Final author version of https://doi.org/10.1007/s00526-023-02574-8
Calc. Var. (2023) 62:233

GENERIC PROPERTIES OF EIGENVALUES OF THE FRACTIONAL
LAPLACIAN

MOUHAMED MOUSTAPHA FALL, MARCO GHIMENTI, ANNA MARIA MICHELETTI,
AND ANGELA PISTOIA

ABSTRACT. We consider the Dirichlet eigenvalues of the fractional Laplacian (—A)®, with
s € (0,1), related to a smooth bounded domain 2. We prove that there exists an arbitrarily
small perturbation Q = (I +)(£2) of the original domain such that all Dirichlet eigenvalues
of the fractional Laplacian associated to Q are simple. As a consequence we obtain that all
Dirichlet eigenvalues of the fractional Laplacian on an interval are simple. In addition, we
prove that for a generic choice of parameters all the eigenvalues of some non-local operators
are also simple.

1. INTRODUCTION AND STATEMENT OF THE RESULT

The present paper is concerned with the Dirichlet eigenvalue fractional problem

(—A)’p = Apin Q, e=0in R" Q. (1.1)
Here  is a bounded C*! domain in R™ with n > 1 and (—A)* with s € (0,1) is the
fractional Laplacian defined, for u € C%(R"), as

(—A)Su:Cn,SP.V./ Mdmz n,s 1im de’
re |7 — oy t2s e=0" JrRr B () |7 — y|" T2

I'(s+n/2)

/(1 —s) is a renormalization constant and Bc(z) is the ball of radius &

Pp— S
where Cj, 5 1= s4
centered in .

To avoid a priori regularity assumptions, we consider the eigenvalue problem in a weak

sense. We consider the space
Hy(2) :={uec H*(R") : w=0onQ},

where
H*(R™) := {u e L*(R™) W e L*(R™ x R”)} .

On H{(£2) we consider the quadratic form

(u,v) N ESQ(U, U) — % /n /n ('LL(CE) — u(y))(v(x) — U(y))dmdy

| — y[rt2s

Then, we call ¢ € H{(2) an eigenfunction corresponding to the eigenvalue X if
EMps,v) = /\/ psvdr Yv € Hg().
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In the following, to simplify notation, we will omit the renormalization constant C, s.
It is well known (see e.g. |1] and the reference therein for an exhaustive introduction about
these topics) that ((1.2)) admits an ordered sequence of eigenvalues

0<)\1,s<)\2,s§A3,s§"'S)\I,SS"'_)"FOO-

Since the first eigenvalue is strictly positive, we can endow H{(£2) with the norm

HUH%g(Q) = 5?(%“)-

In the local case, i.e. s =1, it is well known (see [8,9]) that all the eigenvalues are simple
for generic domains 2.

It is natural to ask if the same results hold true in the non-local case, i.e. s € (0,1). As
far as we know, there are only two results dealing with the simplicity issue. Very recently,
in [2] the authors prove the simplicity of radial eigenvalues in a ball or an annulus. In [5,(6],
the authors prove that all the eigenvalues of the fractional Laplacian (—A)® with s € [1/2,1)
in the interval = (=1, 1) are simple. However, to our knowledge, the simplicity eigenvalues
on an interval for all s € (0,1) remains an open problem. The present paper solves this open
question, as a consequence of our main result.

To study domain perturbations we will consider the space

CYR™,R") := {¢ : R* = R" : ¢, D continuous and bounded}

endowed with the norm
[l = sup. ([ (z)] + [Dy(z)]) -

The first question is: if A is an eigenvalue of multiplicity v > 1 of the operator (—A)%

associated with the domain 2 with Dirichlet boundary condition, and U is an interval such
that the intersection of the spectrum of (—A)$, with U consist of the only number A, there
exists a perturbation Qy; = (I + ¢)(2) of the domain € such that the intersection of the
spectrum of (—A)fzw with the interval U consists exactly of v simple eigenvalues of (—A)fw?

Consequently, a second question arises: do there exist any perturbed domains Q,, = (I+1)(Q)
such that all the eigenvalues of (_A)?Zw are simple?
The answer is affirmative and our main result reads as follows.

Theorem 1. Let s € (0,1). Let Q be a smooth bounded domain with C*' boundary. Then
for any € > 0 there exists 1 € CY(R™,R"), with |[1||c1 < €, such that all the eigenvalues of
the problem

(=AY’ o = Ap in Qy = (I +v)(Q), @ =01in R" \Qy
are simple.
In other words, it can be said that all the eigenvalues of the problem (1.1 are simple for
generic domains (), where with generic we mean that, given a domain (2, there exists at least
an arbitrarily close domain Q = (I + 1) for which all eigenvalues of (1.1)) are simple. As a

consequence of Theorem [I| we obtain the simplicity of eigenvalues of the fractional laplacian
on intervals.

