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Abstract—Multi-user orbital angular momentum (MU-OAM)
wireless backhaul systems require precise alignment of trans-
mitted and received OAM beams. Therefore, a crucial feature
for a macro base station (MBS) is to accurately obtain the
angle of arrival (AoA) of OAM beams from the small base
stations (SBSs) in the system. Considering the limitations of
existing OAM-based AoA estimations, we propose a novel super-
resolution AoA estimation method, denoted as the recursive
estimation of signal parameters via rotational invariance techniques
(ESPRIT) method. The proposed technique is fundamentally
different from traditional ESPRIT algorithm: It is not based on
the displacement-invariant array structure, but on the recursive
characteristic of Bessel functions in OAM signals. With this
method, the inter-mode interference of the MU-OAM system
can be significantly suppressed by less training overhead, and
the performance is close to that of the ideal system.

Index Terms—Orbital angular momentum (OAM), wireless
backhaul, angle of arrival (AoA) estimation, estimation of sig-
nal parameters via rotational invariance techniques (ESPRIT)
algorithm.

I. INTRODUCTION

Novel service requirements fuel the need for developing
wireless communication networks. The rapid rise of novel
applications, e.g., virtual reality, digital twin, auto-pilot driv-
ing and holographic video, lead to a surge in mobile data
traffic, such that the capacity of next-generation 6G wireless
communication networks will reach 100 times that of existing
5G networks [1], [2]. To match the growing demand, more
and more high-frequency bands, e.g., terahertz (0.1-10 THz)
and millimeter-wave (30-300 GHz) bands, are being licensed
[3]. Due to the shortage of radio frequency (RF) spectrum
resources, in addition to making available more frequency
bandwidth, advanced frequency multiplexing technologies
are increasingly crucial. Heterogeneous networks (HetNets),
which combine flexible backhaul connections, multiple-input
multiple-output (MIMO) and distributed caching technologies
[4]–[6], are an essential component of future 6G wireless
communication networks. As shown in Fig.1, HetNet typically
consists of two types of base stations: a macro base station
(MBS) and multiple small base stations (SBSs). The backhaul
links between the MBS tier and SBS tier can utilize wireless
and/or wired connectivity. In next-generation 6G networks,
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Fig. 1: The application of MU-OAM technology in the PtMP
wireless backhaul scenario [9].

considering the deployment cost and the massive number of
small cells, wireless backhaul [7], [8] will become an efficient
solution for handling the backhaul connectivity of numerous
small cells.

High-capacity point-to-multipoint (PtMP) backhauling can
be achieved by employing multi-user orbital angular momen-
tum (MU-OAM) technology [9]. The phase front of a vortex
electromagnetic (EM) wave with OAM is not planar, but ro-
tates around the transmission axis, revealing a helical structure
eiℓϕ

′
in space, where ℓ is an integer OAM mode number [10]

and ϕ′ is the transverse azimuth. Benefitting from the space
division and the intrinsic orthogonality among different modes,
MU-OAM enables different users to multiplex the same set of
OAM modes on the same frequency channel simultaneously,
thus achieving high spectral efficiency (SE) [9], [11]–[15].
Nevertheless, there are still a number of technical obstacles in
the way of the commercial deployment of MU-OAM wireless
backhauling.

A special challenge is that OAM requires precise alignment
of the transmitted and received beams [9], [13], [16], [17]. If
such a condition is not accurately met, the system performance
deteriorates significantly. Thus, in MU-OAM systems, reliable
angle of arrival (AoA) estimation is indispensable for the
MBS. Up to now, the planar wave-based AoA estimation
has been widely studied [18]–[20], but AoA estimation for
OAM beams remains an open problem and, to these authors’
knowledge, [9] is the only research focused on the MU-
OAM AoA estimation. However, [9] applies the fast Fourier
transforms (FFT) method to estimate AoA of OAM beams,
which consumes a large number of samples in the OAM
mode and frequency domains to meet the required estimation
accuracy.

