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ABSTRACT. The problem of finding the density of odd integers which can be
expressed as the sum of a prime and a power of two is a classical one. In
this paper we tackle the problem both with a direct approach and with a
theoretical approach, suggested by Bombieri. These approaches were already
introduced by Romani in [16], but here the methods are extended and enriched
with statistical and numerical methodologies. Moreover, we give a proof, under
standard heuristic hypotheses, of the formulas claimed by Bombieri, on which
the theoretical approach is based. The different techniques produce estimates
of the densities which coincide up to the first three digits.

1. INTRODUCTION

In 1849 de Polignac [6] conjectured that any odd integer can be expressed as 2" +p
for suitable n and prime p. Actually Euler, long before, had found explicit coun-
terexamples, and this was recognised later by de Polignac himself. In the following
years, the naive de Polignac conjecture turned into the difficult question of deciding
which portion of integers has this kind of representation. The first important con-
tribution to this problem was given in 1934 by Romanov [I8], who proved that there
is a positive proportion of odd numbers that can be indeed represented in such a
way, but the question of the existence of infinitely many counterexamples remained
unsolved until 1950, when van der Corput [7] and Erdés [8], independently, proved
that there is also a positive proportion of odd numbers that are not of the form
2" 4+ p. Recently other authors examined related problems such as the extension of
Romanov’s theorem in number fields [I3], or the proof that the sumset of integers of
the form 2" + ¢, where ¢ is a prime or the product of two primes, has a positive den-
sity [12]. In [14] it is proved that the sumset {p®+b2+2" : p is prime and b,n € N}
has a positive lower density. Very interesting is the paper by Pintz [15] where the
lower asymptotic density is estimated and connections with classical problems in
number theory such as the Goldbach-Linnik problem are shown.

Let NT and P denote the set of positive integers and the set of odd primes, let

(1.1) a(n) = #{(p,v)|[n=p+2";0 € N",p € P},
A(z) = #{n < z|a(n) > 0}.

The result of Romanov essentially states that there is a constant d; > 0 such that

d; = limint A7)

T—00 T
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even if Romanov did not provide any explicit value for dy. The results of van der
Corput [7] and Erdos [8] gave an upper bound on the distribution, mainly that
there exists a positive constant ds < 1/2 such that

A
ds = lim sup (x)

T—00 x

In [B] it is mentioned that the argument of Erdds can be a little generalized to
reduce the bound on dy to 0.5 — 9 - 1078, The bound on d; has been refined in
the recent years [5l [15 9] but the current value of d; > 0.09368 is still very distant
from the theoretical upper bound on dy < 0.49095 given in [9] as well.

In [I6] the problem has been tackled in a computational way, assuming that
dy = dy = 6 and proposing two different computational approaches to estimate the
density

(1.2) 5= tim A&
T—o00 I

In this paper we treat this problem both theoretically and computationally mak-
ing a major progress to the initial work in [16]. In particular, we first give a proof,
under very natural assumptions, of some formulas in [I7] proposed by Bombieri
about 40 years ago. Assuming the existence of the density J, Bombieri described
the way to construct a sequence, which he conjectured to converge to §, and claimed
a formula to compute it. More precisely, for each k > 1, he considered a sequence
of squarefree numbers {Qy }ren with Qi | Qr4+1 and for each of them a set 7g, of
integers coprime to @) and with the same asymptotic distribution of the primes.
Bombieri conjectured that the set of integers representable as 2" 4t, where ¢t belongs
to Tg,, has a density d¢g,, which depends only on @) and claimed an explicit for-
mula for dg, . In Sectionwe illustrate this approach and, using the circle method,
we prove Bombieri’s formulas for dg, when 7T, is a generic sequence with the above
property, which, by probabilistic and heuristic arguments, can be assumed to be
“good” for our purposes. Finally, again by Bombieri’s conjectures, the sequence of
the densities dg, is decreasing and converges to §, so by computing the dg,’s we
obtain approximations to 4.

The computational goal is to estimate the density (upper density / lower density)
both via Bombieri’s formulas and with a direct approach extrapolating the data
obtained directly generating an odd number as a sum of a prime and a power of
two.

In Section [3] following the theoretical argument introduced in Section [2} we
analyze how to approximate the sequence g, , for @i the product of the first k-
primes. The formulas proved in Section [2| express dg, as the average over Q)
terms, a number of terms that increases tremendously with &, so that the exact
computation of g, is impractical for £ > 12. We approximate these quantities for
larger k using statistical techniques to compute the sample mean and to validate the
estimate of the error. The estimate of the density ¢§ is then obtained extrapolating
the data (both exact and approximated).

The direct approach is presented in Section [d] where, after generating large odd
numbers as a prime plus a power of 2, we use extrapolating techniques to estimate
the lower and upper densities. In particular, we were able to measure A(z)/x
directly for z as large as 2%, and up to 26! on selected intervals. Note that a
similar approach used in [I6] allowed to estimate the density only for z < 231
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With these methods we produce different estimates of dq, ds and § that coincide
for the first three digits. The fact that we produced similar results using different
techniques is certainly interesting even if we are not able to give a conclusive answer
about the coincidence of upper and lower densities.

2. THEORETICAL APPROACH

In this section we present the approach to the computation of the density &
proposed by Bombieri (see [I7] and [16]) whose main idea is to define a decreasing
sequence {d¢ } of values that conjecturally converges to 6. Bombieri claimed explicit
formulas to compute dg. Here we give a proof of Bombieri’s formulas (B1) and
(B2) under a very natural heuristic assumption.

