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Abstract

We consider an abstract evolution equation with linear damping, a nonlinear term
of Duffing type, and a small forcing term. The abstract problem is inspired by some
models for damped oscillations of a beam subject to external loads or magnetic fields,
and shaken by a transversal force.

The main feature is that very natural choices of the boundary conditions lead to
equations whose linear part involves two operators that do not commute.

We extend to this setting the results that are known in the commutative case, namely
that for asymptotically small forcing terms all solutions are eventually close to the three
equilibrium points of the unforced equation, two stable and one unstable.

Mathematics Subject Classification 2010 (MSC2010): 35B40, 35L75, 351.90.

Key words: Duffing equation, asymptotic behavior, dissipative hyperbolic equation,
magneto-elastic oscillations.



1 Introduction

Let us consider the partial differential equation

1
Uy + OUp + K Upgus + Kolgy — K3 </ u? d:p) Uge = [(t, ) (1.1)
0

in the strip (¢,2) € [0,+00) x [0,1], where ¢, ki, ks, k3 are positive constants, and
f:]0,400) x [0,1] = R is a given function (forcing term).

Equation (ILI]) was derived as a model for the motion of a beam in different physical
systems, for example

e in [7] the beam is buckled by an external load ks, and shaken by a transverse
displacement (depending only on time, in that model),

e in [9] (the so-called magneto-elastic cantilever beam) the beam is clamped ver-
tically at the upper end, and suspended at the other end between two magnets
secured to a base, and the whole system is shaken by an external force transversal
to the beam.

Equation (ILI) may be seen as an abstract evolution problem in a Hilbert space, but
the precise setting depends on the boundary conditions.

The “commutative” case Let us consider equation (ILT]) with boundary conditions
u(t, ) = Uz (t,x) =0  V(t,z) € [0,4+00) x {0,1}, (1.2)

physically corresponding to “hinged ends”. In this case (ILT)) may be seen as an abstract
evolution problem of the form

u" 4 6u' + kyA%u — ko Au + ks| AV2u)? Au = f(t) (1.3)
in the Hilbert space H := L*((0, 1)), where Au = —u,, with domain
D(A) := {u e H*((0,1)) : u(0) = u(1) = 0} .
Up to changing the unknown and the operator according to the rules
u(t) ~ au(ft), A~ yA

for suitable values of «, 3, v, we can assume that three of the four constants in (L3
are equal to 1, and we end up with an equation of the form

u' + '+ A% — NAu + |AV2u)? Au = f(1), (1.4)

depending only on one positive parameter \. We point out that with these choices it
turns out that, up to constants, A?u = gy, with domain

D(A%) :={u e H*((0,1)) : u(0) = uzz(0) = u(l) = uy, (1) = 0} .
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Equation (L4]) can be considered more generally whenever A is a coercive selfadjoint
operator and A~ : H — H is compact. In this case H admits a countable orthonormal
system {e,} made of the eigenvectors of A. The theory has been done when the first
eigenvalues A of A is simple. The behavior of solutions to (4] depends on the position
of A with respect to the eigenvalues of A. When A < \; the operator A% — \A is positive,
the functional

%|A1/2u\2 + i|A1/2u\4 (1.5)
is convex and has a unique minimum point at the origin, and the trivial solution u(t) =0
is the unique stationary solution of equation (L4 in the unforced case f(t) = 0. If
f(t) is asymptotically small enough, then all solutions are asymptotic to each other as
t — 400, and lie eventually in a neighborhood of the origin whose radius depends on
the asymptotic size of the forcing term. We refer to [T}, 5], [4, [§] for significant results in
the convex case

The case with A € (A1, \y) was investigated in [6]. Now the operator A% — \A
is negative in the direction spanned by e;, and positive in the orthogonal space. The

functional £4 4(u) has three stationary points: the origin, which is no longer a minimum
1/2)~1/2
1 .

1
SA,A<U) = §|Au\2 —

point, and two minimum points of the form +oge;, with og = (A — \y)

As a consequence, in the unforced case f(t) = 0 equation (I has three station-
ary solutions: the trivial solution u(¢) = 0, which is now unstable, and the two stable
solutions of the form u(t) = £oge;, corresponding to the minimum points of the func-
tional €4 a(u). In the forced case with an external force that is asymptotically small
enough, all solutions fall eventually in a neighborhood of one of the three stationary
points, within a distance depending on the asymptotic size of the forcing, and any two
solutions that are eventually close to the same stationary point are actually asymptotic
to each other.

When A > \g, the number of stationary points of the functional increases, as well as
the number of stationary solutions to (IL4]) in the unforced case. This regime has not
been investigated explicitly, but the same approach as in [6] is likely to work when all
eigenvalues are simple, i.e. 0 < A\; < Ay < ... or more generally as long as we do not
cross a multiple eigenvalue.

We conclude this paragraph by mentioning two more sets of boundary conditions
that lead to commutative operators.

e The periodic boundary conditions
u(t,0) = u(t, 1), uz(t,0) = u,(t, 1), vt >0,
u:m:<t7 O) = u:m:<t7 1)7 u:m::v(tu O) = u:v:m:<t7 1)7 vt > 07

in which case the operator A acts again as Au = —u,,, but now with domain
D(A) :={u e H*((0,1)) : uw(0) = u(1), uy(0) = uy(1)}.

e Boundary conditions such as

u(t,0) = uge(t,0) =0, Uz (t, 1) = Upe(t, 1) =0 YVt > 0.
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Indeed such a case can be easily reduced to (I.2]) after extending the solution to
the interval (0,2) by means of a reflection with respect to x = 1.

The “non-commutative” case Let us consider now equation (L)) with boundary con-
ditions
u(t,z) = uy(t,z) =0  V(t,z) € [0,+00) x {0,1},

physically corresponding to “clamped ends”. After suitable variable changes, we end up
with an abstract evolution problem of the form

u’ + '+ B — Nu + [AVuP Au = f(t). (1.6)

The Hilbert space H and the operator A are the same as before. Also the operator
B? acts as B*u = uy4., as in the previous case, but now with domain

D(B?) :={u € H*((0,1)) : u(0) = u,(0) = u(1) = u,(1) = 0} .

This makes a great difference, because A? and B? have now different eigenspaces,
and hence they do not commute (note also that, with this choice of the domain D(B?),
the operator B, defined as the square root of B?, does not act as —;).

Nevertheless, the functional has now the form

1 2 Az, Lo
Eap(u) := =|Bu|* — =|AY u|* + = | A" =u|", (1.7)
’ 2 2 4
which is qualitatively similar to (LH). In particular, in Proposition 2.4] we show that
there exist again two positive constants Ay > A\; > 0, which are now the two smallest
eigenvalues of the operator A~1B? (see Proposition 2.7 and the final appendix), with
the following properties.

e When A < ); the operator B? — AA is positive, and the functional €4 5(u) is
convex with a unique minimum point at the origin.

e When \; < XA < )\, the operator B2 — \A is negative in a subspace of dimension
one, and positive in the orthogonal subspace. In this regime the functional £4 g(u)
has three stationary points: the origin, which in no longer a minimum point, and
two minimum points that are symmetric with respect to the origin.

e When A > )\, the operator B? — A A is negative in a subspace of dimension at least
two, and the functional £4 g(u) has more than three stationary points.

In this paper we investigate the regime A € (Ay, A9), and we show that solutions to
(LG have the same qualitative behavior as the solutions to the “commutative” model
(L4) in the corresponding regime.

We conclude this paragraph by mentioning that the non-commutative case is also
the correct setting for dealing with boundary conditions such as

u(t,0) = Uy (£,0) = u(t,1) = u,(t,1) =0 vt >0,
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physically corresponding to a beam hinged in x = 0, and clamped in x = 1. In this case
A is the same operator as before, and B?u = ., with domain

D(B?) = {u € H*((0,1)) : u(0) = uz,(0) = u(1) = uy(1) = 0} .

Unfortunately, the cantilever beam with one free end described in [9] fits neither in
the commutative, nor in the non-commutative setting. That model involves nonlinear
boundary conditions in the free endpoint, and for this reason it deserves a distinct theory
that we plan to investigate in the future.

Structure of the paper This paper is organized as follows. In section 21 we clarify
the functional setting, we state a preliminary well-posedness result for (L6) (Proposi-
tion 2.1), and then we state our main result (Theorem [2.5]) concerning the existence
of three different asymptotic regimes, and a simple consequence (Corollary 2.6). In
section B] we state four auxiliary propositions, where we concentrate the technical ma-
chinery of the paper. In section 4l we prove all the abstract properties of the operator
B?%— A that we need in the paper. Section[Hlis devoted to the proof of the four auxiliary
propositions. Section [6] contains the proof of our main result. In section [7] we show that
the beam equation (LI)) with clamped ends fits in our abstract framework. Finally, in
the appendix we discuss the correct functional setting for the operator A='B? in the
case where A and B do not commute necessarily.

2 Statements
Throughout this paper we always consider equation (L) with initial data

u(0) = up € D(B), u'(0) =u; € H. (2.1)
Well-posedness Rather classical techniques lead to the following well-posedness result

under quite general assumptions on the operators A and B, and on the parameter .

Proposition 2.1. Let H be a Hilbert space, let X be a real number, let f : R — H be
a continuous function, and let A and B be two self-adjoint nonnegative linear operators
on H with dense domains D(B) C D(A).

Let us assume that there exists a positive constant py such that

|Bul* > 1| Aul? Vu € D(B). (2.2)
Then the following statements hold true.

(1) (Global existence and uniqueness) For every (ug,u;) € D(B) x H, problem (1.06)-
(21)) admits a unique global solution

ue C'(R,D(B)NC" (R, H).



(2) (Continuous dependence on initial data) Let {(uon,u1n)} € D(B) x H be any
sequence with
(U(m,uln) — (uo,ul) m D(B) X H,
and let u,(t) denote the solution to (I1.6) with data u,(0) = ug, and u'(0) = uyy,.
Then for every T' > 0 it turns out that

un(t) — u(t) uniformly in C° ([-T,T], D(B)),
ul, () — u'(¢) uniformly in C° ([-T,T), H) .
(3) (Derivative of the energy) The classical energy

1 1 A 1
B(t) = Sl ()P + 5| Bu(t) P — SIAV2u(t)P + 1At (23)

is of class C1, and its time-derivative is

E'(t) = —|u'(t)]* + (' (), f()) vt € R.