Considering the limitations of existing OAM-based AoA
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estimation methods, we propose a novel super-resolution
AoA estimation method, whose overall steps are similar to
the estimation of signal parameters via rotational invariance
techniques (ESPRIT) algorithm [21]. However, the proposed
method is fundamentally different from the traditional ESPRIT
algorithm. It is not based on the displacement-invariant array
structure required by the ESPRIT algorithm, but on the recur-
sive characteristic of the Bessel functions in OAM signals, thus
being denoted as the recursive ESPRIT algorithm. Compared
to the existing FFT-based estimation method [9], the proposed
recursive ESPRIT algorithm can directly obtain the closed-
form solution of azimuth and elevation angles only by signal
processing in the OAM mode domain, thus

• significantly saving the training overhead in the frequency
domain,

• significantly improving the estimation accuracy under
medium and high signal-to-noise ratio (SNR).

Finally, the MU-OAM system can achieve higher SE due to
more payload and lower inter-mode interference. Simulation
results show that the proposed algorithm indeed outperforms
[9] with less training overhead.

II. UCA-BASED MULTI-USER OAM WIRELESS
BACKHAUL SYSTEM

Considering the necessity of using uniform circular arrays
(UCA) to generate and receive radio OAM beams [22],
[23], we propose a UCA-based MU-OAM wireless backhaul
system, as shown in Fig.2, which consists of one MBS with
an N -element UCA and Q SBSs with M -element UCA. The
UCAs of MBS and the Q SBSs are off-axis misaligned [24].
Specifically, the UCA centers of Q SBSs are not coaxial,
and the UCA plans of MBS and Q SBSs are parallel. In
the geometrical model shown in Fig.2, the coordinate system
ZM − XMOMYM is set at MBS taking the UCA plane as
the XMOMYM plane and the axis perpendicular to the UCA
plane and passing through the point OM as the ZM -axis, and
the coordinate systems {ZS

q − XS

qOS

qYS

q |q = 1, 2, · · · , Q} are
set at Q SBSs respectively in a similar manner. The UCA
center coordinate of the q-th SBS is defined as OS

q (rq, θq, φq)
in ZM − XMOMYM . Then, based on the geometric relation-
ship, the UCA center coordinate of MBS can be written as
OM(rq, θq, φq +π) in ZS

q −XS

qOS

qYS

q , where rq is the distance
of the UCA centers between MBS and the q-th SBS, θq

(0 ≤ θq ≤ π/2) and φq (0 ≤ φq ≤ 2π) are the elevation
angle and the azimuth angle of the q-th SBS UCA center in
ZM−XMOMYM , and (θq, φq) is defined as AoA of OAM beams
from the q-th SBS, q = 1, 2, · · · , Q.

To realize precise alignment of the transmitted and received
OAM beams, the MBS is required to accurately estimate the
AoAs of the Q SBSs in the training phase [9], [13], [25]. To do
so, the MBS first broadcasts a message to the Q SBSs to start
training. After receiving this signal, all the Q SBSs simultane-
ously transmit their training signals to the MBS, multiplexed
on 2P + 1 (P > Q, −ℓP ≤ ℓp̄ ≤ ℓP , 0 ≤ ℓP < ⌊M/2⌋)
OAM modes, where P is the number of positive OAM modes
used in the training phase. For generating the ℓp̄-th mode
training signal, the antenna elements in the q-th SBS UCA
are excited with the signal sq and with successive phase shifts
φq
m = ℓp̄ϕ

q
m = 2π(m − 1)ℓp̄/M,m = 1, 2, . . . ,M , so that

the phase has an increment of 2πℓp̄ after a full turn. For
an arbitrary point A(r, θ, φ) in the far field, the electric field
intensity Eq(r, ℓp̄) generated by the q-th SBS is given by [13],
[25]

