ON THE VALUE GROUP OF THE TRANSSERIES

ALESSANDRO BERARDUCCI AND PIETRO FRENI

ABSTRACT. We prove that the value group of the field of transseries
is isomorphic to the additive reduct of the field.
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1. INTRODUCTION

Given a real closed field (K,+,-, <), the possibility of defining an
ordered exponential on it, that is, an ordered group isomorphism exp :
(K,+,<) — (K>% - <), is strictly connected to the properties of its
natural valuation (i.e. the valuation whose valuation ring is given by
the elements bounded in absolute value by some natural number). For
example if an exponential exists, then the valuation group v(K) is
isomorphic to an additive complement of the valuation ring. In [10] it
is shown that for ordered fields that are maximal with respect to their
natural valuation this condition fails unless the value group is trivial (in
which case K C R), so maximal non-archimedean ordered fields do not
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admit an exponential. In [11] the same property is used, the other way
around, to show that, given a regular uncountable cardinal x, there is
a non-trivial group 9 such that the field K = R(M)), C R(IN)) of
r-bounded generalized series admits an exponential map.

In [3] the authors study the related property of admitting an iso-
morphism Q : (K, +, <) — (M, -, <), where M C K> is an embedded
multiplicative copy of the value group. They call such an isomorphism
omega-map, in analogy to Conway’s omega map on Surreal numbers
[4], and prove that, for fields of the form R((9)1)),, its existence implies
the existence of an exponential map. Moreover, for fields of the same
form, the converse holds under the additional hypothesis that the value
group M is order isomorphic to its positive cone ML,

The above results leave open the question whether the field T of
LE-transseries [5] admits an omega-map, as it is not a field of the form
R((91)),.. Besides R, transseries are arguably the most important exam-
ple of an exponential field. They are an important tool in asymptotic
analysis. Their grid-based version has been used by Ecalle [6] to give
a positive solution to Dulac’s conjecture (the finiteness of limit cycles
in planar polynomial vector fields).

The main result of the paper is that the value group of T is iso-
morphic to T itself as an ordered additive group. This is proved by
explicitly constructing an omega-map Q : T — IMEE where 9ME is the
group of transmonomials.

Finally, abstracting some tools which have been useful in the con-
struction we generalize results in [3] to a much wider class of fields.

We describe below the main ideas of the paper. In the case of
exponential fields of the form K = R((N)), treated in [3], any or-
der isomorphism 7 : 9 — 991! naturally induces an isomorphism
H : K — R(9”!) of ordered R-vector spaces from the field to the
canonical complement of its valuation ring. This in turn induces an
omega-map.

When considering the case of T, we follow a similar approach but
there are many additional complications. We recall that T is a subfield
of R(OMEE). Any order isomorphism OMELF — 9MMEE>1 induces an
embedding of ordered R-vector spaces T — R(OLE>1), however there
is no guarantee that its image is TT := T N R((OMEE>1)). In this paper
we show that 9F is order isomorphic to M*>1 and we produce a
particular order isomorphism 7 : 9MMXF — IMEP>1 which induces an
isomorphism of ordered R-vector spaces T — TT. This in turn will
induce an omega-map (Theorem 8.7).
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In the above process we are lead to consider an ideal of subsets of
INEE (generated by subgroups) and characterize T as the field of series
in R(OMLP)) with support in the ideal (Section 6). A subset of 9MEE
will be called bounded if it belongs to the ideal and a map n : MEF —
IMMEE>1 will be called bounded if it maps bounded sets to bounded
sets. The proof of the main result is then reduced to the problem of
constructing a bounded order isomorphism n : IMEE — MEE> with
bounded inverse. This is achieved in Lemma 8.6.

Endowing groups of monomials with suitable ideals of subsets yields
flexible constructions of many intereresting fields, encompassing T, the
r-bounded series and the field of Puiseux series (Definition 9.1). Some
results of [3] generalize easily to this new setting (see Theorem 9.5).

For simplicity of notation throughout the paper we work with fields
whose residue field is R, but with minor modifications we could have
taken any other model of the first order theory of (R, exp).

2. HAHN FIELDS

Given a multiplicatively written ordered abelian group 2t denote by
R((O1)) the field of Hahn’s generalized series (cfr. [7]) with monomials
from 9N, real coefficients and reverse-well-ordered support

R((9M) = {f € R™ : supp(f) is reverse-well-ordered}

where
supp(f) = {m € M : f(m) # 0}

denotes the support of the series. The value of f at m is referred to as
the coefficient of the monomial m in the series f or the coefficient of
f at m and written as fy := f(m).