Remark 2.2. For the sake of simplicity, in the statement of Proposition 2.1 above we
assumed that the forcing term f(¢) is defined for every t € R. Of course, if f(¢) is
defined only in the half-line ¢ > 0, or in some interval [0, 7], then the solution u(t) is
defined for the same values of t.

In the case where A = B, it was proved that the asymptotic dynamics depend on
the position of A\ with respect to the spectrum of A. When the two operators A and B
are different, and do not commute, it is not immediately clear which set will play the
role of the spectrum of A. From the heuristic point of view, it is useful to consider first
the finite dimensional case.

The finite dimensional case 1f dim H < oo, then the operators A and B are represented
by two symmetric and positive matrices, and the square roots of the quadratic forms
associated to B? and A define two equivalent norms on H. Moreover let us define

S={uecH, |AY2u?=1}
and

A1 := min | Bu/|? (2.4)

ued
then any minimizer u of (2:4)) satisfies

B*u = \ Au. (2.5)

In particular, )\; is the smallest eigenvalue of the matrix A='B2, and the set of
minimizers of (2.4]) spans the corresponding eigenspace. From the definition of A; it
follows also that the matrix B? — \A is positive for every A < ;.
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Now let us choose a minimizer e; € ¥ of (2.4) and let us set
Yy ={uecH, [Au]*=1, (u,Ae;) =0}

and
Ap := min |Bul®> > \;. (2.6)
uely

Then it turns out that A, is the second smallest eigenvalue of A~'B2, and the set
of minimizers of (2.6]) is the corresponding eigenspace. If the strict inequality Ay > A\
holds true (and this happens if and only if A\; is simple), then for every A € (A1, \2) the
matrix B? — \A has exactly one negative eigenvalue, while all remaining eigenvalues are
positive. In this case one says that the negative inertia index of B2 — \A is 1.

For A > )y, the matrix B2 — A\A has at least two negative eigenvalues.

This process can be carried on, thus showing that the number of negative eigenvalues
of B2 — \A increases when \ crosses the eigenvalues of A~1B2.

Operators with gap condition In the following definition we extend to infinite dimen-
sions the framework described above.

Definition 2.3 (Pairs of operators with gap condition). Let H be a Hilbert space, and
let A\; < Ay be two positive real numbers. We say that two operators A and B satisfy
the (A1, A2) gap condition, and we write (A, B) € G(H, A1, \a), if

e A and B are self-adjoint linear operators on H with dense domains D(B) C D(A),
and there exists a positive constant p; for which (2.2) holds true.

e there exists a positive real number ps such that

|AYV2u2 > polu>  Vu € D(AY?), (2.7)

e there exists e; € D(B?), with |AY/2e;| = 1, such that
l32€1 = A114€1 (2.8)

and
|Bu|? > X\y| AY2u)? Vu € {x € D(B) : (x, Ae;) = 0}. (2.9)

In the following result we collect all the properties of this class of operators that we
need in this paper.

Proposition 2.4 (Properties of pairs of operators with gap condition). Let H be a
Hilbert space, let A\y < Ao be two positive real numbers, and let (A, B) € G(H, A1, \2).
Then the following statements hold true.

(1) For every X € R the operator B*> — \A is self-adjoint as an unbounded linear
operator in H with domain D(B?).



(2) For every A < \; the self-adjoint operator B*> — \A is positive, namely
|Bul* = M AY2u> >0  Vue D(B)\ {0}. (2.10)
(3) For every X € (A1, \2) the operator B2— XA has negative inertia index equal to one.

More precisely, there exist a positive real number \g, and an element ey € D(B?)
with |eg] =1 (both Ao and ey do depend also on \), such that

3260 — )\AGQ = —)\060, (211)
and there ezists a positive constant us (again depending on \) such that
|Bu|? — A AY2u|?> > pg| Bul? Vu € {x € D(B) : (z,e9) = 0}. (2.12)
(4) For every A € (A1, \a) the functional €4 p(u) defined in (1.7) has three stationary
points, namely the three solutions to the equation

B%u — Mu + |AY?u? Au = 0.

These three solutions are 0 and £ogey, where ey is the vector that appears in (2.8)

and (2.9), and
gg - — \/)\—)\1. (213)

(5) If Ny is the largest constant for which (2.9) holds true, then for every X > Ao the
operator B% — \A has negative inertia index at least two, namely there exists a
two-dimensional subspace V- C D(B) such that

|Bu|> = N\|AY?02 <0 VweV\{0}. (2.14)
Main result From now on, we always consider problem (LG)—(2.1]) under the following
assumptions, which we briefly call standard assumptions:

e H is a Hilbert space,

e 0 < A\ < Ay are real numbers,

e (A, B) € G(H, A1, \o) is a pair of operators satisfying the gap condition,
e )\ € (A, \) is a real number,

e f:[0,400) — H is a bounded and continuous function.
Our main result is the following.

Theorem 2.5 (Asymptotic behavior of solutions with small external force). Let us
consider problem (1.8)-(21]) under the standard assumptions presented above. Let oy
be the constant defined by (2.13).
Then there exists two positive constants g and My, independent of the forcing term
f(t) and of the solution u(t), for which the following statements hold true whenever
limsup | f(t)] < eo. (2.15)

t——+00



(1) (Alternative) For every solution u(t) to (I4), there exists o € {—0¢,0,00} such
that
limsup (Ju' ()| + | B(u(t) — oe1)|) < Mo limsup |f(t)]- (2.16)

t——+o0 t——+o0

(2) (Asymptotic convergence) If u(t) and v(t) are any two solutions to (1.8) satisfying
(Z18) with the same o € {—0¢,0,00}, then u(t) and v(t) are asymptotic to each
other in the sense that

. / / —
Jim (1(0) = /(0] + 1B = o)) = 0 1)
(3) (Solutions with o = +0¢) The set of initial data (ug,uy) for which the solution to
(1.8)-(21) satisfies (216) with a given o € {—00,00} is a nonempty open subset
of D(B) x H.
(4) (Solutions with o = 0) The set of initial data (ug,u;) for which the solution to
(I8)-(21) satisfies (218) with o = 0 is a nonempty closed subset of D(B) x H.

When there is no external force, or the external force vanishes in the limit, then all
solutions tend to one of the three stationary points of the functional £4 p(u).

Corollary 2.6 (Asymptotically unforced equation). Let us consider problem (I.6)-(21)
under the standard assumptions presented before Theorem [2.3.
Let us assume in addition that

lim f(t)=0  in H.

t—+00

Then there ezists o € {—00,0,00} such that

lim (| ()] + | B(u(t) — oer]) = 0.

t——+

Application to the beam equation with clamped ends The abstract results stated in
Theorem and Corollary can be applied to the beam equation (IL1]) with clamped
ends. To this end, it is enough to show that the relevant operators A and B fit in the
framework of Definition 2.3

Proposition 2.7 (Abstract setting for the beam with clamped ends). Let us consider
the Hilbert space H = L*((0,1)), the self-adjoint positive unbounded operator A on H
defined by Au = —uy, with domain

D(A) := H*((0,1)) N H,((0,1)),

and the self-adjoint positive unbounded operator B on H such that B*u = Uy, with
domain
D(B?) := H*((0,1)) N HF((0,1)).

Then it turns out that (A, B) € G(H, A\, \a) with \; = 47 and Xy = 4a3, where
ay € (m,3m/2) is the smallest positive real solution to the equation tana = «.
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3 Auxiliary results

In this section we state four auxiliary results that correspond to the key steps in the
proof of Theorem
To begin with, we introduce the operator

Ru = u — 2(u, ep)eg Yu e H, (3.1)
where eq is a unit vector satisfying (ZI1]). We observe that R is the bounded operator
on H such that Req = —ey and Rv = v for every v orthogonal to ey. Then we set

1 2 -
0= (1 + Pml/%o\) : (3.2)
2

where 15 is the constant that appears in (Z7), and we define the operator
Pu:=u+0Ru  YueH. (3.3)

Finally, we choose a positive real number 7, such that

1 o

< — < -
=951 20) =510 (1+9)

where p1, Ag and p3 are the constants that appear in (2.2), (2.11) and (Z12)), respectively.
For every solution u(t) to (LO), we consider the classical energy FE(t) defined by
[23), and the modified energy

F(t) := E(t) + 270(Pu(t), u'(t)) + 70 (Pu(t), u(t)). (3.5)

In the first result we prove that the energy F(¢) of solutions to (L)) is bounded for
t large in terms of the norm of the forcing term. As a consequence, all solutions are
bounded in D(B) x H.

min { f5p1 13, Ao } (3.4)

Proposition 3.1 (Ultimate bound on solutions). Let us consider problem (1.6)-(21)
under the standard assumptions presented before Theorem [2.3. Let F(t) be the energy
defined in (3.3).

Then there exists a positive constant M, independent of the forcing term f(t) and
of the solution u(t), such that

limsup F(¢) < M, limsup |f(t)|?, (3.6)
t—+o00 t—+o00
and there exist two positive constants My and Ms, again independent of f(t) and u(t),
such that
limsup (|u'(t)|* + |Bu(t)[?) < M, + Mslimsup | f(t)*. (3.7)
t—+o0 t—+o00

In the second result we deal with solutions u(t) such that |u(t)| is eventually smaller
than a universal constant. We show that the norm of these solutions in the energy space

is asymptotically bounded by the norm in H of the forcing term.
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Proposition 3.2 (Solutions in the unstable regime). Let us consider problem (1.6)-
(21) under the standard assumptions presented before Theorem [2.3.

Then there exist two positive constants By and My, independent of the forcing term
f(t) and of the solution u(t), for which the following implication is true:

limsup |f(t)] <1

e — |limsup (Ju/(t)] + [Bu(t)]) < Mylimsup |f(£)]|  (3.8)
lim sup |u(t)| < By t—-+o0 t—+o0
t—+o0

In the third result we deal with solutions that, at a given time, are close to one of the
stable stationary points of the functional (7). Here “close to a stationary point” means
that the energy E(t) is negative at the given time. We show that these solutions lie
eventually in a neighborhood of the same stationary point, within a distance depending
on the norm in H of the forcing term.

