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LENGTH FUNCTIONS ON MAPPING CLASS GROUPS
AND SIMPLICIAL VOLUMES OF MAPPING TORI

by Federica BERTOLOTTI & Roberto FRIGERIO

Abstract. — Let M be a closed orientable manifold. We introduce two numer-
ical invariants, called filling volumes, on the mapping class group MCG(M) of M ,
which are defined in terms of filling norms on the space of singular boundaries
on M , both with real and with integral coefficients. We show that filling volumes
are length functions on MCG(M), we prove that the real filling volume of a map-
ping class f is equal to the simplicial volume of the corresponding mapping torus
Ef , while the integral filling volume of f is not smaller than the stable integral
simplicial volume of Ef .

We discuss several vanishing and non-vanishing results for the filling volumes.
As applications, we show that the hyperbolic volume of 3-dimensional mapping
tori is not subadditive with respect to their monodromy, and that the real and the
integral filling norms on integral boundaries are often non-biLipschitz equivalent.

Résumé. — Soit M une variété fermée et orientable. Nous introduisons deux
invariants numériques, dénotés volumes de remplissage, sur le groupe modulaire
MCG(M) de M . Les invariants sont définis en fonction de normes de remplissage
sur l’espace des bords singuliers de M , avec coefficients réels ou entiers. Nous
montrons que les volumes de remplissage sont des fonctions de longueur, nous
prouvons que le volume de remplissage réel d’une classe f est égal au volume
simplicial du tore d’application correspondant Ef , et que le volume de remplissage
entier de f n’est pas plus petit que le volume simplicial entier stable de Ef .

Nous exposons plusieurs résultats d’annulation et de positivité des volumes de
remplissage. Comme conséquence, nous montrons que le volume hyperbolique des
tores d’application tridimensionnels n’est pas sous-additif par rapport à la mono-
dromie, et que les normes de remplissage réelle et entiére sur les bords entiers ne
sont souvent pas biLipschitz-équivalents.

1. Introduction

This paper is devoted to the study of two invariants on the mapping class
group of a closed orientable manifold. Our invariants (which are in fact the

Keywords: Simplicial volume, Stable integral simplicial volume, Filling volume, Length
functions, Mapping torus, fibration over the circle, Mapping class group.
2020 Mathematics Subject Classification: 55N10, 57S05, 53C23, 57M07.



1384 Federica BERTOLOTTI & Roberto FRIGERIO

real and the integral version of a unique invariant) are defined in terms of
filling norms on the space of singular boundaries, and they turn out to be
closely related to the simplicial volume of mapping tori.

Let R = R or Z, and let M be a closed orientable n-dimensional man-
ifold. Let C∗(M,R) denote the complex of singular chains on M with
coefficients in R, and for every i ∈ N denote by Zi(M,R) ⊆ Ci(M,R)
(resp. Bi(M,R) ⊆ Ci(M,R)) the subspace of degree-i cycles (resp. bound-
aries). We endow C∗(M,R) with the usual ℓ1-norm such that, if c =∑

i∈I aiσi is a singular chain written in reduced form, then

∥c∥1 =

∥∥∥∥∥∑
i∈I

aiσi

∥∥∥∥∥ =
∑
i∈I

|ai| .

On the space Bi(M,R) of boundaries there is also defined the filling norm
∥ · ∥fill,R such that, for every z ∈ Bi(M,R),

∥z∥fill,R = inf{∥b∥1 | b ∈ Ci+1(M,R) , ∂b = z} .

Recall that Hn(M,Z) ∼= Z is generated by the fundamental class [M ]Z of
M , and that an integral fundamental cycle for M (or Z-fundamental cycle)
is just any representative of [M ]Z. We denote by [M ]R ∈ Hn(M,R) the real
fundamental class of M , i.e. the image of the fundamental class [M ]Z via
the change of coefficient map Hn(M,Z) → Hn(M,R). An R-fundamental
cycle (or real fundamental cycle) of M is any representative of [M ]R in
Zn(M,R).

We denote by MCG(M) the (positive) mapping class group of M , i.e. the
group of homotopy classes of orientation preserving self-homotopy equiva-
lences of M (in the literature, the mapping class group often denotes the
group of isotopy classes of (orientation preserving) self-homeomorphisms;
since there is a natural homomorphism between this last group and the
group MCG(M) as defined above, our invariants are defined also on iso-
topy classes of orientation preserving self-homeomorphisms of M).

If f : M → M is a map, we denote by f∗ : C∗(M,R) → C∗(M,R) the
induced map on singular chains. Observe that f∗ is norm non-increasing
both with respect to the ℓ1-norm, and (on the subspace of boundaries) with
respect to the filling norm.

Definition 1.1. — Let f : M → M be an orientation preserving self-
homotopy equivalence, and let z ∈ Cn(M,R) be an R-fundamental cycle
for M . We set

FVR(f) = lim
m→∞

∥fm
∗ (z) − z∥fill,R

m
,
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FILLING VOLUMES ON MAPPING CLASS GROUPS 1385

where ∥ · ∥fill,R denotes the filling norm on Bn(M,R). (The symbol FV
stands for filling volume).

We will see in Proposition 2.1 that the invariant FVR(f) is well defined,
i.e. the above limit exists, is finite, and does not depend on the choice of
the fundamental cycle z. Moreover, it follows from the very definition that
FVR(f) ⩽ FVZ(f) for every orientation preserving self-homotopy equiva-
lence f : M → M .

It turns out that FVR(f) only depends on the homotopy class of f (see
Proposition 2.2). With a small abuse, for every φ ∈ MCG(M) we will thus
denote by FVR(φ) also the value FVR(f), where f is any representative of
φ. In this way, the invariant FVR defines a map

FVR : MCG(M) → [0,+∞) .

Basic properties of FVR

Following [28], we say that a length function on a group G is a map
l : G → [0,+∞) such that the following conditions hold:

(1) l(gm) = |m| · l(g) for every g ∈ G, m ∈ Z;
(2) l(ghg−1) = l(h) for every g, h ∈ G;
(3) l(gh) ⩽ l(g) + l(h) for every g, h ∈ G such that gh = hg.

Theorem 1.2. — The map

FVR : MCG(M) → R

is a length function.

The definition above is not the unique (and probably nor the most pop-
ular) definition of length function. Indeed, among the properties of length
functions, several authors require the inequality l(gh) ⩽ l(g) + l(h) to hold
for every pair of elements in G (while we require it to hold only for com-
muting elements). We will see in Proposition 2.4 that this further property
does not hold in general for our invariants FVR and FVZ.

