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Abstract

We deepen the study of the relations previously established by Mayer, Lewis and Zagier, and the
authors, among the eigenfunctions of the transfer operators of the Gauss and the Farey maps, the
solutions of the Lewis-Zagier three-term functional equation and the Maass forms on the modular surface
PSL(2,Z)\H. In particular we introduce an “inverse” of the integral transform studied by Lewis and
Zagier, and use it to obtain new series expansions for the Maass cusp forms and the non-holomorphic
Fisenstein series restricted to the imaginary axis. As corollaries we obtain further information on the
Fourier coefficients of the forms, including a new series expansion for the divisor function.

1 Introduction

One of the most interesting objects in the mathematics literature are the Maass forms on the full modular
group PSL(2,Z). Letting A := —y? (3‘9722 + 8‘9722) denote the hyperbolic Laplacian, Maass forms are smooth

PSL(2, Z)-invariant complex functions ¢ defined on the upper half-plane H = {z = = + iy : y > 0}, increas-
ing less than exponentially as y — oo, and satisfying A¢ = A¢ for some A € C. Maass forms divide into
cusp and non-cusp forms according to their behaviour at the cusp of the modular surface PSL(2, Z)\H, and
into even and odd forms according to whether ¢(—z + iy) = +o(z + iy).

Despite their importance, Maass cusp forms remain mysterious objects. No explicit construction exists and
all basic information about their existence comes from the Selberg trace formula. Much more is known for
the non-cusp forms, which are generated by the non-holomorphic Eisenstein series. The standard approach
to Maass forms uses the methods of harmonic analysis on H, which leads to the Fourier expansion of the
forms in terms of Whittaker function (see e.g. [14]).

In recent years, a new approach to Maass forms has been developed using the relation between the Selberg
zeta function Z(g) and the Fredholm determinant of the transfer operators £, of the Gauss map (see [18, 6]),
also in connection with a functional approach introduced in [15, 16]. This connection becomes clearer if one
considers the transfer operators P, of the Farey map, a “slow” version of the Gauss map, as shown by the
authors in [4], where we also studied the properties of the eigenfunctions of the operators P,. In this paper
we continue the work set out in [4], by transferring the information on the eigenfunctions of P, to Maass
forms. In particular we use the integral transform studied in [16] to obtain series expansions for the Maass
forms restricted to the imaginary axis that to our knowledge are entirely new. We first obtain expansions in
terms of Legendre functions P#. In Section 3 we prove the following

Theorem A. If u(x + iy) is an even Maass cusp form on PSL(2,Z) with eigenvalue q(1 — q), then there
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exists a sequence {ay o} satisfying limsup,, |a, q|* < 1, such that
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uniformly in y on any compact interval in (0, +00).
The non-holomorphic Fisenstein series E(x + iy, q) can be written for x =0 as a meromorphic function on

the half-plane R(q) > 0 as
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where {B;} are the Bernoulli numbers and ((s) is the Riemann zeta function.

An analogous result is given in Theorem 3.10 for odd Maass cusp forms. Moreover, in Appendix B we show a
curious way of using the Legendre functions to expand y¢, and then to write the non-holomorphic Eisenstein
series in terms of the Legendre functions.

Then in Section 4 we study the Fourier coefficients of Maass forms — which for the non-cusp case are related
to the divisor function oy(n) — and obtain some results which can be summarized in the following

Theorem B. Let {c, ,} denote the coefficients of the Fourier expansion of an even Maass cusp form with
eigenvalue q(1 — q). Then we have, up to a constant depending on q,
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where {an 4} is the sequence introduced in Theorem A.
In the case of non-cusp forms we prove that for n > 1 and R(q) > 0 it holds
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In Remark 4.2 we show that the series expansion for the divisor function can be considered an extension of
the Ramanujan expansion.

Finally, in Section 5 we exploit the properties of the Legendre function to obtain new series expansions for
the Maass forms. In the cusp case these are only formal since we don’t have control on the coefficients,
whereas in the non-cusp case we prove



Theorem C. For q with R(q) > 0 it holds
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uniformly in y on any compact interval in (0, +00).

We believe that these new series expansions will turn useful in the study of Maass forms and their Fourier
coefficients, as they involve the coefficients {a, ¢} which come from the totally different approach described
below. In particular we hope that this will stimulate new numerical investigations of the coefficients {a, q}
(see also Remark 3.6).

For the benefit of the reader we now briefly recall the main steps of the approach to the Maass forms as
developed by Mayer, Lewis, Zagier and the authors in [18, 16, 4].
In [18] Mayer used the definition of the Selberg zeta function Z(g) as a product over the length spectrum
of PSL(2,Z)\'H to prove a relation between Z(q) and the Smale-Ruelle zeta function for the geodesic flow
on the modular surface. We recall that the length spectrum of PSL(2,Z)\H is the set of lengths of the
closed geodesics on PSL(2,Z)\H, and the closed geodesics appear in the definition of the Smale-Ruelle zeta
function. The aforementioned relation together with results in [17] entails the main result of [18], the equality

Z(q) = det(1— £,) det(1+£,), qeC. (1.1)

Here “det” indicates the determinant in the sense of Fredholm, and £, denotes the meromorphic extension
to q € C of the family of nuclear of order zero endomorphisms defined by

B ni_o:l (z +1n)2‘1 h <z —+1- n)

for R(g) > 3, on the space H(D) of holomorphic functions in the disk D = {z € C : |z — 1| < 2}. The
connection (1 1) comes from the arithmetic properties of the length spectrum of PSL(2,Z)\H and the fact
that the endomorphisms L, are the transfer operators of the Gauss map, which generates a dynamical system
related to the continued fractions expansion of a real number. Combining Mayer’s equality (1.1) sharpened
by Efrat in [9] with the known positions of the zeroes of Z(q) as implied by the Selberg trace formula, one
can state the following

Theorem 1.1 ([9],[18]). Let ¢ = & + in be a complex number with & > 0 and q # 5. Then:

(i) there exists a nonzero h € H(D) such that Lqh = h if and only if q is either an even spectral parameter
of T, that is there exists an even Maass cusp form u such that Au = q(1 — q)u, or 2q is a non-trivial
zero of the Riemann zeta function, or ¢ = 1;

(ii) there exists a nonzero h € H(D) such that Lsh = —h if and only if ¢ is an odd spectral parameter of
T, that is there exists an odd Maass cusp form u such that Au = q(1 — q)u.

In the papers [15, 16] Lewis and Zagier introduced a three-term functional equation whose solutions are
in one-to-one correspondence with the Maass cusp and non-cusp forms. Using the results for the spectral
parameters of PSL(2,Z)\H and for the Maass non-cusp forms, they proved the following result.

Theorem 1.2 ([16]). There is an isomorphism between the Maass cusp forms with eigenvalue q(1 — q) and
the space of real-analytic solutions of the three-term functional equation

V@) = vt )+ @) () R (12)
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with the conditions
P(x)=0(1) as © — 07, (x) =0(1/z) as v — +oo (1.3)

Moreover, the Maass non-cusp forms, which for any given g lie in a one-dimensional space generated by the
non-holomorphic Eisenstein series E(z,q), are in one-to-one correspondence with the functions
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which, when multiplied by 1“12((12—(1%) , can be analytically continued to q € C as solutions of (1.2).

In [16] the solutions of equation (1.2) are called period functions because of an analogy, explored in the paper,
with the classical Eichler-Shimura-Manin period polynomials of the holomorphic cusp forms. Moreover, the
period functions associated to a Maass forms are divided into even and odd functions.

Putting together Theorems 1.1 and 1.2 we have the following situation for the zeroes of the Selberg zeta
function Z(q):

e if ¢ is an even spectral parameter with £ = %, then there exist a nonzero h € H(D) such that L,h = h
and an even real-analytic function ¢ (z) which satisfies (1.2) with conditions (1.3);

e if ¢ is an odd spectral parameter with £ = %, then there exist a nonzero h € H(D) such that L,h = —h
and an odd real-analytic function ¢ (z) which satisfies (1.2) with conditions (1.3);

e if 2¢ is a non-trivial zero of the Riemann zeta function, then there exist a nonzero h € H(D) such that
Lqsh = h and (1.2) has solutions given by multiples of the analytic continuation of the function 1/);;
e if ¢ = 1 then there exist a nonzero h € H(D) such that L,h = h, in fact we have h(z) = and

(1.2) has solutions given by multiples of the function ¢ (z) = L.

1
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Moreover there is an explicit relation between the eigenfunctions of the operator £, and the period functions
relative to the same ¢. Namely h(z) = ¢¥(z+1), and the same holds on D, where ¥ (z+ 1) is the holomorphic
extension of 1 to C\ (—o0,0].

The beauty of Mayer’s result lies in the displaying of the power of the theory of transfer operators for
dynamical systems, but the spectral properties of the operators £, turned out to be difficult to study, see [6]
and [1]. On the other side, Lewis and Zagier approach has the advantage of introducing a relation of Maass
forms with solutions of an equation with a finite number of terms, which might be easier to handle.

