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Abstract

2
We consider the half-wave equation iuy = Du—|u|3u in three dimensions and in the
c gl/2te

LoT%(R?) with radial symmetry, we

mass critical. For initial data u(tg, ) = ug(x)

construct a new class of the radial blowup solutions with the blow up rate ||D%u(t) Il2 ~

Cﬁo) ast — 0.
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1 Introduction and Main Result

In this paper, we consider the half-wave equation in three dimensions

(1.1)

idu = Du — |u|3u,
u(to, ) = ug(x), u: I xR — C.

Here, I C R is an interval containing the initial time ¢, € R, and

(D)) = [€£(©)

denotes the first-order nonlocal fractional derivative.

Let us mention that nonlinear half-wave equation have recently attracted some atten-
tions in the area of dispersive nonlinear PDE. Evolution problems like (1.1) arise in various
physical settings, which include equations range from turbulence phenomena, wave propa-
gation, continuum limits of lattice systems and models for gravitational collapse in astro-
physics [6,11,13,21,22,27,33]. We also refer to [8,12,15,23] and the references therein for
the background of the fractional Schrodinger model in mathematics and physics.

*Corresponding author
"E-mail addresses: georgiev@dm.unipi.it(VG),liyuan2014@lzu.edu.cn (YL)



For equation (1.1), the quantities of charge M (u) and energy E(u) given by

Mass M (u / lu(t, x)|*dx, (1.2)

Energy F(u) = 2/ u(t, x)Du(t, x) :E——/ lu(t, z)|s S (1.3)
R3
are conserved. The equation (1.1) also has the following symmetry:
3 .
u(t, z) — Agu(Not, Aoz)e®,

for \g > 0 and 0 € R.
The Cauchy problem (1.1) is L*-critical since the L?*norm is invariant under the scaling
rule uy(z) = A3 2u(A\x):

lluallz = |lu||2, for all A > 0.

From [2] it is known that the Cauchy problem (1.1) is locally well-posed in the Sobolev space
H! ,(R?). Furthermore, Hidano and Wang [20] obtained the local well-posed in the Sobolev
space H:,,(R?), where s € (3,1] or in the Sobolev space H*(R?), where s € (1,2).

On the other hand, from [25], it is known that the mass critical half wave equation
in one demensional is local well-posed in the Sobolev space H*(R), where s > % It also
has the blowup alternative property in Hz(R): Either T(u) = 400 or T(ug) < 400 and
|w(®)|| 12 = 400 ast — T

A classical criterion of global-in-time existence for H'/?(R) initial data is derived by using
the Gagliardo-Nirenberg inequality with best constant

lullfs < Copll D2ulf3]ul3, for w e H'*(R),
where C,,; = 2||Q||5* and Q is the unique ground state solution to

DQ+Q =1QPQ, Qz) >0, Q(z) € H'*(R). (1.4)

Note that the existence of this equation follows from standard variational techniques, but the
uniqueness of (), which was obtained by Frank, Lenzmann [13]. For the higher dimensional
cases, one can see [14]. The mass and energy conservation and the blowup criterion implies
that initial data uy € HY2(R) with ||ug|la < [|Q||> generate global-in-time solution. But
in the higher dimensional case, the well-posedness in the energy space H > of the half wave
equation is still an open problem.

In addition, the study of general half-wave equation attracted a great quantity of at-
tentions; the topics cover over well-posedness, ill-posedness, traveling solitary waves, soliton
solution, see [2-4,7,10,17-19,26,30] and the references therein.

In this paper, we focus on the existence of nondispersive dynamics, we will describe
example of such dynamics:

Blowup solution. There is no general criterion for blowup solutions for L?-critical or
L?-supercritical half-wave equation in RY. This is still an open problem, which we can
see [5]. However, Krieger, Lenzmann and Raphaél [25] constructed a minimal mass blow-up
solutions to the mass critical half-wave equation in one dimension. We also obtained the
two-dimensional result, see [16]. Now we state our main result.
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Theorem 1.1. (Existence the blowup elements) Let § > 0 be small enough. For
all By € RY, there exist t* < 0, independent of Ey, and a radial blowup solution u €

CO([t*,0); H2P(R3)) of equation (1.1) with
[u(t)|l2 = |Qll2 and E(u(t)) = E(u),

which blow up at time T = 0. More precisely, it holds that

1

u(t,z) — @

Q (%) e’ 50 in L*(R?) ast — 07,

where

1

At) = N2+ 0, (t) = ] +O(t),

with some constant \* > 0, and the blowup speed is given by:

C'(up)
it

IDzu(t)|s ~

where C(ug) > 0 only depend on the initial data ug.

Let us point out the new points in the proof of this result.
The construction of a blow up element is starting with the standard ansatz

wlt ) = — s & N 95 _ 1
(t, ) )\%(t)[Qb(t)“‘ ]( ’)\(t)) ST (1.5)

where b(t), A(t), y(t) are appropriate remodulation parameters, Q) is approximate blow up
profile build as approximation un to order 5 of equation of type

b? , )
_Zgﬁbe — DQy — Qp + ibAQy, + |Qp]3Qp = —Dy.

The remainder term e can be controlled in H'/?*% norm in one dimensional case, since
the Nemytskii operator
u — |ulP

is a bounded operator in H'/?*3(R). This fact is sufficient to deduce the strong convergence
in H'/2 in one dimensional case [25]. In our case of dimension three the Nemytskii operator

u— [ulP

is not bounded H/**9(R?) for § > 0 small.

However, we are able to get Hjﬁw control (see estimate (6.7)) of the remainder in a

small backward time interval with § € (0,3/10). This estimate is crucial to obtain the strong
convergence in H/+ (see (6.9)) with ¢ € (0,0).
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Unlike one [25] or two dimensional [16] cases, we need to use some new estimates in
order to control the nonlinear term. In particular, we use the following Kato type smoothing
estimate (see Proposition 2.3 in [2])

1

_1 ot 1
ol [P P (s <c|el F
0

Y

L9 (R); L2 (RN)

L9 (R); L2 ()
where ¢; € [2,+00] and ¢y € (2, +00].