Being a length function, the invariant FVR vanishes on every finite-order
element of MCG(M). Using this fact we readily deduce the following:

Corollary 1.3. — Let M be a closed connected aspherical and ori-
entable manifold of dimension at least 3 and suppose that π1(M) is Gro-
mov hyperbolic. Then FVR(f) = 0 for every orientation preserving self-
homotopy equivalence f : M → M .

TOME 74 (2024), FASCICULE 4



1386 Federica BERTOLOTTI & Roberto FRIGERIO

Indeed, if M is as in the statement of Corollary 1.3, then Out(π1(M)) is
finite [11, Theorem 5.4A] and MCG(M) = Out+(π1(M)) < Out(π1(M))
(indeed, it is well known that for every aspherical CW-complex the group of
homotopy classes of self-homotopy equivalences is isomorphic to the outer
automorphism group of the fundamental group).

Notice that, in dimension not smaller than 3, negatively curved closed
connected orientable manifolds satisfy the hypothesis of the corollary above.

The invariant FVR and the simplicial volume of mapping tori

We recall the following fundamental:

Definition 1.4. — The R-simplicial volume of M is

∥M∥R = inf{∥z∥1 | z is an R− fundamental cycle for M} .

The real simplicial volume ∥M∥R is just the classical simplicial volume as
defined by Gromov in [10], and it is denoted simply by ∥M∥. Henceforth,
when omitting the choice of the coefficients we will always understand
that R = R. For example, we will denote simply by FV, ∥ · ∥fill, [M ] the
invariant FVR, the norm ∥ · ∥fill,R, and the real fundamental class [M ]R of
M , respectively.

For every homeomorphism f : M → M , let us denote by M ⋊f S
1 the

mapping torus of f , i.e. the manifold obtained from M×[0, 1] by identifying
(x, 0) with (f(x), 1) for every x ∈ M . The following result establishes a very
neat relationship between FV(f) and the mapping torus of f :

Theorem 1.5. — LetM be a closed orientable manifold, and let f :M →
M be an orientation preserving homeomorphism. Then

FV(f) = ∥M ⋊f S
1∥ .

The inequality ∥M ⋊f S
1∥ ⩽ FV(f) admits a rather simple proof. The

proof of the converse inequality is more involved, and boils down to showing
that mapping tori admit efficient fundamental cycles that are compatible
(in a suitable sense) with the fibration (actually, with any fixed fibration)
of the mapping torus on the circle.

Thanks to Theorem 1.5, the understanding of the invariant FV can give
information on the simplicial volume of mapping tori. For example, putting
together Theorem 1.5 and Proposition 2.4 we readily deduce the following:

Corollary 1.6. — Let Σ be a closed hyperbolic surface. Then there
are orientation preserving homeomorphisms f, g : Σ → Σ such that

∥Σ ⋊f◦g S
1∥ > ∥Σ ⋊f S

1∥ + ∥Σ ⋊g S
1∥ .
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On the other way around, from Theorem 1.5 and the knowledge of the
simplicial volume of manifolds that fiber over the circle, one may deduce
many properties of FV. For example:

Theorem 1.7. — Let n be a positive integer, n ̸= 1, 3. Then, there
exist a closed orientable n-manifold M and a class φ ∈ MCG(M) such that
FV(φ) > 0.

On the contrary, it is shown in [3] that the simplicial volume of any
4-dimensional closed orientable manifold fibering over the circle vanishes.
This already shows that, if M is a closed orientable 3-manifold and φ is an
element of MCG(M) which may be represented by a homeomorphism, then
FV(φ) = 0. Moreover, in [2] it is shown that every orientation preserving
self-homotopy equivalence of a closed orientable 3-manifold admits a power
homotopic to a homeomorphism. Building on this two results and on the
fact that FVR(φn) = |n| FVR(φ) for every φ ∈ MCG(M) and n ∈ Z, we
deduce the following:

Theorem 1.8. — For every closed orientable 3-dimensional manifold
M and every φ ∈ MCG(M) we have FV(φ) = 0.

In contrast, the invariant FVZ does not necessarily vanish on mapping
classes of 3-dimensional manifolds (see Corollary 1.13 below).

Due to the vast literature on the geometry of 3-manifolds fibering over
the circle, in dimension 2 we can collect more information on the invari-
ant FV. For example, in the case of surfaces it is possible to completely
understand the vanishing or non-vanishing of FV. Indeed, it is well-known
that every self-homotopy equivalence of a closed surface is homotopic to a
homeomorphism, and the simplicial volume of mapping tori of hyperbolic
surfaces is completely understood (see e.g. [16, Section 2.6] for a statement
which perfectly fits with our terminology). Hence Theorem 1.5 readily im-
plies the following:

Corollary 1.9. — Let φ ∈ MCG(Σg), where Σg is the closed ori-
entable surface of genus g ⩾ 2. Then FV(φ) > 0 if and only if φ is virtually
(partially) pseudo Anosov, i.e. if there exist a homeomorphism f : Σg → Σg

representing φ and a subsurface Σ′ ⊂ Σg such that a power of f leaves Σ′

invariant and acts as a pseudo Anosov homeomorphism on Σ′.

There are plenty of papers relating the hyperbolic volume (hence, via
the Proportionality Principle, the simplicial volume) of a 3-manifold fiber-
ing over the circle Σ ⋊f S

1 to other length functions on the mapping class
[f ] ∈ MCG(Σ), like the minimal topological entropy, or the translation

TOME 74 (2024), FASCICULE 4
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length with respect to the Teichmüller or the Weil–Petersson distance on
Teichmüller space (see e.g. [15, 16, 17, 18]). In a rather indirect way, these
results build a bridge between the invariant FV and other classical invari-
ants of homeomorphisms of surfaces. For example, Theorem 1.5 and the
main results of [16, 17] readily imply the following:

Corollary 1.10. — Let Σ be a closed hyperbolic surface, and let φ ∈
MCG(Σ). Then, there exists a constant C > 0 only depending on the genus
of Σ such that

C−1∥φ∥W P ⩽ FV(φ) ⩽ C∥φ∥W P

and
FV(φ) ⩽ C∥φ∥T

where ∥φ∥W P (resp. ∥φ∥T ) denotes the translation length of the action of
φ on the Teichmüller space of Σ, with respect to the Weil–Petersson metric
(resp. to the Teichmüller metric).

Furthermore, if φ is pseudo Anosov, then

FV(φ) ⩽ 3π|χ(Σ)|
v3

∥φ∥T

FV(φ) ⩽
3
√
π|χ(Σ)|
v3

√
2

∥φ∥W P .