The set R((9N)) is naturally an ordered field extension of R. Sums
and multiplication by scalars in R are defined termwise and order is
lexicographic, or equivalently f > 0 if and only if fraxsuppr) > 0.
Multiplication has a Cauchy-like definition

(f@m = fao

no=m

and the fact that the supports of f and ¢ are reverse well ordered
ensures that the sum on the right hand side has only finitely many
non-zero terms and that the support supp(fg) C supp(f)supp(g) is
still reverse-well-ordered.

Given a set I, an I-indexed family of series (f; € R(9MN)) : i € I)
is said to be summable if the union of the supports of its elements
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U,crsupp(fi) is reverse well ordered and for every m € 901 the set
{i: fim # 0} is finite: in such a case the formal sum is defined as

Zfz =g where gy := Z fim-

i€l mesupp(f;)

A monomial m € 9 is usually identified with the series having coef-
ficient 1 at m and 0 at other monomials. A term is then a series of
the form ¢t = km with £ € R. With such a convention, for every re-
verse well ordered set S of monomials, a family of terms of the form
(kgm : m € S) is summable: elements of R((901)) are thus usually writ-
ten as Zme ¢ fmm for some reverse well ordered S C M or as ), o kimy
where « is an ordinal number and (m; : i < «) is a strictly decreasing
a-sequence in 9.

For every element f of R(O)) \ {0} it makes sense to talk about the
leading monomial, coefficient and term of f, which we denote respec-
tively as

Im(f) :=maxsupp(f), lc(f) = fimp), W(f) :=Im(f)le(f).

Since R((P)) is an ordered field it makes sense to define dominance and
archimedean equivalence on non-zero elements. These notions have an
easy characterization in terms of the leading term of a series.

Definition 2.1. For z,y € R((91))\ {0}, we have the following relations
(1) dominance: © Xy <= dn € N, |z| < nly| <= Im(z) <
Im(y);
(2) comparability: * <y < (zr 2y&y=<1z) < Im(z) =
Im(y);
(3) strict dominance: x <y <= (v 2y &z #y) < Im(z) <
Im(y);
(4) asymptotic equivalence: x ~y <= r—y <z < lt(x) =
1t(y).
Series that are > 1 are said to be infinite whereas elements < 1 will be
said to be infinitesimal. Comparability is also known as Archimedean
equivalence.

Remark 2.2. The function lm : R(91)) \ {0} — 9N, is a (generalized)
ultrametric absolute value, whose residue field is R and whose valuation
ring is the set of series f such that supp(f) < 1. It is called natural
valuation.

Remark 2.3. We recall that an extension of valued fields is immediate
if it preserves the value group and residue field. It is worth mentioning



ON THE VALUE GROUP OF THE TRANSSERIES 5

that R((9N)), endowed with its natural valuation, is maximal in the
sense that it has no proper immediate extension (see [9, p.193, Satz 26]).
Thus every proper ordered field extension F© D R((91)) has non-zero
elements that are not comparable to any element of R(9)), as R is the
maximal archimedean ordered field.

Remark 2.4. Every element of f = >
uniquely as

k;m; of R(9)) decomposes

<o

f=fT+r+f
where supp(fT) > 1, f°© € R and f+ < 1, whereas every non-zero
element f decomposes multiplicatively as

(e f=1(f)
F=tmpyet) (14 150
where Im(f) € M, le(f) € R\ {0} and L < 1.

Remark 2.5. It may be worth remarking that in the definitions above
one could have considered any ordered field k instead of R: in this case
instead of < one must consider the k-dominance relation defined as
r2xy< Jk ek, |z <kly|

If (M, -, 1,<) is an orderd group we will denote by 9t>! the set of
elements of 90 greater than 1.

Fact 2.6. If M is a multiplicatively written ordered abelian group, k
is a subfield of R(N)) and M C N is a subgroup such that M>' > k,
then for every ordinal o, every strictly decreasing sequence (W;);<o of
elements of M, and every sequence (k;)i<q of elements of k, the family
ks, is summable.

Proof. Just note that supp(k;m;) < supp(k;m;) for i > j. O

Definition 2.7. In the hypothesis of Fact 2.6 we denote the set of
elements of the form ). km; with &; € k and m; € 9 as k((9n)):
this is a subfield of R((D1)) isomorphic to the field of generalized series
with coefficients from k and monomials from 9.

More generally if I" is a subset of I, k is a subfield of R((D)), and
k < (I')>!, where (T') is the subgroup generated by T', then k((T')) will
denote the k-vector subspace of R((1)) consisting of the series of the
form ), . k;m; with all m; lying in I" and k; lying in k.

For example if k = R then every I' C 1 satisfies the hypothesis, so
given any I' C 91, R((I")) is the R-vector space of series with support
included in I'.
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Remark 2.8 ([3, Cor. 2.19] or [5, §1.4]). Let k C R((M)) be a subfield
and let 2, My € N be subgroups such that M5 > M7 > k. Then

k((901)) (M2)) = k((91,M1)).

