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A B S T R A C T

Despite the substantial progress made over recent decades, fatigue assessment of structural components remains
a challenge for designers, often culminating in unforeseen failures. Among the well established methods for
evaluating fatigue, critical plane models have the capability of identifying the critical location and the direction
of early crack propagation within a component. However, the use of the critical plane concept with the standard
plane scanning method results extremely demanding when dealing with real-world scenarios, since, due to
complex geometries, loading conditions and constraints, a comprehensive analysis of the part is required. In
such situations, a more efficient computational method can be the discriminant to finalize a fatigue assessment.
This study introduces a novel semi-analytical algorithm, which efficiently calculates critical plane factors. The
algorithm was designed to be implemented alongside finite element analysis which may include elastic–plastic
material behavior and non-proportional loading conditions. The method was tested on a notched component
subjected to proportional and non-proportional loading conditions. As compared to the plane scanning method,
the proposed method offers a time-efficient tool for evaluating critical plane factors and their associated plane
orientations, with almost identical results.
1. Introduction

In-service fatigue loading remains a prominent cause of unexpected
failures [1], making it a crucial concern for designers. While fatigue
tests often depict simplified scenarios, real-world applications fre-
quently introduce complexities such as residual stresses, stress/strain
gradients, variable amplitude loading, randomness, and multiaxial-
ity [2–8]. Particularly in such situations, finite element analysis (FEA)
serves as a valuable tool for addressing these challenges [9–19]. Con-
ventionally, solely the critical regions of a component are assessed, in
order to efficiently consider stress/strain gradients, multiaxial stress
and strains, and the appropriate loading histories. However, due to real-
world constrains, the critical area cannot always be easily identified
beforehand and assessing the complete model can be a time-consuming
process which very often cannot be accomplished due to time or
resource limitations. To limit this issue the designer has to select a cost-
effective method for fatigue assessment, while the complexity of geom-
etry and boundary conditions is inherent and unavoidable [20–23].

Different methods exist in order to perform fatigue assessment,
including some well established in the industrial scenario and related to
technical standards [24–26] and others more typically used in theoreti-
cal and applied research contexts [27–44]. In the wide range of existing

∗ Corresponding author.
E-mail addresses: michele.sgamma@phd.unipi.it (M. Sgamma), andrea.chiocca@unipi.it (A. Chiocca), francesco.frendo@unipi.it (F. Frendo).

methods and among local methods, those based on the critical plane
concept play an important role, as they are particularly popular in both
standard fatigue and fracture mechanics fields. Critical plane methods
were established in the early decades of the twentieth century and have
been developed and studied up to present. These methods combine a
physical interpretation of the material’s fracture mechanisms to define
a damage parameter, associated to each possible plane orientation
surrounding a point, allowing to identify the critical orientation on
which the failure of the components ideally nucleates. FEA is partic-
ularly valuable for implementing these damage parameters in cases of
complex loading histories and geometries. The conventional approach
for calculating the critical plane factor involves scanning through all
possible orientations in space for each or several nodes of the FE-
model and this is typically implemented through nested for/end loops,
resulting in substantial computational demands. The critical plane fac-
tor methodology enables the assessment of damage levels at specific
critical locations within a component and to identify the direction of
the early crack propagation. However, the extensive potential of such
methodologies is limited due to their cumbersome implementation. As
a consequence of that, in comparison to other widely-used parame-
ters, such as nominal stress, hot spot stress, or notch stress approach,
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the critical plane method is predominantly confined to research and
academia, having limited uptake in industry. The primary challenge in
this computational process lies in striking the right balance between
accuracy and efficiency regarding the angular increment used to scan
through different planes. For this reason in most practical cases the
software packages which implement such procedures use rather coarse
angular increments, around 10◦. However, while in several cases the
rror made may be negligible, there may exist instances where the
esult is not acceptable due to a particular combination of geometry
nd loading conditions.

Previous research has sought ways to reduce the computational
urden required for calculating critical plane factors. Some approaches
tilize analytical or semi-analytical methods to identify parameters
ffecting the damage factor and the directions where the damage factor
s most significant. For instance, Marques et al. [45] introduced an
lgorithm applicable to spectral methods that enables more efficient
racking of critical plane factors or the direction of maximum stress
ariance. Similarly, the research conducted by Chiocca et al. [46–48],
resents a range of closed-form solutions specifically developed to en-
ance the efficiency of critical plane models. These models encompass
ell-known criteria such as Fatemi-Socie, Findley, Smith–Watson–Topper

or Kandil–Brown–Miller. The essence of these algorithms lies in the
utilization of closed-form expressions to directly find the critical plane
factor along with the corresponding critical plane orientations for every
load cycle. The concept introduced by Susmel [49] allows finding the
critical plane orientation of a generic load history using a reformulated
concept of the maximum variance method.

Other methods aim to enhance computational speed by computing
the critical plane factor solely for specific planes, eliminating the need
to discretize the entire critical plane space with a fixed angular incre-
ment [50–55]. These methods involve discretizing a unit-radius sphere
representing the infinite set of material plane orientations. Wenting-
mann et al. [56] devised an algorithm that expedites the detection of
critical planes by segmenting a coarse Weber half sphere using quad
elements. The effectiveness of this method depends on user-defined
performance parameters, aiming to strike an optimal balance between
accuracy and computational cost. Similarly, Sunde et al. [57] developed
an adaptive scheme that densifies a triangular mesh around elements
where the most significant damage has been observed. In certain cases,
the loading condition to which the specimen is subjected to results in
a reduced stress state (e.g., plane stress or plane strain) that enables a
purely analytical formulation of the damage factor [58–60]. However,
even when this condition is present, it is necessary to use a specific
reference frame to obtain a reduced tensor configuration.