Here above, v3 denotes the volume of the (unique up to isometry) regular
ideal geodesic simplex in the hyperbolic 3-space.

It is well known that, for every φ ∈ MCG(Σ), where Σ is any hyper-
bolic surface, the translation length ∥φ∥T is equal to the topological en-
tropy ent(φ) of φ (see e.g. [16]). The topological entropy is a well defined
topological invariant of self-homeomorphisms of topological spaces, and
the topological entropy of a mapping class is the infimum of the topolog-
ical entropies of its representatives. In the case of surfaces, Corollary 1.10
provides an upper bound for the ratio FV(φ)/ent(φ) which only depends
on the manifold. A natural question is whether similar results may hold in
higher dimensions. More precisely, we ask here the following:

Question 1.11. — Let M be a closed orientable n-manifold. Does a
constant C > 0 (depending only on M) exist such that

FV(φ) ⩽ C · ent(φ)

for every φ ∈ MCG(M)?

When Σ is a surface, the quantity 2π|χ(Σ)| ent(φ) = π∥Σ∥ · ent(φ) is
usually called normalized entropy of φ, and Corollary 1.10 states that,
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for surfaces, the ratio between FV(φ) and the normalized entropy of φ is
bounded from above by a universal constant. In a previous version of the
paper, we asked whether such an estimate (with a constant only depending
on the dimension) could hold in higher dimension. However, the authors
of [14] pointed out to us that this cannot be the case. In fact, should a
constant C > 0 exist such that

FV(φ) ⩽ C · ∥M∥ · ent(φ)

for every φ ∈ MCG(M) and every n-dimensional orientable closed manifold
M , we would have ∥M ⋊f S

1∥ = 0 for every mapping torus such that
∥M∥ = 0. However, in the proof of [14, Theorem A and Theorem 2.2]
examples are exhibited of mapping tori M ⋊f S

1 with ∥M ⋊f S
1∥ > 0 and

M rationally inessential (hence, ∥M∥ = 0).

The invariant FVZ and simplicial volumes of mapping tori

After Gromov’s seminal work, a number of interesting variations of the
classical simplicial volume have been studied by several authors. For ex-
ample, a wide interest has been devoted to the stable integral simplicial
volume ∥M∥∞

Z of M , which is the infimum of the values of ∥N∥Z/d, as N
varies among the d-sheeted coverings of M , and d varies in N. We establish
here the following:

Theorem 1.12. — Let M be a closed orientable manifold, and let
f : M → M be a homeomorphism. Then

FVZ(f) ⩾ ∥M ⋊f S
1∥∞

Z .

Moreover, for every n ⩾ 2 there exist a closed n-manifold M and a home-
omorphism f : M → M such that

FVZ(f) > 0 , ∥M ⋊f S
1∥∞

Z = 0 .

Since ∥M⋊fS
1∥∞

Z ⩾ ∥M⋊fS
1∥ = FVR(f), a consequence of the theorem

above is the following:

Corollary 1.13. — For every n ⩾ 2 there exist an n-manifold M and
an element φ ∈ MCG(M) such that FVR(φ) = 0, while FVZ(φ) ̸= 0.

From Corollary 1.13 it is easily deduced the following:

Corollary 1.14. — For every n ⩾ 2 there exists a n-manifold M such
that the restriction to Bn(M,Z) of the filling norm on Bn(M,R) is not

TOME 74 (2024), FASCICULE 4



1390 Federica BERTOLOTTI & Roberto FRIGERIO

equivalent to the integral filling norm. In other words, for every ε > 0 there
exists an integral boundary c ∈ Bn(M,Z) such that

∥c∥fill,R

∥c∥fill,Z
< ε .

In a different context, the fact that coefficients make a difference when
computing filling norms has been recently pointed out in [19].

In order to prove the second statement of Theorem 1.12 above for n ⩾ 3
we need to exploit another variation of the simplicial volume:

Definition 1.15 ([21]). — The weightless R-simplicial volume is de-
fined by

∥M∥(R) = min
{
m ∈ N

∣∣∣∣∣
m∑

i=1
aiσi is an R-fundamental cycle of M

}
.

Roughly speaking, weightless simplicial volumes count only the number
of simplices in a chain and ignore the (absolute value of the) coefficients. It
is proved in [21, Corollary 4.5] that the weightless simplicial volume of an
even-dimensional hyperbolic manifold M (with coefficients in any principal
ideal domain) is bounded from below by the volume of the manifold, up to
a constant depending only on the dimension. In Section 4 we extend this
result to hyperbolic manifolds of any dimension by showing the following:

Proposition 1.16. — Let M be an n-dimensional closed orientable
hyperbolic manifold, and let R = R,Z (in fact, R could be any principal
ideal domain). Then

∥M∥(R) ⩾ ∥M∥ = Vol(M)
vn

,

where vn denotes the volume of the (unique up to isometry) regular ideal
geodesic simplex in the hyperbolic n-space.

Plan of the paper

In Section 2 we prove that the filling volume FVR is a well defined length
function on the mapping class group of closed oriented manifolds. We also
state and prove basic properties of this map, as the non-subadditivity on
hyperbolic surfaces and the fact that FVR is constantly zero on manifolds
satisfying the so–called uniform booundary condition in top degree.

Section 3 is mainly devoted to the proof of Theorem 1.5, stating that
the filling volume of an orientation preserving self-homeomorphism f on

ANNALES DE L’INSTITUT FOURIER



FILLING VOLUMES ON MAPPING CLASS GROUPS 1391

an n-manifold is equal to the simplicial volume of the associated mapping
torus M ⋊f S

1. We then deduce Theorem 1.7 from Theorem 1.5.
In Section 4 we focus our attention on the integral filling volume FVZ. We

prove that this quantity, for a homeomorphism f , is not smaller then the
stable integral simplicial volume of the mapping torus relative to f . Finally,
with the support of an inequality involving the weightless simplicial volume,
we exhibit some examples in which the inequality between the integral
filling volume and the stable integral simplicial volume of the corresponding
mapping torus is strict.
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We are indebted to Thorben Kastenholz and Jens Reinhold for pointing out
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2. The invariant FVR as a length function

This section is mainly devoted to the proof of Theorem 1.2, which states
that FVR is a well defined length function on the mapping class group of
closed orientable manifolds.

Throughout the whole section, we fix a closed orientable n-manifold M .
Let f : M → M be an orientation preserving self-homotopy equivalence,
let z ∈ Cn(M,R) be an R-fundamental cycle for M , and recall that

FVR(f) = lim
m→∞

∥fm
∗ (z) − z∥fill,R

m
.