Corollary 2. Let s € (0,1). Then all eigenvalues of the eigenvalue problem
(—AYp=Xp in(—1,1), =0 inR~(-1,1)

are simple.
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Corollary |2| follows from Theorem (1| which implies that there exists an open interval Q (a
perturbation of an open bounded interval ) such that all its Dirichlet eigenvalues are simple.
Since the dimension of the eigenspaces are invariant under scaling and translation, Corollary
follows immediately.

In the spirit of Theorem (I, we obtain a similar result considering Dirichlet eigenvalue
fractional problem with nonconstant coefficients of the type

(—A)Y’o+a(z)p = Ap in Q, p=0in R"\Q (1.2)
and

(—A)°¢p = Aa(x)p in Q, e=0in R"\ Q, (1.3)
where a,c € CO(R™). Again, if (—A)* + a(z)I is a positive operator (e.g. minga > 0 or
|allco(q) is small enough) or minga > 0, from a (fractional analogue) of Rellich’s compact-
ness lemma it is quite standard to deduce that there is an unbounded ordered sequence of
eigenvalues ()\;)ien (see [1,3] and the references therein) and that each eigenvalue has finite

multiplicity and the first one is simple.

In the local case, simplicity of the eigenvalues with respect to a perturbation of the coeffi-
cients where proved in [11] and we are able to show the nonlocal counterpart of this result. In
particular, we prove that all the eigenvalues of and are simple for generic functions
a and «, respectively, in this two results.

Theorem 3. Let a € C°(R™) such that minga > 0 or lallco(q) is small enough. For any
e > 0 there exists b € CO(R™), with ||bl|co < €, such that all the eigenvalues of the problem

(=A)°p + (a(z) +b(x)) ¢ = Ap in Q, ©=0in R"~ Q
are simple.

Theorem 4. Let a € CY(R") such that minga > 0. For any e > 0 there exists 3 € C°(R"),
with ||]|co < €, such that all the eigenvalues of the problem

(—APe=Aa(z)+B(x)einQ,  ©=0nR"\Q
are simple.

Remark 1.1. It would be interesting to study eigenvalues problems associated with higher
order fractional laplacians (i.e. s > 1). However, a lot of work should be done starting from
the choice of the spaces and the boundary conditions. For example the bilaplacian operator
(i.e. s =2) can be considered with both Navier (i.e. w = Au =0 on 9Q) or Dirichlet (i.e.
u = 0yu =0 on IN) boundary conditions. Moreover, a suitable version of Lemma which is
a key point in our proof would be needed and this is far from being avalaible and understood.

The strategy of the proofs of the above theorems relies on an abstract result which is
presented in Section [3] In particular, Theorem [13] provides us a so called splitting condition,
which is crucial to find the perturbation term 1 (or b,3) for which all eigenvalues are simple
as claimed in Theorem [I| (Th. 3| and Th. |4} respectively). We will give a detailed proof of
Theorem [I] from Section [2]to Section[5] In this part Lemma [T5] plays a crucial role. In Section
[6] and in Section [7] we will only describe the main steps to get Theorem [3] and Theorem

Acknowledgments. The authors would like to thank Matteo Cozzi, Nicola Soave and En-
rico Valdinoci for some helpful discussions. The authors also wish to thank the referee for
the careful reading of the paper.
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2. DOMAIN PERTURBATIONS

In this section we study how a perturbation of the domain affects the multiplicity of
eigenvalues. The main point is, given a smooth perturbation of the domain of the form I 41,
to introduce, by a suitable change of variables, the bilinear form BY in to which we
apply the splitting condition of Theorem [I3] The problem of the splitting of the eigenvalues
with respect to domain perturbation was studied for the standard Laplacian in [4},7-9], from
which we derive this strategy and which we refer to for a bibliography on the subject.

For a function ¢ € C'(R",R"), we define

Q¢ = (I —+ I/J)Q
If ||¢]|cr < L for some L < 1 then (I + %) is invertible on €2, with inverse mapping
(I +¢)~t =TI+ x. In the following we always consider v € C'(R", R") with |[¢||cx < L.
Also, we denote Jri, as the Jacobian determinant of the mapping I + ¢. Whenever no
ambiguity is possible, we use also the short notation Jy, := Jrqy.

Remark 5. Tt is well known that, if ¢ is sufficiently regular, the following expansion holds for
€ small

JI+5¢ =1+ €diV1f} + 52(12 + .4 577«&”
for suitable a;.