Remark 1. In our discussion, the radial assumption of u is necessary. We take initial
data in H'/>"(R3). For any initial data in H'2(R3), we do not know how to deal with the
nonlinear term in section 4. On the other hand, we do not know the well-posedness in the

general Sobolev space H®, where s > %

This paper is organized as follows: in section 2, we construct the approximate blowup
profile; in section 3, we estimate the parameter is small enough; in section 4, we define the
new energy functional and obtain the bound estimate; in section 5, we apply the energy
estimate to establish a bootstrap argument; in section 6 we prove our main result; the finally
section is Appendix.

Notations and definitions

- (f,9) = [ fg as the inner product on L?(R3).

- || - |lz» denotes the LP(R?*) norm for p > 1.

- ]?denotes the Fourier transform of function f.

- We shall use X <Y to denote that X < CY holds, where the constant C' > 0 may change
from line to line, but C is allowed to depend on universally fixed quantities only.

- Likewise, we use X ~ Y to denote that both X <Y and Y < X hold.

For a sufficiently regular function f : R? — C, we define the generator of L? scaling given
by

3
Afi=Sf+u V]
Note that the operator A is skew-adjoint on L?*(R?), that is, we have

We write AFf, with k € N, for the iterates of A with the convention that A°f = f.
In some parts of this paper, it will be convenient to identity any complex-valued function
f :R3 — C with the function f : R* — R? by setting

f = hof |/ :
fa Sf
Corresponding, we will identity the multiplication by ¢ in C with the multiplication by the
real 2 x 2-matrix defined as



2 Approximate Blowup Profile

This section is devoted to the construction of the approximate blowup profile. We start with
a general observation: If u = u(t, z) solves (1.1), then we define the function v = v(s,y) by
setting

u(t’x) = X ) ei’Y(t)’ % — 1

1
— vt = =
A2 (1) ( At) dt - ()
It is easy to check that v = v(s,y) with y = { satisfies
, 2 As -
i0sv — Dv — v + |v|3v = ZXAU + 50,
where we set 75 = 7, — 1. Here the operators D is understood as D = D,. Following the

slow modulated ansatz strategy developed in [24,25,31]. We freeze the modulation

A
_Zs oy,
A

And we look for the approximate solution of the form

v(8,Y) = Qus) (y),

with an expansion

Qs = Qy) + > _ V" Ri(y),

k>1
where b € R. The terms Ry (y) is decomposed in real and imaginary parts as follows
Ri(y) = Ty, + i.S.
We will define ODE for b(s) of type
bs = P1(b),

where P, is the approximate polynomials in b. We adjust the modulation equation for b,
to ensure the solvability of the obtained system, and a specific algebra leads to the laws to
leading order:

1
by = —=b°.
2
This allows us to construct a high order approximation @), solution to
2 . 2
—1581)@1) — DQy — Qy + ibAQy + [Qy|3 Qy = — Py,
where ®; is some small and well-localized error term.

We have the following result about an approximate blowup profile Q;, parameterized by
b, around the ground state Q = [Q,0]".



Lemma 2.1. (Approximate Blowup Profile) Let b € R. Then there exists a smooth
radial function Q, = Qu(z) of the form

Qb :Q + le + b2R2 + bgRg + b4R4
that satisfies the equation

1
—J5523be — DQ, — Qy + JDAQ, + |Qu|5Qy = — @, (2.1)
Here the functions {Ry bo<k<a satisfy the following regularity and decay bounds:
[R&l[zm + |ARK|[zrm + [|[A*Ry || g S 1, for m € {0,1}, (2:2)

IRi| + [ARk| + [A*Ry| ~ (2) 7", for z € R,
Moreover, the term on the right-hand side of (2.1) satisfies
[@s][rrm S O0°), [V®s| S O0)(2) 7", (2.4)

for m € {0,1} and x € R3.
In addition, the mass and the energy of Q satisfy

[ = [+ o,
E(Qb) = 6162 + O(b4)

Here ey > 0 is the positive constant given by

1
[ 5([/_51, Sl),

where Sy satisfy L_S, = AQ.

Proof. We recall that the definition of linear operator
5
L+:D+1—§QM,L;:D+1—QM.

From [14] we have the key property that the kernel of L, and L_ is given by
ker L, = {0,,Q, 0:,Q, 0,,Q} and ker L_ = {Q}.

It follows from the above properties (see [1] for the properties of Helmholtz kernel and [9,
Appendix A] or proof of [29, Lemma 3.2] for similar arguments) that

v.q S L27 (gqu) = 07 Elf—l— S L27 L+f+ =9
Vgel? (9,Q)=0,3f- e’ L f =g. (2.5)

Using the above properties (2.5), we discuss our ansatz for @y to solve (4.1) order by order.
Following the similar argument, see [16,25], we can prove this lemma, and here we omit the
details. O

Remark 2. 1. We know that Qy have the following form
Qv = Q + ibS1 + 0Ty + ib*>S3 + b' T
2. We have the following identity:
(51,51) = =2(13, Q). (2.6)
3. Since L_ >0 and L_ >0 on Q*, we have S; L Q.
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3 Geometrical Decomposition and Modulation Equa-
tion

Let u € H:/2+5(]R3) be a radial solution of (1.1) on some time interval [ty,t;] with ¢; < 0.
Assume that u(t) admits a geometrical decomposition of the form

! s Z N 95 _ 1
N 2ot ](’A(t)) Lt A(t) (3:1)

and we impose the uniform smallness bound

u(t,x) =

B(6) + [ellZore < 1.