We will assume throughout the existence of the limit in (L.2), namely d; = dy =
0. Recall that the function a(n) introduced in counts the number of ways
one can represent a number n as the sum of a prime and a power of 2. Then
A(z) = Y2 #{n < z|a(n) = £} is the number of representable integers up to .
We set

0o (£) = lim l#{n < zl|a(n)=4¢},

r—00 I
and

(2.1) 000 = iéoo(f)-
=1

Bombieri suggested to proceed as follows to estimate §.
Let 7 denote an infinite sequence of natural numbers. Now define

ar(n) = #{(t,v)[n=t+2%ve Nt te T},

57(0) = lim +#{n < | ar(n) =),

5= or(0).
=1

Clearly, the quantities a(n), A(z) and d (¢) previously defined coincide with ap(n),
Ap(x) and 6p(¢), where P is the set of odd prime numbers.

Using the definition of ar(n) and rearranging the summation we get, for each
integer s,

o0
(2.2) > ar(n)* ~ N> £567(0).
n<N =1
The theory formulated so far holds for any integer sequence 7T, in particular for
the sequence of the prime numbers or for any sequence 7¢, where @ is a squarefree
integer, with the following properties
(i): for any t € Tg then ged(t, Q) =1,
(ii): ZteTQ,t<N logt ~ N.
Observe that the second condition requires that the sequence 7g has the same
asymptotic distribution as the primes. Since the set 7g is a sieved set, in some
sense, and for suitable choices, it behaves like the set of primes bigger than the
prime factors of Q.
Bombieri (see [I7]) proposes to compute the d7,’s to approximate §. More
precisely, he claims the formulas (B1) and (B2) which show that d7;, does not
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depend on the particular choice of the sequence 7g but only on the squarefree
number @), so we will denote it simply by dg. With this notation, he conjectured
that for any increasing sequence {Qy}r>1 with Qk | Q41

lim 3, (6) = 0.c(0)
and
5Qk+1 < 0Q,
from which clearly
oo = klgrolo 00, -
Bombieri also conjectured that § = d. Following this idea, evaluating d¢g leads to

an approximation of 4.

2.1. Bombieri’s formulas. Let @ > 0 be a squarefree integer and let 7 be a
sequence satisfying (i) and (ii). Let

0 »(Q)
re(m) = oo
gcd(ml-S&,Q):l
where ¢ is Euler’s totient function. Then
Q oo r
. N s! 1 (yg(m)
(B1) Z a7y (n)® ~ 0 Z Z Z ilin) .. il 7! < log 2

n<N m=1r=1 i1 +iot o t+ip=s

i

and
o0 Q
(B2) 5o = ;5(9(1) _ 22"; <1 exp(vlc(z);;) |

To prove his formulas, Bombieri [3] suggests to use the circle method. In the
following, we prove (B1) and (B2) by a heuristic argument based on some widely
accepted assumptions connected with the good distribution of a generic sequence
To satisfying (i) and (ii) into the arithmetic progressions admissible under (i) and
similar phenomena. When using the circle method, these assumptions allow us to
disregard the contribution of minor arcs and to limit ourselves to the main terms
which occur in the estimate of the major arcs. A similar approach has been used
many times (see for instance [I], [2], [I9] and [20]).

2.2. Auxiliary lemmas. The following immediate arithmetic lemma describes the
arithmetic progressions which are admissible for T¢ (i.e., those which may contain
elements of 7).

Lemma 2.1. Let QQ be a squarefree positive integer. For any positive integer q let
d = d(q) be the largest factor of q coprime to Q and set ¢ = qod. Then the classes
modulo q admissible for T are those coprime to qo.

We now state and prove some simple lemmas that we will need in the course of
the proof.
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Lemma 2.2. For any real z with z > 0

S S ar )~ NS - 1030

s!
s=1 n<N (=1

Proof. Multiplying both sides of (2.2]) by log®(z)/s! and summing over s we have

SEE) 5 ) a3 )
=1 s=1

s=1 " n<N

we get the thesis observing that, from the exponential generating function, we have

oo

1 S
Z 0g '(Z)Zs — 1
— s
O
Lemma 2.3. For any real z, with z > 0, and for each integer r > 1 we have
. x= log®(2) s!
G-0r=3 =g 2 il il
s=1 i1+io+-+i,=s
Proof. Using the binomial theorem and the Taylor expansion of z" = e1°8(*)  we
get
T . r L Tr—hn logs(z) . r S T—
o =30 () = SRS (e

h=0 s>0 : h=0

We note that >} (2) (—1)"=" = 0 for each r > 1, hence the term corresponding to
s = 0 vanishes. Moreover, by the inclusion-exclusion principle we have the equality

" /r s!
2 (h) e =Y
111290 .. 0yt
h=0 i1tigtotip=s L2 r
;>0

and the lemma follows. O

2.3. Proof of (B1) and (B2). In this proof we decided to sketch the details when
applying the circle method, avoiding the most technical facts, which are anyway
standard and can be found for instance in [21].

We rewrite the sum )y a7, (n)° as

(2.3) SN D> p=> > 1

n<N - (p1,v1) (Ps,vs) seesVs PloecsDs
n=p;+2"1 n=p,+2"° pi+2% <N
where pq, ..., ps vary among the elements of the sequence 7 which in the following

will be denoted simply by T, since @ is fixed throughout the proof.

