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Abstract—Beamformers employ an array of antenna elements
to collect the electromagnetic wave in spatial domain and filter
the corrupted signal in either the element-space or the beam-
space. The spatial filtering performance of both element-space
and beam-space beamformers is jointly determined by two
key factors, beamformer geometry and excitation weights. In
this work, we propose a cognitive sparse beamformer, which
is capable of swiftly adapting entwined beamformer geometry
and excitation weights according to the environmental dynamics
through a ‘“perception-action” cycle. In the ‘“perception” step,
situational information is extracted from the collected real-time
data and the sparse beamformer is updated in the ‘“action”
step via a regularized switching network, which divides the
large array into groups and one antenna or beam is replaced
with other candidates in the same group in the metric of array
gain (AG) during each iteration. To circumvent the prohibitive
computations resulted from matrix inversion accompanying with
each update, closed-form formulas are derived to quantify the
AG variation, thus facilitating efficient on-line beamformer re-
configuration. Extensive simulations show the effectiveness of the
proposed cognitive sparse beamformer design method.

Index Terms—Sparse beamformer, Beampattern, Element-
space, Beam-space, Antenna replacement, Beam replacement

I. INTRODUCTION

A. Background

Antenna arrays use a set of antennas to sample signals in
the spatial domain from the sources in their field of view
(FoV). Different objectives can be achieved using antenna
arrays, among them, beamforming has found extensive use for
several decades in diverse applications, such as radar, sonar,
telescope and wireless communications to list a few [1]-[3].
Beamforming can be performed in either the element-space
or the beam-space. Element-space beamformers weight the
signals arriving at each of the elements and sum the results to
obtain an output [4]-[6]. However, full-dimensional element-
space beamformers are expensive attributed to the front-end
channel associated with each antenna and complicated digital
signal processing. One potential solution is sparse array beam-
formers which optimally select a subset of “best” antennas
from the larger set of available antennas [7]-[9]. However,
antenna selection exhibits performance degradation compared

The work by X Wang is supported by National Natural Science Foundation
of China under Grant No. 62071021 and No. 61827901, and also by the project
numbered GJNY-19-90.

to the full array system. The other method is sparse beam-
space beamformers, which construct a set of sparse beams as a
preliminary step and further processing is implemented on the
beam outputs [10]-[12]. The spatial filtering performance of
both element-space and beam-space beamformers is jointly de-
termined by two factors, beamformer geometry and excitation
weights. Cognitive beamformers with situational awareness are
becoming increasingly desirable, as they are cognisant of en-
vironmental changes and capable of swiftly adapting entwined
beamformer geometry and excitation weights accordingly via
a continuous “perception-action” cycle [13]-[15].

Beampattern and array gain (AG) are two key metrics
for beamformer performance evaluation. Beamformers, which
maximize array gain while maintaining well-controlled beam-
patterns, exhibit high robustness against interferences suddenly
intruded on and thus are preferred in dynamic environment
[16]. The construction of sparse beamformers usually assumes
a priori knowledge of environmental situation, such as power
and arrival directions of all intruding interferences [17], [18].
Cognitive beamformers, instead, can percept noise charac-
teristics and interference statistics from the received data in
the “perception” step and reconfigure the beamformer auto-
matically in the “action” step [19]. When no environmental
information is available at the start, cognitive beamformers
are initialized with a good quiescent beampattern, and then
reconfigured to the optimal beamformers gradually with the
accumulated learning of environmental information from the
collected data. In order to facilitate the continuity of beam-
former geometry and practical implementation, we employ
regularized switching network, which divides the full array
of elements/beams into groups and each group connects with
one front-end channel. Precisely one antenna/beam is switched
on in each group to compose the sparse beamformer.

B. Sparse Beamformers

There are extensive works in the literature on sparse beam-
former design, where some focus on synthesizing a desired-
shaped beampattern using a smallest number of antennas [20]—
[22], and others strive to select an optimum subset of antennas
or beams from a large set for maximizing the AG [23]-
[25]. However, all these designs require some priori real-time
knowledge of the operating environment, such as the number
of interferences and their directions of arrival (DOASs). Most of



the works [20], [21], [26] adopted a two-step open-loop design,
where the sparse configuration tailored for DOA estimation
is first switched on and multiplexing to a different sparse
beamformer based on the sensed situation is followed. The
work in [27] configured a fully augmentable sparse array to
estimate the received data correlation matrix corresponding to
the full array aperture, and then reconfigured another sparse
array along with weights simultaneously for beamforming.
The subsequent work in [28] proposed a matrix completion
method to interpolate all missing spatial lags, whereas the
matrix completion accuracy heavily affects the sparse array
design. Our previous work in [29] utilizes regularized antenna
switching to collect the data of the full array and then
construct the sparse beamformer based on the estimated full
covariance. Although, deep learning approaches for antenna
selection have been studied recently for DOA estimation and
beamforming for efficient communications [30], [31], it is
difficult to secure sufficient training data mimicking different
kinds of true environment. The problem becomes more pro-
nounced in dynamic environments, where beamformers being
cognisant of situational changes and making corresponding
reconfigurations adaptively would be favoured.

In this work, we investigate cognitive sparse element-space
and beam-space beamformer design via iterative antenna/beam
replacement, respectively. Different from the previous works
that either call for prior environmental information [20]-
[26] or needs to obtain the covariance matrix of full array
in advance [27]-[29], the proposed sparse beamformers are
fully data-driven and eradicate any prior knowledge along
with the assumption of static environment. Cognitive sparse
beamformers can learn the environmental information through
a continuous ‘“‘perception-action” cycle, where perception is
performed based on the collected data and “action” is to
reconfigure the beamformer geometry and update excitation
weights. The proposed regularized-switching design divides
the full set of antennas/beams into groups and precisely one
antenna/beam is switched on in each group to compose the
sparse beamformer. A deterministic sparse beamformer with
a good quiescent beampattern is chosen for initialization, and
then the currently employed antenna/beam is replaced with
another one in the same group iteratively until achieving the
maximum AG. Since each antenna/beam replacement along
with the reception of new data corresponds to a different
beamformer, calculating the variation of AG would require
prohibitive computational complexity and memory usage. To
achieve cognitive beamformer reconfiguration in real time, we
derive closed-form formulas of AG variation, thus circumvent-
ing the repetitive cumbersome calculation of matrix inversion.

C. Contributions

The main contributions of this work are summarized as
follows:

o We propose a novel cognitive sparse beamformer design
in dynamic environment, which eradicates the require-
ment of priori environmental information and adaptively
reconfigure the beamformer via a continuous “perception-
action” cycle. The perception is conducted based on the
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Fig. 1: The illustration of element-space cognitive beamformer
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received data and the action is an entwined design of both
beamformer geometry and beamforming weights.

o We employ a regularized switching network to increase
the practicability of cognitive sparse beamformers, which
divides the full set of antennas/beams into groups and
precisely one antenna/beam is switched on in each group.
Under this regularity constraint, a quiescent sparse beam-
former is initialized first. With the progress of perception
and learning, each currently employed antenna/beam is
replaced with another one in the same group iteratively
until achieving the maximum array gain.

o We derive closed-formed formulas to quantify the varia-
tion of array gain to alleviate repetitive matrix inversion.
We consider the cognitive sparse beamformer design in
both element-space and beam-space in terms of Minimum
Power Distortionless Response (MPDR) and Linearly
Constrained Minimum Power (LCMP) metrics. Extensive
simulations manifest the effectiveness of the proposed
cognitive sparse beamformer design.

