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Soft Bilinear Inverted Pendulum: A Model to
Enable Locomotion With Soft Contacts
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Abstract—The robotics research community has developed
several effective techniques for quadrupedal locomotion. Most
of these methods ease the modeling and control problem by
assuming a rigid contact between the feet and the terrain.
However, in the case of compliant terrain or robots equipped
with soft feet, this assumption no longer holds, as the contact
point moves and the reaction forces experience a delay. This
article presents a novel approach for quadrupedal locomotion in
the presence of soft contacts. The control architecture consists of
two blocks: 1) upstream, the motion planner (MP) computes a
feasible trajectory using model predictive control (MPC) and 2)
downstream, the tracking controller (TC) employs hierarchical
optimization (HO) to achieve motion tracking. This choice
allows the control architecture to employ a large time horizon
without heavily compromising the model’s accuracy. For the
first time, both blocks consider the contact compliance: in the
MP, the classic linear inverted pendulum model is extended by
proposing the soft bilinear inverted pendulum (SBIP) model;
conversely, the TC is a whole-body controller (WBC) that
considers the full dynamics model, including the soft contacts.
Simulations with multiple quadrupedal robots demonstrate that
the proposed approach enables traversing soft terrains with
improved stability and efficiency. Furthermore, the performance
benefits of including the compliance in the MP and TC are
evaluated. Finally, experiments on the SOLO12 robot walking on
soft terrain validate the proposed approach’s effectiveness.

Index Terms—Contacts, legged locomotion, optimal control,
predictive control, quadratic programming.

I. INTRODUCTION

B IOLOGICAL systems leverage body compliance to
achieve highly robust and energy-efficient locomotion.

The knowledge about the advantages provided by softness,
which have been recognized and widely studied in scientific
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literature [1], [2], [3], [4], [5], [6], is pushing toward the adop-
tion of principles to exploit softness into robotic quadrupedal
locomotion.

Indeed, modern quadrupedal robots are benefiting from
the integration of compliant elements, which greatly enhance
their performance and enable dynamic gaits and maneu-
vers. Examples of this are HyQ’s linear elastic ankle
joint [7], [8], Cheetah’s flexible spine and passive rotary ankle
joints [9], [10], or ANYmal’s ANYdrive series elastic actua-
tors [11]. The increased agility of legged systems has granted
them the ability to traverse rough and complex environments.

Following a similar idea, researchers started to include
compliance in the foot design, developing more sophisticated
robotic feet inspired by the animal kingdom [12], [13], [14],
[15], [16]. Although the results are promising, using more
complex feet geometries introduces new control challenges
that are currently unaddressed.

One of the main issues when designing a locomotion
controller for quadrupeds equipped with bioinspired feet is
considering the contact softness. These feet exploit compli-
ance [16] and adapt to the terrain profile [13], violating the
rigid contact model’s hypotheses. Similarly, legged robots
traversing compliant terrains do not accurately fit the rigid
contact hypothesis. This occurs, for instance, when locomoting
on sand, mud, snow, or dense vegetation [17], which are
typical use cases for legged robots. In these conditions,
legged robots may experience reduced stability and worse
performance [18].

Currently, most of the literature does not consider soft
contacts due to the convenience of the rigid contact model.
For instance, with model-based approaches, employing a rigid
contact enables projecting the system dynamics in the null
space of the contact constraints, reducing the optimization vec-
tor size [19]. On the other hand, model-free methods typically
require a simulation training phase, which is computationally
heavier and more challenging when considering soft contacts.
Even when compliance is indeed considered, it is typically
done only in a few selected parts of the control pipeline. For
instance, in the case of frameworks composed of a motion
planner (MP) and a tracking controller (TC), contact softness
is usually included only in one of the two blocks; e.g., in [20]
only the TC is explicitly adapted for dealing with softness.

Moreover, no work has systematically studied the
performance of legged robots on soft grounds. This gap
in the literature suggests that the problem introduced by
significant compliance, albeit relevant, has not been fully
addressed. Nonetheless, lifting the rigid feet–terrain contact
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Fig. 1. SBIP model scheme.

hypothesis can increase robot stability and performance in
real-world scenarios by covering the mismatch with the actual
compliant interaction with the terrain [20]. Our results, both
in simulation (Section VI) and experiments (Section VII), fur-
ther suggest that considering compliance can reap significant
improvements.

This article presents a novel control framework for
quadrupedal locomotion that accounts for soft contacts both in
the MP and the TC. The original contributions are as follows.

1) The integration of soft contacts in both the MP and the
TC. Unlike prior approaches that focus on either the
MP or the TC independently, the proposed framework
considers and adapts the two-control-blocks approach in
all its parts. Furthermore, the impact of this integration
in the two blocks is quantitatively analyzed.

2) The introduction of the soft bilinear inverted pendulum
(SBIP), a novel model that accounts for the foot–terrain
interpenetration. This model (see Fig. 1) treats a legged
robot as a point mass with a mass-less rigid body
attached to it. The point mass represents the robot’s base,
while the pendulum body represents the robot’s legs.
The pendulum is in contact with the ground through
a spring-damper system, which models the interaction
between the pendulum and the terrain.

3) The usage of the proposed SBIP model in the MP.
Additionally, the MP considers how the terrain defor-
mations affect the contact plane. This approach enables
the generation of robust and efficient trajectories of the
robot’s base and feet when traversing soft terrains.

4) The inclusion of a soft contact model in the whole-
body controller (WBC). The WBC employs hierarchical
quadratic programming (HQP) to optimize the control
with multiple concurrent and conflicting tasks.

5) The quantitative analysis of the performance improve-
ments achieved by considering compliance in each block
of the two-control-blocks approach.