We can rearrange the previous sum by grouping together all the v;’s with the
same value. Assuming that i1,...,4, among the v; have values uq,...,u,, respec-
tively, where u; < ug < --- < u,, we obtain

COREED DI DU >

r=lirttir=e Uy ccu, <Llogy N2t ==p, 420 <N
k=
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To use the classical circle method, we introduce the trigonometric sums

S(a) = Z e(ap) .

p<N
peET

where we are using the standard notation e(r) = €272, In this notation we have

(2.5) > 1

p1+2¥1=--=p,+2ur <N

/0/0 Sen) .- Sen) 3 e(=((n = 2%)as + -+ + (n — 2)a))dar ... daxy

n<N

1 1
/ / S(ag)...S(ap)K(aq, ..., ap)dag ... day.
0 0

where

Koy, ...,0p) = Z e(—(n—2"as +---+ (n—2")a,)) .
n<N

The next step is again classical. We split the interval (0,1) into two parts: the
so-called major arcs 9 and minor arcs m.

Let R be a small power of N and let V' = N/R. We consider a Farey dissection
of the interval [0, 1] of total level V' and level of the major arcs equal to R. More
precisely, for 1 < a < ¢ < R and (a,q) = 1, a major arc M(q,a) will be an interval
with center in the rational point a/q and radius approximately 1/¢qV. We define
M as the union of the major arcs M(q,a) and m just as (0,1) \ M.

As mentioned above, we shall only consider the integral over 9. By performing
the change of variable a;; = a;/q; + 8; each arc M(qg;, a;) is translated into the arc
&(g;) with center in 0. The multiple integral over 9T becomes

Z /5( )S(al/(h + 51)... Z /5( )S(ar/% + Br):

(2.6) 1Sw=qsRk 1<a,<g-<R
(a1,q1)=1 (ar,qr)=1

K(a‘l/ql + 517 "-7a’r/qr + Br) dB] .. dﬁr .

We now make precise our assumption that 7 is well distributed in the arithmetic
progressions. As in Lemma [2.1] set ¢ = god. Recalling that the classes modulo ¢
admissible for 7 = Tg are those coprime to go, the required distribution of 7 is of
type of the distribution of primes in the arithmetic progressions, namely,

1 N
E 1l ———— if (I,q0) =1, for each q<R.
¢(qo)d log N
s
PN
p=l(mod q)

We point out that this is the reason for not choosing 7 just as the sequence of
primes not dividing @); in fact, in this case this kind of distribution is known only
when ¢ is small with respect to N, which is not sufficient for our needs.
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Let us now estimate S(a/q) We have

Stafa) =3 clap/o)= 3 ) elop/a)~ 3, elal/a): (Saaioex)

p<N 1<i<q peT < g
peET pSN ( )
p=l (q)

1 N 1 N ' .
~ #qo)dlog N 2. D = Gladiog N > elaifao) | | D elaj/d)

1<i<q <i<qo 1<j<d
(L,g0)=1 (i,q0)=1

Now, if d > 1, 37, ;- 4e(aj/d) = 0, so we need to consider only the terms S(a/q)
where d = 1 and ¢ = ¢gg. On the other hand,

> elk/q) = ulg),

1<k<q
(k,q)=1

so we can further restrict to the terms for which ¢ | Q. In this case we have

o LN S g = M) N
S/ ~ e 2 “D = Gy TR

(l,g)=1

In conclusion, we get

(2.7) S S(a/q) ~ ” )

= o(q) logN
(a,9)=1 (a, q) 1

Moreover, we can rewrite the function K(ai/q1 + p1,-..,a:/q- + B») of (2.6) as

He aj/gi+B) Y e(—n((ar/q+- - +ar /) + (Bt +Br))) = P(c+B)B(c+8),

n<N

where 8 = 37, Bj, ¢ = clar, qus-- -, ar,qr) = D5, aj/q;, P(c+ B) is the arith-
metic product over j, and B(c+ 3) denotes the sum over n.

The function B(x) is the classical bell-shaped function centered in 0 and periodic
of period 1. So, denoting by [|p|| the distance of a real number p from its nearest
integer, we have B(c+3) = B(||c+3]|). Moreover, B(0) = N and, for N sufficiently
large, it decreases very rapidly outside 0; in our asymptotic estimate it can be
approximated with the 2-piece linear function through the points (—=1/N,0), (0, N)
and (1/N,0) in [-1/N,1/N] and with 0 in 1/N < |z| < 1/2.

It follows that in the integrals in we may neglect the contributions over the
points for which

(28) l(@r/as -+ +ar/ar) + (Bu+ -+ B > 1.
while if
29) l(as/as + -+ apfar) + B+ + Bl <

we can estimate the integral by approximating B(c + 3) with the 2-piece linear
function above.
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Moreover, recalling that all the relevant g are divisors of ), we need only consider
the pairs (a;, g;) for which

(2.10) a/q+---+ar/q €N.