A brief description of the notations used in this paper is
provided as follows. The symbols 7 and ¥ denote transpose
and conjugate transpose operation, respectively. The symbol
C denotes the set of complex numbers. The bold lower-
case b and upper-case B letters denote the vector and the
matrix, respectively. We use {a,b,c,...} to denote a set of
discrete numbers, [a,b] an interval between a and b. b; and
B;; represent the ith element of the vector b and the 4jth
element of the matrix B, respectively. We use (*) to represent
the variable in the kth iteration and use | - | to represent the
absolute operation. We denote the lg-norm as ||||g. We simplify
“subject to” with the abbreviation “s.t.”.

The rest of this paper is organized as follows: Quiescent
beamformer initialization is introduced in section III. Adaptive
sparse beamformer in both element-space and beam-space is
reviewed in section II-A. We propose the cognitive sparse
beamformer design in section IV, considering both element-
space and beam-space. Simulation results, presented in section
V, validate the effectiveness of proposed design methods.
Finally, concluding remarks are provided in section VL.



II. INTRODUCTION OF SPARSE ADAPTIVE BEAMFORMING

We first derive adaptive beamforming in terms of two met-
rics of MPDR and LCMP, especially the expressions of array
gain, which will be used as the metric for sparse beamformer
design in the proposed work. And then the previous method of
sparse beamformer design with a perfect prior information is
briefly summarized for convenience of follow-on performance
comparison.

A. Adaptive Beamforming

Adaptive beamforming extracts noise characteristics and
intruding interference statistics from the received data and
forms nulls towards the interferences automatically. Therefore,
adaptive beamforming exhibits superior interference suppres-
sion performance, especially in a dynamic environment. The
MPDR beamformer aims to minimize the array output power
while maintaining a unit gain towards the look direction, which
can be expressed as [32], [33],

min wRw, (D
w

s.t. wia(y) =1,

where w € CV*! is the beamforming weight vector and a(6,)

is the steering vector towards the direction of 6, that is,

3(90) — [17 6jkodsin 90’ ce, ejkod(N*l) sin HU]T’ (2)

where the wavenumber is defined as kg = 27/\ with A
denoting wavelength and the steering direction 6 is measured
relative to the array broadside.

In Eq. (1), R is the covariance matrix of the received data by
the employed L-antenna sparse array and can be theoretically
written as,

R = oc2a(fp)a” (6p) + R, 3)

J
= oZa(fh)a” (o) + ) o?a(0;)a" (0;) + o2L
j=1

The total number of interferences J and their respective arrival
angles 6;,j7 = 1,...,J are usually unknown. Neither are the
signal power o2 and noise power o2. Thereby, we utilize the
maximum likelihood estimate of the covariance to replace the
true covariance R in practical applications, that is,

1 T
R:f;xtxf, “

where x, € CL denotes the received corrupted data vector in
the #th snapshot. No doubt that the snapshot number 1" affects
the beamformer’s performance as shown in the section V. The
weight vector of MPDR beamformer is thus [34], [35],
1 .
Wc == A—flR !
al (90)R 3(90)

Utilizing Eq. (5), the array gain of MPDR beamformer is,

A = a (6y)R; "a(6y), (©6)

3(90)7 )

where R,, = R, /U% is the normalized interference-plus-
noise covariance matrix. Since R,, is unavailable in practical

applications, we utilize R in place of R,, as interferences are
usually much stronger than white noise and the desired signal.

Although adaptive beamforming is superior to quiescent
beamforming in terms of interference suppression, high side-
lobe levels may constitute a potential threat in adaptive beam-
former, especially when directional interferers are suddenly
intruded on. As such, it is important to seek sparse arrays that
maximize the AG with well-controlled sidelobes. The LCMP
beamformer imposes beampattern constraints to control the
sidelobes, that is [36], [37],

min wRw (7)

W
s.t. wiC =gl

where C = [a(fy), A;] contains the target steering vector and
sidelobe manifold, g = [1,6,...,d]T and A denotes the array
manifold matrix of the sidelobe region Q, = [01,...,0k],
which is represented by K angular samples. The optimal
weight vector is thus,

w, =R7IC(CPR™IC) g =R'CU g, (8)

where U = CR™'C. When the distortionless constraint is
imposed and the signal is perfectly matched, the AG using
the weight in Eq. (8) is,

1
g"[CPR '] 1g

A= €))

Again, we utilize R to replace the normalized interference-
plus-noise covariance in this work.

Similarly, beamspace MPDR beamformer is expressed as,

R i),
a’ (6o)R a(bo)

where R = BYRB, a(6y) = Ba(f) and B € CV*N is
the beamspace transformation matrix, which can form a set of
N beams and thus transform the element-space processing to
beam-space domain. The ith column of B is defined as,

o i jdkou; J(N—=1)dkou1T , _

b; \/N[l,e Jee,€ I“,i=1,...,N (11)
which is the steering vector pointing towards direction u; in
u-space and {u;,i = 1,..., N} is a set of uniformly spaced
grid points with an interval of 2/N, those are {—1,—1 +
2/N,...,1—2/N}. When the inter-element spacing d = \/2,
B becomes a unitary matrix, that is BB = BB” =1 and the
set of N beams are orthogonal. Otherwise, the set of N beams
are correlated.

W, = (10

The beamspace LCMP beamformer is then written as,
(12)
where C = B C. The AGs of both beamformers are thus,

1
gf[C"R™'C1g
To quantify the variation of the AG of each beamformer,

A. and A, are chosen as the metric of MPDR beamformer
reconfiguration, while inverse array gain (IAG) .Al_1 and Al_l

w =R 'C(C"R'O) g,

1

A.=2a" ()R a(0p), A =

13)



are chosen for the LCMP beamformer due to the difficulty of
reciprocal calculation.

B. Sparse Beamformer Design with Known Environmental
Information

In the ideal case where the environmental information of
interferences is known, such as the interference number and
their DOAs, the AG of Capon beamformer can be approxi-
mated as [38],

A. ~afl (0p)a(8y) —a () V(VIV)IVHa(6y). (14

Here, the interferences are assumed to be much stronger than
white noise. Utilizing the definition of the antenna selection
vector z € {0, 1} 1, the optimum sparse MPDR beamformer
can be constructed by solving the following optimization [38],

max v, (15)
z,y
ot VHdiag(z)V VHdiag(z)a(6y) >0
- at (0y)diag(z)V a'l(0y)diag(z)a(y) — v | =
ze {0,1}",

11Pz=11=1,... L,

where V = [a(6;),...,a(0;)] and P; € {0,1}M*N is the
group selection matrix. For the construction of sparse LCMP
beamformer, we solve the following optimization problem,

i 1
min Y (16)
G g
s.t. >0,
[gH 2l } -
VHdiag(z)V  Vdiag(z)C
H 4- H 4- 2 0,
C"diag(z)V C"diag(z)C -G
G > 0;
zc {0, 1}V,

11pPz=11=1,... L

More derivation details can be found in our previous work
[38]. For the construction of sparse beamspace beamformer,
the same optimization in Eqs. (15) and (16) can be utilized
with a(fy) replaced by a(6y), V replaced by V and C
replaced by C. However, the environmental information of
interferences are usually not available in practice, thus data-
independent sparse beamformer design is the core motivation

of the following proposed work.