We begin with the following:

Proposition 2.1. — The invariant FVR(f) is well defined, i.e. the
above limit exists, is finite, and does not depend on the choice of the fun-
damental cycle z. Moreover,

FVR(f) = inf
{

∥fm
∗ (z) − z∥fill,R

m

∣∣∣∣ z fundamental cycle for M, m ⩾ 1
}
.

TOME 74 (2024), FASCICULE 4
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Proof. — Let z be a fixed fundamental cycle for M , and let us set am =
∥fm

∗ (z) − z∥fill,R. Then, for every m,m′ ∈ N, we have

am+m′ = ∥fm+m′

∗ (z)−z∥fill,R ⩽ ∥fm+m′

∗ (z)−fm
∗ (z)∥fill,R +∥fm

∗ (z)−z∥fill,R

= ∥fm
∗ (fm′

∗ (z) − z)∥fill,R + ∥fm
∗ (z) − z∥fill,R

⩽ ∥fm′

∗ (z) − z∥fill,R + ∥fm
∗ (z) − z∥fill,R = am′ + am.

In other words, the sequence am is subadditive, hence, by Fekete’s Lemma,
the limit limm→+∞ am/m exists (and is equal to infm∈N am/m).

Let now z, z′ be R-fundamental cycles for M . Then z− z′ = ∂c for some
c ∈ Cn+1(M,R). Hence, for every m ∈ N, fm

∗ (z) − fm
∗ (z′) = ∂fm

∗ (c), and

(fm
∗ (z) − z) − (fm

∗ (z′) − z′) = ∂(fm
∗ (c) − c) .

Therefore,∣∣∥fm
∗ (z) − z∥fill,R − ∥fm

∗ (z′) − z′∥fill,R
∣∣ ⩽ ∥fm

∗ (c) − c∥1 ⩽ 2∥c∥1 .

As a consequence we get∣∣∣∣∥fm
∗ (z) − z∥fill,R

m
− ∥fm

∗ (z′) − z′∥fill,R

m

∣∣∣∣ ⩽ 2∥c∥1

m
,

hence
lim

m→∞

∥fm
∗ (z) − z∥fill,R

m
= lim

m→∞

∥fm
∗ (z′) − z′∥fill,R

m
.

The last statement of the proposition readily follows from Fekete’s
Lemma. □

The following proposition shows the invariant FVR is well defined on
mapping classes.

Proposition 2.2. — Let f, g : M → M be homotopic orientation pre-
serving self-homotopy equivalences. Then

FVR(f) = FVR(g) .

Proof. — Let T∗ : C∗(M,R) → C∗+1(M,R) be the chain homotopy as-
sociated to a homotopy between any two homotopic self-homotopy equiv-
alences of M . It is well known that the operator norm of Ti (with respect
to ℓ1-norms) is not bigger than i + 1. Let us fix a fundamental cycle z of
M and let m ∈ N. Since f is homotopic to g, also fm is homotopic to gm,
hence there is a chain homotopy T∗ : C∗(M,R) → C∗+1(M,R) such that

∥(fm
∗ (z) − z) − (gm

∗ (z) − z)∥fill,R = ∥fm
∗ (z) − gm

∗ (z)∥fill,R

= ∥∂Tn(z)∥fill,R

⩽ ∥Tn(z)∥1 ⩽ (n+ 1)∥z∥1 ,

ANNALES DE L’INSTITUT FOURIER
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which implies

∣∣∣∣∥fm
∗ (z) − z∥fill,R

m
− ∥gm

∗ (z) − z∥fill,R

m

∣∣∣∣ ⩽ (n+ 1)∥z∥1

m
,

whence the conclusion. □

The following proposition concludes the proof of Theorem 1.2.

Proposition 2.3. — Let φ,ψ ∈ MCG(M). Then:

(1) FVR(φm) = |m| · FVR(φ) for every m ∈ Z;
(2) FVR(φψφ−1) = FVR(ψ);
(3) if φψ = ψφ, then FVR(φψ) ⩽ FVR(φ) + FVR(ψ).

Proof. — Let f, g : M → M be representatives of φ,ψ, respectively, and
let z be an R-fundamental cycle for M .

(1). — The fact that FVR(fm) = m ·FVR(f) for every m ∈ N is a direct
consequence of the definition of FVR, hence we only need to prove that,
if h is a homotopy inverse of f , then FVR(h) = FVR(f). Of course, it is
sufficient to show that FVR(h) ⩽ FVR(f).

Let m ∈ N be fixed, and let T∗ : C∗(M,R) → C∗+1(M,R) be the chain
homotopy induced by a homotopy between hm ◦ fm and the identity of
M . As observed in the proof of the previous proposition, in degree n the
operator norm of T∗ is not bigger than n+ 1. Therefore,

∥hm
∗ (z) − z∥fill,R = ∥hm

∗ (z) − hm
∗ (fm

∗ (z)) − (z − hm
∗ (fm

∗ (z)))∥fill,R

⩽ ∥hm
∗ (z) − hm

∗ (fm
∗ (z))∥fill,R + ∥z − hm

∗ (fm
∗ (z))∥fill,R

⩽ ∥z − fm
∗ (z)∥fill,R + ∥∂Tn(z)∥fill,R

⩽ ∥fm
∗ (z) − z∥fill,R + ∥Tn(z)∥1

⩽ ∥fm
∗ (z) − z∥fill,R + (n+ 1)∥z∥1 .

By dividing this inequality by m and taking the limit as m → ∞ we get
FVR(h) ⩽ FVR(f), as desired.

(2). — Let h be a homotopy inverse of f , set z′ = h∗(z), and fix m ∈ N.
Observe that (φψφ−1)m = φψmφ−1 is represented by the map f ◦ gm ◦ h,
and let T∗ : C∗(M,R) → C∗+1(M,R) be a chain homotopy (of norm at
most n+ 1 in degree n) between f∗ ◦ h∗ and the identity of C∗(M,R). We

TOME 74 (2024), FASCICULE 4



1394 Federica BERTOLOTTI & Roberto FRIGERIO

have

∥f∗(gm
∗ (h∗(z))) − z∥fill,R

= ∥f∗(gm
∗ (h∗(z))) − f∗(h∗(z)) + f∗(h∗(z)) − z∥fill,R

⩽ ∥f∗(gm
∗ (z′)) − f∗(z′)∥fill,R + ∥f∗(h∗(z)) − z)∥fill,R

⩽ ∥f∗(gm
∗ (z′) − z′)∥fill,R + ∥∂Tn(z)∥fill,R

⩽ ∥gm
∗ (z′) − z′∥fill,R + ∥Tn(z)∥1

⩽ ∥gm
∗ (z′) − z′∥fill,R + (n+ 1)∥z∥1 ,

hence

FVR(φψφ−1) = lim
m→+∞

∥(fgmh)∗(z) − z∥fill,R

m

⩽ lim
m→+∞

∥gm
∗ (z′) − z′∥fill,R

m
+ lim

m→+∞

(n+ 1)∥z∥1

m

= FVR(g) + 0 = FVR(ψ) .