These two aspects are combined in our paper [4], where we used a family of signed transfer operators Pét
for the Farey map, a “slow” version of the Gauss map, defined for £ = R(q) > 0 by

(P 1)(2) = (Pogf)(2) £ (P1gf)(2) :=( : >2qf( ; >i< 1 )qu( : )

z+1 z+1 z+1 z+1

where 2 € B={2€C : |z— 1| < 3} and f € H(B). We studied the problem of existence of eigenfunctions
for Pqi and proved the following

Theorem 1.3 ([4]). (a) If f € H(B) satisfies P f = \f with A # 0 then f € H({R(z) > 0}) and we call
it even in the sense that I,f = f, where

@D = 21 (3) (1.5
Moreover it satisfies
Af(z) = flz+1) + (z+ 1)72f (Zjl) . R(2)>0. (1.6)



(b) If f € H(B) satisfies Py f = \f with X\ # 0 then f € H({R(z) > 0}) and we call it odd in the sense that
Z,f = —f. Moreover it satisfies (1.6).
(c) If f € H{R(z) > 0}) satisfies (1.6) for A # 0, then P,;t(f +Z,f) = Mf£I,f).
(d) If f € H(B) satisfies P} f = Af with X\ & [0,1) then there exists ¢ € L*((0,+00),t**~Le~'dt) such that
f can be written as

A= , (20— 1)
224 I'(2q)

f(z)=c¢

1 1 > -t 2g—1
where ¢,b € C, ¢(0) is finite and ¢(t) — ¢(0) = O(t) as t — 0T, and the last term is bounded as R(z) — 0.
Moreover if A # 1 then b= 0.

(e) If f € H(B) satisfies Py f = Af with X\ € [0,1) then there exists ¢ € L*((0,+00),t* e~ dt) such that
f can be written as
AF1 [
f(z)=cH5 + —= ez p(t) 2t dt, R(z) >0, (1.8)

224 224

where ¢ € C, ¢(0) is finite and ¢(t) — ¢(0) = O(t) as t — 0T, and the last term is bounded as R(z) — 0.

Using the operators Pqi we introduced a generalization of the transfer operators £,, namely the two variable
operator-valued function £, ,, formally defined as

Logw=wP1ql— w770,q)_1

We proved that as operators acting on the Banach space Hoo(D.) of functions holomorphic on D, =
{z€C : |z—1] < 2 — ¢} and bounded on D., they are nuclear of order zero for R(¢q) > 0 and w € C\(1, 00).
Moreover the function ¢ — L, ,, is analytic in R(q) > 0 for any w € C\[1, 00) and is meromorphic in R(¢q) > 0
for w = 1 with a simple pole at ¢ = % Analogously the function w — £, ,, is analytic in w € C\ [1,00)
for any ¢ with R(q) > 0. Hence we can compute the Fredholm determinants of the operators (1+ £, ,,) and
define the two-variable Selberg zeta function

Z(q,w) :=det(1l — L4.4) det(1+ Lgw)

for R(g) > 0 and w € C\ (1,00). For w = 1 the function Z(g, 1) is meromorphic in R(q) > 0 with a simple
pole at ¢ = % and coincides with the Selberg zeta function Z(q).

Finally we obtained a relation between the eigenfunctions of £, ,, and those of P;t, and therefore, thanks to
Theorem 1.3-(a,b), a relation between the solutions of the generalized three-term functional equation (1.6)
and the zeroes of the function Z(g,w). More precisely, using [4, Theorem 3.6] and [4, Corollary 3.7], and the
definition of Z(g,w), together with the spectral characterisation of the zeroes of the Selberg zeta function

given in Theorem 1.1, it follows
Theorem 1.4 ([4]). (a) Let w=1. Then:

e ¢ is an even spectral parameter with & = % if and only if there exists an even f € H(B) such that
Pif=1f, f satisfies (1.6) with A =1 (or (1.2)) and it can be written as in (1.7) with ¢ = b = 0;

if and only if there exists an odd f € H(B) such that
1.2)) and it can be written as in (1.8) with ¢ = 0;

e ¢ is an odd spectral parameter with & =
P,y f=f, [ satisfies (1.6) with A\ =1 (or

N

—~

e 2q is a non-trivial zero of the Riemann zeta function if and only if there exists an even f € H(B) such
that Pff = f, f satisfies (1.6) with X =1 (or (1.2)) and it can be written as in (1.7) with ¢ =0 and

b#0;
e q=11isa zero of Z(q,1) since f(z) = 1 satisfies Prf=+f.



(b) Let w € C\ [1,00). Then:

e q is an “even” zero of Z(q,w) if and only if there exists an even f € H(B) such that P f = %f, f
satisfies (1.6) with A\ = L and it can be written as in (1.7) with ¢ = b = 0;

w

e q is an “odd” zero of Z(q,w) if and only if there exists an odd f € H(B) such that P, f = if, f

satisfies (1.6) with A = = and it can be written as in (1.8) with ¢ = 0.

1
w
Since by Theorem 1.3-(a,b), eigenfunctions of ’P;t satisfy a three-term equation which is a generalization of
the Lewis-Zagier equation (1.2), we call the functions f of Theorem 1.4 generalized period functions (gpf)
associated to the zeroes of the zeta function Z(q,w), even and odd according to whether they correspond to
even or odd zeroes. In addition we distinguish the two classes of gpf with b = 0, which we call 0-gpf, and
b # 0, which we call b-gpf. In the w = 1 case the 0-gpf correspond to the Maass cusp forms and the b-gpf to
the non-cusp forms. On the contrary in the w # 1 case the set of b-gpf is empty.

In Section 3 we consider the general case w € C\ (1,00), so we find a series expansion as in Theorem A
also for functions u,, corresponding to 0-gpf with w # 1. However it is not clear if these functions play a
role in the spectral theory of hyperbolic surfaces. The original aim of this research was exactly to find a
characterization for general u,,, and even if we don’t achieve this result in this paper, we believe this is an
interesting problem to be studied.

Finally we would like to point out that this paper includes one possible extension of the works [16, 18].
Other directions can be found in [8, 7, 19], where the authors study the relation between period functions
and Maass wave forms for subgroups of PSL(2,7Z), and in [20, 22], where the role of the “slow” dynamics
and its advantage of introducing a transfer operator with finitely many terms is studied in relation to the
cohomological approach of [5].

2 Notations for special functions and integral transforms

We use standard notations: ,F,(a,b;c;x) for the hypergeometric function; .J,(z) for the Bessel functions
of first kind; K, (z) for the modified Bessel functions of the third kind; L% (t) for the generalized Laguerre
polynomials; T'(v) for the Gamma function; {(q) for the Riemann zeta function; P# for the Legendre functions
in the real interval (—1,1).

In the following we use the following integral transforms:

e Laplace transform

2101 = | T

Symmetric Hankel transform

Afg)(z) = / T () VEE o(t) di

Asymmetric Hankel transform

S = [ mevE) (’f) o(t) dt

0

e Borel generalized transform

A = [ e

Mellin transform



The asymmetric Hankel transform has been introduced in [15], and the Borel generalized transform in [13].
For the other transforms see [11] and [12]. For the convergence of the Hankel transforms, we recall that the
Bessel function J,, () satisfies the estimates J, (t) = O(t) as t — 0%, and J,(t) = O(t™2) as t — oo (see [10,
vol. IIJ).
We also use the notation

Xa(t) :=t* and exp,(t):=e*, acC

and write ¢ = £ + in, with € > 0 and n € R. Moreover we write f(z) = g(z) for two functions f,g which
coincides up to a non-vanishing multiplication constant possibly depending only on gq.

3 From gpf to Maass forms on the imaginary axis

To study the set of gpf, we used in [4] the integral transform 2, on the spaces of functions L?(m,) in R™
with m,(dt) = t?~te~t dt. Letting

LP(my) := {QS Rt = C : /OO lp(t)|P t2*¢~te t dt < oo}
0

61l := ( / ¢<t>|pt2“etdt) "

L'(m,) > ¢ — B,[¢] € H(B)

with the norm

it is immediate to check that

and that 2, is continuous on L'(m,) with values on H(B) with the standard topology induced by the family
of supremum norms on compact subsets of B. Moreover, since m,(0, 00) = I'(2£), one has L?(m,) C L*(m,)
for all p € [1, o0].

We also need to introduce the linear operators M and NN, defined by

M(¢)(t) = e™" ¢(t)

1
2

N@)0) = Sy slexp 60 = [ (250 (5)' et

In [4] it is proved that
L*(mg) 3 ¢ = Ny[¢] € L*(my) .

The same is clearly true also for M. Moreover in [4, Proposition 2.5], it is proved that the transfer operators
of the Farey map ’Pqi has a particularly nice behaviour with respect to the Borel generalized transform. In
particular for all ¢ € L?(m,) it holds

PE(#a b1+ 0] ) (2) = 2,[(M £ N)) (-1 4+ 0) ] ). (3.1)
Finally, putting together Theorem 2.8 and Corollary 2.10 in [4], we have

Proposition 3.1 ([4]). If f is a generalized period function associated to a zero q and to the eigenvalue
A =L, then there exist b € C and a function ¢ € L*(my) such that

1) = B, [F(’;q) o+ w] ) (3.2)

and

(M £ Ny) (F(Zq>x4+g0) )\(F(gq)X—lJrQD) ,



where the signs “+7 and “7 correspond to the case of even or odd gpf respectively. Moreover, there exists a
. . 1 .
sequence {an,q tn>0 with limsup |a, 4|= <1 such that: in the even case, for w =1

et X (=D an t"  ag et 1
£ = n.q a _ ! 3.3
A= T 2 T g + g (T ) (33)

with agq = b, and for w € C\ [1, 00),

we ™t (1) o t7
t) = . ; A4
o= > e (3.0

in the odd case, for all w € C\ (1,00), the constant b in (3.2) vanishes and the function ¢ can be written as
in (3.4).
Finally, the invariance under the involution I, defined in (1.5), implies that if b =10

Balo] = £ ZLx2g-19) (3.5)

where again the signs “+7 and “7 correspond to the case of even or odd gpf respectively.

