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Abstract
It is well-known that the classical hyperbolic Kirchhoff equation admits infin-
itely many simple modes, namely time-periodic solutions with only one Fourier
component in the space variables. In this paper we assume that, for a suitable
choice of the nonlinearity, there exists a heteroclinic connection between two
simple modes with different frequencies. Under this assumption, we cook up
a forced Kirchhoff equation that admits a solution that blows-up in finite time,
despite the regularity and boundedness of the forcing term. The forcing term
can be chosen with the maximal regularity that prevents the application of the
classical global existence results in analytic and quasi-analytic classes.
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heteroclinic connection, blow up, quasi-analytic functions
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1. Introduction

Let H be a real Hilbert space, and let A be a positive self-adjoint operator on H with dense
domain D(A). Let m : [0,+00) — [0,4+00) and f: [0,+00) — H be two continuous functions.
In this paper we consider the forced evolution equation

u”(t)+m<|Al/2u(t)|2)Au(t) =£(1) (1.1)
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with initial data
u(0) = uy, u' (0) = u. (1.2)

Equation (1.1) is an abstract version of the hyperbolic partial differential equation intro-
duced by Kirchhoff in the celebrated monograph [20, section 29.7] as a model for the small
transversal vibrations of elastic strings or membranes.

1.1. Local and global existence results

Existence of solutions to problem (1.1) and (1.2) has been extensively investigated in the lit-
erature. For the sake of shortness, unless otherwise stated, here we limit ourselves to recall the
main results for the case in which the nonlinearity is locally Lipschitz continuous and satisfies
the strict hyperbolicity assumption

m(o)=mwm >0 Vo > 0. (1.3)
Under these assumptions, problem (1.1) and (1.2) admits a local-in-time strong solution
uec"([O,T],D(A3/4))mC1 ([O,T],D(Al/“)) (1.4)
provided that
(uo,u1) € D(AY*Y x D(A*)  and  fe® ([O,+oo)7D(Al/4)) :

and this solution is unique in the class of strong solutions, namely solutions with the regular-
ity (1.4). This result was substantially established by Bernstein in the pioneering paper [3],
and then refined by many authors (see [1] for a modern version).

Global-in-time strong solutions are known to exist in many different special cases, which
we briefly describe below.

1. (Analytic case). Problem (1.1) and (1.2) admits a global solution if both the initial data and
the forcing term are analytic with respect to the space variables. Actually in this case it is
enough to assume that the nonlinearity m is just continuous and nonnegative. We refer to [2,
3, 5, 6] for more details (see also [15, 16]).

2. (Quasi-analytic case). Problem (1.1) and (1.2) admits a global solution if both the initial
data and the forcing term are quasi-analytic with respect to the space variables. This is not
just a refinement of the analytic case, because here the known proofs require in an essential
way the Lipschitz continuity and the strict hyperbolicity of the nonlinearity (see [14, 23]).

3. (Special nonlinearities). In the case where m (o) = (a + bo)~? for some positive real num-
bers a and b, problem (1.1) and (1.2) admits a global solution provided that

(uo,u1) € D(A) x D(AY?)  and  fe C°([0,400),D(A)).
The technical reason is that in this case (and in some sense only in this case) the equation

admits a higher order quantity whose growth can be controlled for all positive times. We
refer to [24] for the details.
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4. (Dispersive equations). Global existence results have been obtained in the concrete case
where A is the usual Laplace operator in the whole space R? or in an external domain. The
prototype of these results is global existence provided that the initial data and the forcing
term have Sobolev regularity in the space variables, and satisfy suitable smallness assump-
tions and decay conditions at infinity. We refer to [7, 17, 22, 25] for precise statements.

5. (Spectral-gap data and operators). Global existence results are known in cases where both
the initial data and the forcing term are ‘lacunary’, in the sense that their spectrum contains
a sequence of large ‘holes’. The same is true whenever the eigenvalues of the operator A
are a sequence that grows fast enough. We refer to [13, 14, 18, 19, 21] for precise state-
ments. For the sake of completeness, we point out that the spectral gap theory has been
recently extended in order to show the existence of global weak solutions in the energy
space D(A'/?) x H (see [10]).

The main open problem for Kirchhoff equations is the existence of global solutions for
initial data and forcing terms below the analytic or quasi-analytic regularity, for example in
Gevrey spaces or in the Sobolev spaces D(AY).

1.2. Simple modes

Let us consider the unforced equation
u”(t)+m(|A1/2u(t)|2)Au(t):0. (1.5)

If e is an eigenvector of A with eigenvalue A7 > 0, and both uy and u; are multiples of
ey, for example uy = ey and u; = Pey, then the solution to (1.5)—(1.2) remains a multiple of
ex for all times, and more precisely u(t) = z(t)ex, where z(¢) is the solution to the ordinary
differential equation

2 (1) + Nom (Agz(t)z) 2()=0

with initial data z(0) = o and z'(0) = 8.

These special solutions are called simple modes, and it is well-known that they are time-
periodic. Their stability has been studied extensively in the literature (see [4, 8, 9, 11, 12]).
In particular, there are many examples of unstable simple modes, and when this is the case
there exist non-periodic trajectories that are asymptotic to them as ¢t — +oo or as t — —o0.
What is not known yet is whether the stable manifold of a simple mode can intersect the
unstable manifold of a different simple mode. This intersection would deliver a trajectory that
is asymptotic, as t — —oo and as t — 400, to two simple modes corresponding to different
frequencies. Such a trajectory, which we call heteroclinic connection, would realise a transfer
of the energy from a low frequency to a higher frequency (due to reversibility we can always
change the verse of time).

1.3. Our result

In this paper we assume that, for some choice of the nonlinearity m, the unforced equation (1.5),
in the special case where H = R? and A is an operator with two eigenvalues equal to 1 and
A% > 1, admits a heteroclinic connection between the simple modes corresponding to the two
eigenvalues (see definition 2.1).
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Under this assumption, in theorem 2.3 we show that in every infinite dimensional Hilbert
space H there exists an operator A, and actually a rather general class of operators, for
which there exist an external force f(¢), smooth for every ¢ > 0, and a solution to the forced
equation (1.1) that blows-up in a finite time 7.,. By ‘blow-up’ we mean that the pair
(u(t),u’(t)) does not admit a limit as 7 — T in the energy space D(A'/?) x H (where the
solution is necessarily bounded), while all higher order norms of the form

AU’ (1) >+ |A* TV 2u (1) | (with « > 0)

tend to +ooast— T.