It is shown through exhaustive simulations and experiments
that the proposed approach aids locomotion when traversing
compliant terrains.

The remainder of this article is organized as follows.
Section II provides a literature overview of the main existing

approaches for locomotion control that account for soft
contacts. Section III introduces the necessary theoretical con-
cepts used to formally describe the problem that is tackled.
Section IV-C introduces the SBIP model and describes the
MP. Subsequently, Section V presents the proposed hierarchi-
cal optimization (HO)-based soft WBC. In Section VI, the
proposed controller is validated through simulations on two
quadrupeds, comparing the proposed framework with a “stan-
dard” control approach. Section VII presents the experimental
validation of the proposed framework on the SOLO12 robot.
Finally, Section VIII concludes this article.

II. STATE OF THE ART

Literature shows that compliance is fundamental to achieving
efficient quadrupedal locomotion [1], [2], [3], [4], [5], [6].
However, it is usually inserted and modeled only in the robot
structure, while feet–terrain contacts are typically assumed to be
rigid. For instance, the planning of the robot base and swing leg
trajectories, commonly computed through the seminal linearized
inverted pendulum (LIP) model [21], has been extended to
consider the joint flexibility in the so-called flexible linear
inverted pendulum (FLIP) [22], [23]. Alternatively, center of
mass (CoM) oscillations have been captured through the spring-
loaded inverted pendulum (SLIP) [24]. However, none of these
articles consider soft contacts. For this reason, this work proposes
the SBIP model (Fig. 1). This model enables simultaneously
planning the robot base and swing feet trajectories while
accounting for terrain penetration or foot deformation.

Soft contacts have been discussed in a limited number of
state-of-the-art articles. Kim et al. [25] proposed a WBC, i.e., a
TC, in which the contact constraint is relaxed. By dropping the
rigid contact assumption, the contact point is allowed to move,
while its acceleration is minimized. Although this approach
does not include a physically meaningful contact model, nor
does it explicitly address the problem of soft contacts, the
control commands are optimized to reduce the jerk during
transitions of the contact feet.

An extended multipart (x-MP) controller that uses a non-
linear contact model is proposed for monopod hopping robots
in [26] and for quadrupedal robots in [27]. While this method
yields promising results using an unconventional controller
and contact model, it is limited by the unique robot design,
making it unsuitable for most traditional quadrupeds.

In [28], vertical jumping on granular media is studied. The
deformable terrain dynamics is learned with a kernel machine,
while the motion planning is solved with nonlinear program-
ming (NLP). This approach attempts to lay the foundations
for concurrently learning and exploiting the terrain dynamics,
but it is not applied to realistic scenarios.

A momentum-based balancing controller for legged robots
on compliant terrains is developed in [29]. Another admittance
optimization-based controller for balance control of bipedal
robots under linear visco-elastic contacts is proposed in [30].
These papers use a seminal nonlinear contact model and
formulate an optimization controller; however, the nonlinearity
of the optimization problem limits its real-time performance
and the only task considered is the balance control.
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TABLE I
LITERATURE OVERVIEW

The nonlinear model predictive controller (NMPC)
described in [31] includes a nonlinear contact model in its
problem formulation. However, the contact model is not
used to address compliant contacts but only to adhere to the
constraints imposed by the nonlinear optimization technique
and reduce the computational effort.

More recently, the QP-based WBC framework proposed
in [32] was extended to ensure consistency with terrain
compliance in [20]. This controller is tested in experiments on
different terrains and shows improved performance with the
presence of softness. However, the MP does not account for
the terrain compliance. Moreover, the WBC is formulated as
a single QP problem with constraint softening. Thus, it does
not ensure strict task prioritization but only a soft hierarchy.

Finally, Choi et al. [33] used reinforcement learning (RL)
with a granular media model to develop a controller for
compliant and granular terrains. This approach demonstrated
impressive results on sand, which is typically a very chal-
lenging environment, subject to the usual pros and cons of
RL-based approaches.

Table I reports a summary of the main model-based con-
trollers for quadrupedal locomotion. The column HO specifies
if the method can deal with task prioritization. Column
MP + TC is true when the control is divided into an MP and a
TC. SP stands for soft motion planner, and SC for soft tracking
controller, and they are true when the MP or TC explicitly
consider soft contacts, respectively.

In this work, the soft contact model is included both in the
MP and in the TC. The MP exploits the proposed SBIP model,
while the TC is a WBC augmented with the soft contact model
introduced in Section III-B3.

III. PROBLEM FORMULATION

This section formally introduces the problem addressed
in this work. That is, given a mathematical description of
the robot (Section III-A) and foot–terrain contact model
(Section III-B), find a suitable robot trajectory that allows it to
locomote and the joint torques required to track this trajectory.

A. Model of the Robot

Let the robot generalized coordinates vector q and the
generalized velocity vector υ be

q =
⎡
⎣

pb
qb
qj

⎤
⎦ ∈ SE(3) × R

nj , υ =
⎡
⎣

υb

Bωb

q̇j

⎤
⎦ ∈ R

nv (1)

where nv = nj + 6, with nj the number of joints. The vector
pb is the position of the robot base, qb is the base orientation
quaternion, and qj is the leg joint position vector. The linear
velocity of the base is denoted by υb, the angular velocity of
the base expressed in the base frame B is Bωb, and q̇j is the
legs joint velocity vector.

The equations of motion (EoM) of a legged robot are

M(q)υ̇ + h(q,υ) = Sᵀ
τ + Jᵀc (q)f c. (2)

Here, M(q) ∈ R
nv×nv is the generalized mass matrix, and

h(q,υ) ∈ R
nv is the vector of Coriolis, centrifugal and

gravitational terms. The matrix S = [
0nj×(nv−nτ ) Inj×nj

]
is

the so-called selection matrix, τ ∈ R
j is the joint torques

vector, Jc(q) ∈ R
nv×3nc is the contact Jacobian matrix, f c ∈

R
3nc is the vector of contact forces, and nc is the number of

feet in contact with the ground.