In fact, if a1/q1 + - -+ + a, /¢, is not a integer, then the distance from the nearest
integer is at least 1/Q and therefore the distance of (a1/q1 + -+ - + a,/q.) + (B1 +
-+ f;) from the nearest integer is greater than 1/Q—>_,1/¢;V > 1/Q—rR/N. If
N is sufficiently large, this distance is always > 1/N on the domain of integration,
SO holds and the integral is negligible.
Hence condition becomes

(2.11) 1814+ ...+ 5] < %

Moreover, can be refined by considering just the r-tuples (3i,...,3,) for
which any single ; is smaller than 1/N. In fact, individuates an r-dimensional
strip out of which the integral is negligible. By symmetry, we can change the signs
of the B;’s in all possible ways, obtaining 2"~ ! strips such that the integral is neg-
ligible outside each of them. These strips divide the hypercube [—1/2,1/2]" into
a finite number of regions and intersect in a region contained in [—-1/N,1/N]".
Every region other than the intersection is outside some strip, and therefore its
contribution to the integral is negligible.
We are then left to study the integrals in over the domain

D:{(ﬁla"'75’r): |iﬁliiﬁr|<1/N}

The argument above shows also that enlarging the domain of integration to a D’ D
D does not change the asymptotic value of the integral, since its value over D'\ D
is negligible.

Putting together all the previous considerations, and noticing that

D C{(Br,...,Br): 18] <1/N Vj},

we get that (2.6) is asymptotic to
(2.12)

Qp
2 2 /1|<1/NS o /»37.|<1/N S(—=+5;)P(c+B)B(B)df: . .. dB,.

4;1Q ai/q1++ar/qr€L ar
(aj,q5)=1

Moreover, to obtain an asymptotic estimate of (2.12) we can replace P(c+ 3) with
P(c) and S(aj/q; + B;) with ZEZ;; 1ogN and equation (2.12)) is asymptotic to

NT
Z H,u Z He (aj/q5)) W/'“/B(B)dﬁl...dﬁr
D

2;1Q h= 1 ay/qi+-tar/ar€l j=1
1<J<T (aj,q;)=1

as N — co. We now choose

={(Br,--»B): | D _Bil <1/N, | B —28i| <1/N for 1 <i<r}

Jj=1 Jj=1
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and perform the change of variables y = Z;Zl Bi zi=y—2Bforl<i<r. We
have

1N 1N
1

/-~-/B(,@)d51...d6T:2P1 / / B(y)dydzs ... dx,
D’ ~1/N —1/N
1/N

1 1

= N1 / B(y)dy ~ w7

~1/N

Putting everything together, we obtain that (2.5 is asymptotic to

(2.13) 3 H“ S L@ (/e (lgjfv)

;1Q h= 1 ay/q1+--+ar/ar€l j=1
1<_7<1‘ (aj,q5)=1

as N — oo.
Summing over the u’s, we obtain

(2.14) > > 1~

uy<--<ur<L p1+2¥1=--=p,.+2ur <N
(g N
~ )X H > Tlel /e | o
J/ J (IOgN)T
2;1Q ae1/q1+-+ar/ar€l h= 1 up<--<up<Lj=1
1<<r (aj,qj)=1

Taking into account that 24+%(2) = gv (mod q), the expression in the last paren-
theses is asymptotic to

I T 1 #(q;) .
ng ujz_1€(2u’(aj/(Ij))

and, after substituting in (2.14) we get the asymptotic estimate

(2.15) log 2)” Z 3 H

9;1Q a1/q1++ar/er€Z h=1
1<j<r (aj,q;)=1

Then, substituting in (2.4)), we get
(216) > ar(n)®~

an)
¢ Z e(2“(an/qn)) -

n<N
00 _r o(aqn)
s! (IOg 2) (qh u
NNZ Z i 1 Z Z H 2 e(2*(an/qn))
) ' 110 g r (bqh)
r=1 i1+ +ir=s 2;1Q ay/ai+-tar/ar€Z h
i >1 1<;<r (aj,q5)=1

For each sequence {w(m)} ez, denote for simplicity
M

meanw(m) := lim ! Z w(m).
M

mezZ M—oo 2M + 1 .
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‘With this notation we have

0 if Y a;/q € Z;
meeazne(mzaj/%) = {1 if Z] j/ j Z
m r 1 ZjaJ/QJ € &

and hence

(217) > an(n)®~

n<N

> s! log2)~
NnrlneEaZnN Z Z i1!~-~ir!( gr!) Z Z Hu((qih)zz (2" +m)an/qn)

r=1i1++i,=s a5 |Q aj,q 1h
i1 11 (J J)

where

(2.18) => Z

q1Q (a,q)= 1¢ )

Since the function I'g(m) is periodic of period @), the mean over Z in ([2.17) is equal
to the mean over one period, hence equation (2.17) can be rewritten as

1 " s!
(2.19) Z a7g(n)’ Z ZTI ( log 2 ) Z A

n<N m=1r= 14 tin=s L
ir>1

Z (2" +m)a/q).

We now multiply (2.19) by (logz)®/s! and sum over s. Applying Lemma [2.2] to
the left-hand side and Lemma [2.3] to the right-hand side, we obtain

> 1 &S 1 Tolm)\" i
(2.20) ;z—l 57, (1) = P2 Z 1(1?);2)) (z—1),

and setting z = 0

To = li_o;‘sfr@(l) = 22,,,2(2 (1 - (Fl?)g)» '

Note that é7, (1) is the coefficient of 2! in (2.20)): looking at the right-hand side, we
have that the coefficient of 2! in the inner sum is

> C)(—l)rl:! (Flién;)y _ ll' (rl?)g;)yz:! (_F1i$)>r7

r>1 r>0

hence
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To conclude the proof of (B1) and (B2), it remains to show that I'g(m) = yg(m),
namely,