3.1 The even case for 0-gpf

In [15] and [16] it is proved that the set of even period functions, that is even 0-gpf with w = 1, is in
one-to-one correspondence with the set of even Maass cusp forms. This correspondence is proved using the
Fourier series expansions of the even cusp forms given by

u(z +iy) = y? Z Cn,q Ky 1(2mny) cos(2mna) (3.6)
n>1

where the coefficients ¢,, , have at most polynomial growth. In particular the correspondence is given in [15]
in terms of the Laplace and Hankel transforms as

V() = 2 [y s @] (). (3.7)

Since the gpf f(z) of Proposition 3.1 coincides with ¥(z) up to a multiplication constant, using (3.2) with
b =0 and (3.5), we obtain

2 [xa oy uiy)]] (2) = LTxag101(2)

from which we obtain an integral correspondence between cusp forms and the eigenfunctions ¢ of Proposition
3.1, namely

1
2

(t) = "7, 1 [u(iy))(t) (3-8)
see [16, equation (2.27)].

Remark 3.2. We have used the notation = here and in the following to denote an equality up to a multi-
plicative constant between cusp forms and the eigenfunctions ¢. However, once this constant has been fixed
it remains the same in all the equations where = appears. The known constants have been written explicitly.
In particular, if one chooses the right constant so that (3.8) is an equality, then all the other equations where
= appears become equalities by using the same constant.

We would like to use the involution property of the Hankel transform to introduce the inverse relation of
(3.8). Unfortunately we are outside the standard functional spaces where the involution property is valid,
since for example an eigenfunction ¢ of Proposition 3.1 satisfies ¢(t) = O(e®t) as t — oo for all € > 0. Hence
we first explicitly construct the Hankel transform of the term x,—1¢.



Definition 3.3. For any q with R(q) > 0 and w € C\ (1,00), define the one-parameter family of functions
up(iy) = Hy_1lexp_g xqg-1¢)(y),  R(B) >0 (3.9)
for functions ¢ : (0,4+00) — C which make the integral converge.

Thanks to the properties of the Bessel function recalled in Section 2, the integral in (3.9) is absolutely
convergent if ¢ is as in Proposition 3.1, that is ¢ is in L?(m,), satisfies (M 4+ Ny)¢ = 1 and can be written
as in (3.3) with agy = b =0 for w = 1, and as in (3.4) for w € C\ [1,00). In fact by definition ¢ satisfies
o(t) =0(1) as t — 07 and p(t) = O(e") as t — oo for all € > 0.

Theorem 3.4. For any q with R(q) > 0 and any w € C\ (1,0), and for ¢ as in Proposition 3.1 with b =0,
the function ug(iy) can be extended for all y > 0 as an analytic function of B to a small domain containing
the origin. Moreover ug(iy) satisfies

uo(iy) = w [g(y) +g (;)] . Yy>0 (3.10)

where

(oo}

9(y) = Hy_rlexp_y Xq-1¢)(y) = ;(*1)” Gn,q M;L;W* Pﬂf% <(1+yy2>;) ;
and {an.q} is given in (3.3) with agq =0 for w =1, and in (3.4) for w € C\ [1, 00).
Proof. Let us fix y > 0. Using the functional equation (M + N,)p = %ap, we can write
ug(iy) = w A _1lexp_z Xq-1M¢|(y) +w A _1[exp_g Xq—1Nq¥](y) (3.11)

since the first integral on the right hand side is absolutely convergent. Moreover we can change the order of
integration in the second integral, that is

fe%s) _ _ o) s qfé .
Hy—3[exp_g Xq-1Na@] (y) =/ Joo 1 (ty)Viy e P 1/ J2g-1(2Vst) (;) e "p(s)ds dt =
0 0

:/ e 15 o(s) / Ty 1 (ty)VEy Jag 1 (2V'st) e 7't 2 dt ds
0 0

since again the two-variable integral is absolutely convergent under the assumption R(8) > 0. Hence,
applying [11, vol. I, eq. 8.12.(17), p. 58], we get

00 sy 737% Sq—l
Hy 1lexp_g xqlequ](y)=/0 Ts \ 7y 2 Vsye T v ————(s) ds.

®
/y2 + 52
The integral on the right hand side is absolutely convergent if
s
R(1+ >0
( y2 +52

hence the left hand side can be extended as an analytic function of S to a small domain containing the origin.
In particular we find that

1
Hyylexpy xa-1Nagl| | (0) = Ao ylexps x1 ] (y) . (3.12)

1
2

Coming back to (3.11), the first term

Hoy_ilexp_g xq71M<p](y)=/ Jy 1 (ty) iy e P e (t) dt
0

1
2



is absolutely convergent for ®(8) > —1, hence again can be extended as an analytic function of S to
R(B) > —1, satisfying

Ho-slexp_g Xg1Mel|  (y) = A ylexpy Xo-19()- (3.13)
Hence, putting together (3.13) and (3.12), we have proved that ug(iy) can be extended, as an analytic

function of g, to a small domain containing the origin for all y > 0, and

. 1
walis) = oy exp s xar l(0) 0ty x4 () (3.14)

This establishes (3.10) with g = jﬁk%[expfl Xq—1¢]. We now use the power series expansion for ¢ to

obtain the series representations for g.

First we write g(y) = G(y, 5) 5 where
=0

G(y,B) == H,_1[exp_(145) Xq—1¢](Y)

for y > 0 and R(B) > —1, the integral on the right hand side being absolutely convergent by the estimates
used to justify the convergence in (3.9). Then we use the identity

we™t 1

= —1
1—-—wet 1—we™t

in the definition of G(y, 8) to obtain

o0 S (D) an T
_ ¢ —(1+pye _ W€ ( .4 dt =
Gl) = [ I,y >t
1 [ we= A (1) g,  tntie oo > (=1)" gt
== t "4 dt— t —(+B)t L dt =
w/o Jo-s NI T— D T(n+2q) /0 oy (Ve 2 ['(n + 2q)

n=0

n=0
1 o _ > (= 1) g gt
_ o t (1+5)t n,q dt .
—ug(iy) /0 Ty (ty)vye > Tont 20)

n=0

Using [10, vol I, p. 14], it holds

Vo (1, \"es
1 < —

hence

J_1(ty) e~ (148t ynta—3 e~ (1)t yn+2q-1

=3

sup
teRT

< const.(w, q,y) sup
teRT

where const.(w, q,y) denotes a constant only depending on w, ¢ and y. Since

n+2g—1 n+2R(q)—1

R(1+5)

sup —(1+8)t tn+2q—1‘ < e 2R(9)+1

teRT

€

we find

a. _ _
n,q e (1+,6’)ttn+2q 1

" 1
< -
T(n + 29) ) < <1, for R(B) >0

R(L+5)

. 1 .
where we also used that limsup,, |an, 4|7 < 1. Hence we can write

limsup | sup
n—o0 teR+

oo

1 1),
G0 8) = 7 unlin) ~ Y- Tl Ay [ex0 sy o] ()0 Tor R(E) 0.
n=0

10



Using now the proved analytic extension for ug, we can write for the second term on the right hand side

L) - G0 =g (1) (3.15)

Y

o~ ()" an
z:: T anq Ay [exP_1 Xniq1] () =

Moreover, using [11, vol. II, eq. 8.6.(6), p. 29], we obtain

and the proof is complete. O
We have thus proved the validity of the following expansion for y € (0, o)
1L p—ats 1 ntqp—9ts y
Y Py <<1+y2>5> AR iy

uo(iy) =w Y (~1)"an, — . (3.16)
g ! (1+y2)5+8ed

Moreover, letting y = tand with ¥ € (0, §) in (3.16), we get
uo(iy) = w (sind cos )7 3 (~1)" @y [(cos 9)TIEP T (cosd) + (sing) "t E P (smﬂ)} ,
2 2
n=0
(3.17)
and from the integral representation valid for £ > 0 (see [10, vol. I, eq. (27), p. 159])

proth ﬁ)_ﬁ(sinﬁ)*“% /’9 ( cos(ntq)t) .
0

cos) =
ntq—3 vV T(q) cost —cos )4

g+l
and the similar one for P q+_2 1 (sin?), we see that the convergence in (3.17) is uniform on any compact

interval contained in (0
n (0, c0).

Corollary 3.5. Letting w = 1 and {a,q} as in (3.3) with ap,q = 0, the function ug(iy) in (3.16) is the
restriction to the imaginary axis of an even Maass cusp form.

, 2) Hence the convergence in (3.16) is uniform on any compact interval contained

Proof. Tt follows from the fundamental theorem of Maass (see [24, Theorem 2, p. 234] and [15, Proposition
2.1]) that even Maass cusp forms are uniquely determined as functions with restriction on the imaginary
axis of the form (3.6) for x = 0 and coefficients {c,, 4} which make the series (3.6) satisfy u(iy) = u(z%)

By definition we have that the function ug(iy) in (3.10) corresponds to an eigenfunction ¢ of the onerator
M + N, as explained in Proposition 3.1, and by (3.8) and the involution property of the Hankel transform,
it admits a Fourier expansion as in (3.6). Moreover by the properties of ug(iy) found in Theorem 3.4 it also
satisfies ug(iy) = uo(i ) Hence the proof is finished. O

Remark 3.6. A consequence of this result is that Maass Theorem can be reformulated by saying that even

Maass cusp forms are uniquely determined as functions with restriction on the imaginary axis of the form
. . . . 1 . .