B. Contact Model

Due to its convenience, the rigid contact model has become
the de-facto standard for modeling the robot-terrain interaction
during locomotion. Only more recently the development of
control algorithms that consider the softness of the contacts
has gained some attraction.

1) Rigid Contact Model: This model consists in a mono-
lateral kinematic constraint that imposes zero velocity at the
contact: pc = 0. Differentiating it twice w.r.t. time t yields a
constraint on the generalized joint accelerations υ̇, i.e.,

p̈c = Jcυ̇ + J̇cυ = 0 (3)

where p̈c is the contact point acceleration and J̇c is the time
derivative of the Jacobian matrix Jc.

However, the assumption of zero velocity at the contact is
often not reflected in the reality of foot–terrain interactions.
This justifies the need for lifting the rigid constraint.

2) Kelvin–Voight Model: The Kelvin–Voight (KV)
model [35], also known as the spring–damper model, is a soft
contact model that handles the contact between two bodies by
introducing linear springs and dampers in parallel in the three
Cartesian directions. This model defines the interaction force
as a function of the foot–terrain interpenetration δ and of its
time-derivative δ̇, i.e.,

f c = Kpδ + Kd δ̇ (4)

where Kp, Kd ∈ R
3×3 are diagonal matrices representing the

stiffness and the damping coefficients of the contact.
The KV model, widely used for approximating soft contact,

is simple and linear in its parameters, making it an ideal
candidate for use in quadratic optimizations.

3) Monodirectional Spring-Damper Contact Model: This
model describes a soft interaction only in the direction perpen-
dicular to the terrain plane, modeling it with a linear spring
and damper in parallel. Conversely, the contact is modeled as
rigid in the horizontal direction. Considering h, l, and n as
the heading, lateral, and terrain normal direction unit vectors,
respectively, the interaction with the terrain is governed by
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Fig. 2. Overview of the control architecture. Given the reference signal r, the MP generates the generalized trajectory �gen consisting of the base and swing
feet motions. Then, the WBC computes the torques τ∗ that track the given trajectory �gen. fMPC and fWBC are the frequencies of the MP MPC and of the
other control components, respectively.

f c · n = kpδn + kd δ̇n

p̈c · h = (
Jcυ̇ + J̇cυ

) · h = 0

p̈c · l = (
Jcυ̇ + J̇cυ

) · l = 0 (5)

where δn and δ̇n are the interpenetration and its time-derivative
in the normal direction, respectively. Additionally, kp and
kd are the stiffness and damping coefficients in the terrain’s
normal direction. Finally, given two vectors a and b, a · b
represents the dot product between them.

This contact model is often used in simulators when
simulating both rigid—i.e., large values of kp and kd—and soft
contacts. Moreover, it is a good approximation of the behavior
of a terrain whose softness is mainly in the normal direction.

C. Solution Approach

This work tackles the control problem of computing the
joint torques τ ∗ that achieve stable locomotion while satisfying
physical constraints, given the floating-base dynamic model of
the robot (2) and a soft contact model (5).

This problem can be addressed with the usage of two
separate controllers, allowing for considering both long-term
dynamics and short-term constraints. The resulting control
architecture is represented in Fig. 2, which also highlights
the frequencies of the various control blocks (fMPC and
fWBC). This problem is not fully solved in traditional model-
based approaches. To the best of the authors’ knowledge, the
majority of current control frameworks fail to address the
presence of compliant contacts, neglecting it. Recently, some
recent researchers have tackled this problem, but most of them
do not adopt a two-control-blocks-based approach, hindering
their performance or real-time feasibility. In [20], the control
problem is split into two parts, but the softness is considered
only in the controller downstream. Upstream, the MP employs
the proposed SBIP, that expands the LIP (see Section IV-A)
with a soft contact model. This allows to consider movements
of the contact point and noninstantaneously varying forces.
The MP employs model predictive control (MPC) to plan
the base trajectory (Section IV-B) and heuristics to gen-
erate the feet trajectories (Section IV-C) while taking into
account the terrain deformation (Section IV-D). Downstream,
the TC uses quadratic programming (Section V-A) and HO

(Section V-B) to solve all the tasks (Section V-D). In particular,
one task enforces a soft contact model to consider the delay
of the reaction force and the contact point movement. The
proposed framework works using either the KV model or
the monodirectional spring-damper model. However, without
loss of generality, the rest of this article will focus on the
monodirectional spring-damper model.

IV. MOTION PLANNER

This section describes the MP block in Fig. 2. Its goal is
to generate a proper base and swing feet trajectory (�gen)

that follows the input reference r = [
υh υl ϕ̇

]ᵀ
, where υh

and υl are the commanded longitudinal velocity and lateral
velocity, and ϕ̇ is the reference yaw rate. The following focuses
on a trotting gait, but the proposed framework could be easily
extended to other gait types.

In the following MPC formulation, the robot is represented
as a SBIP, a novel model hereby developed to address the
issues connected with soft contacts. It builds on the LIP
model [21], which assumes that the entire mass of the robot
is located in the robot base, neglecting the limb’s inertial
effects. Moreover, it disregards the rotational inertia of the
base and restricts the motion to maintain a constant base
height. By solving the MPC problem, the desired zero moment
point (ZMP) position at the next footstep is obtained, denoted
as p∗

ZMP,1. The leg’s desired trajectories are computed from
p∗

ZMP,1, while the base desired trajectory is obtained from the
SBIP model. The trajectory of the base and feet constitute the
so-called generalized trajectory �gen.