By the change of variables given by the mapping (I + 1), and denoted @(§) := u(§ +()),
we obtain the bilinear form BY on H5(€2)

-5 L ‘x ’ ;ﬁiii‘él =D g

/n /n € — n+zp ))(ﬁ(g)(;);ﬂgJw(ﬁ)Jtp(n)dﬁdn
= BY(i,0), (2.1)

S

for @, € H(S2). Notice that BY(a,7) = EX(a, D).
At this point, one can prove by direct computation the following result.

Lemma 6. Let ¢ € C', and take @ € HE(Q). Then
BY (a1, 0) = & (u,u) < Oy [E2(a, @) + [ 2] < CoEX(d, @)
for some positive contants C1,Cs.
Remark 7. Let us define the map
T s Ho(Qy) = Hi(Q);
Yo (u) = a(§) = u(§ +(S))-

By the previous lemma we have that, if ||| is sufficiently small the following maps are
continuous isomorphisms

Yo+ H(Qy) — H(2)
Yo' = HE() = H5 ()

In addition BY(@,7) is a scalar product on H3(€2), and the norm induced by BY(-,-) is
equivalent to the one induced by (-, -).
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It is well known that the embedding i : H§(Q2) — L*(Q) is compact, so we consider the
adjoint operator, with respect to £,

" L2(Q) — H(Q).
The composition Eq = (i* oi)q : H{(2) — H§(2) is selfadjoint, compact, injective with
dense image in H{(€2) and it holds

ESX((* 0 i)qu,u) = / uv. (2.2)

Q

Remark 8. If ¢ € H{(€2) is an eigenfunction of the fractional Laplacian with eigenvalue A,
then ¢y, is an eigenfunction of (i* o i) with eigenvalue uf! := 1/\;. In fact, it holds

EX(pr,v) = )\k/ prvdx —/ Aeprvdz = E (A (i* 0 i)k, v) |

thus )\k(l* @) i)Qng = Pk-

We recall two min-max characterizations of eigenvalues ,ug. We have that

2= sup Joutdz . sup Joulde
1 Hs 0 5Q(u,u)’ v S gQ(“?’U’)’
ueH {0} ©s ue Hy~ {0} =
g?(u, et) =0
t=1,...v—1
where (i* 0 i)ge; = piles; equivalently,
2
Q . Jou?dx
) = inf sup e
v V:{vl,.‘.,vyfl} = 7_[6 N {O} g?(u, U)
g?(uv Ut) =0
t=1,...v—-1

By this characterization, and by ({2.1]), it is easy to prove the following result

Lemma 9. Every eigenvalue py of the operator Ey := Eq, is continuous at 0 with respect
to ¢ € CH(R™,R™).

Finally, since in Remark [8| we proved that if ¢ is an eigenfuntion of (—A)® with Dirichlet
boundary conditions on ), with eigenvalue Ay, then ¢j is an eigenfunction of E, with
eigenvalue py := 1/\g, to obtain the main result of this paper, we study the multiplicity of
the eigenvalues p of the operator E,. For this purpose, in the next section we collect an
abstract result which we will apply to the operator E.

3. AN ABSTRACT RESULT

We recall a series of abstract results which holds in general in a Hilbert space X endowed
with scalar product < -,- >x. Later, in the paper, we will apply these abstract results to
derive a splitting condition for multiple eigenvalues. The proof of these results, are contained
in |9, Section 2]. However, to make this paper self contained, we recall them in the following.

Let

Fj:={Ae L(X,X) : codim ImA =i and dim ker A = j}
be the set of Fredholm operator with indices ¢ and j in the Banach space L(X,X) :=
{A: X — X : Alinear and continuous}.
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We show first that Fj; is a smooth submanifold of codimension ij in L(X,X). It is well
known that if A € Fj;, there exist closed subspaces V,WW C X such that
X=kerA®V and X =W @ ImA.
Let us call P,@, P and @ the projector on ker A, V, W,ImA, respectively. It holds

Lemma 10. We have
LX,X)=LaV,
where
V:={T e L(X,X) : T(kerA) C ImA}
L:= {PHP € L(X,X) with H € L(X, X)} .

Proof. The claim can be showed immediately noticing that 7' = PTP+QTQ+ PTQ+QTP
and that QTQ + PTQ + QTP € V. O

Lemma 11. We have that Fj; is an analytic submanifold of L(X, X). In addition, for any
A e L(X,X), the tangent space in A to Fi;, TaF;; =V .

The proof of this result is postponed to appendix. Here we limit ourselves to give the main
idea. Given Ay € Fj;, and given H such that Ag + H still belongs to Fj;, it is possible to
write H = PHP + f(V) where V € V and f is an analytic function. Then F}; near Ay is a
smooth graph on V.

