic
activators, and how they lead to our counterexamples. Finally, in Sect. 5, we prove
two corollaries concerning two special cases.

2 Statements
2.1 Notations and main result

Let us start by introducing some terminology and some notations.

Definition 2.1 (Modulus of continuity)
A modulus of continuity is a function w : [0, +00) — [0, 400) such that

e w(o)>0foro >0,andw(c) - 0aso — 0T,
e the function 0 — w (o) is nondecreasing,
e the function o — o /w(o) is nondecreasing.

A function ¢ : [0, Tp] — R is called w-continuous if it satisfies (1.5) for some
modulus of continuity w.

Definition 2.2 (Classes of coefficients) Let Ty, 111, (2 be positive real numbers with
u2 > 1. Let w be a modulus of continuity, and let 8 : (0, Tp) — (0, +00) be a
continuous and nonincreasing function.

We call PS(Ty, i1, na, w, 0) the set of functions ¢ € WI%‘;((O, Tp)) that satisfy
(1.3) and (1.5) in the pointwise sense, and (1.6) in the almost everywhere sense.

We observe that PS(Ty, (11, 12, w, 0) is a complete metric space with respect to
the distance induced by the norm of L*°((0, Tp)). We observe also that the elements
of this space are continuous in [0, Tp], and therefore pointwise values c(¢) are well
defined.

We are now ready to state our main result.

Theorem 2.3 (Main energy estimates)

Let Ty, L1, Ko be positive real numbers with o> > 1. Let w be a modulus of
continuity, andlet9 : (0, To) — (0, +00) be a continuous and nonincreasing function.
For every positive real number A, let us define m(A) as in (1.7). Let us consider the
classes of coefficients introduced in Definition 2.2, and let us introduce the constants

1, 2 1 1 1 Jin
M = <M> , My =—+ —, M;3:= min{l,ﬂ}.
min{l, p1} m1 o 1 128112 T

2.1)

Then the following statements hold true.
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(1) (Energy estimate from above). For every coefficient c € PS(Ty, 11, 2, , 0) and
every positive real number ) it turns out that every solution to (1.8) satisfies

W, (02 + 32u (1% < My (u;(o)2 + kzu;\(O)z) exp(Mym(L)) Vit e [0, Tyl
2.2)

(2) (Energy estimate from below). Let us assume that m(.) — 400 as A — +00.
Then, for every sequence of positive real numbers A, — 00, the set of coefficients
c € PS(Ty, i1, 2, w, 0) such that the solutions to (1.8) with initial data u; (0) =
0, u} (0) = 1 satisfy

lim sup (|u;n O + 22y, (r)|2) exp (—M3m(in) = 1 Vi € (0, To]

n—+0o
is residual.

The energy estimates of Theorem 2.3 can be applied to the abstract wave equation,
yielding the following result.

Theorem 2.4 (Derivative loss for the abstract wave equation)

Let Ty, |41, 12, w, 68, and m()) be as in Theorem 2.3. Let us consider the classes of
coefficients introduced in Definition 2.2. Let us consider the abstract equation (1.2),
where A is a linear nonnegative self-adjoint operator in some real Hilbert space H.

Then the following statements hold true.

(1) (Estimate from above for the derivative loss). For every ¢ € PS(Ty, w1, 12, w, 6)
the derivative loss of solutions to problem (1.2)—(1.4) is at most the one prescribed
by Table 4.

(2) (Optimality of the derivative loss). If the operator A is unbounded, then the set
of coefficients ¢ € PS(Ty, 1, U2, w, 0) for which problem (1.2)—(1.4) exhibits
exactly the derivative loss prescribed by Table 4 is residual.

Remark 2.5 One could define the class PS(Tp, (1, (L2, w, 0) also by considering only
coefficients ¢(¢) that are of class C! for positive times, so that now (1.6) can be asked
in the pointwise sense. In this case a structure of complete metric space is induced by
the norm

' @)
0(t)

llcllg := max{|c(®)| : t € [0, Tp]} + Sup{ 1t € (0, To)} .

All the previous results hold true also in this restricted class. This is actually the
approach that was carried on in [14], and it delivers a residual (in this new space)
class of counterexamples that are of class C! for positive times. On the other hand,
as explained in [14, section 4.5], it is always possible to produce counterexamples of
class C°.
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2.2 Some examples

Let us discuss the consequences of Theorem 2.4 in some special cases. A first result
is that well-posedness with no derivative loss holds true in the class of coefficients
PS(To, 11, 12, w, 0) if and only if either O(¢) guarantees that ¢(¢) has bounded vari-
ation, or w (o) guarantees that c(¢) is Lipschitz continuous.

Corollary 2.6 Let us consider the same setting of Theorem 2.4.
Let us assume that the operator A is unbounded, and that

o To
lim —— =0 and / 0(t)dt = 4o0. 2.3)
-0t w(o) 0

Then the set of coefficients ¢ € PS(Ty, i1, L2, 0, w) for which problem (1.2)—(1.4)
exhibits at least an arbitrarily small derivative loss is residual.

Let us examine now the case where 6(¢) ~ 1/¢. According to Table 2 this assump-
tion guarantees that the derivative loss is at most finite. Now we can show that the
derivative loss is actually arbitrarily small if c(¢) is e-Holder continuous for every
o € (0, 1), and this assumption is optimal.

Corollary 2.7 Let us consider the same setting of Theorem 2.4.

(1) (Arbitrarily small derivative loss). Let us assume that the modulus of continuity

satisfies
. w(o)
Va € (0,1) lim =0, 2.4)
o0+ o¥
and the function 0 (t) satisfies
limsupt - 60(t) < +oo. 2.5)

t—0t

Then, for every propagation speed ¢ € PS(Ty, i1, 12, 0, ®), problem (1.2)—(1.4)
has at most an arbitrarily small derivative loss.

(2) (Finite derivative loss). Let us assume that the operator A is unbounded, that the
modulus of continuity satisfies

.. w(0)
doe € (0,1) liminf > 0, (2.6)
o0t o¢%
and that the function 0 (t) satisfies
liminfz-60(z) > 0. 2.7)
t—07t

Then the set of propagation speeds ¢ € PS(Ty, i1, L2, 0, w) for which problem
(1.2)—(1.4) has at least a finite derivative loss is residual.
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466 M. Ghisi, M. Gobbino

Table 6 Examples of finite

. 1
derivative loss when 6(¢) > 1/t 6(t) ~ @ dR>0 w(o)~o exp (R | logall/z)
1
00 ~ 5 (B>0) (0) ~ollogo|' /P
0(t) ~ exp(1/1) (o) ~ o|logo|-log(|logo])

1
9(t)~t—ﬂexp(l/t) (B>0) w(o)~o|logao|-log(|logol)

Finally, let us examine the case where 6(¢) > 1/¢. In this case problem (1.2)—(1.4)
can exhibit any type of derivative loss, depending on the modulus of continuity w. The
modulus of continuity that guarantees a finite derivative loss is always stronger than
any Holder modulus o with @ € (0, 1), but weaker that the classical o |logo| that
guarantees a finite derivative loss even without any assumption on ¢’(¢). In Table 6
we display, for some special choices of 6(¢), the moduli of continuity that guarantee
that m (L) ~ log A, and hence a finite derivative loss. As usual, these choices of w (o)
represent the threshold between the arbitrary small derivative loss and the infinite
derivative loss.