A. Soft Bilinear Inverted Pendulum Model

The SBIP consists in a LIP that lies on a soft surface,
modeled as a linear spring-damper system in the normal
direction (Fig. 1). The dynamic equations are

ẍCoM = g + z̈CoM

hCoM
(xCoM − xZMP) (6)

ÿCoM = g + z̈CoM

hCoM
(yCoM − yZMP) (7)

z̈CoM = −δ̈ = −g + 1

m

(
kpδ + kd δ̇

)
(8)
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where xCoM, yCoM, and zCoM are the coordinates of the CoM
of the robot base, xZMP and yZMP are the coordinates of the
ZMP, g is the module of the gravity acceleration, m is the
total mass of the robot, and hCoM is the height of the CoM
relative to the terrain. Finally, the terrain deformation in the
SBIP contact point is δ, while kp and kd are the terrain stiffness
and damping, respectively.

Despite being a relatively simple model, the SBIP has no
general closed-form solution. However, it can be noted that the
dynamic along the z-axis is independent of the dynamics in
the horizontal directions. It follows that the dynamics in the x
and y directions are decoupled from each other. Additionally,
the behavior in the vertical direction is that of a mass-
spring-damper model and can be easily analytically solved.
Afterward, the solution can be plugged into the horizontal
dynamics, which can be solved numerically.

An alternative approach consists in neglecting the effect of
the vertical displacement on the horizontal dynamics, resulting
in a system with a linear closed-form solution. Defining
xCoM(t) = [

xCoM(t) ẋCoM(t)
]ᵀ

, the horizontal dynamics in
the x direction can be written as

xCoM(t) = A(t)xCoM(0) + B(t)xZMP (9)

where

A(t) =
[

cosh(ωt) ω−1 sinh(ωt)
ω sinh(ωt) cosh(ωt)

]
, B(t) =

[
1 − cosh(ωt)
−ω sinh(ωt)

]

(10)

with ω = √
g/hCoM. Following similar steps it is possible to

write the dynamics in the y direction.

B. Model Predictive Controller

A trotting gait with a fixed swing duration Ts and instant
contact-swing shifting is assigned to the robot. The controller
is used to compute the desired future ZMP positions that
“catch” the falling CoM while tracking the velocity command.
The SBIP dynamics are used to compute the base trajectory,
while the desired foothold positions are calculated from the
desired ZMP position. Afterward, a polynomial interpolation
is used to generate the swing trajectory (Section IV-C).

The MPC considers a time horizon of N footsteps, and each
optimization step refers to one footstep. Since in the SBIP
model the x and y coordinates are decoupled, it is possible to
divide the problem into two identical subproblems in the two
directions and solve them separately. In the following, only
the MPC for the x coordinate will be written, but analogous
considerations for the y coordinate are valid. The multiple
shooting approach is used, thus the optimization variable is
comprised of the input xZMP,i and the state xᵀCoM,i at the sample
points i = 1, . . . , N, i.e.,

xopt = [
xZMP,1 xᵀCoM,1 · · · xZMP,N xᵀCoM,N

]ᵀ
. (11)

The MPC optimization problem is formulated as a QP
problem. The tasks are the system dynamics, the kinematic
limits of the feet displacement, the base’s linear velocity
reference tracking, and the step length minimization.

1) System Dynamics: This task guarantees that the solution
is consistent with the SBIP model. xCoM,i is the CoM position
at the end of the ith footstep, where the current footstep is the
0th, i.e.,

xCoM,i = A(Ts)xCoM,i−1 + B(Ts)xZMP,i−1, i = 1, . . . , N

xCoM,0 = A(trem)xCoM(0) + B(trem)xZMP,0 (12)

where trem is the remaining time until the end of the current
step and xCoM,0 = xCoM(0 + trem) is the x-coordinate of the
CoM at the end of the current step. xCoM(0) is the current CoM
state, xZMP,0 is the ZMP coordinate obtained from (6), xZMP,i

is the x-coordinate of the ZMP after i steps, and i = 1, . . . , N.
2) Kinematic Limits: This task guarantees that the robot

does not take a step longer than its maximum step length d

xZMP,i − xZMP,i−1 ≤ d, i = 1, . . . , N. (13)

3) Velocity Reference Tracking: It imposes that the robot
follows the given linear velocity reference:

ẋCoM,i = ẋdes, i = 1, . . . , N. (14)

4) Step Length Minimization: It imposes that the robot
minimizes the step length to avoid unnecessary movements.
This task is in conflict with the other tasks and is weighed with
a lower weight to prevent affecting the locomotion negatively

xZMP,i − xZMP,i−1 = 0, i = 1, . . . , N. (15)

The overall QP problem is written as

min
xopt

1

2

N∑
i=1

(
‖xZMP,i − xZMP,i−1‖2

Qmin
+ ‖ẋCoM,i − ẋdes‖2

Qdes

+ ‖xCoM,i − A(Ts)xCoM,i−1 − B(Ts)xZMP,i‖2
Qdyn

)

s.t. xZMP,i − xZMP,i−1 ≤ d, i = 1, . . . , N (16)

where the ‖·‖2
Q indicates the argument’s two-norm weighted

by the matrix Q. Additionally, Qdyn, Qdes, and Qmin are the
weighting matrices for the dynamics, the velocity reference
tracking, and the step length minimization, respectively, and
they are ordered with descending weight.

C. Trajectories Generation

The base horizontal trajectory is computed using the current
measurements and the SBIP model. In the x direction it is

xdes
CoM = A(�t) xCoM(0) + B(�t) xZMP,0 (17)

where �t is the reciprocal of the update frequency fWBC, i.e.,
�t = 1/fWBC.

