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S U M M A R Y 

Accurate estimations of near-surface S -wav e v elocity ( V s ) models hold particular significance 
in geological and engineering investigations. On the one hand, the popular multichannel anal- 
ysis of surface waves (MASWs) is limited to the 1-D and the plane wave assumptions. On the 
other hand, the more advanced and computationally e xpensiv e full-wav eform inv ersion (FWI) 
approach is often solved within a deterministic framework that hampers an accurate uncer- 
tainty assessment and makes the final predictions heavily reliant on the starting model. Here 
we combine deep learning with discrete cosine transform (DCT) to solve the FWI of surface 
waves and to efficiently estimate the inversion uncertainties. Our neural network approach 

ef fecti vel y learns the inverse non-linear mapping between DCT-compressed seismograms and 

DCT-compressed S -velocity models. The incorporation of DCT into the deep learning frame- 
work provides several advantages: it notably reduces parameter space dimensionality and 

alleviates the ill-conditioning of the problem. Additionally, it decreases the complexity of the 
network architecture and the computational cost for the training phase compared to training in 

the full domain. A Monte Carlo simulation is also used to propagate the uncertainties from the 
data to the model space. We first test the implemented inversion method on synthetic data to 

showcase the generalization capabilities of the trained network and to explore the implications 
of incorrect noise assumptions in the recorded seismograms and inaccurate wavelet estima- 
tions. Further, we demonstrate the applicability of the implemented method to field data. In this 
case, available borehole information is used to validate our predictions. In both the synthetic 
and field applications, the predictions provided by the proposed method are compared with 

those of a deterministic FWI and the outcomes of a network trained in the full data and model 
spaces. Our experiments confirm that the implemented deep-learning inversion ef ficientl y and 

successfully solves the FWI problem and yields more accurate and stable results than a net- 
work trained without the DCT compression. This opens the possibility to ef ficientl y train a 
neural network that provides accurate instantaneous predictions of V s near-surface models and 

related uncertainties. 

Key words: Monte Carlo methods; Neural networks, fuzzy logic; Surface waves and free 
oscillations; Waveform inversion. 
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 I N T RO D U C T I O N  

n near-surface applications, S -wave velocity models ( V s ) are com-
only obtained through surface waves analysis. In this context, one

f the most popular approaches is the multichannel analysis of sur-
ace waves (MASW) which exploits the dispersion characteristics
f surface wav es (P ark et al. 1999 ; Xia et al. 1999 ). Ho wever , the
xtraction of the dispersion curve usually depends on the user’s
nterpretation, thus introducing a degree of subjectivity especially
hen multimodal dispersion patterns are observed. 
C © The Author(s) 2024. Published by Oxford University Press on behalf of The R
article distributed under the terms of the Creative Commons Attribution License (
permits unrestricted reuse, distribution, and reproduction in any medium, provided
Numerous efforts have been made to improve the accuracy of
urface-wave dispersion analysis (e.g. Forbriger 2003 ; Kumar &
askar 2017 ) and to address the ill-posedness of this inverse prob-

em, such constraining the inversions or using probabilistic ap-
roaches (e.g. Xia et al. 2003 ; Bohlen & Saenger 2006 ; Ivanov
t al. 2006 ; Socco & Boiero 2008 ; Maraschini & Foti 2010 ; Dal
oro 2019 ). In addition, the forward operator involved in the com-

utation of the dispersion curves presents two strong assumptions:
 1-D layered model and plane waves. Therefore, a limitation arises
oncerning the lateral resolution of the obtained 2-D subsurface
oyal Astronomical Society. This is an Open Access 
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models, as the profile length of the analysed seismic arrays cannot 
be arbitrarily small. 

The full-wav eform inv ersion (FWI) is a more advanced, although 
computationall y expensi ve, approach that utilizes the complete 
wavefor m infor mation recorded by seismic sensors to derive a more 
detailed reconstruction of the subsurface properties. This makes this 
approach potentially able to address the previously mentioned limi- 
tations of the MASW. FWI is traditionally solved through determin- 
istic approaches which seek to find a single best-fitting model that 
e xplains the observ ed data (Tarantola 1984 ; Virieux 1986 ; Virieux & 

Operto 2009 ). Although this approach is computationally efficient, 
it heavily depends on a good starting model and fails to accurately 
estimate the uncertainties. This dependency on the starting model 
is related to the ‘cycle skipping prob lem,’ w hich occurs w hen the 
observed and simulated seismic waveforms are out of phase by 
more than half a cycle (Sch äfer et al. 2014 ; Alkhalifah 2016 ). As 
an alternative, a probabilistic approach to FWI can be applied; this 
framework operates on the foundation of Bayes theorem, integrat- 
ing prior model infor mation, data uncer tainty, and even modelling 
errors into the posterior probability density (PPD) function, which 
fully describes the uncertainties affecting the solution. In case of 
non-linear forward modellings, the PPD is numerically estimated, 
for example by using Markov Chain Monte Carlo (MCMC) meth- 
ods (Mosegaard & Tarantola 2002 ; Gebraad et al. 2020 ). These 
sampling methods are less dependent on a good starting model and 
provide an estimation of the uncertainties; ho wever , they entail sig- 
nificant computational expenses (Saje v a et al. 2017 ; Aleardi et al. 
2019 ; Zhao & Sen 2021 ; Berti et al. 2024 , b ). 

The rapid advances in algorithms and computing powers con- 
stitute an unprecedented opportunity for significant progress in 
seismic inversion, enabling the solution of pre viousl y infeasible 
problems through data-driven approaches. A promising avenue 
of research is to approximate the inverse mapping of FWI by 
training a neural network on pairs of seismic data and corre- 
sponding velocity models (Wu et al. 2018 ; Kazei et al. 2021 ; 
Zhu et al. 2021 ). These approaches seek to leverage the power 
of deep learning to learn complex relationships between seis- 
mic data and subsurface properties, potentially revolutionizing the 
traditional FWI methodolo gy. Howe ver, the ef ficacy of learning- 
based methods stems from their ability to leverage vast amounts 
of high-quality training data, which poses a challenge for seis- 
mic methods due to the high acquisition costs and confidentiality 
concerns. 

In geophysics, and especially in seismic inversion, significant 
research efforts have been devoted to using deep learning method- 
ologies. For example, Richardson ( 2018 ) and Mosser et al. ( 2020 ) 
used a generative adversarial network (GAN) as a form of regu- 
larization to promote plausible velocity models and reduce model 
parameters b y le veraging information from the network’s latent 
space. They then successfully incorporated this approach into a FWI 
framework. Ovcharenko et al. ( 2019 ) and Sun & Demanet ( 2020 ) 
applied neural networks to extrapolate the missing low frequencies 
and help alleviate the cycle-skipping problem. Wu & McMechan 
( 2019 ) proposed a convolutional neural network (CNN) domain 
FWI, which uses a CNN to reparametrize the velocity model or 
gradient field, updating the neural network weights to minimize the 
loss function. Additionally, the authors provided uncertainty esti- 
mations using the Monte Carlo (MC) dropout technique (Gal & 

Ghahramani 2016 ; Osband 2016 ). In a similar vein, Yang & Ma 
( 2019 ) formulated a UNet-based supervised training approach to 
approximate the inverse non-linear operator as an alternative to the 
classic acoustic FWI formulation. Ho wever , their study was limited 
to synthetic data, and they utilized impractical array settings by 
aligning the number of geophones with the grid size of the velocity 
model. To address the limitations of their training, they used transfer 
learning techniques with new training models akin to the simulated 
ones, underscoring the importance of a wide and diverse training 
data set in the supervised approach. To assess the generalization 
capabilities of data-driven methods, Zhang & Lin ( 2020 ) analysed 
the prediction robustness of a broad and diverse data set. Ho wever , 
their study necessitated fine-tuning via transfer learning techniques 
and was also limited to synthetic examples. Dhara & Sen ( 2022 ) 
demonstrated that combining CNN with a physics-based forward 
process in elastic FWI can mitigate issues such as local minima 
and crosstalk effects (defined as the interference arising from the 
coupling between different model parameters) thereby enhancing 
inv ersion accurac y. A more pragmatic approach was introduced 
by Zhang & Alkhalifah ( 2022 ), who integrated well-log informa- 
tion to regularize the inverse problem. Their method addressed the 
challenge of low parameter illumination based on observed data and 
demonstrated efficacy across both synthetic and field data scenarios. 
Zhu et al. ( 2023 ) implemented FWI using the Fourier neural oper- 
ator as the decoder of DeepONet (Lu et al. 2021 ), thus improving 
the generalization and robustness of data-driven machine-learning 
approaches. So far, the pre viousl y mentioned investigations have 
focused on acoustic FWI, limited to synthetic data, with few of 
them incorporating uncertainty estimation. In the case of surface 
waves FWI for near-surface scenarios, Vantassel et al. ( 2022 ) made 
significant contributions. While the authors demonstrated the re- 
liability of data-driven approaches to invert surface waves, their 
study was limited to synthetic data and subsurface models with 
simple geometries (i.e. specifically two and three-layer models). In 
addition, they considered just a single shot as the observed data, 
and no estimation of the model uncertainties was provided. Yust 
et al. ( 2023 ) presented a field data application in which the au- 
thors investigate the impact of starting models on FWI results. This 
includes the use of a V s model predicted by a frequenc y-v elocity 
CNN that is based on Rayleigh wave dispersions, as detailed in 
Abbas et al. ( 2023 ). 