Eq(r, ℓp̄) =

− j
µ0ω

4π

M∑
m=1

eiℓp̄ϕ
q
m

∫
|r− r̄qm|−1eik|r−r̄qm|dV

q

m · sq

≈ −j µ0ωd

4π

eikr

r

M∑
m=1

e−i(k·̄rqm−ℓp̄ϕ
q
m) · sq

≈ −j µ0ωdMeikreiℓp̄φ

4πr
i−ℓp̄Jℓp̄(kRr sin θ) · sq, (1)

where r is the position vector of the point A(r, θ, φ) in ZS

q −
XS

qOS

qYS

q , i is the imaginary unit, j is the constant current
density of the dipole, d is the electric dipole length, µ0 is the
magnetic permeability in a classical vacuum, ω = 2πf is the
circular frequency, k is the wave vector and k = |k| = 2πf/c
is the wave number corresponding to subcarrier frequency f ,
c is the speed of light in a classical vacuum, Jℓp̄(·) is the ℓp̄th-
order Bessel function of the first kind, Rr is the radius of the
SBS UCAs, r̄qm = Rr

(
xS
q cosϕ

q
m + yS

q sinϕ
q
m

)
, xS

q and yS
q

are the unit vectors of XS

q -axis and YS

q -axis.

Then, the received signals of N elements in the MBS UCA
are combined, which can be formulated in ZM − XMOMYM

as (2) [9], where rq is the position vector of the point

E(ℓp̄) =

N∑
n=1

Q∑
q=1

Eq(rq, ℓp̄) + z(ℓp̄)

= −j µ0ω

4π

N∑
n=1

Q∑
q=1

M∑
m=1

eiℓp̄ϕ
q
m

∫
|rq − r̄qm + r̄n|−1eik|rq−r̄qm+r̄n|dV

q

m · sq + z(ℓp̄)

≈ −j µ0ωd

4π

N∑
n=1

eik·̄rn ·
Q∑

q=1

eikrq

rq
·

M∑
m=1

e−i(k·̄rqm−ℓp̄ϕ
q
m)sq + z(ℓp̄)

≈ −j µ0ωdMN

4π
i−ℓp̄

Q∑
q=1

sq
eikrq

rq
eiℓp̄φqJℓp̄(kRr sin θq)J0(kRt sin θq) + z(ℓp̄), (2)
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Fig. 2: The geometrical model of the UCA-based MU-OAM
system [9].

OS

q (rq, θq, φq), Rt is the radius of the MBS UCA, r̄n =
Rt (xM cosϕn + yM sinϕn), ϕn = 2π(n−1)/N , xM and yM

are the unit vectors of XM -axis and YM -axis, z(ℓp̄) is additive
white Gaussian noise (AWGN). In practice, the OAM-based
training signals from Q SBSs are usually incoherent, i.e.,

E
{
sqs

∗
q′
}
=

{
E
{
|sq|2

}
, q = q′,

0, q ̸= q′.
(3)

III. THE MU-OAM AOA ESTIMATION BASED ON
RECURSIVE ESPRIT ALGORITHM

A. Problem Formulation

Neglecting constant terms and performing phase compen-
sation, the training signal in (2) can be simplified as

E′(ℓp̄) =
Q∑

q=1

sq
eikrq

rq
eiℓp̄φqJℓp̄(kRr sin θq)J0(kRt sin θq) + z′(ℓp̄)

(4)

where z′(ℓp̄) = − 4π
jµ0ωdMN iℓp̄ · z(ℓp̄) is the related noise. All

the received training signals on the 2P + 1 OAM modes can
be collected in the vector

E′ = [E′(−ℓP ), · · · , E′(0), · · · , E′(ℓP )]
T
. (5)

Without loss of generality, the multiplexed modes are assumed
to satisfy ℓp̄+1 − ℓp̄ = 1. The purpose of the MU-OAM AoA
estimation is to obtain the elevation and azimuthal angles
{(θq, φq)|q = 1, 2, · · · , Q} of all the SBSs from E′.