The base vertical position is not constant while moving in
the presence of soft contacts, e.g., on compliant terrains. Two
constraints with decreasing priority should be satisfied

hCoM ≤ hCoM,max (18)

hCoM − δ − hbase

2
≥ hcl (19)

where hCoM is the CoM height relative to the contact point
and hCoM,max is the maximum base height (taking into account
the kinematic limits of the robot). The terrain penetration is δ,
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the base height is hbase, and hcl is the minimum required
clearance with the terrain. The first constraint imposes that the
base height does not violate the kinematic limits of the robot,
while the second one imposes that the base maintains a certain
distance from the terrain.

The desired footfall positions are computed from the ZMP
position so that the next ZMP lies in the middle of the future
contact feet. The footfall positions are

pLF = p∗
ZMP,1 + r

[+ cos(ϕ + �γ ) + sin(ϕ + �γ )
]ᵀ

pRF = p∗
ZMP,1 + r

[+ cos(ϕ − �γ ) − sin(ϕ − �γ )
]ᵀ

pLH = p∗
ZMP,1 + r

[− cos(ϕ − �γ ) + sin(ϕ − �γ )
]ᵀ

pRH = p∗
ZMP,1 + r

[− cos(ϕ + �γ ) − sin(ϕ + �γ )
]ᵀ

(20)

where ϕ is the commanded yaw angle, computed by integrat-
ing the yaw rate command, while r and �γ are two parameters
that represent the distance from the CoM and the angle about
the heading direction when the robot is standing still.

The feet position is then interpolated from the initial to
the desired foothold position using cubic splines. The inter-
polation is performed separately in the horizontal and vertical
directions. The splines guarantee that the velocity profile is
continuous and that the horizontal velocity is zero on impact.

When locomoting on very soft terrains, particular attention
must be given to the vertical trajectory of the feet. High
softness can lead to substantial penetrations along the vertical
axis, posing challenges during the lifting of the feet.

Not accounting for this may prove inadequate for disengag-
ing from the terrain, inducing undesired dragging of the feet or
entailing entrapment within the terrain, potentially resulting in
a failure of the robot. On the other hand, the vertical trajectory
must respect kinematic and dynamic constraints, so that the
vertical displacement is compatible with the gait. As a result
of this tradeoff, the desired maximum step height (relative to
the ground) is computed as

hstep =
⎧⎨
⎩

hstep, for δavg ≤ 0
hstep + δavg, for 0 < δavg < δhmax

hstep + δhmax, for δavg ≥ δhmax

(21)

where hstep is the commanded step height and hstep is a
default step height (chosen considering the robot kinematics
and dynamics, and the terrain shape). The average penetration
of the feet into the terrain is δavg, which is computed by the
terrain estimator module (Section IV-D), while δhmax is the
maximum step increase compatible with the robot kinematics
and dynamics.

D. Terrain Estimation

Knowledge regarding the terrain plane is necessary to com-
mand the robot base and feet heights. As seen in Section IV-C,
by having insights into the terrain characteristics and poten-
tial penetrations, the avoidance of any inadvertent collision
between the terrain and the robot’s base or feet can be ensured.

When a robotic system traverses soft terrains, it encounters
a distinctive challenge—the contact plane is not stationary but
rather moves beneath the robot. Consequently, it is imperative

Fig. 3. Simulated terrain penetrations of the left-front foot with kp =
1000 N/m and different dampings.

to account for the terrain motion in order to optimally
locomote on compliant surfaces.

Three scenarios exist for the terrain-feet interaction. The
contact dynamics can be either underdamped, critically
damped, or overdamped (see Fig. 3). The end goal underlying
the development of the terrain estimation algorithm is to
ensure that the robot’s commanded trajectory responds to
terrain changes, all the while rejecting measurement noise and,
more importantly, large oscillations in the underdamped case.
Considering a contact plane that rapidly oscillates would cause
the commanded base height to change just as rapidly, reducing
stability and violating the SBIP model hypothesis.

The terrain plane estimator works under the assumption that
the undeformed terrain is not “rapidly” changing. The terrain
is obtained by finding the least squares plane given the four
filtered contact points of the four feet. Considering a contact
plane in the form of ax + by + c = z, and the filtered points
(xi, yi, zi) with i = 1, . . . , 4, the contact plane coefficients are
obtained by computing the least squares solution of

⎡
⎢⎣

x1 y1 1
...

...
...

x4 y4 1

⎤
⎥⎦

⎡
⎣

a
b
c

⎤
⎦ =

⎡
⎢⎣

z1
...

z4

⎤
⎥⎦. (22)

For the feet not currently in contact with the terrain, their last
filtered contact position is used.

The feet position is filtered with a low-pass filter. The
filter cut-off frequency is chosen considering the second-
order system response time so that the oscillations in the
underdamped case are eliminated. To this end, even a very
simple low-pass filter, such as the first-order fading-memory
filter, is sufficient, i.e.,

x̂k = β x̂k−1 + (1 − β)x∗
k (23)

where β ∈ [0, 1] is the filter gain, x̂k is the estimate at the
timestep k, and x∗

k is the measurement at the timestep k.
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V. WHOLE-BODY CONTROLLER

The tracking problem is addressed by employing an
approach that solves the tasks in a strictly hierarchical
way, such that lower-priority tasks do not compromise
higher-priority ones. Solving the locomotion problem using
a hierarchical approach can yield several advantages. The
main one is that it guarantees a solution to be found: with
a weighted-optimization approach, it may be necessary to
perform constraint relaxation to obtain a feasible solution,
compromising the prioritization. On the contrary, with a
hierarchical approach, higher-priority tasks are not affected by
lower-priority ones.