In this paper, we introduce a computationally efficient deep- 
learning approach to solve the FWI of surface waves. One of the 
main aims of the work was to train a network with good generaliza- 
tion capabilities, and for this reason, a particular ef fort w as de voted 
to generate a training data set representing realistic geological sce- 
narios for near surface investigations. These models were generated 
using the GemPy algorithm (de la Varga et al. 2019 ). For what con- 
cerns the acquisition layout we considered a common 2-D seismic 
array configuration for near-surface applications, using setups with 
48 receivers and 3 shots to characterize the subsurface over a length 
of 54 m with a maximum depth of 30 m. We generated the syn- 
thetic data using a finite difference (FD) scheme using the SOFI2D 

algorithm (Bohlen 2002 ). In this study, we e xclusiv ely focus on the 
inversion of the V s , as it is the parameter primarily informed by 
Ra yleigh wa ves (Miller et al. 1955 ; Richart et al. 1970 ). We assume 
the P -wave velocity ( V p ) to be twice that of V s and a constant den- 
sity of 1.8 g cm 

−3 . We trained the network in the discrete cosine 
transform (DCT) domain, where the input corresponds to the DCT 

compression of each shot (aggregated in a 3-D tensor), whereas the 
output corresponds to the DCT-transformed V s model. The use of 
the DCT reduces computational time during the training stage and 
mitigates the ill-posedness problem inherent in the approach. The 
implemented deep-learning inversion is also integrated with a MC 
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Figure 1. Examples of generated V s models from the training and validation sets: (a) Velocity models. (b) Box plots representing the velocity range for each 
model shown in (a). In (b) note the very different velocities ranges spanned by the generated models. 

Table 1. Hyperparameters of the forward modelling code. 

Forward operator hyperparameters 

Number of gridpoints in (Ny, Nx) (150, 276) 
Distance between gridpoints (DH) 0.25 m 

Number of gridpoints in the absorbing frame 30 
Peak frequency 25 Hz 
Sampling interval (d t ) 5e-5 s 
Registration length ( t ) 0.5 s 
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imulation to propagate the uncertainties from the data to the model
pace. 

We first use synthetic tests to analyse the impact of the number of
etained DCT coefficients on the training performance and predic-
ion accuracy, and we also illustrate the results obtained when the
etwork is trained in full-domain (without the DCT compression).
ext, we demonstrate the method is fairly robust when the estimated
avelet is not too far from the propagating wavelet. In our final test,
e use the predicted model from the neural network as the start-

ng point for a deterministic FWI, and we also compare this result
ith that obtained when the predictions from a MASW inversion

obtained with the Geopsy algorithms; Wathelet et al. 2004 ; 2020 )
re used to trigger the deterministic FWI. The deterministic FWI is
olved using the IFOS2D algorithm (Bohlen 2002 ). Finally, we il-
ustrate the applicability of our deep-learning approach to field data.
o the best of our knowledge, this study represents the first attempt

n which deep learning algorithms, MC simulation, and a compres-
ion strategy are combined to ef ficientl y solve the probabilistic FWI

f surface waves. 

o  
 M E T H O D S  

.1 Data set generation 

or all the experiments in this study, we assume a subsurface area
hat is 30 m deep and 54 m long, discretized into quadratic cells

easuring 0.25 m × 0.25 m. One of the main challenges in su-
er vised deep lear ning approaches lies in generating a large and
eolo gicall y plausible data set (Deng et al. 2022 ). To address this
hallenge, we created a variety of 3-D models with different geo-
etrical relations representing typical geological scenarios for near-

urface applications, including stratigraphic sequences, faults, sink-
oles, landslides, fills, etc. To generate these models, we utilized the
pen-source algorithm GemPy, which performs implicit geological
odelling (de la Varga et al. 2019 ). For each geological scenario,
e systematically varied some conditions, including the number
f layers and simulated different orientations of lithology contacts.
ubsequentl y, we randoml y e xtracted 2-D v ertical slices from var-

ous directions of the generated 3-D models. Finally, we rescale
he S -wave velocity in a physically plausible range for near-surface
nvestigations (from 100 to 1200 m s −1 ). 

Since we are primarily interested in the estimation of the V s 

odel, we simply set the V p as twice V s , while density is fixed at
.8 g cm 

−3 . Using the pre viousl y described strategy, we generated
000 3-D models, from which we extracted 7000 2-D subsurface
lastic models for the training data set. This process was repeated
cross 100 3-D models to generate 500 2-D models for the validation
ata set, and 20 additional 3-D models were used to extract 100 2-D
odels for the testing data set. This approach enables the generation

f an ensemble of almost independent V s models that realistically

art/ggae407_f1.eps
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Figure 2. Examples of three shot gathers from Model 10 (a) and Model 18 (b) (pre viousl y shown in Fig. 1 a) generated using the Morlet wavelet. 

Figure 3. Example of DCT compression and associated error in the approximated v elocity model. The v elocity model size is (150, 276), and only (20, 45) 
DCT coefficients are used for compression. iDCT denotes the inverse DCT. 
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mimic subsurface scenarios. Fig. 1 shows examples of generated 

2-D V s profiles. 
To generate the seismic data, we used the SOFI2D algorithm 

(Bohlen 2002 ). In this algorithm a FD scheme is used to simulate 
the seismic wave propagation in 2-D elastic media. The accuracy of 
the FD-simulated data has been validated, for 1-D models, with the 
outcomes of a reflectivity method (Schmidt & Jensen 1985 ). In this 
case, for a more quantitative comparison, the 3-D–2-D correction 
(Forbriger et al. 2014 ; Sch äfer et al. 2014 ) has been applied to the 
seismograms computed via the reflectivity method. 

The acquisition array consists of 48 receivers separated by 
1 m, and 3 sources (two off-end shots and one split-spread). 
To assess the network’s robustness when the source wavelet 
is unknown, we created three independent data sets using a 
Ricker, a Morlet and a wavelet estimated from field data. 
Both the Ricker and Morlet wavelets were computed with a 
25 Hz peak frequency to match the frequency content present 
in the field data. Independent training was performed for each 
data set. 

It is also important to note that during the creation of the seis- 
mic data, we simulated a vertical force and considered the vertical 
component of the recei vers. Additionall y, we incorporated Gaussian 
uncorrelated noise into each computed seismogram, with a standard 
deviation equal to the 5 per cent of that of the noise-free data. This 
specific value was directly derived from the field data, just by as- 
suming simple Gaussian distributed noise and by computing the 
standard deviation of repeated shots acquired in the field. Table 1 
summarizes the forward hyperparameters used for computing the 

art/ggae407_f2.eps
art/ggae407_f3.eps


Integrating DL and DCT for surface waves FWI 809 

Figure 4. Examples of the explained variability calculated from the V s model shown in Fig. 3 . Panel (a) illustrates the model variability, while panel (b) shows 
the variability of the associated data. In both cases, the ( p, q ) coordinates represent the number of retained coefficients along the 2 DCT dimensions while the 
colormap codes the corresponding preserved variability. 

Figure 5. Probability density maps representing, for all generated data and model pairs in the training set, the minimum number of DCT coefficients required 
to explain 98 per cent of the total variability. 