(3.16) and coefficients {a, 4} which satify limsup,, |a, ¢/ < 1 and the identity

_1)n
Z Apq 2" Z (nq ((z -1H" - (25_1))2q+n) (3.18)

n=1

for all z where the series converge. This identity follows from Proposition 3.1 and [4].

As far as numerical computations are concerned, we also remark that (3.18) has been reduced in [2, 3] to
a linear algebra identity for infinite matrices in the case ¢ real. The same can be done for general complex
values of ¢ with positive real part (unpublished notes).

11



3.2 The even case for b-gpf

We now extend Theorem 3.4 to the case of even b-gpf, which do exist only for w = 1. We recall that
non-cuspidal Maass forms of eigenvalue A form a one-dimensional subspace which is spanned by the non-
holomorphic Eisenstein series defined for £ > 1 as

E(z,q) = C(2) y* <1+| |2q) +2 ) (M)q, 2=z 4y, (3.19)

c,d>1

and extended to C as a meromorphic function with a simple pole at ¢ = 1 with residue the constant function
5, by the Fourier series expansions

W% F(q_ %) 1—q 1 ~
22 - D)y T Y2 Y g K,

I'(q) 2 (2mny) cos(2mnz) (3.20)

E(z +1iy,q) = ((2¢) y? +

1
2

where

47Tq 1
Cng = ——mnz2 1 d?a—t,
“ T(g) %

Notice that the extension of E(z + iy,q) to C has no pole at ¢ = % since the contribution from the term

£

((2q) is cancelled by the contribution of the term containing I'(¢ — 5). Moreover it is proved in [6] and [16]
(see the proof of equation (2.30) and page 243) that the function ;" defined in (1.4) for £ > 1, which is an
eigenfunction of 73; with eigenvalue A = 1, satisfies

)= 0

2-4-
1+2729) + )

ror D e B0 ) (3:21)

N NI=

where

E(iy,q) =2 §:<éw_+ﬁ>q. (3.22)

c,d>1

It is shown in [16] that the function F(q 1 w+ can be analytically continued to C, we give here a proof of
this fact for {£ > 0} using the %, transform

Theorem 3.7. The equation

¢(2q) 6o(t) "ay
I;ZJJ(Z) = %q l 92 t2q 1 et Z ’I’L—I—Qqq (Z) (323)
where!
a0,q = C(2q - 1)
tna = (-1 S (G044 S () Bg@g-149) . a1

defines a meromorphic extension of ’(/J;—(Z) to {& > 0} with simple pole at ¢ =1 and residue the function %,
which is the density of the invariant measure of the Farey map, up to a multiplicative constant.

Proof. We first show that expression (3.23) coincides with the definition (1.4) of the function w; for £ > 1.
Then we show the meromorphic extension of (3.23) to the half-plane {£ > 0}.
We first use [4, Remark 2.6] and in particular

2, [C(;g) 5o(t)] (2) = $CD 2 (3.24)

291 2

Here by 69 we denote the Dirac delta function at 0, and we use its definition when it is used as argument of an integral
transform.

12



to obtain the second term on the right hand side of (1.4). The first term is obtained by

¢(29) ((29) _ €(29) et "
5 % [2 F(2q)] (2) = %, [2 T(2¢) 1—e ! 2 n"| (2). (3.25)

n=1

For the other terms we argue as follows

1 1 1 1 1 ot (1)
5 e e S o)

maz1 12 (5 )

m,n>1 m,n>1
1 1 oy, 1 e 1 1 e w
= Ieg > B ()= 2, wen) Y. o | =4 on) dom | @
m,n>1 m,n>1 n>1
Since £ > 1, we can write
1 e —t 1 et—1 —t 1 'S
Z n24 1 ) —t = 1 - et Z n2a el 1 = 1ieft ﬁ (ei)J =
n>1 e n>1 er — n>1 §=0
e 1 gk t et th
T et g T Z Z Z n2atk | Bl T 1 — et ZA’W k!
n>1 E>0 \n>2 j=1 E>0
with 1
n—
Ao,q =<¢(29) + e = (20-1)
n>2

and in general

where Si(n—1) = Z] 1 ! j*. Notice that Sy (n— 1) < nk*1, thus for € > 1 the sum defining Ay, , is convergent
and [Ay,q| < (2§ — 1) for all k > 1. Hence the series ;- Ak, k—k, converges for ¢t € R and

> ;zc%’q LLZZAM& (2). (3.26)
oy (mz +n)2a I'(2q) 1—et = 4L
Moreover, we recall that
1 Mokt ,
Si(n) = m k1 + ; ( ) pkt1—i
where B; are the Bernoulli numbers. Hence for £ > 1 and k > 1
ag =y Slont g S e AL (- -1) - (cen -1) =

n>2 n>2

S S CCRIE R TR RIS o) (G PYC TN

1 G(k+1 , 1 G (k1 ,
:k+1§( i )Bi(“?q—l“)‘l):,m;( ; )Bi<<2q—1+z>,



using the identity Y. (”'H) B; = 0. These expressions for Ay , are holomorphic in {€ > 0} for all k > 0

K2

except for simple poles at ¢ = % and ¢ = 1. Moreover, using

1 1
Sk(n) — Pl nk+t §nk < constk*nF1, k>1 (3.27)

which is proved in the Appendix A, we have that

Si(n) — Lkl 1k nk—1
Z ( ) k;;q_,'_k 2 S const :ZC2 Z W = const kQ <(2§ + 1)
n>2 n>2

for all ¢ in {€ > 0}, hence |Ag 4| = O(k?) for all ¢ in {¢ > 0}. This implies that (3.26) is valid for £ > 0, and
putting together (3.24), (3.25) and (3.26), we get for £ > 0

oo

2) 0o (t e—t -1 ”an,q t"
¢;(z) = ‘%)q [<(2Q) t20q(*)1 + 1—et nz:% (F(7)7'+ 2(]) ] (Z)

where
ag,q = C(2q - 1)
n I'(n
an,qg = (_1) n(' F_‘(—22;I)) (% + An,q) ) n>1

which are holomorphic except for a simple pole at ¢ = 1.
There is also a pole at ¢ = % in the coefficient @ of the first term in the argument of the %, transform.

However, when applying the %,, we obtain that w;r can be written as in (1.7) with ¢ = @ and b = ((2¢g—1),
so the first two terms are given by

(2¢) 1 ¢(2¢-1I(2¢—1)1
2 2% I'(29) z

so that there is no pole at ¢ = %, as it happens for the Eisenstein series in (3.20).
Finally we can compute the residue for 1/1&* at ¢ = 1 using (3.23). The only contributing terms are those

71 n
(2) and

containing ¢(2¢ — 1), which has residue 1. Hence Resq—1(an,q) =

oo

¢(29) do(t) et (1) a4 t" e tn
Res‘l‘ll 2 t2qfl+1fe*t; T(n+2g) | 1-e t,;)?F(nﬂL?)

which gives
—t oo

+y — € r
ReSq:1(¢q ) - %1 ll _ e*t 'r;) QF(TL + 2)

This concludes the proof. O]

By Theorem C-(a), the function 1/);‘ satisfies the equation Iqw;‘ = w;‘ , as is easily verified using the definition
(1.4). Then, using (3.26) and (3.21) it follows that the function

5(t) ._Li ZA i (3.28)
L RO I —— e ‘
satisfies )
. L 20
P17l = Lxar-19) = 513 2 [xa Ay (B0
2



from which we get the analogue of (3.8)

9-a-
L(g+3)

for (iy, q) defined in (3.22). From this we get an analytic continuation of E(iy, q) different from the Fourier
series expansion (3.20).

(1) = #1791 [Eiy, @))(1), (3.29)

o] ol

Theorem 3.8. The function U(iy) defined by

U(iy) :==((2q) (yq + y’q) —2¢(29) (ﬁzﬂ)q +

oo y? pits < L) 4 ynta P_q+%1 y (3.30)
1 1 nta-g \ (1442)2 ntams \ (1492)2
203 T )= b,

n=0
with

. Tn+2 " /n+1 ,
bnq = (1) M;( ; )Bz‘C@fJ—l—H),

gives an analytic continuation of the Fisenstein series E(iy,q) in (3.19) to ¢ € C with a simple pole at ¢ = 1

with residue the constant function .

Proof. Writing the Eisenstein series E(iy, q) as in (3.19)

E(iy,q) = ((2q) (yq - y‘q) + E(iy,q),

we proceed as in Theorem 3.4 to invert the relation (3.29).
The proof follows the same lines as that of Theorem 3.4 with some modifications. The first is that the
function ¢ satisfies the functional equation

et (3.31)

This follows by applying P, to ¢} (z) = % (14 2729) + B,[¢](2). Indeed ¢ is of the right form to apply
(3.1), hence

66 = et =P (BL )+ o (o) -

= = (142729 +¢(29) (14 2) 7% 4+ B, [(M + Np)@))(2) .