In particular every series f € k((91;9,)) has a unique representation
as

f= Z kg with &k € k(9)) and m; € My for every i < a.

<o

3. TRANSSERIES

The field T of transseries is a subfield of a field of the form R((9LF))
where 9"¥ is a suitable ordered multiplicative group called the group
of transsmonomials. We shall not define T, but in this and the following
section we list all the properties needed in this paper. In particular we
shall need the fact that T is the union of the subfields T,, ) in Definition
4.2. This representation of T will be used to introduce the ideal of
subsets of 9" mentioned in the introduction.

Definition 3.1. Denote by T the field of LE-transseries in a formal
variable x > R as described in [5] and let 9MEF be the group of LE-
transserial monomials. Note that

T C R(O5).

Let
TN = R(MEE>H) N'T

be the R-vector space of the transseries whose support only contains
infinite monomials and observe that T = TT @ R ¢ o(1) where the set
o(1) of infinitesimal transseries is the maximal ideal of the valuation
ring. The elements of TT are called purely infinite.

Fact 3.2. Recall that T admits an exponential function exp : T — T>°
making it into an elementary extension of the ordered field of real num-
bers with the natural exponential function. The function exp restricts
to an ordered group isomorphisms

exp| : (TT,+,O, < ) ~ (i)ﬁLE, 1, < )
and this suffices to determine exp on the whole T wvia the formula

h\n
(3.1) exp(f) = exp(f1) exp(f°) > (fn!)

neN
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The compositional inverse of exp is called logarithm, log : T>° —
T, and has an analogous piecewise characterization in terms of the
multiplicative decomposition: for f > 0 one has

(3.2)
(=1)"*'e f=1(f)
1 — log(l log(1 € _ =)
os(f) = los(im(1) +los(le(1) + 35— =g
Definition 3.3 (Normal form). For f > 0 we define f9 := exp(glog(f))

and e := exp(1), thus, we may write e” for exp(z).
Since MEE = exp(TT), every element f € T has a unique represen-

tation as
f=Y re"
<o
where avis an ordinal, r; € R\{0} for every i < «, (7;)i<q is a strictly de-
creasing sequence of elements of TT and 7 = exp(y;); we call > r;ei
the normal form of f.

<o

4. STRATIFICATION

Below we work in the field T of LE-transseries in the formal variable
X.

Definition 4.1. For n € N, let log, be the n-fold composition of
log and let exp, be the n-fold composition of exp. We extend this
notation to the case n € Z with the convention that exp,, = log_,,. For
example log, (x) = log(x), log,(x) = x and log_, (x) = exp(x). Now let
expy(x) = {exp,(x) | n € Z}. For X\ € exp,(x) and n € Z, we define
An = exp,,(A) so that

A, = log, (N).

Definition 4.2. For A € exp,(x) and n € N let us consider the follow-
ing inductively defined subsets of T:

(1) Mo = A¥, Tox = R(Mo,2)), Jox = R(9M5)).
(2) mn_kl’)\ = 6“]]”)‘, Tn-',-l,)\ = Tn,)\((mn+1,>\))7 v]]n-l-l,)\ = TH,A((mi—il-l,)\))'

For this to be well defined one needs to observe that for each n € N
we have T,y < 9}, | (see Definition 2.7 and Remark 2.8) and that
Toa(9M,410) € T. For the verification of these facts the reader must
refer to the original definition of the LE-transseries in [5] or to the
equivalent definition in [2, Prop. 4.12] (see in particular [2, Lemma

4.14]). From [5] or [2, Prop. 4.18] it also follows that

T=|JTna
n,A
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where n € N and A € expy(x). In fact in the union it suffices to take A
of the form x_;, with k € N (rather than k£ € Z). This depends on the
fact that T, expr) © Tny1,a. Notice that in [5] T and exp are defined
by a simultanous induction, while in [2] the transseries are defined as
a subfield of Conway’s surreal numbers No with the exponentiation
coming from No. For a short account of the latter approach and all
the relevant definitions see also [1].

Definition 4.3. Although T is not a maximal valued field, its subfields
T, » are maximal, indeed

Tn)\ - R((mn)\ ))

where 9, » = T, N IMEE. The subgroups M, € MEF can be induc-
tively generated as follows:

(1) Mo = Mo,
(2) Mpp1a = Mun M1

Remark 4.4. For n € N we have 97}, \ > 9,5 and a direct lexico-
graphic product

Mprin = Mo Min - My,
50 R((Mua ) (Mng1.0) = R(Mny10))-
Definition 4.5. We define ’]TL’/\ = R((7;}) and observe that T =
Una Tox