Figure 6. Schematic representation of the deep learning inversion framework. The symbol ⇒ and ⇑ express the 2-D convolution and transposed convolution 
operations, the term ⇓ represents the max pooling operations, and → denotes the 1-D convolution. 
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ata. In the table, ‘PML’ refers to the Perfectly Matched Layer tech-
ique used as the artificial absorbing layer. It is worth noting that
e utilized the same hyperparameters to create three independent
ata sets, each varying the wavelet. Fig. 2 illustrates two examples
f the computed data using models 10 and 18 from Fig. 1 (a). Com-
uting the data for all the 7600 V s realizations took 1.9 hr using a
arallel MATLAB code running on a cluster powered by an Intel(R)
eon(R) CPU E5-2630 v4 @ 2.20 GHz, utilizing 10 cores. 

art/ggae407_f4.eps
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Figure 7. Model percentage error computed when systematically varying the network hyperparameters: (a) size of the training data set; (b) number of epochs 
and (c) optimization algorithm. 

Table 2. Selected hyperparameters for the network training. 

Neural network hyperparameters 

Training data set size 5000 
Number of epochs 1500 
Optimization algorithm Adam 

Number of filters [64, 128, 256, 512, 1028] 
Number of convolutional layers 24 
Learning rate 0.001 
Batchsize 10 

Figure 8. Evolution of Loss function and accuracy for the training and 
validation sets, respectively. In (a) DCT domain and (b) in the full-domain. 
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2.2 Discrete cosine transform 

In this work, the DCT (in its 2-D formulation) is used for both data 
and model compression. This technique is ef fecti vel y used in digital 
signal processing and data compression, and it allows the transfor- 
mation of a multidimensional signal from the spatial domain to 
the frequency domain. Like other Fourier-related transforms, the 
DCT expresses a signal as a sum of cosine functions with varying 
frequencies and amplitudes (Britanak et al. 2010 ). As an example, 
consider a 2-D velocity model, V ( x, y ) , where x = [ 0 , 1 , . . . M − 1 ] 
and y = [ 0 , 1 , . . . N − 1 ] denote the horizontal and vertical coordi- 
nates, respecti vel y. The corresponding 2-D DCT projection ( V dct ) 
is anal yticall y defined as follows: 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

V dct 

(
K x , K y 

) = 

√ 

1 
M . 

√ 

1 
N 

M−1 ∑ 

x= 0 

N−1 ∑ 

y= 0 
V 

( x, y ) , if K x = K y = 0 

V dct 

(
K x , K y 

) = 

√ 

2 
M 

√ 

2 
N 

M−1 ∑ 

x= 0 

N−1 ∑ 

y= 0 
V 

( x, y ) cos 
(

( 2 x+ 1 ) π K x 
2 M 

)

cos 
(

( 2 y+ 1 ) π K y 
2 N 

)
, if K x , K y �= 0 

, (1) 

where the matrix V dct ( K x , K y ) represents the k x th and k y th DCT 

coefficients. By defining the DCT basis functions as two matrices 
B x and B y of dimensions M x M and N x N , respecti vel y, we can 
compactly rearrange the eq. ( 1 ) in matrix form as: 

V dct = B y V B 

T 
x , (2) 

DCT ef ficientl y concentrates most of the energy distribution of 
the signal in the low-order coef ficients, thereb y enabling its rep- 
resentation with a reduced number of coef ficients, typicall y with 
dimensions ( p < N , q < M ) . The scalar pair ( p, q ) represents the 
retained number of basis-functions along the y and x direction used 
to compress the velocity model, while all the other DCT coefficients 
are set to zero for the compression. In this way, after retaining only 
the coefficients ( p, q ) , we can obtain an approximated version of 
V , by performing the inverse of the DCT (iDCT) as follows: 

˜ V = 

(
B 

p 
y 

)T 
V pq B 

q 
x , (3) 

From now on, a variable followed by the subscripts ‘ pq’ indi- 
cates the retained coefficients in the compressed space. Instead, 
the symbol ∼denotes the approximated variable after performing 
the inverse DCT (iDCT) with the considered coefficients. For in- 
stance, in eq. ( 3 ), V pq corresponds to the matrix with p rows and 
q columns expressing the retained DCT coefficients, whereas ˜ V 

denotes the approximated velocity after performing the iDCT. In 
this way, the DCT transformation effectively reduces the number 
of parameters from an ( M × N ) -D full velocity domain to the 
( p × q ) -D DCT-compressed space. Fig. 3 illustrates an example of 
the DCT compression effect on a velocity model V when recovering 
its approximated version ˜ V , and the associated error. Notabl y, onl y 
( p = 20 , q = 45 ) coefficients guarantee a satisfactory reconstruc- 
tion of the original V model in which all the major velocity contrasts 
are preserved, with negligib le appro ximation error. This procedure 
is also applied to compress the observed shot gathers and in what 
follows, we refer to the observed data in the full domain as d obs , 
whereas ̃  d obs represents the associated approximation after perform- 
ing the DCT. In particular, the 2-D DCT is independently applied 
to each seismic gather under consideration, and subsequently, all 
compressed gathers are merged in a 3-D tensor. Therefore, in our 
study, the network receives as input a tensor representing the DCT- 
compressed data (with the third dimension denoting the number of 

art/ggae407_f7.eps
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Figure 9. Comparison of predicted and true models during the testing phase, including the resulting percentage error. 
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hots), while the output consists of a matrix representing the DCT
oefficients of the estimated model. 

While other compression techniques are viable (i.e. wavelet trans-
orms and/or machine learning techniques; Pang et al. 2020 ; Aleardi
t al. 2022 ), in our application, we opted for the DCT because it is
 simple, fast, analytical, and stab le method with both unique for -
ard and inverse transformations. This compression algorithm was

lso successfully used by other authors (i.e. Lochb ühler et al. 2014 ;
leardi et al. 2020 ; Kotsi et al. 2020 ). Utilizing overly complex
arametrizations can unnecessarily increase computational costs
nd complicate the inverse mapping from the data to the model
pace. 

As the data set contains velocity models significantly different
rom one another, we require a strategy to estimate the optimal
 p, q ) retained coefficients that not only efficiently compress the
ata set but also mitigate the loss of information. To achieve this,
e analysed the explained variability (EV) for all the models and
ata from the training data set. EV is calculated as the ratio between
he variance of the compressed model and data to that of the original
odel and data, respecti vel y (Aleardi et al. 2020 ). Fig. 4 illustrates

n example of the model and data variability for the velocity model
resented in Fig. 3 . The results suggest that in this example, the
ombinations (23, 40) and (5, 16) are the minimum pairs of ( p, q ) 
oefficients that account for 98 per cent of the total data and model
 ariability, respecti vel y, which is the value that we considered as
ptimal in our applications (see discussion below and in the chapter
edicated to the synthetic inversion). 

Fig. 5 represents the probability density function associated to
he number of DCT coefficients needed to represent the 98 per cent
ariability for models and seismic data in the training set. This
iagram helped us in the selection of the number of coefficients
e retained in the model and data spaces. We can see that the
umber of retained coefficients (i.e. (18, 42) for the model and (45,
0) for the data) allows to preserve 98 per cent of variability for

art/ggae407_f9.eps
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Figure 10. Comparison of the observed and predicted data (generated on the predictions of Fig. 9 ) along with their sample-by-sample difference. The traces 
are represented with raw amplitudes without any normalization applied. 
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most models and data in the training sets, and it is chosen such that 
the spatial resolution in the estimated model is reasonably preserved 
without e xcessiv ely increasing the size of the input and output of the 
network and hence the computational cost of the training phase (see 
the discussion in the section dedicated to the synthetic inversion). 

We now bring the attention of the reader to another practical 
benefit of training a neural network in the DCT domain. Usually, 
the input and output of a CNN are in the same domain to establish 
a pix el-to-pix el relationship (Long et al 2015 ). In our application, 
the input and output of the network are the seismic gathers and 
V s model, respecti vel y, each one with very different dimensions: 
(2000, 48, 3) for the data and (150, 276) for the velocity model. 
Training in the DCT domain conveniently allows us to match the 
input and output shapes to facilitate the network operations without 
the need to adjust the architecture (Ronneberger et al . 2015 ; Du- 
moulin & Visin 2016 ). In this wa y, w e can modify the number of 
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Figure 11. Model and data percentage errors for the different considered 
models when the wavelet is known. 
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oefficients to both preserve 98 per cent of the total variability while
atching the input and output dimensions. Specifically, we utilized

2 instead of 40 coefficients along the second dimension to match
he input shape (45, 42, 3) and the output shape (18, 42). By using
he selected retained coefficients, the DCT effectively reduces the
ata space from 288000-D to 5670-D, whereas the 41400-D model
pace is compressed to a 756-D domain. Therefore, incorporating
he DCT in the neural network, decreases the computational costs
or the training phase and the complexity of the neural network
rchitecture needed to get a satisfactory prediction of the inverse
perator (see discussion below and Aleardi 2020 ). Finally, the DCT
ignificantly reduces the parameter space dimensionality, thus help-
ng to mitigate the ill-conditioning of the problem (Aleardi 2020 ;
erti et al. 2024c ). 