The initial datum of this solution has only one Fourier component, and in particular it is
analytic, and hence necessarily the forcing term does not lie in any analytic or quasi-analytic
class, because otherwise the solution would be global. Nevertheless, the forcing term can be
chosen to lie in any class that is less than quasi-analytic, and in particular in all Gevrey spaces
G, with s > 1. In other words, the existence of a heteroclinic connection would imply that the
classical global existence result in quasi-analytic classes is optimal.

14. Overview of the technique

Our proof involves three main steps.

o In the first step (proposition 3.2) we consider the heteroclinic connection that we assumed
to exist, and we show that for every interval [a,b] we can modify it in order to obtain a new
trajectory that coincides with the first limiting simple mode for every ¢ < a, and coincides
with the second limiting simple mode for every ¢ > b. We think of this new trajectory as a
sort of bridge that connects the two simple modes in the interval [a, b]. In general this bridge
is not a solution of an unforced Kirchhoff equation, but rather of a Kirchhoff equation with
a forcing term whose size depends on the length of the interval (the longer is the length of
the bridge, the smaller is the external force required).

o In the second step (proposition 3.3) we exploit a natural rescaling property of simple modes,
and from the bridge between the frequencies 1 and A\> we obtain a bridge between the fre-
quencies A% and \*, and more generally between the frequencies A* and \%*2,

e In the third step we consider an operator that admits the sequence A\* among its eigenval-
ues, and we consider the solution obtained by glueing all the bridges. This solution moves
the energy toward higher and higher frequencies. More precisely, there exists an increas-
ing sequence {T}} of times with the property that at time T the solution coincides with the
simple mode corresponding to the frequency A**. The key point is that we can arrange things
in such a way that T converges to some finite time 7, and the size of the corresponding
forcing terms vanishes as t — T_.

In summary, the existence of a heteroclinic connection between the frequencies 1 and \? for
the unforced equation (1.5) implies the existence of a heteroclinic connection between any
two ‘consecutive’ frequencies A\** and A\**2, again for the unforced equation. Thanks to a
suitable external force, we can switch from one connection to the next one, and in this way
we obtain a trajectory that visits all frequencies. We can keep the external force small, and
actually vanishing as t — 7__, because the bulk of the work is done by the nonlinearity, and
the only role of the external force is to put the solution on the right track from time to time.
It could be interesting to realise a similar path without the aid of the external force, but
relying only on a suitable choice of initial data. This remains a challenging open problem.

4
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1.5. Consequences

Our result in some sense proves nothing, because we do not know yet whether a heteroclinic
connection exists or not.

If one believes that Kirchhoff equations are not well-posed in Sobolev or Gevrey spaces,
we have reduced the search of a counterexample to the existence of a special trajectory for a
Hamiltonian system in dimension two. We do hope that the community working on dynamical
systems could contribute in this direction.

On the contrary, if one believes that Kirchhoff equations do admit global solutions for all
data in Sobolev or Gevrey spaces, our result shows that the proof has to exclude the existence
of heteroclinic connections, and therefore it is very likely that it has to involve some ‘global’
property of the nonlinearity.

1.6. Structure of the paper

This paper is organised as follows. In section 2 we present formally the heteroclinic connection
assumption and we state our main result. In section 3 we prove the main result.

2. Statements

Let us state formally the main assumption of this paper.

Definition 2.1 (heteroclinic connection assumption). Let m: [0,4+00) — (0,+00) be a
function of class C’ satisfying the strict hyperbolicity assumption (1.3), and let A > 1 be a
real number. We say that the pair (m, ) satisfies the heteroclinic connection assumption if
there exist two functions v: R — R and w : R — R of class C? with the following properties.

e They satisfy the non-triviality condition
Vv (0)2 +w' (0> +v(0) +w(0)* > 0. 2.1)
e They solve the system of ordinary differential equations

V(1) +m (V 1)+ )xzw(t)z) (1) =0

) ) Ve R. 2.2)
W’ (1) + N2m (v(l) A% (1) ) w(f) =0
e There exist two positive real numbers Ag and By such that
V() P+ v(0) P < Boexp(—Aot) V=0, (2.3)
W’ ()2 + N |w (1) |* < Boexp(—Aolt])  Vr<O0. (2.4)

Before moving to our main result, we need to recall the usual notion of Gevrey spaces with
respect to an operator.

Definition 2.2 (Gevrey spaces). Let H be areal Hilbert space, let {e; }x>0 C H be a sequence
of orthonormal vectors (not necessarily a basis), let {\}i>0 be a sequence of positive real
numbers, and let A be a linear operator on H such that

Aep=MNer  Vk=0.
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Given two positive real numbers r and s, and a vector u € H, we say that u is a Gevrey
vector with exponent s and radius r, and we write u € G, ;(A), if

u="> (u,er)ex and Hu||2g’_,s(A) = Z(u,ek>2exp (r/\,i/s) < +00.
k=0 k=0

We recall that ||u||g, (a) induces a structure of Hilbert space on the set G, ;(A), and that the
case s = 1 corresponds to analytic vectors. More general spaces can be introduced by consid-
ering different functions of )\; in the exponential.

We are now ready to state our main result.

Theorem 2.3 (from a heteroclinic connection to a blow-up for a Kirchhoff equation). Let
m:[0,+00) — (0,+00) be a function of class C' satisfying the strict hyperbolicity assump-
tion (1.3), and let A> 1 be a real number. Let us assume that the pair (m,\) satisfies the
heteroclinic connection assumption of definition 2.1.

Let H be a Hilbert space, and let A be a self-adjoint linear operator on H for which there
exists a sequence {ey x>0 C H of orthonormal vectors (not necessarily a basis) such that

Aep=N*e,  Vk=0.
Then there exist a function f: [0,+00) — H such that
feC®([0,400),Gs,(A))  Vs>1, ¥r>0, (2.5)
a real number T, and a solution
uc C*([0,Ts),Gs(A)) Vs>0, Vr>0, (2.6)

to equation (1.1) such that

limsup [A%u’ (1) > + AT 2u (1) P = 400 Va >0, 2.7)
t—T
and
lim u’'(t) does not exist. (2.8)
t— T

We conclude with some comments on theorem 2.3 above.