The very same argument may be exploited to show that

FVR(ψ) = FVR(φ−1(φψφ−1)φ) ⩽ FVR(φψφ−1) ,

whence the conclusion.
(3). — Since φψ = ψφ, for every m ∈ N the map (fg)m is homotopic to

fmgm. If T∗ : C∗(M,R) → C∗+1(M,R) is a chain homotopy between (fg)m
∗

and fm
∗ gm

∗ , then we have

∥(fg)m
∗ (z) − z∥fill,R

= ∥(fg)m
∗ (z) − fm

∗ (gm
∗ (z)) + fm

∗ (gm
∗ (z)) − z∥fill,R

⩽ ∥(fg)m
∗ (z) − fm

∗ (gm
∗ (z))∥fill,R + ∥fm

∗ (gm
∗ (z)) − z∥fill,R

⩽ ∥∂Tn(z)∥fill,R + ∥fm
∗ (gm

∗ (z)) − fm
∗ (z) + fm

∗ (z) − z∥fill,R

⩽ ∥Tn(z)∥1 + ∥fm
∗ (gm

∗ (z) − z)∥fill,R + ∥fm
∗ (z) − z∥fill,R

⩽ (n+ 1)∥z∥1 + ∥gm
∗ (z) − z∥fill,R + ∥fm

∗ (z) − z∥fill,R .

By dividing by m both sides of this inequality and taking the limit as
m → +∞ we get FVR(fg) ⩽ FVR(f) + FVR(g), as desired. □

One may wonder whether the inequality FVR(fg) ⩽ FVR(f) + FVR(g)
could hold for any pair of orientation preserving self-homotopy equivalences
of M . However, this is not the case:

Proposition 2.4. — Let R = R or R = Z, and let Σ be a hyperbolic
surface. Then, there exist elements φ,ψ ∈ MCG(Σ) such that

FVR(φψ) > FVR(φ) + FVR(ψ) .
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Proof. — Suppose by contradiction the inequality FVR(φψ) ⩽ FVR(φ)+
FVR(ψ) holds for every φ,ψ ∈ MCG(Σ). Then the function FVR would
be a length function according to the definition given, e.g., in [25]. How-
ever, it is shown in [25] that such a function would then factor through
the abelianization H1(MCG(Σ),Z) of MCG(Σ). But H1(MCG(Σ),Z) is fi-
nite if the genus of Σ is equal to 2, or zero otherwise, hence we would
have FVR(φ) = 0 for every φ ∈ MCG(Σ). Since the mapping torus of a
pseudo-Anosov homeomorphism f of Σ is hyperbolic (hence, it has positive
simplicial volume) this would contradict the fact that

0 < ∥M ⋊f S
1∥ = FVR([f ]) ⩽ FVZ([f ])

by Theorem 1.5 below. □

We conclude the section with an easy remark on the behaviour of FV =
FVR on manifolds which satisfy the uniform boundary condition property.
Following [23], we say that a topological space X satisfies property n-UBC
(over R) if the norms ∥·∥1 and ∥·∥fill,R on the space of degree-n boundaries
are Lipschitz equivalent, i.e. if there exists K > 0 such that, for every
boundary b ∈ Bn(X,R), there exists a chain c ∈ Cn+1(X,R) such that
∂c = b and ∥c∥1 ⩽ K · ∥b∥1.

Proposition 2.5. — Suppose that M satisfies n-UBC over R. Then
FV(φ) = 0 for every φ ∈ MCG(M).

Proof. — If f : M → M is an orientation preserving self-homotopy equiv-
alence, and K > 0 is as in the above definition of condition n-UBC, then

FV(f) = lim
m→∞

∥fm
∗ (z) − z∥fill

m
⩽ lim

m→∞

K · ∥fm
∗ (z) − z∥1

m

⩽ lim
m→∞

K · (∥fm
∗ (z)∥1 + ∥z∥1)

m
⩽ lim

m→∞

2K · ∥z∥1

m
= 0 . □

It was shown in [23] that, if π1(M) is amenable, then M satisfies n-UBC
over R for every n ⩾ 1. We then get the following:

Corollary 2.6. — If π1(M) is amenable, then FV(φ) = 0 for every
φ ∈ MCG(M).

Corollary 2.6 may be easily deduced also from Theorem 1.5, together with
the fact that the simplicial volume of any fiber bundle with an amenable
fiber of positive dimension vanishes [8, 10, 22].

Generalizations and variations of the uniform boundary condition (which
involve also integral coefficients) are introduced and studied in [5]. We
remark here that in Proposition 4.3 we will show that FVZ does not vanish
on many mapping classes on the 2-dimensional torus. Since the torus has
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an amenable fundamental group, this shows that Corollary 2.6 does not
hold if one replaces FVR with FVZ.

3. Simplicial volume of mapping tori

Throughout the whole section, we fix a closed orientable n-dimensional
manifold M . In this section we prove Theorem 1.5, which states that
FV(f) = FVR(f) is equal to the simplicial volume of the mapping torus
of f , for every orientation preserving self-homeomorphism f of M . We be-
gin with the following lemma, which holds both for real and for integral
coefficients:

Lemma 3.1. — Let f : M → M be a homeomorphism, and let z be an
R-fundamental cycle for M . Then

∥M ⋊f S
1∥R ⩽ (n+ 1)∥z∥1 + ∥f∗(z) − z∥fill,R .

Proof. — For j = 0, 1, let ij : M → M × [0, 1] be the inclusion defined
by ij(x) = (x, j), and let π : M × [0, 1] → M ⋊f S

1 be the quotient map
which identifies (x, 0) with (f(x), 1) for every x ∈ M . The standard chain
homotopy between (i0)∗ and (i1)∗ provides a chain z ∈ Cn+1(M × [0, 1], R)
such that ∂z = (i0)∗(z) − (i1)∗(z) and ∥z∥1 ⩽ (n + 1)∥z∥1. In order to
project z onto a fundamental cycle for M⋊f S

1 we need to suitably replace
the summand (i1)∗(z) with (i1 ◦ f)∗(z). To this aim, for any given ε > 0
we can choose a chain b ∈ Cn+1(M,R) such that ∂b = z − f∗(z) and
∥b∥1 ⩽ ∥z− f∗(z)∥fill,R + ε, and we set ẑ = z+ (i1)∗(b) ∈ Cn+1(M × [0, 1]).
By construction we have

∂ẑ = (i0)∗(z) − (i1 ◦ f)∗(z) ,

hence π∗(ẑ) is an R-fundamental cycle for M ⋊f S
1. We thus get

∥M ⋊f S
1∥R ⩽ ∥ẑ∥1 ⩽ ∥z∥1 + ∥(i1)∗(b)∥1

⩽ (n+ 1)∥z∥1 + ∥z − f∗(z)∥fill,R + ε.