.3 The implemented DCT-deep learning inversion 

e can represent the observed seismic data as d obs = G ( V , s ) ,
here V denotes the subsurface model properties, s represents the

eismic sources and G is the forward operator, which maps the
odel and source tensors to the seismic wavefield tensor. In the

eterministic approach to FWI, we seek to find a single best-fitting
odel that minimizes a particular objective function (e.g. L2-norm
isfit between observed and predicted seismic gathers). In this

ontext, the model solution can be expressed as V = G 

−1 ( s , d obs ) .
o wever , the mathematical properties of G , noisy observed data,

pecific model parametrizations, and other contributing factors, ren-
er FWI a highly ill-posed inverse problem. In our work, we propose
n alter native for mulation of the FWI in which a network is trained
o approximate the non-linear mapping from the DCT-compressed
eismic data to the DCT-compressed V s model. In this formulation,
he inverse solution can be expressed as: 

 pq pred = Ne t 
(
d p q ; ϕ 

)
, (4) 

here Net( . ) represents the neural network and ϕ denotes the set
f trainable weights ( W ) and biases ( b) forming the network model.

W and b are updated according to the solution of the optimization
roblem: 

ˆ  = arg min 
ϕ 

1 

N ∗ C 

N ∑ 

n = 1 
L 

(
V pq , Ne t 

(
d p q,n ; ϕ 

))
, (5) 

here ˆ ϕ denotes the updated set of ( W, b ) ; C represents the number
f coefficients of the model in the DCT domain ( p × q ) ; N denotes
he data set size, while n corresponds to each data and model pair in
he data set and L ( . ) is the loss function that we compute as the L2-
orm difference between the true and the predicted model in DCT
omain ( V pq and V pq pred , respecti vel y). Commonl y, CNNs consist
f a series of network layers, each performing a differentiable math-
matical operation. We used a symmetric encoder-decoder block
rchitecture with 24 convolutional layers and skip connections, as
escribed by Ronneberger et al. ( 2015 ). The last two layers cor-
espond to a dropout layer followed by a 1-D convolutional layer.
ncorporating dropout layers has been proven to improve the accu-
acy in tasks like visual relocalization and semantic segmentation
Kendall et al. 2017 ). The encoder block gradually reduces the spa-
ial dimensions of the input while increasing the number of feature
aps using max-pooling operations. The decoder relies on trans-

osed convolution operations to upsample the feature maps back
o the original spatial dimensions while reducing the number of
hannels. These operations are accompanied by skip and concate-
ated lay ers, w hich are estab lished between corresponding encoder
nd decoder layers to help preserve spatial information during up-
ampling. The last layer consists of a 1 × 1 convolutional layer
hat maps the features onto the output space. Fig. 6 describes the
mplemented inversion scheme, together with the adopted CNN
rchitecture. 

.4 Uncertainty estimation 

o assess the uncertainty affecting the estimated solution, we pro-
ected the noise affecting the seismic data onto the model space
sing a MC simulation (Hansen & Cordua 2017 ; Aleardi et al.
021 ). The aim is to get an estimate of the so-called posterior un-
ertainties that fully characterize the ambiguities in the recovered
olution. The flowchart of the MC strategy is the following: 

(i) Use the trained network to derive the DCT-compressed
redicted velocity model from the compressed observed data.
 pq pred = Ne t( d p q ; ϕ ) , then perfor m the iDCT to obtain V pred in

ull-domain. 
(ii) Compute the noise-free predicted data d pred , from the pre-

icted model. 
(iii) Estimate the statistical properties of the noise n , contami-

ating the data. 
(iv) Sample S models such as: 

For k = 1 to S 

(i) Perturb d pred as: d pert , k = d pred + n k , where n k is a noise real-
zation randomly generated from the assumed noise distribution. In
his work, we assume Gaussian uncorrelated noise contaminating
he data, hence p( d) = N ( 0 , C n ) ; where N represents the Gaussian
robability density function, and C n is the covariance matrix of the
oise. 
(ii) Predict a model using the perturbed data V pq pert ,k =

Ne t( d p q pert ,k ; ϕ ) , and perfor m the inverse DCT to obtain V pred ,k 

n full-domain. 
(iii) Store the ensemble of models V e =

{ V pred , 1 , V pred , 2 ... V pred ,k } . 
(iv) Numerically estimate the statistical properties of the poste-

ior distribution (e.g. mean, standard deviation, percentiles, etc.)
rom the ensemble of generated models. 

Each model in the ensemble V e can be considered as a random re-
lization drawn from the posterior and in agreement with the trained
etwork, the assumed noise, and the observed data. For simplicity,
e assume uncorrelated Gaussian noise, but the MC approach can
andle whatever parametric or non-parametric error distribution.
f needed, the same approach can be used to also propagate the
odelling error introduced by the network approximation. Even
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Figure 12. Effect of the DCT compression when explaining the 98, 90 and 80 per cent of the data variability. In (a) the raw seismogram; in (b), (c) and (d) the 
obser ved seismog ram superimposed to the gathers after compression and in (e) a comparison of the amplitude spectra. 

Figure 13. Comparison of predicted models when training in full-domain and in DCT domain with different EV values. In (a), the true model; in (b) the 
predicted model and its associated percentage error when the network is trained in full-domain; in (c), (d) and (e), the predicted model and error when the 
network is trained in DCT domain with EV equal to 98, 90 and 80 per cent, respecti vel y. 
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Figure 14. Comparison of observed and predicted data across different levels of explained variability used for training the network. The comparison is shown 
for (a) Training in full-domain, (b) EV = 98 per cent, (c) EV = 90 per cent and (d) EV = 80 per cent. 

Table 3. Summary of the predicted model and data errors when varying the EVs and for the full-domain training. 

Model (p,q) Data (p,q) 
Model percentage 

error Data percentage error Training time 

Full-domain - - 6.7 10.6 45.8 hr 
EV = 98 per cent (18, 42) (45, 42) 3.1 6.8 3.3 hr 
EV = 90 per cent (16, 38) (36, 38) 5.8 11.7 2.8 hr 
EV = 80 per cent (14, 35) (35, 35) 6.2 18.7 2.6 hr 
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n this case, both non-parametric and parametric probability den-
ities for the modelling error can be properly handled (Aleardi
t al. 2021 ). Note that the MC approach is extremely fast be-
ause the network almost instantaneously predicts a model from the
nput data. 

.5 Setting the network hyperparameters 

fter creating the data set and identifying the appropriate com-
ination of DCT coefficients, we proceeded to select the optimal
yperparameters for the network. To achieve this, we conducted a
eries of experiments, systematically adjusting one parameter at a
ime. For the sake of brevity here we limit to show the effect of the
ize of the training data set, the number of epochs used to run the
raining, and the optimization algorithm used to adjust the networks
nternal parameters. In all cases we e v aluate the network perfor-

ance by computing the percentage error of the desired and actual
utput on a validation set of 500 V s models. We anticipate that,
lthough the learning phase operates in the DCT domain, we quan-
itati vel y assess our results by comparing true and predicted models
nd observed and predicted data in full domain. In this work, the
pproximated percentage error for both model and data is computed
s: 

rror = 

∑ 

k | predicted ( k ) − true ( k ) | ∑ 

k | true ( k ) | × 100 , (6) 

where k represents each sample value of the evaluated variables.
ig. 7 (a) illustrates the network performance as the training data
et size varies from 1000 to 7000 samples. We observed a notable
ecrease in the model percentage error when utilizing 5000 sam-
les. Since using a higher number of samples does not significantly
mprove the network performances, we conclude that 5000 samples
onstitute the optimal size for the training set. Fig. 7 (b) illustrates a
ystematic decrease in the model percentage error with an increase
n the number of epochs. Ho wever , beyond 1500 epochs, the model
ercentage error exhibits only a slight decrease, thus confirming that
his number of epochs constitutes the optimal compromise between
omputational cost and generalization capability of the network. Fi-
ally, Fig. 7 (c) illustrates that the Adagrad optimizer displays poor
eneralization capabilities, with a mean model percentage error of
0.3 per cent. In contrast, RMSprop, AdamW and Adam showed
xcellent performance metrics in generalizing model predictions.
he Adam optimizer is the one we finally adopted. 
The selected network hyperparameters are summarized in Ta-

le 2 . The training phase took 3.3 hr on a server with an Debian
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Figure 15. Network prediction with incorrect source wavelet and noise estimation: (a) comparison of Ricker and Morlet wavelets in the time and frequency 
domains; In this test the observed seismograms were generated with the Ricker wavelet, but the network was trained assuming the Morlet as the source wavelet. 
Predicted models using full-domain (b) and DCT domain (c) training. 

