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Abstract

By the end of primary school, children are expected to acquire a range of mathematical skills that progressively develop.
This study aimed to gain insight into how a large number of numerical and geometrical measures are grouped and
whether the structures shift or remain invariant along child’s development based on the data obtained from a sample of
1346 s to sixth grade children. On the basis of correlation analyses and exploratory factor analyses, we came up with an
invariant four-factor structure for each grade. The four factors obtained were the following: (a) early and retrieval skills
(subitizing, enumeration, number facts) (b) transcoding and ordinality skills, (c) numerical advanced skills and (d) visual-
spatial advanced skills. Confirmatory factor analyses showed that the four-factor model fits well to the data (RMSEA < 0.06,
CFI>0.95, GFI>0.93, SRMR < 0.05) at all grades. The associations between the mathematical measures were captured in
each factor and the revealed invariant structure is discussed and compared with previous classification models of math-
ematical skills. Given that the difficulties in learning mathematics is currently being viewed as a continuum of academic
abilities instead of a distinct problem, the underlying invariant four-factor structure can facilitate experts and educators
to better understand how a broad area of mathematical skills are related across the primary education, in order to carry
our comprehensive assessment of both the mathematical strengths and weaknesses of their students and to apply the
appropriate customized teaching strategies.

Keywords Mathematical skills - Arithmetical skills geometrical skills - Primary education - Structural model -
Mathematical learning difficulties - Dyscalculia

1 Introduction

By the end of primary school, children are expected to acquire a range of mathematical skills, especially in the domains
of arithmetic and geometry (e.g., [1-3]). Many studies have focused on children’s numerical development, and especially,
on their skills in the domain of natural numbers. Although mathematical learning formally starts at the beginning of
the primary school (at 6 years of age in many countries, including Italy where the current study was carried out), it starts
from infancy and it is constructed progressively, so that skills acquired earlier, even informally, become foundational
for new more complex ones (e.g., [4, 5]). In this study, we aim to gain insight into how a broad range of numerical and
visual-spatial measures that assess mathematical skills from early to advanced, are grouped in children from grades 2 to
6, as well as whether these groups change or remain invariant in these years of important mathematical development.
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2 Development of mathematical skills

Infant studies have shown that children are already equipped with two pre-verbal systems for numerical quantifica-
tion: the approximate number system (ANS or ‘analogue magnitude’), and the object tracking system (OTS or ‘parallel
individuation’). The ANS is a system that supports the estimation of the numerosity of a set of elements without relying
on language or symbols [6, 7]. The OTS is a pre-verbal system that enables the parallel individuation and tracking of
objects as they move through space (e.g., [8]). The OTS, is considered to be the basis for subitzing, the fast and accurate
assessment of a small number of dots (range 1 to 4 dots) ([9]. The ANS is typically assessed by determining the larger
numerosity between two arrays of images (e.g. dots) that are presented very briefly on a computer screen. There is some
positive evidence of a relationship between ANS’s precision and math achievement (see the meta-analysis of Schneider
et al. [21]) although some studies failed to observe such relations [10, 11].

Similarly, knowledge of geometry is believed to be founded on at least two distinct, core cognitive systems [12]: the
firstis used to represent the shapes of large-scale navigable surface layouts and the second represents small-scale mov-
able forms and objects. The aforementioned numerical and geometrical early skills is indicative of the view of innate
number sense (INS) as an innate sense, which is related to visual and auditory perception [13].

Building on these innate skills or parallel to those, new ones are developed, for example, preschool children learn the
number-words sequence, and, through the counting principles [14], how to apply them when counting collections of
objects. These skills are often measured by asking the children to determine how many items are in a collection, which
refers to the enumeration process. When collections are very small (around 4 items or less) item by item enumeration is
usually not necessary as another process takes place: the subitizing, which allows to determine precisely and very rapidly,
the cardinal of the collection. This process is based on the OTS system mentioned just above. Some studies have found
that subitizing and enumeration skills are significant precursors of later mathematical achievement [15, 16].

Once formally engaged in the primary school children consolidate their knowledge of the Arabic symbols including
the complex rules of the positional system that allow them to combine digits to represent larger numerosities; they
learn how to transcode numbers from one format to another (analogue, verbal, Arabic, see [17]), and how to compare
[18] and order numbers [19]. Tasks like single- or multidigit-numbers comparison, numbers dictation, find the next and
the previous number are typically used to assess these skills. The ability to understand, represent and compare Arabic
numbers is considered a significant indicator of numerical competence [19-21].

Moreover, they start learning to add and subtract numbers in an increasingly sophisticated way. For example, to find
the sum of 3 and 5, first a child utilizes the count all strategy: s/he first counts from “one” up to “three” usually on the fingers
of one hand, then counts from “one” to “five” on the fingers of the other hand and then counts all of them together (e.g.,
1,2,3,4,5,6,7,8) to find the sum. Then s/he is expected to move to the count on strategy, counting from“three”, and 5 more
(e.g., [3-8]) [22]. This shift requires full understanding of ordinality ([23]. Finally, s/he refines the strategy by starting to
count on from the greater number, “five” (e.g., [6-8]). The latter strategy presumes that the child has already consolidated
symbolic numerical magnitude in order to select the larger number to start with. Alternatively, s’/he decomposes the
addends, regrouping numbers as s/he feels more comfortable (e.g., 3+5=3+3+2=6+2 etc.). Being able to compute the
sum 3+5 by counting on from "five", or by decomposing the addends, are skills that depend upon full understanding of
the cardinal value and of the early symbolic quantitative knowledge that seems to partially depend upon consolidation
of innate skills (e.g., [24, 25]). At this stage, they are about to develop the early number sense (ENS), in contrast to INS,
includes learned skills that involve explicit number knowledge [13].

As pupils consolidate these basic math skills, they become progressively automatized with lighter cognitive costs.
This, in turn, allows more advanced skills to be built upon them. Eventually, when presented with a sum like 3+5, the
child will retrieve the sum from long term memory, leaving resources to deal with more complex calculations (such as
43+ 25). A similar process will also be observed for other arithmetical operations, such as multiplications and divisions.
By the end of the primary school, children are also expected to be able to solve numerical problems (for ex. numerical
patterns) and arithmetical word problems [26] and are introduced to geometry. For instance, they are required to find the
correct position of a number on number lines. The accuracy on number lines tasks is associated with higher mathemati-
cal achievement [27, 28]. Moreover, children are requested to reason about shapes on the plane (2D) and in space (3D),
classify different kinds of figures and solids based on sets of shared geometrical properties, and calculate perimeters
and areas of a variety of 2D figures [29]. The most advanced of these skills are components of the mature number sense
(MNS) which continue to develop in later school levels [13, 30].
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It should be noted that mathematical learning does not occur independently of general cognitive and executive
functions skills. Memory, inhibition, logical reasoning, visual-spatial abilities, flexible thinking and fluid intelligence
and so on interact with and support the development of the mathematical skills described above [31-34]. Of course, a
variety of non-cognitive factors, such as a student’s attitude towards mathematics, mathematics anxiety, pedagogical
choices and methodologies, and many other socio-cultural factors [35, 36] also contribute to enhancing or hindering the
development of a student’s mathematical skills, but we will not discuss these, as they are beyond the scope of this study.

2.1 Associations and classification of mathematical skills

Several studies have used various methodologies to explore associations between sets of skills assumed to be necessary
in learning of mathematics. The associations may be outlined with respect to students’ general mathematical achieve-
ment or to their achievement within a particular mathematical domain, with the intent to identify subgroups of students
with different sets of strengths and weaknesses (e.g., [37]). An attempt to capture the different components supporting
early stages of mathematical learning is represented by the working model of Aunio and Rasanen [38] which is based
on the analysis of various test batteries used to assess children’s numerical skills, suggesting a categorization of abili-
ties supporting numerical development between 5 and 8 years of age. In particular, numerical skills were categorized
into four main types: (1) symbolic and non-symbolic number sense; (2) understanding mathematical relations (early
mathematical-logical principles, arithmetic principles, mathematical operational symbols, place-value and base-ten
system); (3) counting skills (knowledge of number-symbols, number word-sequence, enumeration with concrete objects);
and (4) basic skills in arithmetic (arithmetic combinations, addition and subtraction skills with number symbols). To our
knowledge, no empirical studies were conducted to confirm this model.

In typical populations, to our knowledge, only one study has tapped into the structure of the mathematical skills of
primary school children. This study aimed to empirically validate the fourfold model of Karagiannakis, Baccaglini-Frank
and Papadatos ([39], that argues that mathematical learning difficulties (MLD) could arise from difficulties from core
number, memory, visuo-spatial, or reasoning domains. This fourfold model provides a theoretical basis for exploring
both the heterogeneity of MLD and, more in general, students’ cognitive strengths and weaknesses with respect to their
mathematical learning. A first study attempting to empirically validate this model has been carried out on a sample of
165 typical 5th and 6th grade students using exploratory and confirmatory factor analyses on the performance on a
computerized battery involving a wide range of mathematical tasks. The results indicated strong evidence for support-
ing the solidity of the model and clustered the population into six distinguishable performance groups with the MLD
and low achievement (LA) students distributed within five of the clusters (for more see [40]).