Lemma 12. Let A € Fj; such that ker A ¢ ImA. Then
M={A+H+ XM ecL(X,X) : N\e R, A+ H € Fj; and H suff. small}

is an analytic manifold at A+ X, and TasxtM =V @& Span < I > where Tai i M is the
tangent space in A+ A to M.

Proof. By definition of V, we have that I € V if and only if ker A C ImA, which is not possible
by our hypothesis on A. Thus, by Lemma [11| we have that M is a ruled manifold and the
thesis follows immediately. O

We can recast the previous result considering 7' : X — X a selfadjoint compact operator
with an eigenvalue A with multiplicity v. By Riesz theorem we have that T — A € F,,, and
that ker(T' — A\I)NIm(T — A\I) = {0}. Moreover by Lemma [12]if U is a suitable neighborhood
of T — M\ we have that

M:{T+/\IEL(X,X) : /\EIR{andTeFWﬁU}

is a smooth manifold and TT_;\IM — V@ Span < I > where
V={HeLX,X) : Hker(T —\)) CIm(T - \)}. (3.1)
At this point we are in position to enunciate the main result of this section.

Theorem 13. Let T}, : X — X be a selfadjoint compact operator which depends smoothly
on a parameter b belonging to a real Banach space B. Let Ty = T and let T, be Frechet
differentiable in b = 0. Let 29,...,20 be an orthonormal basis for the eigenspace relative
to the eigenvalue X of T. If T, € M for all b with ||b]|co small, then for all b there exist a
p = p(b) € R such that

(T'(0)[blz, a?) = pbij fori,j=1,...,v. (3.2)
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Proof. By Lemma [12| we have that, if T, € M for all b, then
T'(0)[b] € V@ Span < I > .
So, by (| . for all b, there exists A(b) € R, such that
[T7(0)[b] — AM(b)I] (ker(T — AI)) C Im(T — ),

that is
<[T,(0)[b]_)‘ ] ]a 'L>X
for all 3,7 = 1,...,v, which implies (3.2). (|

This theorem says that if condition (3.2)) is fulfilled, then the eigenvalue A(b) has still
multiplicity v in a neighborhood of b = 0.

4. SPLITTING OF A SINGLE EIGENVALUE
We recall that £y, = (i* 0 i)q,. Also, by (2.2), and by the definition of @ we have

&?“’ (Eyu,v) =< u,v >2q,)= / WSy
Q

By the definition of Bg’, we can rewrite the previous formula as

BY (vy Byu, 7) zgfw(Ew,u):/aﬁJw.
Q

Set
Tyt := vy Eyry 4, (4.1)
we get that T, : H{(2) — H(2) is a compact selfadjoint operator such that

BY(Tyai,9) = / ]y
Q
for all .

Remark 14. One can prove that T;, and BY are differentiable in the 1 variable at 0. Then it
holds

(BY) )[w1(Toa, 0) + BATLO)[w]a, ) = / iodivep, (4.2)

Q

Lemma 15. Let 4,0 € H{(Q) such that (—A)°a, (—=A)*0 € Cf.(Q) N L¥(Q) with o >
(1 —28)4. Then

(B?)I(O)[w](a,@) = —T?(1+s) /89655¢ Ndo— /[Vﬂ-w(—A)56+Vﬁ-w(—A)Sﬂ]dx (4.3)
where §(x) = dist(xz,R" \ Q) and N is the exterior normal of .

Proof. If ||¥||c1 is small, by direct computation we have that
v\’ w
@)<wmmw=

1 () —a(€)(@(n) =o() [ ;.. () _ A 28)(E—n) - (V(E) —(n))
2/n/n |€ Ul {d Y&+ divy(m) € = n|? }dgdn

= [ [ @ - we)om - o) K€ nazan, @44
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where

(€)= 5 {divele) + divoto) -

(n+2s5)(€ —n) - (W(&) —¢(n))} 1

€ —nl? |§ =2
At this point we use the result of Theorem 1.3 of [2] which allows to compute integrals of the
form of (4.4) and we obtain the conclusion. O

We want to apply the previous result to eigenfunctions of (—A)*® on € with Dirichlet bound-
ary conditions. We recall that, by Remark [8] this is equivalent to consider eigenfunctions of
the operator Tj.