Figure 16. Comparison of the starting and predicted models for the different tests. Initial models correspond to: (a) a lateral extension of the MASW predictions; 
(b) a lateral extension of a column extracted from the true model and (c) the neural network solution. 
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operating system, powered by a 12th Gen Intel(R) Core(TM) i9- 
12900KF processor, and equipped with an NVIDIA GeForce RTX 

3080 Ti graphics card. The algorithms were implemented using Py- 
Torch ( http://pytorch.org ). Fig. 8 illustrates the evolution of the loss 
function during the training phase and the model percentage error 
as the validation metric when training the network in DCT and full- 
domain. The curves indicate that the learning process successfully 
converges in 1500 epochs using the hyperparameters pre viousl y dis- 
cussed. The total time required to generate the data set, including 
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Figure 17. Comparison of the obser ved, star ting, and predicted traces for a single shot gather for the different tests. The initial models correspond to (a) a 
model from MASW inversion; (b) a well-log assumption and (c) the neural network prediction. 

Table 4. Percentage error for both data and models resulting from the different deterministic FWI 
experiments. 

Percentage of error with respect to the true model and observed data 
Test Initial model Predicted model Initial data Predicted data 

(a) MASW 21.8 20.7 13.0 11.1 
(b) Well-log 9.8 9.2 10.8 8.9 
(c) Neural network 3.1 3.1 6.8 6.8 

Figure 18. Uncertainty analysis using synthetic data. (a) Mean and (b) standard deviation estimated with the MC approach. (c) Sensitivity kernel computed 
around the network prediction. 

Figure 19. In (a) left shot of the raw seismic data, in (b) same shot of the processed data, whereas (c) displays the mean amplitude spectra of the raw and 
filtered data along with the spectrum of the applied bandpass filter. 
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000 samples for training and 500 samples for validation, and to
erform the training with the selected hyperparameters, amounts to
.6 hr for the DCT domain, compared to 45.8 hr for the full-domain.
his means a 92 per cent reduction of the training computational
ost. In addition, DCT compression guarantees a reduction of 98 per
ent of memory requirements if compared with the training in the
ull data and model domains. In more detail, the storage requirement
ecreases from 13.5 to 0.26 GB. Finally, we highlight that, although
he Mean Squared Error (MSE) losses in the DCT and full-domain
rainings are not directly comparable, both decrease by two orders
f magnitude when increasing the number of epochs. More inter-
stingly, the accuracy computed on the validation set is higher in
he DCT domain, thus indicating better generalization capabilities
ompared with the training in full-domain. 
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Figure 20. (a) The three different wavelets in the time and frequency domains. Predicted models are shown in (b) for DCT domain training and in (c) for 
full-domain training, using the different wavelets. 

Table 5. Data percentage errors for the DCT and full domain trainings when 
using the different wavelets. 

Data percentage error 
DCT domain Full-domain 

Ricker 22.3 30.1 
Morlet 9.2 27.2 
Estimated 8.3 8.7 
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3  R E S U LT S  

3.1 Application to synthetic data 

In this section, we test the network performance on some models 
extracted from the test set. We selected these models to illustrate the 
generalization capability of the trained network, as well as cases in 
which the results are less accurate. Fig. 9 shows true and predicted 
models, and the associated percentage error. These tests e v aluate 
the network’s performance when the wavelet is perfectly known 
(i.e. the same wavelet is used to create both the training and test- 
ing seismic data). In general, the results show accurate predictions 
for both simple subsurface geometries and more complex strati- 
graphic sequences. Notably, the network is also able to predict a 
homogeneous subsurface model. All predictions resulted in a mean 
percentage error lower than 5 per cent, except for tests (d) and (e), 
where the network is not capable to accurately predict the V s in cor- 
respondence of very fine layers and in the presence of sharp lateral 
and v ertical v elocity contrasts. This poorer result is also probably 
related to the smoothing effect introduced by the DCT compres- 
sion. Ho wever , even in these two more challenging tests, the main 
characteristics of the models are preserved, and the predictions do 
not exceed a 9 per cent mean model error. 

Fig. 10 presents a comparison of the observed and predicted 
data related to the model predictions from Fig. 9 , along with the 
associated residuals. For bre vity, onl y one of the three shots is 
presented here for comparison. Apart from tests (d) and (e) where 
some cycle-skipping and phase mismatch are evident particularly 
at mid and far offsets, for the other cases a good match between 
observed and predicted data can be noted, which could represent a 
good starting point for a gradient-based FWI inversion. 

The percentage errors for both the model and data are summa- 
rized in Fig. 11 . As anticipated, the mean percentage error for the 
predicted data remains below 6 per cent, except for Tests (d) and 
(e), due to discrepancies in the velocity predictions. Overall, these 
results are promising and indicate that the network outcomes could 
also be used to trigger a local FWI for a further refinement of the 
V s predictions. 

3.1.1 Impact of the DCT compression on the deep-learning 
inversion 

In this section, we e v aluate the impact of the retained number of 
DCT coefficients in both model and data spaces, on the network 
performance. A comparison with the predictions offered when the 
training runs in full-domain (without the DCT compression) is also 
illustrated. For what concerns the DCT, we analyse the results for 
fixed explained variabilities of 98, 90 and 80 per cent. In these 
cases, the minimum number of retained coefficients for the model 
and data is estimated following the procedure described in Section 
2.2 . The retained ( p, q ) coefficients are as follows: for 98 per cent 
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Figure 21. (a) Different V s models obtained from several borehole surv e ys (black curves), with the computed average velocity shown in red. Comparison 
between the average borehole velocity and the network predictions when different wavelets are used to train the network in (b) DCT domain and (c) full domain. 

Figure 22. (a) Comparison between the observed and predicted data when using the neural network trained with the estimated wavelet in DCT domain. (b) 
Close-ups of five equally spaced traces extracted from each shot. 
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V, (18, 42) and (45, 42); for 90 per cent EV, (16, 38) and (36, 38)
nd for 80 per cent EV, (14, 35) and (35, 35), for model and data,
especti vel y. 

We first analyse the impact of the compression on the input seis-
ograms. Fig. 12 (a) shows the raw seismogram computed from

he benchmark test model presented in Fig. 13 (a). As expected, the
CT acts as a low-pass filter, attenuating frequencies higher than
6 Hz. The approximation errors in time domain after compres-
ion are equal to 4.7, 6.8 and 11 per cent for EV = 98 per cent,
V = 90 per cent and EV = 80 per cent, respecti vel y. Howe ver, in
ll cases, the selected EV levels reasonably preserve the kinematics
nd amplitude information of the original seismogram. 

We now quantify the impact of the selected number of coefficients
n the model predictions. Fig. 13 (b) shows the results when training
n full-domain and we can observe that the network accurately
redicts the velocity magnitudes and most of the layers present in
he true model, with a mean model error of 6.7 per cent. When
raining in the DCT domain, as expected, the error increases as the
V decreases (i.e. when fewer coefficients are retained). In the best
cenario, using EV = 98 per cent, the mean predicted model error
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Figure 23. (a) Comparison between the observed and predicted data when using the neural network trained with the estimated wavelet in full-domain. (b) 
Close-ups of five equally spaced traces extracted from each shot. 

Figure 24. Comparison of the starting and predicted models for the different 
tests. The initial models correspond to: (a) a lateral extension of the MASW 

prediction; (b) a V s model obtained from the average borehole information 
and (c) the neural network prediction when the estimated wavelet is used. 
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is 3.1 per cent, and all layers are accurately predicted (see Fig. 13 c). 
With EV = 90 per cent the mean error rises from 3.1 per cent to 
5.8 per cent (see Fig. 13 d), while for an EV of 80 per cent, the final 
mean model error is 6.2 per cent (see Fig. 13 e). Although some 
high-frequency features are missing when the EV is decreased, all 
tests produce reasonable V s predictions, demonstrating the stability 
of the proposed inversion procedure with respect to the number of 
selected DCT basis functions. For what concerns the mean model 
errors, all DCT experiments outperform the results achieved with 
the full-domain training. 