Remark 2.8 The reader might be puzzled by the multiple continuity moduli that appear
in the first row, or by the fact that the continuity modulus is the same in the third and
fourth row, where in addition 6(¢) depends on B but @ (o) does not. This is due to the
bizarre behavior of the minimum problem (1.7). For example, if ¢, ¢z, R are positive
real numbers such that

0(1) < c1

log ¢
IOIg | and a)(a)fczaexp<R|logo|l/2),

then one can check that there exists a constant c¢3, depending on c1, ¢z, R, such that
m(A) < c3logh,

which is enough to guarantee a finite derivative loss. Of course different values of ¢y,
c2, R yield different values of c3, and therefore a slower or faster derivative loss, but
in any case a finite one.

In the case of the third and fourth row, we refer to Lemma A.1 in the Appendix for
the details.

Remark 2.9 Some of the choices of Table 6 are considered in the previous literature,
but without obtaining the optimal result. For example, the modulus w (o) of the first
row is considered in [19, Section 4.5], where a finite derivative loss is obtained with
the correct condition 6(z) ~ |logt|/t, and in [7, Example 1.2(ii)], where an infinite
derivative loss is obtained, but only with the stronger condition 6(r) > |logt|*/t.
The modulus w (o) of the second row is considered in [7, Example 1.2(i)], where
an infinite derivative loss is obtained, but only with the stronger condition 6(¢) >
1/t log! P (| log1)).

Similarly, the choices of 6(¢) of the second and the fourth row (the latter in the
special case f = 2) are considered in [10, Example 2.1 and Example 2.2], and in
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both cases a finite derivative loss is obtained with a stronger modulus of continuity,
and there is no mention of infinite and arbitrarily small derivative loss.

2.3 Comments

We conclude by speculating on our main results.

Remark 2.10 (Limit cases)

The cases where one prescribes only the modulus of continuity w (o), or only the
blow-up rate 6 (¢) of the derivative, can be included in Theorems 2.3 and 2.4 as special
limit cases.

If we prescribe only the modulus of continuity w (o), we can think that 6 () = +o0,
and therefore imagine that in (1.7) the minimum is attained when s = Tj. We obtain
that m(X) = X w(1/X) Ty, which explains the results of Table 1.

If we prescribe only 0(¢), and of course also the strict hyperbolicity condition,
we can think to extend the notion of modulus of continuity in order to include the
border-line case in which w (o) = uy — w1, and then define

T
m() =min{(,u2 —m))\s+/ 09(t)dt :s € [0, To]}.

The minimum is attained when 0 (s) = (42 — t1)A, and with some standard calculus
we obtain all the results of Table 2.

Remark 2.11 (Quantitative estimate of the derivative loss) In the cases where m (1) ~
log A, and more precisely

. om(A) m(})
0 < liminf < lim sup
A—>+oo logA = ;400 lOg

< +o00,

the liminf and limsup above provide, respectively, an estimate from below and from
above for the finite derivative loss, namely for the constant § that appears in the
definition.

Remark 2.12 (Progressive vs instantaneous derivative loss)

There is a subtle difference in the derivative loss between the case where only
the modulus of continuity is prescribed, and the cases where we assume c(f) to be
differentiable for positive times. For the sake of simplicity, let us limit ourselves to
the finite derivative loss.

In the case where one prescribes only the modulus of continuity w(c) ~ o|logo|,
the finite derivative loss is in general progressive in the sense that, if (ug, u;) €
D(APT1Y/2) x D(AP) for some B, then (u(t), u' (1)) € D(AP=+1/2)y x D(AP=9") for
positive times. In words, this means that the derivative loss increases with time, and
tendsto O ast — 0.

When ¢(1) is of class C! for positive times, then any form of derivative loss is
instantaneous, and in particular a finite derivative does not tend to 0 as t — 0% (but
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of course now w (o) > o|log o). After the initial loss of regularity, in this case there
is no further loss of derivatives, in the sense that the implication

(u(to), u'(10)) € D(AYT12) x D(AY) = (u(1),u'(t)) € D(AVT1/2) x D(AY)

holds true forevery 0 < fo <t < Ty and every y. In words, this means that the singular
behavior of c(¢) in the origin is responsible for the instantaneous loss of derivatives
but, after the initial loss, the regularity of solutions is preserved by the smoothness of

c(1).

Remark 2.13 (Well-posedness in Gevrey spaces)

The consequences of Theorem 2.3 go far beyond Theorem 2.4, and in particular
beyond the classification of derivative loss according to Table 4. Indeed, the behavior
of m(A) as A — 400 provides a sharp “measure” of the derivative loss, even when
it is infinite or arbitrarily small. The formalization of this idea relies on the notion of
generalized Gevrey spaces, or Gevrey distributions (we refer to [13, Definition 2.2]
for more details on the abstract functional setting for abstract wave equations). Just
to give some examples, let us stick to standard Gevrey spaces. The positive side is
represented by well-posedness results, as follows.

e If we assume that w (o) = o* for some o € (0, 1), and we have no informations
about the derivative, then we can assume (as explained in Remark 2.10) thatm (A) ~
r(1/x) = A'7% which implies the classical result of [4] according to which the
problem is well-posed in Gevrey spaces of order s < (1 — )~

e If we assume that §(r) = 1/¢# for some B > 1, and we have no information
about the modulus of continuity, then we obtain (as explained in Remark 2.10)
that m(x) ~ AB=D/B_which implies the classical result according to which the
problem is well-posed in Gevrey spaces of order s < B/(8 — 1) (see [6, Theo-
rem 2]).

e If we ask both conditions, namely that w(c) = ¢ and 6(¢) = 1/ t#, then with
some standard calculus we obtain that m(A) ~ A(1=DB=D/B and therefore the
problem is well-posed in Gevrey spaces of order s < B(8 — D11 —a)~ ! (see[6,
Theorem 3]). This is one more example of “collaboration” between the modulus
of continuity and the control on the derivative in order to provide well-posedness
results for less regular data.

The negative side is a derivative loss from Gevrey spaces to Gevrey distributions. For
example, in the case where w (o) = 0® witha € (0, 1), and there are no informations
on the derivative, there exist solutions whose initial data are in the Gevrey space of
order s for every s > (1 —a)~!, and such that for positive times they do not belong
to the space of Gevrey distributions of order s for every s > (1 — )~

3 Energy estimates from above

In this section, we prove statement (1) of Theorem 2.3, which implies in a standard
way also statement (1) of Theorem 2.4.
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To begin with, let us extend c(¢) to the whole half-line > 0 by setting

~ c(@r) ifr <To,
c(t) = .
c(Ty) ift > Ty.