Using

we obtain (3.31).
Letting now

we get from (3.31)

atin) =241 (a5 ) (Homylewps xgma OF 4 MR + L5y sfexp s 0o



For the first term on the right hand side, for & > % we can repeat the arguments of the proof of Theorem
3.4 leading to (3.14), to get

(1
Hy_rlexp_g Xq—1 (M + No)@l| ,_o(y) = H_ 1 lexp_y Xq-1 () + H_1[exp_y Xg-1 ] (y) ;
whereas the second term is absolutely convergent for 8 = 0, thus we simply have

Hy_ilexp_p_y Xg-1]|5_o(y) = H_slexp_y xg-1](y) -

Hence we obtain the continuation of UB to a neighborhood of 8 = 0, and define U (iy) := Uy(iy) by

Uliy) = 2072 T (Q+ ;) (%ﬁé[exp 1 Xg—1 Pl(W)+75_1lexp_y Xq-1 ¢ <;>+1€((22(‘7q))%;[exp1 xqfl](y)) :
(3.32)

To finish the proof, we use (3.28) to write ¢ as

5(t)
a( 1—e—tZ n—|—2q

with b, ; = (—=1)" 1;(!7;{22;;)) A, 4, hence

{ bo,g =C(2¢—1)

b = (—1)" G2l S (") BiC(2g—1+1), n>1

Then we define as in the proof of Theorem 3.4 the function g(y) = G(y, B) p with

G(y, B) = H;_1[exp_(145) Xq—1 P)()

and repeat the same argument used in the proof of Theorem 3.4 to prove (3.15), to show that

©  \n bn g
> Al e s v ] 0=

924~

I'(qg+

) Uliy) — G(y,0) =g (;) + R(y),

N NI

n=0

with R(y) := 1€((§?1)) Hq—_1exp_y xq-1](y). The above equation can be used to obtain an expression for g (%)

and the analogous for §(y), that when substituted in (3.32) finally give

27073 A (—1)" by (1) by 1\ (1
ﬁ Uliy) = ;m %qu% [exp71 Xn+q—1} (y)"‘z T o %7% [exp71 Xn+q—1] (y) R (y) .

The last step of the proof consists of the calculations of the Hankel transforms. The first one is the same as
in Theorem 3.4, that is

(e%e] o] 1
nq _ \n Y2 —q+3 1
; R Aoy [ep s o] W)= 3 " b T Pl <(1+y2);),

and the second one is




where we have used [11, vol. II, eq. 8.6.(5), p. 29] and F(2q) = 77222710 (¢) T(q + ).

In the proof of Theorem 3.7 we proved that |4, 4| = O(n ) hence arguing as in (3.17), we obtain that the
expansion (3.30) is well defined for all ¢ € C, except ¢ = = and g = 1, and for all y > 0. Moreover it is
uniformly convergent in y on any compact interval contalned in (0, 00).

We now first show that the expression (3.30) has no pole at ¢ = % It is enough to show that the term
multiplying ((2¢) vanishes at ¢ = 3, indeed
1 1 n+
1 [e%s} y2Pn<(1+2)%>+y 2P <(1+2)2>
. 1 _1 Yy Yy
lim (2¢—-1)U(ly) =y2 +y 2 —2 —~
Hf(q YUiy) =92 +y (1+y> Z:: 119257

where P, are the Legendre polynomials. Using equation (see [21, eq. 18.12.11, p. 449])

ZP =(1-2aB8+ B2

n=0

for o € (0,1) and |5| < 1, we obtain

NI

1 1 n+i y
00y2pn( )+y 2Pn( 1) 3 2y1
2 2 1 1
3 (v?) (ty?)? :< Y > <( YR L1y _2> ,

Ly?)EiE Ty

—~

n=1

hence
lim (2¢ —1)U(iy) = 0.

a—3
At g = 1, the expression (3.30) has instead a pole with a residue that can be computed using Resg=1(b, 4) =

(;;)L Letting y = tand as above we find

Resq=1(U)(iy) = 2: T <z> (sin® cos ) 2 Z [ (cos ) nts p jl (cos¥) + (Smﬂ)”*z P 22 (sinﬁ)]

n=0

Using [21, eq. 14.5.12, p. 359] we get

1 —1 1 2?2
. 3 n+1 3 _ “ n+l _;
(sin)z (cos ) Pn+% (cos ) = e < > (cos )" sin ((n + 1)9)

Hence

n=0

(5 o (e (o)) < () e (205 < (2) e

- 1 00 . n+1
K P _(2)? 1 1 + exp(2i09) -
g (sind)? (cos¥) Pnj% (cos¥) = <ﬂ_) S (Z n+1 ( 2 B

recalling that y = tanv. Hence finally

(3 (2)? N
Resg=1(U)(iy) =2 F(2> <7r> (arctany—i—arctan;) =5

recalling I'(3) = %71'%. O
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3.3 The odd case for 0-gpf

Here we are going to repeat the approach of Section 3.1 for odd period functions, which in the case w =1
are in one-to-one correspondence with the set of odd Maass cusp forms, as shown in [16]. Also in this case
it is fundamental to use the Fourier series expansion for the odd cusp forms given by

w(z + iy) = y? z Cnyq Kq_1(2mny) sin(2mna) , (3.33)

n>1

with ¢, 4 having at most a polynomial growth. The integral correspondence between even cusp forms and
even period functions proved in [15] is extended to the odd case in [16, Section II.1]. We can formally proceed
as for (3.7) by applying [15, Proposition 4.3] to get?

V) =2 2 [y ly i) ),

where u, = Zu, and find by (3.5) that

S [yl i)] () = 2 o] (2)

for a function ¢ € L?(m,) satisfying (M — N,)¢ = ¢, with expansion as in (3.3) with ag , = 0. From this we
obtain the analogous of (3.8) and [16, equation (2.27)] for odd Maass cusp forms. By [11, vol. I, eq. 4.1.(9),
p. 130, and vol. I, eq. 8.1.(6), p. 5] we finally have?

p(t) = ¢ / P A s [y (iy)|(r) dr = 170 s ua(i9))(2) (3.34)

Notice that the Hankel transform in (3.34) is absolutely convergent for £ > 0 thanks to the rapid decay
properties of Maass forms.

We now make use of the involution property of the Hankel transform as in Section 3.1 and repeat the proof
of Proposition 3.4. We first define the “modified” inverse of (3.34)

Definition 3.9. For any q with R(q) > 0 and w € C\ (1,00), define the one-parameter family of functions
vp(iy) = H_slexp_p Xq@l(y),  R(B) >0 (3.35)
for functions ¢ : (0,+00) — C which make the integral converge.

Then we show that if ¢ is an eigenfunction of (M — N,) then we can put 8 =0 in (3.35).

Theorem 3.10. For any g with R(q) > 0, any w € C\ (1,00), and any ¢ as in Proposition 3.1 with ag, = 0,
the function vg(iy) can be extended for all y > 0 as an analytic function of B to a small domain containing
the origin. Moreover vy(iy) satisfies

vo(iy) = w {g(y) - %g (;)} ., Yy>0 (3.36)

oo

n+q—2 1
_ o _1\n o y 7q+§ y
9(y) = H_slexp_1 X @) (y) = D (1) (n+2g—1)an-14 (At )5 51 P ey <<1+y2);> :

n=1

and {an.q} is given in (3.4) with ag 4 = 0.

2Proposition 4.3 in [15] can be applied only for & > %
3See Remark 3.2.
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Proof. Let us fix y > 0. Using the functional equation (M — Ny)p = %ap, we can write

vg(iy) = w Ay _1lexp_g xgMe|(y) —w A, _1lexp_g xgNel(y) (3.37)

since the first integral on the right hand side is absolutely convergent. Moreover we can change the order of
integration in the second integral, that is

1
2

(ty) vy et /OO Jag—1(2V/st) (;)qi% e p(s)ds dt =

K lexp_s xaNgly) = / g, 0

(oo} oo
N / e 5175 (s) / Ty 1 (ty)Vty Jog1(2V/st) e t2dt ds
0 0

since again the two-variable integral is absolutely convergent. Now we use [11, vol. I, eq. 4.1.(6), p. 129,
and eq. 4.14.(38), p. 186] to write

/0 Jq—%(ty)\/@J2q—1(2\/§)e_ﬁtt%dt=—\/?7*/0 Jy-

[SE

_ d *2575,2 2 2\—1 sy
ff\/gj@[e +6Z (y* 4 B7) Jo-1 <y2+62>}’

and consequently

d

B
Computing all the terms in the previous derivative, we see as in the proof of Theorem 3.4 that all the addends
of the integral are absolutely convergent for

éR(l—l—nyﬂZ) > 0.

Hence we can again set 8 = 0 and it turns out that there is only one non-vanishing term, so

] __sB _ 1 S
Aoyl xaNagl) == [ e s mota) i g [ 0 07y (5 ) o
0

_ L

1
Hy_ilexp_g quqw]‘ W) = = H4_1[xaMy)] (;,) :

=0 y
So we argue as in Theorem 3.4 and from (3.37) we get (3.36) with
9(y) = Ay 1lexp_y Xql(y) -

The proof is finished as in Theorem 3.4 since we can write g = 7, _1 [exp_; Xq—1¢] with @(t) = te(t). Hence

we Tt = (=1)" a7
~ t _ n »q
a(t) 1—we™t Z I'(n+2¢—1)

n=1
and at the end we get

11\ ¢ _ y? g+l 1
-—gl—)= E D" 'n+2¢-Vap 14— P 2 [ —F ).
y2 9 (y) (1) (n+2¢—1)an-14 (1 +y2)g+g+% ntq—3 (1 +y2)%

n=1
This finishes the proof. O
As in the even case, one can show that the expansion for vy (iy) obtained in Theorem 3.10 is uniformly

convergent on any compact interval of (0, 00). Moreover we have the following
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Corollary 3.11. Letting w = 1, the function vo(iy) in (3.36) is the restriction to the imaginary axis of the
z-derivative of an odd Maass cusp form.