III. QUIESCENT BEAMFORMER INITIALIZATION

When no environmental information is available at the start
of operation, an optimum quiescent beamformer with a good-
shaped beampattern is preferred due to its resilience against
interferences from arbitrary directions. Quiescent beamformer
design is essentially beampattern synthesis, which focuses on
synthesizing beampatterns with mainbeam steering towards the
target and reduced sidelobe levels.

A. Element-Space Quiescent Beamforming

Assume a large array of N uniformly spaced antennas and
the inter-element spacing is d. The large array is divided into L

groups and each group contains M antennas, thatis N = LM,
as shown in Fig. 1. Although the group division in Fig. 1 is
continuous and uniform, arbitrary grouping is applicable too.
There is one front-end processing channel in each group, and
one RF switch can connect any antenna in this group with
the corresponding front-end in a sufficiently small time via
the pre-designed circuitry. We investigate the sparse element-
space beamformer design by regularized antenna switching.

The sparse quiescent element-space beamformer design can
be formulated as,

min 0, (17)
w
s.t. wha(0y) =1,
WA, <96,

Pwllo=1,0=1,...,L,

where 9 is the upper bound of the synthesized sidelobe level.
The set of cardinality constraints in the fourth line of Eq.
(17) are utilized to select exactly one antenna in each group.
Taking the continuous grouping in Fig. 1 as an example, then
the group selection matrix P; € {0, 1}M*N are all zeros
except those entries of P;(1,1 + (I — 1)M), P(2,2 + (I —
HM),...,P(M,IM) being one, where [ = 1,..., L.

Clearly, the cardinality constraints in Eq. (17) render the
problem difficult to solve. To proceed, we define an auxiliary
binary variable z € {0,1}" to transform the complex cardi-
nality constraint into the real domain. As a result, Eq. (17)
can be rewritten as,

min d, (18)
s.t. wha(y) =1,
WA | <0,
|OJ1‘| < Ziy 1= 1, ...,N,
z € {0,1}",

11Pz=11=1,... L

where w; and z; are the ith element of w and z respectively.

We can see that variable z is actually a selection vector,
which represents the sparse support of the beamforming
weight vector w. The binary constraints on z € {0,1}V are
difficult to solve and we resort to an iterative reweighting
method to promote the binary sparsity of the selection vector.
That is,

min 5+ pel'a, (19)
w
s.t. wha(0y) =1,
WA <6,

|wl| <zt = 17"'7N7
|ZZ“ ST,i: 1,...,N,

T

Y Pz=ri=1,..., 1L,

where p is a trade-off parameter between the sidelobe level and
the vector sparsity, and ¢ is a reweighting vector for promoting
binary sparsity. Here, we change the binary constraint on z to a
latent box constraint z € [0, 7] with 0 < 7 < 1 being the preset
upper bound. The updating formula of ¢ is first introduced in
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Fig. 2: The illustration of beamspace cognitive beamformer by
regularized beam switching.

our previous work [39], and is given as follows,

(k+1) 2 2 B
ST =(1—- (")) = (*+— 20
" = (1= ()T = () (20)

where o and 3 are two predefined parameters that control the
L (k+1) .

shape of the reweighting curve. In such way, c, imposes

l.(k) is closer to “0” and a

smaller negative excitation when zl-(k) is closer to “7” in the

next iteration, in turn promoting the binary property of z/7.

a larger positive penalty when z

B. Beam-Space Quiescent Beamforming

Although antenna selection in element-space beamformer
can significantly reduce the hardware cost and computational
complexity, it inevitably exhibits performance degradation
compared with the full array system. Alternatively, we con-
sider another strategy, sparse beamspace beamformer, where a
network of analogue phase shifters are utilized to synthesize a
set of N beams and an optimum subset of L beams are then
selected to connect with the following front-end channels for
further processing. To promote the practical implementation
of cognitive sparse beamformers, regularized switching is
employed as well, that is the N beams are divided into L
groups and each group share one front-end processing channel
as illustrated in Fig. 2. Again, grouping model is not restricted
to the continuous one per Fig. 2 and different grouping models
affect the beamformers’ performance as shown in section V.

The phase shifter network can be mathematically described
by the beamspace transformation matrix B € CN*¥ described
in section II-A,

To ensure a satisfactory performance of the beamformer, at
least one beam close to the desired signal should be selected.
Thus, the problem of regularized beam selection for quiescent
beampattern synthesis is formulated as,

min d, 21
s.t. wha(hy) =1,
WA, <3,
[Pawllo > 1,

HPlW”O = 17l < 17“';L7

where Py € {0,1}?*% is a beam selection matrix whose two
rows correspond to the two beams adjacent to the direction of
the desired signal 6, and A, = B”A,. The third constraint is
imposed to select at least one beam neighbouring the desired
signal for protection. The beam selection unit in Fig. 2 will
calculate Eq. (21) using a similar procedure per Egs. (18)-(19)
and then determine the optimum subset of beams to connect
with the following front-end processing channels. The signal
processing unit then implements adaptive beamforming in a
reduced dimensional beamspace.

IV. COGNITIVE SPARSE BEAMFORMER DESIGN

Initializing with the quiescent configuration, the cognitive
beamformer begins to collect the data containing the en-
vironmental information and perform spatial filtering. Since
the quiescent beamformer is not optimum in the specific
environment, the antenna/beam switching unit, as shown in
Fig. 3, will reconfigure to the optimum beamformer.

A. Cognitive Sparse Element-space Beamformer Design

The design of cognitive sparse element-space beamformer
comprises two consecutive operations, those are antenna re-
moval and antenna addition. As shown in Fig. 3, the opti-
mization within one group is an inner loop, where we remove
the currently selected antenna in the examined group and then
decide which antenna to be added in the same group with
the removed one. The optimization of all groups constitutes
an outer loop. To finally determine which antenna is switched
on in each group, we need one removal calculation and M
addition calculation. The entire calculation is repeated until
the beamformer geometry converges. Since each antenna/beam
on or off corresponds to a new beamformer, we derive closed-
formed formulas to efficiently calculate the array gain variation
to avoid computationally expensive matrix inversion. Next, we
delineate these two calculations.

1) Antenna Removal: The initialized quiescent sparse array
receives the data and calculates the covariance R and the
optimum weight vector for spatial filtering can be calculated
according to Eq. (8). Assume that we are examining the /th
group and the antenna indexed by n in the /th group is to be
removed. Let R denote the covariance matrix of the currently
employed L-antenna sparse array, then the covariance needs
to be permuted such that the nth row and the nth column are
both the last one. That means,

R, =P,RQ,, (22)

where P, € {0,1}2*L and Q, € {0,1}*L are row
permutation and column permutation matrices, which move
the nth row and the nth column (n = 1,...,L) to the last
row and the last column respectively, without affecting the
others. Similarly, we have that

C,=P,C. (23)
After row permutation, C,, can be expressed as,
Cin=[CT, c0]", (24)
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where C_,, € CE-Dx(K+1) g the constraint matrix with
L — 1 antennas except for the nth antenna. And ¢, =
[ejk’gdaxcn sin 90’ ejkgdarn sin 91’ el ejkodacn sin OK]T is the last row
of the matrix C,,,.
After permutation, the covariance matrix in Eq. (22) can be
rewritten as,
R+n = |: R;—In ' :| ’

r, Tnn

(25)

where r,, = E{x_nz} and r,, = F{zXxz,} with x_, and
x,, denoting the received data by the (L — 1)-element array
excluding the nth antenna and by the nth antenna, respectively.
And R_,, € CUL=Dx(L=1) 5 the covariance of the (L — 1)-
antenna array when the nth antenna is removed.