For every ¢ > 0 let us set
1 t+e
ce(t) = —/ c(s)ds Yt >0.
& Jt

Then it turns out that ¢, € C!([0, To]) and satisfies the following estimates

w1 < c(t) < pa, lee(t) — ()] < w(e), e, < @ 3.1

for every ¢ € [0, Tp]. Following [4], we consider the usual Kovaleskyan energy
Ex(1) = u} (1)* + 22u; (1), (3.2)
the usual hyperbolic energy
Fi(r) = ul (1)* + AM2c(tus (), (3.3)
and the approximated hyperbolic energy
Fo (1) 1= uf (% + A2 e (Dus (). (3.4)
These energies are equivalent in the sense that
min{1, u1}Ey (1) < F5.(t) < max{l, ua}E; (1), (3.5)
and
min{l, u1}Ex (1) < Fe(r) < max{1, puo}E; (1) (3.6)
for every admissible value of the parameters. What we need in (2.2) is an estimate
of the Kovaleskyan energy (3.2). To this end, for every s € (0, Tp) we estimate the

approximated hyperbolic energy in [0, s], and the standard hyperbolic energy in [s, Tp].
The time-derivative of (3.4) is

FL (1) = L)) 7u, (1) + A2 (e (1) — c(1) - 2up (Du) (1),

from which we deduce that

lce (1) lce (1) — c(1)]
Cg(t Fs,)»(t) + )L—Cg(t)lﬂ

Fy ;@) < Fe 5.(2).
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Integrating this differential inequality, and keeping (3.1) into account, we deduce
that

Fur(t) < For(0) exp { (% i ‘3%) t} Vi € [0. To].

Setting ¢ := 1/A, and recalling (3.6), this implies that

E,(t) <M E;(0)exp {Mgka) <%) s} Vvt € [0, s], 3.7

where M| and M> are defined by (2.1). The time-derivative of (3.3) is

F(t) = 22 (O)|up(0)]> < le®l W) < @Fm vt € (0, Tp).
c(t) 251

Integrating this differential inequality we deduce that

t Tt
Fi.(t) < Fo.(s)exp (ML/ 0(t) d‘L’) < F)(s)exp (M2/ ' 0(t) d‘()
1 Js s

for every t € [s, Tp]. Recalling the equivalence (3.5), and estimate (3.7) with t = s,
we conclude that

T
Ex(t) < /My E;(s) exp <M2 f i 9<r)dr)

T
< M EA(O)exp{Mz (kw(%)s—i—/ Oe(t)dt)}

forevery t € [s, Tp]. On the other hand, the same estimate holds true also for z € [0, s]
because of (3.7). Optimizing with respect to s we obtain exactly (2.2). |

4 Counterexamples

In this section, we prove statement (2) of Theorem 2.3, and we show how that statement
leads to the counterexamples required for the optimality part in Theorem 2.4.

4.1 Asymptotic and universal activators

Let us begin by summarizing the theory developed in [14, section 4.1]. In the sequel
we consider solutions to the family of ordinary differential equations

Wl (t) + 22, (Duy (1) =0, @.1)
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with initial data
u, (0) =0, u’A(O) =1. 4.2)

We point out that in (4.1) the propagation speed depends on the parameter A. When
the propagation speed is fixed, we consider equation

v (1) + A2e(t)vy(t) =0, 4.3)
with initial data
0(0) =0, V) (0)=1. (4.4)

Let us recall our notion of activators (compare with [13, 14]).

Definition 4.1 (Universal activators of a sequence)

Let Ty be a positive real number, let ¢ : (0, +00) — (0, +00) be a function, and
let {A,} be a sequence of positive real numbers such that A, — +00.

A universal activator of the sequence {A,} with rate ¢ is a coefficient ¢ €
L1((0, Tp)) such that the corresponding sequence {vy, (¢)} of solutions to (4.3)—(4.4)
satisfies

lim sup (|vin OF + 231vs, (r)|2) exp(—p(hn)) = 1 Vi€ (0, To]. (4.5

n—-+00

Definition 4.2 (Asymptotic activators)
Let Ty be a positive real number, and let ¢ : (0, +00) — (0, +00) be a function.
A family of asymptotic activators with rate ¢ is a family of coefficients {c, ()} <
L'((0, Tp)) with the property that, for every § € (0, Tp), there exist two positive
constants Ms and A5 such that the corresponding family {u; (¢)} of solutions to (4.1)—
(4.2) satisfies

us ()7 + 22 un (0> > Myexp Qp(1) V1 €[5, Tol, YA >1hs.  (4.6)

The coefficient 2 in the exponential of (4.6) could be replaced by any number
greater than 1. The following result shows that families of asymptotic activators are
the basic tool in the construction of universal activators. It is the “nonlinear uniform
boundedness principle” that we mentioned in the introduction, namely “the existence
of many (A dependent) bad coefficients for every A implies the existence of a single
(A independent) coefficient that is bad for many A’s”. This is the point where Baire
category theorem discloses its power. For a proof, we refer to [14, Proposition 4.5].

Proposition 4.3 (From asymptotic to universal activators)

Let ¢ : (0, +00) — (0, +00) be a function such that ¢ (L) — +00 as A — +00.
Let Ty be a positive real number, and let PS C C 0([0, Tol) be a closed subset (with
respect to uniform convergence).
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Let us assume that there exists a dense subset D C PS such that for every ¢ € D
there exists a family of asymptotic activators {c)} € PS with rate ¢ such that ¢;, — c.

Then, for every unbounded sequence {1} of positive real numbers, the set of ele-
ments in PS that are universal activators of the sequence {),} with rate ¢ is residual
in PS (and in particular nonempty).

Finally, the following statement clarifies the crucial connection between universal
activators and derivative loss. In order to show the strategy, we start by proving the
result in the special case where A admits an unbounded sequence of eigenvalues (see
[14, Proposition 4.3]).

Proposition 4.4 (Universal activators vs derivative loss—Model case)

Let H be a Hilbert space, and let A be a nonnegative self-adjoint operator on H.
Let us assume that there exists a sequence {e,} of orthonormal vectors in H, and an
unbounded sequence of positive real numbers {A,} such that Ae, = A%en for every
positive integer n.

Let Ty be a positive real number; let ¢ : (0, +00) — (0, +00) be a function, and
let ¢ € L'((0, Ty)) be a universal activator of the sequence {\,} with rate ¢. Let us
assume also that

d(An) >n Vn> 1. 4.7

Then the asymptotic behavior of {¢ (A,)} determines the derivative loss of solutions
to (1.2)—(1.4) according to the following scheme

liT ¢(Ap) = +00  ~» (atleast) arbitrarily small derivative loss, 4.8)
n——+0o
B (hn) . o
lim inf >0 ~» (atleast) finite derivative loss, 4.9)
n—+oo log A,
A
¢ Cn) = 400 ~v infinite derivative loss. (4.10)

im
n—+oo log A,
Proof To begin with, we observe that (4.7) implies that
oo
ZGXP(—H¢()»n)) <400 Vnp=>0. 4.11)
n=1