Proposition 3.3 (Solutions in the stable regime). Let us consider problem (1.6)-(21)
under the standard assumptions presented before Theorem[2.3. Let ey be the vector that
appears in (2.8) and (2.9), and let E(t) be the energy defined in (2.3).

Then for every n > 0 there exist two constants €1 > 0 and My > 0, independent
of the forcing term f(t) and of the solution u(t), for which the following implication is
true:

3Ty > 0 such that
sup | f(t)| <e1, E(Ty) < —n

t>To

U (3.9)
Jo € {09, —00} such that
limsup (Ju'(t)] + | B(u(t) — oe1)|) < Mslimsup |f(t)]
t——+o00

t——+o0

Moreover, when the assumptions in the upper box of (3.9) are satisfied, it turns out
that

and as a consequence the sign of o coincides with the sign of (u(Ty), Aey).

In the last result we show that any two solutions to (L6l that are close enough to
the same stationary point of the functional (7)) are actually asymptotic to each other.

Proposition 3.4 (Close solutions are asymptotic to each other). Let us consider prob-
lem (I0)-(21]) under the standard assumptions presented before Theorem [2.].

Then there exists ro > 0 with the following property: if u(t) and v(t) are two solutions
to (1.48), and there exists o € {—00,0,00} such that

litmsup (|'@)] + | Bu(t) — oer)| + [v'(t)| + | B(v(t) — oe1)]) < ro, (3.11)

—+00

then u(t) and v(t) are asymptotic to each other in the sense of (2.17).
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4 Some linear algebra in infinite dimensions

A fundamental tool in [6] was considering the components of a solution u(t) with respect
to the eigenspaces of A. Due to the presence of two operators, in this paper we are forced
to consider different decompositions of the Hilbert space H in different parts of the proof.
In this section we introduce the decompositions that we need in the sequel, we state
their basic properties, and we prove the linear algebra results of Proposition 2.4l

4.1 Decomposition of the space in the stable regime

Let e; be the vector that appears in (2.8)) and (2.9). We consider the decomposition
H=W_0oW., (4.1)

where W_ is the one-dimensional subspace spanned by e;, and W, is the subspace
orthogonal to Ae;. We point out that this is a direct sum, in general not orthogonal in
the sense of H (but orthogonality is true in the sense of D(A'?) for vectors belonging
to D(A'?), both projections remaining in D(A'?)). Every vector u € H can be written
in a unique way in the form

U= oep + w,

where o € R and w € W, are given by
a = (u, Aey) and W= u— ae.

Due to (2.8)), it turns out that

(w, B%e1) = M\ (w, Ae;) = 0 Yw e W, (4.2)
from which it follows that
|AY2|? = o 4 |AV?w)|? (4.3)
and
|Bu|* = o®|Bey |* + |Bw|* = \a* + |Bwl|? (4.4)
for every u € D(B). Moreover, from (2.9) we deduce that
Ay — A A Ay — A
|Bw|?> = Z2—Z|Buw|? + = |Buw|? > 22| Bw|? + A A?w]?
Ao Ao Ao
for every w € D(B) N W, and in particular
Ay — A
|Bw|? — A\|AV?w|? > 2)\72|Bw|2 Vw € D(B)NW,. (4.5)

From (4.3)), (4.4)), and (2.I3)) we deduce that, if A > Ay,
|Bul|? — M AY2u> = (M — N)a?+ |Bw|* — M AY?w|?
= —02a® + |Bw|* = M| AY?w]%. (4.6)
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4.2 Proof of Proposition 2.4

Statement (1) We have to prove that the operator B2 — \A is self-adjoint with domain
D(B?). To this end, it is enough to prove that the operator B*u—\Au+mu is symmetric
and maximal monotone with domain D(B?) for some real number m (here we exploit
that a symmetric maximal monotone operator is self-adjoint, and that the sum of a
self-adjoint operator and a bounded symmetric operator is again self-adjoint).

The symmetry is trivial, and therefore we can limit ourselves to check monotonicity
and maximality.

e We claim that B*u — AAu + mu is monotone when m is large enough. If A < 0
the conclusion is true even with m = 0. If A > 0 we exploit the inequality

1
|AY202 = (Au,u) < %|Au|2 + 5ol YueD() ¥e>o,
£
and from (2.2) we deduce that
(B?u — Mu +mu,u) = |Bul* — NAY?u|? + m|u|?

e A
> | Aul® — 7|Au\2 — 2—€|u|2 + m|ul?.

A
At this point it is enough to choose € = 2u; A~ and m > %
€

e We claim that B*u — AAu + mu is surjective from D(B?) to H when m is large
enough, namely that for every f € H there exists u € D(B?) such that

B*u — Mu +mu = f. (4.7)

To this end, we exploit a fixed point technique. For every v € D(A), the equation
B*u+mu = Av + f (4.8)

has a unique solution v = T(v) € D(B?) C D(A). This defines a function
T : D(A) — D(A). Any fixed point of T lies in D(B?), and is a solution to
(@1). Let vy and ve be in D(A), and let us set u; = T'(v1) and ug = T'(vq). From
(4.8) we obtain that

| B(ug — uy)|> + m|ug — uy|? AMA(vg — 1), ug — ug)

S )\|A(1)2 — 1)1)| . |U2 — U1|
)\2
< A —e)P + S — il

Recalling (2.2]), when m is large enough we deduce that
1
[Aluz = wn)[* + |uz —w]* < 5l Av2 — v,

and hence T is a contraction in the Hilbert space D(A). This proves that the
operator B*u — AAu + mu is also maximal with domain D(B?).
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Remark 4.1. The sum of a maximal monotone operator L; and a monotone operator
Ly dominated by Lj, with the same (or larger) domain, is again maximal monotone
(see [3, Proposition 2.10]). Therefore, we can give an alternative proof by writing

2 1
B?u — Mu + mu = gBQu + gBQU — Mu + mu,

and applying the abstract result with Liu := %BQU and Lou := %BQU — Mu 4+ mu. It

is enough to check that Lo is monotone and dominated by L;, and this can be done as
we did in the first item of the previous proof.

Statement (2) Let us write any element v € H in the form u = ae; + w according to
the direct sum (.1). From (@3]), (£4) and (2.9) it follows that
|Bul?> = A AYV2u> = (A — N)a? 4 |Bw|* = A\ AY?w)?
(A = N)a? 4 (A — V)| AY 2
0,

AVARAY)

with strict inequality if either a # 0 or w # 0. This proves (2.10).

Statement (3) — Computation of the negative inertia index For every X > \;, the
operator B2 — \A is negative in the one-dimensional subspace of H generated by e;.
We claim that, if A < A, the same operator cannot be negative, or even just less
than or equal to 0, in any subspace of H of dimension at least two. Indeed, any such
subspace contains a vector v # 0 with (v, Ae;) = 0, and for this vector it turns out that

|Bu|? — A|AY20]2 > | Bu|? — M| AY?0]2 > 0,

where the second inequality follows from (2.9).

Statement (3) — Ezistence of an eigenvector with negative eigenvalue According to the
spectral theory (see for example [10, Theorem VIII.4]), we can identify H with L*(M, u)
for some measure space (M, p1) in such a way that under this identification the operator
B? — \A becomes a multiplication operator. This means that there exists a measurable
function A(§) in M with the property that, if u(¢) € L*(M, ) corresponds to some
u € H, then \(&)u(€) corresponds to B?u — AAu.
Let us consider the set
N:={{e M:\¢&) <0}

We claim that pu(N) > 0, and A() is equal to some negative constant —\, for
almost every ¢ € N. If we prove these claims, then the vector ¢y € H that under
the identification corresponds to the characteristic function of N is an eigenvector of
B? — \A with eigenvalue —\.

In order to prove that p(N) > 0 it is enough to observe that otherwise the operator
B? — \A would be nonnegative in H.
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In order to prove that A(£) is essentially constant in N, let us assume that this is
not the case. Then there exists a real number A\, < 0 such that the two sets

Ny={€eN:A6 <A} and No:={£€N:AE>\}

have positive measure. In this case the two vectors u; and wuy corresponding to the
characteristic functions of N; and Ny would be two orthogonal vectors that span a two-
dimensional subspace of H where B? — AA is negative, and we already know that this
is not possible when X\ € (A1, A9).

Statement (3) — Estimate in the orthogonal space Let us prove that (2.12) holds true

if we choose
< mi A2 — A Ao
min .
H )\2+)\’2)\|A1/2€0‘2+)\0
To this end, let us assume that it is not the case. Then there exists v € D(B) with

(4.9)

(v,e0) =0 and  |Bu|*> — M\|AY?v| < pus|Bv|*. (4.10)
Let us set 1+
DY (4.11)
L= ps

and let us observe that A < A, because of the first request in the definition of 3.

Now we show that the operator B? — AA is less than or equal to 0 on the two-
dimensional subspace of H spanned by ey and v, which we already shown to be absurd.
To this end, we take a generic vector u = aeg + fv, and with some computations we
obtain that

|Bul> — NAY2u)? = |Bul® — MAY?u2 — (X — A)|AV2y)?

= —Xoa? + B2 (|Bv]* — A\|AY?0)?)

—(X — ) (| AV 2ep|* + B2 AY20|? + 2a8({A ey, AY?0)) .

Now from (A.9) and (4.10) we deduce that

)\0 ~ 4)\[13
_ —A) >
|Al/2eq? ta-N2 1 — ps

Y

A
|Bu|? < ———|AY2y)? and
1 — ps
and keeping (A1) into account we conclude that

Bul2 = N AYV2u12 < _a2 0 N AY20.12 _ 32 N AL/24)2
Bup - < —a{ oot (o b aal - g {3 - 2
+2(3 = Nla] - 8] - |4 e | - | A 20|
A3 2
< = (2la] - [APeo| - [B] - |AM0])
L= ps
0.

