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Navier-Stokes equations:
a new estimate of a possible gap related to the energy equality of a suitable
weak solution
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Abstract - The paper is concerned with the IBVP of the Navier-Stokes equations. The result
of the paper is in the wake of analogous results obtained by the authors in previous articles [4, 5].
The goal is to estimaste the possible gap between the energy equality and the energy inequality
deduced for a weak solution.

1 Introduction
This note concerns the 3D-Navier-Stokes initial boundary value problem:

vi+v-Vo+Vm,=Av+ f, V.o =0, in (0,7) x £,
v=0on (0,7) x 09, v(0,z) = vo(x) on {0} x €.

In system (1) © C R? is assumed bounded or exterior, and its boundary is assumed smooth.

In the two recent papers [4, 5] the authors look for an energy equality for suitable weak solutions.
Here, the term suitable is meant in the sense that a new solution is exhibited and not that an
improvement is obtained to the one given in [3]. Actually, the crucial result of papers [4, 5], and
it seems the first, is the strong convergence in LP(0,T; W12(Q)) N L?(0,T; L?(2)), for all T > 0
and p € [1,2), of a sequence {v"} of smooth solutions to the “Leray’s approximating Navier-Stokes
Cauchy problem” (see (4) below), [7].

Since the strong convergence is not in L?(0,T; W12(Q)), the authors attempt to obtain the
energy equality employing the (differential and integral) energy equality of the approximating
solutions and some auxiliary functions. Actually, the approaches used so far allow to prove an
energy equality which involves other quantities. Here it is proved that a suitable weak solution
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exists and satisfies the following relation

t t
@2 + 2/||Vv(7-)||§d7- (s — /(f,v)dT M) forall0<s<teT, (2

s

where

T:={te07):|[v"®)li2 = [[v(t)]12}

is of full measure in (0,7"), and

—M(s,t) == =2 lim lim / Vo™ (r)|3dr = lim Lm 7 [va(th)ﬂg— lo™ (sn) 13
a—1— m ) a=1" ™ heN(a,m)

where J"(«) is the union of, at most, a countable sequence (N(«, m)) of disjoint intervals (s, t) C
(s,t) and the following holds:

t

m 1 2
lim )] < ~|lwol3 + = /(f,v)dT, uniformly in m € N.
a—nl- 11—« T m
0
Instead in the case of s = 0, one obtains
t t
oo +2 [ 190(r) s~ Juol} ~ [ (. 0)dr = ~M(,8) for all £ € T 3

0 0

where
—M(0,T) := lim —M/(s,t), for any {sx} C T.

sp—0

Roughly speaking the above intervals seem to contain the possible singular points S of the weak
solution that, as is known, has H2 (S) = 0 (H* Hausdorff’s measure), [11]. Of course, independently
of the meaning of the conjecture for the intervals, from a physical view point the energy relation
(2) would add a dissipative quantity which is not justifiable. If this is a necessary consequence of
an initial datum only in L?, then from a physical point of view it is a right reason to reject the
L?-class as a class of existence.

However, the validity of an energy equality, without requiring extra conditions', is interesting
to better delimit the case of validity of possible counterexamples.

Actually, in the papers [2] and [I] two examples of non-uniqueness are furnished.

! In this connection in paper [J], the so called Prodi-Serrin condition for the energy equality for a weak solution
is not required on the whole interval of existence, but just on (g, T), that is L* (g, T; L*(Q2)), for all € > 0. This means
that no extra assumption on the initial datum in L? is needed for the validity of the energy equality.

Following [0], under the same quoted assumption, the same result of energy equality holds in the set of very-weak
solutions.



Navier-Stokes equations: a new estimate of a possible gap... 3

The former works for very-weak solutions, which are continuous in L?-norm, but do not verify
an energy inequality of the kind given by Leray-Hopf, in other words neglecting the term M(s,t)
with < 0. Further, in the case of Leray-Hopf weak solutions their counterexample does not work.

The latter works with a homogeneous initial datum. Actually, the non-uniqueness is exhibited
for solutions corresponding to a suitable data force, that, among other things, allows an energy
equality.

The plan of the paper is the following. In sect. 2 some preliminary lemmas are recalled and
some new results of strong convergence are furnished. In sect. 3 the statement and the proof of
the chief result are performed.