In the following, Section V-A describes how a QP can be
employed to solve a pair of equality and inequality tasks.
Afterward, the sequential hierarchical QP formulation for
multiple-priority tasks is introduced in Section V-B. Finally, the
WBC with HO is presented by defining the optimization vector
and the set of tasks, respectively, in Sections V-C and V-D.

A. Quadratic Programming for Single Task

A QP is an optimization problem with a quadratic cost func-
tion subject to linear constraints (both equality and inequality).
A general QP problem has the form

min
x

1

2
xᵀQx + pᵀx

s.t. Ax = b

Cx ≤ d. (24)

Let a task T be defined as a pair of equality and inequality
constraints

T :

{
Ax − b = se

Cx − d ≤ si
(25)

where se and si are slack variables, of which the norm is to
be minimized.

Defining ξ = [
xᵀ sᵀi

]ᵀ
, the task T can be reformulated as

a single QP problem

min
ξ

1

2
ξ
ᵀQξ + pᵀξ

s.t. Ĉξ ≤ d̂. (26)

Here, the matrices are

Q =
[

A 0
0 I

]ᵀ[
A 0
0 I

]
, p = −

[
A 0
0 I

]ᵀ[−b
0

]

Ĉ = [
C − I

]
, d̂ = d. (27)

B. Hierarchical Optimization

Let the set Ts = {T1, . . . , Tn} be a list of n prioritized tasks
of the form in (25) that are required to be solved. Defining
the pth task pair as

Tp :

{
Apx − bp = se,p

Cpx − dp ≤ si,p
(28)

with p = 1, . . . , n, the HO approach is used, in which
prioritization is ensured by projecting the initial solution
x∗

p+1 of the (p + 1)th task into the null space of all the

higher-priority equality constraints and adding the result to the
solution 	x∗

p of the pth task. This yields the actual solution 	x∗
p+1

of the (p + 1)th task as

	x∗
p+1 =	x∗

p + 	Npx∗
p+1 (29)

where 	Np = Null(	Ap) = I − 	A+
p
	Ap is the nullspace projector

of 	Ap and 	A is the vertical stack of the all the matrices
Ap of the tasks with higher priority than p + 1, i.e., 	Ap =[
Aᵀ

1 · · · Aᵀ
p
]ᵀ

.
It is more computationally efficient to calculate the

nullspace projectors recursively, with 	N0 = I and

	Np = 	Np−1 Null
(
Ap	Np−1

)
. (30)

At this point, the solution to the p+1 prioritized task, which
does not compromise the higher-priority tasks, can be found
by solving a QP problem. This, similarly to (26), is written as

min
ξp+1

1

2
ξ
ᵀ
p+1Qp+1ξp+1 + pᵀp+1ξp+1

s.t. Ĉp+1ξp+1 ≤ d̂p+1. (31)

Here, ξp+1 = [
xᵀp+1 sᵀi,p+1

]ᵀ
, and

Qp+1 =
[	Nᵀ

p Aᵀ
p+1Ap+1	Np + σ I 0

0 I

]
(32)

pp+1 =
[	Nᵀ

p Aᵀ
p+1

(
Aᵀ

p+1	x∗
p − bp+1

)

0

]
(33)

Ĉp+1 =
[

Cp+1	Np − I
	Cp	Np 0

]
(34)

d̂p+1 =
[

dp+1 − Cp+1	x∗
p	dp − 	Cp	x∗

p +	s∗i,p

]
. (35)

The scalar σ is a regularization factor that guarantees that the
Qp+1 matrix is positive definite. Similarly to 	Ap, the matrices
	Cp, 	dp, and 	s∗

i,p are the vertical stack of the corresponding
matrices or vectors from the highest priority to p

	Cp =
⎡
⎢⎣

C1
...

Cp

⎤
⎥⎦, 	dp =

⎡
⎢⎣

d1
...

dp

⎤
⎥⎦, 	s∗

i,p =
⎡
⎢⎣

s∗
i,1
...

s∗
i,p

⎤
⎥⎦. (36)

C. WBC Optimization Vector

To define the WBC, it is required to choose the optimization
vector x, the set of tasks, in the form (28), to be solved
hierarchically, and their priorities.

The majority of quadrupedal robots have all their limb joints
actuated. The EoM (2) can be split into the unactuated floating-
base part and the actuated joints part{

Mu(q)υ̇ + hu(q,υ) = Jᵀc, u(q)f c (37)

Ma(q)υ̇ + ha(q,υ) = τ + Jᵀc, a(q)f c. (38)

It is chosen to optimize over the generalized accelerations υ̇

and contact forces f c. This keeps the computational complexity
limited since the optimal joint torques vector can be computed
using (38), i.e.,

τ ∗ = Ma(q)υ̇∗ + ha(q,υ) − Jᵀc, a(q)f∗
c . (39)

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



8 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

In addition, to take into consideration the contact compli-
ance (4) in the WBC, the desired feet–terrain penetrations
δd are added into the optimization vector. Here, notice that
the desired penetration δd differs conceptually from the actual
penetration δ. The former is the desired quantity that will
be obtained from the optimization together with the gen-
eralized accelerations and contact forces required to attain
the requested performance, specified by the tasks. The latter,
instead, is the actual foot–terrain penetration that can be
measured if perfect knowledge of the terrain is available.

Thus, our optimization vector is

x = [
υ̇
ᵀ fᵀc δ

ᵀ
d

]ᵀ ∈ R
nv+3nc+nc (40)

where nv is the dimension of the generalized velocity vector
and nc is the number of feet currently in contact with the
terrain.