There have also been various attempts to understand pattens of skill weakness, which could also give insight into
relationships between areas of skills. A number of studies on MLD suggest that the population exhibiting such a condition
is quite heterogeneous. A consistent and specific MLD profile wasn't found in a recent meta-analysis which examined the
differences in mathematical and cognitive skills between individuals with and without MLD [41]. Indeed, there seems
to be growing consensus that MLD depends on the lack of various combinations of skills such as those described above
[37,42,43]. Most of these studies consider both domain general and domain specific abilities involved in mathematical
learning in order to explore the variable profiles associated with low achievers. The purpose of this approach is manifold:
to identify “subtypes” of MLD based on tasks that are found to be particularly difficult for groups of students, to make dis-
tinctions within the population of students with MLD, and to show the heterogeneity of this population (e.g., [42, 44-48]).

For instance, Geary [49] proposed to distinguish three subtypes of MLD: one characterized by difficulties in the repre-
sentation or retrieval of arithmetic facts from semantic memory, the second by problems in the execution of arithmetical
procedures and the third one by problems in the visuospatial representation of numerical information. Yet, this proposi-
tion was not supported by empirical research.

Some other studies tested both number-specific and domain-general skills. For instance, Bartelet, Ansari, Vaes-
sen, and Blomert [42] reported six subtypes of difficulties: (1) weak mental number line, (2) weak ANS, (3) spatial
difficulties, (4) access deficit, (5) no numerical cognitive deficit, and (6) garden variety of both numerical and general
cognitive deficits. Another recent study of such type was conducted by Chan and Wong [50] on 76 children showing
math learning difficulties in both first and second grade testing. They discovered 5 distinctive subtypes among: (1)
the number sense deficit subtype (with severe deficit in the ANS), (2) the numerosity coding deficit subtype (weak in
enumeration), (3) the symbolic deficit subtype (with deficits in both enumeration and number line and weaknesses
in working memory), (4) the working memory subtype (with deficits in working memory), and (5) the mild difficulty
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group (with average performance in all the cognitive domains assessed). These subtypes showed moderate stability
between grade 1 and 2.

Assessing number skills in primary schoolchildren with MD, von Aster [51] identified three subtypes of MDs: the
Arabic subtype (with deficits in number transcoding and number comparison), the verbal subtype (with deficits in
counting and difficulties in subtraction), and the pervasive subtype (with deficits across most measures in the study).

As can be seen, previous studies have failed to produce clear and consistent results, possibly because of limited
measure selection, confusion between different skill levels, and small sample sizes.

As of today, no strong empirical evidence has yet been provided that any of the classification model is in fact suit-
able to describe associations between key mathematical skills during students’ development in their first phase of
exposure to formal mathematical instruction. In fact, current gaps in the literature can be looked at from two perspec-
tives. On the one hand, standardized achievement assessments consider a range of mathematical skills, but they do
not analyze students’ performance based on possible different underlying cognitive components upon which the
tasks rely. On the other hand, many psychological studies have focused on a specific skill (or on a small set of them)
without studying broader networks through which many other skills are likely to associate.

We have found it very rare to consider simultaneously a broad range of mathematical skills and explore their
mutual associations. This gap in the literature is specifically the one we aim to bridge with a line of research that, in
the long term, aims at developing theoretical and practical tools to identify students’ mathematical strengths and
weaknesses in order to propose more effective teaching interventions in case of mathematical learning difficulties,
which is extremely important in mathematics education (e.g., [40, 52-56]. In order to accomplish this, many smaller
steps need to be taken. In this study, we explore the associations between a broad range of numerical and geometrical
measures of students from grade 2 to grade 6, and how these associations shift or remain invariant in these years of
important mathematical development.

3 Materials and methods
3.1 Participants

Data were collected from 1489 children in grades 2-6 from 21 primary public schools in Italy. Participants came from
a variety of regions and socio-economic statues (SES). In particular, the schools were located in the north (about
65%), center (about 22%) and south (about 13%) of Italy. Overall, about 16% were in urban setting with high SES;
72% in urban or suburban settings with middle SES and 12% in urban or suburban settings with middle-to-low SES.
For each grade, outliers were removed by checking whether a child’s score on the task Numbers typing (see descrip-
tion below) was <2 SDs. It is a very simple task that was used to control the individual’s reaction time. A low score on
accuracy indicates difficulty on using the computer or low motivation to proceed. Children who didn’t complete all
the tasks were also removed. This led to removing 143 children (9.6%) from the data set resulting in a final sample of
N =1346 (see Table 1 for a breakdown of the participants by grade and gender). Grades did not differ in the number
of boys and girls X?(4, N=1346)=4.82, p=0.31.

Table 1 Descriptive statistics Grade

of the sample Age (years) Sex Sum
M SD Range Boys Girls
2 7.83 0.30 7.2-8.3 103 115 218
3 8.85 0.35 8.0-10.6 145 143 288
4 9.83 0.38 8.8-1.8 130 166 296
5 10.79 B0.33 10.1-12.4 141 137 278
6 11.84 0.35 10.9-13.3 123 143 266
Sum 642 704 N=1346
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3.2 Procedure

The research was approved by the ethics committee of the University of Milano-Bicocca in agreement with the Helsinki
ethics declaration (World Health Organization, 2001). Schools and parents received information about the research pur-
pose and procedure. All students provided written informed consent to participate in this study. Students were tested in
groups in computer classrooms of their schools where they use to do their computing lessons. They were informed that
they could interrupt the test any time they wanted without any penalties. There was no time limit for the session. The data
collection took place during the spring period within a period of four weeks. Data were totally anonymous; they were
saved in files using an identification code and no personal information regarding the children were associated with it.

The mathematical measures administered were from the MathPro Test [57] which includes one subtest measuring the
processing speed and 18 subtests assessing each a very specific mathematical skill. Some of these subtests are related
to the core number domain (such as the ability to compare the magnitude of two dots collections, the subitizing skills,
or the ability to enumerate dot arrays). Others are tapping into the processing of number symbolic codes (such as the
ability to compare the magnitude of two Arabic numbers, to write numbers to dictation, to write the number just pre-
ceding or just following a given number). Others are assessing arithmetical skills, using both single-digit additions or
multiplications (possibly using arithmetical facts retrieval from memory) and more complex mental calculations. Other
subtests measure the ability to understand the properties of the mathematical operations (e.g., commutativity) and the
relationships that the operations entertain with one another; the ability to find the appropriate calculations that would
be needed to solve a word problem or to find the logic that lies behind a series of numbers. Finally, some other subtests
require visual-spatial processing such as positioning numbers on a line (going from 0 to 100 or 0 to 1000) or reasoning
on 2D or 3D shapes.

The subtests of the MathPro Test were translated for the purpose of this study in Italian by native speakers experts
both in numerical cognition and mathematics education. The Italian version of the MathPro test includes one more
control subtest, the Computer mouse speed to control the processing speed of the numbers comparison subtests. For
an in-depth description of the procedure and tasks, see [55]. Brief descriptions of the subtests are displayed in Table 2.

3.3 Task scoring

The accuracy (number of correct responses divided by the number of items) was calculated for all tasks except for the
number line tasks. At these tasks the pupils are asked to estimate the position of a target number on an empty number
line where only the start and end point are marked with the respective numbers (for ex., 0 and 100). For this reason the
accuracy of the answers is computed as percentage of absolute errors (PAE) with PAE = (|estimated position—correct
position| / numerical range of the line)*100% [27]. On a group of tasks (Computer mouse speed, Single- and Multi-digit
numbers comparison, Screen keyboard use, Numbers dictation, Next number, Previous number, Enumeration, Addition,
and Multiplication facts retrieval) response times (correct trials only) were calculated. Since, the accuracy of the children
in the Single-digit was at ceiling, we used an RT index penalized for inaccuracy as a measure. Performance scores were
calculated as a composite of error rates (ER) and response times (RT), using the formula: P=RT (1 + 2ER), where a higher
value indicates worse performance. Error rates were multiplied by 2 because the particular tasks were constrained by
binary responses (ER=0.5 indicates chance).

The MathPro Test for the younger participants (grades 2 and 3) doesn't include all the subtests and, for some subtests,
only the first easier items were presented (see Table A Appendix), following the curriculum in math in Italy. For in-depth
description of the psychometric properties of the items in Italian version see Baccaglini-Frank, Karagiannakis, Pini, Ter-
mine and Girelli [58].