We now analyse the results in terms of predicted data. Fig. 14 (a) 
shows the observed and predicted seismograms when training the 
network in full-domain. The predictions match the amplitudes and 
kinematics of the observed data, with some differences at far off- 
sets. This results in an average error of 10.6 per cent. In contrast, 
Fig. 14 (b) shows the results when training the network with EV = 98 
per cent. Notably, the predicted kinematics and amplitudes closely 
align with the observations, with final errors of 6.8 per cent. When 
the number of retained coefficients is reduced to EV = 90 per cent, 
the data error increases from 6.8 to 11.7 per cent (see Fig. 14 c). As 
expected, a further reduction of the retained coefficients (EV = 80 
per cent) leads to a poorer alignment between predicted and ob- 
ser ved data, par ticularl y at far of fsets. In this case, the error in- 
creases reaching up to 18.7 per cent (see Fig. 14 d). 

Table 3 summarizes the errors for the different tests along with 
the computational cost of the training. Notably, reducing the num- 
ber of retained coef ficients partiall y reduces the accuracy of the 
predictions without substantially lowering the computational cost. 
The errors obtained with the full-domain training are comparable to 
those achieved by the training with EV = 90 per cent. It is also clear 
that the best results are obtained with EV = 98 per cent. Therefore, 
these tests demonstrate that the selected EV value constitutes the 
best compromise between the accuracy of the predictions and the 
computational cost. 

3.1.2 Impact of wrong assumptions about the source wavelet and 
data noise 

Finally, we aim to assess the stability of the network predictions in 
a more realistic scenario where the source wavelet and the noise 
contaminating the data are not perfectl y estimated. Specificall y, we 
compute the observed data (the input for the network) using a Ricker 
wavelet with a peak frequency of 25 Hz. Additionally, we contam- 
inate the noise-free observations with 10 per cent of Gaussian and 
uncorrelated noise (remind that the training data set was generated 
with a 25 Hz Morlet wavelet and assuming the 5 per cent of uncor- 
related Gaussian noise in the seismograms; see Fig. 15 a). As in the 
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Figure 25. Comparison of the obser ved, star ting, and predicted traces for the different tests. The initial models correspond to (a) a lateral extension of the 
MASW prediction; (b) a V s model derived from the borehole information and (c) the neural network prediction when the estimated wavelet is used. 

Figure 26. Uncertainty analysis using the field data. Estimated (a) Mean and (b) standard de viation v alues. (c) Sensiti vity kernel computed around the network 
predictions of Fig. 20 (b). 

Table 6. Data errors for the deterministic FWI tests. 

Percentage of data error with respect to the observed data 
Test Initial data Predicted data 

(a) MASW 13.8 10.2 
(b) Well-log 12.1 9.4 
(c) NN estimated wavelet 8.3 7.9 
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revious test, we utilize the V s model from Fig. 13 (a) as the bench-
ark. We again compare the results obtained from full-domain

raining with those from DCT domain training with EV = 98 per
ent. As expected, the mean percentage model error increases when
ompared to the previous tests. For the full-domain training, the
rror rises from 6.7 to 12.2 per cent (see Fig. 15 b). In contrast, the
CT domain training yields a lower prediction error equal to 5.8 per

ent (see Fig. 15 c). Notwithstanding the erroneous assumptions, the
roposed approach still ef fecti vel y predicts the subsurface velocity
odel and outperforms the network trained in full-domain. This

uggests that working in the compressed space ensures more sta-
le predictions in case of erroneous assumptions about the noise
evel in the data and reasonable errors in the estimated source
avelet. 

.1.3 Deterministic FWI examples 

n this section, we show the performance of a traditional deter-
inistic FWI starting from different initial models. We performed

he FWI utilizing IFOS2D, an open-source 2-D elastic FWI code
Bohlen 2002 ). This algorithm uses the pre-conditioned conjugate
radient as the optimization strategy and the adjoint method to com-
ute the gradient (Tarantola 1984 ). We implemented a multiscale
WI using the frequency marching strategy. The frequency range
as from 3 to 40 Hz with frequency steps of 3 Hz. The error function

o be minimized is the L2 norm between modelled and observed
ata, both conveniently scaled with respect to the energy of the
bser ved seismog rams (as suggested by Choi & Alkhalifah 2012 ). 

We present three examples in which the true model corresponds
o the one presented in Fig. 13 (a). For each example, we start
he inversion from a different initial model: Test (a) triggers the
WI from a velocity model derived from a lateral extension and
 slight vertical smoothing of the V s predicted by an MASW in-
ersion; Test (b) simulates the availability of borehole information
nd uses a V s starting model derived by a lateral extension and
 vertical smoothing of a single column extracted from the true
 s . Finally, Test (c) utilizes the neural network prediction as the
tarting point for the FWI. We performed the MASW inversion
tilizing the open-source software Geopsy (Wathelet et al. 2004 ),
hich uses the neighborhood algorithm to minimize the L2 norm
ifference between the picked and the modelled dispersion curves.
he results of the MASW inversion are briefly illustrated in the
ppendix. 
Fig. 16 shows the final predictions. Test (a) demonstrates that the
ASW method adequately approximates the velocity in the first 10
. It is important to note that the predicted model from the FWI

rovides some insights into the location and dipping of the layers,
nd ef fecti vel y updates the velocity magnitudes in the shallower
art of the subsurface (see Fig. 16 a). Ho wever , the in version fails
o accurately depict the continuity of the layers, and below 12 m,
he final model barely updates from the starting model. In this test,
he model percentage error decreases from 21.8 to 20.7 per cent,
hen considering the starting model and the final FWI predictions,

especti vel y. 

art/ggae407_f25.eps
art/ggae407_f26.eps


822 F. Rinc ́on et al . 
D

ow
nloaded from

 https://academ
ic.oup.com

/gji/article/240/1/805/7901370 by guest on 08 February 2025
For Test (b), the FWI solution still successfully reproduces the 
velocities and the dip of the layers in the shallow part of the 
model (i.e. above 12 m depth) but fails to update the velocities 
in the deeper part of the model. In this case, the mean model 
error improves from 9.8 to 9.2 per cent (see F ig. 16 b). F inally, 
the results of Test (c) show that the starting model already pro- 
vides a reasonable approximation of the true one, as evidenced 
by the lowest percentage error associated with the initial model, 
equal to 3.1 per cent. In this case, the prediction after the de- 
terministic FWI maintains the same percentage of error with no 
significant changes, thereby indicating that the neural network al- 
ready offered a satisfactory approximation of the true velocity 
(see Fig. 16 c). 

We now analyse the results concerning the observed, initial, and 
predicted data (F ig. 17 ), w hereas Tab le 4 summarizes the model 
and data percentage errors. In Test (a), the data error improves 
from 13 to 11 per cent. Although the observed data at near off- 
sets closely aligns with the predicted data, the predicted data does 
not accurately reproduce the kinematics beyond 0.3 s from mid- 
dle to far offsets (see Fig. 17 a). Test (b) shows improved per- 
formance for middle offsets, but with still some misalignments 
at far offsets. For this test, the data error is reduced from 10.8 
to 8.9 per cent (see Fig. 17 b). Finally, in Test (c), the initial 
data already aligns well with most of the kinematics and ampli- 
tude of the observed data; the predicted data now closely resem- 
bles the observed seismo grams e ven at far offsets. In this third 
test, no significant changes were observed in both data and model 
predictions. 

3.1.4 Uncertainty estimation 

We now present the MC uncertainty estimation obtained for the 
subsurface model shown in Fig. 13 (c) when 10 000 simulations are 
drawn. We assume 5 per cent of Gaussian uncorrelated noise con- 
taminating the data (as the one assumed to generate the training set). 
The MC estimation using the network is computationally efficient, 
indeed less than 5 min is enough to get a numerical approximation of 
the posterior distribution. Fig. 18 presents the estimated uncertainty, 
in the form of the posterior mean and posterior standard deviation. 
The posterior mean retrieves a final solution that closely approxi- 
mates the true model and generates seismic data very similar to the 
obser ved seismog rams, with errors of 6.7 and 9.1 per cent for model 
and data, respecti vel y. Note that the mean of the posterior does not 
present a low-velocity layer around 10 m depth, which is consis- 
tent with a high standard deviation in correspondence of the same 
depth interval (Fig. 18 b). As expected, the uncertainty increases 
towards the bottom of the model. Additionally, some of the large 
uncertainties present in the top portion of the model are consistent 
with slightly misleading predictions of the velocity magnitudes in 
those portions with respect to the true model. The reliability of 
the predicted uncertainty is assessed through a comparison with 
the sensitivity kernel computed around the network solution (see 
Fig. 18 c). For a non-linear inversion, it is indeed known that such 
a sensitivity kernel gives an approximate local estimation of the 
uncertainty valid around a specific model. 