Remark 4.6 (Various normal forms). Since Dﬁ;}ru > M, we have
mrﬁl,)\ = (mn,Amn+1,>\)>1 = mi{\u(mnw\mihg\) and ‘ﬁi& < mn«\imi}rl,,\a
so applying R((—)) we get an ordered direct sum ']I'LrLA = 'IF;)\ +dnt1
and by induction we easily obtain the ordered direct sum

(4.1) T!, =Jop+ ...+ T
It follows that
Mpir = MoaMn oo DMy = A° eXP(TIL,,\)»
thus T,41, = R(A® exp(']l‘jm))). In other words every f € T,41 ) can
be written as
f= Z i\ et
<o
where « is an ordinal, ; € R\ {0}, s; € R, a; € 'I[‘IM and (A\*e% )<, is
strictly decreasing. We can also write it in the form

f=> me
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where 3; = s;1og(\) + «; (this is the normal form of Definition 3.3).
Recalling that T,y1 0 = Tox(Mni10) = Tra((e'*)) we also have a
representation of the form
= Sk

<o
where k; € T, » and v; € Jp,».

Definition 4.7. It is convenient to extend Definition 4.2 to the case
when n € Z, so we put

(1) m,L)\ =1.

(2) T_1h=R.

(3) Jo1a =Rlog(A).
and for n < —1 we put M, =1,T,,» =R and J, » = {0}.

Proposition 4.8. For alln € Z and X € expy(x),
(1) mn-‘rl,)\,l 2 mn)\.
(2) Tn—&—l,)\,l 2 Tn,)\-
(3) Jn-ﬁ-l,)\,l 2 Jn,/\'

Proof. The case n = —1 follows from the following inclusions:
e Moy, =\, D1 =9,,;
e Ton , =R(A\%) DR=T_,;
o Jop, =R(X*") D g
We can then conclude by an easy induction argument. U

5. LEVELS

Our next goal is to represent the ordered vector space TT as a lexico-
graphic direct sum €, ., J,, of suitable subspaces which can be char-
acterized in terms of “levels”. Since exp(TT) = IMEE this will also
induce a decomposition of MM as a direct sum of multiplicative sub-
roups M,, = exp(J,_1).

Recall that x is the formal variable of T and x_j = log,(x). Mapping
x to x_j will induce an automorphism of T sending J,, to J,_x and 901,

in S)ﬁn_k.

Definition 5.1. For n € Z we define:
(1) T, = UkeZ Tn+k,xfk‘
(2) mn = UkeZ mn+k,x_k-
(3) N, = UkeZ mn+k7x7;€-
(4) Jn= UkeZ JnJrk,xfk-

By Proposition 4.8 all the unions are increasing.
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Remark 5.2. We have MM = (J, M, and exp(J,) = M,41 by Defi-
nitions 5.1 and 4.2. Note moreover that for every k& < n we have

mn 2 mkkarl e mnflmcr

The following definition is needed to prove that the vector spaces J,
are in direct sum.

Definition 5.3 (Levels). Let f,g > 1. We say that f and g have the
same level if there is n € N such that log,(|f|) =< log,(|lg]). We say
that f has level n € Z if it has the same level as exp,,(x) and we write
in this case lv(f) = n. For f < 1, we define lv(f) = lv(1/f). By
convention we also stipulate that the level of an element f <1 is —oo
and the level of 0 is undefined. We have:

(1) 1%, e’ € Tis in normal form, then Iv(}_

lV(’Yo) + 1.
(2) Iv(x®) =1 for all s € R*.

Remark 5.4. The function lv : T* — Z U {—oc} satisfies:

(1) v(fg) = max{lv(f), Iv(g)}

(2) if 1 X f < g then lv(f) <1lv(g)

(3) if 1 < f,g and Iv(f) < lv(g), then |f| < |g].
It follows that {m € 9MLF | Iv(m) < n} is a convex subgroup of ML
for all n € Z.

<o 7’@'6%) =

Proposition 5.5. For n € Z we have:

(1) J,, is the vector space of transseries whose support only consists
of infinite monomials of level exactly n.

(2) M, = {m e M | Iv(m) < n};

(3) T,, is the field of transseries whose support only contains mono-
mials of level less or equal than n.

Proof. One easily sees by induction that if n+k > 0 and 1 # m €
M, xx_, then Iv(m) = n, therefore all elements of M7 := M, \ {1}
have level n. It follows in particular that if n € M, 44 x_, then lv(n) <n
and that equality holds if and only if n ¢ M, x_1x_,. Hence the

monomials of level n are exactly those contained in Emjfl‘ﬁn,l =M, \
MN,—1. All of (1)-(2)-(3) easily follow from this. O

Proposition 5.6. We have J;?, > I, and T" is the direct sum

T =PI

neZ

as an ordered R-vector space .
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Proof. The inequality J;?, > J, follows from Remark 5.4(3). The sum
is direct by Proposition 5.5(1) and it is equal to TT by Remark 4.6,
Equation 4.1. O

Corollary 5.7. The group IME is the multiplicative direct sum of the
subgroups M.