For every positive integer n, let us set

ay = exp <—¢(2”)> , (4.12)

and let us consider problem (1.2)—(1.4) with initial data

o0
ug =0, wup:= E ane;,.
n=1
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It is well-known that the unique solution is given by (a priori this series converges
just in the sense of ultradistributions)

u(t) =Y _anv, (e, Vi €0, Ty,

n=1

where {v; (¢)} is the family of solutions to (4.3)—(4.4). In particular, for every choice
of the real numbers 8 and y it turns out that

3 A48 ,2 — 3 (4 ] An—‘w‘")), (4.13)
; ALay ;exp B log >

and
o0
—4
> aaYal (1, 0 + 221, )
n=1

o0 A‘n
= 3= (194, OF + 27103, () ) exp(— (2a) - exp (%) — 4y log An) :

n=1

(4.14)

Now we discuss the regularity of initial data by exploiting (4.13) and (4.11), and
the regularity of the corresponding solution u(¢) by exploiting (4.14) and condition
(4.5) in the definition of universal activator. We distinguish three scenarios.

e Under the assumption in (4.8) we observe that (4.13) converges when = 0, while
(4.14) does not converge when y = 0. It follows that (ug, u1) € D(AY%) x H,
while (u(t), u'(1)) ¢ D(AY?) x H forevery t € (0, Ty], which shows that in this
case the solution u(¢) exhibits at least an arbitrarily small derivative loss.

e Under the assumption in (4.9), let § € (0, +00) denote the liminf of ¢ (1,,)/ log A,,.
In this case we observe that (4.13) converges for every < §/8, while (4.14) does
not converge for every y < §/8. As a consequence, the derivative loss of the
solution u(¢) is at least §/4.

e Under the assumption in (4.10) we observe that (4.13) converges for every 8 € R,
and in particular u; € D(A®), while (4.14) does not converge for every y € R,
which implies that the solution u(#) has an infinite derivative loss.

O

In the following result we extend the construction of counterexamples to general
unbounded self-adjoint operators.

Proposition 4.5 (Universal activators vs derivative loss—general case)
Let H be a separable Hilbert space, and let A be a nonnegative self-adjoint operator
on H. Let Ty be a positive real number, and let ¢ : (0, +00) — (0, +00) be a function.
Let us assume that the operator A is unbounded, and that ¢ (L) — +o00 as L —
+o0.

@ Springer



474 M. Ghisi, M. Gobbino

Then there exists a sequence of positive real numbers A, — +00 with the following
property. If ¢ € L'((0, To)) is a universal activator of the sequence {\,} with rate ¢,
then the asymptotic behavior of {¢ (A,)} determines the derivative loss of solutions to
(1.2)—(1.4) according to the scheme (4.8) through (4.10).

Proof We imitate the proof of Proposition 4.4 by exploiting the general form of the
spectral theorem and a reinforced version of universal activators.
Definition of the sequence {),} According to the spectral theorem for self-adjoint
operators (see for example [20, Theorem VIIL.4]) there exists a finite measure space
(M, p), an isometric bijective map % : H — L*(M, 1), and a measurable function
A : M — [0, +00) such that the operator A on H acts as the multiplication operator
by A% in L>(M, ).

More precisely, to every vector w € H it is associated the “generalized Fourier
transform” W(£) := . (v) € L>(M, 1) in such a way that

e w e D(AP)ifand only if (1 + A(&)®)P W(&) € L*(M, ),
e if w € D(A) then [.Z (Aw)](€) = A(&) W(&) for p-almost every £ € M.

Since A is unbounded, the function A(€) is essentially unbounded, and therefore
there exists a sequence of positive real numbers A, — +o0o such that

nwl{éeM rxé)elrp—r,Ap+r]l)) >0 Va>1 Vr>0.
Up to passing to a subsequence, we can also assume that the sequence {1, } is strictly
increasing and (4.7) holds true.
A “stronger” property of universal activators Let {v; (t)} denote the family of solutions

to (4.3)—(4.4). We claim that there exists a sequence {r, } of positive real numbers such
that the intervals [A,, — r,,, A, + 1] are pairwise disjoint and, if we set

1,(t) := inf [u;(z)2 + 2200 A € Ay — Fns Ap + rn]} , (4.15)
then it turns out that

limsup I, (¢) exp (—¢(A,)) =1 Vt € (0, To]. (4.16)

n—-+o00

To this end, it is enough to observe that the map
(0, +00) 3 A > (1) € C'([0, Ty])
is continuous, and then choose r;, in such a way that
V(07 + 2207 = 0], (0 + A, (D7 — 1
for every ¢t € [0, To] and every A € [A, — ', Ay + 1], and in particular

L) = v, (07 + dqus, (07 =1 Vn =1,
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so that now (4.16) follows from (4.5) because ¢ (A,) — +o00. Up to reducing r,, if
necessary, we can also assume that

An

TSAn—rn<)\n+rn§2kn Vn > 1. 4.17)

Construction of counterexamples Let {1, } be any sequence as in the first paragraph,
and let ¢ € L'((0, Tp)) be any universal activator of the sequence {A,} with rate ¢.
We need to show that problem (1.2)—(1.4) exhibits the prescribed derivative loss. To
this end, for every positive integer n we define r,, as in the previous paragraph, we
consider the set

={EeM:rE) elry—r1u dy+14l},

which has positive measure, and we call w,(¢) the characteristic function of M,
(namely w, (&) = 1if § € M,, and w, (&) = 0 otherwise). Then we define a, as in
(4.12), we set

o]

an -~
U (&) =) ———> wn(f),
; /'L(A/In)l/2

and we consider problem (1.2)—(1.4) with initial data ug = O and u| := & -L@ &)).
It is well-known that the “generalized Fourier transform” of the solution is

u(t, &) == [FwNIE) =u1() - vae @),
where {v; (#)} is again the family of solutions to (4.3)—(4.4).

Let us examine the regularity of «; and of the pair (u(z), u’(t)). As for the regularity
of u1, for every real number 8 > 0 it turns out that

ui e DAP) fo(@“ﬂﬂ(s) (&) < +oo.

On the other hand, since the sets M,, are pairwise disjoint, we obtain that

/M MEPUEE duE) = Z /M MO EE? du®)

o0

=2 M, )f WEYW () < Zaz(x +r) < 24ﬂZa2A4ﬂ

n=1

where in the last step we exploited the estimate from above in (4.17), and analogously
l o
/ MO WE dp @) = 335 Y anil
n:
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so that in conclusion

o
up € D(AP) = Y aial < +oo.

n=1

As for the regularity of u(¢), we observe that for every real number y > 0 it turns
out that (u(r), u’(t)) € D(A™Y+1/2) x D(A™7) if and only if

[ M T (v 0 + 6 i () dn(®) <+

Recalling (4.15) the last integral can be rewritten and estimated as follows

0 2
2 u(cj\,jl ) /M e (”3(5)(”2 +1(6)° vx(s>(f)2) du(&)
n=1 n n

o0
> O+ ) ayLy(0)

n=1
1 00
—4
= 24 an ya,%ln(l‘)
n=1

| &
= ZTV Z I (t) exp(—¢ (An)) - exp <
n=1

A
¢(2n) ~ 4y log /\n> ’

where in the last inequality we exploited the estimate from above in (4.17).
Thanks to (4.16), at this point all conclusions follow as in Proposition 4.4. O

4.2 Building block and dense subset

From the general theory, we know that we need to show that asymptotic activators can
approximate all coefficients in a dense subset. In this subsection, we identify this dense
subset, and then we describe the starting point of the construction of the approximating
family of asymptotic activators.