Remark 2.4 (time regularity). The regularity of u and f with respect to time depends only
on the regularity of the nonlinearity m. If m is of class C!, then any pair of solutions v and
w to (2.2) is automatically of class C3. At this point, a careful inspection of our construction
reveals that actually we can improve (2.5) and (2.6), respectively, to C' and C? regularity.
We spare the reader from the details, which would require only longer but standard estimates,
without introducing new ideas.

In the same way, if the nonlinearity m is of class C”, then we obtain C” regularity in (2.5),
and C'*2 regularity in (2.6).

Remark 2.5 (space regularity). We observe that in (2.6) we allow also values s < 1, which
means that the solution u is more than analytic. More precisely, for every T € (0,7, ) there
exists a finitely dimensional subspace Hr of H such that u(¢) € Hy for every € [0,T].

6
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Concerning the forcing term, the function f that we construct in the proof satisfies

(f() ex)*exp X <400 V=0
=0 (]H‘l)z

for a suitable ¢ > 0. This implies the Gevrey regularity (2.5). More generally, for every increas-
ing function ¢ : [1,+00) — [0,+00) such that

+oo

/ 1 (;‘) do <+ and 14 (j) is nonincreasing, 2.9)
1 g g

we can modify our construction (it is enough to modify the choice of S; in the last step) in

such a way that

oo

(f(1),ex)*exp (¢ (\)) <400 Ve=0. (2.10)
k=0

We recall that, if f(¢) satisfies (2.10) for some increasing function ¢ for which the integral
in (2.9) is divergent, then f(¢) is quasi-analytic.

Remark 2.6 (size of the external force). A careful inspection of the proof reveals that we can
choose the norm of the external force (in any fixed non quasi-analytic class) to be smaller than
any given positive constant. To this end, again it is enough to modify the definition of Sj in the
last step. The other side of the coin is that the blow-up time T, depends on the norm of the
external force, and tends to infinity when the norm of the external force vanishes.

Remark 2.7 (more general heteroclinic connections). For the sake of simplicity the hetero-
clinic connection assumption, as stated in definition 2.1, involves a system that corresponds to
an unforced Kirchhoff equation with two components. We can generalise the assumption by
considering systems that originate from unforced Kirchhoff equations with a finite number of
components. The request becomes that all components, with the exception of one, decay expo-
nentially as t = —oo, and all components, with the exception of another one, corresponding
to a different eigenvalue, decay exponentially as t — +-o0.

Under this more general assumption we can again reproduce the phenomenon of the-
orem 2.3, more or less with the same proof. We just need to be more careful in the choice
of the eigenvalues of the operator, in order to reproduce the bridge at different scales.

Remark 2.8 (more general operators). For the sake of simplicity we decided to construct the
counterexample for an operator that admits the sequence {\?} among its eigenvalues. With
some extra (but rather standard) work, it is possible to extend the construction to more general
multiplication operators, provided that the sequence {\?**} is contained in the support of the
spectrum. We point out that this is always true, for example, in the concrete case where A is
the Laplacian in the whole space R?, in which case the support of the spectrum is the half-line
[0,+00).

Remark 2.9 (relation with known global existence results). We observe that our construc-
tion dodges carefully all the key assumptions of the known global existence results quoted
in the introduction. Indeed, we already observed that in our construction we can not take the
forcing term f(¢) to be analytic or quasi-analytic. Moreover, a heteroclinic connection does not
exist when m is the nonlinearity considered in [24] (this can be proved by using Pohozaev’s
invariant), or when the energy is small enough, because simple modes with small energy are

7



Nonlinearity 37 (2024) 015012 M Ghisi and M Gobbino

known to be stable (see [8, 11]), and therefore the existence of a heteroclinic connection does
not prevent global existence for small initial data. Finally, the operator and the forcing term
that we consider do not fall in the spectral gap regime, because the sequence A2 does not grow
fast enough as required by those results.

3. Proof of the main result

3.1 Boundedness and Lipschitz continuity of the nonlinearity

To begin with, we observe that the solution (v(z),w(t)) to system (2.2) satisfies the classical
energy equality

v’(t)2+w’(t)2+M(v(t)2+)\2w(t)2) =H} VteR, (3.1)
for some real number H, > 0, where
M(o):= / m(s)ds Vo >0, (3.2)
0

and the positivity of H, follows from (2.1). Due to the strict hyperbolicity assumption (1.3),
the function (3.2) satisfies M(c) > o for every o > 0. Thus from (3.1) it follows that

HZ
v(D) 4+ Xw (1) < ;0 and V(1) +w! (1) < H}
1

for every ¢t € R, and in particular

/ li 1 —
sup {v" ()], Iv (1) <t>|,A|w<r>}<max{1,m}Ho-.H1. (3.3)

As a consequence, in the sequel we can assume that
O<p <m(o) < n Vo >0, (3.4)

and that m is Lipschitz continuous with some Lipschitz constant L.

3.2. Simple modes

Let z; : R — R denote the standard simple mode with energy Hj, namely the solution to the
ordinary differential equation

20 (8) +m (zl (r)z) 2 () =0
with initial data
21 (0) = 0, Z]/ (0) :H().

It is well-known that z(¢) is a periodic function of class C*, and we call 7 its minimal
period. One can check that, for every real number A > 0, the function defined by

1
o (1) = N (M) vVteR,
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whose minimal period is of course ) := 71/, is a solution to equation

2 (1) + N2m (AzzA (t)z) () =0 (3.5)
with the same initial data

72 (0) =0, 74 (0) = Ho. (3.6)

We call z), the simple mode of energy Hy corresponding to the frequency A\>. We observe
that all simple modes satisfy the energy equality

5 (t)z—l—M(/\zz,\ (t)z) =H} VteR,
and therefore

Sélﬂg{IZf (O] 21 (1) [ 123 (1) [, Alzx (0|} < Hy, 3.7)

where H is the same constant as in (3.3).