B. Estimation of θq and φq

From (4), we can observe that φq and θq are both in-
trinsically related to the OAM mode ℓp̄, since φq appears
in the phase term eiℓp̄φq and θq in the amplitude term
Jℓp̄(kRr sin θq) of the training signals. Accordingly, we es-
timate {(θq, φq)|q = 1, 2, · · · , Q} by processing E′ in the
OAM mode domain. The vector E′ is given in compact form
as

E′ = As̃+ z′, (6)

where the (2P + 1)×Q direction matrix takes the form A=
[a(θ1, φ1), · · · , a(θq, φq), · · · , a(θQ, φQ)] and the vector
a(θq, φq) = [e−iℓPφqJ−ℓP (kRr sin θq), · · · , J0(kRr sin θq),
· · · , eiℓPφqJℓP (kRr sin θq)]

T contains the AoA information
of the q-th SBS, s̃ = Σs, Σ = diag{J0(kRt sin θ1)e

ikr1/r1,
· · · , J0(kRt sin θQ)e

ikrQ/rQ}, s = [s1,· · · ,sQ]T, and z′ is
the noise vector.

By introducing the (2P − 1)× (2P +1) matrices ∆(−1) =
[I2P−1,0(2P−1)×2], ∆(0) = [0(2P−1)×1, I2P−1,0(2P−1)×1]
and ∆(1) = [0(2P−1)×2, I2P−1] that select the first, middle,
and last 2P − 1 rows of a(θq, φq), we can choose a subset of
the elements of a(θq, φq) to obtain the the three vectors

a(γ)q = ∆(γ)a(θq, φq), γ = −1, 0, 1, (7)

such that the phases (excluding the Bessel functions) of a(0)q ,
eiφqa

(−1)
q and e−iφqa

(1)
q are the same. Moreover, considering

the recursive relation, the characteristic of Bessel functions,

Jx−1(ξ) + Jx+1(ξ) =
2x

ξ
Jx(ξ) (8)

the three vectors a
(−1)
q , a(0)q and a

(1)
q satisfy the relationship

Γa(0)q = µqa
(−1)
q + µ∗

qa
(1)
q , (9)

where µq = sin θqe
iφq , and Γ = (2/(kRr))diag{−(ℓP − 1),

· · · , ℓP − 1}. Correspondingly, applying the equivalence (9)
to all the columns of the direction matrix A yields

ΓA(0) = A(−1)Φ+A(1)ΦH, (10)

where A(γ) = ∆(γ)A, γ = −1, 0, 1, Φ = diag{µ1, · · · , µQ}.
The covariance matrix of E′ can be represented as

RE′ = E
{
E′E′H} = ARs̃A

H +Rz′ , (11)

where Rs̃ = ΣE
{
ssH

}
ΣH, Rz′ = E

{
z′z′H

}
. Then, the

eigenvalue decomposition (EVD) of RE′ is written as

RE′ =

2P+1∑
p̄=1

λp̄up̄u
H
p̄ = UΛUH, (12)

where {λp̄|p̄ = 1, 2, · · · , 2P + 1} are the eigenvalues of
RE′ , Λ = diag{λ1, λ2, · · · , λ2P+1}, up̄ is the eigenvector
corresponding to the eigenvalue λp̄, U = [u1, · · · ,u2P+1]. In
practice, the training signal and noise are independent of each
other, thus, the covariance matrix RE′ can be decomposed
into two mutually orthogonal parts:

RE′ = UsΛsU
H
s +UnΛnU

H
n , (13)

where Λs is the Q-dimensional diagonal matrix that contains
the Q largest eigenvalues of RE′ , Us is the (2P + 1) × Q
signal subspace spanned by the eigenvectors corresponding to
the Q larger eigenvalues, Λn is the (2P−Q+1)-dimensional
diagonal matrix that contains the 2P−Q+1 smaller eigenval-
ues of RE′ , Un is the (2P +1)× (2P−Q+1) noise subspace
spanned by the eigenvectors corresponding to the 2P−Q+1
smaller eigenvalues.