IA
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Statement (4) Let us set u := |AY?u|?, and let us look for nonzero solutions to equation
B*u — (A — p)Au = 0. (4.12)
Let us write as usual u = ae; + w according to the direct sum ([1). Then equation
(4.12) reduces to
aB?e; — (A — p)ade, + B*w — (A — p)Aw = 0.
Due to (2.8), taking the scalar product of this equation with w we obtain that
Bul? = (A — )| AY2u?

Since A — p1 < A9, this is impossible if w # 0 because of (2.9)). It follows that u = ae;
for some a # 0, and
aB?e; — (A — p)ade; = 0.

Keeping (2.8) into account, we conclude that
M=A—p=\—|AV2u> =\ - a2

which implies that o = £0y, with o given by (2I3)).

Statement (5) If Ay is the largest constant for which (2.9) holds true, then for every
A > Ay there exists a vector v # 0 (possibly depending on \) such that (v, Ae;) = 0
and |Bv|* < A AY2v]2. At this point it turns out that (2I4) holds true in the two-
dimensional subspace of H spanned by e; and v.

4.3 Decomposition of the space in the unstable regime

Let us consider the operator L := B? — M\A, which we know to be self-adjoint with
domain D(L) = D(B?). Since A € (A1, \2), from statement (3) of Proposition 2.4 we
know that L has a negative eigenvalue —\q. Given a corresponding eigenvector eq with
unit norm, we write H as a direct orthogonal sum

H:=H ®H,, (4.13)

where H_ is the one-dimensional subspace spanned by ey, and H, is the subspace
orthogonal to ey. In this way any vector u € H can be written in a unique way as the
sum of a low-frequency component u_ € H_ and a high-frequency component u, € H,,
where of course

u_ = {u,eq) € and  uy=u—u_.

We point out that H_ and H, are invariant subspaces for L, but they are not
necessarily invariant spaces for A or B.
From (212 we know that L is a positive operator when restricted to H,, and

|LY2ul? > ps|Bu*>  Yu € D(B)NH,. (4.14)
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Since from (2.2)) and (2.7) we know that
|Bul® > | Aul? > pupo| AV?ul® > pp3lul® - Yu € D(B), (4.15)

from (@I4) we can derive estimates for |u|, |A/?u| and |Au| in terms of |L'/?u]| for every
we D(B)NH,.

5 Proof of auxiliary results

5.1 Useful ultimate bounds

In this subsection we recall three results concerning ultimate bounds that are crucial in
the sequel. For a proof we refer to [6, Section 4.1] and to the references quoted therein.

Lemma 5.1. For every bounded function ¢ : [0,+00) — R of class C there exists a
sequence t, — +00 of nonnegative real numbers such that

lim ¢(t,) = limsup ¢(t) and lim ¢'(t,) = 0.

n——+o0o t—40co n—~+0o00

Lemma 5.2. Let m be a positive real number, let 1) : [0,+00) — R be a continuous
function, and let y € C?(|0,+00),R) be a solution to

y' (1) +y'(t) — my(t) = (t).
Let us assume that both 1(t) and y(t) are bounded.
Then it turns out that

1
limsup |y(¢)] < — limsup |[¢(t)],
m

t—+o0 t——o0

limsup |y (¢)] < 2limsup [¢(2)].
t

t—+o00 —+o0

Lemma 5.3. Let X be a Hilbert space, and let L be a self-adjoint linear operator on X
with dense domain D(L). Let us assume that there exists a constant m > 0 such that

(Lx,x) > ml|x|? Vo € D(L).
Let ¢ : [0, +00) — X be a bounded continuous function, and let
y € C°([0,+00), D(L?)) N C" ([0, +00), X)

be a solution to
y"(t) +y'(t) + Ly(t) = (t).
Then it turns out that

limsup (Jy/(¢)]* + |£1/2y(t)|2) < 9max {1, %} -lim sup |2 (t)]?.

t—+00 t——+o00
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5.2 Useful estimates for functionals and energies

In this subsection we collect some identities and inequalities that are needed several
times in the sequel.

Let R and P be the operators defined in (3.1) and (B.3). Let us consider the orthog-
onal direct sum (£I3]). Then it turns out that

R —u fue H_, d p (1—=06)u ifueH_,
g n g
! w ifueH,, Tl A+ ifued,.

As a consequence we obtain that
(1 —8)|ul* < (Pu,u) < (1+0)|ul* VueH, (5.1)

and

(1 —=6)(Pu,u) < |Pul* < (1+0){(Pu,u) VuéeH. (5.2)
Let us consider the functional £4 g(u) defined in (7). Since

we obtain that ) \2
Eaplu) > é\Bu|2 -7 Vu € D(B), (5.3)

and analogously

1,00 1 , A2
—|u'(¢ —|Bu(t)|* — —.
Sl @OF +5Bu(®)]” — -

Let us write now w in the form ae; +w according to the direct sum (4.J]). Then from

[@3), ([@4), and ([@5H) we deduce that

1 1 1 A
Eaplu) = ZO/1 - 5030? + §|Bw|2 - §|Al/2w|2

E(t) > (5.4)

1 1
+ Z|A1/2w|4 + 5aQ i |A1/2w|2

1, 1.,, 1x—A

1% ~ 5700 + 5 N

> Buwl?. 5.9
S |Bul (55)

This shows in particular that
L,
Eaplu) > —790 Yu € D(B),

with equality if and only if u = £0geq, and in addition

1A — A

- Bwl|?. .
5 | Bw| (5.6)

5A,B(u) +



5.3 Proof of Proposition [3.1]

FEstimates on F(t) from above and below Let us consider the energy F'(t) defined in
(33). We prove that

A 1
AV + 4

-3l AD]+ 2901+ OB (5.7)

F(t) < Sl () + 5| Bu(t)

and
A

F(t) > 3 (0P + 5 Bu(d)l’ ~ 3

1
AY2u(0)P + 1A (o) (5.5)
Indeed, from (5.2)) it follows that

[2(Pu(t), w'(t))| < (1 + o) (t)]* + ﬁIPU(tH2 < (L)) + (Pu(t), u(t)).

Plugging this inequality into (B.3]) we deduce that
1 1 A
PO < (542040 WOF + HlBuF - 514 (0P

+ AU + 20 Pult), u(r) (5.9)
and

P = (5 =01 +9) WO + HIBu)? - IAPOP + {40 (510

Finally, we observe that (8.2)) and (8.4) imply in particular that vo(1+6) < 1/4. At
this point, (5.7) follows from (5.9) and (5.1]), while (5.8) follows from (5.10).

Estimates for the operator R We show that

1
O|(Ru, Au)| < §\A1/2u|2 Yu € D(AY?), (5.11)
and
(Ru, (B* = AA)u) > min { g3p1ps, Ao} - Jul® Yu € D(B). (5.12)
Indeed, since |(u,ep)| < |ul, from (Z7) it follows that
|AY2Ru| = ’Al/Qu — 2(u, €0>A1/2€0’
< |AY2ul + 2Jul - |AY 2|
2
< ‘Al/2u| + W|Al/2u‘ . |Al/2€0‘7
Ho

and therefore

1/2
MQ/

(Ru, Au)| < [AV2Ruy| - |AY2y] < (1 + i\AW@O\) A2y,
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At this point, (5.11]) follows from (3.2).
In order to prove (5.12), we write u as u; +u_ according to the decomposition (EI3]).

Since H_ and H, are invariant subspaces for B? — A, from (Z.11)), (Z12) and (£I5) it
follows that

(Ru, (B* = AA)u) = (uy —u_,(B* = XA)uy + (B* — AA)u_)
= (uy, (B®> = XA)uy) — (u_, (B* = MA)u_)

v

s Bu [+ Mou

v

paptpfon us | + Aofu|?,
which implies (5.12]).
Differential inequality solved by F(t) We prove that
F'(t) < =4y F (@) +|fO))? vt>o0. (5.13)

To this end, we compute the time-derivative of F'(t) and we exploit (L) and (B.3]).
We obtain that

F'(t) = —Ju'(t)]* + 270 (Pu/(t), (1))
+HW'(t), f(1)) + 2v0(Pul(t), f(1))
=270 (|Bu(t)* — M A ?u(t)|? + [A2u(t)|)
~2700(Ru(t), (B — AA)u(t)) — 2700 A 2u(t)[* - (Ru(t), Au(t)).
Let Ly, Ls, L3, Ly denote the terms of the four lines. From (5.]) and the first
condition in (3.4 we obtain that

Ly <~ + 2L+ O < — (5 + 300 W0

From (5.)) and (5.2]) we obtain that

Ly < SWOP+ S0P +23Pu) + 51O

1
< SWWOF + 2951+ 0] + f (0"
Finally, from (5.12)), (5.11) and the second condition in (3.4]) we obtain that
Ly < —2yodmin {p3pps, o} - [u(t)]* + yol AV ?u(t)]*

< 2955+ 0)(1+6) - [u(®)? + ol AV ()]

Plugging all these estimates into the expression for F'(t), and keeping (B.7) into
account, we deduce (B.13)).
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Conclusion Integrating the differential inequality (5.13]), and letting t — +oo, we
obtain ([B.6) with M; := (470)~!. Finally, from (5.8) and (5.3)) we obtain that

|u'()|? + |Bu(t)|* < XN +4F(t) Vvt >0,
and therefore (B7) with My := A\? and M3 := 1/ is a consequence of (3.6). O

5.4 Proof of Proposition

Choice of parameters According to the direct orthogonal sum (LI3), any solution wu(t)
to (L) is the sum of a low-frequency component u_(t) € H_ and a high-frequency
component u, (t) € Hy. Let L denote as usual the operator B? — \A.