The key point is that the heteroclinic connection (v(z),w(?)) is exponentially asymptotic to
the simple mode z; as t — —o0, and to the simple mode z as t — +o00. The formal statement
is the following (for the convenience of the reader, we include a proof in the appendix at the
end of the paper).

Lemma 3.1 (limiting periodic orbits). Let m : [0,+00) — (0,+00) be a function of class C"*
satisfying the strict hyperbolicity assumption (1.3), and let A > 1 be a real number. Let us
assume that the pair (m, \) satisfies the heteroclinic connection assumption.

Then there exist two real numbers Ty € [0,7] and 71 € [0,7], and two positive real con-
stants A, and By, such that

W' () —zf (t—70) P+ |[v(t) —z1 (t—70) | < Biexp(—Aqlt|)  V¢<0, (3.8)
and

W' (1) —z5 (t—71) >+ X2 |w(r) —zx (t—11) |* < Brexp(—Ay1) vt > 0. (3.9)

3.3. The basic bridge between simple modes

Thanks to lemma 3.1, we can think of the heteroclinic connection (v(¢),w()) as a traject-
ory that connects the two simple modes z; and z) in an infinite time, without the aid of any
external force. Now we show that, if we allow an external force, then we can find a trajectory
(vs(f),ws(2)) that connects the same two simple modes in a finite time interval [—285,2S]. The
size of the required external force decays exponentially when S grows.

Proposition 3.2 (transition between two simple modes in a finite time interval). Let
m:[0,+00) — (0,+00) be a function of class C' satisfying the strict hyperbolicity assump-
tion (1.3), and let \> 1 be a real number. Let us assume that the pair (m,\) satisfies the
heteroclinic connection assumption.

Then for every S > 0 there exist two functions vs : R — R and wg : R — R of class C?, and
two continuous functions s : R — R and 15 : R — R, with the following properties.

9
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(1) (Kirchhoff equation with two modes and forcing term). The functions vs and ws are solu-

tions to the system

g (0)+ m (s (1 + Nows (07 ) vs 1) = s 1)

VeeR. (3.10)
Wi (0)+ Nom (s (1) 4+ Nows (0 ) ws (1) = s (1)
(2) (Conditions at infinity). The functions vs and wg satisfy
vs()=z1(t—70) and ws(t)=0 Vi < =28, (3.11)
and
vs(t)=0 and ws(t)=2z\(t—1) vt > 28S. (3.12)

In particular, there exist Sy € 25,25+ 7] and S, € [2S,2S + 7] such that
ws (=S81) = wg(=81) =vs(=51) =0,  v5(=S1) = H,
and
vs (82) = v (82) =ws (S2) =0, wé(S2) = Hy.
(3) (Bound on the forcing term). The functions s and Vs are such that
ws(t) =vs(1)=0 Vi € (—o0,—2S]U[-S,S]U[2S,+00),
and satisfy the estimate

1 2
s +s0F < (g5 +1) Broxp(-ass) e

where A, and B, are two positive real numbers, both independent of S and t.
Proof. Let # € C*°(R) be a cutoff function such that
e O(x)=1foreveryx <1,
e 9(x) =0 for every x > 2,
o0

< 0(x) < 1forevery x € [1,2],

and let I" be a constant such that

10 (x)|+10" (x)|<T  VxeR.

(3.13)

(3.14)

(3.15)

The idea is to use the function 6 in order to define vs() and ws(¢) as a convex combination

of trajectories that coincides

e with the heteroclinic connection (v(¢),w(r)) for t € [-S, 5],
e with the limiting periodic trajectory (z;(r — 79),0) for t < =28,
e with the limiting periodic trajectory (0,z)(r— 7)) for z > 28S.

10
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3.3.1. Definition when t < 0. In the case t < 0 we set 0s(r) := 6(—¢/S) and we consider the
functions

vs (1) =05 ()v (1) + (1 = 05(1) 21 (1 —10) and  wg(1):

Os ()w(r).

Since

Os(t)=0 Vt<-2S8 and Os(t) =1 Vre[-S,0], (3.16)

we deduce that (3.11) holds true, and in addition
(vs(t),ws (1)) = (v(),w(r))  Vre[=S,0].

Computing the second order time derivatives of vg and wg, we discover that for # < O these
functions are solutions to system (3.10) provided that we set

s (1) = 05" () {v(t) =21 (t—70) } + 205 (1) {v' (1) — 2 (r—70)}
05 (1)v (1) {m (vs (1) + \2ws (t)z) —m (v(t)2 + )\zw(t)z) }
(1= 05(1)z1 (1 — 7o) {m (vs (1) + N2ws (;)2) —m (zl (r— 70)2) } ,

and

bs (1) 1= 01 (1) w (1) + 204 () w' () + A205 (1) w (1) {m (vs ()% + N2ws (t)z)
—m (v (1) + 2w (t)2> } .

Using again (3.16) we obtain that

QDS(t) = wS(t) =0 Vi e (700, *ZS] U [iS,O]a
which proves (3.13) for < 0.

It remains to prove (3.14) for ¢t < 0. Let L,(¢), Ly(t), L3(¢) denote the three lines in the
definition of yg(f). From (3.15) we deduce that

r

r
fs(l <5  and 105" ()] <

@ Vi <0,

(3.17)
and therefore

r 2
L ()| < G v() =21 (8= 70) [+ =" (1) =2z (1= 70) .
Moreover, from (3.3) and (3.7) we deduce that

‘Vs(l‘)‘ < H; and )\|W5(l)| < H; Vvt <0,

1
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and therefore from the Lipschitz continuity of m we obtain that
‘m (vs (1)* 4+ Nwg (t)z) —m (v (1) + 2w (t)2> ‘
<L (’vs (1) —v (z)z‘ A2 ‘ws (1) — w(t)zD

SL(|vs(0) +v ()] - [vs (1) = v (1) + [Aws (1) + Aw ()] - Aws (1) = w (1))
< 2H L (|vs (1) — v (1) + A |ws (1) —=w(2)] ) -

Finally we observe that

vs (1) =v (D) [ = (1 =05 (1)) [v(1) — 21 (= 70) |

and

ws (1) =w () [ = (1= 0s(2)) w(D) |,

so that in conclusion

‘m (vs (1) + Nws (;)2) —m (v(t)2 A% (;)2) ‘ S2HL(Jv (1) — 21 (t—0) | + Aw(®)]),
(3.18)

and therefore
Lo (1) | < 2HIL{|v (1) =21 (t = 70)| + A w (D)] } -
In an analogous way we obtain that
m (vs (07 4+ 22w (1) = m (21 (= 70|
L(’Vs() — 21 ([-’7’0 ’4‘)\2 (l‘)z)
L(|vs (1) +21 (t=70)| - [vs (1) — 21 (t = 70) [ + Aws (1) [ - A|ws (1) ])
2H
2H

1L ([vs (1) — 21 (£ = 70) |+ Alws (1))

<
<
S2HIL(v(1) =21 (1= 70) |+ Aw(1)]) ,

and therefore
ILs (1) | <2HL{[v (1) =21 (t—70) [+ Alw (D)] } .