Furthermore, we assume that wu(t) has almost critical mass in the sense that

fuor-fo

To fix the modulation parameters {b(t), A(t),v(¢)} uniquely, we impose the following orthog-
onality conditions on € = €; + i€y as follows:

(62, Ale) - (61,/\@217)
(62, aleb) - (61, 8bQ2b)

SN (t), Vit € [to, ta]. (3.2)

0,
0,
0,

(e2,p1) — (€1, p2) = (3.3)
the function p = p; + ips is defined by
L
+p1 =51, ) (3.4)
L_py = b2Q " 351p1 + bApy — 2075,

where S;, Ty are the radial functions, see Remark 2. Note that L' exists on L2, ,(R?) and
thus p; is well-defined. Moreover, it is easy to see that the right-hand side in the equation
for py is orthogonality to (). Indeed

(@ 3Q75Sipn + Ay — 2T3) = 2(QF51, 1) — (AQ 1) — 2(Q. T

2 9
= g(@gslapl) — (51, L_p1) + (51, 51)
—(S1, Lyp1) + (S1,51) =0,

using that (S1,.51) = —2(T5, @), see (2.6), and the definition of p;. Hence py is well-defined.
In the orthogonality conditions (3.3), we use the notation

Qp = Qup +1Qao = Q + b*Ty + b* Ty +i(bS; + 1°Ss),

which (in terms of the vector notation used in Section 3) means that

| Qu
Q= {sz]'
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By the similar arguments as [16,25, 28|, we can obtain the modulation parameters

{0(t), A1), (1)}

are uniquely determined, provided that € = €;+ies € H > (R3) is sufficiently small. Moreover,
it follows from the standard arguments that {b(t), )\(t) v(t)} are C'-functions.
If we insert the decomposition (3.1) into (1.1), we obtain the following system

<bs + 1bz) Q1 + Ose1 — M_(€) + bAey
< ) (AQ1p + A€y) + As(Qap + €2) + S(Dp) — Ra(e), (3.5)
<b + ;b ) 0yQap + Dy + M (€) + bAes
— (3 +0) (AQu+ hex) — 3(Qu — ) = R(E) + (0, (3.6)

Here @, denotes the error term from lemma 2.1, and M = (M, M_) are the small deforma-
tions of the linearized operator L = (L, L_) given by

4 2 1 _4
M. (€) =De; + €, — §|Qb|3€1 - §|Qb| 3(QF — Q)

2
- §|Qb‘_%Q1bQ2b€2a (3.7)
4 2 1 —1.2 2
M_(e) =Dey + € — g‘@b‘%z - §|Qb‘ 3 (Q1, — Q)€
2
- §|Qb|_%Q1bQ2b€1~ (3.8)

And Ry (€), Rs(€) are the high order terms about e.

Ri(e) = §|Qb‘_%(Q1b€1 + Qapea)er + %\Qb‘_%kPle
- g|Qb|_130(le€1 + Quex) Qo + O(%),
Ry(e) = §|Qb‘_%(Q1b€1 + Qaea)er + %\Qb‘_%kPQ%
- S\Qbrl‘&o(Qwﬁ + Quer)Qa + O(%).
We have the following energy type bound.
Lemma 3.1. Fort € [to, t1], it holds that
0+ [lelFpe S AlEol + O +bY).

Here Ey = E(ug) denote the conserved energy of u = u(t, x).



Proof. By the similar arguments as [16], we can obtain this estimate. Here we omit the
details. 0

We continue with estimating the modulation parameters. To this end, we define the
vector-valued function

Mod(t) = (bs ¥ %bQ,%, % n b) . (3.9)

We have the following result.
Lemma 3.2. Fort € [ty,t1], we have the bound

IMod(t)| < A+ b* + 0*[[e||2 + [|ell3 + Nl (3.10)
Furthermore, we have the improved bound

As
b < b° + b?[lella + ll€ll3 + [l€ll3 /-

Proof. We shall give only the sketch of the proof since the details can be found in [16, Lemma
4.2].

Law for b. Here the treatment is quite close to the corresponding proof in [16, Lemma
4.2] so we can write

— (bs -+ %b2> [261 -+ O(b2)] = — ||€H%z -+ (RQ(E),AQQ(,) + (Rl(E), Ale)
+O (0" + [mod () ) (Jlefl2 + b%) + [[lullz — QU3 + ).

By the similar arguments, we can obtain the following estimates:
Law for .

(% -+ b) [261 + O(b2)] :(R2(€), 8;,@25,) + (Rl (6), 8{,@1(,)
+ O ((b* + |mod(t)|)([le]|2 + b°) +b°) .

Furthermore, by this estimate, we deduce the improved bound for )‘7 + b}.

Law for 7.

(@, p1) + O(?))
- (bs + %bz) ((S1,p1) +O(%)) + (% + b) O(b)
+ (Ra(e), p2) + (Ri(€), pr) + O ((0° + [mod(t)[)([fe[|> +b*) +0°) .

Conclusion. We collect the previous equation and estimate the nonlinear terms in € by
Sobolev inequalities. This gives us

(A + B)Mod(t) =O((b* + [Mod(t)[)l|ez]| + ll€ll3 + llell31/2
+llullz = 1QI3I +0%).
Here A = O(1) is invertible 3 x 3-matrix, and B = O(b) is some 3 x 3-matrix that is

polynomial in b. For |b| < 1, we can thus invert A + B by Taylor expansion and derive the
estimate for Mod(¢) stated in this lemma. O



4 Refined Energy bounds

In this section, we establish a refined energy estimate, which will be a key ingredient in
the compactness argument to construct the blowup solutions. Let u = u(t,x) be a radial
solution (1.1) on the time interval [to, 0) and suppose that w is a radial approximate solution

to (1.1) such that
iw, — Dw + [w|5w = 1,

with the priori bounds
lwlla S 1, [1D2wlla S A2, [Vl S AT
We decompose u = w + u, and hence @ is radial and satisfies
= Dii+ (Julsu — Jwlw) = ~,
where we assume the priori estimate
|D2ills S A%, fiill2
as well as

N+ 0 S A2 bSOz, b S 1

Next, Let ¢ : R — R be a smooth and radial function with the following properties

T for 0<x<1
/x — — — b
¢'(@) {B—e"m' for x > 2,

and the convexity condition
¢"(x) >0 for x> 0.

Furthermore, we denote

F(u) = 2ol f(u) = Julfu, F'(u) -h = R(f()F).

Let A > 0 be a large constant and define the quantity
lap? S
D 3 [F(u) = F(w) = F'(w) - ]

+2 (/Aqu( ) va&).