The high-frequency component is a solution to

W) (8) + L (8) + | A2 (8) 2(Auy (8) 5 = v () + valt), (5.14)
where
Git) = A2 (O (Au_ ()5 — 2(A 2 (1), AV (8) (Au_(8)) 4
(A (1), A2 (D) (Aus (1)) — |AY2u () 2(Auy (1)1, (5.15)
and
Ua(t) = [ (t) — AP ()P (Au-(1))+- (5.16)
The low-frequency component is a solution to
ul () +ul () = Aou—(t) = 3(1), (5.17)
where
Ua(t) = f-(t) — [A2u(t) P(Au(t) - (5.18)

We recall that H_ and H, are not necessarily invariant subspaces for A, and for this
reason we have to deal with terms of the form (Au(t))+ in the previous equations.
Now let us set

. 1 pi5pn s
— = 5.19
§a! min { 247 14 ) ( )
let us consider the two constants
2 1 \*?
Fl = (— ) , FQ = 210 Pl . |A60|6,
Y1 M1 43
and let us choose By > 0 small enough so that
2. 24284 . | Aey|? < %Mug, (5.20)
and \
1635 - | A 2e|* + AToff5 - |APeo] < 2, (5.21)

We claim that, whenever f(t) and u(t) satisfy the assumptions in the left-hand side
of (B.8)) with this value of 5y, the solution u(t) satisfies the estimates in the right-hand
side of (3.8)) for a suitable constant M, independent of u(t) and f(¢). In the sequel we
always assume that f(¢) and u(t) satisfy the estimates in the left-hand side of (B.8)).
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Estimate on right-hand sides From the assumptions in the left-hand side of (3.8)) we
deduce that there exists t; > 0 such that

lu(t)| < 26 Yt > 1, (5.22)
|f)] <2 vVt > t. (5.23)
We prove that for every t > t, it turns out that
[1(8)] < 2405 - | Aeo| - [Au(2)] (5.24)
[a(8)] < £+ (1) + 455| Aeo | - [u—(2)], (5.25)
[Us(t)] < [f-()] + 1665|A2eo|* - [u_(t)] + 4| A 2eo| - [AV2ur (t). (5.26)

To begin with, from (5.22)) we deduce that for every ¢ > ¢, it tuns out that

u_(1)[? < 482, (5.27)
Au_(8)]? < 4633| Ael?, (5.28)
[AY2u_(8)]2 = (u_(t), Au_(t)) < 45| Ac. (5.29)

Exploiting (5.22]), and (5.27) through (5.29]), we estimate the four terms in the right-
hand side of (5.15]), which for the sake of shortness we denote by T4, Ts, T3, Ty. For the
first term it turns out that

Ta| < uy (D] - [Aug ()] - [Au_ ()] < 260 - [Auy (1] - 260] Aol
For the second term it turns out that
1| < 2| Auy (0)] - Ju- ()] - |Au_(1)] < 2| Auy (E)] - 260 - 260] Aeo)-
For the third term it turns out that
Ts| < 2Juy ()] - [Au_ ()] - [(Aup () 1] < 450 - 260|Aeo| - [Au (t)].
For the fourth term it turns out that
T2 < [AYPu (6 - [(Aug (1)+] < 455] Aeol - [Auy (t)].

Plugging the last four inequalities into (5.15]) we deduce (5.24]).
Let us consider now 15(t). From (5.29) we obtain that

A 2u ()P (Au-(1)+] < AP0 - |Au_(1)]
< 45 Aeo| - |u_ ()] - | Aeo|-

Plugging this estimate into (B.16) we deduce (5.25]).
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As for 13(t), we observe that
(Au(t))_ = (Au(t), eg)eq = (AYV?u(t), AY?ey)eq,

and therefore

[AY2u(t) 2(Au(®))-] < [AY?e| - |AV2u(t)?
< |AYV2eq] - (JAYu_(t)] + [AY2us (1))
< | AY2eq - (Au ()P | AV 2o + 4| AVPu (1))
< 4|AY2egt 4B u_(t)] + 4| AV eg| - |AY2uy (1))

Plugging this estimate into (5.I8) we deduce (5.20]).

Estimates on the high-frequency component We prove that

2
limsup (v, (8)]* + [LY2up (8)]?) < = limsup [¢a(8) [, (5.30)
t—+o0 Y1 t—4oo
and
lim sup | AY2u (t)]* < 16Ty - limsup | ()] + To55 - lim sup |u_(t)]. (5.31)
t—+o00 t—+o00 t——+o00

To this end, we consider the energy
1 1 1
Fi(t) = Sl (OF + Sl LPu (0 + AP u ()

+ 271w (1), () + mlus (D).

Since
|2(uy (8), ! (0))] < Jug (6)]* + [ (),

this energy can be estimated from below by

Fo(t) > (; - %) W (O + 5L 0 (1) (5:32)

and from above by
1 1 1
Fi(t) < (5 + ’Vl) [y (OF + 1L 2u () + 1A Pu (O + 2nfuc (0. (5.33)

Let us compute the time-derivative of F'y (¢). Keeping (514 into account, we obtain
that (for the sake of shortness, we omit here the explicit dependence on t)

Fl = —(1 =2y, )? = 21| Ly |? — 271 | AV P |t
+ (Ul ) + (W, 2) + 271 (ug, ) + 291 (ug, ¥a). (5.34)
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We point out that in the computation we exploited identities such as

(!, (1), (Aus(8)4) = (W (1), Aug (1)),

and
(g (1), (Auy () 4) = (ug (1), Auy () = [A7Puy (8).

Now we estimate the terms in (5.34]). As for the terms with 5(¢), we simply observe

that
1

(L (0),102(0)) < SO + S0,
and
2 (0) 60)) < 23 (O + Sl
In a similar way, for the terms with ;(t) we observe that

(W (£), 01 (8) < Sl (O + [ (D],

and
291 (uy (8), 1 (1)) < APlug (87 + [ (8]

Plugging all these estimates into (5.34]), and keeping (5.24]) into account, we conclude

that
1

FL() < - ( - 271) [y ()] = 2| L2 (1) = 232 | A2 (1))

4
301 lus () + 2 24285 - [Aeol* - [Aur () + [ta(t)]”
for every t > ty. Now we claim that
FL(t) < —231Fy () + [t (8)? vt > .
To this end, keeping (5.33]) into account, it is enough to show that

1 3y
(5 -3 —202) WO + A s 0+ 2 0

T2 (O] — 2- 2428 - |Aeof? - [Aus ()P > .

(5.35)

(5.36)

The coefficient of |u/ (¢)|* is positive because v, < 1/24. Moreover, from (€14,

(413), and the second condition in (5.19) it turns out that

T 4!
5|L1/2u+(t)\2 > 5u§u1u3 Jug ()] = T |uy (1),

while from (5.20) it follows that

4! 4!
T2 (OF = Tpps - |Aus ()2 2 2 24288 | Aeol? - | Aus (1)

23



This completes the proof of (B.30), and therefore also of (B.30). Integrating this
differential inequality we deduce that

1
limsup Fy (t) < o lim sup [¢(t)[?

t——+o00 Y1 t—+oo

Since y; < 1/4, this inequality and (5.32)) imply (5.30).
It remains to prove (5.31]). As usual, from (AI4)) and (EIH) we obtain that

[LPuy ()2 > papapa AVPui (1)),

and therefore from (5.30]) we deduce that

1 3/2
limsup |AY?u, (t)? < ( ) lim sup | LY (t)[?

t—400 Kb 3 t—+00
< Ty limsup | (t)]2 (5.37)
t—+o00

On the other hand, from (5.28), (5.27) and (5.23]) we obtain that
[a(t)® < A[f()F +4- 6467 - |Aeo|® - [u—(t)]
< 16| f(t)] + 28 - [Aeol® - u—()]

for every t > to. Plugging this estimate into (5.37), and letting t — 400, we obtain

(5.310).

Estimates on the low-frequency component We prove that

2(1+64T,|AY2
lim sup |u_(t)| < ( 1|4 eol) lim sup |£(£)]. (5.38)

t—+o0 )\0 t——+o0

To this end, we recall that u_(¢) is a solution to (5.I7). Since both the solution u_(t)
and the right-hand side 3(t) are bounded for positive times, this equation fits in the
framework of Lemma [5.2 from which we deduce that

1
limsup |u_(t)] < " lim sup [13(2)]. (5.39)

t——+o00 0 t—+4o0

On the other hand, from (5.26) and (5.31]) we know that

limsup |¢3(t)] < limsup |f(t)] + 1683|A?eo)* - lim sup |u_(¢)]

t—+o0 t—+o0 t——+o0

+4|AY2e| - limsup [AY2u, ()

t—+o00
< (1+064 F1|A1/260|) lim sup | f(t)]
t—+o00
+ (1645 - |AY2e0|* + 4T, 58 - |A1/260|) limsup |u_(t)|. (5.40)

t—+00
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Plugging this inequality into (5.39), and keeping the smallness assumption (5.27])
into account, we conclude that

1+ 641 AY2 1
limsup |u_(t)| < i 1A el limsup | f(¢)| + 3 lim sup |u_(t)],

t——+o00 )\0 t—+00 t—+o0
which implies (5.38)).

Conclusion We prove that u(t) satisfies the estimate in the right-hand side of (B.8)) for a
suitable constant M. In the sequel ¢4, ..., ¢5 denote suitable constants, all independent
of the solution and of the forcing term.