From all these estimate we deduce that
r 2 2r / / 2
los ()] < { @ +4HIL | v (1) =21 (t = 7o) [+ — V' (1) — 2 (1= 70) [ + 4HILA|w (1)
Similarly, from (3.17) and (3.18) we obtain that
T 2r
s ()] < §IW(t)|+§\W’(t)|+2H?LA{IV(t) —z(t—10) [+ Aw(n) [}
I 2 2r -, 2
< & + 2H{L) | A|w (¢ )|+?|w ()| +2HTLA|v (£) —z1 (t —10) |-

12
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Finally, taking (2.4) and (3.8) into account, we conclude that

r 2r 2
los (1) > <2 (SZ + 5 +4H%L) Biexp(—A|t]) +32H{L*Byexp (—Aolt|),

and analogously

r o 2
+ = +2HfL)\> Boexp (—Aolt|) + 8HIL*\>Byexp (—A t]).

2
s <2+ 3

Recalling that ¢s(t) = ¢s(t) = 0 for ¢ € [—S, 0], the last two inequalities imply (3.14) for
1 <0.

3.3.2. Definition when t > 0. In the case t > 0 we set 05(¢) := 6(¢/S) and we consider the func-
tions

vs (t) := 05 (£) v () and  ws(2):=0s()w(t)+ (1 —0s(0))zr(t—71).
As in the previous case we find that

(s (1), ws (1)) = (v () w(n))  Vee[o,s],
and that for ¢ > 0 these functions are solutions to system (3.10) provided that we set

o5 (1) =03/ (1) (1) + 264 (1) (1)

+0s (1) v (1) {m (vs (1) + Nws (z)z) —m (V (1) + \w (z)z) } .
and
s (1) = 05" () {w (1) —2x (1 = 70)} + 205 () {w' (1) =25 (1 = 7)}
+ X205 (0w (1) {m (vs (1 + Nows (1)) =m (v (2 + 2w (1)) }

A (1= 0s()za(t—7) {m (vS (1% + N ws (;)2) —m (AzzA (1— 71)2) } .

As in the previous case we obtain that
‘m (vs (1) + Nws (;)2> —m (v (1) + ,\zw(t)2> ’ S2HL (v (1) |+ A\w (1) —2a(t—71) ),
and
i (vs (07 + N () = m (W22 (1= 1)) | < 2HIL (v (1) |+ Aw (1) = 22 (1= 1) ),
from which we deduce that

r 2r
os(0)1 < (5 +268L) () |+ 3 1 0+ 2HLAW () 2 1= )

and

r 2r
500 | < (g + BN ) A )= 2 1= 1) [+ 3 (1) = 24— )|+ 4HRLAW 0.
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Finally, taking (2.3) and (3.9) into account, we conclude that

I or 2
los (1) > <2 <S2 + < + ZH%L) Boexp (—Aot) + 8H{L*B exp (—A,1),

and

r or 2
+—= +4H%L)\> Byexp (—Ait) + 32H{L*X\*Byexp (—Aot) .

2
s <2 gy + 5

Recalling that ¢g(f) =1s(r) =0 for ¢ € 0,S], the last two inequalities imply (3.14)
fort > 0. O

3.4. A sequence of bridges between consecutive simple modes

In the next result we rescale the construction of proposition 3.2, and we obtain a bridge between
the simple modes corresponding to the frequencies A2 and \***+2.

Proposition 3.3 (rescaling). Let m : [0,+00) — (0,+00) be a function of class C" satisfying
the strict hyperbolicity assumption (1.3), and let A > 1 be a real number. Let us assume that
the pair (m, \) satisfies the heteroclinic connection assumption.

Let H be a Hilbert space, and let A be an operator as in theorem 2.3. Let k be a positive
integer, and let Sy, be a positive real number.

Then there exist two functions uy : R — H and fi, : R — H with the following properties.

(1) (Regularity). The functions uy and f; satisfy
e € C* (R, Span (e, ex1))  and  fi € C°(R,Span (ex, ext1))- (3.19)

(2) (Kirchhoff equation with two modes and forcing term). The functions uy is a solutions to
the forced Kirchhoff equation

ul! () +m (|A1/2uk (1) |2) Aug(f) =fi(f)  VteR. (3.20)
(3) (Conditions at infinity). The functions uy, satisfies

e (1) = 2 (r— %) e Vi< -2S, (3.21)
and

e (1) = 201 (r— %) e V28 (3.22)
In particular, there exist Sy x € [2S¢, 28, + mt] and S x € [2Sk, 28y + wyw+1] such that

u (=S14) =0, u; (—S1 x) = Hoex, (3.23)
and

ug (S21) =0, g (S2.k) = Hoexq1. (3.24)
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(4) (Properties of the forcing term). The function f; is such that
fr(®)=0 Vi € (—o00, =28k U [ Sk, Sk] U [28k, +00) (3.25)

and for every positive value of r and s its norm in the Gevrey space G, ;(A) satisfies

2
]
2 W< <+)\") Baexp (rA<k+'>/S—A2Aksk) VieR,  (3.26)

Ifi(o) s

where Ay and By are the constants that appear in (3.14).
Proof. Let us apply proposition 3.2 with
S = NSy,

and let vg, wg, s and g be the functions that we obtain. At this point let us set

1 1
Uy (t) = VVS ()\kt) e+ ﬁWS ()\kt) Ci+1

and
fr (l) = )\kLpS ()\kl) er+ )\kl/is ()\kt) Ckyl- (3.27)

Both the regularity (3.19) and equation (3.20) follow from these definitions and from the
corresponding properties of vg, ws, @s and 1s.