Our strategy will be to use the preceding functional to bootstrap control over [|al| 1

10
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Lemma 4.1. (Localized energy estimate) Let Ja be as above. Then we have

dJ s o~ _ 1 / ~ 1o i
L g (va+ Ja fn) - 105 @)

b [l|a* 20 [ x 9
i A -
tox | 5 /0 \/5 ( )|Vu5| dxds

b oo
-+ m/ \/_/ A2 ‘U/s‘ dxds

+9 (/ {szWé(ﬁ) Yo+ zﬁm(m)w] ﬁ)
- ([ AvelGlulfa+ glul et - 77

~ 55 ([ oGt glulHua) )
+ 0 (Nl o + 1l + Anwnz) ,

where g 1= \/%_Alﬁﬂ with s > 0.

Proof. Step 1 : (Estimating the energy part). Using (4.3), a computation

{3 Josae 4 [EE - firw - ) - P

=R (@u Da + )\u— (f(u) — f(w))) - 2—A2/|ﬂ|2
R (B, () — () — ') - )
— - (Dt g - () - f(w)) - 3 [ 1P
R (B, () — () — ') - )
- (Da - (7w~ fw). D+ 0 - () - fw))

== (v D ga - ()~ f(w)) = 3 [ 1+ (50 - ).

= R (Quw, (f(u) = f(w) = f'(w) - 7))

1 1 At _
== (v Dt ja- Fw)a) - @ w0 - 5 [l

#9 (9= J000) = ) = £(w) 1) =R (@ (f0) = flw) = £w) D), (410

where we denote



From (4.5) we obtain that

2 Jaf 1 a2
o [ = o5 [ = O+ a2

b [ laf

= o [ EE Ol (411)

Next, we estimate
3 (0= J 0 = flw) = /) )
< (It + 1l ) 1760 = ) = £w) il
< (1ta+ 31l ) 15

1.
< (Ita+ 1l ) M5 e (4.12)

Here in the last step we use the inequality

t
|z|_%/ e =IP [ (s5)ds
0

< ||l F

L1 (R); L2(RN) L2 (R);L2(RN)

where ¢; € [2,400] and g2 € (2,+00]. This inequality can be find [2, Proposition 2.3] and
we can choose g € (2, 00]. From Sobolev embedding and the Strauss inequality [2], we know
that

lull | s < llull g and [l|zfufle < flull; 4.5, whered > 0.

Using above two inequalities and Stein-interpolation theorem, we have

3
= || 5‘1u|| < [lul)} Fro o) (4.13)

where

3 1—-46 0 3 1

LA 2 1 040-(1—0)=0and s=(=+6)0+(1—0

10 3_6281—1—00, 5 +0-( ) and s <2+) + ( )
Hence

9 2 9
=1-—"  ands——=4+—" 105
53—2s) T s e o2 T

On the other hand, ¢ € (2, 00], from above we know that ¢ = % > 2, hence we have

3
VR
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Let 0 > 0 is small enough and s; > ﬁ and close to ﬁ, we have s < % < % and close to %.
Combining (4.12) and (4.13), we deduce that

3 (0= Jfw) = ) - f(w) 1)
1
< (It + 3l ) ittt

1.
< (s + k) ol

5
SA® N2 + [l 7. (4.14)

H3(R3)

For the term that contain J,w, we use the equation for w and the bounds (4.2) and (4.4).
This leads us to

R (@, (F(u) — Flw) — (w) - @))] < '

S [(Dw - wlfu+ v}

2 .3
S (IDwlls + IDwlllwllf + 1¢]2) 13
SUDwl + 191213l

1
Slall Gz + Al (4.15)

We now insert (4.11), (4.14) and (4.15) into (4.10). Combined with the assumed a priori
bounds on 4, we conclude

{3 Jiosae - [EE - fir - ) - P -alf

S S N O R 1
=—%‘<w,Du+Xu—f(w)U> - L fwn + o [
+ O (Jal3s + Il + M) (4.16)

Step 2 : Estimating the localized virial part. Using (4.3), we can obtain

(b\s </AV(A)\) -vaa))
( / (O,V) - Vua) + %% ( / Vo - (Voyua + vaatﬁ))

(/(atvgs) : vua) - ié)% (/u [—iD,ngs (—iV) + (—iV) - v&])
=0 [ (Quffu = wlfuw)ave () - ¥3)

~ g ([t = pelte)ane (57) )

13

H
S| a

&

&

N = N~ N



—bﬂ%(/ngb AA) )---é}t(/m = ) (4.17)

where V(t, z) = bAV¢ (t, ). Using the bounds (4.5), we estimate

s \ 5
10, Vo| < |by| + bf < land |§,Ad| < A7
Hence, by [25, Lemma F.1], we deduce that

\% ((atv@ : vua)

< NlallF + A all. (4.18)

Recalling that Vo(t,z) = bAVH(
definition of 1, we conclude that

R (/& [—z’D, Vé - (—iV) + (—iV) - w?} u)
_2

_ RN Y (i) Vi, [2dzds
)\ 0 RS A)\ y

+ L/m \/5/ A2 (i) i, |2 deds (4.19)
2A2)\3 0 RS A)\ s ' ’

&) and using that (—A + s)7' is self-adjoint and the

where u4(t, z) = \/g_AlJrsﬂ(t,x), for s > 0. Next, we estimate the other term in (4.17).
Integrating by part as well as the bound (4.2), (4.4) and (4.5), we find that

= ([ avolR)) - fw) - fw)a) - 73)

~ 55 ([ ot = s - fwyi) ) |
<b§R/AV¢ )|u|s+ Vadz + %(/Agb(%)(ﬁg“-ﬁ)
gb%/Aqu —) v (|a|3)da + - %(/M(%)(a%ﬂa)

b x
_b EAY
NA%/A¢ Grolk

_1l~ ~
SAzlfallG e llals < e (4.20)

wloo

dx

N

We consider the other term in (4.17). Integrating by parts, we obtain

bR ( [ovey) W) o ( / ¢A¢<Ai>a)