Since the range of Us is equal to that of A, i.e., R{Us} =
R{A}, there exists a nonsingular matrix T such that

Us = AT. (14)
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Algorithm 1 AoA Estimation by Recursive ESPRIT
Input: E′

Output: {(θ̂q, φ̂q)|q = 1, 2, · · · , Q}
1: procedure
2: RE′ ← RE′ = E

{
E′E′H}

3: U, Λ← decompose RE′ such that UΛUH

4: Λ← diag{λ1,· · · ,λ2P+1}, λ1≥· · ·≥λ2P+1

5: Λs ← diag{λ1,· · · ,λQ}
6: Us ← the Q columns of U corresponding to Λs

7: U
(γ)
s ← ∆(γ)Us, γ = −1, 0, 1

8: Γ ← (2/(kRr)) · diag{−(ℓP − 1), · · · , ℓP − 1}
9: Ψ̂ ←

[
U

(−1)
s ,U

(1)
s

]†
ΓU

(0)
s

10: Ψ ← the first Q rows of Ψ̂
11: Ψ′ ← the last Q rows of Ψ̂
12: Φ ← decompose Ψ such that TΦT−1

13: ΦH ← decompose Ψ′ such that TΦHT−1

14: for q = 1→ Q do
15: φ̂0

q ← arg (Φ(q, q))
16: φ̂1

q ← − arg
(
ΦH(q, q)

)
17: φ̂q ← (φ̂0

q + φ̂1
q)/2

18: θ̂0q ← arcsin (|Φ(q, q)|)
19: θ̂1q ← arcsin

(
|ΦH(q, q)|

)
20: θ̂q ← (θ̂0q + θ̂1q)/2
21: end for
22: end procedure

Therefore, the signal subspace Us can be similarly denoted as

ΓU(0)
s = ΓA(0)T

= A(−1)TT−1ΦT+A(1)TT−1ΦHT

= U(−1)
s Ψ+U(1)

s Ψ′, (15)

where U
(γ)
s = ∆(γ)Us, γ = −1, 0, 1, Ψ = T−1ΦT and

Ψ′ = T−1ΦHT. Based on the (15), one obtains[
Ψ

Ψ′

]
=

[
U(−1)

s ,U(1)
s

]†
ΓU(0)

s , (16)

and the eigenvalues of Ψ and Ψ′ give the diagonal elements
of Φ and ΦH, which are {µq=sin θqe

iφq |q=1,2,· · · ,Q} and
{µ∗

q=sin θqe
−iφq |q=1,2,· · · ,Q} respectively. The eigenvalues

of Ψ and Ψ′ therefore yield automatically paired azimuth
angle φq and elevation angle θq , and the detailed procedure
of the proposed recursive ESPRIT algorithm is shown in
Algorithm 1. The computational complexity of the core steps
is summarized in Table 1, and the total complexity of pro-
posed algorithm mainly originates from the EVDs and Moore-
Penrose pseudo-inverse.

Unlike the FFT-based AoA estimation method in [9], the
proposed recursive ESPRIT algorithm can directly obtain the
closed-form solution of azimuth and elevation angles only by
signal processing in the OAM mode domain, without 2-D
spectral searching in the frequency and OAM mode domains
and matching independently estimated elevation and azimuth
angles, which thus saves the training overhead. Therefore, the
SE of the MU-OAM system would be further improved by

TABLE I: The complexity of the recursive ESPRIT algorithm.

Step Complexity Total Complexity

Step 2 O
(
P 2

)
O
(
P 3 +QP 2 +Q3

)Step 3 O
(
P 3

)
Step 9 O

(
QP 2

)
Step 12 O

(
Q3

)
Step 13 O

(
Q3

)
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Fig. 3: The complexities of the recursive ESPRIT algorithm
and the FFT-based estimation method in [9] vs. P and Q with
W = 32.

using the proposed recursive ESPRIT method. Moreover, the
total complexity of the proposed recursive ESPRIT algorithm
is compared with that of the FFT-based estimation method
in Fig.3, where the FFT-based estimation method is assumed
to utilize W = 32 subcarriers for AoA estimation. Due to
the EVDs and Moore-Penrose pseudo-inverse in the algorithm
process, the complexity of the proposed recursive ESPRIT
algorithm is higher than that of FFT-based estimation method
when P and Q are large.