Moreover, for every t < —2S; it turns out that Mt < =28, and therefore from (3.11) we
obtain that

1 1 . -
u (1) = ﬁm ()\kt—To)ek: ﬁzl ()\" <t— /\Z))ek:z)\k (t— 72) e,

which proves (3.21). Similarly, for every 7 > 2S; it turns out that Mt > 28, and therefore
from (3.12) we obtain that

1 1 T
Uy (l) = VZ/\ ()\kl‘— Tl) eyl = Wzl ()\k+]l— /\T]) Chy] = Zpk+l (Z— )\71) €kt

which proves (3.22).
Finally, (3.25) follows from (3.13), while from (3.27) and (3.14) we obtain that

“fk (l‘) HZQ,.,,(A) < )\2k|80S (/\kl‘) |Zexp (r)\k/s> + )‘ka)S ()\kt) ‘26xp (r/\(k-‘rl)/s)
2
< (1 + /\k> B, exp (—A2)\kSk) exp (r)\(k+1)/“)
k

for every t € R, which proves (3.26).
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3.5. Conclusion of the proof of theorem 2.3

3.5.1. Definitions.  For every integer k > 0 we apply proposition 3.3 with
1

(k+1)*

We consider the functions u; and f, and the times Sy x and S, x, provided by that result. We
consider the sequence {7} } C [0,+00) defined by T, := 0 and

Sk =

Tk+1 = Tk+Sl,k+SQ,k Vk}O
We observe that
Sl,k S [2Sk,2Sk+7T/\k] and SZ,k S [ZSk,ZSk—F?T)\H]],

and therefore

Ti1 — T =814 +Sx < ( + Tk + Tyt =

4 4 N ( 1 N 1 )
ml—=+——.
k+1)° k+1)° Xk N
As a consequence, the sequence {7} C [0,+00) is increasing and
Too := lim T; < +oo0.
k——+o00
Let us define u : [0,T ) — H by
u(t) :=u(t— Ty — Six) if t € [Ty, Tyt1] for some k > 0,
and let us define f: [0, +00) — H by

) fi(t=Tr—S1x) ifté€ [Ty, Tis ] for some k >0,
t) =
0 ift>T,.

We claim that the conclusions of theorem 2.3 hold true with these choices.

3.5.2. Regularity of . To begin with, we observe that the definition is well-posed because
from (3.25) we know that

fe (T — T — S14) =Ji (S2.6) = 0= fig1 (=S14+1) =fit1 (Tat1 — Th1 — St 441) -

Moreover, from (3.26) we deduce that

4 2 '
2 (k+ ]) k k+1 A
G, s(A) < (Ak + A Bz exp }’)\( )/s —A2 (k+ 1)2 Vit e [Tk, Tk+1]

i (2)

for every positive value of s and r. This implies in particular that

Vs>1 Vr>0 lim f(r) =0 inG;,(A),

t—T

which shows that f has the regularity (2.5).
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3.5.3. Regularity of u.  To begin with, we observe that the definition is well-posed because
from (3.24) with k and (3.23) with k + 1 we know that

U (Tiyr — T = S1.a) = ur (S2.0) = 0 = w1 (—=S1p41) = i1 (Terr — Tirr — S1a41),
and

wy (Tiyr — T — S1x) = ug (Sax) = Hoerpr = iy (=St x41) = iy (Terr — Tt — Siprr) -

In the same way from (3.20) and (3.25) we obtain that
w (Teg1 — Te = S16) = 0=’ (T — Tipr — St 41) 5

and therefore the regularity of u follows from the regularity of uy.

3.5.4. Blow-up of u.  To this end, it is enough to observe that
lim sup (|A%/ (1) |+ |41 20 (1) |2) > limsup|A®u’ (Ty)|
_ k—+o00

= limsup|A® (Hoer) |

k—4-00

=T

= limsup HZ e
k—~+o00

= +o0

for every o > 0, which proves (2.7).
In the same way the sequence u’(T;) = Hpey has no limit as k — 400, and therefore the
limit of u’(¢) as t — T, does not exist, which proves (2.8). O
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Appendix

A.1. Proof of lemma 3.1

We limit ourselves to proving the asymptotic behavior as t — 400, because the case when t —
—oo is analogous. As observed at the beginning of section 3, the functions v and w satisfy (3.1)
and (3.3), and we can assume that m satisfies the bounds (3.4) and is Lipschitz continuous with
some constant L. We observe also that the simple mode z, that solves (3.5) and (3.6) is an odd

17
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periodic function whose graph, roughly speaking, has the same qualitative behaviour of the
graph of the function 7 — sin¢, and in particular z} has exactly two zeroes in a period (in 7y /4
and 37y /4).

Before entering into details, we describe briefly the general strategy. The constants H,, H3
and H, that we introduce in the sequel depend only on w1, 12, L, A, and on the constants Hy
and H; that appear in (3.1) and (3.3).

o In the first step we consider the set
S:={t=0:w()=0, w' (1) >0},
and we show that it consists of a sequence of real numbers {7, },>0 C [0, +00) such that

2 2 2
T and T T —T, <22 Wm0, (A

N N i

¢ In the second step we show that, for every n > 0 and every ¢ > T,,, it turns out that

Ty <

Z4 (6= T;,) —w' (6) |2 + Nz (t = T,,) —w (1) |* < Haexp (H3 (1 — T,) — 240T,,), (A.2)
where z) is the simple mode that solves (3.5) and (3.6), and Ay is the constant that appears
in (2.3).

o In the third step we show that there exists a real number S, such that

|T,, — nmy — Soo| < Hyexp(—AoT,)  Vn>0, (A.3)

where we recall that 7 denotes the period of z).
e In the fourth step we show that (3.9) holds true with 7 = S.