A
-3 (/ [ibAV(b(A%) -V + iﬁAQﬁ(Ai)\W} u) : (4.21)

14



Finally, we insert (4.19), (4.20) and (4.21) into (4.17). This yield that

%% (qu (Vi + vaata)>

——%'WJ/A¢ )| Vi, 2deds + — /mf A2 )|, Pdd
= Ug|°dxds A . SRS ) Gsl dzds

43 (/ [z‘bAng(—) V- z’—Az/)(A—)\)@b] u)
-Jm(/AvaQ%m4u+|w%wé>v@
~ 55 ([ sotG el el e 7)
£ O (Jll2s) (122)

This completes the proof of lemma. O

5 Backwards Propagation in small time interval

We now apply the energy estimate of the previous section in order to establish a bootstrap
argument that will be needed in the construction of ground state mass blowup solution. Let
u = u(t,z) be a radial solution to (1.1) defined in [ty,0). Assume that ¢, < ¢; < 0 and
suppose that u admits on [y, t1] a geometrical decomposition of the form

u(t,r) = (Qow) +€) <s, %) e, (5.1)

N

A3 (1)

where € = € + i€y satisfies the orthogonality condition (3.3) and b + [e[|3,,,, < 1 holds. We
set

it 2) = Xlt)e <s, ;;)) ), (5.2)

Define the constant

with the constants e; = %(L_Sl, S1) > 0 and Ey = E(ug) > 0.
Now we claim that the following backwards propagation estimate holds.

Lemma 5.1. (Backwards propagation of smallness) Assume that, for some t; < 0
sufficiently close to 0, we have the bounds

[lullz = 1QIE] < X*(t1),

" a3
IDSH(B)IE + 35 S M),
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S )‘(tl)>

where Ag is defined in (5.3). Then there exists a time ty < t; depending on Ay such that for
all t € [ty, t1], it holds that

Dl + L2 < a0,
A0 - ] s M0, [ - gl <0

Proof. By assumption, we have u € C°([tg, t;]; H:ﬁH(R?’)). Hence, by this continuity and

the continuity of the functions {A(¢),b(t)}, there exists a time tq such that for all ¢ € [t, ¢1]
we have the bounds

al|3 < KX(t), [Ja(t)|| gz < KA(t), (5.4)
o bt) 1
’w) | < K0, Vi < KA(D), (5.5)

with some constant K > 0. We now claim that the bounds stated in this lemma hold on
[to, t1], hence improving (5.4) and (5.5) on [tg,t1] for ty = to(Ag) < t; small enough but
independent of ¢;. We divide the proof into the following steps.

Step 1 Bounds on energy and L? — norm. We set

w(z,t) = Q(t,z) = )\%@)Qb(t) (%) e ®, (5.6)

Let J4 be given by above section. Applying lemma 4.1, we claim that we obtain the following
coercivity estimate:

dJ b . N ik 5
iz [1a 0 (s + Nl + KN2). (5.7

Assume (5.7) holds. By the Sobolev embedding and small of ¢, we deduce the upper
bound

1. 1,
| Jal < | D2all; + XIIUII% (5.8)
Here we use the following inequality
& N vaa
'\s (/ AV ¢ (AA) Vuu)

where we can see [25, Lemma F.1]. Furthermore, we also need to prove the lower bound
about J4. We compute

1 1, .
< ||D2u||§+xllu||§,

1—= 4 1 _
F'(w) i = g + g |wPlaf? + ofw| i,

16



and by the elementary calculation, we deduce

)F(w—l—&)—F(w)—F'(w)-ﬂ——F”(w)-ﬂ-ﬁ]

Then, we have

/[F(w—i—ﬂ)—F(w)—F'(w)-ﬂ]

1—7 4 1 _
:/iﬂﬂﬁf+%wW%W+—mrww%2+O /mﬁ
6 3 6
5 2/3~2 2/3~2 ~n3 1/2.~112
=2 [ Qe+ [ @@+ o (lallgIp ) ).
Hence, from above we can obtain that
D34 2 4 |u|2 5 2/3~2 2/352 1 o (|lal12
| D>al” + Q7" Q*Paz + O ([lallF2)
. ( /M( o))
( [ipae s [B5) - %e,0p (5.9)

Here we using the orthogonality conditions (3.3) satisfied by e and the coercivity estimate
for the linearized operator L = (L., L_). From (3.2), we can obtain

(€1,Q)* S o([lellz2) + KN (). (5.10)
Next, we define
H(t) = ||D>a(t)|3 + ﬁllﬂ(t)lli- (5.11)

By integrating (5.7) in time and using (5.8), (5.9) and (5.10), we find

1y <ae) - [ (lali + o)
SH(ty) + N2
Therefore, we deduce that
H(t) < H(t) + N(1), (5.12)

which closes the bootstrap for (5.4).
Step 2 Controlling the law for the parameters. Here the treatment is quite close
to the corresponding proof in [16,25, Lemma 4.2], so we can obtain

1 t1 b(t) 1
AE(t) — S
() Ar(t) Ao

2

17



This completes the proof of Step 2. .
Step 3 Proof of the coercivity estimate (5.7). Recalling that w = Q. Let K4(a)
denote the terms in % on the righthand side in lemma 4.1, that is, we have

Kat@ = o5 [ -2 [0 [ aopivaasds - 3a pwn)
+ﬁ/+mf/ A ( ) Pdnds
- ([ AvolfGlulfa+ glul-fut) - 77
~ 55 ([ sotgpGhulia T gl o) 7). (513

Recalling that the function g = @,(¢, x) with the parameter s > 0 was defined in lemma 4.1
to be us = \/g_AlJrsﬂ and @ = i% €(t, §), we now claim that the following estimate holds:

N C . 5
Ka(w) > E / le|* + (’)(||u]|§{1/2 + K*\2), (5.14)

where C' > 0 is some positive constant. Indeed, from the lemma 3.2 and the estimate (5.4)
we obtain that

Mod(t)| < K2M\(t). (5.15)
First, using e(t,z) = A\2a(t, Az + o), we estimate the term