Definition 4.6 Let Ty, i1, (2, @, 6 be as in Definition 2.2. We call D the set of all

functions ¢, € PS(Ty, i1, n2, o, 0) for which there exist real numbers Ty, y, and n
(that might depend on c,) with

Ti € (0,To), y*e (ui,p2), ne1)

such that

(@) =y? Vi el0,T1]
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and
lex(t) — ex ()] = (1 = Mot —s]) Y(t,s) € [0, Tol*. (4.18)

When we want to emphasize the parameters we write ¢, € D(Tp, u1, U2, o, 0;
Ti,y.m.

In word, the elements of D are constant in a right neighborhood of the origin, and
they do not saturate neither the strict hyperbolicity condition in this neighborhood,
nor the inequality in the definition of w-continuity. As one can easily guess, the result
is that these special coefficients are dense in the classes introduced in Definition 2.2.

Proposition 4.7 (Density)
The set D is dense in PS(Ty, 1, U2, w, ) for every admissible choice of the
parameters.

Proof Let c(t) be any element of PS(Ty, (11, 2, w, 0). For every ¢ € (0, 1), with
e < Tp, let us set

(1 —e)ele)+e 2TM ik e 0, ),

2T M1

ce(t) =
(1 —e)(t)+¢ ad 5

ift € [, Tp].

Then it turns out that ¢, € D(Ty, i1, w2, w, 0; T1, y, n) with

T i=¢, y:=vc(0) =ce(e), n:=e,

and that ¢, (f) — c(¢) uniformly in [0, Tp]. O

The following lemma is essentially taken form [4]. We state and prove it because
we need the exact values of the constants.

Lemma 4.8 (Basic block)
Let ¢, y, A be positive real numbers such that

e < 8y3A. (4.19)
Let (a, b) C R be an interval whose endpoints satisfy

A by
D eN and XL en. (4.20)
2 2

For every t € [a, b] let us set

2

8 . 4
m S ()/)\.t) (421)

e .
Qepa(t) = m sin(2y At) +
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and

| 3 £ .
We,y,2 (1) i= ﬁ sin(y At) exp <Ty2(t —a)— m sm(2yM)> . 4.22)

Then the following statements hold true.

(1) Foreveryt € [a, b] it turns out that

&
9oy s O] = 5 and o], 0| <e. (4.23)

— 2yA

(2) For every modulus of continuity w it turns out that
b4 1\1!
[¢era® = @epa@)] < e -max )l 2 fa( )| @l =sD
(4.24)

for every s and t in [a, b].
(3) The function we 5 (t) satisfies the differential equation

w0+ 22 (72 = Py aD) - we () =0

foreveryt € [a, b], with “initial” data w, ;. (a) = 0, w; v , (@) =1, and “final”
data

e(b—a)
We,y 2 (b) =0, wy, ;(b) = exp (T)/Z) .

Proof Let us start with statement (1). From definition (4.21) it follows that

& & & &
n<—:1»1 d lg,,, 0Ol <=1 .
a1 = 3o (1 7oy )t 1el01 = 5 (14 55 )

and these estimates imply (4.23) because of assumption (4.19).

As for statement (3), it is just a (lengthy) computation.

It remains to prove statement (2). Let ¢ and s be in [a, b]. Since the function ¢, ,
is periodic with period 7t /(y A), there exists 1 and s in [a, b] such that

(ps,y,)»(t) = ws,y,k(tl)v (ps,y,)»(s) = (Ps,y,)»(sl)7
and

T
|t1—31|§ﬁ, [t1 —s1] < |t —s]. (4.25)
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From the second estimate in (4.23) we know that ¢, , ; is Lipschitz continuous
with Lipschitz constant less than or equal to €, and in particular

|06,y (1) = ey 2. ()| = |6,y (1) — Qe 1 (51)]
<e-|t; —s1]
=l
w (|t — 1)

—1
T T
ey |:a) (ﬁ)] o (t —s)), (4.26)

where in the last step we exploited that the functions w (o) and o/w (o) are nonde-
creasing, and inequalities (4.25). Now we distinguish two cases.

o Ifm/y > 1,then w(w/(yA)) > w(1/X1) because of the monotonicity of w(o). It

follows that
T T L | 1\71!
—lw _ < —'—=|lwl - s
YA YA Ty A A

and therefore in this case (4.24) follows from (4.26).
o Ifr/y < 1,thenm/(yA) < 1/A,and exploiting again the monotonicity of o /@ (o)

we obtain that
T T -1 1 1\T!
— |o|— <-lo|- ;
YA YA A A

and therefore also in this case (4.24) follows from (4.26).

~o(|t — 1))

IA

4.3 Proof of Theorem 2.3, statement (2)

It remains to prove that, for every coefficient c, () in the dense subset D described in
Definition 4.6, there exists a family of asymptotic activators that converge uniformly to
¢ (t). This result is proved in Proposition 4.11, and the proof relies on two preliminary
general constructions, that we introduce in the following two propositions.

Proposition 4.9 (w-construction)
Let us assume that c, € D(Ty, 1, 2, w, 0; T1, y, 1) for some admissible values
of the parameters, and let us set

VEL } . 4.27)
4

Let A be a positive real number such that
! 3 M 1 . 2 2
viol|l-) <8, —wl|- Smm{y —m,uz—y}~ (4.28)
A % A
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Let (a, b) C (0, T1) be an interval whose endpoints satisfy (4.20) and
1
w®) <nw(T; —b), virw <X> <0(b). (4.29)

Finally, let consider the function . ;. (t) defined in (4.21) with

1
£ 1= VAW <—>,
A

and let us define

cx (1) ift €[0,alU[b, Tol,
() = 2 :
S — e ya(t) ift €la,b]

Then the following statements hold true.
(1) The function c; belongs to PS(Ty, i11, 2, w, 0) and satisfies

lex(®) — ex ()] < 2 o (1> Vi € [0, To]. (4.30)
2y A

(2) The solution u, (t) to problem (4.1)-(4.2) satisfies

w, (1)% + 22u; (1)

ol e (o [ o) (o (5) 0-0)
>min{l, —rexp|—— 0@)dt |exp| —Arw| - ) (b —a)
“2 K1 Jn 82 A

(4.31)

foreveryt € [b, Tp).

Proof To begin with, we observe that the first inequality in (4.28) is equivalent to
e < 8y3k, and therefore &, y, A satisfy the assumptions of Lemma 4.8.

Statement (1) Let us start by proving (4.30). To this end, we can assume that ¢ € [a, D],
because otherwise c; () and c.(¢) coincide. When ¢ € [a, b], from the first estimate
in (4.23) we obtain that

& Vi 1
lex (@) — e« (O] = |ge,ya (D] < 2 (X) ;

which proves (4.30).