This study represent a generalization of previous works by the
authors [46–48,61] and presents a novel semi-analytical method for
evaluating generic critical plane (CP) parameters, for both propor-
tional and non-proportional loading conditions under linear-elastic or
elastic–plastic material behavior. The method was developed to be
implemented alongside finite element simulations, accounting for a
single load cycle, whether peak-to-valley or valley-to-peak. In cases
of complex load histories, the method can be iteratively applied to
each successive peak-to-valley and valley-to-peak pair derived from
specific cycle counting formulations. The paper provides a compre-
hensive explanation of the methodology, starting from the theoretical
background. In the second part a case study is presented under propor-
tional and non-proportional loading conditions. A comparative analysis
is carried out between the standard method of plane scanning and the
methodology presented in this work in terms of solution accuracy and
computational cost.

2. Critical plane factors

Even if the method is general and can be applied to different damage
parameters, in the following the proposed method will illustrated with
reference to two widely used critical plane factors, proposed by Fatemi-
2

Socie [36] and Findley [37], as presented in Eq. (1) and Eq. (2), t
respectively

𝐹𝑆 = max
[

𝛥𝛾
2

(

1 + 𝑘𝐹𝑆
𝜎𝑛,𝑚𝑎𝑥
𝜎𝑦

)]

(1)

𝐹𝐼 = 𝛥𝜏 + 𝑘𝐹𝐼𝜎𝑛,𝑚𝑎𝑥 (2)

where 𝛥𝛾 is the shear strain range, 𝛥𝜏 is the shear stress range, 𝜎𝑛,𝑚𝑎𝑥
is the maximum normal stress occurring on the plane where either
𝛥𝛾 or 𝛥𝜏 are evaluated (depending on the CP considered) over the
stress cycle, 𝜎𝑦 is the material yield strength, 𝑘𝐹𝑆 and 𝑘𝐹𝐼 represent
material parameters. These material parameters offer insights into the
respective contributions of shear stress/strain and tensile stress in the
initiation mechanisms of cracks and can be obtained by comparison
between the torsion fatigue limit and the push–pull fatigue limit on
smooth specimens [62].

It is also worth noting that the use of Eq. (1) for the FS parameter
results in a plane with a distinct orientation compared to the critical
plane determined solely based on the maximum shear strain range
𝛥𝛾𝑚𝑎𝑥 (as it is sometimes used), due to the influence of normal stress.
Moreover, as already presented in [48], both the previous formulations
present an analytical solutions under the assumptions of linear-elastic
material behavior and proportional loading conditions. With reference
to that, the present work is aimed at the proposal of a novel method
for the more general conditions of non proportional loading and non
linear material behavior.

2.1. Standard plane scanning method

This section will detail the typical procedure employed for calcu-
lating the CP factor using the standard plane scanning method. Upon
solving a finite-element analysis (Fig. 1a), stress and strain values in
various spatial directions can be computed by identifying a plane,
denoted as 𝛤 , by either its unit normal vector 𝐧 or by two angular
coordinates, 𝜃 and 𝜓 , as illustrated in Fig. 1b. The process involves
otating the 𝛤 plane with fixed angular increments, represented by 𝛥𝜃
nd 𝛥𝜓 , to calculate stress and strain values for all possible orientations.
ubsequently, the plane, which maximizes the reference critical plane
CP) parameter, is identified as the critical one (Fig. 1c, showing a
olored plot of the CP parameter, in which each point on the spherical
urface denotes the tip of a unit vector normal to a given plane). How-
ver, the execution of this plane rotation operation necessitates the use
f nested for/end loops, which can be computationally inefficient and
abor-intensive, especially when analyzing multiple locations within a
omponent. This procedure happens to be the one typically followed
y commercial software, which employs large angular steps (i.e. about
𝜃 = 𝛥𝜓 = 10°) to optimize computation timing.

It is important to note that the accuracy of critical plane analysis
typically involves a trade-off with computational expenses. When a
greater number of potential planes is examined, the likelihood of
identifying the point of maximum fatigue damage is enhanced. Hence,
it is advisable to employ relatively fine grids, typically with angular
increments ranging from 5° to 8°. These finer grids ensure that fatigue
amage converges to stable values that are considered reasonably
ccurate [57].

In the following Section 3, for the application of this method, a
otational sequence composed of rotation 𝜓 about the 𝐳-axis followed
y a rotation 𝜃 about the 𝐲-axis in a moving reference frame will be
mployed as described by Eq. (3).

= 𝑅𝐳(𝜓)𝑅𝐲(𝜃) =
⎡

⎢

⎢

⎣

cos(𝜃) cos(𝜓) − sin(𝜓) cos(𝜓) sin(𝜃)
sin(𝜓) cos(𝜃) cos(𝜓) sin(𝜃) sin(𝜓)

− sin(𝜃) 0 cos(𝜃)

⎤

⎥

⎥

⎦

(3)

o perform an accurate scanning procedure, angular increments of 5°
ill be applied to both 𝛥𝜃 and 𝛥𝜓 .