»(Q)
Lo(m) = < 5 1
¢(Q) v=1
(m+2",Q)=1
Now, from equation (2.18)) we have
#(q)

w(q) u
Z¢q) Z (2“ 4+ m),

where ¢q(n) = 32, =1 €(na/q) is the Ramanujan sum, and it is well known that
(see for example [21] formula (3.14)])

o) =1 (G55 ) sy

Since ¢|Q, then ¢ is squarefree and hence

(2" +m) = p(g)p((g, 2" +m))e((g, 2" +m)).
Using again that 2v+#(@) = gu (mod ¢), we have

Fo(m) = ZZ(@EZ) (g m +2°)((g.m +2)

q|Q u=1
#(Q (g
= Z (g, m+2))p((q,m +24)).
u=1 q|Q

We note that F(q) = *;)((qq))z (g, m=+2"))p((q, m+2%)) is a multiplicative function
and since () is squarefree we have

#(Q) #(Q)
Po(m) = ZZ Z II a+Fm)
u=1l ¢|Q u=1 p prime
plQ
#(Q) .
_ 1 ifpfm+2¢
B ;pgme{ ({—(p—l) if p| m+ 2 )}
plQ
»(Q) »(Q)
_ L p L @
) Z Hm o) Q) = W@
(m+37.0)=1" plQ (m+2,Q)=1

0 P(Q)
= Sop 2 l=netm.

u=1
(m+2",Q)=1

This concludes the proof.
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3. COMPUTATION AND APPROXIMATION OF g,

We apply the results of the previous section to the sequence {Q}r>1 where
Qr = p1---pr is the product of the first k primes. This sequence satisfies the
hypothesis requested by Bombieri’s conjecture, i.e. that Q) is a squarefree number
and that Qx | Q1. Moreover, the fast increase of @y should provide a sequence
of values é¢, rapidly converging to a limit, so that the values for small £ can give a
good insight into the limiting value. The quantities 6, := d¢g, are evaluated using
formula (B2). In order to compute the quantities J; for increasing values of k we
need to compute the values of vg, (m) for any integer m € [1, Qx]. The computation
of di, for a given k requires a number of operations as large as k Qy ¢(Qx), and can
be time consuming for a large k.

With direct calculation and careful programming, we were able to compute the
exact values of & for k = 1,2, ..., 11 producing the values reported in Table[I] The
values of dy for £ < 9 can be computed with any precision using Mathematica®).
Two other values ¢ and d11, can be computed using double precision arithmetic.
The direct calculation for £ > 11 seems unfeasible with the current computational
resources.

19 | ~9.69-10° | 0.4405196746923989
23 ~2.2-10% | 0.4402994162717804
29 ~ 6.4-10° | 0.4400964391954299
31 | ~2.00- 10" | 0.4393679993121766

TABLE 1. The first 11 values of .

k | pr Qk | ok

1] 2 2 | 0.4720834970750688
213 6 | 0.4595145846080572
315 30 | 0.4496940203924133
4 |7 210 | 0.4456422156631219
5 |11 2310 | 0.4446427853024636
6 |13 30030 | 0.4429385971709090
717 510510 | 0.4409762694311436
8

9

— =
—= o

Note that §; is obtained as the mean of () values, and for k£ = 12, the values to
be summed are approximately 7.4-10'2. For larger values of k, Q) grows incredibly
fast so that, from a computational point of view, we can assume ) as infinite.
The idea presented in this section is to approximate the average over @ values in
(B2) with the sample mean taken over a set of Ny values, with Ny < Qp but as
large as possible.

3.1. Statistical estimate. Let Z,, = {1,2,...,Q} and define the function g :
Ir — R, as

Blm) =1 exp (Jci)g(;n))

Note that the even values of m do not contribute to the average since §(2v) = 0,
hence ), = é 252262—1 B(2v +1).
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Let M be a sample set of Ny /2 values in Zy. Let us consider the sample mean
defined as

(3.1) Ay = Nik > B(m),

" meM

which is an approximation of ;. To measure how good is the approximation of d
with Ay, we need to estimate the variance of the quantities involved in the sum.
Given a set of n samples X;, the unbiased sample variance of the population, and
the corrected sample standard deviation are defined as

(3.2)

2
n

2(x) = 1 Iy _ gy
V(X)_n—lz Xi n;XJ ’ V(X)_\/m Z X n;X7

i=1 i=1

n

and represent an estimate of the population variance and standard deviation.

From the central limit theorem we know that the distribution of Ay is approx-
imately N(u, \/LNT)’ where o is the standard deviation of the whole population,
meaning that with probability at least 1 — a the actual mean pu = §j lies in the in-
terval [Ay — Za/zﬁ, Ap+2zq2 ﬁ] where 2,5 is the critical value of the standard
normal distribution which can be read from the tables of normal distribution. For
example the critical value to have 1 — a = 0.95 is 2 g25 = 1.96. The application of
the central limit theorem requires the knowledge of the standard deviation, but for
a sufficiently large Nj the standard deviation can be substituted by the corrected
sample standard deviation V(X).

Of course this result holds when the sample set is large enough, or for a pop-
ulation already distributed normally. To have a population whose distribution is
closer to the normal one we chose to compute the sample mean as the average
over partial sample means. As we will see in Section this has also the effect of
partially avoiding instability due to floating point arithmetic.

3.2. How to compute the sample mean. In order to sum the N = Ny, different
samples, we may proceed by levels. We first form N/L; groups of size L;, obtaining
N/L; partial sums, and then we group them again in groups of size Ly and so on.
In particular if N = LiLy--- L, we can proceed computing the partial means at
level h obtained from the partial means at level h — 1, treating the means at level
h — 1 as observations. More rigorously, denoting by D) (m) = B(m) we compute
the quantities D) (g) as follows

Ly,

1 1. N
D“’)(g):L—hZD(h Y+ (g—1)Ly), g=1.2,...
=1

"Ly--- Ly’

and finally we have A, = D) (1) = & Y77, DUV (i), where L, = N/(Ly -+ L,_1).