6. SUMMABILITY

In this section we introduce the ideal of subsets of 9MXF mentioned
in the introduction.

Definition 6.1. Given a family (m;);<, of monomials in M we
say that (m;);<q is T-summable if (m;);<, is summable and the Hahn
series y_,_, m; belongs to T C R(MF)). Note that if (m;);<q is T-
summable, then for every sequence of non-zero real numbers (7;);<, we
have ). rm; € T.

We give below a reformulation of T-summability which is more con-
venient for our treatment.

Definition 6.2. Given a set X, we say that X is a bornology on X if
it is an ideal in the posets of subsets of X whose union is X, that is:

(1) whenever Z CY € X one has Z € X
(2) whenever Z,Y € X one has ZUY € X
3) UX = X.

Given Xy = (X, X) we say that a subset S C X is X-bounded if it
isin X.

A map between sets endowed with a bornology f : Xy — Yy is said
to be bounded if the image of any bounded subset is a bounded subset.
A bijection is said to be bi-bounded if it is bounded with bounded
inverse.

Let Y C X and X a bornology on X, then Y naturally carries a
bornology

Xy ={ZnY:Zex}

consisting of those subsets that are X-bounded when regarded as sub-
sets of X. It is the largest bornology making the inclusion a bounded
map.

Given a set X and a family of subsets F whose union is X, the
smallest bornology containing F is said to be the bornology generated
by F. If F is upward directed, the bornology generated by F is the
family of subsets of X that are contained in some F' € F.
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Definition 6.3. Let

To[til] = { Z k’ltl n e N, kz € To}

—n<i<n

be the ring of Laurent polynomials with coefficients from T.
We introduce the following bornologies on 9XE T and To[t*!]:

(1) M is the bornology on MM*F generated by the subgroups M, x_,
forn,k € N

(2) T is the bornology on T generated by the subfields T, 5, for
n,k € N.

(3) We also consider on Ty[t*!] the bornology generated by the
subgroups E[tm"] = t"E + ... +t™E where E is a T-bounded
subfield of Tg and m < n are in Z.

Remark 6.4. With the above definition it follows that a set of mono-
mials S C ME¥ is T-summable if and only if it is reverse well ordered
and M-bounded.

Remark 6.5. Note that M = Tlopee and that that exp and log are
bi-bounded maps with respect to the bornologies we just introduced as
exp(T,x_,) € Tpt1x_, and log(T>% ) C Thx . .-

n,X_—k

7. THE CRUCIAL ISOMORPHISM

We recall that T, is the field of transseries whose support only con-
tains monomials of level less or equal than n and J,, is the vector space
of transseries whose support only consists of infinite monomials of level
exactly n. We shall prove that there is an isomorphism T, = J, of
ordered vector spaces.

Proposition 7.1. For each n € 7Z, there is an isomorphism of or-
dered R-vector spaces f,, : T,, ~ J,. Moreover the isomorphism maps
Tyoikx_, €T, ontoJpnirxx_, € Jn forn+k > —1 so it is bi-bounded
with respect to the bornologies T |1, and Ty, .

Proof. 1t suffices to show that for each k,n € Z such that n + k > —1
there is an isomorphism fiixx_, @ Tnikx_, = Jntkx_, and that these
isomorphisms can be glued together so to define the f, s as

fn = U forrex_y, @ T — Jn.

k>—n—1

Easing the notation, we shall consider isomorphisms

fn)\ : Tn,k 7 Jn)\
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for any A € log,(x) and n > —1, and we define them by induction on
n starting at n = —1.

Note that the relation T, 11\ = T, x(exp(Jy,,2))) holds for every n >
—1.

First let h: T — T be defined as

(7.1) h(x):{x—i—l ifx >0

% if x <0.
—T

We shall use only the fact that h is an order isomorphism T ~ T>°
mapping 0 to 1 and restricting to h| : T, — ']I‘;g\ for every n € Z
and A € expy(x).

We build inductively f,, » as follows: for n = —1 we just set

foax: T =R -=J ;,=log(M)R foia(r) = log(A)r
Then to define f,,+1 ) from f, \ we use
Tot1a = Tanl(exp(Jnn))  and  Jppix = Toa(exp(J;5)).
Assuming inductively that we have an isomorphism
fox: Tox — Jun

composing with the order isomorphism hly, , : T, ~ T 4 we obtain
an induced order isomorphism

-1 . ~ >0
fn)\ohofn,)\ -Jn,)\ ? Jn)\a
which in turn induces an isomorphism

fn+1,)\ : Tn+1,A - Jn+1,,\
as follows: every element x of T, 1\ may be written uniquely as
= kiexp(vi) ki€ Taa\{0} 7 €Jnar
<o
then one sends = to
Fosia(@) =Y kiexp (faxoho fr (7))
<o

This way we end up with a family of isomorphisms f,x_, : T, x_, AN
Jn,x,k .