.2. Novel semi-analytical method

Consistently with standard fatigue assessment practices, the load-
ime history is treated as a discrete sequence of peaks and valleys rather
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Fig. 1. Standard plane scanning sequence utilized to evaluate the critical plane factor in a selected node: (a) finite element simulation, (b) node selection and plane rotation, (c)
evaluation of the critical plane factor for each rotated plane and change of the investigated node (i.e. the critical orientation identifies the spatial direction of the unit normal
vector of the critical plane).
Fig. 2. Stress range tensor rotations described by means of the Mohr’s circle representation and the Cauchy’s infinitesimal material volume: the first configuration denotes the
strain range quantities pertaining to the global reference frame, the second configuration reports the stress range components within the principal reference frame, and the third
configuration present the stress range components subsequent to a 𝜔 rotation about the 𝐧̄𝜟𝝈

𝟐 axis.
than a continuous function over time. Within this framework, the stress
and strain tensors 𝝈(𝑖) and 𝜺(𝑖) referring to the 𝑖th loading condition can
be defined as follows:

𝝈(𝑖) =
⎡

⎢

⎢

⎣

𝜎𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧
𝜎𝑦𝑦 𝜏𝑦𝑧

sym. 𝜎𝑧𝑧

⎤

⎥

⎥

⎦

(𝑖)

, 𝜺(𝑖) =
⎡

⎢

⎢

⎢

⎣

𝜀𝑥𝑥
𝛾𝑥𝑦
2

𝛾𝑥𝑧
2

𝜀𝑦𝑦
𝛾𝑦𝑧
2

sym. 𝜀𝑧𝑧

⎤

⎥

⎥

⎥

⎦

(𝑖)

(4)

and, during a load cycle, two successive loading conditions, are denoted
as 𝑖 and 𝑖 + 1. This work will not address the problem of how to
find the two load steps taken for reference. Indeed, those can be
derived through standard cycle counting procedures already existing
in the literature such as level-crossing, peak-to-peak, simple-range,
or the rainflow counting [63]. Accordingly, tensor quantities such as
stress and tensor ranges can be defined, respectively as 𝜟𝝈 and 𝜟𝜺 as
presented in Eq. (5).

𝜟𝝈 = 𝝈(𝑖) − 𝝈(𝑖+1), 𝜟𝜺 = 𝜺(𝑖) − 𝜺(𝑖+1) (5)

All the tensor quantities, including tensor differences, are defined in
the same reference frame and this allows to represent them by means
of matrices, a common practice adopted throughout the article.
3

Through an eigenvalue-eigenvector analysis the principal stress and
strain parameters (𝛥𝜎1, 𝛥𝜎2, 𝛥𝜎3), (𝜎(𝑖)1 , 𝜎(𝑖)2 , 𝜎(𝑖)3 ), (𝜎(𝑖+1)1 , 𝜎(𝑖+1)2 , 𝜎(𝑖+1)3 )
and (𝛥𝜀1, 𝛥𝜀2, 𝛥𝜀3) are obtained,1 together with the principal directions
(𝐧̄𝑘𝟏 , 𝐧̄𝑘𝟐 , and 𝐧̄𝑘𝟑):

𝐧̄𝑘𝟏 =
⎡

⎢

⎢

⎣

𝑛11
𝑛21
𝑛31

⎤

⎥

⎥

⎦

𝑘

; 𝐧̄𝑘𝟐 =
⎡

⎢

⎢

⎣

𝑛12
𝑛22
𝑛32

⎤

⎥

⎥

⎦

𝑘

; 𝐧̄𝑘𝟑 =
⎡

⎢

⎢

⎣

𝑛13
𝑛23
𝑛33

⎤

⎥

⎥

⎦

𝑘

with 𝑘 = 𝜟𝝈, 𝜟𝜺, 𝝈(𝑖), 𝝈(𝑖+1) (6)

where the superscript refers to the specific tensor. These directions
define the principal coordinate system. As it is well known, the rotation
matrix 𝑅𝑘𝑝 , which describes the rotation from the global reference frame
to the principal reference frame can be defined by the direction cosines,
as follows:

𝑅𝑘𝑝 =
⎡

⎢

⎢

⎣

𝑛11 𝑛12 𝑛13
𝑛21 𝑛22 𝑛23
𝑛31 𝑛32 𝑛33

⎤

⎥

⎥

⎦

𝑘

with 𝑘 = 𝜟𝝈, 𝜟𝜺, 𝝈(𝑖), 𝝈(𝑖+1) (7)

1 This holds also for the stress and for the strain range.
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This transformation (from the global 𝑂𝐱𝐲𝐳 to the principal 𝑂𝐧̄𝑘𝟏 𝐧̄
𝑘
𝟐 𝐧̄

𝑘
𝟑

reference frame) for the tensor 𝜟𝝈 is illustrated by the sequence 1–2
in Fig. 2.

For what will follow we are interested in plane orientations de-
scribed by points lying on the largest circle of 𝜟𝝈 (as well as of 𝜟𝜺,
𝝈(𝑖) or 𝝈(𝑖+1)). Starting from the principal reference system, any point
of the largest circle (i.e. moving from 𝛥𝜎1 to 𝛥𝜎3) corresponds to a plane
which can be obtained by a rotation about the local 𝐧̄𝟐-axis. Formally,
this transformation represents an intrinsic rotation of an angle 𝜔 about
the 𝐧̄𝟐-axis of the principal reference frame, described by the rotation
matrix of Eq. (8). The transition from the principal reference frame
𝑂𝐧̄𝑘𝟏 𝐧̄

𝑘
𝟐 𝐧̄

𝑘
𝟑 to the final reference frame 𝑂𝐱̄𝑘𝐲̄𝑘𝐳̄𝑘 is represented by means

of the sequence 2–3 in Fig. 2.