Utilizing block matrix inversion lemma, we can obtain that,
-1 -1 -1 -1
R — RZ, + TnR_nrnrf;IR_n - R, T
+n —7,r R:}L ‘™ ’
D Tnd

- [ Tndf Tn
where 7, = 1/(rp, —rR”1r,). From Eq. (26), we have that

D, =R"} +7,d,d?

n

27)

and

d, =R lr,. (28)

Since R__Hl% = Q;lfl_lP;l, we can easily obtain D,,,d,, and
T, by partitioning Rjr,ll according to Eq. (26). Furthermore,

Eq. (27) implies that,

R™! =D, — 7,d,d". (29)
Thus, utilizing the definition of U~} yields,
U::L - [CilnR:’}lC—n}71~ (30)

Note that the calculation of AG variation due to the removal
of the nth antenna is not needed and we proceed to evaluate
antenna addition next.

2) Antenna Addition: Suppose the nth antenna in the Ith
group is removed, generating an (L — 1)-element sparse array
and the mth element in the [th group is added into the sparse
array. The constraint matrix is changed to,

Cim =[CT, c0]7, 31)

-
Outer loop: From 1st to Lth group h
_______ N |,I-nFer_Iogp:_Gr_0LI) L \I
Il Datacollection ||
- M l |
3 | I
|
|
|
|
|
|
)
- J
where ¢,, = [ejkodwm sin 00’ ejkodwm sin 61 e ’ejk:gdzm sin HK]T.

Moreover, the covariance matrix of the new L-antenna sparse
array can be expressed as,

R_ r
R = n m , 32
+ [ A } (32)

where ry, = E{x_,z},} and 7., = E{x} 2y}, where x_,,
is the received data vector of the (L — 1)-antenna array with
the nth antenna removed, x,, denoting the received data of the
mth antenna and can be obtained by simply switching on the
mth antenna with the /th front-end. In practice, both r,, and
Tmm can be replaced by their maximum likelihood estimates.
Following the same procedure of Eq. (26), we can obtain that,

D Tmd
-1 _ m mUm
R+m - [ deg Tm :| ) (33)
where
T = 1/ (Fom — AR r,,), (34)
D, = RZ;, + Tndidyy, (35)
and
d,, = —RZ}rp,. (36)
Combining Egs. (31) and (46), we have that,
Upp = CHLRELCo, (37)
= cf p,,C_,+mncdiC_,
+ Tmendmcﬁ + Tet el
= U_,+ Tmllmll,li,
where
u, =C"7 d, +c, =-C” R lr,, +c. (38)
Applying Woodbury identity, we can obtain that
U lu,ufU”}!
v, =U], - —Jr"mon (39)

Tm' +ulUZ u,,
Based on Eq. (39), the IAG of the new L-antenna sparse array

with the nth antenna removed and the mth antenna added can
be written as,

g"U” u,,ulU" g

Ap, =egU e =AT) - (40)

—1 —1
Tm~ + uﬁU_num



Thus, the IAG decrement by replacing the nth antenna with
the mth one is,
Hy-ly, wfyu-}
A-Ar_nl _ g —n m 7ng

1 1 :
Tm +ufUZ u,

(41)

Clearly, the larger the IAG decrement is, the more the AG
increases by adding the mth antenna. Note that the matrices
and vectors contained in U:}l, u,, and 7, can all be calculated
from the derivations above. The detailed calculation procedure
of cognitive sparse element-space beamformer design is pre-

sented in Algorithm 1.

Algorithm 1: Cognitive Sparse Element-space Beam-
former Design

1 Initialize with an L-antenna quiescent sparse array
obtained from section II, collect the dataland estimate
covariance R and inverse covariance R .

2 repeat

3 for L groups of antennas do
o Find the selected antenna indexed by n

in the [th group, )
e Permute R to obtain R_T_}L = Qnﬁ_ P,
e Decompose R, ! to obtain D,, 7,, and d,,,
o Compute R:}L per Eq. (29),
o Compute UjI per Eq. (30).
for M antennas in the Ith group do
o Switch on the mth antenna and collect
data to obtain 7,,,, and r,,,
o Compose C,,, per Egs. (24) and (31),
« Calculate 7,,, d,,,, and u,,,
o Calculate the IAG variation per Eq. (41).
end
Seek k = max,,—1, m{AA'},
« Reconfigure the sparse array by switching
the nth antenna off and the kth on;
o Collect data with the new sparse array
and obtain liil, construct C;
« Implement spatial filtering per Eq. (8).

4 end
s until Sparse array configuration does not change;

B. Cognitive Sparse Beam-space Beamformer Design

As the spatial distribution of the target and the interferences
is sparse, a much smaller number of beams are required for
beamforming and thus beamspace processing can significantly
reduce the computational complexity. Since neither the direc-
tion of the source nor those of interferences is known as a
prior, the critical question is to select an optimum subset of
beams for spatial filtering in terms of maximum array gain.

Assume that the phase shifter network can form a set of
N beams and these beams are divided into L groups, with
each group comprising M beams. A subset of L beams are
selected to connect with the front-ends, each from one group.
Similar to element-space beamformer design, we evaluate the

L groups in the outer loop for beam removal and add the best
beam in each group in the inner loop.

1) Beam Removal: Suppose that a subset of L beams is
currently employed for beamspace filtering, which can be rep-
resented by the beam space transformation matrix B € CE*V,
The beamspace covariance matrix is written as,

X 42)

where x; = B x; is the output of L beams at time instant
t and x; € CV is the received data by the N-antenna array.
Note that we do not have access to the element-space data xy,
but the beamspace output X, directly in beamspace processing.

The IAG variation of beamspace LCMP beamformer can
be calculated in a similar way to that of elementspace LCMP.
Here, we calculate the AG variation of MPDR beamformer as
an explanation. Considering to remove the beam indexed by
n in the [th group, we first permute the columns of the matrix
B such that the nth beam is moved to the last column,

B, =BQ, = [B_,,b,]. (43)

where b,, denotes the nth beam and B_, denotes the
beamspace transformation matrix with the remaining L — 1
beams after removing the nth beam. Using the permuted
beamspace transformation matrix B,,, the covariance matrix
Ii+n = Bf ﬁBn is rewritten as,

R _ B RB_, BY Rb,
7 | bRB_, bHRb, |’
R_ B” Rb
" n —n n 44
{anRBn b2 Rb,, } ()

Define r,, = BIntA{bn and 7, = an ﬁbn. The steering vector
in the (L — 1)-dimensional beamspace becomes,
Vo n =B v, (45)

Utilizing the block matrix inversion lemma, the inverse
. ~—1 .
covariance R, is formulated as,

~—1 R::, + %nﬁ:if'nffﬁ:i 7%71,1"{:;{.%
R+n = ’ - o He—1 N ;
—Tnlp R—n Tn
ﬁ 7:7 an
= _su U, (46)
Tnd,, Tn
where 7, = 1/(Frn — F/R_LF,) and
D, =R, +7d,d., 47)
and ~ .
d, =—-R_,1,. (48)

Also, Ii;,ll can be obtained by permuting the matrix Rfl by
combining Egs. (42) and (43), specifically,

R., = BYRB,]™ = [Q7/B“RBQ,]' = Q;'R 'Q;". 49)

Accordingly, l?n, d,, and 7, can be obtained by partitioning
the matrix li__m per Eq. (46). Subsequently,



(50)

2) Beam Addition: Suppose that the mth beam in the Ith

group is going to be added. The covariance matrix becomes,
R, =B RB,,, (51)

where B,,, = [B_,,b,,] and b,,, denotes the mth beam. The

beamspace steering vector becomes,
o H
Vs,4m = B, Vs. (52)

The covariance R, = BfmﬁB+m can be partitioned as,

R [ B, RB_, B Rb,
™= | bERB_, bfRb,, |’
R_ B” Rb
_ \—n —n_Tom 53
{bgRBn b2 Rb,), ] (53)

Define ©,, = B Rb,, and 7., = bZRb,,
applications, T,,, and 7y, are estimated by,

. In practical

1 T
=70 Xonifg (54)
and =t
1 T
fan = T Z |3~:m,t|27 (55)
=1

where X_,, ; and Z,, ; denote the output of the L — 1 beams
with the nth beam removed and the mth beam in the tth
snapshot, respectively.