The glueing needed then follows from the following claim:

Jor every A = x_y, and every n > —1, fny110g(n) extends f .
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To prove this claim we proceed by induction on n. For n = —1 we
easily see that for every r € R we have

Foseon(r) = 7D 11080 © 10 F oy (0) =
= 1 exp(f-110g(2) © 1(0)) =
= rexp(f-110gn) (1)) = r1og(A) = fo1a(r).
As for the inductive case, assume f, 11 10g(x) €xtends f, x, and let us

prove that f,i210g(n) extends frpia: let @ € Trpin C© Thiol0g(n), the
crucial observation is that if we write x as

T = Z ki exp(7;) ki € Toitogn) \ {0} Yi € Jnt1,10g(0)
<o
since x € T, ) one has that actually k; € T, y and 7; € J, . Hence
recalling the inductive hypothesis we have

Furziog) () = D ki XD (Farraos) © 10 fr i ogoy () =
<o
= Z kiexp (far o ho fa(1) = faria(2).
<o
This completes the proof. 0

Remark 7.2. Note that by construction f,, is strongly T,,_;-linear. More
precisely, given a transseries of the form »_ k;e” where k; € T,,_; and
v; € Jn_1, we have that

fn (Z ,I{Jie%) — Z k.iefnfmhof;jl(%)'

This can be used to compute f, using as a base case f, [ R which is
given by f,(r) = rx,. In particular fo(r) = rx. Let us also note that
fa I Tox, is given by f,(30,_,mix5) = >, raxps),

Example 7.3. Consider the transseries exp(xe ). Its normal form is

n ,—nx

i x"e
exp(xe ™) = Z o €Tix C Tox
neN )

We compute f; and f on exp(xe™).

. Xnefoohofo_l(—nx) X”en%lx
« Fleplxe ) = Y2 XELR TN o
n>0 ' n>0

€ JLX’ be-

cause
fooho fo'(=nx) = foo h(—n) = Z3x.

o folexp(xe ™)) = eXp(xe_x)eflohofl_l(o) = exp(xe X)e” € Jox
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8. THE GROUP OF MONOMIALS IS ORDER ISOMORPHIC TO ITS
POSITIVE CONE

In this section we show that there is a bi-bounded order isomorphism
IMEE ~ MLE>L Since exp(TT) = ML and exp is bi-bounded (Remark
6.5) this reduces to show that there is a bi-bounded order isomorphism
Tt ~ TH>% In turn this depends on the fact that TT is isomorphic
to the ordered vector space To[t*!] of Laurent polynomials over the
field Ty. In fact we will show that, for any ordered field K, the vector
space K[t*!] is order isomophic to its positive cone. Since all the
relevant isomorphisms are bi-bounded with respect to the appropriate
bornologies, combining the isomorphisms we obtain our main result.

Remark 8.1. Notice that for all n € Z there is an automorphism .5,, of
T preserving exp and infinite sums and sending x to x,, = exp,,(x) (see
[5]). The restriction of S, is an isomorphism S,| : (T, +,-,0,1, <) ~
(To, +,-,0,1, <).

Proposition 8.2. There is a bi-bounded isomorphism of ordered R-
vector spaces

F:To[t*] — T

where To[t*!] is the ordered ring of Laurent polynomials with coeffi-
cients from Ty ordered with the condition t > Ty and is endowed with
the bornology defined in Proposition 6.3.

Proof. 1t suffices to compose the isomorphisms
)~ @~ BT~ Pl =T
nez nez nez

More precisely, let f, : T,, — J, be as in Proposition 7.1, then one
defines

F:To[t*'] =T, F( Y kt')= Y fioSik

i€[—m,m)] 1€[—m,m]

This is an ordered isomorphism by virtue of Proposition 5.6.
Notice that F(t'T,_,) =J hence by linearity

N, X_n+i)
F(Tn,xfn[t[_mﬂn}]) = Z J?’L7X—n+i'
1€[—m,m]
To prove that F' is bi-bounded it suffices to show that, as m < n
range in Z, the sets T, ,_, [t7™™)] and Y Jnx_,., generate the

bornologies of Ty[t*!] and TT respectively. This is clear for To[tT!].
Now recall that the bornology of T' is generated by the sets T%,x,

1€[—m,m]
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and, by Remark 4.6, Equation 4.1, for n € N and k € 7Z, setting
m = max{|n — k|, |k|}, we get

Tl,x_k g Jn,x,nfm +F Jn7x—n+m g sz—l—Qm,x,m,n'
]

Proposition 8.3. Given an ordered field K and a bornology IC on K
generated by subfields, consider the bornology K[t] generated by sub-
groups of the form E[tI™™] = BEt™ 4+ ... + Et" as E ranges in the
K-bounded subfields of K and m < n range in Z. There are:
(1) a bi-bounded order isomorphism h : K ~ K>°
(2) a bi-bounded order isomorphism H : K[t*] ~ K[t*']>° extend-
ing h where K[t*1] is the additive group of all Laurent polyno-
maals, with the ring order induced by t > K.