Corollary 16. Let u,v € H{() satisfy Tou = )\—lou, and Tyv = )%OU. Then we have
' I2(1
(Bf) (0[] (Tou, v) = — -+ / LY % Ndo+ / wodiv(ih)da.
Ao aq 0°0° Q

Proof. By elliptic regularity the eigenfunctions belongs to C{%_(£2)NL>(Q2) with o > (1-2s).
Then, by Lemma [I5] we have

(8) OWITn 0 = 5 [ 22y N

1 s
—/Vu P(— vd:v—/\O/QVv'w(—A)udx

Combining this with Remark [§ and integration by parts, we obtain
! (1
(B}f) (0)[¥](Tou,v) = _(—i—s)/ 771# Ndo — / Vu - yYvdx — / Vv - Yudx
AO oN 58 68 9] 0
(1
= —(H)/ Uy Ndo +/ wvdiv(1)dz,
)\0 Q) (58 55 (e}

as desired. O

Now we apply Theorem (13| to the operator Ty defined in (4.1). This is the fundamental
block to prove Theorem [T}
Let po be an eigenvalue of Ty = Eq = (i* 0 i) which has multiplicity v > 1. If for all ¢

with [|1)||c1 small, the operator Ty, has an eigenvalue (1)) with multiplicity v for all ¢ and
such that p(¢) — po while ¢ — 0, then Theorem [13| yields

BY(T(0)[¥)pi, ;) = pdi

for some p = p(¢yp) € R. Here {p;};,_; _, is an orthonormal basis for the eigenspace 1(0).
This, in light of (4.2) and Corollary [16| can be recast as

iy = = (BY) OWlTogi ) + [ pipsdivuds

:F2(1—|—8),u,0/ %%w-Nda. (4.5)
o0

So, for all ¢ with [[1]/c1 small,

Vi Pj . . P12 ©u\2
—=1 - Ndo =0 for i # j; / = zp-Nda:---:/ =] ¢ -Ndo.
oq 05 0% 3Q<55) 8Q< )
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This implies that (f§)2 =0on 0N for i = 1,...,v. On the other hand, by the fractional
Pohozaev identity (see [10] and [2, formula (1. 6)]

r2(1+s)éﬂ(“§j) Nda_/ iz;éo.

This leads to a contradiction and thus u(1)) cannot have multiplicity v for all ) with |||

small. This fact can be summarized in the next proposition, which is the main tool to prove
Theorem [}

Proposition 17. Let \ an eigenvalue of the operator (—A)§ with Dirichlet boundary condi-
tion which has multiplicity v > 1. Let U and open bounded interval such that

Uno( {)\}
where o ((—A))) is the spectrum of (—A )f2
Then, there ezists ¢ € C*(R™,R™) with ||[¢||1 small enough such that for Q, = (I +¢)Q it

holds

UNo ((-A)g@ - {)\?‘”, .. .,Agw},
where /\?w is an eigenvalue of the operator (_A)?Zw associated to the set Qy with Dirichlet
boundary condition. Here k > 1 and the multiplicity of )\?w 18 v; < v with Zle v = V.

We recall that if |[¢||c1 is small, the multiplicity of an eigenvalue A** near A can only be
equal or smaller than the multiplicity of X\. Here, in Proposition we proved the existence
of perturbations for which the multiplicity is strictly smaller.

The next corollary follows from Proposition composing a finite number of perturbations.

Corollary 18. There exists ¢ € CH(R",R"™) with ||¢||1 small enough such that for Q0 =
(I + )2 it holds

UNno ((—A)gw) - {A?w,...,ASw},

where )\?w is a simple eigenvalue of the operator (—A)fw associated to the set €y with
Dirichlet boundary condition.

At this point we are in position to prove the main result of this paper.

5. PROOF OF THEOREM [I]
We start proving the following splitting property for a finite number of multiple eigenvalues.

Lemma 19. Given a sequence {o;} of positive real numbers there exists
e a sequence of bijective map {F;} € CL(R™,R"), F} = (I + ) with ||[¢|lcr < oy
e a sequence of open bounded O sets with Qo = Q and = Fy(Q_1)
e a sequence of increasing integer numbers {q} with q /* +o00
o a sequence of open bounded intervals {Us},_, g With UiNnU; = 0 fori+#j
such that the eigenvalues )\?l of the operator (—A)le are simple fori=1,...,q and )\?l e U;
foralli=1,...,q.

Proof. Take g € N such that that Aq,...,\; are simple eigenvalues for (—A)¢, and that Ag4q
is the first eigenvalue with multiplicity v411 > 1. For ¢ = 1,...,q let U; be open intervals
such that U; N Uj = () for i # j and \; € U;. Let us take W an open interval such that
WnNnU,=0forallt=1,...,qgand WNo((—A)§) = {A\g+1}. At this point, by Corollary
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we can choose v such that W N U((_A)f%) contains exactly v441 simple eigenvalues. Also,

we can choose a number 0,41 sufficiently small, with |[{)||c1 < o441 so that )\}f € U, for all
t=1,...,q, since the eigenvalues depends continuously on . At this point, by iterating this
procedure a finite number of times we get the proof. O

Proof of Theorem[1l Let us take a sequence {o;} with 0 < oy < %, and a sequence F; =
(1 + 1)) associated to oy as in the previous theorem. We set

Fi=FoF,_10---0F.