𝑅𝐧̄𝟐 =
⎡

⎢

⎢

⎣

cos(𝜔) 0 sin(𝜔)
0 1 0

− sin(𝜔) 0 cos(𝜔)

⎤

⎥

⎥

⎦

(8)

The rotation matrix 𝑅𝑘𝑓 , describing the transformation from the global
to the final reference frame can then be obtained through matrices
concatenation, as shown in Eq. (9).

𝑅𝑘𝑓 = 𝑅𝑘𝑝𝑅𝐧̄𝟐 =

⎡

⎢

⎢

⎢

⎣

𝑛𝑘11 cos(𝜔) − 𝑛
𝑘
31 sin(𝜔) 𝑛𝑘12 𝑛𝑘11 sin(𝜔) + 𝑛

𝑘
31 cos(𝜔)

𝑛𝑘21 cos(𝜔) − 𝑛
𝑘
32 sin(𝜔) 𝑛𝑘22 𝑛𝑘21 sin(𝜔) + 𝑛

𝑘
32 cos(𝜔)

𝑛𝑘31 cos(𝜔) − 𝑛
𝑘
33 sin(𝜔) 𝑛𝑘23 𝑛𝑘31 sin(𝜔) + 𝑛

𝑘
33 cos(𝜔)

⎤

⎥

⎥

⎥

⎦

=

=
⎡

⎢

⎢

⎣

𝑅11 𝑅12 𝑅13
𝑅21 𝑅22 𝑅23
𝑅31 𝑅32 𝑅33

⎤

⎥

⎥

⎦

𝑘

with 𝑘 = 𝜟𝝈, 𝜟𝜺, 𝝈(𝑖), 𝝈(𝑖+1)

(9)

here the 𝐱̄𝑘, 𝐲̄𝑘 and 𝐳̄𝑘 directions are represented by the columns
i.e. direction cosines) of 𝑅𝑘𝑓 :

̄𝑘 =
⎡

⎢

⎢

⎣

𝑅11
𝑅21
𝑅31

⎤

⎥

⎥

⎦

𝑘

; 𝐲̄𝑘 =
⎡

⎢

⎢

⎣

𝑅12
𝑅22
𝑅32

⎤

⎥

⎥

⎦

𝑘

; 𝐳̄𝑘 =
⎡

⎢

⎢

⎣

𝑅13
𝑅23
𝑅33

⎤

⎥

⎥

⎦

𝑘

with 𝑘 = 𝜟𝝈, 𝜟𝜺, 𝝈(𝑖), 𝝈(𝑖+1) (10)

With reference to the critical plane concept, the maximum value
f the damage parameter has to be looked for through all possible
rientations. However, as previously discussed by the authors [48] for
omplex scenarios, including non proportional loading and material
lasticity, a closed form solution is not possible. The basic idea is then
o look for the local maxima that are identified along predefined paths,
onsidering the planes which are identified by points belonging to the
argest Mohr’s circles, related to each of the stress and strain parameter
hich are involved in the damage factor, in turn.

For the 𝐹𝑆 or 𝐹𝐼 damage parameter, we have to consider three
istinct parameters and the method is developed in three subsequent
teps as described in the following and presented with the aid of
ig. 3a–c, t. For the sake of clarity, superscripts 𝑘 will no longer be
sed, given the ease of identifying the tensor of reference (i.e. tensor
𝝈 or 𝜟𝜺 in step one, tensor 𝝈(𝑖) for the second step and 𝝈(𝑖+1) for the
hird step).

1. In the first step, in order to find a local maximum of the damage
factor, the plane orientations described by points lying on the
largest Mohr’s circle of the stress or strain range (𝜟𝝈 or 𝜟𝜺) are
considered, according to FI or FS, respectively (Fig. 3a). During
this step 𝛥𝜏(𝜔) and 𝛥𝛾(𝜔) can be expressed in closed-form as
presented in Eqs. (11)–(12), respectively.

𝛥𝜏(𝜔) =
(

𝛥𝜎1 − 𝛥𝜎3
2

)

sin(2𝜔) for 𝐹𝐼 (11)

𝛥𝛾
2
(𝜔) =

(

𝛥𝜀1 − 𝛥𝜀3
2

)

sin(2𝜔) for 𝐹𝑆 (12)

As the stress or strain range vary along the largest circle (𝜟𝜺 path
in Fig. 3a), due to non-proportionality and material plasticity,
4

the normal stress at loadstep 𝑖 or loadstep 𝑖 + 1 follows a path
which is included in the dashed area delimited by the three cir-
cles, determined by the principal stress components. The normal
stress components acting on the plane under consideration, for
both load steps 𝑖 and 𝑖 + 1, can be obtained by knowing the
directions 𝐱̄ and 𝐳̄ of the final reference system, relatively to 𝜟𝝈
or 𝜟𝜺 tensors, as defined in Eq. (10).

𝜎(𝑖)(𝜔) = max
[

𝐱̄𝑇 𝝈(𝑖)𝐱̄, 𝐳̄𝑇 𝝈(𝑖)𝐳̄
]

(13)

𝜎(𝑖+1)(𝜔) = max
[

𝐱̄𝑇 𝝈(𝑖+1)𝐱̄, 𝐳̄𝑇 𝝈(𝑖+1)𝐳̄
]

(14)

It is worthnoting that the normal stresses acting on both the
planes identified by the unit normal 𝐱̄ and 𝐳̄ need to be computed
in order to select the maximum normal stress, since, due to the
tensor symmetry, those planes are subjected to the same 𝛥𝜏(𝜔)
and 𝛥𝛾(𝜔).
Finally, the local maximum during this step is obtained starting
by the values obtained along the considered path, after having
fixed a discrete sequence of 𝜔, typically in the range [0, 𝜋4 ].