Utilizing the block matrix lemma gain, then the inverse
covariance is written by,

_ R + 7R i-mi-H R, —7mRLim
R, , = T ' o ,
T,,erR Tm
]5771 7’:7”/&”1
=| . sH _ ) (56)
Tmd,, Tm
where 7, = 1/(Fpmm — T, R_, Fp,), and
D,, =R_. + 7ndydi, (57)
and ~ .
d,, = —R_, Fp,. (58)

Combining Egs. (56) and (52), the AG of the new sparse
beamspace beamformer is,

S

<H
Am = Vs,+mR+mvs,+m7 (59)
_ ~H Hb Dm 7zﬂ?d’m i"s,—n
- [vs —n> Vs ] . zH ~ bH )
Tmd,, T mVs
VT Do n 4 FvTbdly
- VS7_n mVs,—n+TmV5 m, Vs, —n

+ Vi dbliv, + 7, v by,
~H R Hy |2
= R—7LV9 —n + T77L|V5 —ndﬂl + Vs bm| .

The beamspace AG increment by replacing the nth beam with

the mth one is,

g a-l. “H s—1.
A‘Am = Vs,+mR+mVS,+m - Vs,fannvS’*n’

d,, + VHbm|2
~H R
~H R

- ~H ~—1
Tmm — rmenrm

(60)
= VL,
= Fp|vEb,, — rm|2

\vip,, — wEml?

Algorithm 2: Beam-space Sparse Beamformer Design

1 Collect the data from L channels and estimate

. ~ . . -1
beamspace covariance R and inverse covariance R
2 repeat

3 for L beams in the current beamspace do
o Find the selected beam indexed by n

in the [th group,

to obtain R+n =Q, IR™! Q’
o Partition R, +n to get Dn, Trs dn per Eq. (46)
o Compute R_n per Eq. (50),

o Compute v, _,, per Eq. (45).

o Permute li7

for M beams in the lth group do
o Switch on the mth beam, collect data,
obtain 7., I, per Egs. (54) and (55),
o Calculate the mth beam b,,, per Eq. (11),
o Calculate the AG variation per Eq. (60).
end
Seek k = max,,=1. m{AA,},
« Reconfigure the beamspace by switching the
nth beam off and the kth on,
« Collect data and obtain R~ s
« Implement spatial filtering per Eq. (10).

4 end
s until Sparse array configuration does not change;

The detailed updating procedure of cognitive sparse beam-
space beamformer design is presented in Algorithm 2.

Remark 1: For both proposed Algorithm 1 and Algorithm 2,
spatial filtering is performed by signal processing unit based
on the currently composed beamformers concurrently with the
beamformer reconfiguration by the antenna selection unit.

Remark 2: For both proposed Algorithm 1 and Algorithm
2, compared with the conventional direct matrix inversion
based method, instead of calculating an L x L-dimensional
matrix inversion for each antenna/beam (a total of N = ML
times in each outer loop), they only require to calculate an
(L—1) x (L —1)-dimensional matrix inversion for each group
of antennas/beams (a total of L times in each outer loop). In
addition, we utilize the properties of block matrix to obtain
the inverse of the (L — 1) x (L — 1)-dimensional matrix,
which reduces the computational complexity from O(L3)
to O(L?). Therefore, the proposed method can significantly
reduce the computational complexity resulted from matrix
inversion. Suppose that we sample T" groups of receive data to
construct the covariance matrix for each optimization and the
number of constraints for LCMP is P. Then the computational



complexities of the two proposed algorithms, the direct LCMP
method in element space and the direct MPDR method in beam
space are provided in Table TABLE I.

The variation curves of computational complexity versus
different parameters are provided in Fig. 4. We separately
change the number of groups L and the number of anten-
nas/beams M in each group, the corresponding computational
complexity curves in one outer loop is depicted in Figs. 4(a)-
(b). It can be seen from the results that compared with the di-
rect matrix inversion based methods, the proposed algorithms
can greatly reduce the computational complexity. Among all
the parameters, the number of groups L has the greatest impact
on the complexity. Besides, the computational complexity of
beam space is slightly larger than that of element space. In
addition, we fix the total number of antennas/beams N to 100,
and change the number of groups L. In this case, the number of
antennas/beams in each group is M = N/L and the curve of
computational complexity is given in Fig. 4(c). Fig. 4(d) indi-
cates that for a given number of total antennas/beams, the more
groups they are divided into, the higher the computational
complexity will be. This is because more groups means the
beamformer will select more antennas/beams, which results
in better beamforming performance but higher computational
complexity.

V. NUMERICAL ANALYSIS

Extensive simulation results are presented in this section to
validate the theoretical part of this paper.

A. Initialization of element-space quiescent beamformer

First, we verify the performance of the regularized antenna
switching method for quiescent beamformer design proposed
in section II through a comparative experiment. Consider a
uniform linear array (ULA) composed of 20 antennas with
an inter-element spacing of a quarter wavelengths. This linear
array is continuously divided into 10 groups and each group
contains two consecutive antennas. There are totally 10 front-
ends and each front-end is responsible to connect with the
two antennas in one group. A quiescent sparse beamformer
with 10 antennas is composed through regularized antenna
switching. For the beampattern requirement, the main beam
points towards 0° and the sidelobe angular region is set as
[-90°, —10°] U [10°,90°]. We run the proposed method in
Eq. (19) and obtain a sparse array, named as sparse array 1,
as shown in Fig. 5(a). For selecting ten antennas from 10
separate groups, there are a total of 1024 different choices.
We enumerate all these choices and find the sparse array that
achieves the lowest peak sidelobe level (PSLL), named as
sparse array 2, in Fig. 5(b). We plot the quiescent beampatterns
of array 1 and array 2 in Fig. 6, where the PSLL of array 1 is
-17.1dB and that of array 2 is -17.2dB. Through comparison,
the sparse array obtained by the proposed selection method
exhibits only 0.1dB PSLL degradation, which manifests the
effectiveness of the proposed method for securing a good sub-
optimal solution.

As enumeration is restricted to small-scaled problems, we
continue to consider a relatively large array. Suppose the ULA
consists of 40 antennas with an inter-element spacing of 1/8

wavelengths. It is divided into 10 groups and each group is
composed of 4 consecutive antennas. We choose one antenna
from each group and the constraints of the beampattern is the
same as the former experiment. The sparse array obtained by
the proposed selection method and its corresponding quiescent
beampattern are given in Figs. 5(c) and 6 respectively. The
PSLL of array 3 is -17.9dB, which is slightly lower than sparse
arrays (1) and (2), and all exhibit good quiescent beampattern.