3.4 Data analysis

We first examined the correlations between all the measures separately for each grade as well as the correlations between
the RT measures controlled for the general processing speed. Subsequently, we examined the Kaiser—-Meyer-Olkin (KMO)
index and Bartlett’s sphericity test to perform a factorability check. The communality and skewness of all the MathPro
tasks were also examined. Given the limited theoretical background regarding the associations of the mathematical
measures that are included in this study (for more see 1.2 section), we performed separately in each grade Principal
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Table 2 Brief Descriptions of the MathPro subtests

Subtest

Brief description

1.Dots comparison
(DotComp)

2.Computer mouse speed

3.Single-digit numbers comparison (S-NumComp)

4. Multi-digit numbers comparison(M-NumComp)

5.Screen keyboard use
6.Numbers dictation (NumDict)
7.Next number (NextNum)
8.Previous number (PrevNum)

9.Subitizing (Subitizing)

10.Enumeration (Enumeration)
11.Addition facts retrieval (AddFacts)
12.Multiplication facts retrieval (MultFacts)

13.Mental calculations (MentalCalc)

14 Number Lines 0-100 (NL100)
15.Number Lines 0-1000 (NL1000)
16.Squares (Squares)

17.Building blocks (BuildBlocks)
18.Word problems (WordsProbl)

19.Calculation principles (CalcPrinc)

20.Numerical patterns (NumPatterns)

Determine which of two dot arrays contains more dots

Indicate a catimage from a spot image as quickly and as accurately as possible

Determine which of two symbolic numbers is larger as quickly and as accurately as
possible

Determine which of two symbolic numbers is larger as quickly and as accurately as
possible

Indicate a single-digit number presented on the computer screen on a screen keyboard
as quickly and as accurately as possible

Indicate on the screen keyboard numbers presented verbally as quickly and as accu-
rately as possible

Indicate on the screen keyboard the succeeding number of numbers presented verbally
as quickly and as accurately as possible

Indicate on the screen keyboard the preceding number of numbers presented verbally
as quickly and as accurately as possible

Indicate the numerosity of small arrays of dots (1-6) presented briefly
Count number of dots (1-9) on the screen as quickly and as accurately as possible
Indicate the correct sum (< 10) as quickly and as accurately as possible

Indicate the correct product (both factors never were > 5) as quickly and as accurately
as possible

Indicate the correct result of addition, subtraction, multiplication and division opera-
tions with operands up to 3-digits

Indicate on a horizontal line 0-100 where a symbolic number should fall
Indicate on a horizontal line 0-100 where a symbolic number should fall

Indicate the number of whole squares by joining a combination of squares, half-square
triangles and quarter-square triangles

Indicate the number of cubes of 3D structures presented in 2D on the screen

Indicate the way several word problems (appear written and read aloud) should be
solved (for ex.“37 + 25" and not the final solution “62")

Indicate the solution of a multidigit operation without calculating it but with reference
to an already solved associated problem

Indicate the missing number on a series of numbers

axis factoring (PAF) by the maximum-likelihood method with oblique (promax) rotation to both examine the factor
loadings of the AC measures and obtain an a posteriori grouping of those with efficient factor loading. Although on the
one hand the factors were expected to be independent, on the other the tasks were expected to be correlated since all
assess mathematical skills. For this reason, the promax rotation was chosen because it is a nice compromise between
orthogonal and oblique rotation. Promax first assumes the factors are orthogonal and then relaxes the rotation to allow
them to correlate [59].

Next, we conducted a series of confirmatory factor analysis (CFA) separately for each grade to compare the goodness-
of-fit between the one-factor model for a strict unidimensional assessment model and several multidimensional models.
The multidimensional models were based on the results of the PAF, the correlation analysis as well as how meaningful
they were from theoretical point of view. Starting from the single-factor model, the subsequent model was judged better
if its y° value was significantly lower than that for the former model.

Model parameter appraisal used maximum likelihood (ML) estimation. The following criteria were used in evaluat-
ing overall goodness of fit for the measurement models: (a) the chi-square/degrees of freedom ratio (y°/df) for which a
value less than 2.0 indicates a good fit; (b) the robust Comparative Fit Index (CFl); (c) the Goodness of Fit Index (GFI); (e)
the Root Mean-Square Error of Approximation (RMSEA) with 90% confidence intervals; and (f) the Standardized Root
Mean-Square Residual (SRMR). These indices take sample size into consideration and specify the amount of covariation
in the data, which is accounted for by the hypothesized model each time relative to a null model that assumes independ-
ence among variables. For the CFl, where 1.0 indicates a perfect fit, a value in the range of 0.90 is generally accepted as
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indicating a good fit. For the RMSEA, an adequately fitting model will have a value between 0.00 and 0.06, with 90% Cls
between 0.00 and 0.10 [60]. Finally, regarding SRMR, a value less than 0.08 is considered a good fit [61]. We also used the
Akaike information criterion (AIC; [62]), where a lower AIC values indicative of superior fit.

The magnitude of the skewness in some MathPro subtests indicates that the data was non-normal, which can result
in standard error biases [63]. Accordingly, analysis used ML estimation with bootstrapping (500 resamples) to generate
accurate estimations of standard errors with accompanying confidence intervals (bias-corrected at the 95% confidence
level) and p-values [64]. The Bollen-Stine bootstrap p was calculated. Bollen-Stine gauges fit without normal theory
limitations [65] and p > 0.05 suggests excellent global fit. Statistical analyses were performed using IBM SPSS 25 and
AMOS 21 [66] separately for each grade.

4 Results

In the first result section, performance for each subtest in each grade is provided as well as analyses testing the change
of performance across school grades. Section 2 presents the correlations between performances in each subtest, in each
grade. Section 3 presents PAF and CFA for each grade.

4.1 Preliminary analyses

Table 3 shows performance per grade in terms of accuracy (AC) for all subtests of the MathPro Test and reaction time (RT)
for the subtests where the response time was measured. We analyzed children’s reaction times only when task accuracy
was high enough. To this end, for all grades, we excluded from the reaction times analyses the items where accuracy was
below 0.85 (i.e., the decimal number items of the Multi-digit numbers comparison subtest, the five-digit numbers of the
Numbers dictation subtest and the three-digit numbers of the Next and Previous numbers subtests).

ANOVAs were then run separately for each task, measuring the effects of grade (see Table B in Appendix). A significant
grade effect (all ps <0.001) was found in all the tasks and for all the measures (AC and RT) indicating that, as expected,
performance improved over the school grades.