A.1.1. Step one—the set of zeroes with positive derivative. The structure of the set S, and the
estimates in (A.1), are consequences of the following lemma, applied with

u(t):=w(t), ct):=Nm (v (1) + Nw (t)z) comp= Ny, my = N,

Lemma A.1 (oscillation lemma). Let m; and my be two positive real numbers, let c:
[0,+00) — R be a continuous function such that

0<m <c(t) <my vVt >0, (A.4)
and let u : [0,+00) — R be a function of class C* such that u’(0)> +u(0)? > 0, and
u' () +c(u()=0  Vi=0.

Then the following conclusions hold true.
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(1) The set
S:={r=0:u(t)=0, u’ (1) >0}

consists of a sequence of real numbers {Tn}n>0 C [0,+400) such that

2 21
Ty < — d — , T, <— Vn=0. A5
0 o an — < Thqy — i n ( )
(2) For every n > 0 there exists S, € (T, Tp+1) such that
u(S,)=0 and  u'(S,)<0. (A.6)

Proof. Since u in not identically zero, we know that actually u’ (1) + u(t)? > 0 forevery ¢ > 0.
Therefore, there exists two functions p; : [0, +00) — Rand 6; : [0,4+00) — R of class C! such
that
1
1) = ——pi (t)cos b ( d "(t) = —p1 (1) sinb; (¢ A7
u(t) \/nTlp‘()COSI() and  u’ (1) = —pi (1)sind; (1) (A7)

for every 7 > 0. We observe that ¢ € S if and only if 8, (f) = —m /2 + 2kn for some k € Z.

Moreover, with some computations we obtain that p; and 6; are solutions to the system
of ordinary differential equations (for the sake of shortness, we do not write explicitly the
dependence on t of p; and 60)

. cl(t
pi = p1sinf cosb, (En)lw/nu), = /mysin®0; + —= () cos 20,.

In particular, from the second equation and the estimate from below in (A.4) we deduce
that

0/ (1) = /m Vt>0,

which implies the estimates from above in (A.5).
Analogously, we can write u() and u'(¢) in the form

1 .
u(t)= \/nszz (t)cos b, (1) and  u’ (1) = —py(¢)sinby (1),
where p; : [0,+00) — R and 6, : [0,+00) — R are function of class C' such that
c(t
p3 = pasinf,cos b, (\/% — m2> , = /s sin’ 0 + \(ﬁ)cos 05,

and as before ¢ € S if and only if 6,(t) = —m/2 + 2kn for some k € Z. Moreover, from the
second equation and the estimate from above in (A.4), we deduce that

Qz’(t)gw/mz Vt}O,

which implies the estimate from below in (A.5).

As for statement (2), it is enough to write u(¢) and u’(¢) in the form (A.7), and observe
that 0, is an increasing function, and the times S, with the property (A.6) are those in which
01(t) = /2 4 2kn for some k € Z.

O
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A.1.2. Step two—estimate on the difference with a translated simple mode. Let us consider
the function

r(8) =20 (t—Ty) —w(2) V>0,
and its usual energy
E, (1) :=r. ()" + Xr, (1)>  Vt=0. (A.8)
With some calculations we discover that
(1) + Nm ()\2@\ (t— Tn)2> ra (1) = N2f, () w (1) Vit >0,
where
fult) i=m (v (1) + )\zw(t)2> —m (AZZA (t— Tn)z) Vi >0,
and that (A.2) is equivalent to
E, (t) < Hyexp (H3 (t — T,) — 2A0T,) V2 T,. (A.9)

In order to prove this estimate, we compute the time-derivative

E' (1) = 2)2 {1 “m (va (t— Tn)z) } rL () (1) + 202 (8) 7L () w (7). (A.10)

From the bound from above in (3.4) we deduce that
222 {1 —m (/\ZZA (1— T,,)z) } () (1) S A1+ 112) En (1), (A.11)

From the Lipschitz continuity of m, and the estimates (3.3) and (3.7), we deduce that
[ (] < Ly (1) + LN w (1) +2x (1= T) | - [w(t) — 25 (t = T,) |
< Lv()* +2H,L- \r, (1),
and therefore
N, (1) g (D) w (1) S 2L (1) [ ()| - [w (£) [+ 207 - 2H1 L Al ()| - 1 (6) |- [w (1) |
<L) (AZW (1) (1) +v (z)4) FOLH, - N w(0)| - E, (1)
<3LAHE, (1) + L\ (1)*
so that recalling (2.3) we obtain that
202, (1) rh () w(t) < BLAHAE, (1) + LABS exp (—2At) . (A.12)
Plugging (A.11) and (A.12) into (A.10) we deduce that
E/

n

(t) <A (1+ p2 + 3LHY) E, (f) + LABjexp (—2Aot).

20
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Integrating this differential inequality we conclude that

L\B?

E, (1) <{E,(T,) + ——2%—
(1) { ()+2A0+H3

exp(—ZAoTn)}exp(H3 (t—T,)) Viz T,  (A13)

where for the sake of shortness we set
Hy =\ (1+ o +3LH7). (A.14)

It remains to estimate E,(7T},). To begin with, we observe that

7 (Tn) =22 (0) = w(T,) =0,
and
rp(Th) =25 (0) =w'(T,)) = Hy —w'(T;,) > 0,

so that it is enough to estimate w’(T},) from below. To this end, we consider the energy equal-
ity (3.1) with r = T,,. Recalling that w(7,,) = 0 and M(o) < uo for every o > 0, we deduce
that

W (T,)* = H2 —M(v(Tn)z) VI (T,)
> Hy — v (T,)* = v/ (T,)?
2b%—nmx{Luﬁ(v%Tﬂ2+vU}f)
> H3 —max {1, 5} Boexp (—AoT,) .
It follows that

_ Hy—w/(T,)" _ max {1,112} By
~ Ho+w'(T,) © Ho

|1 (Ta) | = Ho — w'(T2) exp (—AoTy),

and hence
Hy

2
1 B,
E,(T,) = ! (T,) < (m{“}‘)) exp (—240T,)

Substituting this relation into (A.13) we conclude that (A.2) holds true with H3 given
by (A.14) and

max {1, 1} By g LB}
H2 = + .
H, 2A0+ H;

21
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A.1.3. Step three —asymptotic behavior of zeroes with positive derivative. The strategy of the
proof of (A.3) is the following.

e To begin with, we observe that (A.2) implies that
(1) 4 N2, (1) < Hyexp (2Hsmy)exp (—240T,) Vi€ [T, T,+2m]  (A.15)

for every n > 0.
e Then we consider the constant

c._ 2VH,
T Hp\

exp (H3my),

and the two sequences
A, =T, +my\— Cexp(—AoT,), B, :=T,+m\+ Cexp(—AoT,).