2 Preliminary results

We set J12(Q):=completion of €,(2) in W2-norm, where %,(Q) is the set of the test functions of
the hydrodynamics.

Definition 1. For weak solution to the IBVP (1) we mean a field v : (0,00) — R3 such that for
allT >0

1. v € L®(0,T; L*(2)) N L2(0,T; J42()),

2. the field v solves the integral equation
t

[ w0 = (76.99) + 0 Vo) + (1 V- )] dr + (0(5), () = (0(8) 000,

for all p € CL([0,T) x ),

3. lim |o(t) — vl = 0.
t—0

For our goals we consider a mollified Navier-Stokes system. Hence problem (1) becomes
v 4+ I [v™] - VU + Vrgm = Av™ 4+ f, Vo™ =0, in (0,T) x Q,
v =0on (0,7) x 99, v™(0,2) = v§'(x) on {0} x Q,
where f € L%(0,T,L*(Q)), Ju[] is a mollifier and {0} C JH2(Q) converges to vg in J2(€2).
Lemma 1. For all m € N there exists a unique solution to problem (4) such that for all T > 0
o™ € O([0,T); JV2(Q)) N L2(0, T; W22())
o, V™ € L2(0,T; L2(Q)) . )

Moreover, the sequence {v"™} is strong convergent to a limit v in LP(0, T; W12(Q))NL2(0,T; L*(9)),
for all p € [1,2), and the limit v is a weak solution to problem (1) with (v(t), ) € C([0,T)), for all
© € JXQ).
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Proof. This lemma for data force f = 0 is Theorem 6.1.1 proved in [4]. It is not difficult to image
that the proof can be modified without difficulty assuming f ## 0. So that we consider as achieved
the proof of the lemma. O

Lemma 2. Let Q C R" and let u € W22(Q)NJ42(2). Then there exists a constant ¢ independent
of w such that
Jully <clPAul3uly™, a(3—2) + (1 -a)

provided that a € [0, 1).

=1 0

1
q

Proof. See [8, 10]. O

Lemma 3. For any T > 0, there exists a constant M > 0, not depending on m, such that

T 4lom ()3
/ ‘dt - Z‘ 5 dt S M
0 (1 + |[Vv Hz)

where v is the solution of problem (4) stated in Lemma 1.

Proof. By virtue of the regularity of (v, 7™) stated in (5), we multiply equation (4); by PAv™ —
v". Integrating by parts on €2, and applying the Holder inequality, we get

[PAV™ —v™3 < 2[[v™ - Vo™ |3 4 2||f|13, a.e. int>0. (7)
Applying inequality (6) with » = co and g = 6, by virtue of the Sobolev inequality, we obtain
o™ - Vs < o o [V 5 < el PAV™ [V 3. ®)
By inequalities (7) and (8), we get
| PAV™ — o3 < c| PAV™ 2| Vo™ |3 + 2[| £ < %HPAWH% + | Vo™ (3 + 2] £, (9)
for all m € N and a.e. in ¢t > 0. Substituting in inequality (9) the identity
FIVO 3+ | PAV™E + o3 = [PAV™ — o3 (10)

and dividing by (1 + [|[Vv™(¢)]3)?, we get the following estimate

Vo3 3| PAV™ |3 + [[vi* |3
1+ [Vom3)? 1+ [Vom|3)?

2| /13

< m 2 .
< Vo5 + 1+ vamng)z

Integrating on (0,7") we have

A 1 m||2 m
1 1 /aHPAU I3 + [}

L+ [IVopll3 1+ (Vo (D)3 (1 +[Vor]3)?

T
T 2
2
SC/HV’UmH%dt—I—Z/ ”f”2 3
J 0 (1 + \|va||2)

2
B,
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It follows that

T

T
|PAV™ 3 / o113
dt<20+2, [—LE2 _ _gi<C41.
/1+||va|| ) (1+[Vom[3)?

0

Using the identity (10) we get

|PAV™ — v™|3 [ Vo™ |3 r |PAV™|3 r v |3
v — 2 / a7 VUTlS / v 3 / v |13
dt= | —4*— < _dt+ | ————=—dt + —dt
/ 1+ [Vom|3)? / (14 [Vom|3)? ) (14 [Vum|3)? ) (14 [Vom|3)?