Table 3 Descriptive statistics of MathPro subtests per grade

Grade Grade Grade Grade Grade

2 3 4 5 6

M (SD) Skew | Kurt M (SD) | Skew | Kurt M (SD) Skew | Kurt M (SD) Skew | Kurt M (SD) Skew | Kurt
Dots comparison (AC) 058 |0.11) |-0.15 |-021 [o61  [0.10) [0.00 [0.09 | 063 | (0.09) | -0.27 | 0.03 | 0.64 | (0.09) | -0.13 | 000 | 0.65 | (0.09) | -0.07 | -0.25
Single digit numbers comparison (AC) [0.97  [(0.05)  |-4.02 [2532 098  [(0.06) |-8.92 [108.89 | 099 | (0.03) | -2.74 | 1035 | 0.99 | (0.03) | —6.19 | 6334 | 0.98 | (0.03) | -6.56 | 72.01
Single digit numbers comparison (RT) (2593 |(794)  |-1.28 [1.74  [2319  |(832) [-1.24 |[2.14 2278 | (786) | 053 | 7.13 | 1979 | (787) | -1.25 | 0.71 | 2137 | (691) | -1.62 | 1.88
Multi-digit numbers comparison (AC) [0.89  [(0.16)  |-1.73  [3.14  |0.89  [(0.12) |-2.01 [7.35 | 078 | (0.14) | -0.28 | 0.18 | 085 | (0.13) | -0.68 | 0.30 | 0.87 | (0.12) | -0.97 | 0.91
Multi-digit numbers comparison (RT)  |3619  |(1308) (037 (332 3115  [(1166) |-0.34 [0.14 | 3073 | (1126) | -0.12 | 439 | 2617 | (1042) | ~1.16 | 0.57 | 2806 | (912) | —1.42 | 1.65
Numbers dictation (AC) 0.60 |(0.18) |-0.59 [034 078  [0.17) |-1.80 [4.19 | 086 | (0.17) | 229 | 7.64 | 091 | (0.12) | -3.40 | 16.06 | 0.90 | (0.12) | -3.08 | 14.43
Numbers dictation (RT) 4798 |(1749) |0.95  |479  |4621  [2002) |0.68 [3.14 | 4329 | (1556) | -0.18 | 2.59 | 3784 | (1628) | 0.69 | 472 | 3859 | (1363) | -0.17 | 1.77
Next number (AC) 070 |(0.24) |-1.02 |0.17  |0.80  [(0.25) |-1.54 [1.49 0.87 | (021) | -2.39 | 5.18 | 0.88 | (0.19) | -2.60 | 632 | 0.88 | (0.21) | -2.58 | 6.26
Next number (RT) s087 |(1770) |044 |17 |4302  |(1936) |0.16 |145 | 3896 | (1400) | 024 | 420 | 3319 | (1274) | -0.36 | 115 | 3395 | (1035) | 0.7 | 175
Previous number (AC) 073 |023) |-123 [0.17 085  [(0.21) |-2.08 [3.56 | 090 | (0.18) | -3.01 | 854 | 093 | (0.13) | -3.85 | 1642 | 0.93 | (0.14) | -3.94 | 17.15
Previous number (RT) 5268 |(1801) [0.60  |0.89  |4475 |(2698) [9.94 |136.85 | 3903 | (1330) | 024 | 2.89 | 3250 | (1133) | -0.55 | 1.53 | 3305 | (957) | -0.44 | 357
Subitizing (AC) 072|019 |-1.03 |098 [079 |©.15) |-132 [336 | 084 | (014) | -128 [ 253 | 086 | (0.13) |-192 [ 679 |085 | (0.15) | 203 | 638
Enumeration (AC) 085 |(020) |202 |384 |087 |©.17) |235 |eas | 091 | (013) | 289 [ 1215 [ 092 | (0.12) | 295 | 1331 | 091 | (0.14) | 286 | 1093
Enumeration (RT) 8833 |(2590) [052  |200 7382 |2141) 106|341 | 6979 | (I815) | 087 393 | 5951 | (1545) | —0.28 [ 219 | 5967 | (1672) | 0.09 | 3.43
Addition facts retrieval (AC) 090 |(0.17) |-2.85 [8.89 094  [0.13) |-3.92 [16.92 | 097 | (0.09) | -6.15 | 43.06 | 0.97 | (0.10) | -5.69 | 3858 | 0.95 | (0.12) | -4.29 | 2531
Addition facts retrieval (RT) 7061 |(3910) [4.35  |31.71  |4946  |(2435) 275  [12.97 | 4345 | (2915) | 280 | 13.39 | 3412 | (1085) | 0.83 | 3.18 | 3390 | (1268) | 1.46 | 6.96
Multiplication facts retrieval (AC) 084 |(021) |-186 |2ss | 089 | (0.17) | 259 [ 694 | 091 | (0.16) | -328 | 11.94 | 088 | (020) | 245 | 5.78
Multiplication facts retrieval (RT) _89,4 @308) [232  |6.97 | 7848 | (5457) | 369 | 1837 | 6004 | (3146) | 3.26 | 1889 | 3603 | (2982) | 4799 | 42.70
Mental calculations (AC) 052 |022) |-024 |-063 (057 [(0.26) |-044 |-0.84 | 066 | (0.24) | -0.78 | -0.11 | 0.74 | (0.22) | -1.33 | 132 | 0.69 | (0.25) | -1.03 | 0.23
Number Lines 0-100 (PAE) 1103|599 [138  [199 |7.85  |@.74) |2.79 |12.63 | 645 | (3.88) | 329 | 16.09 | 525 | (2.32) | 211 | 716 | 516 | (255 |3.01 | 1465
Number Lines 0-1000 (PAE) _15_72 (823) [063 |002 | 1147 [(770) | 143 [248 | 871 [ (605 | 1356 | 229 |814 | (616 |225 | 649
Squares (AC) 043|026 024 |-099 |052 |(024) |024 |-086 | 061 | (023) | 076 | 002 [ 0.69 | (021) | -L17 | 174 | 072 | (020) | -131 | 239
Building blocks (AC) 058 |(026) |-029 |062 |064 |026) |-0.75 |-003 | 066 | (025) | 078 [0.13 | 073 | (023) | 093 [042 |074 | (024) | -1.09 | .09
Word problems (AC) 048|029 |001 |092 |042 |©24) |0.07 |12z | 052 | (025) | 052 [-1.09 [057 | (024) | 078 | -0.67 | 060 | (022) | -1.02 | 006
Calculation principles (AC) 035 |028) 045 |-0.74 (036 [(029) |0.18 |-1.55 | 045 | (0.31) | -0.13 | ~1.57 | 0.55 | (0.30) | -0.06 | -0.96 | 0.52 | (0.31) | -0.43 | -1.32
Numerical patterns (AC) 035 |020) 005 |-032 (039 [(0.21) |-0.12 |-041 | 046 | (021) | -0.14 | —0.19 | 0.50 | (0.21) | -0.04 | —0.10 | 048 | (0.21) | 0.17 | 0.06

Reaction time (RT) calculated for the items with the accuracy leading to a ceiling (>0.8)
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4.2 Correlations

Table 4 presents the correlations between the measures for grade 2, Table 5 for grade 3 and 4 and Table 6 for grades
5 and 6. Both the PAE and RT scores were multiplied by — 1 as a high score in these cases actually means a low per-
formance. None of the raw correlations between the AC measures was above 0.80 (the maximum value was 0.70),
suggesting that multicolinearity was not a problem in the present data at the measurement level [67]. This was
unsurprisingly the case for the correlations between the RT measures between the Single-digit and Multi-digit
numbers comparison (correlations of 0.81, 0.88, 0.84, 0.96, 0.96 respectively for grades 2, 3, 4, 5, 6). However, when
the general processing speed was controlled for by partialing out the RT measure of the Computer mouse speed
subtest, the correlation values were all below 0.8 (0.69, 0.68,0.77, 0.75, 0.76; p < 0.001). First-order correlations were
also calculated between the other RT measures controlling for the general processing speed by partialling out the
RT measure of the Screen keyboard use subtest. All the first-order correlations values were lower compared with the
zero-order values (see Tables C, D, E in Appendix). This underlines the effect of the general processing speed on all
the RT measures. The correlations between the RT measures and the AC were low or moderate and not significant
in most cases. Therefore, the strong correlations between the RT measures but weak between the RT and the AC
measures indicate that the associations between the RT measures might be due more to the reaction time itself than
to mathematical skills. This is why in the factor analyses we have used only the AC measures.

4.3 Mathematical skills construct structure evaluation
Dots comparison task wasn't included in the factor analyses because of the poor internal reliability and the low corre-
lation coefficients (< 0.30) with the other measures. This was also the case for the accuracy measure of the single-digit

numbers comparison task. When the P measure (RT penalized for inaccuracy) of the Single-digit numbers comparison
task was included in the factor analyses, its loading was low (< 0.20) and not significant.

Table 4 Pearson’s correlations between the tasks for grades 2

1 2 3 4 5 6 7 8 9 0 11 12 13 415 16 17 0 18 19 20 21 2 23 24 25 26
1.Dots comparison (AC) -

2.Single digit numbers comparison (AC) 0.29%%

3.Single digit numbers comparison (RT) 005 002

4Multi-digit numbers comparison (AC)

5.Multi—digit numbers comparison (RT) 002 008 081" o7l

6.Numbers dictation (AC) 0-2*3* 0. Zf’ 0. 'f* 0. Zf* 0. 3*“* -

7.Numbers dictation (RT) 004 005 060" g2 052 gps

8.Next number (AC) 022* g16x 003 021" 004 055 ouer -

9.Next number (RT) 007 015+ 0597 gqp 0607 0257 0637 g

10.Previous number (AC) 022% 0307 gp OA8" g9 0857 qqx 066" g5 -

11 Previous number (RT) 010 013 0467 0257 0537 0327 0437 g9 0637 g3

12.Subitizing (AC) 013 922" 002 o1ar o016+ 0247 003 030" 007 0dres 023 -

13 Enumeration (AC) 008 02* 002 018" 006 021" 006 020" 005 040%% 000 0.60%

14 Enumeration (RT) 008 010 031" g9 036" g 0387 g3 0497 009 043+ 008 005
15.Addition facts retrieval (AC) 0.14% 0347 g, 0.25% 022" "0z 023" 008 04der 0225 0.48%% 0.70%% 005 -

16.Addition facts retrieval (RT) 0.49*+ 0.04

17.Multiplication facts retrieval (AC)

18.Multiplication facts retrieval (RT)

19.Mental calculations (AC)

20.Number Lines 0-100 (PAE)

M
024w 0.43F
T

21.Number Lines 0-1000 (PAE)

22.Squares (AC) M x .

23 Building blocks (AC) O18% “oa7e 002 018" 005 028" gqp 028" gqp g3z oq7r 0407 038% g 0g

24.Word problems (AC) O19% “o1ax 001 014 o001 03" 10 ("Zj‘* 012 037+ 0237 0357 034 o 043¢

25 Calculation principles (AC) 02241 018 004 | 0a4x] 01| 0297 oaax] 032 009 gazes0a3 | 0297 034 g 047*| 053+
26.Numerical patterns (AC) o6+ 017¢ 010 021" ouar 027" 906 027" 013 0.35e 024vn 0337 0377 g9 0437 0.49% 053

The grid format indicates the tasks aren’t given; Correlations between RTs are in blue; r >0.03 are in bold.
**p<0.01
*p<0.05
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Table 5 Pearson’s correlations between the tasks for grades 3-4