We can prove that, by the choice of o;, the sequence {F; — I'}; converges to some function P
in C'(R™,R"). In fact, by the previous lemma we have

H]:i-&-l - ]:iHoo

IN

i+1
[Yis1llor < <i> (5.1)

1Fi1 = Fillo

IN

/ 1 o !
WirilleFille < { 5 ) I Filloo: (5.2)

By induction, using we can prove that

[Fillos < (1 - i) < C’l) (5.3)

and, combining all these equation, that

1 i+1 5 A
7=l < Wnlo<(3) (3) (5.4

and, by iterating, that, for all p € N

P\ L g it
|Fitp = Filler < Wi”@ﬁz(él) <4>

t=0

1/5Y 51
< —-| = ) . .
< 4(16) t:0<16> —0asi— o0 (5.5)

A

M@

Thus the sequence {F; — I} converges in C! to some ¢ = F — I and, by (5.5), [|¢/[|cr < 1/2,
so F is invertible.
We claim that all the eigenvalues (—A)f% are simple. By contradiction, suppose that

there exists a g such that )\g is the first multiple eigenvalue. Let us call ; = F;(2) and

{)\?l }i the eigenvalues of (—A)g, on § with Dirichlet boundary conditions. By Theorem
we have that there exists an [ € N such that (—A)g, has the first ¢ + 1 eigenvalues simple,
and that there exists Uy, ..., Uzy1 open intervals, with disjoint closure, such that )\?l e U;
for t = 1,...,G+ 1. On the one hand, A\{™ — A} as well as A7, — AY when N — oo by
continuity of the ei_genva_lues. On the other hand, )\g’\’ € Uz and /\Sq}_fl € Ug4 for all N, by
Theorem So )\g} = )\:’]-b_i_l € U; N Ug+1 which leads us to a contradiction, and the theorem
is proved. U
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6. PROOF OF THEOREM [

In this case we call

B*(u,v) = &E(u,v) +/ au’dz.

n

and, since mﬂina > 0 or [la||co(q) is small enough, we can endow Hg(£2) with the norm
lul3s 0y = B (u,u) = E(u,u) + / adz.

We call p* € H(2) an eigenfunction of ((—A)® + a) corresponding to the eigenvalue A\®.
Given the embedding i : H{(2) — L%(Q) we consider its adjoint operator, with respect to
the scalar product B%,

i*: L2(Q) — H(Q).
It holds

B ((i* 0i)qu,v) = E ((i* 0d)qu,v) + /Q au(i* 0i)qv = /qu, (6.1)

and, as before, if ¢} € H{(Q2) is an eigenfunction of the fractional Laplacian with eigenvalue
A, then ¢} is an eigenfunction of (i* o i), with eigenvalue uf := 1/A%.
In addiction (|1.2)) admits an ordered sequence of eigenvalues

D<A <A <M< <AL e f00

and all the eigenvalues Aj depends continuously on a.
In the following, for b € C°(Q) with ||b||z~ small enough we consider B4** and (i* 0 i) g4
and we put

Bb = Ba+b and Eb = (Z* e} i)a—&-b- (62)

Similarly to what we proved in Section 4] we have the following lemma.

Lemma 20. The maps b — By and b — Ey are differentiable at 0 and it holds

(B’(O)[b]u,v):/buv,

Q
0= (B'(0)[b] Eou, v) + By (E'(0)[b]u,v) . (6.3)
for all u,v € H§(Q).
Remark 21. Notice that, by Lemma [20[ and by , it holds
By (E'(0) [t ) = (B'(0)[b] Eou, v) = / b(Eou)v / b[(i* 0 1)au] v.
Q Q

Remark 22. If p* = p is an eigenvalue of the map Ey = (i* o i), with multiplicity v > 1,
and ¢f,...,¢% are orthonormal eigenvectors associated to pu, then, by the previous remark
we have

(B'(0)[b] Eows, ) = /Qon(sO?)cp? = —M/Qbso?sog‘,
foralli,j=1,...,v.