Now let us prove that ¢, € PS(Ty, i1, 12, w, ). As for the strict hyperbolicity
condition, we can limit ourselves to the interval [a, b], where it follows from (4.30) and
the second condition in (4.28) because c.(t) = y2 in (a, b) (since (a, b) C (0, T7)).
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As for the estimate on the derivative, again we can limit ourselves to the interval
[a, b]. In this case from the second estimate in (4.23) and assumption (4.29) we obtain
that

1
(O] = lge (D] < e =viro (X) <6(b) <6(1),

where the last inequality follows from the monotonicity of 6(¢).

Finally, let us check the w-continuity of ¢, (¢). To this end, we consider ¢ and s
in [0, Tp], we assume without loss of generality that s < ¢, and we distinguish some
cases according to the position of 7 and s.

e Ifa <s <t < b, then we exploit (4.24), and from our definition (4.27) of v we
obtain that

[er (D) —c.(8)| = |@e,p 0. (1) —@e y.5.(5)]

IA

" -max{l, z}a)(z‘ —s) <w—s).
14
(4.32)
e If b < s <t < Tp, then the w-continuity of ¢, follows from the w-continuity of

Cx.
e If s € [a,b]and t € [Ty, Tp], then

lex.(®) — ()] = len(®) — en(d)| + lex(b) — cnls)]
= |ex(t) — (D) + |9e,y. 1 (B) — Qe .y (s)]
= (I =nw—>b)+wb—s)
= =nawl—->b)+wb),

where we exploited that ¢, satisfies (4.18) in [b, Tp], and the fact that ¢, satisfies
(4.32)in[s, b]. Atthis point we exploit the first inequality in (4.29) and we conclude
that

lea(®) —en()| = @ —b) +nlw(Tt —b) —w(t —b)] = w —b) <ot — ).

e The cases where at least one variable lies in [0, a] U [b, T}] are either trivial or can
be easily reduced to the previous ones.

Statement (2) Let us examine now the solution to problem (4.1)—(4.2). In the interval
[0, a] the solution is given by the explicit formula

1
u; (t) = — sin(y At),
YA

and hence, since yia is an integer multiple of 2, it follows that u;(a) = 0 and
uy (@) = 1.
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In the interval [a, b] the solution is given by the explicit formula u; (f) = we, .1 (1),
where wg ;. is defined by (4.22). Since y Ab is an integer multiple of 27, from the
explicit formula we obtain that

), (b)* + 22y 2u; (b)* = exp <8“—y12xw (1) b — a))

> exp <8”—mm ( ) - a)) (4.33)

Finally, in the interval [b, To] we consider the classical hyperbolic energy
F(1) = ul (1)* + 22, (Duy (1)

In the usual way we obtain that

/ 2 2 2 : 1
u, ()" 4+ A%uy (1)° > min {1, M_} F (1), (4.34)
2
and
Fi (1) = ¢, (Du(1)* = —% Fy(t) = 'C*Et;' Fy) > — =0 ( )' Fy.(0).

Since ¢, (t) = 0in[b, T1],and |c, ()| < 6(¢) in [Ty, Ty], integrating this differential
inequality we obtain that

To

F,\(t)ZFA(b)exp<—L/ 9(1)dt> Vi € [b, Tpl. (4.35)
M1 JT

1

Since F) (b) is given by (4.33), at this point (4.31) follows from (4.34) and (4.35).
O

Proposition 4.10 (0-construction)
Let us assume that c, € D(Ty, 1, n2, w,0; T1, y, n) for some admissible values
of the parameters, and let us set

1 V
vy := = min {1, ﬂ} . (4.36)
2 T
Let A be a positive real number such that
! 3 2 ! L2 2
no(s)=8r’ Zo(s)=minly?—ww-y} @3
A 2y A

Let (a, b) € (0, T1) be an interval whose endpoints satisfy (4.20) and
1
w®) <nw(T —b), ‘o <X) > 0(a). (4.38)
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Let us set tg := a and k := y (b — a)/(2m), and then let us define

2
i :=a+—];~i, and & = 0@) Vie(l,... k).
y

Finally, let us define

e (1) ift €[0,a]U[b, Tol,
c(t) = 2 . .
VS — Qe y () ift €ti—1, ti] for somei € {1, ..., k}.

Then the following statements hold true.

(1) The function c), belongs to PS(Ty, i1, 12, @, 0) and satisfies

ey (1) — cx(t)] < ;—)2/ ® G) Vi € [0, To]. (4.39)

(2) The solution to problem (4.1)—(4.2) satisfies

Wi (0% 4 12uy (0)?

, 1 1 [T v [t
>min{l, —texp| —— 0(t)dt —2m ) -exp| — O(t)drt
W2 m Jr 8uz Ja

(4.40)
foreveryt € [b, Tp).

Proof We follow the same path as in the case of Proposition 4.9. To begin with, from
the monotonicity of # and the second assumption in (4.38) we obtain that

1
g =v0((t) <vyb@a) <wvniw <X) Vie{l,..., k}, 4.41)

and therefore from the first inequality in (4.37) we deduce that ¢; < 8)/3)», and in
particular the assumptions of Lemma 4.8 are satisfied in every interval [#;_1, #;].
Statement (1) Let us start by proving (4.39). To this end, we can assume that 1 €
[a, b], because otherwise ¢, () and c4(t) coincide. When ¢t € [t;_1,t;] for some
i €{l,...,k}, from the first estimate in (4.23) we obtain that

lex (@) = cx (O] = |¢e; 0. (0O] = 2;—1}\ (4.42)

Plugging (4.41) into (4.42) we obtain (4.39).

Now let us prove that ¢, € PS(Ty, p1, 12, w, ). As for the strict hyperbolicity
condition, we can limit ourselves to the interval [a, b], where it follows from (4.39)
because of the second condition in (4.37).
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As for the estimate on the derivative, again we can limit ourselves to the interval
[a, b]. When t € [t;_1,t;] for some i € {I,...,k} we apply the second estimate in
(4.23) and we obtain that

s O] = 1z, 2 (D] < & =v20) < 6(1) <6(1),

where the last inequality follows from the monotonicity of 6(¢).

Finally, let us check the w-continuity of ¢, (#). To this end, we consider ¢ and s
in [0, Tp], we assume without loss of generality that s < ¢, and we distinguish some
cases according to the position of ¢ and s.

o Ift;_| <s <t <t forsomei € {l,...,k}, then from (4.24) we obtain that

[ea(t) — c(s)]

1 —1
= @y 2 (1) — Qg y 2 (8)] < & - max {1, g} : [Aw (X)} cw(t —5).

At this point we exploit (4.41) and our definition (4.36) of v, and we conclude
that

kuﬂ—q$ﬂfnmw{L£}wU—ﬂ§%w@—w
y

o Ifse[ti1,f;]andt € [t;_1,¢t;] forsome 1 <i < j < k, then from the previous
case (and thanks to the factor 1/2) we deduce that

i (1) = ex($)] < lea(t) — Y2+ 1y? = eas)]
= [ (®) —en(tj—)| + lea(ti) — ea(s)|

1 1
=< Ew(t —tji—1)+ Ew(fi —5)

< w(t—ys).

e All other possibilities for s and ¢ can be dealt with as in the case of the w-
construction.