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1.Dots comparison (AC) 000, 005 015* 004 0277 003 022" 003 023" g2 022% o1 o010 003 017" 0157 gg 01T gae 0237 023 g 34 09T g5 g1ar
2.Single digit numbers comparison (AC) 0.08 0.00 0'15* 0.04 0.01 0.03 ¢ 0.14*  0.08 0.09 0.03 0.00 0.02 0.01 0.09 0.07 0.09 0.04 0.07 0.02 0.02 0.04 0.02 0.06 0.05 0.06
3 Single digit numbers comparison (RT) 0.12% 0.04 00s 088 o01 074 g0 073 gp8 039 003 002 O35 003 027" 0ase 001 009 007 005 005 008 007 006 003
4Multi-digit numbers comparison (AC) 021% .14 0.10 004 0237 009 OI8% 009 027%x 005 | 0187 ga2r g09 0247 0297 031 g 3. 0307 0257 0201 g9 0187 0197 029% 0.24%
5.Multi—digit numbers comparison (RT) 007 004 084 02 ggq 067 g1 064 006 020% 006 003 030%% 004 028 011 011 008 006 007 000 005 003 004 005
6.Numbers dictation (AC) 026% 0.16 g0y 032% gpex - 020" 056% 0IST gsges g31en 033+% 0270 016" 0.30%% 037+ 028%* 023 030+ 025+ 02gxx 0237 021% 0227 020 0.16%
7.Numbers dictation (RT) 000 002 67" g0s 003 000~ 010 7% 010 072+ 002 008 030% 004 027 008 022%% 012% 002 000 005 007 009 000 007
8.Next number (AC) 012¢) 009 007 020" 0uax 39l 001 - | 009 0.56%% 025%% 03144 028%% 0.17*% 023%4 025%% 023 016 024%% 019%% 022+ 013* 006 011 013+ 017
9.Next number (RT) 010 0.02 011 0657 gqax 077" gp5 024%% 0267 012 0.19%% 0.44%% 0.17%% 039+ 024*% 029%* 022+ 010 011 013* o012 14" 005 o3¢
10.Previous number (AC) 020% “oaax 002 7" 000 0387 g2 043% g0 028% 0.43%% 0.36%% 0248 0.47¢% 037%% 0.47%% 0270 035+ 033ws 03pws 0257 0187 0227 0.7 0227
11.Previous number (RT) 006 002 01T OA8T 0677 06T 07471 0221 076" o3¢l 1 000 011 019%% 002 017 0.12* 021 006 009 012* 010 004 012 005 002
12.Subitizing (AC) 0.12¢ 003 008 o011 013 020" 907 OIST orr 31 018 0.41%% 021%% 05355 020%* 0.43+% 0.14% 038+ 037+% 033+x 033" 0277 0257 025% 023*
13.Enumeration (AC) ”"*7* 007, 005 011 011 0.16* 0.03 0-2‘3* 005 033+ 0.13% 038*% 002 048* 027** 047%% 014* 041% 029%% 024%x 030" 3. 0267 “'{3* o021
14 Enumeration (RT) 020%1 g3 | 04171 OA7% 04771 01571 0487 0227 0497 05+ (580 0.30+% 0.18% 0.17%% 05144 023%% 0.42%% 027+ 0.18*% 023+:0.22%% | 0.2+ 17" g1 OI8*
15.Addition facts retrieval (AC) 020 o11 000 0%5* 013x 0317 003 030" 900 04s*: 008 036+ 0.59+ 0.19* 029%% 0.62¢% 0.19% 047+ 0.42%% 022%% 026 0-23* 0-28 0'{5* 0.25%
16.Addition facts retrieval (RT) 012+ 005 | 026%]036% | 0.49%] 027 021 029% 028%] (Sl yged 0.35% 0.39%0.49%] 0.65% 0.43%0.60% 0.53% 0.42¢ 0.46* 031* 0.18% 035 029% 030

on 13 © N . T * * * *, * * *, ; - * * * * * *. * *. * * * * * *.
17.Multiplication facts retrieval (AC) 025%1026% (05 025 041 070365 007F e g ges 0317 042 020% 054 0455 037F 071 0.52% 048% 0.41% 020% 0.44% 0415 043*
P! * * * * N * * N . * * * * * * * * * * * * * *
18.Multiplication facts retrieval (RT) 006 | 0157 g20x 0217 0327 0197 03071 0.18% 0417 g 1705 ggges O18% goq | 0467 033 07071 045* | 035% 0.17% 0277 0.19% g9 0267 0.19% 0.7
19.Mental caleulations (AC) 025%1024% (103770235 040% 0165 033% 024% 3iua goges 031% 031 033% 032 0.43% 0.68% 0.48%  _0.52% 0.55% 0.48% 034% 056* 0.61% 0.56*
N * * * * * * * * - - * * * * * *. * * * * * * * *
20 Number Lines 0100 (PAE) 029% o 0.20% 0.36% 0345 036% (o 026% 0.09% g (hges 025% 034% 025% 042¢ 0555 041% 028% 044 0.63% 0.40% 031% 045F 0425 0.42*
; " * N * * * * N * * - - * * * * * * * * * * * * * *
21 Number Lines 01000 (PAE) 028% g7 O.07% 038 031% 032¢ (9 023% 022% 3o gpex 0207 028% 025% 037¢ 0.39% 040% 031% 050 0.71% 1 0.48% 034% 052F 046% 047*
- ” * N * * *. * N * * - - *, * * * * *. * * * * * * * *
22 Squares (AC) 025% 004 005 0265 gise 0205 05 008 o0, 022%17029%70.19% T032% 028%031% (o 038 053 055 042% 050% 036% 039%
-5 s (AL, * - * - * - * Y 04%004% * * * « * i - i * * * * * *
23 Building blocks (AC) 021% 08 006 023 T03¥ T023% g 0sT T009F o o 019% 7020% 017F 022% 0075 022% 1) 0305 0.40%  048%  0.der  _ 045% 025%  0.34%
. ¢ S * - . * ® M - * . - 0.14% * * * * * * - i * * * * * *
24 Word problems (AC) 029%7020%0.16% 039 021% 037% 0.20% 028% 028% (gmr gapes 0207 022% 033% 024% 037% 046*  0.41* 067 0.46* 0.60% 051% 039* 055 052¢
- P * * * i * * * * * - - = * i * i i * * * * * * * *
25.Calculation principles (AC) U.i‘)" 0.03 0.10 0.14* 0.1*7“ 02*9‘ 0.13% 0.%5* 0. 2*3* 0.26%% 0.22% 02*3* O.il * 0.59" Ovl’ﬂg* U.i(!* (.IJ:Z’t 04_14" 0.&5* (.14117’t 0.16" U.:iS* 0»11’ 65 _ 0{6"
26 Numerical patierns (AC) 022% 1 005% 1103202350295 ) hu T 0305 008% (e g opew 023%020%) 03251 028 0.33% 045¢ 0335 061 0.40% 052¢ 0425 040 0.62% 063
e " P . . . P p . . . N . N . . . N . .
Up right: correlations for grade 3; Bottom left: correlations for grade 4. Correlations between RTs are in blue; r >0.03 are in bold
**p < 0.01
*p<0.05
, .
Table 6 Pearson’s correlations between the tasks for grades 5-6

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
1.Dots comparison (AC) _ 006 00t %17" 003 009 008 008 012¢ 007 007 008 005 009 004 010 012 008 0207 g3k 0227 0l6* 017 0167 0.16* 022%
2 Single digit numbers comparison (AC) o1s* 002 O3 003 011 003 003 005 005 006 006 0085 006 008 008 012% 004 015* o.17 018" “o12¢ 013* 010 003 o1l
3.Single digit numbers comparison (RT) 008 002 _ 002 97 004 064 o5 077" op4 07 om0z 04T 006 028 oase 0107 017" oo g4 0s 0167 021" gy oo
4 Multi-digit numbers comparison (AC) oa7¢ 025" g0g 009 933 000 013% 009 026+ 013% 0197 0227 g9 0247 031 025% 0257 037% 0.49% 0.53¢ 039% 032% 039% 0.36% 043¢
5. Multi-digit numbers comparison (RT) 010 005 %0 oaax o001 060t 002 %7071 001] 074 008 006 043 000 25°*] 010 0.18* 009 006 003 001 0.15* 0.16* 007 005
6.Numbers dictation (AC) 016% “o16v 010 031" ox2 0177 041% 006 0.57+% 008 034*% 0.37% 007 0335 022%% 035%% 0.16*% 035%x 028+s 027+x 0227 g9 0347 0287 028%
7.Numbers dictation (RT) 009 001 7% o005 002 777 0011 0754 005 001 0484 009 038 009 027 0.13* 008, 008, 009, 009 004 001 004
8.Next number (AC) 0051 003 005 °-§°* 0.04 1 0.57%% 003 029%% 021%% 007 024%% 0.1 024%*% 008 022%% 021%% 0.16%* ”‘2*4* 0.12% 02*4’ "1*7* "-“"*
9.Next number (RT) 009 000; 920" 010 2 4900060 _ 1 000 088 004 003 054 005 042 006 028" 009 000 002 000 010 012 005 002
10.Previous number (AC) 0.16* 0121 0.03 0-{:’* 002 042 gy 0467 g0 011 0.39%% 0.30%% 010 033** 022+ 030+ 0.13% 032+ 028%* 024* 032" o 0397 030 0.24%
11.Previous number (RT) 0170 00| 07571 gaex 07371 02171 0797 021 0807 g 530 009 0.09 0.56%% 003 04755 000 0.34% 001 009 004 008 004, 002 006 005
12.Subitizing (AC) OI8¥1 0271 g 1q0) O28% g 47x 02471 g0 023" OI8% g37es g24wn | 032%% 006 0.36*% 0.14% 032%% 008 033+ 0.18%% 024xs 027% gy 0197 0297 025
13 Enumeration (AC) O16%1 0357 9061 023% g0 0197 go1 018" 004] 032 003 0374 0.08 | 0404 026%* 036" 011 | 0.47%% 025%% 019+ 023 q5e 0257 038 031
14.Enumeration (RT) 008 | 0.15%) 0527 080567 02251 0.567 0.22%1 001% 009 | 066+ 025%% 008 | 003 067 006 0.46*% 0.12% 0.13* 008 022% 009 011 010 009
15.Addition facts retrieval (AC) 016%) 0191 011 022" gazx 03471 o5 029 g13¢) 0a7vs 020" 043¢ 0.50%% 0.03% | 020%% 0.44% 002 0.40%% 033w 034%s 0297 gy 0237 0277 0227
16.Addition facts retrieval (RT) 0.04 0.06 0.46° 0.38* 0.49 0.2’7‘ 0.55 0.33* 11.58 Ligse 0.18%% 0.2.2‘ 0.03 li.71} 0.15% B 0.2‘8* 0.59 0.::7" 04111' 0{0* 0{2” O.Z‘l* Oi‘)’ (L::S” 04110'
17.Multiplication facts retrieval (AC) 0101 0107 009 033 g3 030% (g5 023% 3. 0218 0.34%1 0.36% (30 ggge 037F 1 039% 0.72% 029% 036% 031 025% 0.45% 0.48*; 0.44*