1 1
< - + —5 +3C +3<3C +4.
L+ [[Vor (D) 1+ (Vg3

Using once again identity (10) we get

O T I T Y A T Iy
VU2 o™ — |3 ™3 V13
dt< dt—l—/—dt—l—/—dt
0/ Qo+ voripE =) @i ) T e G mor e
<6C+7=M

O

Lemma 4. Let {h,,(t)} be a sequence of non-negative functions bounded in L*(0,T). Also, assume

that h,,(t) — h(t) a.e. int € (0,T) with h(t) € L*(0,T). Let be g : (0,a9) — R a continuous

and strictly increasing function such that li_)rn g(a) = +ocandp:[0,1) x R — [0, 1] a continuous
a—aq

function such that p(a,p) =1 if 0 < p < g(a), p(a,-) is weakly decreasing and Er}ra pla,p) =0
p 00
for any a € (0, ap).

Then we get
T

T
lim lim | Ay (8)p(a, by (t))dt = /h(t)dt, (11)
0

a—ag m
0

Proof. We have

T T T
/ o (E)p (. o (8)) . = / (on(£) — B(£))p(0, B (£)) i + / h(t)p(cs B ()
' zzoll(a, m) + Ia(a,m) . '

We fix a € (0, ) and we consider the first integral. For any ¢ € (0, a9 — a) we set

T(e) ={t : hn(t) < glao — )}, Ji(e) = {t: glao — ) < hm(t)}- (12)
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Hence we have

T T
[1 (a7 m) = /XJm(a) (t)(hm(t) - h(t))p(a, hm (t))dt + /XJ:,Q(a) (t)(hm (t) - h(t))p(a, hm (t))dt
0 0

= Iy (a,m,e) + I{ (o, m, ).

By (12) we get
Xy (OB (8) = B (et o ()] < gl — ) + [A (1)

hence, by the dominated convergence theorem, we have
li%nll_(oz,m,e) =0, Va,e. (13)
Since p(a, -) is decreasing, we get
X () hon (1) — (L)L e (1)) < e, gt = 2)) (Bun (D] + (1))

Using the boundedness of the sequence (h,,) in L' we obtain that

I (e, m,e)| < epla, glag —€)),  VmeN. (14)
By (13) and (14) we get
0 < limsup |1 (a,m)| < ep(a, g(ap — €)), Va,e.

Since lim p(a, g(ap — €) = 0 we have that
e—0
lim I1 (o, m) =0, Va.

Now we consider the integral Is(a,m). Since |p(a, hp(t))h(t)] < 1 and lim by, (t) = h(t) a.e. in

t € (0,7T), by the dominated convergence theorem, we get

T
lim Is(a,m) = | h(t)p(a, h(t))dt.
s |

Finally, since lim p(«, h(t)) =1 we have that
0

a—rQ

a—ag m

T
lim lim lr(a,mn) = /h(t)dt,
0

and this completes the proof. O
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3 The chief result

We recall the definition
T={te0,T):v"®)li2— [lv®)l12},

where {v"} is the sequence of solutions to problem (4). By virtue of the strong convergence stated
in Lemma 1, the set 7 is certainly not empty and, as matter of fact, it is of full measure in (0,7") .

Theorem 1. Let v be the weak solution stated in Lemma 1. Then v satisfies the relation
t t
()5 + 2/ [Vo(r)3dm — lu(s)]5 — /(f,v)dT = —M(s,t), forallt>s>eT,  (15)

s

with

M)y = 2 tm T [ VB = i w5 [l - 03
a—1= m e a=1" ™ heN(a,m)

where J™ (o) = N%J )(si,ti) with N(a,m) C N which is, at most, a sequence of integers with
ieN(a,m

(sisti) N (sj,t;) =0 for any ¢ # j and

2

s

e @l 1

t
< — o3 + /(f, v)dr , uniformly with respect to m . (16)
a—nl- 1 —« ™

0

Moreover, if s = 0, the relation (15) holds setting s = 0 in the left-hand side, and with the
right-hand side replaced by liin M (s, t) where {sy} is any sequence in T converging to 0.