Proof. Tt follows from the fundamental theorem of Maass (see [24, Theorem 2 and Exercise 6, p. 234]) that
odd Maass cusp forms are uniquely determined by their restriction on the imaginary axis, and correspond

to coefficients {c, 4} which make the series (3.33) satisfy u,(iy) = —y* u, (zi)

By definition we have that the function vo(iy) in (3.36) satisfies vo(iy) = —y? vo(z%). Then the proof is
finished by using (4.8) and [16, Chap. II, Section 3], to show that (3.34) is a bijection between odd Maass
cusp forms and the eigenfunctions of M — N, as in Proposition 3.1. O

4 From gpf to Fourier coefficients of Maass forms

We now use equations (3.8), (3.29) and (3.34), to obtain relations between the coefficients of the power series
expansions of the eigenfunctions ¢ introduced in Proposition 3.1, and the Fourier coeflicients of the Maass
forms. In the case of the non-holomorphic Eisenstein series, this approach brings interesting results for the
divisor function o, (n). The results are summarized in Theorem B in the Introduction.

The main equality we need is the symmetric Hankel transform of the Bessel functions K, which is given in
[11, vol. II, eq. 8.13.(2), p. 63], namely

s

H, [y K,,(ay)} (=a g0, R@)>0,R)> -1, (4.1)

4.1 Maass cusp forms

Let u(x 4 iy) be an even Maass cusp form, we can then use its Fourier series expansion

u(z +iy) = y? Z Cng Kq_%(Zﬂny) cos(2mnx)
n>1

in
ot = 10 Tuliy))(t)
from which using term-by-term (4.1) with a = 27n and v = ¢ — 1, one obtains (see [16, equation (2.28)])
) 1 t = (—1)k 3
t) = Ty, = 7Lu< 2k 7) 2kl 4.2
#(0) ;" it T 2m)? I;(zwym QT (4.2)

where L, (p) is the Dirichlet L-series associated to u, namely

Ly(p) := Z Cngn . (4.3)

n>1

This shows that ¢ is an odd function, and gives a relation between the coefficients {ay 4} in

et S (—1an
o(t) Z( D)k !

AT
1—et = T(k+2q)
and {c, 4}. Indeed, recalling that
e—t ti—l
1—et Z Bi il
i>0
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where {B;} are the Bernoulli numbers, we find*

j Biti1aj4 - ((;?% L, (q +n+ %) , if nis odd m
>, D | (4.4)
@+ DT+ 2q) 0

i>—1,7>1,i+j=n if n is even

The equality (4.2) can be further used to find an even more direct expression for the ¢, 4 in terms of the
{an,q}. Following a suggestion first given in [15] (see also [16]), let us introduce the interpolating function
gq, defined as

> ag qtk s B qtk
t — ) = 2 45
9a(1) Zf(k+2q) D (45)
k=1 k=1
where we have set
k!
5k,q =

T(k + 2¢) ™

One readily sees that g, is entire of exponential type and, moreover, we find

e k k
=y E Pl oy

k=1

Now, since (the meromorphic continuation of) ¢ is odd, we have g4(t) = (1 — e ")¢p(t). We thus see that
gq satisfies the functional equation g,(—t) = e'g,(¢). The name of the function g, comes from the following
fact: taking the limit ¢ — +2min in (4.5), using the first identity of (4.2) and observing that

tet—1) t(et —1) 1

tostamin £2 1 (270)2  t2min (£ 1 2min)(t — 2min) | 2

we obtain the following formula for the Fourier coefficients of u:
Cng =209 2 g (£2min) , n>1 (4.6)

In order to better understand the consequences of this formula we have to study the behavior of the entire
function g, on the imaginary axis. For the moment we just put the above formula in a more explicit form,
using (4.5) and (4.6),

—2nq_’zﬁkq £2rin)" , n>1
The symmetry with respect to the change of sign yields

> (62’““‘1 @rin)* Tt =0 , vn>1

|
= 2k +1)!
so that we can finally write
N e (—1)k52k,q 2% e (_1)ka2k,q 2k
Cn,q = 2nd2 Z W(2ﬂ'n) =2n9 2 Z m(Qﬂ'n) 3 n 2 1 (47)

k=1

and finish the proof of Theorem B for even Maass cusp forms.
Finally, we remark that the functional equation g,(—t) = e'g,(t) gives

oo

S0 =3 (3 ey ) ¢

=1

4See Remark 3.2.
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and therefore .

Z (;) B&q = (71)kﬂk,q ’ k>1

=1

which (for k even) is akin to the recursive property of the Bernoulli numbers.

In the odd case, everything works similarly. Using (3.33) and integrating term-by-term we get the analogous
of (4.2), namely

t) =t Z Neng jﬁ]_% [X% (y) Kq_% (2ﬂ'ny)} (t)
n>1

(4.8)

= Y nide,, ((t)12+1 _ 1) YL, (q+ %) -y ((273))2]; L, (q+2k + %) 12k

n>1 2mn k=0

where in the second line we have used [11, vol. II, eq. 8.13.(2), p. 63], the definition of the L-series L, in
(4.3) and their analytic extensions. It follows that ¢ is an even function and the analogous of (4.4) and (4.7)
are immediate.

4.2 Non-holomorphic Eisenstein series

Analogous computations can be performed starting from (3.29) and applying (4.1) term-by-term. In this
case however the coefficients are known, hence we obtain explicit equalities. Letting

5(t) == Lt ZA i

P T Pagy et — 1 kg
k>0

with

1 k+1
_ _ >
Apg ,Hl;( . >B<(2q 14+i), k>0,

where B; are the Bernoulli numbers, we first rewrite it with

B C(2¢—1)  (¢(2q) 1 k+1
0= Apg — e e _k+1§< . )Bg(zq—1+z) k>2,

from which we obtain

_(Re-11  ((29) 11 R
T T2 t 202 T2 -1 > A,

Then writing

l 1 1
E(iy,q) = 2) C2g— 1)y~ — ((2q) 5~ + oyt > n2 9oy 4 (n) K,

where o4 (n) 1= 3_;,, d* is the divisor function, equality (3.29) gives

((2¢—-1) 1 ¢(29) 1-2¢ t
(2q) t 20(29) * I'(29) n%:l n oz (n) 2 + (27n)2’

o(t) =

where we have used [11, vol. II, eq. 8.5.(7), p. 22], (4.1) and the equality 2'~2¢ 73 I'(2¢) = I'(¢) (¢ + 1),
hence

1-2 2k+1
f2zn T o2g-1( )tQ @mn)? 2};) 47r2 k+1 (2q+2k+1)t (4.9)

k>2 n>1
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where now L, (p) is the Dirichlet L-series

= Z qu,l(n)n L

n>1

Arguing as above, from (4.9) we obtain the analogous of (4.4) and (4.7)

n—1

Z B Aj, _ Ch L, (2q + n) , if nis odd (4.10)
i>—1,j>1,i+j=n (i + 1) 5! 0, if n is even
and
o9¢-1(n) = = p2a! Z A%’q (2mn)?* Vn>1. (4.11)

for all ¢ with ¢ > 0. The convergence on the right hand side of (4.11) is absolutely since |4 ,| <
const k2 ((2¢ + 1), as we prove in Theorem 3.7. This finishes the proof of Theorem B.

O'Qq 1 (n)

From (4.11) we can obtain a new formulation also for the partial sums of

N
2 : n2k —
n=1

where B,,(z) are the Bernoulli polynomials, we get

N o] 2k
02q— 1 27T‘ A2k7q ( )
B N)— B .
R

. Using

1
1 (Bak+1(N) — Bogt1)

Notice that the function

> 271' 2k A2k7q
]; 2k 1) (BQkH(iC) - sz+1>

is uniformly convergent on any compact interval of the real line.

Remark 4.1. Equation (4.10) is equivalent to the formulas ¢(2k) = (—1)*+! %2;))!% and L,(2¢+2k+1) =
C(2qg+ 2k +1) ¢(2k + 2), with k& > 0. In particular assuming one of the two formulas and (4.10), one obtains

the other formula.
Remark 4.2. By using the expansion

5219 (f) 2k+1 €2k+1 1 £2k 1 1

Agpg = _ 2
2k ; (2a+2k %1 2

for $(q) > 1 one can change the order of summation in (4.11), and use the expression ¢, (n) = Z(i m=1,i<r COS (2min)
for the Ramanujan’s sums to write B

02q—1 :i (—l)kAgk,q (27T’I’L)2k:T + T +Ts + Ty + T
20 1 (2h)! P TS

where

1 (2k+1 (71)k 7 sint — ¢+
2:: 2k +1 Z 2042k | (2k)! (2mn)** = *<<(2q —b- 1) t

=¢(2¢—-1)—-1

t=2mn
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=0

t=2mn

00 2k _1\k
=Y 1 ¢ ( 1). (2mn)?* = —%(C(Qq) - 1) (cost — 1)

=1 (—1) int —t
T4:—Z ( ) (27Tn)2k:—81nt

_ ce(n)
= —((20-1)+¢20) D 5
>1
where in the last equality we have used Dirichlet multiplication to write _,, c¢;(n) = (c(n) * u)(¢), where

u(k) =1 for all k£ > 1. We have thus obtained Ramanujan’s expansion for the divisor function for f(g) > 1
(see [23]), namely

O2g-1 _ Z (=1)* Aarg (2mn)? = ((2q) ol

n2a—1 (2k)! 29 7
k=1 £>1
We remark that Ramanujan expansion is known to hold only for R(q) > %, where the Dirichlet series is
absolutely convergent, for ¢ = % where the convergence of the Dirichlet series is equivalent to the Prime
Number Theorem, and can be extended to R(q) € (i, %] assuming Riemann Hypothesis. On the other hand,
expansion (4.11) holds for $(q) > 0.