From (5.38) we know that

limsup |u_(t)| < ¢ limsup |f(¢)]. (5.41)

t—+o0 t—+o0

Plugging this estimate into (5.40) we deduce that

lim sup |¢3(t)] < o limsup | f(¢)].
t

t—+o0 —+00

Applying again Lemma [5.2] to equation (5.17) we deduce that

limsup [v” (t)] < 2limsup |3(t)| < ez limsup | f(t)].
t—+o00 t——+o00

t—+00

Plugging (5.41]) into (5.25]) we obtain that

lim sup |12 (t)| < cqlimsup | f(1)],

t—-+o0 t——+o00

and therefore from (5.30]) we deduce that

limsup (|, (8)|* + \L1/2u+(t)\2) < cslimsup | f(t)]*.
t—+o00

t—+o0

Recalling ([4.I4]), all these estimates imply the conclusion. [J

5.5 Proof of Proposition [3.3

Choice of parameters We can assume, up to replacing n with a smaller positive real
number, that

1
"< 7% (5.42)
Let us consider the inequality
1 1
—zt — Zojr® < 1 (5.43)

Due to (5.42), the number in the right-hand side is negative but larger than the
minimum of the function in the left-hand side. Therefore, the set of solutions to this
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inequality is the union of two disjoint intervals of the form (xy,z5) and (—zy, —x1) for
suitable real numbers 0 < 21 < x5 < 5oV/2.
Now let us choose v, > 0 such that

1 27v9(1 42
B 202292 < (5~ 50— ). (5.44)
8 125)
A2 2)\2 n
140l <2 5.45
72<2+/~L§M1+00)_2’ >4)
and ore(1 42
+
EUS + 2121 ¥ 272) < 00(2 — y2)1. (5.46)
2 2
Finally, let us choose £; > 0 such that
2
€1 Ui
— < - 5.47
295 4 547

Estimate at time Ty Let us write u(t) in the form «(t)e; +w(t) according to the direct
sum (4.1). We prove that

|OZ<T0)‘ > Z. (548)
Indeed, from (5.H) we obtain that
1 1 1 1A — A
B(0) > S (O + 1040) - 303a%(0) + 5222 Bu (o)
Setting t = Tp, from the assumption that E(7y) < —n we conclude that
1 1
1044(T0) - 503042(%) < -

Comparing with (5.43) we deduce (5.48).

Modified energy and basic estimates from above and below Due to (5.48) and the sym-
metry of the problem, in the sequel we can assume, without loss of generality, that
a(Tp) > x1. In this case we claim that the solution is eventually close to the stationary
point ggey, and for this reason we introduce the modified energy

S(t) = E(t) + iaé + 272 (u(t) — aper, u' (1)) + yalu(t) — aoer]?.

From the inequality
2(u(t) — oper, v/ (1)) < |u(t) — ooeyr|* + v/ (1)) (5.49)

we deduce that
1 1 A 1
500 < (549 WOP + 3B - SV + {14 )

1
+Za§ + 2v9|u(t) — oger |, (5.50)
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and

1 1 A 1 1
S(t) > (5 =) [WOF + S1But)]® = S1APut) + [AV?u(t)]" + Sop.
2 2 2 4 4
If we write u(t) in the usual form a(t)e; + w(t), and we keep (B.6) into account, the
estimate from below implies that

1 1 LA — A
S = (2 - ) WP+ (20 - ) + 222 Buppr. (51
2 4 2 A
Modified energy at time T, We prove that
1 n
S(Ty) < Zaé — 5 (5.52)
Indeed, the energies S(t) and E(t) satisfy
L,
S(t) = E(t)+ 190
+272(u(t) — ger, v (1)) + Yalu(t) — aoer]?. (5.53)

Let A denote the sum of the two terms in the last line. From (5.49) we know that
A <yl (07 + 29s|u(t) — aoer|* < 2 (|W/(8)]° + 4|u(t)]” + 4o3) - (5.54)

Setting ¢t = Tp, from (5.4]) we obtain that

A2 )2
' (To) [ < 2E(Ty) + DL
and similarly from (5.4) and (@I5) we obtain that
1 1 A2 1 A2
lu(Th)[* < | Bu(Ty)|? < <2E(T0) + —) < —. (5.55)
[154 115 2 psp 2

Replacing the last two inequalities into (5.54]) we deduce that
A2 2)N?

—+ + 40—2) .
2 3 °

AS’Y2<

Plugging this estimate into (5.53]), and keeping the smallness assumption (5.45) into
account, we deduce (£.52)).
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Modified energy and potential well We show that, for every ¢ > 0, the following impli-

cation holds true: .
S() < 700 - Z — o) > . (5.56)
Indeed, from (5.51]) we know that

Loy 2\2
S(t)ZZ(O‘ (t)_ao) )

and therefore the inequality in the left-hand side of (5.56) implies that

1 1 n

Comparing with (5.43]), this implies that |« (t)] > ;.

Differential inequality in the potential-well ~We prove that, for every ¢t > 0, the following
implication holds true:

alt) 2z = S(t) < -2%50) + (O (5.57)
To begin with, we compute the time-derivative of S(t), which turns out to be
S'(t) = —(1 =2y (OF + ('(#), £() + 272(u(t) — over, f(1))
— 27y (u(t) — oger, B2u(t) — MAu(t) + |AY?u(t)|* Ault))

From the usual inequalities

W (e), F(0) < Sl OF + 5170

and
29a(u(t) — aver, £(1)) < 23ult) — openl? + 5| F(D)

we deduce that

S0 < (5 2) WOP+ £ + 28lut) - oves
—27,(u(t), B*u(t) — Mu(t) + |AY2u(t)|? Au(t))
+27500(e1, B2u(t) — MAu(t) 4+ |AY?u(t) 2 Au(t)).

Keeping (5.50) into account, inequality (5.57) is proved if we show that

2
£92(2 = 72) (IBu(D? = A A 2u(®)?) +72 (2= L) |4 20(0)

1
(— oy 273) WO = 2921 + 292)[ut) — oo ?

2
—2v500(e1, B*u(t) — Mu(t) 4+ |AYV2u(t)|? Au(t)) — 12203 > 0. (5.58)

Now we write u(t) in the usual form «(t)e; +w(t) according to the direct sum (4.]),
and we estimate the terms in the left-hand side.
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The coefficient of |v/(¢)|? is nonnegative because v < 1/8.

For the second term we exploit (2.7) and (4.3)), obtaining that

Uu —0'612 i 1/2U — 0p€1 2
u(t) — ooer|” < M12|A (u(?) )l
= At -0 + 14w}

For the third term we exploit (4.6), (43) and (2.9), and we obtain that
[Bu(t)]? = A APu(t)] = —o5a®(t) + | Bw(t)]” = A w(t)]
> —a2a’(t) + (A — N)|AYw(t))?.

We expand the fourth term according to (.3]).

Finally, from ([£2), [2.8) and (ZI3) we know that
(e, B2u(t) — Mu(t)) = a(t) A\ — a(t)A = —oja(t),

while from (£3) we know that
[A2u(t)? - (er, Ault)) = (a*(t) + [APw(t)]?) - a(t),
and therefore the scalar product in the fifth term is equal to

—ala(t) + ?(t) + a(t) - |AYw(t) %

Keeping all these equalities and inequalities into account, we obtain that (5.58]) holds
true if we show that

I (O] AY2w(B)]2 + ko (6)]| AV 2 ()] + 2k ()| AY2w(1)]? + Ka(t) > O, (5.59)
where
L R

ko(t) =2 — % ka(t) = a(t) {(2 - %) a(t) — ao} ,

and
kalt) = —W (0(t) —00)? — (2 )oga’(1) + (2 - 2) a(1)
+203a(t) — 2000(t) — %aé
{ (2-22) 02(t) + o0(2 — w)alt) — Lof - W} (at) — o0)?
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Now we exploit the assumption that «(t) > x;. When this is the case, from the
smallness assumptions (5.44]) it follows that

ki(t) >0, k(t) > 1, k() > a(t)(a(t) — 00),
while from the smallness assumption (5.46]) it follows that
ka(t) > o®(t)(a(t) — o).
As a consequence, the left-hand side of (5.59) is greater than or equal to
(14" w(®)P + alt)(a(t) = o0)) "

and therefore it is nonnegative in this regime. This completes the proof of (B.57).

Potential-well argument We prove that
at) > x Vit > Ty, (5.60)
which is equivalent to (3I0). To this end, let us set
Ty :=sup{t > Ty : a(T) > x; for every 7 € [Ty, t]} .

We observe that 77 is the supremum of an open set containing t = Ty because we
assumed that «(7p) > 0 after showing (5.4])). It follows that 77 is well-defined, greater
than 7Tp, and it satisfies

O[(t) > T Vit € [To,Tl). (561)

If T} = 400, then (5.60) is proved. Let us assume by contradiction that T} < +o0.
Then the maximality of 7} implies that a(7}) = 1. On the other hand, from (G.61])
it follows that (B.57) holds true for every ¢t € [Ty, T1]. Integrating this differential
inequality, and recalling that |f(t)| < &; for every ¢ > Tj, we deduce that

2
S(t) < S(Ty) + ;—712 Vi € [Ty, Th].
2

Keeping (5.52) and (5.47)) into account, this implies that

1
S(T1> < ZO’S —

Ui

4 )

which in turn implies that |a(71)] > x1 because of (5.56]). This contradicts the fact that
a(Ty) = z1, and completes the proof of (5.60).
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Conclusion Since we have established (5.60), now we know that the differential in-
equality in (5.57) holds true for every ¢t > Ti. Integrating this differential inequality,
and letting t — +o00, we deduce that

1
limsup S(t) < 52 lim sup | £(¢)]?. (5.62)

t—+o00 Y9 t—+oo

Now we prove that there exists a constant I's such that
[u'(t)]? + | B(u(t) — oper)|* < T3S(t) (5.63)

for all solutions wu(t) with «(t) > 0. If we show this claim, then (5.62) implies the
conclusion in the lower box of (3.9)).
In order to prove (B.63), it is enough to observe that

|B(u(t) = ooer)|* = (a(t) = 00)” |Bed]® + [Bu(t)?
= Ai(a(t) = 00)” + [Bu(t)?

(a(t) + 09)*

_ i_é((f(t) —02)” +|Bu(t) (5.64)

At (a(t) = a9)” + |Bw(t)]?

where in the inequality we exploited the assumption that a(t) > 0. At this point it
is enough to observe that, due to (5.51]), the energy S(¢) controls both |u/(¢)|* and the
terms in the right-hand side of (5.64)), up to constants. [

5.6 Proof of Proposition [3.4

Let r(t) := u(t) — v(t) denote the difference between two solutions u(t) and wv(t) to
equation (LL.6). This difference is a solution to equation

' (t) 4+ 7' (t) + B*r(t) — MAr(t) = g(t), (5.65)
where
g(t) = —|AV2u(t)]?Au(t) + [A20(t)]* Av(t)
—|AV2u(t)PAr(t) — (u(t) + v(t), Ar(t)) Av(t). (5.66)

Now we consider separately the unstable case 0 = 0 and the stable cases o = +0y.
The constants cg, ..., o in the sequel are independent of u(t) and v(t).