B. Cognitive element-space beamformer design

We begin with verifying the performance of Algorithm 1 in
a static environment. Assuming that the desired signal comes
from the direction of 0° with a signal-to-noise ratio (SNR) of
0dB, and there are seven interferences from the directions of
—80°, —70°, —10°,10°, 30°, 65° and 80° respectively, with an
interference-to-noise ratios (INR) of 20dB. We consider two
cases described in subsection V-A, those are a ULA composed
of 20 antennas and initialized with sparse array 1 in case 1, and
a ULA composed of 40 antennas and initialized with sparse
array 3 in case 2. Ideally, if the information of interferences is
known, we can obtain the optimum sparse arrays according to
Egs. (15) and (16) in both cases. The corresponding two arrays
are defined as sparse array 4 and sparse array 5, and are shown
in Figs. 7(a) and 7(b). Then we implement Algorithm 1 to
achieve iterative sparse array reconfiguration in the two cases.
We define the sparse arrays after convergence in case 1 and
case 2 as sparse array 6 and sparse array 7 respectively, which
are given in Figs. 7(c) and 7(d). The adaptive beampatterns of
sparse arrays 6 and 7 are depicted in blue solid lines in Fig.
8, where we can see that both sparse arrays can form deep
nulls towards the interferences while preserving the desired
signal. To further reduce the PSLL of adaptive beampatterns,
we rerun Algorithm 1 in the metric of LCMP by imposing
some constraints on the sidelobe region. The two LCMP sparse
arrays are termed as sparse array 8 and sparse array 9 in two
cases, respectively and plotted in Figs. 7(e) and 7(f). Their
corresponding beampatterns are depicted in red dash lines in
Fig. 8. It can be observed from Fig. 8 that the PSLL of LCMP
sparse beamformers is nearly 5dB lower than that of MPDR
sparse beamformers.

The convergence performance of the proposed Algorithm 1
is demonstrated in Fig. 9. As defined in Fig. 3, we refer to the
antenna replacement in each group as an inner iteration, and
the updating of all groups as an outer iteration. Thereby, each
outer iteration contains 10 inner iterations in the examined
example. From Fig. 9, we can argue that the convergence
speed of the proposed design is fast with no more than three
outer iterations. In Figs. 9(a) and (b), the two dashed lines
depict the upper bounds of AG in the two cases using sparse
arrays 4 and 5, and the two dashed-dot lines depict the array
gains of the optimal sparse array obtained by the model-based
method described in Section II-B ( [38]), which assumes the
environmental prior knowledge is known. As can be seen from
Fig. 9, the AG of configured beamformers gradually improves
with increased iterations. When the algorithm converges, both
beamformers can achieve an AG higher than 9.4dB, which
is less than 0.1dB under the upper bound and no more than
0.05dB compared with the model based method in [38].



TABLE 1
Computational complexit Simplification
Method putat prextty P
(Number of complex multiplications) P is larger than L and M P is small
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Element | Algorithm 1 3 (PPL+ - O(ML? +TML?)
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space 5
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Fig. 4: Computational complexity versus (a) the number of groups L; (b) the number of antennas A/ in each group. (d)
Computational complexity versus the number of groups L when the total number of antennas N is fixed to 100.
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Fig. 5: The optimum quiescent sparse arrays obtained by
(a) the proposed method from 20 elements; (b) enumeration
from 20 elements; (c) the proposed method from 40 elements.
“Circle” indicates selected antennas and “‘cross” discarded.

Although the finally converged sparse array only exhibits two
different antenna positions compared with the initial quiescent
beamformer, the AG of reconfigured beamformer in case 1 is
improved by 2.8dB, while 5.1dB in case 2. Taking case 2 as an
example, the detailed iterations of sparse array reconfiguration
are enlisted in Table II. In this table, we only present the
iterations with antenna replacement. The algorithm converges
after the 3rd inner iteration of the 3rd outer iteration. We
notice that the discarded antennas in the previous iteration
will be switched on again with the updating of other groups.
Therefore, the optimality of antenna positions is relative with

0 T T

= = -sparse array 1
sparsearray 2
sparse array 3

-10

-15

Beampattern (dB)

o
Angle (°)
Fig. 6: The quiescent beampatterns of three sparse arrays
shown in Fig. 5.

respect to the status of other antennas.

We continue to investigate the influence of snapshot num-
ber on the output performance of Algorithm 1. For a data-
dependent adaptive beamformer, the number of snapshots
affects the estimation accuracy of covariance matrix, and thus
influencing the output performance. A different beamformer
is generated once antenna replacement is conducted and new
data is received. For different number of snapshots, Algorithm
1 will optimize the sparse beamformer based on the estimated
covariance from a given number of received data. We change
the number of snapshots, 7', from 10 to 1910 in an interval
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Fig. 7: Optimum sparse arrays obtained by Eq. (15) in (a) case
1 (b) case 2. Optimum MPDR sparse arrays in (c) case 1 (d)
case 2. Optimum LCMP sparse arrays in (e) case 1 (f) case 2.
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TABLE II: Iterative sparse array reconfiguration for case 2.

lteration No. Antenna Index
Outer | Inner
0 0 1 7 10 14 20 21 27 31 34 40
1 3 7 10 14 20 21 27 31 34 40
1 3 3 7 12 14 20 21 27 31 34 40
6 3 7 12 14 20 23 27 31 34 40
1 1 7 12 14 20 23 27 31 34 40
) 2 1 6 12 14 20 23 27 31 34 40
6 1 6 12 14 20 21 27 31 34 40
8 1 6 12 14 20 21 27 30 34 40
3 3 1 6 10 14 20 21 27 30 34 40

* The red number indicates the antenna that has changed compared
with the former iteration.
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Fig. 9: Array gain versus iteration number in two cases of
array 6 and 7.

of 100 and run 1000 Monte Carlo simulations for each
number. Note that different snapshot number leads to differed
beamformer configuration caused by the estimation accuracy
of covariance matrix. We apply Algorithm 1 in both cases
1 and 2, and plot the AG value after convergence versus
snapshot number, as shown in Fig. 10. We can see that, with
the increase of snapshot number, the output performance of the
beamformer improves and tends to be stable. When the number
of snapshots is larger than 100, the two sparse beamformers
exhibit good performance, whose AG approached the upper
bound obtained using sparse arrays 4 and 5. We also plot
the AG of sparse arrays 1 and 3 without reconfiguration for
comparison. Clearly, the reconfigured adaptive beamformer
gives a performance improvement of more than 2.5dB and
5.2dB in case 1 and case 2, respectively. This demonstrates
the necessity of beamformer reconfiguration for performance
improvement.

To further illustrate the effectiveness of the proposed de-
sign, we conduct simulations in a dynamic environment. We
consider three different scenarios, where the direction of the
desired signal remains the same (0° and 0dB), but the interfer-
ences are changing. We start from the same scenario as that in
the static environment. In scenario 2, the seven interferences
are changing directions to —70°, —50°, —10°, 10°, 15°, 35°
and 80°, and in scenario 3, changing to —60°, —50°, —10°,
10°, 25°, 35° and 80°. The INRs of all interferences are 20dB.
We examine the two cases of arrays described in subsection
V-A in this dynamic environment and the results are given
in Fig. 11. For each antenna replacement, the number of
snapshots we received is 7' = 1000 and we defined this
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duration as one sampling interval. As shown in Fig. 11, at
time instants 507" and 1507, the environment changes from
scenario 1 to scenario 2 and from scenario 2 to scenario
3 respectively. When the environment changes, the output
performance of the current beamformer decreases abruptly.
And during the followed reconfiguration period (marked by
the green dash ellipses), the beamformer is cognizant of
performance degradation and apply the “perception-action”
process to adapt to the new environment. Consequently, the
reconfigured beamformer can quickly recover its performance
against the interferences.