2. During the second step, a maximization of the damage param-
eter, for plane orientations described by points lying on the
largest circle of the stress tensor at load step 𝑖 (i.e. 𝝈(𝑖)), is carried
out (Fig. 3b). In this case, using circular representation, 𝜎(𝑖)(𝜔)
can be written in closed-form, as shown in Eq. (15).

𝜎(𝑖)(𝜔) =

(

𝜎(𝑖)1 + 𝜎(𝑖)3
2

)

+

(

𝜎(𝑖)1 − 𝜎(𝑖)3
2

)

cos(2𝜔) (15)

For this step, in order to evaluate all the parameters that are
necessary to obtain the CP factor, it is necessary to consider the
final reference system 𝐱̄, 𝐲̄ and 𝐳̄ of 𝝈(𝑖) and then calculate the
shear stress or shear strain range as follows:

𝛥𝜏(𝜔) = ‖(𝐱̄𝑇𝜟𝝈 𝐲̄, 𝐱̄𝑇𝜟𝝈 𝐳̄)‖ for 𝐹𝐼 (16)

𝛥𝛾
2
(𝜔) = ‖(𝐱̄𝑇𝜟𝜺 𝐲̄, 𝐱̄𝑇𝜟𝜺 𝐳̄)‖ for 𝐹𝑆 (17)

𝜎(𝑖+1)(𝜔) = 𝐱̄𝑇 𝝈(𝑖+1)𝐱̄ (18)

The local maximum is numerically obtained also in this step,
after fixing a discretization of the 𝜔 angle, as already done in
previous step.

3. Similarly to the second step, the largest circle of tensor 𝝈(𝑖+1)

is considered to look for a maximum of the damage parameter
(Fig. 3c). In the same way as for the second step, the parameter
𝜎(𝑖+1) can be defined in closed form, as shown in Eq. (19).

𝜎(𝑖+1)(𝜔) =

(

𝜎(𝑖+1)1 + 𝜎(𝑖+1)3
2

)

+

(

𝜎(𝑖+1)1 − 𝜎(𝑖+1)3
2

)

cos(2𝜔) (19)

Then, considering the directions 𝐱̄, 𝐲̄ and 𝐳̄ related to the tensor
𝝈(𝑖+1), the parameters related to tensors 𝜟𝝈, 𝜟𝜺 and 𝝈(𝑖) can be
obtained as follows:

𝛥𝜏(𝜔) = ‖(𝐱̄𝑇𝜟𝝈 𝐲̄, 𝐱̄𝑇𝜟𝝈 𝐳̄)‖ for 𝐹𝐼 (20)

𝛥𝛾
2
(𝜔) = ‖(𝐱̄𝑇𝜟𝜺 𝐲̄, 𝐱̄𝑇𝜟𝜺 𝐳̄)‖ for 𝐹𝑆 (21)

𝜎(𝑖)(𝜔) = 𝐱̄𝑇 𝝈(𝑖)𝐱̄ (22)

Also in this case, a local maximum is finally obtained, numerically.
For each of the previous steps it is trivial to adjust the CP formula-

tion as a function of 𝜔:

𝐹𝑆(𝜔) =
𝛥𝛾
2
(𝜔)

(

1 + 𝑘𝐹𝑆
max[𝜎(𝑖)(𝜔), 𝜎(𝑖+1)(𝜔)]

𝜎𝑦

)

(23)

(𝑖) (𝑖+1)
𝐹𝐼(𝜔) = 𝛥𝜏(𝜔) + 𝑘𝐹𝐼 max[𝜎 (𝜔), 𝜎 (𝜔)] (24)
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Fig. 3. Graphical representation of the semi-analytical method using Mohr’s circles: paths resulting from a rotation of 𝜔 about the 𝐧̄𝜟𝜺𝟐 axis (a), paths resulting from a rotation of
𝜔 about the 𝐧̄𝝈(𝑖)

𝟐 axis (b), paths resulting from a rotation of 𝜔 about the 𝐧̄𝝈(𝑖+1)

𝟐 axis (c).
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After having obtained the local maxima of the Fatemi-Socie or the
indley damage parameter for the three cases (a), (b) and (c), inde-
endently, the critical plane factor is then defined as the maximum
mong the three obtained values; this is referred to as 𝐹𝑆(𝜔̄) and 𝐹𝐼(𝜔̄),
espectively; 𝜔̄ is the angle required to be used into the matrix 𝑅𝑘𝑓
f Eq. (9), to obtain the orientation of the critical plane.