IV. SIMULATION RESULTS

In this part, we first verify the proposed recursive ES-
PRIT algorithm at different SNRs by numerical simulations.
Thereafter, we compare the estimation error of the recursive
ESPRIT algorithm with that of the FFT-based estimation
method in [9]. At last, the SE of the MU-OAM system with
transmitting preprocessing (TP) [9] based on the estimated
AoA is compared with that without TP. In the simulations
we choose the subcarrier frequency f = 8.976GHz corre-
sponding to the wave number k = 188 for the proposed
recursive ESPRIT algorithm, and W = 32 subcarriers from
8.212GHz to 9.692GHz corresponding to the wave numbers
k1, k2, · · · , k32 = 172, 181, · · · , 203 for the FFT-based AoA
estimation method in [9], M = 12, Q = 3, N = 36,
P = 5 with OAM modes ℓ1, ℓ2, · · · , ℓ11 = −5,−4, · · · ,+5,
Rt = 30λ, Rr = 15λ, λ = 2π/k, (θ1, φ1) = (10◦, 20◦),
(θ2, φ2) = (15◦, 45◦), (θ3, φ3) = (30◦, 60◦). It is noteworthy
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that the SNRs refer to the ratio of the received signal power
to the noise power in all the figures.

Fig.4 shows an intuitive example, from which the accuracy
of the proposed recursive ESPRIT algorithm is visually com-
pared the results of the FFT-based estimation method in [9]. It
can be concluded that with the increase of SNR, the estimated
AoAs of Q SBSs obtained by both methods approach the
actual values. Meanwhile, under the same SNR, the estimated
AoAs obtained by the recursive ESPRIT algorithm are closer
to the actual value than those obtained by the estimation
method in [9].

The normalized mean-squared errors (NMSEs) of {(θ̂q,
φ̂q)|q = 1, 2, 3} obtained by recursive ESPRIT algorithm and
the FFT-based method in [9] are plotted in Fig.5. The NMSE is
defined as E{(â− a)2/a2}, where â is the estimate of a. The
NMSEs of {(θ̂q, φ̂q)|q = 1, 2, 3} obtained by the recursive
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Fig. 6: The SE of the MU-OAM system. TP: transmitting
preprocessing.

ESPRIT algorithm are greatly lower than those obtained by
the method in [9]. Especially under medium and high SNR,
the accuracy advantage of the proposed recursive ESPRIT
algorithm is more obvious.

In Fig.6, the SE of the MU-OAM system with TP assisted
by the estimated AoAs is compared with the SEs of a system
without TP and of a system with ideal TP, which employs the
actual AoAs of Q SBSs. The SE of the MU-OAM system is
significantly improved after applying TP with the estimated
AoAs, so that it is close to the SE of the ideal system. It
follows that reliable AoA estimation is necessary in MU-
OAM systems. More importantly, in contrast to the FFT-
based estimation method [9], the proposed recursive ESPRIT
algorithm only uses a single subcarrier for the AoA estimation,
greatly reducing the training overhead and thus achieving
higher SE.

V. CONCLUSIONS

To further improve the SE of the MU-OAM system, we
propose a novel recursive ESPRIT algorithm, which can ac-
curately and reliably estimate the azimuth and elevation angles
of multiple SBSs based on the recursive characteristic of the
Bessel function in OAM training signals. Compared with the
existing FFT-based MU-OAM AoA estimation method [9],
the proposed method has higher accuracy with less training
overhead, which is more efficient. With the aid of the proposed
method, the SE of the MU-OAM system is significantly
improved, approaching the SE of the ideal system.
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