Furthermore, we explore the influence of various group sizes
on the results when the total number of antennas is fixed. We
still utilize the 40 antennas described in case 2, the difference
is that we change the group sizes. We change the number
of groups among T = {8,10,20,40}, and accordingly, the
number of antennas in each group is M = {5,4,2,1}. In
particular, 7' = 40 means the whole array is selected. The
performance of Algorithm 1 for various group sizes is depicted
in Fig. 12. Besides, the running times of one outer iteration
for different group sizes are provided in TABLE III. From
the results, we can see that with the increase of the number
of groups, the arrray gain becomes higher. This is because
more groups means more antennas will be selected for data
processing. However, more groups will bring higher hardware
costs. And in terms of running time, more groups will also

TABLE III: The running time of one outer iteration for
different group sizes.

L=8 L=10 L=20 L=40
Algorithm 1 | 0.0460s | 0.0589s | 0.1180s | 0.2661s
Direct LCMP | 0.3756s | 0.5586s | 2.2865s | 9.2085s

bring greater computational complexity, thus increase the
response time of the system. Therefore, we need to consider
the trade-off between array gain and computational complexity
to reasonably choose the size of each group in practical
application. In addition, from the comparison in TABLE III,
we can see that the computational complexity of Algorithm
1 is significantly improved compared with the direct LCMP
method. And with the increase of L, the improvement is more
significant.
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Fig. 12: Array gain versus iteration number for various group
size.

Last but not least, we examine the impact of different group
update sequences. We randomly generate 200 different group
update orders, and apply Algorithm 1 to compare the obtained
sparse array performance with that of sequential update (that
is, updating from the 1st to the Lth group sequentially). The
simulation results are shown in Fig. 13, which indicate that
the array gain of the cognitive sparse beamformer is varying
under different group update orders, but not n an obvious way.
Especially for case 2, when the total number of antennas is
large and the inter-element spacing is small (which implies
an increased continuity of the design), a satisfactory array
gain can be achieved under an arbitrary group update order.
In practical applications, in order to further ensure the array
gain of the cognitive beamformer, on the premise of neglecting
the computational complexity, we can apply different update
orders and select the best sparse array beamformers.

C. Initialization of beam-space quiescent beamformer

In this subsection, we examine the beam-space beamformer
initialization proposed in section II-B. Consider a ULA com-
posed of 40 antennas with an inter-element spacing of half
wavelength, which can form 40 mutually orthogonal beams.
We divided these 40 beams into 10 groups with 4 beams in
each group and select one beam from each group to compose
the beam-space beamformer. For the beampattern requirement,
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the main beam points to 0° and the sidelobe region is set as
[—90, —5] U [5,90]. In this experiment, we also consider two
cases of different grouping models, continuous grouping and
non-continuous grouping, shown in Fig. 14. For continuous
grouping, one group is composed of four adjacent beams;
while for non-continuous grouping, four beams separated
by 10 beams in between form one group. For the former
model, more than three continuous beams cannot be selected
simultaneously; while the latter model enables the selection
of continuous beams. In these two models, we use Eq. (21)
to design the quiescent beamformer for initialization. The
results are depicted in Fig. 15 and the selected beams are
given in table IV. From Fig. 15, we can see that the PSLL
of the continuous grouping is -25dB, while that of the non-
continuous grouping is -39dB. Although different grouping
models affect the performance of the configured beamformers,
the investigation of optimum grouping models is out of the
scope of this work.

D. Cognitive beam-space beamformer design

We continue to validate the proposed iterative beam replace-
ment in Algorithm 2. Assume that the desired signal comes
from 0° with a SNR of 0dB and there are 7 interferences
coming from —80°, —22°, —17°, —12°, —7°, 30° and 80°
with INRs of 40dB. We apply Algorithm 2 to achieve on-

TABLE IV: The optimum beams choosen under two modes.

Mode Selected beams of each group after initialization
Continuous 1 5 10 14 20 21 28 31 36 38
Non-continuous | 21 22 23 34 15 6 27 & 19 20

Grouping Selected beams of each group after convergence
Continuous 1 8 12 16 20 21 25 29 33 37

Non-continuous | 21 2 13 14 15 16 17 18 19 40

M Group1 Group 4 M Group 5
M Group6 M Group7 M Group8 I Group9 [ Group 10

(a) continuous grouping

Group 2 Group 3

é ¥ ¥ Y
1 10 20 30 40

(b) non-continuous grouping
Fig. 14: Different grouping models of beam channels.

line beam replacement under the two models defined in Fig.
14. The curves of AG versus inner iteration number are
given in Fig. 16, which shows that the output performance
of the beamformer gradually improves through iterations. For
continuous grouping, the AG is increased by 2.2dB and finally
reaches 14.4dB. And for non-continuous grouping, the AG is
increased by 1.8dB and finally reaches 15.9dB. Compared with
the continuous model, the performance of the non-continuous
one is significantly better in terms of both beampattern and
AG. Specifically, the output AG of non-continuous model can
gradually approach the upper bound of the full adaptive beam-
former (10 * log,,40 = 16dB), which is depicted by the black
dash line in Fig. 16. In addition, the convergence speed of
Algorithm 2 is very fast and both models can converge within
two outer iterations. The selected beams after convergence of
the two models are given in Table IV and the corresponding
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The quiescent beampatterns under two grouping



adaptive beampatterns are given in Fig. 17. The beampatterns
indicate that nulls can be formed in the directions of the
interferences for both models, while the sparse beamformer in
the non-continuous model can form a deeper null compared
with that in the continuous grouping, especially for the four
interferences marked in the green ellipse. Meanwhile, the
sidelobe level of non-continuous grouping is lower as well.
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Fig. 16: Array gain versus iteration number in the cases of

two modes.
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Fig. 17: Adaptive beampatterns of the converged beams under
two grouping models.

In the following example, we change the snapshot number
to study the performance of Algorithm 2. The snapshot number
is changing from 10 to 1910 with an interval of 100. For each
number of snapshots, we apply the on-line beam replacement
process to the non-continuous grouping and continuous group-
ing, and conduct 1000 Monte Carlo simulations. In addition,
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Fig. 18: Array gain versus the number of snapshots for
different grouping models.

we simulate the case of full beam adaptation, that is, all beams
are used for adaptive beamforming. The curves of AG versus
snapshot number are shown in Fig. 18. As can be seen from
Fig. 18, when the number of snapshots is small, the perfor-
mance of sparse adaptive beamformer is significantly higher
than that of full adaptive beamformer, as sparse beamformer
requires less training data to accurately estimate the covariance
matrix. This proves the necessity of sparse beamformer design
in dynamic environment. When the number of snapshots is
sufficiently large (larger than 1 x 10* per the right part of Fig.
18), the performance of non-continuous grouping is as good
as that of full adaptation, which is more than 3dB higher than
that of continuous model.
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Fig. 19: Performance of Algorithm 2 in dynamic environment.