Proof. We consider the sequence {v™} of solutions to problem (4) whose existence is ensured by
Lemma 1. For all m € N the Reynolds-Orr equation holds:

Lo @)+ 290l = (7,07, a7)

We set pp,(t) := [Vo™(t)||3, and we consider

1 if py, € [0, tan aF]
a€ (0,1), pla, pm) = o . 18
(0:4) plespm) S Gy e (?r_c(j%pm if pym € (tanaf , 00) (18)

Let be
T={te0,7T):[|v"(#)|12 = [[v®)],2}

and fix s,t € T, with s < t. Let a1 be such that

max{|Vo(s)|3, | Vo(t)|3} < tan ag , for all a € (aq,1).
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Hence, by virtue of the pointwise convergence, we claim the existence of mg such that
max{ | Vo™ (s)]3, |[Vo™ ()3} < tan ag , for all m > mg and o € (ay,1). (19)

We set A™ := max p,,,(t). We denote by

[s.t]
J™Ma) :==A{1: pm(7) € (tanag,Am]}.

If Ay, < tanaf, then J™(a) is an empty set. If A,, > tanaf holds, since pp,(s) < tana, there
exists the minimum 5 > s such that p,,(3) = tana% , as well, being p,,(t) < tanaF, there exists
the maximum ¢ < ¢ such that p,,(t) = tana% . Thus, if J™(«a) is a non-empty set, by the regularity
of pm(t), we get that J™(«) is at most the union of a sequence of open interval (sp,t;) such that
pm(sn) = pm(tn) = tanaf. We justify the claim. The set J™(c) is an open set, hence it is at most
the countable union of maximal intervals (sp,t;). We set E™ := (s,t) — hLeJN(sh, th).

For all 7 € E™ we have p,,(7) < tan o, thus, by continuity of p,,, we get pp,(sp) = tanaf =
pm(tr) for all h € N. For the measure of J"(a) we get

t

< / pm(r)dr < Slo(s)I3 + / (f.v)dr (20)

Jm () s

|J™ ()| tan o

| N

where we took the energy relation (17) into account and the strong convergence of the right-hand
side too. Estimate (20) leads to (16). Recalling the definition of p(«, py,(t)), we have
d 0 a.e.inT€ E™,
——p(, pm (7)) = —2 ; (21)
dr Pm(7) 5 forall T e J™(a),
(1= a)m 1+ (pm(7))

where we took into account that, for all a € (0,1), function p is Lipschitz’s function in p,,, and

pm(t) is a regular function in ¢. Hence, we get p(«, pi,,(t)) is Lipschitz’s function with respect to t.
We multiply equation (17) for p(a, pr, (7)), with a > a1, and we integrate by parts on (s,t):

t t

[o™ ()13 + 2/p(a,pm(f))IIva(T)llng + % = [o™ (s)I15 + /(f, o™ )p(e, pm(7))dT

S S

where we set [0 ()2

v (T

M(t,s,m,a) = L2, (r)dr
tsm)i= [ ()
Jm(a)
where we took (19) and definition of p into account. Letting m — oo and o — 1, by virtue of the
pointwise convergence in s and in ¢, and Lemma4, we arrive at
t

lo(@)13 + 2/||Vv(7)||§d7 = lo(s)l3 ~ /(f,v)df = —M(s,1), (22)

s
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where we set

= 2 [v™ ()3
M(s,t) == lim I m (T)dT .
(s,8) »= lim o = / T+ o ()2 (T)dr
Jm(a)

Recalling the properties of J™(«), for all & and m, integrating by parts, we get

/ vaH%p /va\%
md Pmd
1+p$n hEN(am gfb

Jm(a)
t s i 9 2
_ an oy Z |:H m 2 m 2 Pm
= RO R ECATE DS dr
1+ tan®a g, i@ m) neNagm) ) 1+ Pin
[ pnf.0) i
Pm\J, Um ™ 2Pm .
- /7d7+2 /7,) ar.
Z 1+ p2, th% m) (1+p2,)? "
hEN(avm)sh ’ Sh
Hence we arrive at
2 t” 2 2 “
m m
/ L PP S £ P oy I S
hGN (a,m) Pin heN(a,m) - (1+pm) heN(a,m) Lt o
Sh Sk (23)
th 2
tan a% 2p
e DI O] B VAT S Dl B
1+ tan%z% heN(a,m) heN(a,m) M 1+ pgn
We estimate the last integral. Let be
J(a) :=1i J™(a J™(a 24
(@) = limsup ﬂ U (24)
Jj=0m=j
It results that
reJ(a) < Imp = ost. 7€ J™(a)VkeN — lim sup x jm(q) (1) = 1.
m—o0
hence, if 7 € J(a) N'T we get that
p(1) = lim py,, (1) > tan 2, (25)
k—o0 2