Statement (2) Let us examine the solution to problem (4.1)—(4.2). As in the case of
the w-construction, in the interval [0, a] we have an explicit formula for the solution,
from which we deduce that 1 (a) = 0 and u’A (a) = 1. Then in the interval [tg, t1 ] the
solution is given by the explicit formula u) () = we, (1), where w, ;. is defined
by (4.22). Since y At is an integer multiple of 277, from the explicit formula we obtain
that

(1) =0, u;m)=exp< ol (tl—to))=eXp(1

2 0() (1 — 10)
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In the interval [f1, 7] the solution is given by the explicit formula u, (f) =
QWg, 2 (1), with o = uf (t1), and therefore

2o 2o y
16,2 ()t — o) + ——= 0(12) (12 — 1)).

up(t) =0, uj(rn) =exp ( 16,7

At this point by finite induction we find that

k
up(b) = u; (1) =0, u; (b) = u} (i) = exp (%}2/2 Ze(li)(fi - fi—l)) .
i=1

(4.43)

Since #; —t;_ does not depend on 7, from the monotonicity of 6 (t) we deduce that

k
D 0wt — 1)

i=1

& P b
Y0 =3 6w = [ ewar
i=I i=1

1

b t b 27
/G(t)dt—/ e(t)dtz/ Q(t)dt—ﬁe(a).

Recalling the second condition in (4.38), and the first condition in (4.37), we obtain
that

k b , )
Ze(ti)(ti —ti-1) = / O(t)dt — 277[(0 (%) > / 0(t)dt — 16y .
i=1 a p

V2

Plugging this estimate into (4.43) we conclude that

b
i (b)? + y22%u;.(b)* = exp (i / 0(t)dt — 2n> .
8o a

At this point in the interval [b, Ty] we consider the hyperbolic energy as in the case
of the w-construction and we obtain (4.40). m]

Proposition 4.11 (Asymptotic activators for initially constant coefficients)

Let us assume that c, € D(Ty, 1, n2, w,0; T1, y, n) for some admissible values
of the parameters, and let us define m()\) as in (1.7), and M3 as in (2.1).

Let us assume that m(L) — 400 as . — +00.

Then there exists a family of asymptotic activators {c;(t)} € PS(To, i1, 12, @, 0)
with rate ¢ (A) := M3z m()\) such that c)(t) — c«(t) uniformly in [0, Ty].

Proof The strategy is the following. For every A large enough we define a coefficient
¢, € PS(Ty, 1, 2, w, 6) by modifying c, in some interval (a;,, b; ) according to the
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constructions described in Propositions 4.9 and 4.10. We show that b, — 0, and that
for X large enough it turns out that

lea(t) —cs(®)] < %a) (%) vt € [0, Ty, (4.44)

where v; is defined by (4.36), and the solutions u; () to problem (4.1)—(4.2) satisfy
i ()% 4 22us(0)? = MyexpQMsm(X)) ¥t € [by, Tol, (4.45)

where

, 1 1 (T w(1)
My :=minql, —texp| —— o(t)dt —2mr — —— ).
%) w1 Jry 8p2

If we prove these claims, then from (4.44) it follows that ¢;, — ¢, uniformly in
[0, To], while (4.45) and the fact that by — 0T imply that {c;(¢)} is a family of
asymptotic activators with rate ¢ (1) := M3z m ().

In order to define ¢, we distinguish two cases. To begin with, we observe that w (o)
and 6 (¢) satisfy (2.3), because otherwise m (A) would be bounded independently of A.

Let
1 To
v (s) :=)»a)(x>s+/ 0(t)dt

denote the function whose minimum is m(1). Due to the second condition in (2.3), the
minimum is never attained in s = 0. Moreover, since ¥'(s) = A w(1/A) — 6(s), from
the first condition in (2.3) we deduce that ¥'(Tp) > 0 when A is large enough, and
therefore for these values of A the minimum is not attained also in s = Tj. Therefore,
when A is large enough the minimum is attained in some point s; € (0, Tp) where

¥'(s;) = 0, and hence
0(s) = hao  ~
S)) = Aw (X) .

Exploiting again the first condition in (2.3) we deduce that the right-hand side tends
to 400, and hence s, — 01. Now let A,, denote the set of all A > 0 such that

A G) 5. = %m(k), (4.46)

and let Ay denote the set of remaining A’s, for which necessarily it turns out that

To 1
/ 0(t)dt > Em(k).

YA

We are now ready to define ¢, (¢) in the two cases.
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Case A € A, Forevery A € A, we set (here |« | denotes the greatest integer less then
or equal to o)

2 A 4 A
a:a)\:z—n y—S)»—Z s b=b)\1=—7t y—S)\ ,
YA yr | 4m

and we define the coefficient ¢, (¢) according to the w-construction of Proposition 4.9.
Let us check that the assumptions are satisfied if A € A,, is large enough. To begin
with, we observe that a; > 0 because from (4.46) we deduce that As; — 400 when
A — 400 remaining inside A . In addition, it turns out that

0 <ay < by <sy,

so that in particular by — 0% and (ay, b)) € (0, Ty) for large A. Moreover, (4.20)
is almost trivial from the definition, while the two inequalities in (4.28) are again
satisfied when A is large because w (o) — 0 as ¢ — O7. Finally, the first inequality
in (4.29) is true for A large because b, — 0, while the second inequality in (4.29) is

satisfied because
1 1
0(byr) > 0(s3) = Ao (X) > ViAo (X) .

At this point we can use the conclusions of Proposition 4.9. From (4.30) we obtain
immediately (4.44) in this case (note that vi = 21»). Finally, we observe that

b > 2
L —ay = —,
2

and therefore

A ! b >1x ! >l A
w(x)(x—ak)_z w(x)sx_zm( ),

so that (4.31) implies (4.45) in this case.
Case ) € Mg For every A € Ay we define; in such a way that

S 1 rTo 1
.[ 0(t)dt = 5/5 0(t)dt > Zm(k),

8 ).

and we observe that s — 07 because the integral of 8(¢) in (0, T}) is divergent. Then
we set (here [«] denotes the smallest integer greater then or equal to «)

2 [ YA 2 [ YA
a=ay .= — | — S|, b=b)hi=— — Sr |
yA| 2w YA | 2

and we define the coefficient ¢, (¢) according to the 8-construction of Proposition 4.10.
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With these notations it turns out that

. . 2
0<s) <a,<b), and SASbASSA+—k,
14

so that in particular b;, — 0% and (ay, b;) < (0, Ty) for large A. Moreover, (4.20)
is almost trivial from the definition, while the two inequalities in (4.37) are again
satisfied when A is large because w(c) — 0 as 0 — 0T. Finally, the first inequality
in (4.38) is true for A large because b, — 0, while the second inequality in (4.38) is
satisfied because

O(a)) <6(s;) =rw <%> .