D. WBC Tasks Set

The tasks are defined by the matrices Ap, bp, Cp, and dp

of (28), i.e., the elements of Ts. In case a task only requires
either equality or inequality constraints, it is called a mono-
type. For such tasks, the absent part (equality or inequality)
is represented by empty matrices that are omitted in the
following description.

1) Physical Consistency: This task constrains the robot
motion and the contact forces to lie on the manifold described
by the unactuated floating base dynamics (37), ensuring that
the solution is dynamically consistent. This leads to the
equality constraint task

A1 = [
Mu −Jᵀc, u 0

]
, b1 = −hu. (41)

2) Torque Limits: The WBC must compute joint torques
within the limits of the actuators. The task is

τmin ≤ τ ≤ τmax. (42)

The joint torques vector is a function of the optimization
vector, as written in (38). Substituting (38) into (42), leads to
the inequality task

C2, tl =
[

Ma − Jᵀc, a 0
−Ma Jᵀc, a 0

]

d2, tl =
[

τmax − ha

−τmin + ha

]
. (43)

3) Friction Cone Limits: This task reduces the tangential
contact forces so that the friction constraints are not violated.
To limit the ratio of the tangential and normal components of
the contact force, a Coulomb friction model is assumed, which
yields

ft ≤ μfn. (44)

This describes a so-called friction cone that can be approxi-
mated by an n-sided pyramid with equal-length sides, which is
linear in its parameters and thus suitable for a QP formulation.
The value of n is a tradeoff between modeling accuracy and
computational cost

C2, fl = [
0 He cos(θ) + La sin(θ) − μNo 0

]
(45)

d2, fl = 0 (46)

where θ = 2kπ/n, k = 0, 1, . . . , n − 1. The matrices He, La,
No ∈ R

nc×3nc are the heading, lateral, and normal matrices,
respectively. The ith block on the diagonal of He and La

contains the projection of the heading and lateral directions
on the local terrain plane in the ith contact point. Similarly,
No is the block diagonal matrix containing the local terrain
normal direction of the contact points. For example, assuming
a horizontal terrain at all contact points and with φ the base
yaw angle, the heading matrix with three feet in contact with
the terrain is

He =
⎡
⎣

he 01,3 01,3
01,3 he 01,3
01,3 01,3 he

⎤
⎦, he = [

cos φ − sin φ 0
]
.

(47)

Similarly, the lateral and normal matrix would be

La = diag(la, la, la) la = [
sin φ cos φ 0

]
(48)

No = diag(no, no, no) n0 = [
0 0 1

]
. (49)

4) Force Modulation: The normal component of the con-
tact forces should be restricted within a minimum and a
maximum value for limiting impacts. By periodically varying
these bounds throughout time, gradual lift-off and touchdowns
can be ensured

C2, fm =
[

0 No 0
0 −No 0

]
, d2, fm =

[
Fn, max(φ)

−Fn, min(φ)

]
. (50)

5) Base Linear Motion: This enforces the tracking of the
desired linear trajectory of the robot base

A3, bl = [
Jb, lin 0 0

]

b3, bl = [
r̈des

b + Kd, lin
(
ṙdes

b − υb
)

+Kp, lin
(
rdes

b − rb
) − J̇b, linυ

]
. (51)

6) Base Angular Motion: This task deals with the tracking
of the angular reference trajectory of the robot base

A3, ba = [
Jb, ang 0 0

]

b3, ba = [
Kd, ang ωdes

b + Kp, ang
(
qdes

b 
 qb

)]
. (52)

7) Swing Feet Motion: The tracking of the reference tra-
jectory of the feet that are in swing phase is ensured by

A3, sw = [
Js 0 0

]

b3, sw = [
r̈des

s + Kd, swing
(
ṙdes

s − υs
)

+ Kp, swing
(
rdes

s − rs
) − J̇sυ

]
. (53)

8) Soft Contact Constraint: The WBC must interact with
the environment through forces that are consistent with the
contact model of choice. If a rigid contact model is used,
the joint accelerations should be constrained to prevent any
movement of the contact point.

Here, since the monodirectional soft model (5) is used,
the contact vertical kinematics is constrained by the feet
deformations and, thus, the following must be satisfied:

− δ̈ = Jc,nυ̇ + J̇c,nυ (54)
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where Jc,n = NoJc, Jc,hl = [
He La

]TJc, and similarly for
J̇c. This constraint together with (5) ensures consistency of
the robot kinematics (54) with the KV model. Additionally,
an inequality constraint binds the foot only to compressive
deformations, i.e., the foot cannot be pulled by the terrain

A4 =
⎡
⎣

0 No − Kp − 1/�tKd

Jc,n 0 1/�t2I
Jc,hl 0 0

⎤
⎦

b4 =
⎡
⎣

−1/�tKdδ
∗
d,k−1

−J̇c,nυ + 2/�t2δ∗
d,k−1 − 1/�t2δ∗

d,k−2
−J̇c,hlυ

⎤
⎦

C4 = [
0 0 −I

]
, d4 = [

0nc

]
(55)

where the first and second-order derivatives of the compenetra-
tion are obtained by means of backward differencing (δ∗

d,k−1
and δ∗

d,k−2 are the desired compenetration vectors at the two
previous time-steps)

δ̇d = δd − δ∗
d,k−1

�t
(56)

δ̈d = δd − 2δ∗
d,k−1 + δ∗

d,k−2

�t2
. (57)

For more details on its derivation, see the Appendix.
9) Energy Optimization: This task minimizes the square of

the joint torques, which is roughly proportional to the energy
cost of the control

A5, ec = [
Ma − Jᵀc, a 0

]
, b5, ec = −ha. (58)