Unstable case From (5.66]) we deduce that

lg®)] < (JAPu() + [u(t) + v(#)] - [Av(D)]) |Ar(2)]. (5.67)
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On the other hand, from (B.I1]) with ¢ = 0 and (£.I3]) we know that

limsup |AY2u(t)])? < cgrd and lim sup |u(t) + v(t)| - |Av(t)| < errd,

t—+00 t—-+o00

and therefore from (5.67) we obtain that

limsup |g(t)| < cgrg - limsup |Ar ()] < cor - limsup | Br(t)]. (5.68)

t——+o0 t—+o0 t—+o0

Let L denote as usual the operator B> — AA, let r_(t) and r, (¢) denote the compo-
nents of r(¢) with respect to the direct orthogonal sum (£I3]), and let g_(¢) and g, (t)
denote the corresponding components of g(t). As already observed, L is the differential
of the functional (7)) in the origin.

Since ey is an eigenvector of L with eigenvalue )y, the low-frequency component
r_(t) is a solution to equation

() + 1" (t) — Nor_(t) = g_ (1), (5.69)
while the high-frequency component r(¢) is a solution to equation
YL + () + Lry () = g4 (1), (5.70)
Equation (5.69)) is a scalar equation that fits in the framework of Lemma with
y(t) :==r_(t), m = A, P(t) == g_(t).

Indeed, r_(t) is bounded because u(t) and v(t) are bounded, and for analogous
reasons also g_(t) is bounded. As a consequence, from Lemma we deduce that

limsup (|r’_(t)]* + |Br_(t)|*) < ciolimsup |g_(t)|*. (5.71)

t—-+o0 t——+o0

Now from (AI4) and (£I5) we know that
LY > ps| Bz > pippsla* Vo e Hy. N D(B),
and therefore equation (B.70) fits in the framework of Lemma 5.3 with
X =H,, L:=1L, y(t) == ro(t), m = i3, U(t) = g4 (1)
As a consequence, from Lemma we deduce that
limsup (|, (8)]> + [Bry(®)*) < e limsup (|7 (8)]* + |27, (8)]?)

t——+o0 t——o0

< cpplimsup [g ()], (5.72)

t—-+o0
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Since |Br(t)|> < 2|Br_(t)|* + 2|Br.(t)|* (we recall that H_ and H, are not neces-
sarily invariant subspaces for B), from (5.71)), (5.72), and (5.68) we conclude that

limsup (|r'(¢)]” + [Br(t)]?) < 2limsup (|7 ()] + |Br_(t)[?)
t—-+oo t—-+oo

+ 2lim sup (|T+( )|? + |BT+(t)|2)

t—+o0

c13 lim sup |g(t)

t—-+o00

IN

| 2

A

< 0147’61 - lim sup \B'r(t)|2
t—+4o0

< cyry - limsup (\r'(t)\z + \B'r(t)|2) )
t——4o00

If 7o is small enough, the coefficient 0147’8‘ is less than 1. It follows that

lim (|r'(¢)]* +|Br(t)]) =0, (5.73)

t—+00

which in turn is equivalent to (2.17).

Stable case We assume, without loss of generality, that ¢ = oy (the case 0 = —oy
being symmetric). In order to exploit the smallness of u(t) — oge; and v(t) — opeq, with
some algebra we rewrite (5.69) in the form

7 (t) + 7' (t) + B*r(t) — MAr(t) + o5 Ar(t) + 203(r(t), Aei) Aey = g(t), (5.74)
where

g(t) = — (|A1/2(u(t) — ope1) |2 + 2(A(u(t) — opey), aoel>) Ar(t)
—(u(t) +v(t), Ar(t)) A(v(t) — goer)
—(u(t) +v(t) — 200e1, Ar(t)) oo Ae;.

Due to (B.11) with o = gy, the forcing term g(¢) satisfies

limsup |g(t)] < (c1570 + c1675 ) limsup |Ar(¢)]. (5.75)

t—+o0 t—+o0

Now we observe that (574]) can be rewritten in the form
r(t) +7'(t) + Cr(t) = g(t), (5.76)
where C is the linear operator on H (with domain D(C) = D(B?)) defined by
Cx = B*z — Mz + 0 Az + 202 (z, Aey) Aey,

which coincides with the differential of the functional (IL7) in oge;.
We claim that there exists a positive constant c¢;7 such that

|Bz|? < c17|CV2z|? Vo € D(B), (5.77)
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which implies in particular that
|CYV22)? > ¢15)2|? Vo € D(B)
for a suitable positive constant c¢i5. To this end, we first observe that
|CV222 = |Ba|* — M AY2z)? + 02 - |AYV22 2 4 202 (2, Aey)?.

Then we write = in the form ae; + w according to the direct sum (4J]), and from

(46) and (£H) we deduce that
|Bz|? — MAYV2z> = —020® + |Bw|? — \|AY?w|?
A2 — A
> —og2a® + 22 |Bul?,
A2

and
ol - |AY2x > + 202 (x, Aey)? = 302a” + o2 - |AY 2w,

From these inequalities it follows that
1/2,12 Az — A 2 2 172,12 2 2
|C™ 2u|* > T|Bw| +oj - |[AY w|* + 2050 (5.78)
2

On the other hand from (£.4) we know that
|Bz|* = A\ia® + | Bwl|?. (5.79)

Comparing (5.78)) and (5.79) we deduce (5.77). At this point, equation (5.76) fits in
the framework of Lemma with

X = Ha L= Ca y(t) = ’I"(t), m = (i3, ¢(t) = /g\(t)
As a consequence, from (5.77), Lemma 5.3, and (5.75) we deduce that

limsup (|r'(t)]> + [Br(t)]*) < eglimsup (|7'(t)* + |C?r(t)]?)
t——+o00 t——+o00

< egolimsup [g(t) |2.
t——+o00
< e (015r0 + 0167“(2])2 -lim sup | Ar(t)]?
t——+o0
< 021(7“(2] + ré‘) - lim sup (|7"(1§)|2 + |Br(t)|2) )
t—+o00

If ry is small enough, we obtain again (5.73]), which in turn is equivalent to (2.17). O
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6 Proof of Theorem

Choice of parameters 'To begin with, we consider the constants Sy and M, of Proposi-
tion 3.2 Then we apply Proposition with

n = min{%(l—é)ﬂg,%ag}, (6.1)

where 0 and g are chosen in (B.2) and (34]). From Proposition B3] we obtain two more
constants £; and M;. We also consider the constant M; of Proposition Bl and the
constant ro of Proposition B.4]

With a little abuse of notation, we consider the function

1 1 A 1
E(u,v) := §|U|2 + §|BU|2 — §|Al/zu|2 + Z|A1/2U|4,

defined for every (u,v) € D(B) x H. In this way the classical energy E(t) defined in

23) is just E(u(t),u'(t)).

The function E(u,v) is continuous in D(B) x H, and

1
E(0pe1,0) = —Zoé‘ < —n.

As a consequence, there exists d; > 0 such that
lv| + |B(u — ogey1)| < 01 — E(u,v) < —n. (6.2)
We can also assume that ¢; is small enough so that
|B(u — ope1)| < &y = (u, Aey) > 0. (6.3)
We claim that the conclusions of Theorem hold true if we choose
My := max{M,, M},

and we choose £y > 0 such that

. €1 To 01
< 2L To
Eo—mm{ ’ 2’2M0’2M0}

and
%(1 — 5)53

2
<
0= o0

(6.4)

Alternative Let us assume that (2.15)) is satisfied, and let u(t) be any solution to (L.G]).
Let us set
L :=limsup |u(t)].

t——o0

We observe that L is finite because of (3.7), and we distinguish two cases.
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Let us assume that L < fy. Since ¢y < 1, we can apply Proposition 8.2 from which
we deduce that in this case u(t) satisfies (2.16]) with o = 0.

So it remain to consider the case L > ;. In this case we claim that we are in the
framework of Proposition B3l with 1 given by (6.1I), namely there exists Ty > 0 for which
the two inequalities in the upper box of (3.9) are satisfied.

In order to check the first one, we observe that ¢y < e;/2, and therefore from
assumption (2.1 it follows that |f(t)| < e; whenever ¢ is large enough.

In order to check the second one, we consider the function () := (u(t), Pu(t)). Due
to (B5.10), the function ¢(t) is bounded from above and

Ly == limsup p(t) > (1 —6)55.

t——+o0

As a consequence, from Lemma 5. we deduce that there exists a sequence t,, — +00
such that

o(tn) = (u(tn), Pu(t,)) — Ly and  ¢'(t,) = (W (t,), Pu(t,)) — 0.

Now we observe that E(t) = F(t) — vop(t) — 270¢'(t). Setting t = t,,, and letting
n — 400, we obtain that

limsup E(t,) = limsup F(t,) — lim ¢(¢,)

n—+o00 n—-+00 n—+00
< Mg — (1 —9)8;
< _2777

where in the inequalities we have exploited (B.6]), the smallness assumption (6.4]), and
our definition (6.1) of 7.

This shows that the two inequalities in the upper box of ([B.9) are satisfied if we
choose Ty := t, with n large enough. At this point, from the conclusion in the lower

box of (3.9]) we deduce that in this case u(t) satisfies (2.16) with o = +0y.

Asymptotic convergence Since Myey < ro/2, any pair of solutions satisfying (2.16) with
the same o € {—0y, 0,00} satisfies also (B.11]) with the same o. At this point, (2ZI7)
follows from Proposition [3.4]

Solutions in the stable regime Let us consider the case ¢ = o (but the argument is
symmetric when o = —oy). We claim that, when f(¢) satisfies (Z.15]) with our choice of
€0, the following characterization holds true:

“a solution to (6] satisfies (216 with o = oq if and only if there exists
Ty > 0, possibly depending on the solution, for which the two inequalities in
upper box of (3.9) hold true with n given by (6.1)), and (u(7p), Ae;) > 07.

Let us prove this characterization. The “if part” is exactly Proposition 3.3l As for
the “only if part”, it is enough to show that (2I5) and (2.I6]) with o = 0y imply that

36



the two inequalities in the upper box of (8.9]), and the further condition (u(t), Ae;) > 0,
hold true when Tj is large enough.