¥ ¥ P 3888 ¥ ¥ ¥ ¥ . x ¥ ¥ P M N M
18.Multiplication facts retrieval (RT) 010 001 0 pgee 022 0277 033 g qse 0307 s 0207 gqp 0457 01605710370 0340 0230 07T 008% ggqe 0297 0320 0290
19.Mental caleulations (AC) OIS T026%] g g O[OSV e 10| 021 pgea " g o0w] 0370364 g e DIB047 070 080T 06| 0udm | 0z 0z 0] 0.6 et
20 Number Lines 0100 (PAF) 019% )15 0207 T0.45%024%] 0.38%((5u 023% 0.19% Oages 04ZFTOIEF 024 0335 037H037% 029 0.49% 0.58%1 047+ 0.30%]0.40% T 0.42T 034
- S * - * M * * - * % D33%E " * * * * i i * ® = * * ® * * *
21 Number Lines 01000 (PAE) 025% (4 021% 0.4d% 023% 0.39% 0.18% 0.18*  023* 0.30%% 028% 025%028% 031 0.43% 038 0.30% 053%  0.58* 0.49%1 038+ 0.46% . 0495 0.49%

p " . . . P P v b s p p . . . . . . - . " " . P
22.Squares (AC) 0.110* 0.2‘6“ 0.13*% 0.10* 0.15% 02"2‘ 009 0.16% 0.10 e 0.22% 0.26" 0.34* 0.32* 0. 17* 0.2*2" 043*5" 02*5‘ 0.‘:9* 0{3" 0.‘3{3*‘ _ 0.‘!2‘ I)J:B“ 0.‘:6‘ 044'1“
23 Building blocks (AC) 028% 021 0T T032% g ge 0.19%0I6F )T 006¥ e 028%T023% T024% T T03TF 026% 027% T 041% 037 0425 0.50% 038+ 039% 038
24.Word problems (AC) 0.15%  0.08 0. iO‘ 0.:5" 0.20% 0_:0" 0. 16* 0. 17* 0. EZ‘ s 0.32%% 0.21" 0.14% O.El * ll.il" 0.118" 0.‘:5' 0.23" 0.60% 0415' 0.50" 0.14" 0.‘:6' _ U.il" 0{3"
25 Caleulation principles (AC) 026%T024% g oy 038 g 025% T 023 o8 g 0275 T0I0% 02T 0305 0365 027% T 0.58% T 0.38% T 039% 0375 0.39% 0.61% 0,60+

I principles Sl I W o o g L O LM% il el I el el Bl el el B T s
26 Numerical patierns (AC) 023 T019% T o T T089% T  T0TE T 03 0 1wl 028%T 0RO 0GR 043 030 02t 043¢ 0 0ad T Tose Toes T
. P " . P g howr . P . " . . . “ . M ﬁ .

Up right: correlations for grade 5; Bottom left: correlations for grade 6.
**p <0.01.
*p <0.05; RT measures are in blue; r >0.03 are in bold.
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4.4 Grade 2

Due to non-normality of some measures (see Table 3), analysis used ML estimation with bootstrapping (500 resamples)
to generate accurate estimations of standard errors. The Bollen-Stine bootstrap p=0.573 suggests excellent global fit
of the data. The Kaiser-Meyer—Olkin measure (KMO =0.90) verified the sampling adequacy for the analysis, and Bart-
lett’s test of sphericity [x(91)=1250.47, p<0.001] indicated that correlations between items were sufficiently large for
PAF [68]. An initial analysis was run to obtain eigenvalues for each component in the data. Four factors emerged and
explained in total 59.9% of the variance. The first factor (A) was loaded on Subitizing, Enumeration and Addition facts.
The second factor (B) was loaded on Number dictation, Next and Previous numbers. The third factor (C) was loaded on
Mental calculations, Word problems, Calculation Principles, Numerical patterns, Numbers comparison. Number lines
0-100, Squares and Building blocks loaded on the last factor (D).

Between the single-factor and the four-factor model, we adopted the four-factor model because the CFA showed that
the four-factor model had a significant decrease in X2 value, lower (better) AIC (Table 7) and good overall fit Xz/dfz 1.49,
CFI=0.971, GFI=0.935, SRMR=0.046, RMSEA =0.048, and AlC=174.075. The structure of the four-factor model for grade
2 isillustrated in Fig. 1.

4.5 Grade 3-6

Due to non-normality of some measures (see Table 3), analysis used ML estimation with bootstrapping (500 resa-
mples) to generate accurate estimations of standard errors. The PAF run separately for each grade, identified the
same four-dimensional structure for grades 3-6. The Kaiser-Meyer-Olkin measure for grade 3,4,5,6 (KMO=0.90)
verified the sampling adequacy for the analysis, and Bartlett’s test of sphericity [x(120)=1990.52, 2098.99, 1838.65,
1761.99 p<0.001, respectivelyl. An initial analysis was run to obtain eigenvalues for each component in the data.
Four factors emerged and explained in total 57.97%, 64.25%, 57.07% and 56.11% of the variance for grades 3,4,5

Table 7 Summary of fit indices for factor models per grade

Model x/df Ax? (df) CFI GFI SRMR RMSEA (90% Cl) AIC
Grade 2

One-factor 311.640/77=4.05 REF 0.804 0.816 0.078 0.119 (0.105-0.133) 367.640

Four-factor 106.075/71=1.49 142.242%%%(1) 0.971 0.935 0.046 0.048 (0.027-0.066) 174.075
Grade 3

One-factor 605.058/104 =5.82 REF 0.738 0.756 0.095 0.130 (0.120-0.140) 701.058

Four-factor 274.699/98=2.80 129.304%** (1) 0.908 0.895 0.059 0.079 (0.068-0.090) 350.699

Four-factor CE 185.182/96=1.93 89.517*%* (2) 0.952 0.925 0.053 0.058 (0.046-0.070) 264.430
Grade 4

One-factor 617.811/104=5.94 REF 0.746 0.755 0.088 0.129 (0.120-0.139) 681.811

Four-factor 284.851/98=2.91 29.581%** (1) 0.908 0.897 0.060 0.080 (0.070-0.091) 360.851

Four-factor CE 171.281/96=1.78 113.570%** (2) 0.962 0.934 0.046 0.052 (0.039-0.065) 253.281
Grade 5

One-factor 520.493/104=5.01 REF 0.763 0.779 0.087 0.120 (0.110-0.131) 584.493

Four-factor 284.197/98=2.90 75.757%% (1) 0.894 0.887 0.060 0.083 (0.072-0.094) 360.197

Four-factor CE 177.511/96=1.85 106.686%** (2) 0.953 0.925 0.049 0.057 (0.044-0.069) 261.511
Grade 6

One-factor 431.133/104=4.15 REF 0.806 0.815 0.076 0.109 (0.098-0.120) 495.133

Four-factor 277.676/98=2.83 19.184%** (1) 0.893 0.891 0.061 0.083 (0.072-0.095) 353.676

Four-factor CE 172.729/96=1.80 104.947%** (2) 0.953 0.926 0.054 0.056 (0.043-0.069) 256.729

The best indices are in bold

CFl=Comparative Fit Index; GFI=Goodness of Fit Index; SRMR= Standardized Root Mean-square Residual; RMSEA =Root Mean-square Error

of Approximation; Cl=Confidence Intervals; AIC= Akaike Information Criterion; CE=Correlated Errors

***Ax? significant at p <0.001
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Fig. 1 Four-factor model for
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NUMBERLINES 0-100 I

BUILDING BLOCKS |

and 6 respectively. The first factor (A) was loaded on the same three subtests (Subitizing, Enumeration, Addition
facts) as those of factor A of grade 2 along with the Multiplication facts. The second factor (B) was loaded on exactly
the same subtests (Number dictation, Next and Previous numbers) as those of factor B of grade 2. The third factor
(C) was also loaded on the same subtests (Mental calculations, Word problems, Calculation principles, Numerical
patterns and Numbers comparison) as those of factor C of grade 2. The last factor (D) was loaded on the same three
subtests (Number lines 0-100, Squares and Building blocks) as those of factor D of grade 2 along with the Number
lines 0-1000 subtest which wasn’t given to grade 2 children.