The conclusion follows thanks to the arbitrariness of ε. □

We now restrict our attention to the case with real coefficients, and prove
the main result of this section:

Theorem 1.5. — Let M be a closed orientable manifold, and let
f : M → M be an orientation preserving homeomorphism. Then

FV(f) = ∥M ⋊f S
1∥.
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Proof. — We begin by proving the inequality

(3.1) ∥M ⋊f S
1∥ ⩽ FV(f).

Let z be any fundamental cycle for M , and let m ∈ N. By applying
Lemma 3.1 to the homeomorphism fm we get

∥M ⋊fm S1∥ ⩽ (n+ 1)∥z∥1 + ∥fm
∗ (z) − z∥fill.

Observe now that M ⋊fm S1 is the total space of a degree-m covering of
M⋊f S

1. Since the simplicial volume is multiplicative with respect to finite
coverings, this yields

∥M ⋊f S
1∥ = ∥M ⋊fm S1∥

m
⩽

(n+ 1)∥z∥1

m
+ ∥fm

∗ (z) − z∥fill

m
.

By taking the limit in this inequality as m → +∞, we then get inequal-
ity (3.1).

In order to conclude, we are now left to show the inequality

∥M ⋊f S
1∥ ⩾ FV(f) ,

which requires more work.
Let

E = M ⋊f S
1 = M × [0, 1]

(f(x), 1) ∼ (x, 0)
be the mapping torus of f . For every m ∈ N, we consider the degree-m
cyclic cover πm : Em → E of E and the infinite cyclic cover π : Ẽ → E with
total spaces

Em = M ⋊fm S1 = M × [0,m]
(fm(x),m) ∼ (x, 0)

Ẽ = M × R.

For every fundamental cycle z of E, and for m big enough, we will construct
a relative fundamental cycle w of (M × [0,m],M × {0,m}) such that w
projects onto a fundamental cycle of Em, ∥w∥1 ⩽ m · ∥z∥1 and ∂w =
b− fm

∗ (b) for some fundamental cycle b of M .
Let us fix a fundamental cycle of E

z =
s∑

i=1
xiσi.

We define the length of a singular simplex σ in E (or in Em) as follows:
we consider a lift σ̃ of σ in Ẽ = M × R and project its image on R,
thus obtaining an interval [aσ̃, bσ̃]; we then set length(σ) = bσ̃ − aσ̃ (this
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definition does not depend on the choice of the lift σ̃). We finally denote
by N the maximal length of simplices appearing in z, i.e. we set

N = max{length(σi) | 1 ⩽ i ⩽ s}.

Let now zm be a collection of lifts of z on Em, so that zm is a fundamental
cycle of Em satisfying (πm)∗(zm) = m · z and ∥zm∥1 = m∥z∥1. Observe
that every simplex appearing in zm has length not bigger than N .

Let us fix a natural number m > 2N + 1, and consider a continuous map
h : [0,m] → [0,m] such that h([0, N ]) = {0} and h([m−N,m]) = {m}. We
extend h bym-periodicity to a map (still denoted by h) defined on the whole
real line. By construction, for every k ∈ Z the map h shrinks the interval
[km−N, km+N ] onto the single value km. We denote by g : M×R → M×R
the map defined by g(x, t) = (x, h(t)), so that g(M × [km−N, km+N ]) =
M × {km} for every k ∈ Z.

Being equivariant with respect to the action of the automorphisms of the
covering Ẽ → Em, the map g induces a continuous map g : Em → Em. Since
g is equivariantly homotopic to the identity of Ẽ, the map g is homotopic
to the identity of Em, hence the chain g∗(zm) is still a fundamental cycle
for Em. Moreover ∥g∗(zm)∥1 ⩽ ∥zm∥1.

Let us now denote by z̃ the chain obtained by lifting z (or zm) to Ẽ. Since
z is a fundamental cycle for E, the chain z̃ is a locally finite (but infinite)
fundamental cycle for Ẽ (see e.g. [20] for the definition of fundamental
cycle of a non-compact manifold). Let s̃ be a singular simplex appearing in
z̃ (i.e. s̃ is a lift of a simplex appearing in zm under the covering Ẽ → Em).

Suppose first that Supp(s̃) ∩ (M × {km}) ̸= ∅ for some k ∈ Z. Since
the length of any simplex appearing in zm is not bigger then N , the image
of s̃ is contained in M × [km − N, km + N ], hence the image of g∗(s̃) is
contained in M × {km}.

On the other hand, if Supp(s̃) ∩ (M × {km}) = ∅ for every k ∈ Z, then
there exists k0 ∈ Z such that Supp(s̃) ⊆ M×(k0m, (k0+1)m). Since h maps
the open interval (k0m, (k0 +1)m) onto the closed interval [k0m, (k0 +1)m],
this implies that Supp(g∗(s̃)) ⊆ M × [k0m, (k0 + 1)m].

In any case, the image of any singular simplex appearing in g∗(z̃) is
contained in a subset of Ẽ of the form M × [k0m, (k0 + 1)m] for some
k0 ∈ Z. Also observe that g∗(z̃) obviously coincides with the lift to Ẽ of
the fundamental cycle g∗(zm) of Em.

Let us write g∗(zm) as a linear combination of simplices:

g∗(zm) =
ms∑
i=1

yisi .
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The idea is “to cut” g∗(zm) in order to obtain a relative fundamental cycle
w of (M × [0,m],M × {0,m}). For every i = 1, . . . ,ms, we denote by
s̃i : ∆n+1 → Ẽ = M × R the unique lift of si such that the following
condition holds: the image of s̃i is disjoint from M × (−∞, 0), but is not
disjoint from M × [0,m). Since every singular simplex appearing in g∗(z̃)
is contained in a subset of Ẽ of the form M × [k0m, (k0 + 1)m], we have
Supp(s̃i) ⊆ M × [0,m] for every i = 1, . . . ,ms.

Let us now consider the chain

w =
ms∑
i=1

yis̃i .