As already observed, computing the final sum proceeding by layers has an inter-
esting side effect since the partial sums D) (g) tend to be more normally distributed
than the sums at the previous level. Each D(h)(g) can be interpreted as an obser-
vation for the sums at level h+ 1. Moreover we note that the variance of the values
D™ (g) decreases with h since at each level the partial sums concentrate better and
better around the mean.
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FIGURE 1. The solid line represent the value estf? (i), for i =
2,3,...,437. The dots are the values of errlLl2 (i) fori =1,2,..., Ls,
with Lo = 899 amd L3z = 437.

3.3. Validation of the Error Estimate. As observed in Section [3.1] the central
limit theorem allows us to estimate the error of approximating J; with the sample
average Ay. The theoretical bound is expressed in terms of the corrected standard
deviation and of the critical value z, /.

To understand how conservative this estimate is, and to use this result for large
values of k, we consider the value & = 11 for which we are able to compute directly
(see Table the values of d; as the mean over all the @y values. The value
811 obtained and reported in Table [I has been computed in double precision. We
compute Q/Lq partial means of Ly = Q7 = 510510, values and we form Lg = L?EZ
groups of Ly = 899 = 29 - 31 partial means. We compute the L3 = 437 = 19 - 23
partial means obtained averaging over i consecutive values of D) (g), i.e.

1 n
==Y "p® =1,2,...,Ls.
/’[’(n) ngzz:l (9)7 n » 4y s 43

We know that p(n) approaches 411 and that the last value p(Ls) = d11. By fixing
Lo = 899 independently of the values of L; and Qf, we consider the following two
error measures, the actual error

(3.3) erry?(n) = |6, — u(n)|, n=1,2,...,Ls,

and the error estimate

(3.4)

esty?(n) = 2 V(D?) = 2 zn: (D@ (g) — u(n))> n=2,3,...,Ls,
Vvn Vnyn—1

g=1

which should approach with high probability the theoretical value z, /gﬁ, where
o is the standard deviation of the population, n is the sample size, and z, /o ~ 2 if
we require an accuracy of 95%. The behavior of these two error estimates is shown
in Figure |If and we see that the theoretical bound given by is always better
than expected since no value of the vector est'? is below the actual error even if
this can happen with a probability up to 5%.
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S0t 5100

FIGURE 2. We see that for £ = 13, L; = 510510 the histogram
almost overlaps with the theoretical Gaussian distribution, while
for k = 22, where we are taking only L; = 210 samples for each
mean value there is a discrepancy between the histogram and the
theoretical distribution.

3.4. Numerical stability. When summing N, positive numbers particular atten-
tion should be placed on the error produced by floating point arithmetic. When
using the customary algorithms, denoting by e the machine precision, the error is
proportional to € Ni or € logy Ni depending on the algorithm used. With a little
computational overhead we can compute the sum with a floating point error of the
order of machine precision, independently of the number of terms to be added (as
long as N e < 1). This technique, due to Kahan [I1] (see also [I0] and references
therein for more details) is the one adopted in this paper for

accumulating all the sums in our computation, which can therefore be considered
correct up to machine precision. The only error produced is then due to the trun-
cation of the original sum in (B2) to the first Ny terms, which can be estimated
by erré"’ as defined in .

The problem of computing the sample variance of N data points may be diffi-
cult [] in particular when N is large and the variance of our data is small. The
algorithm given by , requires two passes through the data and it is a stable
algorithm [10] because it is minimally affected by cancellation.

3.5. Results of the statistical approximation. The choice of the sample set is
crucial since the samples selected should be representative of the whole population.
Selecting consecutive values of m ensures that we have no repeated samples and we
are exploring all the residual classes.

Of course as k grows we can only select a small portion of values to average
because the cost of computing S(m) increases with k. The central limit theorem,
which is the main tool we are using here to estimate the error, requires the sam-
ples to be independent and sufficiently large in number. We are not able to prove
independence of the observations — and, indeed, we doubt that the initial observa-
tions are independent — however, computing the means of the first layer of data for
k =13 and k = 22 we get the two histogramsﬂ in Figurewhere they are compared
with the theoretical Gaussian distributions. A four months computation produced
the results reported in Table 2] In the table we report the values of Ly and Lg,
while we omit Lo which is set to 899 = 29 - 31 for all the k, the sample size Ny is

1Each histogram is been obtained from LgL3 points and smoothed with the corresponding
command in Mathematica.
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k ~ Qk Ly L3 Ay eSt(LZ)(L3)
12 | 7.42e+12 | 510510 65 | 0.4391667926 6.16e-10
13 | 3.04e+14 | 510510 65 | 0.4388427016 9.76e-10
14 | 1.31e416 | 510510 65 | 0.4385677997 1.03e-09
15 | 6.15e+17 | 510510 | 43 | 0.4385202254 1.27e-09
16 | 3.26e+419 30030 71 | 0.4384639848 1.60e-08