5 Power series expansions for Maass forms on the imaginary axis

Equations (3.16) and (3.30) provide series expansions for Maass forms in terms of the Legendre functions P~.
Moreover, in the case of non-cusp forms we have explicit expressions for the coeflicients b,, ; of the series. We
now use properties of the Legendre functions to obtain different expansions in terms of rational functions.

The functions involved are P# with v = n + ¢ — % and y = —q + %, so that u + v = n is an integer.

Consequently, using [21, eq. 14.3.11, p. 354], we get

(1% g (=37, (<5, 5+ 5 89, if n is even

,qJ’,l .
PnJ’,qj % (t) -

n— - +l -5
()T P e - ) R, (gt s g 32), s odd

where ,F, is the scaled hypergeometric function. Moreover, since the first variable of ,F, is in both case a
non-positive integer, then the hypergeometric function is a polynomial in #2, more precisely for k € N and
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c#0,—1,—-2,..., it holds

- T(b+3j) o
2F1(_ka b; C§t JZ: ( )Wtz .

It follows that for the terms in (3.16) and (3.30), we get
1 5—q+3 1 n+q q+3 y
 Pnreny <<1+y2>5> YT Pty (<1+y2>5> _
(1+y?)5+i+s

n  279tIp(nil 7 n/2 P2y D(a4ats) 14y"t2 P
(=1)= F("T“+q)r(2g+q) (1fy2) 2550 (=1) ( J ) FQ(%Jrj) (1+52)%+J‘ ’ if n is even

(L1)2t 2 (rir)" g2 (myp (o pr2) Dametd) Ll iy i odd

D2 4+q)D(2+q) \ 1497 J T(3+7) (1+y2)";rl+j ’

(5.1)
Notice that each term of the finite sums is invariant with respect to the transformation y —

We now substitute (5.1) into (3.16) and (3.30) and get, with «, 4 being equal to a, 4 and b, , respectively,

15-g+3 1 n+q at+s Y
i ( l)na Y2 Pn+qf% ((1+y2)%> +y Pn+q7l (1+y2)% B
- n,q -

n=0 (1 +y )7 %+%
k _ _
=3 oy (1 ) ( )q 2 ( ) D(k+q+j) L4y
k=0 F(kaﬂ +)T(k+q) \1+y?) = L(3+7) (1+y?)kt

o 9-a+3T(2htl 4 1) v \? & R\ T(h+q+j+1) 1+ y20t1td)
+Z (—1) agpt1,q (—1)h Tih 2 il (1 2) Z (—1) < ) T(3 1 1 2\h 14
— (h+1+q T + ) \1+y*) = j (3+73)  (1+¢?)

where we have split the sum in one with even indices and one Wlth odd indices. At this point we can group

together all the coefficients multiplying terms of the form 2) and get

(1+
15—q+3 1 ntqp—9dts y
e’} P 2 T 7p 2 T [e’e] X
Z 1y Y2 ntq—3 <(1+y2)2> +y ntq—3% ((1+y2)2 2—q+l ( )q Z 14+ y25
- ani n q = 2 7787 75
o / (1+y2)s+ets l+y?) = T(1+y?)
where the coefficients 1, 4, are a given by a finite sum. In particular
Zf:o Msti,q Vs+i,q 55+i7§—LH—Tlqu , S even
Ns,q = s (52)
2lim0 Cstig Vsting Ostissi_|i],q0 S0dd
with 2k+1 2k+1
V2k,q = F( 2+ ) and Vok+1,q = F( 2+ + 1)
»q F(2k2+1 +q) F(k—l— q> g F(2k2+1 +q) F(k’ +q+ 1)
K\ L(k+g+)) F\T(k+q+j+1)
O2k,j,q = ( ) — g and g =|.) =3
P\ TG +9) TG TG )
. . n n!T(2 .
Introducing the notation 8, 4 := (—1) F(nJ(r2‘fJ)) Qg in (5.2) we get
I'(s+q) - o (s)
sq = (—1)°2° ——————— —1)'27" Betiq | . )- 5.3
n sq ( ) S'F(q 4 %)F(q) P ( ) B +i,9 i ( )

We have thus proved
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Proposition 5.1. An even Maass cusp form with eigevalue (1 —q), can be formally written when restricted
to the imaginary azis as

q 2s
_ el Yy s I+y
i) =2+ (2 ) S e
s=0

with 1s.q as in (5.3) and Bq = (—1)" "('5_5(_22?) Un,q, where {an q} is given in (3.3).

When writing the same expansion for the non-cusp forms U (iy) as in (3.30), we can use the explicit
expression for the coefficient {b,, 4}, which are defined in terms of the {A,, 4} of Theorem 3.7. We first get

‘ B a = . T(s L[5\ (—1)" A, i,q 14y
Uliy) = ¢(2a) (v + q)+2<1fy2) [5(2‘1) *;}2 m (z; <z> ( )zi : ) (11;/2)8
(5.4)

then recalling

Ang=—7 > ("“) BeC(2g—1+10),

£=0

we obtain for s > 1

3, () gt -5 Smaen- o0 (M) () i -

=0 i=0 ¢=0

5 (51 O i) men o

2s s i )
s+i+1 s (_1)z
! ( )()) By((2~1+1)
=s+1 (i—e_s ¢ i) 20 (s+i+1)
Moreover for ¢ > 2

> (N Orertm =i () (Ot (5) -

=0 i=

1/ s N 1/ s 72 D(s+2—1)
=- F (- 1 20 =) =-
€<€_1)2 1( s, s+ 18+ ;2) €<5_1) 25+1*ZF(1—§)F(5+%)

where in the last equality we have used [21, eq. 15.4.30, p. 387]. Notice that the last expression vanishes for
¢ even because of the poles of the term T'(1 — g), and since By = 0 for £ > 2 and odd, we obtain

S (S (1) () miig) me 100

£=0 =0

= Boc- ) () s o X (0) 55 = s g er= 1) - g C20)

=0

Similarly, letting k = ¢ — s > 1, we have

,ZS: (s jﬂ; 1) @ 2 (s( fi); - 2’@(1_(?1 ) (k - 1) - ((sl>+ l:)Q(EHkkjl)) (k> F(’“‘I})kfj:j*)’z?“’)

i=k 2
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whose second term vanishes for s — k even, that is for £ = s — k + 2k even, and since By = 0 for £ > 2 and
odd, we obtain for s > 1

QZS (Z <8+2+1) <j>2(8(112)+1)> BeC(2q—1+¢6) =

l=s5+1 i=f—s

R~ L (s+i+1\ (s (—1)f )
=t <i—k ( s+k ><z> 2(s+z+1)> BeyrC(2¢ —1+s+k) =

(P .
_;; 2’H(s+k)<k1)Bs+k<<2q_1+s+k).

We have thus shown that for s > 1

L[5\ (1) A, i 3 T(s 1
Z <z>( )22‘ = T st I‘(( - ))Q(Qq—l) 95+1 ¢(2q)+

=0

(5.5)
: (*1)1C S
Jr; m <k—1) Bo1kC(2g—1+s+k)

Substituting (5.5) in (5.4), and using the identities
~T(s+4q) . _ = T(s+q) 2 3
——22*=(1-2)"7 and s =T E (Lai iz,
2 C T e g T (g

we obtain that the Eisenstein series E(iy, q) defined in (3.19) can be formally written as

Bliy.0) =2 (1fy2>q [C(Qq_l) i (1 7 g 1 1y )+C(2q_1) h (1 & g 11123,/2”+

Y\ N g L5 +4) (=D* 14y
+4(1+y2) ; ERC (;( ) (5 +5) S*’“C(2q_1+s+k)> 1+
(5.6)

We point out that in the previous expression there is no dependence on ((2¢), hence there is no pole at
q = %, the only pole being at ¢ = 1 due to the term ((2¢ — 1).

Theorem 5.2. For any q = £ + in with £ > 0, the series in (5.6) is uniformly convergent for y in any
compact interval in (0, +00).

Proof. We show that it is enough to prove that for all ¢ = £ + in with £ > 0 it holds
- s (—1)* 58
————— B, 2q—1 EYy=0(—1.
;(k—1>2k(s+k) 02 =1+ s+ k) <2s

This estimate is proved in four steps. In the fifth and last step we conclude the proof of the theorem.

Step 1. We first show that for s > 2 and even

(-t ¢ s \ (=D)¥(s+ k- 1) sl
= _ 1 - .
2 (2m0)* ; kE—1 (4ml)k 2 (2m) 5+ Jop1(2nl), VE=1 (5.7)
k even
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E
2

as i* and let k' = k — 1, hence

i (kil) (—1)’5((:7T_g)/:—1)! _ i (Z) . (4;»“1 )

For k even, we can write (—1)

k'oven K odd
=§4f%<§(2)<”’“>( ) ;()”’f >k(1@>k>:

<z () mn (4;)’“)

0
We now recall that using [21, eq. 10.39.6, p. 255 and eq. 13.2.8, p. 322], one can write

u s slezs 1
§ k) 2k = K. _.(—
k=0 <k> s+ k)t N (2Z>

hence .
(-t s \(Dz(s+k-D!  2(=1)3s! /=« ,
T X ) Tl e o (T )08
k even

Finally, we use [21, eq. 10.27.8, p. 251], relating the modified Bessel function K, to the Hankel function
Hl(,l)7 to write

w\m

. i (—1
e K, (~2mil) = Z(T) HY, (2n0),
and the relation

Hl(ll)(’z) =J,(2) +iY,(2),

where the Bessel functions of first and second kind J, and Y, are real for real orders v and positive real
argument z, to obtain .