Starting from the expression of the rotation matrix 𝑅𝑘𝑓 (Eq. (9)), the
ngles 𝜃 and 𝜓 to be used to compare the solution with that obtained
ith the standard plane scanning method, can be obtained by using

ome of coefficients of the matrix expression given in Eq. (3). For
xample, one particular formulation of 𝜃 and 𝜓 is the following:

= arctan2(
√

𝑅2
13 + 𝑅

2
23, 𝑅33)

𝜓 = arctan2(𝑅23, 𝑅13)
(25)

To end this section, it is worth noting that, for the two critical plane
factors under consideration, there are always at least two critical plane
solutions. Indeed, both the critical plane models are based on shear
parameters (i.e. 𝛥𝛾 and 𝛥𝜏), for which only the absolute value is
important. For this reason, it occurs that the same maximum normal
stress is always associated with two opposite shear parameters, yielding
at two critical planes with the same maximum CP factor, corresponding
to orientations +𝜔 and −𝜔. This aspect has already been investigated
pecifically for Fatemi-Socie by Chiocca et al. [48]. In the numerical

model, the dual solution can be implemented by rotating around +𝜔
nd −𝜔. For this specific reason, both solutions derived from the
umerical method will be referred to in the following as 𝐹𝑆(±𝜔̄) and
𝐼(±𝜔̄).

. Material and methods

In order to validate the proposed method a notched specimen
ubjected to different combination of tension and torsion, under pro-
5

ortional and non-proportional loading conditions, was considered. i
The technical drawing of the specimen’s geometry, characterized
y a notch radius of 0.2mm, an opening angle of 30° and a minimum
iameter of 16mm, is presented in Fig. 4a. Finite Element (FE) analyses
ere conducted for all loading scenarios, using the 2022 version of

he Ansys′ software. Specifically, 2D static structural analyses were
erformed, assuming small displacements. The material employed was
S355 structural steel. Elastic–plastic material behavior with kinematic
ardening were employed, by means of the Chaboche model. All the
aterial properties are presented in Table 1.

The cyclic material properties were derived experientially through
series of uniaxial tests performed on cylindrical smooth specimen
ade of S355JR structural steel, as described by Santus et al. [64]. An

xisymmetric model with 2D structural plane elements (i.e. PLANE183)
eaturing 8 nodes and a quadratic shape function was used to simulate
he notched specimen, as shown in Fig. 4b. The element key option
as assigned a value of 6 to describe combined tensile–torsion loadings

hroughout 2D elements. The mesh size for the FE-model was deter-
ined through a convergence analysis, ensuring a difference smaller

han 2% on the maximum von Mises stress.
The loading conditions were established by applying forces or mo-

ents along with fixed supports on the relevant model surfaces as
ndicated in Fig. 4b. The load sequences outlined in the Table 2 encom-
ass one proportional loading condition (i.e. called Proportional) and
wo non proportional loading conditions (i.e. called Non-proportional I
nd Non-proportional II). Each column in Table 2 details the combina-
ion of forces or moments applied during a particular load step of the
imulation ((𝑖)-th and (𝑖+1)-th load steps). Since elastic–plastic material
roperties were employed, a material cyclic behavior stabilization was
nsured. As can be observed by the variation of the von Mises stress and
he maximum shear stress along the different cycles in Fig. 5, a com-
lete stabilization was achieved approximately after four load cycles
or all the investigated load cases. For this reason, the load steps being

nvestigated for the forthcoming analysis will be the fifth and sixth.
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Fig. 4. Technical drawing of notched specimen (a) and finite element model including boundary conditions used during the simulation (b).
Table 1
Structural steel S355 linear-elastic and elastic–plastic material properties.

Linear-elastic

Young’s modulus 𝐸 (MPa) Poisson’s ratio 𝜈 (-)

206000 0.3

Elastic–plastic (Chaboche kinematic hardening model)

Yield strength 𝜎𝑦 (MPa) C1 (MPa) 𝛾1 C2 (MPa) 𝛾2 C3 (MPa) 𝛾3

300 28 200 243 1.43 1 3180 0
Fig. 5. Equivalent von Mises stress and maximum shear stress over eight loading cycles, for the three different loading conditions described in Table 2, showing a stabilization
of the material behavior after four cycles.
Fig. 6. Percent error (blue line) and performance index (red line) trends of 𝐹𝑆 solution when varying the angular step 𝛥𝜔 for: the Proportional loading (a), Non-proportional I
loading (b) and Non-proportional II loading conditions (c).
6
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Fig. 7. Trend of 𝐹𝑆 value at the critical node of the notched specimen: comparison of the plane scanning solution and the proposed method in the Proportional loading case for
+𝜔 (a), 𝐹𝑆 solution reported on the Mohr’s circles of the three reference tensors in the Proportional loading case (b), comparison of the plane scanning solution and the proposed
method in the Non-proportional II loading case (c), 𝐹𝑆 solution reported on the Mohr’s circles of the three reference tensors in the Non-proportional II loading case (d).
In order to calculate the critical plane factors 𝐹𝑆 and 𝐹𝐼 , a
yield strength of 𝜎𝑦 = 300MPa and material constants 𝑘𝐹𝑆 = 0.4,
𝑘𝐹𝐼 = 0.67 were utilized. The given values are within the standard
range for material constants. Several studies [58,65–67] indicate how
these parameters depend on the number of cycles, however for the
sake of simplycity they have been kept constant. It is worth not-
ing that, for the interested reader, the proper function 𝑘 (𝑁 ) or
7

𝐹𝑆 𝑓
𝑘𝐹𝐼 (𝑁𝑓 ) can be substituted instead of the material constants into
Eqs. (23)–(24).

4. Results and discussion

In this section, the results deriving from the application of the
proposed semi-analytical method are presented and discussed. The
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Table 2
Force and moments combinations used during the finite element simulations.