17 | 1.92e+21 210 | 371 | 0.4384402240 | 7.07e-07
18 | 1.17e+23 210 | 318 | 0.4383560374 | 8.42e-07
19 | 7.86e+24 210 | 265 | 0.4383219193 | 9.30e-07
20 | 5.58e+-26 210 | 265 | 0.4382922878 | 9.23e-07
21 | 4.07e+38 210 | 238 | 0.4380775133 1.07e-06
22 | 3.28e+30 210 | 212 | 0.4380501081 1.14e-06

TABLE 2. The table reports the estimates of d; for values of k
between 12 and 22. The value of Ly is set to 899. From the
last column, we note that the accuracy is roughly of 6 digits for
the higher values of k. Due to the increase in the complexity of
computing the values 8(m) for large k, the values of Ny = L1LoL3
are decreasing as k increases.

the product of L1, Lo and Ls. The values Ay = 0) are obtained using (3.1)) and
the error estimate est,(cL2 ) (L3) is computed accordingly with the definition in 1'

3.6. Extrapolating the d;. With our sequence of J; we can try to extrapolate
a possible limit value for §. In general, it is not clear which can be a good
mathematical model for the convergence of the d;’s to a possible limit value §.
However, assuming the convergence to the limit of A(z)/x to 4, a good model
for extrapolation seems to be the one derived by the prime-counting function
m(x) =~ % + bg%m. Accounting also for repeated representations, since we have
approximately m(z)|log, x| values for A(z), then it is reasonable to approximate
A(z)/x with the function

Q;
3.5 ft T) = Qo -+ — .
(3) @ =a0t Yo
=1
The values ag, a1, ...a; can be computed using the least squares method, and
then we can return aq as the approximation of § since for k& — oo the extrapolating
function converges to «y.

Setting o = (g, a1, ...,a4)T, the vector of the unknown, and let (Qy, dy) for
k=2,3,...,m be the data points, the least squares problem consists in minimizing
the 2-norm

* _ . _
ld— ®mo’z = min ld—Pnal,

where d = (82,03, ...,011, A1a,...,Ap)T, and ®,, € REFD*(m=1) defined as

1 1 1 1

log Q2  log? Q2 log? Q2
R S O S

log Q3 log? Q3 log? Q3
1 1 1 1

log Qm 10g2 Qm o log" Qm



ON COMPUTING THE DENSITY OF INTEGERS OF THE FORM 2" + p 17

The low dimension of the matrix ®,, allows us to use one of the customary
numerical methods for the normal equations (®% ®,,)a* = ®T d. This computation
can be performed in Mathematica with high precision in order to keep the round-off
negligible. Since we are interested only in the first entry of the solution, and the

t=2 t=3

m g Ein o Ein
15 | 0.437648463 | 4.81e-10 | 0.4376394264 | 7.63e-10
16 | 0.437619800 | 2.26e-09 | 0.4375941534 | 3.61e-09
17 | 0.437603036 | 7.62e-08 | 0.4375701224 | 1.20e-07
18 | 0.437588229 | 1.51e-07 | 0.4375500504 | 2.32e-07
19 | 0.437578591 | 2.21e-07 | 0.4375384734 | 3.33e-07
20 | 0.437572717 | 2.81e-07 | 0.4375327153 | 4.15e-07
21 | 0.437554925 | 3.43e-07 | 0.4375091337 | 4.99e-07
22 | 0.437540758 | 4.03e-07 | 0.4374914180 | 5.76e-07
TABLE 3. The extrapolated values for different values of m and ¢
and the round-off error obtained in the computation.

solution can be expressed in terms of the pseudo-inverse F = (&1 ®,,)~1®T of @,
as

o = (0L o,,) ol d,
we have that o = f{'d, where f{ is the first row vector of the matrix (®Z ®,,)~1®L .

Table [3| reports for different values of m and ¢ in (3.5, the values obtained for o
together with the global error estimate. The global error is given by

eim =fd—fd =" fie®
k=1

where £(*) represent the error in estimating Op+1 with Agyq if £ > 11,while is zero
for k < 11 since the values reported in [l are correct to machine precision. The ab-
solute value of the errors [¢(*)| can be bounded from above by the values estchQ) (Ls)

reported in the last column of Table [2| hence |e;,,| < ZZ:ll | fik] |est,(cL2)(L3)\.
In Figure [3| we report the fitting of the data on the model with t = 2 and ¢ = 3.
Accepting as adequate the model proposed in , we see that the values of
of, Ty =~ 0.437540758 for t = 2 and T3 ~ 0.437491418 for ¢t = 3 are very close, and
then we can propose the value 0.4375 as a possible approximation of the asymptotic
distribution 4.

4. DIRECT APPROACH

In this section we compute the function A(z)/x for very large values of . Such a
function is obtained with an exhaustive approach by counting all the odd numbers
not exceeding = which can be written as the sum of a prime and a power of two.
This exhaustive approach is computationally very expensive and requires careful
programming. Using a segmented implementation of the sieve of Eratosthenes we
computed around 10* Billions of primes in the range [2,3.3518 - 10!4] storing them
in n = 187805 chunks of size ¢ = 23 H?:M%' = 1784742960. For each chunk
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. . oy
100 102 10%

FIGURE 3. Fitting of the data (dots) with the model (3.5) with
t =2 and t = 3. We see that the two curves are overlapping and
so we get a very good approximation of the data.

0.452 0452 1
0.451 04511
0.450 0450
0.449 0449 1

0.448 - 0448

50%108  1.0x10'"  15x10™  20x10M  25x10"  30x10" 101 101" 1072 10 101

FIGURE 4. Plot of the density function A(x)/z in a normal and
in a logarithmic scale. The presence of local minima at powers of
two is more evident when we use a logarithmic scale.

we computed the number of integers representable as p + 2™ in the corresponding
interval.