Now we apply the condition (3.2) to prove the splitting property for a chosen multiple
eigenvalue.
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Proposition 23. Let a € CO(R™) be positive on Q or with |lal|coq) sufficiently small. Let

X an eigenvalue of the operator (—A)¢, + al on H{ with Dirichlet boundary condition with
multiplicity v > 1. Let U be an open bounded interval such that

Uno((—A) +al) = {5\} ,
where o ((—A)g, + al) is the spectrum of (—A)g, + al.
Then, there exists b € C°(R™) such that for
TNo((—A)+ (a+b)I) = {A?,...,AZ},
where N is an eigenvalue of the operator (—A)g + (a +b)I. Here k > 1 and the multiplicity
of AV is v; with Zle Vi = .
The next corollary follows from the previous proposition, after composing a finite number

of perturbations.

Corollary 24. There exists b € CO(R™) with ||bl|co small enough such that
TNo((—A)+ (a+b)I) = {A‘;,...,Af;},

where N is a simple eigenvalue of the operator (—A)$ + (a + b)I with Dirichlet boundary
condition.

Proof of Proposition[23. We apply Theorem [13] to the operator E, = (i* 0 i)44p introduced
" f ,3‘”’ is an eigenvalue of Ej, which has multiplicity v at b = 0 and at any b with ||b]|co
small, then by condition of Theorem [13| we have

Bo(E'(0) i, ) = pi for some p € R,
where {‘Pi}izl,...,u is an L2-orthonormal basis for the eigenspace relative to u®. Then, in light
of Remark we should have that for any b € C” small, there exists p = p(b) such that

pe /Q bip; = p(b)di;.

Then, in particular, we deduce that

/ bo1pa =0 and/ bt = / bys for all b € C°.
Q Q Q

Thus @192 = 0 and ¢? = @32 almost everywhere in Q. Thus ¢; = ¢s = 0 a.e. in €2, which
leads us to a contradiction. Then there exists b € C° small such that the multiplicity of p%+?
is smaller that v. Since the eigenvalue p®+® depends continuosly on b, given a neighborhood

U of u?, for ||b||co small we have that U No(Ep) = {,u‘frﬂ e ,,uZ*b} with v; the multiplicity
of ud*? and where Zle v; = v, and kK > 1. Remebering the definition of E; and that

7

patl = 1/X%? we have the claim. O
We proceed similarly as the proof of Theorem [I] to obtain Theorem [3]

Lemma 25. Given a € C°(R") as in the hypotesis of Theorem @ and a sequence {o;} of
positive real numbers there esists

e a sequence of functions {b;} € CO(R™) with ||by|co < oy

e a sequence of increasing integer numbers {q;} with q /* +00

e a sequence of open bounded intervals {Ut}tzl,...,ql with U; NU; = 0 fori # j
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1
such that the eigenvalues )\;HZJ =i

1

by .
i=1,...,q and )\?JFZ’” ‘eU foralli=1,...,q.

Proof. Take q € N such that that A{,..., Ay are simple eigenvalues for (—A)g + al and that

of the operator (—A)g + (a + Zé:l b;)I are simple for

Ag+1 is the first eigenvalue with multiplicity v411. Fort =1,..., ¢ let {U;} open intervals such
that U; NU; = 0 for i # j and \{ € Ut Let us take W an open interval such that W NU; = ()
for all t = 1 .yqgand WNo((—A) +al) {)\ +1} At this point, by Corollary. we can

choose b such that W N o((—A)§, + (a + b)I contains exactly v, simple eigenvalues. Also,

we can choose a number o4y sufficiently small, with ||bg41]|co < 0441 so that )\f+b e U, for
all t = 1,...,q, since the eigenvalues depends continuosly on b. At this point, by iterating
this procedure a finite number of times we get the proof. O

At this point we can conclude.

Proof of Theorem[3 Let us take a sequence {07} with 0 < 0; < 21, and a sequence b; asso-
ciated to o; as in the previous theorem. By the choice of o;, we have that ), b; converge to
some function b in C°(R™). We claim that all the eigenvalues (—A)§, + (a+b) are simple. By
contradiction, suppose that there exists a ¢ such that )\gH’ is the first multiple eigenvalue. By

Theorem (19| we have that (—A)g, + (a+ S0 ' b)I has the first 7+ 1 eigenvalues simple and

that there exists Uy, ..., Uzy1 open intervals, with disjoint closure, such that )\a+Zl e Uy
for t = 1,...,§+ 1. On the one hand, )\Cq—LJrEl—l — /\Z—LH’ as well as )\Z-Ilz:l—lbl — )\g+b

N
when N — oo by continuity of the eigenvalues. On the other and, )\‘#lelbl € Uz and