Proportional loading Non-proportional I loading Non-proportional II loading

Load step (𝑖) Load step (𝑖 + 1) Phase Load step (𝑖) Load step (𝑖 + 1) Phase Load step (𝑖) Load step (𝑖 + 1) Phase

𝐹 =30 kN 𝐹 =−30 kN
0°

𝐹 =30 kN 𝐹 =−30 kN – 𝐹 =30 kN 𝐹 =0 kN
90°

𝑀𝑡 =35Nm 𝑀𝑡 =−35Nm 𝑀𝑡 =35Nm 𝑀𝑡 =35Nm 𝑀𝑡 =0 kN 𝑀𝑡 =35 kN
Table 3
Comparison of critical plane factors 𝐹𝑆 and 𝐹𝐼 values and orientations between the numerical method and the standard plane scanning method under proportional and
non-proportional loading conditions (i.e. angles are defined in radians).

Critical plane factors comparison (±𝜔̄)

Proportional Non-proportional I Non-proportional II

Novel Standard Novel Standard Novel Standard

𝐹𝑆 0.0128 0.0128 0.0123 0.0123 0.0042 0.0042

𝐹𝐼 (MPa) 663 663 657 657 536 536

𝜃 and 𝜓 comparison (+𝜔̄)

Proportional Non-proportional I Non-proportional II

Novel Standard Novel Standard Novel Standard

𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓

𝐹𝑆 1.411 −2.25 1.408 −2.26 1.576 −2.25 1.578 −2.27 1.725 −2.28 1.723 −2.27

𝐹𝐼 (MPa) 1.403 −2.19 1.407 −2.21 1.574 −2.18 1.573 −2.16 1.724 −0.945 1.735 −0.943

𝜃 and 𝜓 comparison (−𝜔̄)

Proportional Non-proportional I Non-proportional II

Novel Standard Novel Standard Novel Standard

𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓 𝜃 𝜓

𝐹𝑆 1.41 −0.87 1.39 −0.87 1.576 −0.893 1.576 −0.891 1.725 −0.858 1.727 −0.857

𝐹𝐼 (MPa) 1.403 −0.93 1.410 −0.92 1.574 −0.943 1.573 −0.944 1.706 −2.19 1.712 −2.17
b
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m
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b
m
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𝐹𝑆 and 𝐹𝐼 results deriving from the novel numerical solution are
compared with those obtained through the standard plane scanning
method. The mathematical framework, presented in Section 2.2, offers
the prerequisite for the application of the novel methodology.

Fig. 6 shows the dramatic decrease of the relative percentage error
between the proposed and standard numerical method, as the angular
step of 𝜔 varies and becomes smaller that about 0.1 rad. The results
efer to the three load scenarios for the 𝐹𝑆 CP factor; the same trend
an be observed for the FI CP parameter, which is not reported for
revity.

In order to measure the increase in computational efficiency, the
erformance index (𝑃𝐼), defined in Eq. (26), is also reported

𝐼 =
(

1 −
𝑡𝑠𝑎
𝑡𝑝𝑠

)

(26)

where 𝑡𝑠𝑎 denotes the computation time required by the proposed semi-
analytical method, and 𝑡𝑝𝑠 denotes the computation time necessary for
he standard plane scanning procedure. This index serves as a metric
or assessing the computational efficiency of the proposed methodol-
gy in comparison to the standard plane scanning method. It can be
oted that, while the percentage error collapses nearly to zero, the
erformance index slightly decrease, for the relatively larger angular
teps, still exceeding 97% and this holds up to angular step of about
.7 × 10−2. In few words this means a huge increment in computation
ime, giving the possibility to develop an automated process for a
omprehensive analysis (i.e. for all the nodes) of complex FE models.

The method functionality is outlined in Fig. 7a–d. The images report
he 𝐹𝑆 solution derived from the plane scanning procedure (𝐹𝑆(𝜃, 𝜓)),
n the case of proportional and non-proportional II loading of Table 2.
he paths obtained from the application of the three steps of the pro-
osed method (Fig. 3), are reported together with the 𝐹𝑆 factor pattern
8

oth on the 𝐹𝑆 surface plot and on the Mohr’s circles representation
or the three reference tensors. In all the cases the angle 𝜔 was varied
rom zero to 𝜋∕4. As it can be observed, for both cases, the proposed
ethod leads to a solution which, even if it cannot be demonstrated to

e exact, is very close, almost coincident, to the maximum provided
y the standard plane scanning method, which requires many more
athematical computations.

In case of proportional loading, the three local maxima which
re obtained by the proposed method in the three different steps are
oincident, while three slightly different values are obtained in case of
on proportional loading (differences below 1%).

An idea of the computation efficiency can be assumed to be pro-
ided by the points that are evaluated along a linear path (variable 𝜔)
nd those that are evaluated in a surface domain (variables 𝜃 and 𝜓).

In addition, interestingly, it can be observed that the paths seems
to follow the direction of maximum surface 𝐹𝑆(𝜃, 𝜓) gradient; this
appears to be strictly true for the proportional loading case (i.e. Fig. 7a).
As a matter of fact, under proportional loading the principal reference
frames of the three tensors are coincident, except for plasticity-related
effects that are nonetheless quite limited. For both 𝐹𝑆 and 𝐹𝐼 , moving
from 𝜔 = 0 along the maximum Mohr’s circle of any referenced
parameter (such as 𝜟𝝈, 𝜟𝜺, 𝝈(𝑖), or 𝝈(𝑖+1)) induces the most substantial
increase of the shear stress or strain parameter, coupled with the least
decrease among the normal stress parameters. More in details, concern-
ing 𝐹𝑆, if we consider moving along the maximum circle of 𝜟𝜺, starting
from 𝜔 = 0, then 𝛥𝛾 experiences the greatest increase, while 𝜎𝑛,𝑚𝑎𝑥
undergoes the smallest decrease within the range 𝜔 = [0, 𝜋4 ]. Similarly,
he same observations apply to 𝛥𝜏 and 𝜎𝑛,𝑚𝑎𝑥 in the case of 𝐹𝐼 CP