Observing that there are few “big” primes and a large number of “small” primes,
it is not surprising to find out that the density function A(x)/x is oscillating with
local minima corresponding with powers of two as represented in Figure 4] As in
the previous section we can use extrapolation techniques to estimate d;,ds and
understand if the conjecture d; = dy = ¢ is true, that is if indeed the density
function A(z)/x has a limit as x goes to infinity.

As done in Section assuming the existence of the limit § of A(x)/x, we can
approximate A(x)/x with the function

1
(4.1) f(zx) —ao—i—al@.

The values of oy and a1 can be estimated using the least squares method and then
we can return «q as the approximation of ¢ since this is the asymptotic behavior of
f(z). In Figurewe show the fit obtained. The matrix of the least squares problem
has size n x 2, with n the number of chunks, that in our case is n = 187805, but
the normal equations give rise to a 2 x 2 system. Using the computed values of
A(z) for x as large as 2*® we estimate ag with the value of F ~ 0.437641.
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o 5.0%10" 1.0x10" 15x10'* 20%10" 25%10" 3.0%10%

FIGURE 5. Plot of the density function A(x)/x together with the
fitting function from (4.1)), where the parameters g, a; have been
computed with the least squares method.

To better represent the oscillatory behaviour of A(z)/z at a power of two, we can
design a model where we add to the inverse logarithmic term a periodic oscillating
function, where the amplitude of the oscillations is damped as z increases. Setting
t = logz, for a fixed integer s > 0 we can use as a model for the density function

the following
aq 1< 27t
t) = — - = k— ).
9(t) = a0+ - =3 kE=1ﬁk COS< 10g2>

Again, since g(t) — ap as a t — oo, the density § can be estimated with the value
ap. With s = 1 we obtain the value G; ~ 0.437641, and with s = 6 the value
Gg ~ 0.437645 that are very close, so it is not really interesting to introduce other
terms. Note that G; and F' coincide in the first six digits.

As an alternative, we can estimate separately the lower and upper density d
and ds. In this case, setting as before ¢ = log(x) we add periodic terms without the
dumping terms so that even the model function does not admit a limit. We have,
for a fixed integer s > 0,

(6751 s 2nt
h(t) = — — k—).
(t) =ap + n I;ﬁkcos< 1og2>

In this case, we can use Ly = ag — Y _p_, |Bk| as an estimate for d; and U, =
ao + > p—q |Bk| as an estimate for do. With different values of s we get different
ranges [Ls,Ug]. In particular, for s = 1 we get [Ly,U;] with Ly =~ 0.437572 and
Uy =~ 0.437714, and with s = 6, the range is [Lg, Ug] with Lg =~ 0.437541 and
Us ~ 0.437752.

Another possibility consists in extrapolating only local maxima or local minima.
We first identify local maxima between 233 and 2%, and then we extrapolate these
values obtaining an approximation of do of M = 0.437863. We can observe that
this value is outside the ranges given before but the values coincide for the first
three digits.

When extrapolating the minima, we can take advantage of the fact that they are
localized at powers of two hence we can estimate the density on selected “small”
intervals [x — h,z] around powers of two. The computational complexity is much
lower than the computation of the density up to the value x. This has allowed us
to estimate densities on intervals as far as 26! ~ 2.30 - 10'® while with the first
technique we were not able to go further than 3.35 - 1014 ~ 248,
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Since limg 1o AS”) = ¢, we have that, if A’(z) has limit at infinity, then
lim, o0 A’(z) = 0 and the derivative can be estimated with the difference quo-
tient

Al(z) ~ A(ac—&—h})l—A(x) ~9, forh<x,xz— oc0.

We can then compute how many odd numbers are representable in the interval
[, z; + h] and divide that number by h to have an estimate of A(xz;)/x;. Applying
this reasoning on powers of two, we can estimate the values of the density function
at a power of two. The results of the extrapolation with h = 226 gives an estimate
for dy of m =~ 0.437588, which still coincides with the other estimates for the
first three digits. The results of the extrapolation are not upper or lower bounds
of the quantities di,ds or § but only possible estimates. However, the fact that
with different models and data points we get results which are so close, is a very
encouraging result.

04379

M
04378}
[ uUe
¥ ut
04377}
¥ F
[ ° °
i G6
0.4376 | 1 m
[ 012 L6
04375} o3
0.4374 L

FIGURE 6. The estimates obtained using the direct and theoreti-
cal approach. F' is the value obtained using the computed values
of A(x) up to 2*® and as a model for the density the function
f(x) in , G is the value obtained by incorporating six oscil-
latory terms, the ranges [L1, U], [Lg, Ug] are obtained as estimate
of the lower and upper densities [dj,d2] with one or six terms,
while [m, M] are obtained by extrapolating minima and maxima
of A(x). The gray dots Ty and T3 are the values we get pursuing
the theoretical approach in Section

5. CONCLUSIONS

In this paper we studied the problem of the existence and of the computation of
the density of the integers of the form 2" + p, where p is a prime. Figure [f]summa-
rizes our results. While we cannot give a conclusive answer about the existence of
an asymptotic density for odd integers that can be expressed as the sum of a prime
and a power of two, the figures we get are very close and allow us to fill the gap
between upper and lower density as produced using only theoretical reasoning. The
experimental results moreover give great evidence to the likelihood of Bombieri’s
conjectures.
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