By construction we have

∥w∥1 = ∥g∗(zm)∥1 ⩽ ∥zm∥1 = m∥z∥1.

We are going to show that w is indeed a relative fundamental cycle for
(M × [0,m],M × {0,m}).

Let τ : Ẽ → Ẽ be the generator of the group of the automorphisms of
the covering Ẽ → Em, i.e. let τ(x, t) = (fm(x), t + m) for every (x, t) ∈
M × R = Ẽ. By construction, we have

g∗(z̃) =
∑
j∈Z

τ j
∗ (w) .

Moreover, Supp(w) ⊆ M×[0,m], hence Supp(∂τ j
∗ (w)) ⊆ M×[jm, (j+1)m].

Since ∂g∗(z̃) = 0, this readily implies that Supp(∂w) ⊆ (M × {0}) ∪ (M ×
{m}), i.e. w is a relative cycle for the pair (M × [0,m], ∂(M × [0,m])).

More precisely, we have ∂τ j
∗ (w) = τ j

∗ (b+) − τ j
∗ (b−), where b+ is sup-

ported in M × {m} and b−
j is supported in M × {0}. Of course we have

Supp(τ j
∗ (b+)) = τ j(Supp(b+)) ⊆ M × {(j + 1)m}, and Supp(τ j

∗ (b−)) =
τ j(Supp(b−)) ⊆ M×{jm}. From the condition ∂z̃ = 0 we then deduce that

(3.2) b+ = τ∗(b−) .

Let us now prove that w is a fundamental cycle for the pair (M× [0,m],
∂(M × [0,m])). To this aim, let us pick a point q ∈ M × (0,m). Be-
ing a fundamental cycle for Em, the chain g∗(zm) represents the posi-
tive generator of Hn+1(Em, Em \ {pm(q)}) ∼= Z. Using that the cover-
ing projection pm : Ẽ → Em is an orientation preserving local homeomor-
phism, this implies that g∗(z̃) is a representative of the positive generator
of Hn+1(Ẽ, Ẽ \ {q}). But the simplices appearing in g∗(z̃) −w are all sup-
ported outside M×(0,m), hence [w] = [g∗(z̃)] in Hn+1(Ẽ, Ẽ\{q}), and this
finally implies that w is a fundamental cycle for (M × [0,m], ∂(M × [0,m]).
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As a consequence, b− is a fundamental cycle for M × {0}. If k : M ×
[0,m] → M is the projection onto the first factor and b = k∗(b−), then b

is a fundamental cycle for M , and Equation (3.2) implies that ∂k∗(w) =
fm

∗ (b) − b. We thus get

∥fm
∗ (b) − b∥fill

m
⩽

∥k∗(w)∥1

m
⩽

∥w∥1

m
⩽ ∥z∥1 .

Let us summarize what we have proven so far: for any given fundamental
cycle z for M ⋊f S

1, we have constructed a fundamental cycle b for M and
a natural number m ∈ N such that

∥fm
∗ (b) − b∥fill

m
⩽ ∥z∥1 .

By the last statement of Proposition 2.1, this implies that FV(f) ⩽ ∥M ⋊f

S1∥, as desired. □

A consequence of the previous result is that our length function is non
trivial in every dimension different from 1 and 3.

Theorem 1.7. — Let n be a positive integer, n ̸= 1, 3. Then, there
exist a closed orientable n-manifold M and a class φ ∈ MCG(M) such that
FV(φ) > 0.

Proof. — Thanks to Theorem 1.5, it suffices to find examples of n-
dimensional mapping tori with positive simplicial volume for every n ̸= 2, 4.
Such examples are given in [3, Corollary 1.4]. □

The examples of mapping tori with non-vanishing simplicial volume de-
scribed in [3, Corollary 1.4] are obtained by taking the product of 3-
dimensional mapping tori with arbitrary manifolds with positive simplicial
volume.

The 3-dimensional case is well known: indeed, for every hyperbolic sur-
face Σ and every pseudo Anosov map f : Σ → Σ, the mapping torus Σ⋊fS

1

is hyperbolic, hence it has positive simplicial volume.
Other interesting examples have been recently discovered in any odd

dimension n ⩾ 5. For n = 5, one can consider the mapping torus V con-
structed in [9] starting from the finite volume (noncompact) hyperbolic
manifold described in [13]. The closed 5-manifold V has positive simplicial
volume: indeed, V is aspherical (being nonpositively curved) and π1(V ) is
relatively hyperbolic, hence ∥V ∥ > 0 by [1, Proposition 1.6]. As an alterna-
tive, in order to show that ∥V ∥ > 0 one can apply [4, Corollary 1.6], since
V has nonpositive sectional curvature and there exists a point p ∈ V so
that the sectional curvature along each tangent plane at p is negative.
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Finally, we refer the reader to [14, Corollary B] for other interesting
constructions in odd dimensions n ⩾ 7.

4. On the invariant FVZ

As mentioned in the introduction, the interpretation of the invariant
FVZ seems to be less clear than for its real counterpart. We first prove
the following proposition, which relates FVZ(f) with the stable integral
simplicial volume of the mapping torus of f .

Proposition 4.1. — Let M be a closed orientable manifold, and let
f : M → M be a homeomorphism. Then

FVZ(f) ⩾ ∥M ⋊f S
1∥∞

Z .

Proof. — For every m ∈ N, the mapping torus M ⋊fm S1 is the total
space of a degree-m cover of M⋊f S

1, hence by definition of stable integral
simplicial volume we have

∥M ⋊f S
1∥∞

Z ⩽
∥M ⋊fm S1∥Z

m
.

Let now z be an integral fundamental cycle for M . By applying Lemma 3.1
to the homeomorphism fm : M → M and dividing by m we get

∥M ⋊fm S1∥Z
m

⩽
(n+ 1)∥z∥1

m
+ ∥fm

∗ (z) − z∥fill,Z

m
,

hence

∥M ⋊f S
1∥∞

Z ⩽
(n+ 1)∥z∥1

m
+ ∥fm

∗ (z) − z∥fill,Z

m
.