Between the single-factor and the four-factor model for each of the upper grades (3-6), the CFA showed that the
four-factor model had a significant decrease in XZ value as well as the lowest AIC (Table 7). Moreover, the four-factor
solution possessed incidences of high modification indices (MIl) between Numbers dictation and Next number in
grade 3, Enumeration and Addition facts in grade 4, Number line 0-100 and Number line 0-1000 in grade 5 and 6.
The covariances errors indicate similar conceptual content, since it presents a unique variance origin [69]. Allowing
errors to covary significantly improved model fit for each grade (Table 7). The Bollen-Stine bootstrap p=0.008, 0.010,
0.062, 0.036 (for grade 3,4,5,6 respectively) suggests also excellent global fit of the data. Therefore, the four-factor
model with correlated errors was adopted as a final model for grades 3-6 (see Fig. 2).

The analysis of the Standardized Residual Covariance Matrix was also considered. The majority of residual covari-
ances for the adopted model in all grades (1-6) were less than two indicating good fit [70]. Moreover, consultation
of factor loadings revealed that indicators (MathPro subtests) were positive, possessed a majority of high loadings
(i.e., above 0.6) along with few of moderate loadings (between 0.4 and 0.6), and were significant (p < 0.05) with lower
95% Cl all above 0.5, suggesting all indicators loaded meaningfully [71].
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Fig.2 Four-factor model for grades 3-6. Latent variables are represented by ellipses; measured variables are represented by rectangles. For
simplicity error terms associated with the predictor variables and error covariances are not shown on the diagram
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5 Discussion

The aims of this study were to gain insight into how a broad range of numerical and geometrical measures, from
early ones to more advanced, associate in children from grades 2 to 6 and examine how these associations shift
or remain invariant in these years of important mathematical learning. To meet these aims, we tested more than
1300 children from grades 2 to 6 with the MathPro test [57], a large battery of 20 subtests measuring a variety of
mathematical skills. A series of both PAF and CFA analyses were run on each grade to come up with the underlying
construct structure of these skills. Let us note, however, that for the grade 2 children, not all the subtests, or all the
items of the subtests were presented.

The expectations regarding the underlying structures of the math skills were not very clear since to the best of
our knowledge there isn’t any other study that has recruited that many mathematical measures. Indeed, the current
literature underlines the idea that all math skills are quite heterogeneous and that there exist different profiles of
typical or atypical development in mathematics. Yet, there is no consensus about the factors underlying this variabil-
ity, nor any clear theoretical background related to this. An attempt in this direction is the fourfold model proposed
by Karagiannakis, Baccaglini-Frank and Papadatos ([39], which classifies mathematical skills into four domains: core
number, memory, visual-spatial, or reasoning. Given the lack of previous similar studies and the poverty in theoretical
frameworks that could help in drawing clear hypotheses, our study can be considered both as exploratory enabling
us to build meaningful structures as well as confirmatory for testing those structures.

The results obtained through the CFA indicated a configural invariant four-factor structure at all grades. In grade
2, all but one (Number lines 0-1000) of the measures were presented to the pupils. Factor A includes the Subitizing,
the Enumeration and the Addition facts subtests. Indeed, the ability to enumerate a collection of dots is highly cor-
related both with Subitizing (r=0.60) and with simple additions (r=0.70). Yet, grade 2 children performed almost at
ceiling and rather fast in Addition facts indicating a gradual transition from immature counting addition strategies
(such as counting all) to more advanced strategies (such as counting min or decomposition) or even memory retrieval
[72]. Starkey and McCandliss [73] have shown that grouping items into subsets in the subitizing range can speed
children’s enumeration and that this phenomenon strengthens across grades 1-3. Furthermore, this groupityzing
is a unique predictor of arithmetic fluency (see [73]). Accordingly, we could consider that children who have stored
the arithmetical fact corresponding to 4 plus 3, could more efficiently enumerate a collection of 7 dots if grouped
in 4 and 3 dots or, alternatively, that children who have an enriched understanding of numbers as being composed
of various combinations of subsets are both able to faster enumerate collection and solve additions. We consider
that factor A represents the early addition ability emerging by combining subitizing and counting skills. It seems
that factor A include skills which are supported both by the INS and ENS. Factor B included the Numbers dictation,
Next and Previous number subtests, which both assess the knowledge of number sequence. In each of these tasks,
a spoken number is presented to the child to be transcoded into the Arabic digits (corresponding to the target, or
to the next or previous one). This factor appears to assess the child’s ability to move (backward or forward) in the
verbal sequence and map it to the Arabic code. These ENS skills have received much interest in the last years as
their measure is quite strongly correlated with mathematical skills in general (see, [74]). We consider that factor B
represents basic transcoding and ordinality skills. Factor C consisted of the Mental calculations, Word problems, Cal-
culation principles, Numerical patterns and Multi-digit numbers comparison and factor D consisted of the Number
lines 0-100, Squares and Building blocks subtests, strongly correlated between them. We propose that both factors
C and D evaluate advanced skills. One of the main differences between these two sets of measures is that the factor
D is more demanding in terms of visual-spatial skills. Accordingly, we propose to consider factor C as representing
numerical advanced skills and factor D as representing visual-spatial advanced skills.

Children from grade 3 to grade 6 received the full battery. The factorial structure obtained was identical in these
four grades and very similar to the one obtained in grade 2. Factor A included the same subtests as for grade 2, i.e.,
Subitizing, Enumeration and Addition facts, but now Multiplication facts was also included. In these age groups,
simple arithmetic combinations became gradually “facts”, thus stored and retrieved from long-term memory (Gear,
2004). Factor B still included Numbers dictation and Next and Previous Number, although children became increas-
ingly accurate and fast across grades, suggesting a progressive consolidation of the mapping between the verbal and
the Arabic number systems. Factor C was again the same as factor C of grade 2, corresponding to advanced numeri-
cal skills. Similarly, factor D was the same as the one observed in grade 2, but including the Number lines 0-1000
subtest. It represents visual-spatial advanced skills. Not surprisingly, performance on the subtests of factors C and
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D improved from grade to grade. Let us note however that the factor loading of the Numbers comparison subtest
was smaller in grade 3 than in grades 4-6, probably because decimal numbers were included in this subtest for the
grades 4-6 making the task more difficult for those grades.

In summary, this study aimed at discovering the underlying structure of a broad range of mathematical skills, from
early to more advanced, and see whether this structure shifted or remained invariant in children from grades 2 to 6.
The results obtained indicated that the underlying structure of mathematical measures was invariant at a configural
level throughout the school grades. In a previous research on fifth and sixth grade Greek pupils, Karagiannakis et al.
(2017) provided empirical evidence to their proposal to classify mathematical skills into four domains [39]: (1) a core
number or INS skills factor that included a dots magnitude comparison, a subitizing-enumeration and a number mag-
nitude comparison subtests; (2) a memory factor that included the multiplication and addition facts, (3) a reasoning
factor that included the mental calculations equations, the word problems, the number lines 0-1000, the math terms
and the calculations principles tasks, and (4) a visual-spatial factor that included the number lines 0-100 task. The
structure we obtained in the present study is somewhat different. This is due partly to the fact that the sample here is
larger and wider in terms of the age groups considered but also mostly because the set of numerical measures were
not fully overlapping. Indeed, here both INS skills dots comparison and single-digit numbers comparison subtests
were removed from the analyses due to their very poor internal reliability or/and the low correlation coefficients with
the other measures. We used production rather than verification tasks for the addition and multiplication facts tasks,
words problems had not to be solved by the child but the operation that would be needed to solve the problem had
to be reported. Finally, five new tasks were considered here: the squares, the building blocks, the next number and
the previous number and the numbers dictation task. As previously discussed, Subitizing and Enumeration, as core
number skills, were grouped now in the same factor as the Addition and Multiplication facts combining both INS
and ENS skills. Further, the 0-1000 number-line task fall, along with new measures (Squares and Building blocks),
into the visual-spatial advanced skills.

Itis important to address here the question of why the dots comparison task had such a poor internal reliability. This
was the case in this study, but also in the study of Karagiannakis and Noel [57] that used another large sample to analyse
the psychometric properties of the battery. We argue that this might be the case because the different stimuli not only
vary according to the numbers of dots presented and the ratio between the dots in the two collections, but also by dif-
ferent physical dimensions such a the density of the dots, their area, the convex hull of the collections and so on. Is has
been shown that all these dimensions actually are processed in parallel with the processing of the number magnitude of
the collection and interact with the final judgment [75]. It is possible that on some trials, the children base their answer on
the convex hull of the collection, selecting the larger one, on other trials they might select the collection with the bigger
dots and on some others, the ones that are more dense. The fact that all these dimensions interact with the numerical
judgment could account for the low internal consistency of the task [76].