Sy (e—i% K 1(—2772')) _EDET o
st+3 9 st+35 .

Using it in (5.8), we obtain (5.7).
Step 2. Following the same ideas as in Step 1, we show that for s > 1 and odd

DF S s\ () F(s+k—1!
2 s (2 > ,
(2ml)* z; k—1 (4me)k ) (2m)s 05+3 JS+§( t), Vi (5.9)
k odd
Step 3. For all s > 1 we have
~( (—1)* 482 m?
i Bstk| < , Vm>1 1
‘ kZ:l (k— 1> (2m)F (s + k) St = s m (5.10)

We recall that Bernoulli numbers satisfy B,, = 0 for n > 2 and odd, and the identity

(=1)"=12(2n)!

Bs,, =
2 (2m)2n

¢(2n), Vn>1.
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Hence, we write the left hand side of (5.10) for s even, for which the only non-vanishing terms correspond
to k even, as

(D~ (s ) DB tRo
2 2y z:: (k—l) Gy SR (5.11)
k even

and for s odd, for which the only non-vanishing terms correspond to k odd, as

DTN (s Y EDE koD
? (2m)* kzz:l (k—l) (4mm)F ((s+k) (5.12)
k odd

In both cases, using the Euler-MacLaurin formula for the Riemann zeta function, we can write for all fixed

N>1
N

s+ k) =D o+ Rusi(N)

n=1

where |Rs11(N)| < 2max{1, Mi_l} N5k,
Let us first consider the case s even. From (5.11) we are reduced to study the sum

Y S 5 s-1 s E
s V(Db (212 s\ (“DE(s+k—1)
2:: 277” Z <’€—1) Grmnr 2 @) 2 (k—l) rmyr o)

k=1
k even k even
(5.13)
For the first term we apply Step 1, and applying (5.7) with £ = mn we find
N T N
s (=1)2(s+k—1)!
S 2 2
m’ ; 27rmn ; (k — 1) (47rmn)k ; s+2 ( 7Tmn)
k even
Since
T (2n0)| < O
jen0)] < T(s+1)
we get
" — (2mmn)* —~ \k-1 (4wmn)* S ot >1. .
k even

For the second term of (5.13), we apply the crude estimate

—1)3-1 & s 1)% (s — (s)!mx{,%} ° s
’2((217)7)5 > (k—1)( )(iw;)k 2 RS*’“(N)‘ = = (27T?V)sl — <k—1>(4mnlN)k:

k=1 =

~2(2s)! max{1, x 1+ 1 s
 (2nN)stim drmN

From this and (5.14) it follows that for s even, we obtain the estimate

GROEIR s\ (“DE(s+k—1) 7t Nm® | 2(2s)! max{1, ¥ 1\
‘2 (2m)s ; <k: — 1) (4rm)k C(s+ k)‘ < 9s+1 (27 N)s+1m ( 47rmN>
k even (515)
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which holds for all N > 1. Hence, choosing N = 2s? in (5.15) and applying standard estimates for the
factorial term we obtain

(1)1 s\ (=D)2(s+k—1)! 452 ms
2 2n)° Z (k;—l) @ R s

k even
The case s odd follows exactly by the same argument using (5.9) in (5.12).
Step 4. For all ¢ = £ + in with £ > 0, we have

i (ki1>MBMC@(J—HHM:O(;(:) : (5.16)

k=1
In Step 3 we have an estimate for the left hand side with {(2¢ — 1 + s + k) = 1. Using the formula

M
1
(Rg—1+s+k) =) W+R2q—l+s+k(M)7 VM =>1

m=1

where |Rog—14s+k(M)[ < 2max{1, %} M—26+1=5=k " we have to estimate the sum

M s

1 s —1)k 1)k
Z m2a—1+s ; </€—1) (2 ()k() €+k+z ( >2"~‘s—&)—kz) sk Rog—14s4k (M)

m=1
and we can use Step 3. For the first term we apply (5.10) to write
M s M
1 s (—1)* 452 1
- ) ’ <N
> e 2 (0 01) s Bl < 5 2 e
For the second term, we use the classical estimate

|Ban| < 5/ (%)

2n

and write the crude estimate

k 5v2m - s s stk
‘ Z ( ) 711 ) Dotk R2q—1+s+k<M)’ < N 2ETs—1 : 2 (k _ 1) (2M)k((2jr_e];2+k Ny <

5 V2 max{1, ;M (2s)% i s 1 _ 5v2r max{1, 2} (25) - 1 s
- M2E+s—1 (2me)® = \k—1 (4meM )k M?2+s=1(27e)s dreM

We have thus obtained that for s > 3 and all ¢ = £ + in with £ > 0, the estimate

(—1)F 452 M 1 5v2m max{1, 2} 5% 1 s
— 2qg—1 < 5= 1
‘ Z ( > (s + k) Bk (2 +5+k)’ = o ) T M2Ers—1 ( + 47reM>

holds for all M > 1. Choosing M = 252 the estimate (5.16) follows.
Step 5. The proof is finished by using (5.16) and the crude estimate

I(s+q) _

3
0~ 0(js + qf).

since for all a,b > 0
1 +y25 1 b23
sup < +
yelay) (L +9%)° 7 (L+a?)  (1+0%)°
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A Proof of (3.27)

Using the notation |z| and {z} for the integer and fractional part of a real number, we have

S SN TSR k,/n Y S N _
Sk(n) rr1” 5™ = ; (lz] +1)* —= ka dz =

L) e (5 e b (45 ] -
=l 0y e (k- 26 ¢

3 Loy ((5)a=rn-gu (551 ) @) -

:gfﬂkmk_l(;_{x}) s k::(l;) 27 (1= 419 = 5L gyt 1) di =
£ e L[ )
£kt

We can then write

=gt ol zn [ () o
) kg(k_l)i () s

J=

n k 2 n
<K / ( ) |z]/ do = k* / (lz] + 1)*"2dx < const k* n*~1
0

B Spectral properties of the terms with Legendre functions

We now give some properties of the functions used in the series (3.16) in terms of the hyperbolic Laplacian
A=—y? 03722 + 837;2). Using recurrence relations and the formulas for derivatives of the Legendre functions

which can be found in [10, vol. I], with the notation

yn+q

Y4 pTat3 _ ¥y
Fy(n,y) = (1+y2)%+%+% ntq—3 <(1+y2)é>

we find that for all n > 0

—y? & [Fa(n,y)] =
=—(n+a)(n+q-1)Fyny) +2(n+29)(n+q) Fy(n + 1,y) = (n +2¢)(n + 2¢ + 1) Fy(n + 2,y).
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Hence for a series
o0

Fq(y) = Z (_l)nanFq(nvy) y Y E (07 OO)
n=0
with limsup |a,|* < 1, we find
2 0° S
iy ) =Y (=1)"by Fy(n,y) (B.1)

where
bo =q(1—q)ao
bi = —q(1+q) a1 —4¢° ag
bp=—M+q¢n+q—1)a,—2n+2¢—1)(n+q—Dap—1— n+2¢—2)(n+2¢—1ap—2, n>2

(B.2)
It follows that
Theorem B.1. For any q the function
o0
I'(n+2q)
E = —— F,

satisfies AEq(y) = q(1 — ¢)Eq(y).
Proof. Using (B.1) and (B.2) we have to find a solution of the system

ag € C

a1 = —2qay (B.3)

an:,gman_l,wan_% n>2

with lim sup |an|% <1.
Consider the generating function

flz) = Z an 2"

n>0

with ag = 1, of the solution of (B.3). From the recurrence relation of (a,), it turns out that f satisfies
{ (1422 f(2) +2q(2+1) f(2) =0
f(0)=1
We now want to show that the solution f of (B.4) is analytic for |z| < 1. Letting for any o € C

(B.4)

(14 2)% :=exp (a log |1 + 2| + icarg(l + z))

with arg(1 + z) € (—m, x|, we have that (1 + 2) is well defined as a single-valued analytic function on the
cut plane C\ (—oo, —1], hence in particular for |z| < 1. It follows that

flz)=(1+2)7

is the solution of (B.4) and is analytic for |z| < 1. Hence for all n > 0

_(_qyn L +29)
an = (1) n!T'(2q)
is the solution of (B.3) with ag = 1 and limsup |a,|* < 1. O
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It is interesting to notice that the functions E,(y) have a much simpler formulation.

Theorem B.2. For all ¢ we have
Byly) = 2y
Y ==7 N9
T T(e+)

hence for R(q) > 1 it holds

Y
E(z):= ) E <cz—|—d2) = const.(q) E(z,q)
(e, d)=1

where E(z,q) is the non-holomorphic Finsenstein series.

Proof. We start from the expression for E, found in Theorem B.1. Using the relation [21, eq. 14.3.21, p.
355]
2T —2u)T(v+p+1) C(%_#)

Plt) = P(v—p+1)T(1—p)(1—t2)z Y

v

(t)

in terms of the Gegenbauer functions C((f), we get

m =y () 3 () o (i)

n=

Finally, the generating function [21, eq. 18.12.4, p. 449]
(1—2tu+u?)? =Y urCP ()
n=0

valid for |u| < 1, we conclude that

W= 2"y
T (g+3)
The last statement is immediate from the definition of the non-holomorphic Eisenstein series. O
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