ALY ¢ g for all N, by Th 190 So AZT? = \2HY € U; N Ugy1 which lead
G+l g+1 for a y Theorem |1 0 g+1 € M Ug+1 which lead as to a

contradiction, and the theorem is proved. O

7. SKETCH OF THE PROOF OF THEOREM [4].

In this section we adapt the abstract scheme to the last result of this paper. Since the
proof is very similar to the one of Theorem [3, we provide only the main tools.
Since o > 0 on Q, we endow the space L?() with scalar product and norm given, respec-

tively, by
wo)ge = [awwi fuls = [ aid
Q Q

while on H§ we consider the usual scalar product £(u,v). We consider the embedding i :
H§ — L? and its adjoint operator i* : L? — H§. Then we have

E((i* 0d)qu,u) = / auv Yu,v € H.
Q

As before, the map (i*o01), is selfadjoint, compact and injective form H{ in itself. In addition,
is p® is an eigenfunction associated to the eigenvalue u® for (i* o), then
p(—=A)p =a(r)ps in Q, p=01in R" \ Q,

thus A% = 1/u® is an eigenvalue with ¢® as eigenvector for Problem ([1.3)).

We want to prove that there exists 3 € C°(Q2), with ||3]|z~ sufficiently small, such that
(i* 01)q+p has all eigenvalues simple.

Set

Eg = (i* 01)a4,
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we have the following Lemma

Lemma 26. The map 8 — Eg from a neighborhood of 0 in C°(Y) to the space of linear
maps from H§(Q) to H§(Q) is continuous and differentiable at 0 and it holds

E(E'(0)[Blu,v) = /Q Buv.

Proof. Since Ay [, u? < E(u,u), and Ay > 0, where A; is the first eigenvalue of (—A)*%, we
have ||Egu|r2 < cllul|p2. Indeed

M [ (B0 < EBsu Egw) = [ (@ BuBu < clula| By
Q Q

We can show now that £ ((Eg — Eo)u, (Eg — Ep)u) — 0 as ||f||p~ — 0, proving the continuity
of 8 — Eg at b=0, in fact € (E3 — Ep)u,w) = [, fuw, so

=

£ ((Es — Eo)u. (Es — Eo)u) = /Q Bu(Bs—Eo)u < cl| 8] |l € (s — Eo)u, (Bs — Eo)u)

which proves the claim.
Finally, given 8 € C°(Q) and u € H{, there exists L(3,u) € Hj such that

/ Buw = & (L(B,u),w).
Q

Thus, for any w € Hjj it holds

E((Egu — Eou — L(B,u)) ,w) = / (o + Buw — / auw — / fuw = 0.
Q Q Q
Thus L(3,u) = E'(0)[]u and E(E'(0)[Blu,v) = [, fuv, as claimed. O
It remains to us to apply Theorem [I3]to conclude the proof of Theorem [4,

Proof of Theorem[{]. If u® is an eigenvalue of multiplicity v > 1 of the operator (i*oi), = Ej
and ¢f, ..., ¢} are orthonormal eigenfunctions associated to u®, the condition of non splitting
is that for any b with ||3]|co small there exists p = p(8) € R such that

/ Bpipj = pdyj, foralli,j=1,... 0.
Q
At this point, the proof can be achieved as the proof of Theorem O

8. APPENDIX

Proof of Lemma([1d]. Tt is known that the Fredholm operator of a given index is open in
L(X,X). So, if Ay € Fj;, then Ag+H € Fj; (if H is small) if and only if dim (ker(Ap + H)) =
dim (ker(Ap)), that is, if there exists j linearly independent solutions of (Ag + H)z = 0. By
means of the projections P, @, P, @, this is equivalent to solve
I?H x=0 ]
QApx +QHz =0’
Furthermore by Lemma we can decompose H =Y + S+ Z + T where Y = PHP,

S=QHP,Z=PHQ and T = QHQ. Set v = u + v where u € ker Ay and v € V, we can
recast (8.1 as

(8.1)

{ Yu+ Zv=0 (8.2)

QAw+ Su+Tv=0 "



GENERIC PROPERTIES OF EIGENVALUES OF THE FRACTIONAL LAPLACIAN 15

Now, QAg : V — ImA is invertible, and let us call R its inverse. Then the second equation

of (8.2) becomes
v=—RSu— Rlwv.

If H is sufficiently small, then the operator w — —RSu — RTw is a contraction from V to V.
Then we can find v as
o0
v=—RSu— Y (~1)"(RT)' RSu.
i=0

Plugging this expression in (8.2]) we obtain
e . .
Y+Z|-RS=) (-1)"(RT)'RS || u=0.
i=0

Recalling that u € ker Ag, we have that this equation has j linearly independent solutions if
and only if

Y =Z|RS+) (~1)'(RT)' RS
=0

Then, when H is small, the set {Ag + H € Fj;} is a graph of an analytic function with domain
V, and the claim follows easily. O
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