4. 2 1 4 -, —_
‘b?R (/ Aw(%)(gwa + glol Swd) va)‘

~ 4 2 ]_ 4 =
S[Voll~R (/(g\wm + 2ol Hutd)- va)

4 2 1 4 —
<hA2R (/(§|Qb|§e + 31@l 5 Q30 - VE)
Sl [eve

_1l~ ~
SAE[[all3 e S lalme, (5.16)

where in the last step we use the uniform decay estimate |Q,| < (x)~%. By the definition of
K4(u) and expressing everything in terms, we have

K@) >2A2{ |7 [a(5) veasds+ [ 1

2A2 f/Az |es ?dxds
- §|@b\§ez+§\@b|—§@§|e\2} + Ol ).
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< —|| 13-

Furthermore, thanks to lemma A.3, we have

1 oo
/ \/_/A2¢A|es| dxds

A2
Recalling the definitions of Ly 4 and L_ 4 in (A.1) and (A.2), respectively. We deduce that

- a 1
Kal) = 5 { (oner )+ (Lscnia) + O (16lR) | + Ol
Next, we recall that b ~ A2 due to the above. Hence, by lemma A.2 and choosing the A > 0
(5.17)

sufficiently large, we deduce from previous estimates that
1 ) _
el = (e1,Q)* ¢ = —5 [ el + O(|a]l a2 + KA2)
We now control the terms that

le‘

d
A

Step 4 Controlling the remainder terms in
appear in lemma 4.1 and contain . Here we recall that w = @ and (4.3), which yields
1 1, s _ TN
w— F |: <bs+§b ) (9be—2 (X“—b) AQb+78Qb+(I)b:| (X>6 .
Here ®, is the error term given in lemma 2.1. In fact, by the estimate for ), and ®;, from
lemma 2.1 and recalling (5.15), we deduce the rough pointwise estimate
1 —4
<x> K22, fork = 0,1. (5.18)

Vo) € g (5
Hence
VY|l < K2R for k= 0,1 (5.19)
In particular, we obtain the following bounds
Mllls S K*N%
s ( [ivave (2 v il ;

'g (/[szvas (AA) Vi +iz A (=5) w]u) ‘

(5.20)

SA? [V lalfallz + A7= [l all2

2
<SK2\z|e|y <o (” ”2) + KA,
O(A2), that is, we denote

O(b|Mod| + b°) =
1 1, s . TN 4
Let us first deal with estimating the contributions coming from . Indeed, since b ~ \ we

Write ¢ = 1)1 + 19 with 9

O(\3) satisfies the pointwise bound

note that ¢, =
19



1 T\ —4 5
[VEy (2)| < W<X> K2\3, for k =0,1.

Hence
V51l < K2A27F, for k =0, 1.
Therefore, we obtain that
R ([ [=Doa = 52+ (g Dlulfvn + gloli 2t )
< (Ialla + A7l + 3 1 6) el
< (I98sll2 + A~ lealla + w31V ¢allz) el

<KXz el <0<H ”2) + K*A3, (5.21)

which is acceptable. Here we used the Holder inequality and Sobolev inequality.

Finally, we estimate the terms that contain 1); have the same bounded. Indeed, using
(5.15) once again and |b| < A2, as well as (es, L_S1) = (e2, AQ) = O(b]|e])2), thanks to the
orthogonality conditions for €, we find the following bound

’@R(/[ D — 24 (2 by + St w]u)\

Mod(t
<O ey, L50)1 + (2 L- Q)] + Ol
1A
)\2 )\ + b |(€17L+AQ)‘
1 E2\ells + A% s
<K2)\2 H€|| + T(K)\Z ||6H2 + K2)\2)
(H U ) + KA\, (5.22)
A2
Here we used that L, AQ = —(@ together with the improved bound in lemma 3.2, com-
bined with the fact that |(ey, Q)| < A2|le||ls + K2A2, which follows from |||y < A and the
conservation of L2-norm. And the proof of this lemma is complete. O

6 Proof of the Theorem 1.1

In this section, we prove the following result.

Theorem 6.1. Let v € R, § > 0 be small enough and Ey > 0 be given. Then there exist a
time to < 0 and a radial solution u € C°([ty,0); H2T(R3)) of (1.1) such that u blowup at
time T = 0 with

E(u(t)) = Ey and |lu(t)[|3 = [|QIf3.

20



Furthermore, we have |Dzu(t)||s ~ t™* ast — 0, and u is of the form

T

1
u(t,x) = )\%—(t)[Qb(t) + €] (t, )

) e = Q + e

and € satisfies the orthogonality condition (3.3). Finally, the following estimates hold:

€ll2 S A ll€llzre < Az,
t2 o b 1
_4—148_(9@ ) 7 — o =00,

A(t : -
(t) T

4 A2 1
v(t) = _TO + 70 + O(A2).

Here Ay > 0 is the constant defined in (5.3).

Proof. Motivated by [16,25], we are now ready to complete our result by the following two
steps.

Step 1. Backwards uniform bounds.

Let ¢, — 0~ be a sequence of negative times and let u,, be the radial solution to (1.1)
with initial data at ¢t = ¢, given by

1 T ,
n(tn =N /2N EUTEEN yntn) 6.1
) = 5y @ (517 ) € (6)
where the sequence b, (t,) and \,(t,) are given by
tn t2 4 A2
— = _n_ = — . 2

By lemma 2.1, we have

[ lumteP = [ 108+ ot (6.3)

and €,(t,) = 0 by construction. Thus w, satisfies the assumptions of lemma 5.1. Hence
we can find a backwards time ¢, independent of n such that for all ¢ € [ty,t,) we have the
geometric decomposition