Proof. (1) An order isomorphism can be defined piecewise, e.g. setting

r+1 ifz>0
h(m):{L ifx <0
11—z — "

One easily sees that since h is defined only in terms of the order and
of field operations and constants, for every subfield L. C K it restricts
to h|: L ~ L>° hence it is bi-bounded.

(2) This is a bit more involved. We will define order isomorphisms
A and B as in the diagram below

K[t*] —25 Z % K[t™Y

and define H as the composition H := B! o A. Here Z ” K[t™]
denotes the product of Z and K[t~!] endowed with the lexicographic
total order, that is (z,y) < (2/,¢') if and only if x < 2’ or # = 2’ and
y<y.

In order to define the isomorphisms A let us observe that the set
t"K[t~'] of Laurent polynomials of degree < n can be partitioned into
three order-convex subsets

t"K[t™] = L, U t"'K[t7'] U U,

with
L, < t"'K[t7'] < U,
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where L, is the set of negative Laurent polynomials of degree n and
U, is the set of positive Laurent polynomials of degree n, that is:

Ly = t" ' K[t7Y] + K<%"

Uy :=t" K[t + K~%".
1]

It follows that we can write K| as the disjoint union

Kt = L. uEE" U U
n>0 n>0

By point (1) we have order isomorphisms K ~ K>% ~ K<9 Tt follows
that we can write down induced order isomorphisms

Uy 2 U, — {n} x K[t7], y+at" — (nt "y +h(2))

lp: Ly, — {—n} x K[t™], y—at" = (—nt 7"y —h(2))
where y ranges in t" ' K[t7!] and z in K>°.

Thus we can define an order isomorphism A : K[t*!] — Z <K [t
as the union

A= uAUJu: K] = Z % K[t™]
n>0 n>0

where Ay : K[t7!] ~ {0} x K[t7!] is the obvious isomorphism y

(0,9).
Similarly K[t+1]>° decomposes as a disjoint union

K> = U,  with U, < Uppa,

neL

and again we can define the order isomorphism B : K[t¥]>0 — Z %
K[t™'] as the union for n € Z of u, : U, ~ {n} x K[t7']:

B=Jun: K[ » Zx K[t 7).

In order to prove that H : B~1o A : K[t*!] — K[t*1]>? is bi-bounded
it suffices to prove that for any subfield E of K we have
E[t[fn,n}]>0 C H(E[t[in’n]]) C E[t[72n,2n]]>0.

Computing A and B on E[tI™™"] where E is a subfield of K, we
have
Al = | () x B
|k|<n
B(E[t"]) = | {k} x B[t

Ik|<n
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From this we see that B(E[tl™"]) € A(E[t=""]) € B(E[t-221)).
The claim follows applying B~!. O

Definition 8.4. By Proposition 8.3 point (2), setting K = Ty, K =
T |r,, we get an order isomorphism

H : To[t*'] — To[t*']7°
which is bi-bounded with respect to the bornology of Definition 6.3.
Definition 8.5. Let F : To[t*'] — TT be the ordered R-vector space

isomorphism described in Proposition 8.2. We define H and 7 as fol-

lows: o
H=FoHoF'.TN - Th>0

n = exp oH o log : M — mEE>1
Lemma 8.6. The map
0 (MEE <) o (LB, <)
1 a bi-bounded order isomorphism.

Proof. We know that all the maps exp, H, F' are bi-bounded order iso-
morphisms hence 7, being a composition of them and their inverses has
to be a bi-bounded isomorphism (see Remark 6.5, Proposition 8.2 and
Proposition 8.3). O

Theorem 8.7. The ordered group of transserial monomials IME is
1somorphic to the ordered additive reduct of T.

Proof. Consider the isomorphism of ordered R-vectors spaces
H:T—T

defined by H(>_ rm;) = > rin(m;). Note that H is well defined be-
cause 7 is bounded and it is an isomorphism because its inverse is
bounded. Now define

Q:(T,0,+,<) — (ME1,-, <)

as the composition 2 = expoH. Then € is the desired isomorphism.
O

9. GENERALIZING A RESULT ON OMEGA-MAPS

In [3] it is shown that a field of the form R((901))~, admits an omega-
map if and only if admits an exponential and 90 is order isomorphic to
M>1. We generalize this result to the case when instead of R((90)) -,
we have a subfield of R(90?)) induced by a bornology on 9.
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Definition 9.1. Given an ordered group (I, -, 1,<), if [" is a subset
of M and G is a bornology on I' we define

R(Tg) := | JR(S)).