At this point we can use the conclusions of Proposition 4.10. From (4.39) we obtain
immediately (4.44) in this case. Finally, we observe that

by, G S s +2m/(yA)
/ e(t)dtz/ G(t)dt:/ G(t)dt—/ 6(t)dt

ay s +27/(y2) S i,

>1 o) 2719( )>1 o) 2 1
_4m ” sx_4m ywk’

and therefore

by,
/ oydr > L moy — F2W
a 4 Y

A
when X is large enough. Recalling that v» < y /(27), at this point (4.40) implies (4.45)
in this case. o
5 Proof of Corollaries

Proof of Corollary 2.6 1t is enough to show that m(A) — +oo. Let A, — +00 be any
sequence of positive real numbers. For every positive integer n, let us choose

1 To
s, € argmin {Anw<k—>s+/ O()dt :s € [0, To]}.
s

n

Up to subsequences (not relabeled) we can assume that s, — sy € [0, To]. If
Soo = 0, then m(A,) — 400 due to the second term in the minimum and the second
assumption in (2.3). If soc > 0, then m(A,) — 400 due to the first term in the
minimum and the first assumption in (2.3). U
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Proof of Corollary 2. 7—Statement (1) From assumption (2.5) we deduce that there
exists a positive real number M such that6(z) < M/t forevery ¢t € (0, Tp], and hence

1 To 1
Aw<x>s +/ 0@)dt < )»a)(x>s + M(log Ty — logs).
s
In particular, setting s = A%~ we obtain that
1
m) < Ao 5 + M(log Tp + (1 — ) log A).

Now we divide by log A and we let .. — +-o00. Due to assumption (2.4) we deduce
that

m()\k) <M —a)

lim sup
n——+00

forevery a € (0, 1). Finally, letting« — 1~ we conclude that actually m (1) /log A —
0, which implies well-posedness with at most an arbitrarily small derivative loss.
Proof of Corollary 2. 7—Statement (2) From assumptions (2.6) and (2.7) we deduce
that there exists positive real numbers m, and m| such that

w(o) >mjo® and 0(t) > %,

and in particular
1 T
Aw (X) s+ / 0@t)dt > mir' =% + ma(log Ty — log s).
s
Minimizing the right-hand side with respect to s we conclude that
m) > ma (1 + log Ty + log(m 1! ~%) — logm2> :

and hence

m(A)

lim inf >mo(l —a) >0,
A—+o00 log A

which implies that the derivative loss is actually finite, and proportional to 1 — «, for
a residual set of coefficients. O
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A Appendix

LemmaA.1 Let w : (0,1/2) — (0, 4+00) be any function, and let 6 : (0, Ty) —
(0, 400) be a measurable function. For every A > 0 let us define

1 To
m(}L) := inf {Aa) ()_») s +f O0(t)dt s € (0, To)}.

Then the following statements hold true.

(1) (Estimate from above). Let us assume that there exist a real number 8 (no sign
condition), and two real numbers c1 > 0 and ¢y > 0, such that

w(o) < crolloga|-log(|loga|) Vo € (0,1/2), (A1)

and

1
0(t) < ¢ t—ﬂel/f vt € (0, Tp). (A.2)

Then there exists a constant c3 > 0, depending on c1, ¢, B, such that
m(A) < czlogi

whenever A is large enough (how large depends on cy, 2, B, Tp).
(2) (Estimate from below). Let us assume that there exist a real number 8 (no sign
condition), and two real numbers di > 0 and d» > 0, such that

w(o) > dyo|logo] - log(|loga]) Yo € (0,1/2), (A3)
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and
Loy
0(t) > d> t_ﬁe vVt € (0, Tp). (A4)
Then there exists a constant d3 > 0, depending on dy, d», B, such that
m(A) > dzlog A

whenever A is large enough (how large depends on di, da, B, Ty).

Proof Let us define g; : (0, Tp) — (0, +00) and g : (0, Tp) — (0, +00) by

. fo 1 1/t d d . 1 1/s
g1(s) == i t_ﬂe t an ga(s) := sﬁ—Ze .
We observe that
lim gi(s) = lim gx(s) = +o0,
s—0F s—07F
and that g and g, are functions of class C! with derivatives
1
/ _ = s
g1(s) = Be

and

1 1 1 1
/ [ _2 l/S . o 1/S — l/S _2 1 .
§2()=—(B -2 Fe " + 5 ¢ e B =Ds+1]

In particular, the function g (s) is decreasing in a right neighborhood of the origin.
Moreover, from De 1’Hopital’s rule it follows that

1

___pl/s
/ e
pos) g o7

3 = lim =~ )_1m+ i =1.
s—0T g2(5) s—0 gz(s s—0 —ﬁel/‘v[(ﬂ—Z)S+1]

Since g1(s) is strictly positive in (0, Tp/2), with a rather standard argument we
deduce that there exists two real constants y; > 0 and y» > 0 (depending on 8 and
To) such that

v182(s) < g1(s) < y282(s) Vs € (0, Tp/2).
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Conclusion—estimate from above Under assumptions (A.1) and (A.2) we know that

1 To
Y(s) =Aw (X) s +/ 0(t)dt

1
crh - - log A - log(log A) - s + c2g1(s)

IA

A

< cyrlogh -log(log) - s 4+ c2y282(s)
for every s € (0, Tp/2), provided that A > 1. Now let us set

. 2
~ log(log )’

We observe that s, € (0, To/2) when A is large enough, and therefore
m(x) = inf{y(s) : s € (0, To)}

< ¥(si)
< cilogi -log(loga) - s; + Cz)/zgz(s,\)

log(log A log(log A
:2cllogk+czy2[0g(0g )] exp(Og(Og )>

log(log ») 1772
=2c1logh + 2y [%] V9ogA.

Now we observe that there exists a constant y3, depending on 3, such that

2

log(log 1) 17% ——

when A is large enough, and this completes the estimate from above.
Conclusion—estimate from below We need to show that there exists a constant dz > 0
such that

Y(s) = dslogh Vs € (0, Tp),

provided that A is large enough.
To this end, we observe that every s € (0, Tp) satisfies either

o
~ 2log(logA)

or

<
~ 2log(log A)
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In the first case it is enough to consider the first term in the definition of v (s), and
assumption (A.3), in order to deduce that

1 d
Y(s) > )La)(x>s > djlog A - log(logX) - s > élogk.

In the second case it is enough to consider the second term in the definition of ¥ (s)
(namely the integral), and assumption (A.4), in order to deduce that

Y(s) > dogi(s).

On the other hand, when A is large enough we know that the values of s involved
in the second case are small enough, and therefore we are in the region where g1 (s) >
y182(s) and g; is decreasing. It follows that

V(s) > day182(s)
> dyyi [2log(log )»)]’372 exp(2log(log 1))
= dyy [2log(log )\)]”372 (log A)2,

and we conclude by observing that there exists a constant y4 > 0, again depending on
B, such that

[21og(log )»)]/#2 (log )% > y4log A

when A is large enough. O

Remark A.2 A sharper estimate of the minimum point of v (s) is given by

1 1
* ™ log (log » - [log(log MI>F) ~ log(loga) + (2 — B) log(log(log 1))

This unique value could be used both in the estimate from above, and as a separator
between the two regions in the estimate from below.
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