According to the sensitivity, and as highly expected, the most 
illuminated parameters are those located in the shallowest part of 
the model (down to 8 m). Then w e ha ve a significant decrease in 
the parameter’s illumination between 8 and 16 m depth, and a very 

limited illumination below 16 m. The coherence between the MC 
and the sensitivity outputs is a further confirmation of the reliability 
of the implemented uncertainty estimation method. 

3.2 Application to field data 

In this section, we apply the deep learning in version framew ork to 
the field data acquired within the InterPACIFIC project in Greno- 
b le, F rance (Garofalo et al. 2016 ). We chose this data set due to 
the availability of borehole information located 10 m along the ac- 
quisition profile, which allows us to validate the V s predictions at 
that location. The receiv ers hav e a natural frequency of 4.5 Hz, 
and the seismic source consists of an 8 kg sledgehammer. To align 
the field data with the synthetic data used to train the network, we 
conducted a preprocessing sequence involving trace-by-trace am- 
plitude normalization, a zero-phase bandpass filter (3–30 Hz), and 
a 3-D to 2-D correction. The 3-D to 2-D correction accounts for the 
different geometrical spreading between the real-case point source 
and the line sources used in the 2-D forward modelling (Forbriger 
et al. 2014 ). Fig. 19 shows the raw and processed field data with the 
corresponding amplitude spectra. 

We estimated the source wavelet from the near-offset traces of 
the observed data using the singular value decomposition (SVD) 
approach (Biondi et al. 2014 ). As discussed earlier, the acquisition 
geometry matches that described in the synthetic case, and the 
network architecture, as well as the models forming the training 
set, are the same used in the synthetic tests. The associated data 
have initially been generated with the same forward algorithm but 
considering the wavelet extracted from the recorded seismograms. 
In addition, to assess the impact of varying wavelets on the inversion 
results, we also estimated the V s from networks trained with two 
dif ferent source w avelets: a 25 Hz Ricker w avelet and a 25 Hz 
Morlet wavelet. 

Fig. 20 (a) compares the three wavelets in both time and frequency 
domains. We observe that the estimated and the Morlet wavelets are 
similar in both time and frequency domains, while the Ricker shows 
a wider frequency content resulting in a more defined peak in time 
domain. Figs 20 (b) and (c) show the model predictions when train- 
ing the network with the different wavelets in DCT and full domain, 
respecti vel y. Both networks gi ve poor predictions when the Ricker 
wavelet is considered. Ho wever , note that the DCT domain training 
produces more stable results compared with the full-domain train- 
ing. Indeed, for the DCT training, we get similar velocity predictions 
for the first 18 m depth when both the Morlet and estimated wavelet 
are used for training, while the network working in full-domain 
seems to achieve physically reasonable predictions only when the 
estimated wavelet is considered. Table 5 summarizes the data errors 
for all the predicted models in both DCT and full domain using 
the different wavelets. Again, the DCT training yields similar data 
predictions when both the Morlet and the estimated wavelets are 
used, instead the full-domain training produces a good fitting only 
with the estimated wavelet. 

Fig. 21 (a) shows the available borehole information from the 
downhole, cross-hole and P - S suspension logging measurements 
(visib le as b lack cur ves in the backg round), whereas the red cur ve 
depicts the average velocity computed from the different borehole 
data. The results for the network trained in the compressed do- 
main are shown in Fig. 21 (b). The network trained with the Ricker 
wavelet provides a poor approximation of the velocity magnitude 
when compared with the borehole information. The network trained 
using the Morlet w avelet correctl y predicts a layered model with a 
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igh-velocity layer located between 10 and 15 m depth. This pre-
iction aligns with the borehole information from 0 to 15 m depth.
o wever , the netw orks struggle to accurately recover the actual
elocity in the deeper parts of the model (below 15 m), where pa-
ameter illumination is poor. When the estimated wavelet is used,
e observe a good agreement between the velocity from the bore-
ole and the predicted V s . In particular , the netw ork is capable of
redicting the v elocity rev ersal occurring at 15 m depth. Fig. 21 (c)
hows the predicted velocity when training is performed in the full
omain. In this case, reasonable predictions are achie ved onl y when
he estimated wavelet is used to train the network. This experiment
emonstrates that the use of the DCT guarantees more accurate
nd stable predictions than those obtained when working in the
ull domain, especially when the source wavelet is not accurately
stimated. 

Fig. 22 illustrates a comparison of the observed and predicted
ata when using the network trained with the estimated wavelet
n the DCT domain. Notably, the predicted seismograms show no
vidence of cycle skipping, suggesting that, if needed, the network
redictions constitute a promising initial model for a deterministic
WI. F inally, F ig. 23 shows the data comparison for the full-domain

raining when considering the estimated wav elet. Ev en in this case,
e achieve good data matching with no clear evidence of cycle

kipping. In both experiments we achieved similar data matching
qual to 8.3 per cent for the DCT-domain and 8.7 per cent for the
ull-domain. 

.2.1 Deterministic FWI examples 

imilar to the synthetic application, we now perform three different
ests to assess the performance of the deterministic FWI when the
tarting models are: 

(i) Test (a): a lateral extension of the MASW prediction (see the
ppendix). 
(ii) Test (b): a V s model obtained from a lateral extension of the

verage borehole information. 
(iii) Test (c): the neural network prediction (trained in DCT do-
ain) when the estimated wavelet is considered. 

In all the following tests we adopt the same FWI hyperparameters
i.e. number of frequency marching steps, error function, etc.) pre-
iously used in the synthetic experiments. Fig. 24 shows the results
f the FWI tests. In all cases, the predicted model shows negligi-
le updates below 15–18 m depth, with some artifacts appearing
t shallow depth, probably introduced by the gradient operator [es-
ecially in tests (a) and (b)]. All these experiments further confirm
he importance of the initial model in standard FWI; even when
sing a multiscale approach, the severe non-linearity of the forward
perator causes the inversion to be prone to getting stuck in local
inima of the error function. Specifically, the velocity inversion

ccurring around 15 m depth can be correctly recovered only if
lready present in the starting model. 

Fig. 25 presents a comparison of traces extracted from the ob-
erved, initial, and final predicted data for each test. To better ap-
reciate the amplitude and kinematics, we show only five equally
paced traces, extracted from the first shot. In Fig. 25 (a), both the
nitial and predicted data do not align with the observed data, al-
hough the percentage error decreases from 12.1 to 9.4 per cent
hen moving from the starting model to the final FWI predictions.
igs 25 (b) and (c) show better data fitting, with test (c) achieving

he lowest data misfit values for both the starting model and the
nal FWI prediction (8.3 and 7.9 per cent, respecti vel y). Table 6
ummarizes the data errors for all these tests. 

.2.2 Uncertainty estimation 

e now use the MC method to e v aluate the uncertainty affect-
ng the neural network solution. Similar to the previous synthetic
est, we conducted 10 000 simulations, under the assumption of 5
er cent of Gaussian and uncorrelated noise affecting the data. As
re viousl y mentioned, this quantification is obtained from the stan-
ard deviation computed on repeated shots acquired in the field.
ig. 26 illustrates the results of the estimated uncertainty, summa-
ized by the posterior mean and the posterior standard deviation. It’s
oteworthy that the posterior mean closely aligns with the model
redicted by the network (Fig. 20 b). Fig. 26 (b) shows an increase
n uncertainties below 12 m depth, with the largest values observed
n the interbedded strata between 14 and 18 m depth. This suggests
hat the velocity inversion that occurs at that depth has a limited
nfluence on the seismic records. The MC outcomes are consistent
ith the sensitivity kernel computed around the V s estimated by

he network trained with the estimated wavelet (Fig. 26 c), thereby
ndicating that the model parameters located in the first 12 m depth
re the most informed by the data. 

 D I S C U S S I O N  

lassical approaches to surface wav e inv ersion do not account for
ateral variations. Both deterministic and probabilistic 2-D FWI

ethods overcome this limitation. The deterministic approach heav-
ly relies on the starting model and may encounter cycle skipping
ssues, while also lacking in estimating model uncertainties. On the
ther hand, probabilistic approaches are not reliant on the starting
odel and include uncertainty estimations, albeit they come with

igh computational costs. In this context, we were moti v ated to in-
egrate deep learning techniques to devise an alternative strategy
hat mitigates initial model dependency and uncertainty estimation
hallenges while maintaining modest computational demands. To
vercome these problems, we proposed a data-driven S -velocity
stimation method by combining neural networks with the DCT
ompressional technique and incorporating a network MC sampling
trategy to estimate the uncertainty affecting the solution. 