The conclusion follows by taking the limit of this inequality as m → +∞.
□

As mentioned in the introduction, in order to show that the converse
inequality does not hold in general we first bound from below the weightless
simplicial volume of hyperbolic manifolds:

Proposition 1.16. — Let M be an n-dimensional closed orientable
hyperbolic manifold, and let R = R,Z (in fact, R could be any principal
ideal domain). Then

∥M∥(R) ⩾ ∥M∥ = Vol(M)
vn

.
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Proof. — Let
∑k

i=1 aiσi be an R-fundamental cycle for M realizing the
weightless simplicial volume of M , i.e. assume that k = ∥M∥(R). The
straightening operator on singular simplices (see e.g. [7, Chapter 8]) in-
duces a chain map S∗ : C∗(M,R) → C∗(M,R) which is homotopic to the
identity, hence the cycle z =

∑k
i=1 aiS∗(σi) is still an R-fundamental cycle

for M .
Let us now denote by Supp(S∗(σi)) the image of S∗(σi) in M . We observe

that
⋃k

i=1 Supp(S∗(σi)) = M . Indeed, otherwise z would be supported in
M \ {p} for some point p ∈ M , hence its class [z] ∈ Hn(M,R) would lie
in the image of the map Hn(M \ {p}, R) → Hn(M,R) induced by the
inclusion. But Hn(M \ {p}, R) = 0, hence [z] would be the zero class,
against the hypothesis that z is an R-fundamental cycle for M .

Now the conclusion follows from an easy computation involving the vol-
ume of straight simplices: by definition, S∗(σi) is the projection in M (via a
locally isometric map) of a geodesic simplex in the hyperbolic n-space, and
the volume of every geodesic simplex in the hyperbolic n-space is bounded
above by vn [12, 24], hence

Vol(M) = Vol
(

k⋃
i=1

Supp(S∗(σi))
)

⩽
k∑

i=1
Vol(Supp(S∗(σi))) ⩽ kvn ,

which implies

∥M∥(R) = k ⩾
Vol(M)
vn

= ∥M∥ . □

We are now ready to prove that FVZ can be non-null on mapping classes
on which FVR vanishes. More precisely, we prove the following result, which
in turn proves the second statement of Theorem 1.12 for n ⩾ 3:

Theorem 4.2. — Let Σ be a hyperbolic surface, and g : Σ → Σ be
a pseudo Anosov homeomorphism. Let M = Σ × X × S1, where X is
any closed orientable manifold (possibly a point), and set f : M → M ,
f(x, α, β) = (g(x), α, β). Then

∥M ⋊f S
1∥∞

Z = 0 , FVZ(f) > 0 .

Proof. — For every m ∈ N, let Nm = Σ ⋊gm S1 be the mapping torus
of gm. Since g is pseudo Anosov, Nm is a closed orientable hyperbolic 3-
manifold. Since fm acts as the identity on the factor X × S1, it is readily
seen that the mapping torus M ⋊fm S1 splits as a product M ⋊fm S1 =
Nm×(X×S1). In particular, since ∥V×S1∥∞

Z = 0 for every closed orientable
manifold V , we have that

∥M ⋊f S
1∥∞

Z = ∥N1 ×X × S1∥∞
Z = 0 .
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Let us now prove that FVZ(f) > 0. Let us fix m ∈ N and an integral
fundamental cycle z for M . First observe that [21, Proposition 2.10] implies
that

∥M ⋊fm S1∥Z = ∥Nm × (X × S1)∥Z
⩾ ∥Nm × (X × S1)∥(Z)

⩾ max{∥Nm∥(Z), ∥X × S1∥(Z)}
⩾ ∥Nm∥(Z) .

By Proposition 1.16 we now have ∥Nm∥(Z) ⩾ ∥Nm∥ = m · ∥N1∥, where the
last equality is due to the fact that Nm is the total space of a degree-m
cover of N1. We thus get

∥M ⋊fm S1∥Z ⩾ m · ∥N1∥ .

Therefore, applying Lemma 3.1 to the map fm we obtain

∥fm
∗ (z) − z∥fill,Z ⩾ ∥M ⋊fm S1∥Z − (n+ 1)∥z∥1 ⩾ m · ∥N1∥ − (n+ 1)∥z∥1 ,

hence
∥fm

∗ (z) − z∥fill,Z

m
⩾ ∥N1∥ − (n+ 1)∥z∥1

m
.

By taking the limit of this inequality as m → +∞ we conclude that

FVZ(f) ⩾ ∥N1∥ > 0 ,

as desired. □

In order to conclude the proof of Theorem 1.12 we now need to deal
with the 2-dimensional case, i.e. we need to exhibit a closed orientable
surface Σ and a homeomorphism f : Σ → Σ such that FVZ(f) > 0, while
∥Σ ⋊f S

1∥∞
Z = 0. To this aim, it suffices to set Σ = T = S1 × S1, and let

f be any orientation preserving Anosov self-homeomorphism of T . Indeed,
in this case the mapping torus T ⋊f S

1 is a closed 3-manifold supporting
a geometric structure modeled on Sol, hence ∥T ⋊f S

1∥∞
Z = 0 (see [6,

Theorem 1]). Moreover, FVZ(f) > 0 thanks to the following:

Proposition 4.3. — Let f : T → T be an orientation preserving Anosov
self-homeomorphism of the torus. Then FVZ(f) > 0.

Proof. — Let Em = T ⋊fm S1 denote the mapping torus relative to the
homeomorphism fm : T → T . Since f is an Anosov map, f∗ : H1(T,Z) →
H1(T,Z) is a matrix in SL2(Z) with eigenvalues λ and 1/λ, where |λ| > 1;
up to replacing f2 with f , we can suppose λ > 1. Thanks to [26, Lemma 10],
we get

(4.1) |tors(H1(Em,Z))| = tr(fm
∗ ) − 2 = λm + λ−m − 2 .
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If c ∈ Z3(Em,Z) is any integral fundamental cycle and k is the number
of 3-simplices appearing in the reduced form of c, then [27, Theorem 3.2]
gives

∥c∥1 ⩾ k ⩾ (6 log(4))−1log |torsH1(Em,Z)| ,
hence

∥Em∥Z ⩾ (6 log(4))−1log |λm + λ−m − 2| .
Now, if z is an integral fundamental cycle of T , then Lemma 3.1 gives

∥fm
∗ (z) − z∥fill,Z

m
⩾

∥Em∥Z
m

− 3∥z∥1

m

⩾
(6 log(4))−1| log(λm + λ−m − 2)|

m
− 3∥z∥1

m
.

The result follows by taking the limit as m → ∞. □

As stated in the introduction, Theorem 1.12 implies that for every n ⩾ 2
there exist an n-manifold M and an element [f ] ∈ MCG(M) such that
FVR(f) = 0, while FVZ(f) ̸= 0. As a consequence, if z is an integral
fundamental cycle for M and cm = fm

∗ (z) − z, then

lim
m→+∞

∥cm∥fill,R

∥cm∥fill,Z
= lim

m→+∞

∥cm∥fill,R/m

∥cm∥fill,Z/m
= FVR(f)

FVZ(f) = 0 .

This proves Corollary 1.14 from the introduction.
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