factor.
Similar considerations hold for non proportional loading. In this

case, as a consequence of the variation of the principal reference frame
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Fig. 8. Comparative analysis of CP factors solutions obtained via the standard plane scanning method (𝐹𝑆(𝜃, 𝜓) and 𝐹𝐼(𝜃, 𝜓)) and the proposed semi-analytical solution (𝐹𝑆
and 𝐹𝐼) for diverse loading conditions on a notched specimen: 𝐹𝑆 solution for proportional loading condition (a), 𝐹𝑆 solution for Non-proportional I loading condition (b), 𝐹𝑆
solution for Non-proportional II loading condition (c), 𝐹𝐼 solution for proportional loading condition (d), 𝐹𝐼 solution for Non-proportional I loading condition (e) and 𝐹𝐼 solution
for Non-proportional II loading condition. The solutions provided by the semianalytical method for +𝜔 and −𝜔 are represented by circular and triangular white dots.
there is no guarantee of moving along the direction of maximum
surface gradient. However, as it can be observed in Fig. 7c, maximizing
the CP factor by using either one of the three tensor parameters, leads
the solution to approach the maximum gradient direction. Also in this
case the solution obtained by the proposed methodology represent a
very good approximation of the maximum obtained, at the cost of
many more iterations, by the standard plane scanning method; this was
already demonstrated by previous analysis (Fig. 6) giving the relative
error among the two methods. The critical plane factors and orientation
provided by the standard plane scanning procedure and the proposed
semi-analytical method are compared in Fig. 8. It is worth noting that,
the semi-analytical solutions were obtained for an angular step equal
to 𝛥𝜔 = 7.1 × 10−3 while the angular step used for scanning through 𝜃
and 𝜓 was set equal to 5°. Figs. 8a–c illustrate the results for the 𝐹𝑆
case, while Figs. 8d–e present the results for 𝐹𝐼 . Circular and triangular
white markers represent CP orientations and values identified by the
novel solution in all figures, considering both solutions obtained for ±𝜔̄
9

as already discussed in Section 2.2. The semi-analytical solution aligns
perfectly with the maxima derived by the plane scanning method.
The 𝐹𝑆(𝜃, 𝜓) surfaces exhibit periodicity, repeating the same pattern
every 𝜋 radians over both 𝜃 and 𝜓 angular directions. Notably, the
proposed solution can effectively identifies all maxima by considering
the periodicity of the function 𝐹𝑆(𝜔̄ + 𝑘𝜋), with 𝑘 being an integer.

To offer a comprehensive overview of the results, 𝐹𝑆(𝜔̄) and 𝐹𝐼(𝜔̄)
values are tabulated in Table 3 for a direct methodological comparison.
The table clearly shows how the solution resulting from the semi-
analytical method is identical to that of the standard method except
for tiny errors (< 0.5%) on the plane orientation; the errors may be due
to a combination of the results numerical approximations derived from
the two methods employed.

As a final consideration, it should be noted that although the
computational time reduction on the single node appears minor, that
on actual FE-models may be considerable.
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5. Conclusions

In continuation of prior works made by the authors, a novel semi-
analytical method for CP factor evaluation under more general
conditions of load non proportionality and material plasticity was de-
veloped in this study. The methodology relies on stress and strain tensor
invariants, employing coordinate transformation laws and was imple-
mented using a readily available Matlab® script. In comparison with
the standard plane scanning method, the basic idea of the proposed
algorithm consists in looking for three local maxima, moving along
predefined paths in a monodimensional domain (i.e. scan along three
linear paths), instead of scanning through a bidimensional domain
(i.e. scanning a surface) and this results in a extremely more efficient
computation time.

Several case studies were conducted and discussed in comparison
to the standard plane scanning method; multiaxial stress and strain
states with elastic–plastic material behavior were utilized as case study
baseline and in addition both proportional and non-proportional load
cases were investigated. From the analyses and results obtained, the
following conclusions can be drawn:

• the method is applicable in case of uniaxial and multiaxial pro-
portional and non-proportional loading conditions, under linear-
elastic or elastic–plastic material behavior;

• significant reduction in solution time, exceeding 97% on a single
node, was observed compared to the standard plane scanning
method; this reduction in computation time could enhance the
feasibility of employing CP methods, particularly in the industrial
context;

• the proposed method was demonstrated to furnish a solution, in
terms of damage factor and plane orientation, which is practi-
cally equivalent to that obtained by the standard plane scanning
method, for two of the most common critical plane factors under
proportional and non proportional loading;

• the method’s simplicity and reliance on fundamental tensor math-
ematics facilitate its implementation across various codes; its
potential extension to other CP factors appears straightforward.

Reducing computation time in evaluating critical plane factors is piv-
otal for evaluating damage factors comprehensively, especially in com-
plex geometries involving finite element models with a substantial node
count. This speed-up enables a more exhaustive assessment of complex
models under cyclic loading even under multiaxial, non-proportional
and elastic–plastic assumptions. In the authors opinion this represent a
significant step for a greater diffusion of critical plane methods in the
scientific and industrial communities.
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