1 x
— ¢ 4
with the uniform bounds (see (5.12) and lemma 5.1) given by
1 én(1)]13
D3e, ()| [[€n( 2 < \3(¢ .
Dbl + 5 < ), (65
t? bo(t) 1
M(t) = 7| S KN, |1 — | S KX(t) (6.6)
443 M) Ao




and

B 3_50 3
lea(®)ll 340 S Ad 7, where 6 € (0, 75). (6.7)
which we prove in step 2.
Next, we conclude that {u, (o)}, converges strongly in H? ,(R3) (after passing to a sub-

sequence if necessary), where s € [0, 3+6). Indeed, from the uniform bound ||€n(to)||H 30 S1
rad

we can assume (after passing to a subsequence if necessary) that w,(ty) — ug weakly in
H:,,(R3) for any s € [0, 1 4 6]. Moreover, we note the uniform bound

rad
d 2

_ ‘ / X ()i + 10 (7))
- \ [ walwivi,

SIVxalsolluallz

, (6.8)

=yl

with a smooth cutoff function xr(z) = x(%) where x(z) = 0 for |[z| < 1 and x(z) = 1 for
|z| > 2. Note that we used the commutator estimate (which we can see [32])

IDxr: Dlll2-z2 S 1V xRl

By integrating the previous bound from ¢; to ty and using the previous estimate (6.1) and
(6.2), we derive that for every 7 > 0 there is a radius R > 0 such that

/ lun ((to)|* < 7 for all n > 1.
lz|>R
Combining this fact with the weak convergence of {u,(t9)}°2, in H? ,(R?), we deduce that

1
u,(to) — uo(ty) strongly in HE ,(R?) for every s € [0, 5T 0). (6.9)

1
Thus, by local well-posedness in HTQQJ;(S(Ri)’) (see [20]), we can solve the Cauchy problem (1.1)
and find .
we C(lte, T); H2E (R?)), for 0 < 6 < 6,

rad

and obtain

1
u, () — u(t) strongly in H ,(R?) s € [0, 3 +9) for t € [to, T), (6.10)

rad

where 0 > T > t; is the lifetime of u on the right. Moreover, u admits, for ¢ < min{7T,0}, a
geometrical decomposition of the form state in above with

bu(t) = b(t), An(t) = A(t), Yn(t) — 7(2). (6.11)
Furthermore, we deduce that

lE@)ls S A and [[E(®)][me S A2
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for t € [to,T). In particular, this implies that u(t) blows up at time 7" = 0 such that
[D2u|? ~ A7N(t) ~ [t| 2 ast — 0.

In addition, we deduce from L?-mass conversation and the strong convergence that

fulle = tim [l (t) 2 = 1@l
As for the energy, we note that
b2
E(u(t)) = e +o(l) > Eyast— 07,

by the choice of Ag, b,(t,) and A\,(t,). By energy conversation, this implies that
E(u) = Ep.
Next, we recall that rough bound
Fs| S An-

Therefore, using that % = A~ and the estimates for ),

d( AN L
a\" T )T,

Integrating this bound and using (6.2) and A ~ ¢?, we find

142\,

4A2N,
(f}/n)s - tg = y

(e = 52 1] S 1.

1
An

4 A2
Y(t) + TO =5+ O\

Nl

),

whence the claim for v follows, since we have \ ~ 2.
1
Step 2. H>" bound.
It remains to prove the H'/?*% bound (6.7). Our point of departure is again the identity

10,6, = D€, — 1, — F,,,
where

We plan to obtain a H'/?**?-bound on ¢,, taking advantage of the bounds at time ¢, ~ A2

and those assumed for t € [ty, t,]. We make partition of the interval [to, t,] into
to=s0<81<--<Sy=tp, 5j—8j_1=h, j=1,---, N,

where
h~ XN ~ (t, —to)/h~ (\)72
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We can obtain estimates in each interval A; = [s;_1, s;]. For the purpose we follow [2] and
for any time interval I = (a,b) we use estimate (see Proposition 1.3 in [2])

t
/ e =IWV=AP(s)ds

a

1

< O\l[#]§ Fll p (1. r2(mey).
X1

where the norm in the space X7 is given by

1

(2] " V,u(t, ) + ||faly ¥ utt, 2)

LYL2(R3)

7
L712(R3)

[ullx, = llult, ©)l| oo sy +

and ¢,q > 2 and § € (0, 1) satisfy

120 120 2 ) =

q q 3

Using the same argument as the one in [2, section 2.3], in the interval Ay = [sy_1, sn], we
can obtain

|$‘1+6 + ‘ZL’|1_5.

~ 1—1-1 =~ 3 2 ~
[&nllxay SH7375 (1QullEs ey + Nealliz s ) Meallx,

1 1-5 1. x—1__ = oo~
+ Jle41a % (alfe,) 07 VG, 60V,

!
L L2(|e|<2) Lk L3(|]>2)

+ hllnllxs,
ST el (07 4 Nl ) + [l (0@, L
A >
gnéf_lgvén hH,l?DnHXAN? (6.12)

Lk L2(j2|>2)

due to the bounds (4.2), the choice (5.6) of w and €,(t,) = 0. Now taking ¢ < 6 — 66, such
that ¢ > 2 and ¢ close to 2, we estimate the second term

|25 (22 @0 9 @,

LY L2(e|<2)

5 ~_ 1 ~
B a—

¢ .
LiNLQ(\x\S@ H " ||LOAONH1(R3)

L 1 1-§ ~
SIANYI AR |||2]577 VQ,

g oo K
LAN L2(|x|<2) ” " ||LANH1(R3)
1-5

<AV AT T | 6.13
SIAN| nAn H€nHL°A°NH1(R3), (6.13)

LS A Lo and Q,, > 1 that come from (5.6) and we

~

where we used the estimate H |:B|°‘VQn

also used the estimate H|at|2uH S ||u||H1(R3).