On the complement of the set T we can set p = 0, since the value on a null measure set does not
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2
change the estimates. Since 0 < XJm(a)%r < 1, by Fatou’s lemma, it follows that

1 . /
lim sup
l—-a m

Jm(a) B
¢ 9 ¢ 2
1 . p 1 p ! / P
<—— 1 m T dr = i dr =
<S1"a 1mrsupXJ (a)l_‘_pgn T 1_a/XJ(a)1+p2 T 1—0(~ 1—1-02
. s J(a)
1 1
T l-atanSF
J(@)
Since p € L and, by (25),
¥ o1
7 ‘<
‘ (a) ~ tan &°

t

2 1
Pm dr = limSUp / XJm(a) 1 _i
12

2

the last integral vanishes as a tends to 1. Moreover

hence

Concerning the force term

/’pmﬁwm)
L+ p2,
m (a)

1

< N
- <1+(tan%

It follows that

lim

7r
as1- (1 —a)tanal 2

1

S| 2
lim lim / Pm dr =0
a—l— m 1 —« 1—|—p$n
Jm ()
we have
1
2
2
Pm m
< | [ qmer| | [ @Bz
J" (@) " Jm ()
%
3 2 )
)2) / 14_77;2 dr Sult)H”m(t)”2 / 1f(7)llz dr
J () " 7 Jm ()

(tan &)

1
C 2 C 2
< ar < am 2) ‘Jm(a)’% < am < conr) :
tan =5 1 + (tan T) tan 5 tan =5

lim
—a m

lim
a—1—

/ Pl ) 4 g

L+ p2,

Jm(a)

=

(27)
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Using algebraic manipulation we obtain the following relation:

tp
[o™13 [v™ 305, .
/ 2 m 2 Z (1+ rSLmedT
hEN(a m) Pm heN(a,m) M Pm

th t

h
oy B, s B
- m m .
ety 1+ P het@m) (L4 05)?
Sp Sh
Substituting the above relation in equation (23) we get
f i s
" v Pm fa 'Um
> 2 pdr 42 2 PmdT + /
nexiGam)) 1 Pin netiamy (140 (1+03) hel\% A
. (30)
tan oz 2p?
2 S B -]+ mdr
1+ tan’a g e m) heNam) J L+ p3,
At last we estimate the integral
[0 3 . / G 2 / |fml
— = pmdT| < — dr < sup |[v™(¢ ————dT
| a it < [ G glsar <ol [ g%
m () Jm () Jm () (31)

1 |m| < 2c |pm| < 2cM
=T (tan °%)2 11297 a2 20T = amy2
3 P + (tan 5F) (1+pm) 1+ (tan 5F)
Jm(a) Jm(a)

where the last inequality follows by Lemma 3. Hence, by (27), we get

L 2 o™ 3 2 2cM
lim limsup |—— 5 PmdT| < lim 7 =0.
asl- m |l—« (14 p2) a—1- 1 —al4 (tan &)

Jm ()

Multiplying equation (30) by ﬁ and passing to the limit using (31), (29) and (28), we get

~M(s,t) = lm Tm S o) — o™ (sn) 3]
a—1 thN(a,m)

By equation (17) we get

> [l @)l - o] = -2 [ 1ver@igars [ (o

heN(a,m) I (@) Jm(a)
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Let us consider the last integral. Since |(f(7),v™(7))] < ||f(7)||2/[v™(7)]l2 < ¢|[f(7)]|2 we can apply
the Fatou’s lemma to get

t t

lim sup / (f,v"™)dr| = limsup /ij(a)(f,vm)dT S/limsup|XJm(a)(f,vm)‘ dr
™ (@) $ s

¢ t
: C/ I 7ll2 i sup e ym ) d7 < C/ 1 ll2x50) d

with J(«) defined in (24). Since || f(7)||2 is summable, considering (26), we get

lim limsup / (f,v"™)dr| =0
a—1— m
m(a)
and this completes the proof in the case of s, € T. In order to complete the proof of the theorem,
we limit ourselves to remark that, letting s — 0, the left-hand side tends to values in 0, in particular
on any sequence {si} C T letting to 0, and as a consequence the limit on {s;} of the right hand
side is well posed. O
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