We can compare our results to the classification of young children’s numerical skills (between 5 and 8 years of age)
proposed by Aunio and Radsdanen [38] into four main types: (1) symbolic and non-symbolic number sense; (2) under-
standing mathematical relations (early mathematical-logical principles, arithmetic principles, mathematical operational
symbols, place-value and base-ten system); (3) counting skills (knowledge of number-symbols, number word-sequence,
enumeration with concrete objects); and (4) basic skills in arithmetic (arithmetic combinations, addition and subtraction
skills with number symbols). We did not find a factor corresponding to the first category probably because Dot compari-
son and Digit comparison were not retained in the analyses (due to poor reliability of the tasks or poor correlation with
the other measures). Our factor C (Mental calculations, Word problems, Calculation principles, Numerical patterns and
multi-digit Numbers comparison) could be seen as relating to their second category, that is, understanding mathematical
relations. Factor C involve numerical skills which are considered components of the MNS [13, 30]. Our factor A (Subitiz-
ing, Enumeration and Addition facts, Multiplication facts) and B (Numbers dictation and Next and Previous Number)
could partly correspond to their categories 4 (basic skills in arithmetic) and 3 (counting skills) respectively except that
Enumeration does not belong to the predicted category according to Aunio and Rasanen’s proposition. Let us remind
that their classification is only based on an analysis of the testing batteries and that they did not bring any empirical
evidences to support them.

To sum up, our findings support the idea that the broad area of mathematical skills that were recruited in this study
would fall into four main domains, but the domains involved are somewhat different than those proposed by Karagian-
nakis et al. [39]. Indeed, although we found that some numerical skills fall into the domain of numerical reasoning (our
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factor C) or visual-spatial reasoning (our factor D), we did not find clear evidence for a distinction between a core number
and a memory domain. Rather, we found a distinction between a factor covering transcoding and ordinality skills (factor
B) and those involving Subitizing (which is a core number skill) and counting, associated to emerging arithmetic facts
(factor A).

We believe that it is highly important to study associations of students’mathematical skills for two main reasons. First,
this knowledge can inform about mathematical learning and guide the design of curricula so that they are better aligned
with students’ cognitive development (thanks to knowledge about how specific skills underlying a certain mathemati-
cal task may develop and stabilize over time). Second, cognitive difficulties in mathematical learning may be associated
with a particular set of skills, and this information can guide the design of teaching interventions targeted to students
exhibiting particular sets of difficulties. This is aligned with a recent meta-analysis on both typical and atypical population
which failed to identify a consistent and specific mathematical learning difficulty (MLD) profile [41]. The authors suggest
that MLD should not be seen as a distinct disability that could be distinguished from other forms of mathematical dif-
ficulties and that mathematics performance should be assessed on a continuum.

Therefore, our findings can facilitate the educators to outline the mathematical profile of their students and to apply
the appropriate teaching strategies. For example, students who underperform mainly on the INS and retrieval skills (fac-
tor A) will benefit most by remediations stimulating their conceptional understanding and their mathematical flexibility
rather than focusing on learning by heart rules through explicit teaching (find more examples in [55]).

A strength of this study is that a very large sample of children from five different grades were tested with a very large
set of mathematical tasks. Yet, a limitation of this study is that the same data sample was used for running both the
exploratory and the confirmatory factor analyses. This is so because the limited theoretical framework available did not
provide us with a well-structured set of hypotheses to test. So, further work will be needed to confirm the structures
obtained using other samples and examining also the metric and scalar invariance. Future research could also attempt
to validate the obtained structures by assessing associated cognitive skills in children. For instance, it would be inter-
esting to measure whether skills in measures belonging to the visual-spatial factor (D) correlate with performance in
visual-spatial reasoning measures while skills belonging to the numerical reasoning factor (C) might correlate with non
visual-spatial reasoning tasks. Similarly, it would be interesting to see which mathematical measures more strongly cor-
relate with children’s ability to store or retrieve information from memory.

Finally, it will be interesting to study children with MLD and examine whether their mathematical impairment is global
or whether it mainly concerns some of the factors more specifically.
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Appendix

SeeTables 8,9, 10, 11 and 12 here.

Table 8 Number of items

Grade 2 Grade 3 Grade 4-6
of MathPro subtests
administrated per grade 1.Dots comparison 30 30 30
2. Computer mouse speed 10 10 10
3.Single digit numbers comparison 24 24 24
4.Multi-digit numbers comparison 6 9 12
5.Screen keyboard use 10 10 10
6.Numbers dictation” 30 30 30
7.Next number’ 18 18 18
8.Previous number” 18 18 18
9.Subitizing 20 20 20
10.Enumeration 14 14 14
11.Addition facts retrieval 12 12 12
12.Mutiplication facts retrieval 0 14 14
13.Mental calculations 12 24 24
14.Number Lines 0-100 22 22 22
15.Number Lines 0-1000 0 22 22
16.Squares 10 10 10
17.Building blocks 8 8 8
18.Word problems” 10 18 18
19.Calculation principles” 15 15 15
20.Numerical patterns” 18 18 18

"Task terminates after 3 consecutive errors
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Table 9 Results of the
ANOVAs for grade of the
MathPro subtests

Table 10 First-order
correlations between the RT
measures controlled for the
processing speed for grade 2

Grade

1. Dots comparison (AC)

3.Single-digit numbers comparison (AC)
3. Single-digit numbers comparlson (RT)
4, Multi-digit numbers comparison' (AC)
4, Multi-digit numbers comparison' (RT)
6.Numbers dictation (AC)

6.Numbers dictation’ (RT)

7.Next number (AC)

7.Next number’ (RT)

8.Previous number (AC)

8.Previous number' (RT)

9.Subitizing (AC)

10.Enumeration (AC)

10.Enumeration? (RT)

11.Addition facts retrieval (AC)
11.Addition facts retrieval (RT)
12.Multiplication facts retrieval® (AC)
12.Multiplication facts retrieval' (RT)
13.Mental calculations (AC)

14.Number line 0-100 (PAE)

15.Number line tasks 0-1002 (PAE)
16.Squares (AC)

17.Building blocks (AC)

18.Word problems (AC)

19.Calculation principles (AC)
20Numerical patterns (AC)

Fai3a6=3215"
Fai344=18.29.72"
Fii304=534""
Foa3=17.35"
Foe3s=31.73"
Fs1346=318.64""
Foase=1254""
Fa1344=4523""
Foe37=1204""
Fi1346=67.68""
Faa36=13. 25***
Fa1344=5171"
Fai3a6=2135""
F31127=43.18
Fa1306=41 76"
Fa1343=98. 537
F31125=9.1 8***
Fag35=23.15
Fa1345=26.19""
Faisas=17579""
F31126=61.28""
Fai345=87.32""
Fai3aa=41.64"
Fui342=27.19""
Fai340=1835"
Fa1342=59.25""

AC=Accuracy; RT=Reaction time (in milliseconds); PAE =Percentage of absolute errors

Tgrades 4-6
2grades 3-6

*kK

p<0.001

7 9 11 14 16
7.Numbers dictation (RT) -
9.Next number (RT) 0.39** -
11.Previous number (RT) 0.16* 0.49%* -
14.Enumeration (RT) 0.22* 0.36%* 0.34** -
16.Addition facts retrieval (RT) 0.21* 0.45%* 0.45%* 0.43** -
**p<0.01
*p<0.05
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Table 11 First-order

correlations between the RT ’ ° M 14 16 18
measures controlled for the 7.Numbers dictation (RT) - 049% 048 0.2 023%  0.26*
g speedforgrades g \ovt number (RT) 0.66* - 0.58%  0.20%  025%  034%
11.Previous number (RT) 0.65** 0.67** - 0.25%* 0.33** 0.38**
14.Enumeration (RT) 0.36** 0.36** 0.43** - 0.47%* 0.42**
16.Addition facts retrieval (RT) 0.37** 0.44%* 0.57** 0.52** - 0.59**
18. Multiplication facts retrieval (RT) 0.22%* 0.36%* 0.45%* 0.43** 0.71%* -
Up right: correlations for grade 3; Bottom left: correlations for grade 4.
**p <0.01
*p<0.05
Table 12. First-order 7 9 1 14 16 18
correlations between the RT
measures controlled forthe 7 Numbers dictation (RT) - 033%  031**  0.20* 021* 0.17*
A speedforgrades g vt number (RT) 053 - 0.53%  0.24%  027** 0.8
11.Previous number (RT) 0.43** 0.49%* - 0.29%* 0.37** 0.29**
14.Enumeration (RT) 0.16* 0.26** 0.37** - 0.63** 0.42**
16.Addition facts retrieval (RT) 0.16* 0.26** 0.45** 0.52%* - 0.57**
18. Multiplication facts retrieval (RT) 0.12 0.20*% 0.29** 0.36** 0.51%* -

Up right: correlations for grade 5; Bottom left: correlations for grade 6.
**p < 0.01
*p<0.05
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