We show that w(A,) < 0and w(B,) > 0 when nis large enough. This implies that there exists

~ ~

T, € (An,B,) such that w(T},,) = 0. Then we show also that w'(T,,) — Hp, which implies that
w'(T,) > 0 when n is large enough.

e We show that, when # is large enough, there are no points in (Ty“/Tn) where w vanishes and
w' is positive. This proves that T}, | = T, and therefore

Thr1 =Ty +7x+R, (A.16)
for a suitable R, such that
IR,| < Cexp(—AoT,) (A.17)

for n large enough. Up to changing the value of C, we can always assume that (A.17) holds
true for every n > 0.
¢ Finally, we show that (A.16) and (A.17) imply (A.3) for suitable values of S, and Hy.

So let us start by proving that w(B,,) > 0 for n large enough. To this end we observe that
w(By) =zx(By —T,) — 1y (By) = 20 (Cexp (—AoTy)) — 1 (Bn) - (A.18)

Moreover, for n large enough it turns out that B,, < T, + 27, and therefore from (A.15) we
deduce that

Vi

an<
I (B) < 25

exp (Hzmy)exp(—AoTy) . (A.19)
Now from the initial data (3.6) we deduce that

t
lim M
t—0 t

= Z;\ (0) = Ho,

and hence from (A.18) and (A.19) we conclude that

H
liminfw (B,) exp (AoT,) = CHy — -2 exp (Hsm,) > 0,

n——+oo

22
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which proves that w(B,,) > 0 when n is large enough. In an analogous way we obtain that
w(A,) < 0 when n is large enough. This proves that T, exists and T, — T,, — . Applying
again (A.15) we conclude that

. 1 (A o . 1 [ _ - T — / —
i () -t (5 7)) - -

Now we need to show that ?,1 = T4 for n large enough. Let us assume by contradiction
that 7,4 € (T,,T,) for infinitely many indices n. From statement (2) of lemma A.1 we know
that between any two zeroes of w with positive derivative there exists at least one zero of w
with negative derivative. This means that for infinitely many positive integers n there exists C,
and D,,, with

~ 9
Tn<Cn<Tn+1<Dn<Tn<Tn+gm,

such that

From the energy equality (3.1), letting n — 400 on this subsequence (not relabeled), we
obtain that

lim w'(C,)= lim w’'(D,)=—H,,

n——4oo n—-4oo

and analogously

lim w'(T,) = lim w'(T,11)= lim w’ (?n):Ho.

n—+o00 n—-4o00 n—-4o00
As a consequence, since z} (t — T,,) = r,(f) + w' (1), from (A.15) we deduce that

lim z3(C,—T,) = lim z}(D,—T,) = —Hy,

n——+o00o n——+o0o

and

lim 2, (0)= lim z(Tps1 —T,) = lim Z, (T,l—T,,) — Ho.

n——+oo n——+oo n——+o0

This shows in particular that, for n large enough, z} (7) is positive for r equal to 0, T, — T},
?n — T, and negative for ¢ equal to C, — T,, and D,, — T,,. But this implies that z} has at least
four zeroes in the interval [0, 97, /8], which is absurd.

At this point we know that we can write 7}, in the form (A.16), with R, that satisfies (A.17)
for every n > 0. Now we observe that the estimate from below in (A.1) implies that

2mi 27 (i —n)
T; > and Ii-T>—~—
A2 AV

for every pair of integers 0 < n < i. Due to (A.17), this implies in particular that the series of
R;’s converges, and

23
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D IR < CY exp(—AoT;)

i=n

oo
= Cexp(—AoT,) Y _exp(—Ao(T; — T,)) < Hyexp (—AoT})

i=n

for a suitable constant H, that does not depend on n. At this point we can set
o0
Soo = TO + ZR,‘,
i=0

and observe that

n—1

o0
Ty=nmx+To+ Y (Ti1 —Ti—7a) = n7x +Soo — > _Ri,
i=0 i=n

and hence

o0
|T, — nmy — Soo| < Z |Ri| < Hyexp(—AoTy),

i=n

which establishes (A.3).

A.14. Step four—conclusion. Thanks to (A.3), for every n > 0 we can write T, in the form
T,=nmx+Sec+Ry  with  |R,| <Hsexp(—AoT,). (A.20)

Now we observe that z) is a periodic function of class C?, and therefore there exists a
positive real number A such that

~ 2 ~ 2 -
’zﬁ\ (7’ +R,,) -z (T)’ + 2 ‘Z)\ (T +Rn> — 2 (7)‘ < AR? vreR. (A.21)

Since
Jex (1= Soe) = w () P = [2x (1= Tu+-Ry) = w(n)
<2l (t— T, +§n) (=T P42l (=T —w(®) %,
and analogously
61— Sa) =/ ()P <20 (1= T+ Ra) = 24 (1= ) P+ 204 (1= T) = w' (1) P,
from (A.21), (A.20), (A.8), and (A.9) we obtain that

|23 (1= Soo) —w' (1) [P 4+ N |za (1 — Soo ) — w (1) |* < 2AR: + 2E, (1)
< {2AH§ +2Hexp (H3 (1 — Tn))} exp (—24A0T»)
(A.22)
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for every 7 > 0. When ¢ € [T, T,,4+1], from (A.1) we know that

exp(Hs (t—T,)) <exp G@%) , (A.23)

and similarly

4A()7T
W

exp (—2A40T,) = exp (—2Apt)exp (240 (1 — T,,)) < exp (—2Apt) exp ( > . (A2%)

Plugging (A.23) and (A.24) into (A.22) we conclude that
|24 (= Soo) =W/ () P+ Nza (1 — Soo) —w(f) |* < Hsexp(—2Aot) Yt € [T, Tpyi]

for a suitable constant Hs that does not depend on n.
Since T,, — 400, this completes the proof of (3.9) with A| = 2Ay and B; = Hs.
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