Lo (R3)
For the third term, we have
£10n V| S [CAPRv lemadv/el
L2(|z]>2) Ly L8(|z|>2)
N

LAN
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3 .2
S €l arz@s | An 2 Q2 | Lo (ex2)) L
AN
3 3 .1 .1
S| AR A [V Qnl[7211@nll 72| |
Ly,
1 1
N2 < A ?Ap|. (6.14)
LlAN
Here we used the estimate
[VQn| S |@nl for [z] > 2. (6.15)

To check this estimate we use Proposition 3.1 from [14] and therefore we have Q ~ (z)~*

and Q € H*(R3) N C*(R?). Hence, we deduce that |[VQ| < @ for |z| > 2. Hence we only
have to check the estimate

|Rp| <@ for || >2and k =1,2,3,4. (6.16)
Indeed, since L_R; = AQ), (2.4) and R is a radial function, we deduce that
(D+ 1Ry = Q3R +AQ = f < |a| 3, for |2| > 2. (6.17)
Using the [14, Lemma C.3], we have
B < Jal 7%

Hence, the right hand side of (6.17) have the decay estimate |f| < |z|™* for |z| > 2. On the
other hand, by the similar argument as [16,25, Lemma A.1], we have

@) gl = 1[{@) L fllzoe S 1) Fll oo
From the above estimates, we have
|Ri| S 2™ S Q for 2] > 2.

By the same argument as R;, we can obtain that |Ry| < @ for |z| > 2 and k = 2,3, 4.
Now we insert (6.13) and (6.14) into (6.12). Combined with the ||€,]| 51 is small and
h ~ \3. We have

Swlw

1Enllxa, S AR

The term ||¢,[|x, , can be estimated by the aid of interpolation between (5.18) and (5.19)

so that we have .
-34

Vihn[pm S An?

ﬂ‘w

noom € [2,00]
so that
||wn||XAN 5 1. (618)

In fact, taking m = 3 we can write

15 Vet | S BRI ot I8l o< S A2 < 1.

1(AN)
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In a similar way we estimate H||[x]gl/q¢n||L2(|x|<1)H A’ while the far field parts of the
Dl Laian

norm satisfy
[l s |, S 19wl S 1k = 0,1,
Li(An)

Hence we arrive at (6.18).
For the other intervals A;, j =1,--- N — 1, we have

1_

~ ~ _1_1 ~ ~ ~
lenllca, SEasi) i + 27575 (1@allug, e + eall iz 1) el

_1 1-6 1. ~_% ~ ~~_% -
|l 2121 7 (121260 V0, +|[e.@n i@,

al
1L L2(j2|<2)

Ly, 12(2[>2)
+ h||¢n||L°A°jH1(R3)-

By the similar argument as above, we deduce

Swoje

Y

1Enllxa, SIE(s))llm + AR S l€nllxs,,, +A

and inductively we find
5 ‘ 5
lenllxa, S (N = J)llénllxa, + A2 S (N =j+ DA

Therefore, we have

_1
||gn||X[tO,tn] S sup ||g7l||XAj S NA?/Q S A
1<j<N

This means

D=

IVEallz2 S An.

By using the interpolation inequality and (6.5), we can obtain

56

1.9~ ~ ni46,. 1-0 3_50
ID2*, |2 S IVéllza ez S A 2.
Hence, we arrive at (6.7).
Now the proof of this Theorem is complete. O

A Appendix

In this section, we will give some lemmas, which are very important but the proof is relatively
simple. By standard argument as [16,25], we can obtain the following results. Here we omit
the details.

In the following, we assume that A > 0 is a sufficiently large constant. Let ¢ : R — R be
the smooth cutoff function introduced in Section 4. For € = ¢, +ie; € HY?(R?), we consider
the quadratic forms

Lyaler) :/:ﬁ/A¢A|V(el)s|2dxds+/|el|2_g/Q§|q|2 (A1)
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L_ 4(e): = /Oo \/E/A¢A|V(€2)s|2dl'd8—l—/|€2|2—/Qf25|€2|2, (A.2)
s=0

where Agy = A(¢(5)). As in lemma 4.1, we denote

2 1
Us = \/;T—l—su’ for s > 0. (A.3)

We start with the following simple identity.
For u € HY?(IR?), we have

/ Vs | |Vug*deds = || DY?u)3. (A.4)
0 R?

Indeed, by applying Fubini’s theorem and using Fourier transform, we find that

= 2 _ 2 X s A EVI2 e | DL/2, 112
| va [ ivupasas =2 [Tl fae = 0t eug

In particular, we have

2 [o¢]
—/ \/5/ | D, |2 dzds = || D ull2. (A.5)
0 R3

™

Next, we establish a technical result, which show that, when taking the limit A — +oo,
the quadratic form [;° /s [ Ada|Vu,|*dzds + ||ul|3 defines a weak topology that serves as a
useful substitute for weak convergence in H'/?(R?). The precise statement reads as follows.

Lemma A.1. Let A, — co and suppose that {u,}>, is a sequence in H'/?(R®) such that

/ s / A6 |V () Pdids + [fun | < C,
0

for some constant C' > 0 independent of n. Then, after possibly passing to a subsequence of
{u,}°2,, we have that
u, — u weakly in L*(R*) and u,, — u strongly in L; (R?),

loc

and v € H'?(R3). Moreover, we have the bound

| DY2u)2 < lim inf / /3 / Aba. |V (up)s[2dds.

Lemma A.2. Let L. 4(e1) and L_ 4(e2) be the quadratic forms defined in (A.1) and (A.2),
respectively. Then there exist constants Cy > 0 and Ay > 0 such that, for all A > Ay and all

€=¢€ +ie € H%j(R%, we have the coercivity estimate
1
(Lsa€r,€1) + (Lo a2, €2) = Cy / lel* — F{(‘Slu Q)% + (e1,91) + |(€27p1>|2}‘
0

Here Sy is the unique functions such that L_S; = AQ with (S1,Q) = 0 and the function p;
is defined in (3.4).
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Lemma A.3. For any u € L*(R?), we have the bound

+o0
/ \/E/A2¢A|u5|2dxds
s=0

1
< Il

Lemma A.4. Let L€y and L_ey be the defined as section 2, respectively. Then there exist
constants Cy > 0 and Ay > 0 such that, for all A > Ay and all € = €, + ies € H:ﬁ(R?’), we
have the coercivity estimate

1
(Lye€r,€1) + (L-e2,€2) >Co / e — a{(%@)z + (e1,51)* + |(€2,P1)|2}-
Here Sy is the unique functions such that L_S; = AQ with (S1,Q) = 0 and the function p;
is defined in (3.4).
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