The implemented inversion using deep learning is characterized
y an affordable computational cost, good generalization capabil-
ties, and provides accurate S-velocity predictions with low data

isfit. Ho wever , the velocity models forming the training data set
re inherently limited and cannot encompass all potential geolog-
cal conditions and velocity ranges. This limitation highlights the
mportance of a training data set that accurately represents typical
ear-surface geological scenarios, along with associated data that
eflects realistic kinematics typically found in field data acquisitions.
or example, some preliminary tests with velocity models gener-
ted using tractable analytical distributions (i.e. Gaussian) have led
o non-realistic subsurface geometries in the training set, thereby
ompromising the results (Rinc ón 2023 ). 

Our results demonstrated the robustness of the trained network
gainst erroneous noise assumptions and estimated wavelets. How-
 ver, an y changes in acquisition settings, topography, or significant
ariations in the wavelets would necessitate retraining the network.
n our case, this process required a total ef fecti ve time of 4.6 hr
sing the pre viousl y mentioned serv ers. One potential av enue for
uture research to avoid the necessity for retraining involves the
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exploration of transfer learning techniques (TL). TL is a machine- 
learning technique used to apply the knowledge gained from a pre- 
viously trained machine-learning model to a new problem, thereby 
avoiding the need for complete retraining and making the process 
more efficient (Weiss et al. 2016 ). 

By integrating the DCT-compression technique into our deep- 
learning framework, we effectively reduced the dimensionality of 
the parameter space, resulting in a 74 per cent decrease in compu- 
tational cost compared to training in the full domain. Additionally, 
the memory requirement was significantly reduced by 98 per cent. 
Ho wever , the trade-off of using this compression technique lies in 
the proper selection of the number of DCT coefficients. Although 
we meticulously selected the pair of retained coefficients to account 
for the specified threshold of 98 per cent of the EV for the entire 
data set, it is possible that certain geometrical characteristics, such 
as thin layers and sharp contacts, may be lost due to DCT compres- 
sion. In some cases, it may be necessary to retain a higher number of 
DCT coefficients to account for these velocity variations, resulting 
in an increase in the computational cost during the training phase. 
In this context, it could be argued that compressions performed us- 
ing non-linear methods (e.g. convolutional autoencoders) might be 
more efficient than DCT in preserving these characteristics (Aleardi 
et al. 2022 ). Fur ther more, since DCT can be either mono- or multi- 
dimensional, the implemented method can also be adapted for 3-D 

surface wave FWI. This adaptation would require the generation of 
plausible 3-D geological models for the data set and the integration 
of a more computationall y ef ficient elastic forw ard operator. While 
there would be a notable increase in computational costs for both 
data set generation and the training phase, addressing cycle skip- 
ping in 3-D FWI poses greater challenges, thereby emphasizing the 
importance of a well-defined starting model. 

Using the MC method, we estimated the uncertainty affecting 
our solution through 10 000 simulations within a negligible time- 
frame. The posterior mean and standard deviation can be utilized 
to interpret our findings. We observed good agreement between 
the uncertainty and the local approximation of the sensitivity. This 
uncertainty analysis demonstrates that the V s below 12 m depth is 
poorly constrained by the observation and for this reason, we ex- 
pect lower precision and accuracy below that depth. However, the 
high-quality predictions offered by the proposed approach below 

12 m (i.e. for those parameters poorly informed by the data), seem 

to demonstrate that the network successfully learned the inverse op- 
erator from the training set. Future work could explore other deep 
learning-deri ved methodolo gies for estimating solution uncertainty, 
such as using MC Dropout methods. 

We finally point out some additional potential applications of our 
approach. One possible avenue is to use the deep learning proposed 
model as the initial model in a probabilistic FWI framework. We 
anticipate that this could accelerate the sampling of the posterior 
distribution by reducing the number of iterations required to com- 
plete the burn-in period, which consists of the initial iterations of a 
MCMC inversion, during which the corresponding velocity models 
are excluded from the numerical estimation of the statistical prop- 
erties of the PPD. Additionall y, in extensi ve geophysical campaigns 
where the wavelet is estimated and array settings remain constant, 
this method has the potential to offer immediate geologically plausi- 
ble velocity model predictions. This capability can aid in optimizing 
both acquisition strategies through informed decision-making based 
on the results. 

The implemented method could potentially be enhanced through 
an unsuper vised for mulation, w herein we estab lish a loop connect- 
ing the forward modelling and CNN to update the weights and 
biases based on the data misfit (Jin et al. 2021 ) instead of the model 
misfit. Such optimization necessitates a transfer learning approach, 
as the proposed models must satisfy the Courant–Friedrichs–Lewy 
conditions to simulate the predicted data (Courant et al. 1967 ). 
This proposition leads to a semi-supervised framework, requiring 
one forward computation for each sample data set at each epoch. 
Fur ther more, different network architectures, such as DeepONets, 
could be explored, as this architecture has demonstrated high perfor- 
mance in ef fecti vel y approximating complex, nonlinear operators, 
thereby enabling better generalizations (Lu et al. 2021 ; Zhu et al. 
2023 ). 

5  C O N C LU S I O N S  

We have introduced a data-driven approach for V s -model predic- 
tion that integrates deep learning with DCT. The implemented deep 
learning inversion method ef fecti vel y addressed surface wave FWI, 
showing high generalization capabilities and accurately proposing 
velocity models with low data misfits and almost no evidence of 
cycle skipping. The inclusion of DCT-compression accelerates the 
training phase and reduces the dimensionality of the input and out- 
puts of the network. Our approach also provides a comprehensive 
estimation of uncertainties affecting the proposed models in a com- 
putationall y ef ficient manner. Fur ther more, the velocity model pre- 
dictions in real data applications aligned accurately with borehole 
information and guaranteed good data matching and absence of cy- 
cle skipping. We also demonstrated that the inclusion of the DCT 

compression within the deep-learning framework not only reduces 
the computational workload for the training phase but, more im- 
portantly, guarantees quite stable predictions when the estimated 
wavelet is close to the propagating wavelet. 
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A P P E N D I X  

In this appendix, we present the results of the MASW inversion 
for both synthetic and real cases obtained through the Geopsy algo- 
rithms. To simplify and avoid misinterpretation of the higher modes, 
we solely considered the fundamental mode for the inversion. We 
conducted the inversion for both off-end shots and selected the one 
yielding better result compared to the true model in the synthetic 
case and the borehole information in the real case. 

Fig. A1 illustrates the results of the inversion for the synthetic 
case. In Fig. A1 (a), a representation of explored models is pro- 
vided, with colors denoting the computed misfit values correspond- 
ing to each associated dispersion curve. These curves are further 
detailed in Fig. A1 (c). It is worth noting that beyond a depth of 
18 m, models within a velocity range of 180–350 m s −1 explains 
the observed data, so all of them can be considered plausible so- 
lutions. Additionally, Fig. A1 (b) presents the velocity spectrum 

alongside the selected dispersion points and the predicted disper- 
sion curve associated with the model solution. Importantly, the pre- 
dicted dispersion curve closely aligns with the selected dispersion 
points. 

Fig. A2 presents the results of the MASW inversion for the real 
case. In Fig. A2 (a), the ensemble of explored models is depicted, 
with colors representing the misfit values computed with each asso- 
ciated dispersion curve, which are further illustrated in Fig. A2 (c). 
Note that beyond 16 m, all proposed models featuring a layer bound- 
ary within the range of 14–22 m ef fecti vel y explains the observed 
dispersion curv e, e xhibiting a low misfit. Fig. A2 (b) presents the ve- 
locity spectrum with the picked dispersion points and the predicted 
dispersion curve associated with the model solution, note that the 
predicted dispersion curve ef fecti vel y matches the picked dispersion 
points. It is noteworthy that the predicted dispersion curve closely 
aligns with the picked dispersion points. 
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Figure A1. MASW inversion results for the synthetic case. (a) Sampled 1-D velocity models. (b) Velocity spectrum with the picked dispersion points and the 
predicted dispersion curve. (c) Sampled dispersion curves derived from the velocity models in panel (a). 
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Figure A2. MASW inversion results for the real case. (a) Sampled 1-D velocity models. (b) Velocity spectrum with the picked dispersion points and the 
predicted dispersion curve. (c) Sampled dispersion curves derived from the velocity models in panel (a). 
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