In the last example, we conduct a simulation in a dynamic
environment. Similar to the final example in subsection V-B,
we consider three scenarios with different interference en-
vironments. Scenario 1 remains the same as the one in the
beginning. For scenario 2, there are seven interferences coming
from the directions of —70°, —20°, —7°, 7°, 15°, 20°, 80°
and —80°, —17°, —12°, —7°, 7°, 12°, 60° for scenario 3. The
INRs of all interferences in three scenarios are 40dB and the
desired signal remains unchanged (0° and 0dB). We examine
both cases of continuous and non-continuous grouping and the
results are given in Fig. 19. For each inner iteration, we sample
T = 1000 snapshots. It can be seen from Fig. 19 that when the



environment changes at instants 507" and 1507, both models
can quickly adapt to the new environment by on-line beam
reconfiguration. After convergence, the AG of sparse beam-
space beamformers in the non-continuous grouping model can
reach more than 15.7dB.

VI. CONCLUSIONS

In this work, we proposed a novel cognitive sparse beam-
former design in the framework of regularized antenna switch-
ing. Different from the existing works in the literature, the
proposed beamformer optimization did not require any priori
environmental information and was capable of perceiving the
environment from the real data and swiftly adapting entwined
beamformer geometry and excitation weights according to
environmental dynamics through a “perception-action” cycle.
Specifically, the proposed beamformer replaced one antenna
or beam with other candidates in the same group in the metric
of maximizing the array gain iteratively. To achieve efficient
on-line beamformer reconfiguration, we derived closed-form
formulas to quantify the array gain variation in both metrics of
MPDR and LCMP. Extensive numerical results manifested the
effectiveness of the proposed cognitive sparse beamformers,
especially in dynamic environment.

APPENDIX

Suppose there are 1" snapshots for calculating the covariance
matrix in each iteration and the number of constraints for
LCMP is P. For the element-space beamformer, we compare
the computational complexity of Algorithm 1 with the direct
matrix inversion based LCMP method; while for the beam-
space beamformer, we compare Algorithm 2 with the direct
matrix inversion based MPDR method. The computational
complexity is measured in terms of the number of complex
multiplications.

A. Computational complexity of element-space beamformer.

Algorithm 1 needs to calculate the IGA decrement for each
antenna replacement according to Eq. (41). Each inner loop
of Algorithm 1 can be divided into three parts with their
computational complexity provided as follows.

First, we need to calculate U~} = [CY R”!C_,]!
per Eq. (30). According to Egs. (22)-(26), we can find that
R;ll can be obtained by row and column exchanges from the
previous loop, which does not require complex multiplication.
Thus, 7,, 7,d, and D,, can be obtained directly from R_T_i
And d,, is calculated by 7,,d,, /7, with a complexity of L — 1.
According to Eq. (29), to calculate R_),, we need L x (L —1)
multiplications. Further, Uj@ can be obtained with a complex-
ity of (2/3)P3+P(L—1)?+P?(L—1), where P represents the
number of constraints, or equivalently the number of columns
of the matrix C. Thus, the computational complexity of the
first part is (L+1)x (L—1)+(2/3)P3*+P(L—1)2+P?(L-1),
which can be simplified to O(P3 + P2L + PL?).

Second, according to Eq. (32), the computational com-
plexity of r,, = E{x_,x*} and rp.,, = E{a}x,} are
T x (L—1) and T, respectively. Further, we need to calculate
Tm, dm, and u,, per Eqs. (34), (36) and (38) with the

computational complexity of L(L — 1) + 1, (L — 1)? and
P(L — 1), respectively. Then, the IGA of this antanna can
be calculated via Eq. (41) with P(P + 2) + 3 multiplica-
tions. Thus, for each antenna addition, we need a total of
TL+ (L —-1)(2L+ P — 1)+ P(P + 2) + 4 multiplications.
The computational complexity of the second part for the entire
inner loop is TM L+ M ((L—1)(2L+P—1)+ P(P+2)+4),
which is simplified to O(TML + ML? + MLP + M P?).

Third, after the antenna replacement of one group, we need
to calculate the inverse matrix of the data covariance matrix
associated with the new array, which is used in the next outer
loop. The new inverse covariance matrix can be obtained by
row and column exchange of the R;,ln calculated according
to Eq. (33). The computational complexity of this part is (L —
1)(L + 1), which is of order O(L?).

The computational complexity of one inner loop is the sum
of the above three parts, and the computational complexity of
the entire outer loop can be calculated by,

L{TML+2(L+1)x (L—1)+ §P3 + P(L—1)%+

PYL—-1)+M[L—-1)+2L+P—1)+P(P+2)+4]}
ng?’L + PL? 4+ P?L? 4+ 2ML? + ML?P + P*ML

+TML?, (61)

which is of the order O(P3L+P?L*+PL*+ML3+MPL*+
MP2L + TML?).

For the direct matrix inversion based LCMP method, the
computational complexity is TL? + (2/3)L3 + PL* + P?L +
(2/3)P3+ P?+ P for each antenna update, which is simplified
as O(L3+PL?+ P? L+ P3). Thereby, for an entire outer loop,
the total computational complexity is (2/3)M L* + PM L3 +
P2ML2 +(2/3)P*M L+ P>ML+ PML+TML?, which is
simplified to O(M L4+ PML3+P2ML?+ P ML+TML?).

B. Computational complexity of beam-space beamformer.

Algorithm 2 needs to calculate the AG variation for each
antenna replacement according to Eq. (60). Similar to the case
of element-space, we divide each inner loop into three parts
and calculate their computational complexity respectively.

First, we need to obtain f{:,ll per Eq. (47) and v, _,, per Eq.
(45). Since f{jﬂll can be obtained by permuting the matrix R!
from the former inner loop, we can directly get 7, 7od,, and
D, according to Eq. (46). Then d,, is calculated by 7od,, /Tn
with a complexity of L — 1. And further, we can obtain f{:}l
per Eq. (47) with a complexity of L x (L —1). As for V5 _,,
according to Eq. (45), the computational complexity is (L —
1) x N. Thus, the computational complexity of the first part
is (ML + L+1)x (L~ 1), which is simplified to O(ML?).

Second, we need to calculate r,,, and 7,,,, per Egs. (54) and
(55) using the T snapshots. The computational complexity is
T x (L — 1) and T respectively. Then the AG variation of
adding the mth beam can be calculated per Eq. (60) with a
complexity of L2 + N + 1. Thus, for each beam addition, we
need a total of TL 4+ L? + N + 1 multiplications, and for the
entire inner loop, the computational complexity of the second



part is TML + ML? + M?L + M, which is simplified to
O(TML + ML? + M?L).

Third, we need to calculate the inverse matrix of the new
covariance matrix f{_l, which can be obtained by row and
column exchange of f{;,ln calculated according to Eq. (56).
The computational complexity of this part is (L — 1)(L + 1),
which is simplified to O(L?).

Accordingly, the computational complexity of one inner
loop is the sum of the above three parts, and the computational
complexity of the entire outer loop can be calculated by,

LML+ L+1)(L-1)+TML+ ML*+ M*L+ M
+(L—1)(L+1) ~TML*+2ML? + M?L?, (62)

which is of the order O(TM L? + M L® + M?L?).

For the direct matrix inversion based MPDR method, the
computational complexity is M L? +TL?+(2/3)L3+ L? + L
for each beam update. Then for an entire outer loop, the total
computational complexity is M2L3 + TML? + (2/3)M L* +
ML3 + ML?, which is of the order O(TML? + ML* +
M?2L3).

To sum up, the computational complexities of the two pro-
posed algorithms, the direct LCMP method in element space
and the direct MPDR method in beam space are provided in
Table TABLE 1.
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