Seg

that is, the subspace of R((I')) consisting of well founded sums with
G-bounded support.

Remark 9.2. Let (9M,-,1,<) be an ordered abelian group and let M
be a bornology generated by subgroups. Then:

o R(Myr) C R(M)) is a subfield (as it is a directed union of
fields).

o if ¢ € R(Myy)) is infinitesimal and (&, )nen is a N-sequence in
R, then

> k™ € R(DM).

neN
It follows in particular that in order for fields of the form R(%tr4)) to
have an exponential it suffices that they have one restricted to purely
infinite elements, the extension being constructed as in Equation 3.1.

Example 9.3. Let (9, -, 1, <) be a multiplicatively written ordered
abelian group.

(1) If k is an uncountable regular cardinal, the family M, of subsets
of M having cardinality strictly less than & is a bornology which
can be generated by subgroups. The field R(90 4, )) is the field
of k-bounded Hahn-series and is also denoted by R((9)).

(2) The family g of subsets contained in some finitely generated
subgroups of 91 is the smallest bornology on 9t generated by
subgroup. The field R((9,)) is called field of grid based series
(cfr [8]).

(3) Taking M = x? we obtain the field of Puiseux series R((2)).

(4) The field T of LE-transseries coincides with R((9%F)) where M
is the bornology in Definition 6.3.

Remark 9.4. If f : I'¢ — Ap is a bounded increasing map between total
orders, then the natural induced map F': R((I')) — R((A)) defined as

FZ kivi = Z Kif (i)

maps R(T)) into R(Ap)).

The following results generalizes Theorem 4.1 of [3].
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Proposition 9.5. Let N be a multiplicatively written ordered abelian
group and let N be a bornology generated by subgroups of M. For the
field K = R(My)), denote by K the bornology on K generated by the

subfields of the form R(N')) as W ranges in the N -bounded subgroups
of M, then the following are equivalent:

(1) there is an ordered bi-bounded isomorphism (K, +,0,<,K) ~
(N, -, 1, <, N) between the ordered field and its group of values;
(2) K admits a bi-bounded isomorphism exp | : (KT, +,0, <, K]|) ~
N, -, 1, <, N) and an ordered bi-bounded bijection (M, N, <) ~
(LN <)
where N'| and K| denote the restrictions of the bornologies N and K to
ML and KT respectively.

Proof. Assume (1) holds, that is we have an isomorphism €2 : (K, +,0, <
) =~ (M,-,1,<,N) and let h : K — K> be defined by the formula 7.1
(Proof of Proposition 7.1): it is easy to check that then

QohoQ l: (M, 1, <,N)~ (- 1, <, N|)

is a bi-bounded chain isomorphism, hence it allows us to define an
isomorphism G : (K', +,0,<) — (K, +,0, <), as the only strongly R-
linear map that restricts to Qoh 1o Q71 : M1 — N (see Remark 9.4).
G is then bi-bounded w.r.t. to K and K|. The composite Q2 o G is the
sought exponential restricted to purely infinite elements Q2o0G = exp | :
(K", +,0, <) ~ (M, -, 1, <): it is bi-bounded because it is a composition
of bi-bounded isomorphisms. On the other hand, assuming (2) if we
have an isomorphism 7 : (M, N, <) ~ (M, N, <) we can immediately
define an isomorphism H : (K, +,0,<,K) — (K", +,0,<,K|) as the
only strongly R-linear map restricting to 1 and set 2 = expoH: it is
again bi-bounded because it is a composition of bi-bounded maps. []

Remark 9.6. By Remark 9.2, the condition (2) of Proposition 9.5 is
equivalent to K admitting a surjective exponential which restricts to a
bi-bounded isomorphism exp | : (KT, +,0, <, K|) ~ (M, -, 1, <, ) and
a bi-bounded order isomorphism (M, N, <) ~ (M1 N, <).

Remark 9.7. If we consider the case of a group 91 endowed with the ideal
of subgroups N, consisting of the subgroups with cardinality strictly
less than k for some fixed regular uncountable cardinal x, then Propo-
sition 9.5 and Remark 9.6 tell us that K = R(O)), admits an iso-
morphism € : (K, +,0,<) ~ (9M,-,1, <) with its natural value group
v(K) ~ N if and only if (N, <) ~ (M”!, <) and K admits a surjective
exponential such that exp(K") = M. This implies Theorem 4.1 of [3]
(see also Theorem 3.4 therein).
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