The first one follows from (ZI5]) because g < &1/2.

For the second one we observe that (Z10) implies that

W/ (8)] + | B(u(t) — oger)| < 2Mpzo < 6, (6.5)

when ¢ is large enough, and hence from (62) we deduce that E(t) < —n for the same
values of ¢.

The further condition holds true when ¢ is large enough because of (6.5]) and (6.3).

Given the characterization, we can prove our conclusions. Indeed, due to the contin-
uous dependence on initial data, the set of initial data (ug, u1) originating a solution u(t)
for which there required Ty exists is an open set. In order to prove that it is nonempty;,
we choose Ty > 0 such that |f(t)| < 29 < &1 for every ¢t > Tj, and we consider the
solution u(t) to (LO) with “initial” data

U(Tg) = 0p€1q, U,(TQ) =0.

This solution fits in the assumptions of Proposition because
L 4
E(To) = _ZO-O < —1).

We note that the extra condition (u(7p), Ae;) > 0 guarantees that the set of initial
data for which the solution satisfies (2Z.16) with o = oy is disjoint from the set of initial
data for which the same relation is fulfilled with o = —0oy.

Solutions in the unstable regime Due to the alternative of statement (1), the set of
initial data originating a solution satisfying (2.I0) with ¢ = 0 is the complement of the
set of initial data giving rise to solutions with ¢ = +0y. Since that set is the union of
two open sets, the complement is necessarily closed, and nonempty because the phase
space D(B) x H is connected and cannot be represented as the union of two disjoint
nonempty open sets. [

7 The concrete case (proof of Proposition [2.7))

We need to check that the operators A and B satisfy all the requirements in Defini-
tion 23l Tt is a classical result that A is a self-adjoint operator, and it satisfies (271
with 15 := 72 Indeed, in this concrete case it turns out that D(AY2) = H}((0,1)), and

(27) reduces to

1 1
/ Ug(7)* dr > 7T2/ u(r)? dr Yu € Hy((0,1)),
0 0
which is Poincaré inequality.
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The operator B is the square root of B2, and its domain is
D(B) = H§((0,1)) € H*((0,1)) N Hy((0,1)) = D(A),

as required. Moreover, inequality (22]) holds true with p; := 1 because
1
|Bul* = (B®u, u) = |Au|* = / Upe ()2 dz Yu € HE((0,1)).
0

So it remains to check that (Z8) and (2.9]) hold true with the values of A\; and A,
given in the statement, and with a suitable e;. To this end, we begin by investigating
all nontrivial solutions to (Z.8]), and then we conclude the proof in two alternative ways.

Nontrivial solutions to equation (2.8) We look for all pairs (A, ), where A is a positive
real number and ¢ is a smooth function that satisfies
Paara(2) + Apra(2) =0 Yz € (0,1), (7.1)
with boundary conditions
#(0) = ¢2(0) = (1) = ¢x(1) = 0. (7.2)
Setting v/A =: 2« for the sake of shortness, all solution to (Z.I) are of the form
o(z) = 1 + cox + ¢z cos (2ax) + ¢4 8in (2ax) .

From the boundary conditions in x = 0 we deduce that ¢; + ¢35 = ¢5 + 2ac4 = 0, so
that we can restrict to solutions of the form

o(x) = c1[1 — cos (2ax)] + ¢4 [sin (2ax) — 2az] .
The boundary conditions in x = 1 are now equivalent to the system
[1 — cos(2a)] - 1 + [sin(2c) — 2a] - ¢4 = 0,
{ 2asin(2a) - ¢1 + 2acos(2a) — 1] - ¢4 = 0.

With some standard algebra, we can show that this system has a nontrivial solution

if and only if
sin? a = asin a cos av.

The solutions to this equation are all solutions to sina = 0, namely the values of
the form a = km (with k any positive integer), and all solutions to tan o = «, which are
an infinite sequence oy, with one element in each interval of the form (kr, (k + 1/2)7).
Recalling that A = 402, the required eigenvalues are those of the form 472k%, with
corresponding eigenfunctions

or(z) =1 — cos(2kmz),
and those of the form 4a?, with corresponding eigenfunctions of the form

or(x) = ap(l — cos(2axx)) + sin(2axr) — 2.
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Conclusion through variational approach ~We show that (2.8]) and (2.9) hold true with
A1 = 47%, and consequently e; equal to a suitable multiple of 1 —cos(27x), and Ay = 4af.
To this end, we consider the minimum problem (Z4]), which now reads as

1

min {/01 Yue(r)?dr : o € HZ((0,1)) and /0 () dr = 1} ,

and the minimum problem (2.0), which now reads as

min {/01 Yue(r)?dr 0 € HZ((0,1)), /01 ¢ () dr =1, /01 sin(27z) . (7) dr = 0} :

In both cases a standard application of the direct method in the calculus of varia-
tions shows that the minimum exists, and any minimizer satisfies (Z.I]) with boundary
conditions (Z.2), and A equal to the minimum value. It follows that the two minimum
values are the two smallest values of A for which (TI)-(72]) has nontrivial solutions,
and from the previous analysis we know that these values are exactly 472 and 4a?. This

proves (Z.8) and (2.9) as required.

Conclusion through functional analytic approach As discussed in section [A.2] of the
appendix, the operator A™'B? is symmetric with compact inverse in H{((0,1)), and
therefore the eigenfunctions that we found above span a dense subspace of L?((0,1)),
and they are orthogonal with respect to the scalar product of H}((0,1)). At this point
(28) and (29)) follow from the classical variational characterization of the two smallest
eigenvalues, applied in this case to the operator A~'B? in the space H}((0,1)).

A Appendix

In the second paragraph of section 2 we described in finite dimension the role of the
eigenvalues of A=1B? in the study of the negative inertia index of B? — A as a function
of A\. In the rest of the paper we developed our theory in the infinite dimensional case
without mentioning A~!B? explicitly.

In this appendix we present a possible functional setting in which the spectral theory
can be applied to the operator A~ B2, both in the general and in the concrete case.

A.1 The correct framework for A~'B? in general

Let H be a Hilbert space, and let A and B be two coercive self-adjoint unbounded
operators on H with dense domains D(B) C D(A). Then a reasonable definition of
A71B? seems to be the following.

Let us consider the Hilbert spaces V := D(AY2) and W := D(B). If we identify H
with its dual space H’, then we have the inclusions

WCVCH=HCV CW.
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With these notations we can consider A as a bounded operator AV 5V , and
represent the scalar product in V' in terms of the duality pairing as

(u,v)y = (Au, )y Y(u,v) € V2

Similarly, we con consider B as a bounded operator B:W — H , whose adjoint is a
bounded operator B* : H' — W’ with B*u = Buifue W C H'.
Now we can consider the unbounded operator C' in V' with domain

D(C) := {u €W :B*Bue V’} ,

and defined by A
Cu:=A"'B*Bu  Yue D(C).

We claim that C is an extension of A~1B? that is symmetric and maximal monotone
as an unbounded operator in V.
To begin with, for every u and v in D(C) it turns out that

<U, CU)V = <U, A\CU>V/,V = <U, §*Bu>vl,v = <§U, Bu)H = <BU, Bu)H,

which proves that C' is symmetric and monotone.

It remain to show that C' is maximal, namely that, for every f € V, the equation
u+ Cu = f has a (unique) solution v € D(C'). Applying A to both sides, this equation
becomes

Au+ B*Bu=Af eV

Now the operator A+ B*B is coercive from W to W' , and hence surjective (see for

example [2, Corollary 14]). Since Af € V7, the solution belongs to D(C).

A.2 The operator A"'B? in the concrete case

Instead of fussing with generalities, we give an explicit description of the operator A~!B?
in the case where A and B are as in Proposition 2.7]
Let us consider the Hilbert space V' = H;((0,1)) with scalar product

(u,v)y = /01 Uz (T)v, () do Y(u,v) € Hy((0,1))>. (A.1)
Let us consider the unbounded linear operator C' in V' with domain
D(C) = H¥((0,1)) N HZ((0, 1)),
and defined by
[Cu)(z) == —tge(x) + Uz (0) + [t (1) — uzz(0)]x  Vu € D(C). (A.2)
We observe that

Cu=A"'B*u  Yue D(B*) = H*((0,1)) N H3((0,1)),
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and therefore C' is a natural extension of A~'B?. Indeed B*u = ug.., € L*((0,1)), and
hence A~!B?u is the solution v(z) to equation —v,; = Uzzee in (0, 1), with Dirichlet
boundary conditions in x = 0 and x = 1. The solution is exactly the function Cu

defined in ([A.2]).

We claim that C' is a symmetric positive operator in V' with domain D(C'), and
compact inverse. If we prove this claim, then the eigenfunctions of C' are a basis of
H;((0,1)), and hence also a basis of L?((0,1)), but orthogonal with respect to the
scalar product ([Ad)). These eigenfunctions are exactly the solutions to () that we
characterized in section [1l

To begin with, for every u and v in D(C) it turns out that

weuy = [ ) ) de
-/ () (e 2)  t100(1) — 1, (0))
= [ ) sl
-/ s (@) - e () i,

which is enough to conclude that C' is both symmetric and positive.
It remains to show that the inverse is compact, namely that for every f € Hg((0,1))
the equation

U () + Uz (0) + [tz (1) — U (0)]z = f(2) Vz € (0,1) (A.3)

has a unique solution T'f € D(C) (note that lying in this domain entails four boundary
conditions), and T' is compact as an operator T : H}((0,1)) — HJ((0,1)).

Uniqueness follows from the positivity of C. Existence follows from the explicit
formula for the solution. Indeed, if we set

F(z) = /0 ’ Ft) dt, F(z) = /0 xF(t) dt,

then a standard computation shows that the solution to ([A.3]) is

~

u(@) == —Fz) + (3?(1) - F(l)) 2+ (F<1) - 2?(1)) 25,

The same formula reveals that if a sequence {f,} is bounded in HJ((0,1)), then the
sequence of corresponding solutions is bounded in H3((0,1)), and therefore relatively
compact in Hg((0,1)).
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