10) Contact Force Minimization: This task minimizes the
square of the contact forces. Minimizing the tangential com-
ponent of the contact forces is useful for avoiding unnecessary
lateral forces and reducing slippage. In addition, minimizing
the normal component under the higher-priority constraints
results in equally distributing the contact forces among the feet
in the stance phase

A5, cf = [
0 I 0

]
, b5, cf = 0. (59)

Having defined all the necessary tasks for our WBC HO, the
list of prioritized tasks is shown in Table II. The priorities are
assigned based on the tasks’ importance. Physical consistency
has the highest priority since respecting the system dynamics
is of utmost importance. The actuation limits and the friction
cone limits (together with the force modulation) have the
second highest priority because the robot cannot exert torques
larger than its motors’ capabilities and because violating the
friction cone constraints leads to slippage and instability. It
follows the contact constraint, with a lower priority because
it represents a model and not a hard and precise limit. The
reference tracking tasks have lower priorities because they can
and should only be satisfied when they do not violate the
previous ones. Finally, the partially redundant constraints on
the energy minimization and the contact forces minimization
improve the performance of the controller; however, they are
not essential and need to be at the lowest-priority level.

TABLE II
PRIORITIES OF THE LOCOMOTION TASKS

VI. SIMULATIONS

This section describes the simulations used to test the
method’s effectiveness, along with a comparison with SoA
techniques. Here, the acronyms RC and RP are introduced to
indicate the standard LIP-based MP, the rigid motion planner
(RP), and the WBC with rigid contacts, i.e., the rigid tracking
controller (RC), respectively. These two controllers are based
on state-of-the-art model-based controllers and implemented
to be as similar as possible to the proposed approach, minus
the novelties previously described. They serve as a baseline
for the comparison with the proposed approach. This allows
for a fair comparison among similar methods and highlights
the improvements granted by considering the softness. RP is
implemented based on the work in [36]. The planner employs
MPC and the LIP model to generate feasible trajectories of
the CoM and the swing feet. The RC is based on [34]. It
consists in a controller employing QP and HO, but using
the classical rigid contact hypothesis. The proposed control
approach, composed of the SBIP model and the WBC with
soft contacts, is divided into the soft motion planner (SP)
and the soft tracking controller (SC), which are described in
Sections IV and V, respectively.

After a brief description of the simulation setup and an
overview of the simulations, Section VI-A describes the
key performance indicators (KPIs) used to measure the
performance. Section VI-B validates the proposed SC + SP
on simulated soft and rigid terrains. Section VI-C uses the
previously defined KPI to compare the proposed approach
with the SoA methods. In particular, the four combinations
(RC + RP, SC + RP, RC + SP, and SC + SP) are compared
against each other in order to assess how each component
affects the performance. Finally, in Section VI-D, the proposed
SC + SP approach is again compared to the RC + RP
method by assessing their ability to avoid losing balance while
increasing locomotion velocities.

The proposed controller was implemented and validated
with simulations using a laptop with an Intel Core i7–8565U
processor. The control ran in a Docker container with ROS
2 Humble and Gazebo Classic 11. ODE, the default physics
engine, was used, following the results in [37]. The MP and
the WBC were implemented in C++ as ROS 2 controllers,
with the MPC block running at a frequency of 100 Hz and the

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination. 



10 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

other blocks at 200 Hz (in Fig. 2 fMPC and fWBC, respectively).
The robot kinematics and dynamics were computed using the
Pinocchio library [38], [39]. The QP problems were solved
with a modified version of the quadprog library [40].

A. Key Performance Indexes

The heading and lateral root mean square error (RMSE) are

hRMSE =

√√√√∑N
i=1

(
vh,i − vdes

h,i

)2

N
(60)

lRMSE =

√√√√∑N
i=1

(
vl,i − vdes

l,i

)2

N
(61)

where vh,i and vh,i are the measured and commanded base
velocity in the heading direction at the ith instant, respectively,
and similarly for the lateral direction; while N is the total
number of measurements.

The slippage along a trajectory is computed as the integral
of the feet’ horizontal movements while in contact with the
terrain

slip =
4∑

f =1

N∑
i=1

cf ‖vf ,i‖�t (62)

where cf is equal to 1 if the f th foot is in contact with the
terrain and 0 otherwise; the velocity of the f th foot at the ith
instant is vf ,i.

The cost of transport (CoT) is computed by assuming that
most of the energy is lost due to thermal effects and not due
to the mechanical work of the actuators. It is computed with

CoT =
∑n

i=1 υhor,i · υdes
i /‖υdes

i ‖∑n
i=1 τ 2

i

(63)

where υhor,i and υdes
i are, respectively, the horizontal velocity

and horizontal reference velocity at the ith instant.

B. Controller Behavior

1) Simulation Description: The goal of these simulations
is to compare the performance of the proposed SC + SP
framework with the traditional RC + RP approach. This is
done by testing the locomotion behavior over rigid and soft
terrains.

The simulations have been performed on two robotic plat-
forms: 1) ANYmal C [11] and 2) SOLO12 [41]. Two terrain
types have been considered: 1) a rigid terrain (kp = 106 N/m,
kp = 100 Ns/m) and 2) a soft terrain. Since the weights of the
two tested robots are different, different soft terrain parameters
are used to achieve analogous conditions. For ANYmal’s tests,
the terrain is (kp = 2000 N/m, kd = 100 Ns/m), while it
is (kp = 400 N/m, kd = 15 Ns/m) for SOLO’s ones. The
simulations compare SC + SP with the SoA, represented by
RC + RP.

The task consists of following a linear velocity reference
command equal to υref = [

0.15 0
]ᵀ

m/s for SOLO12. The
KPI are computed over a time duration equal to 10 s; for each
configuration, three runs are performed and averaged.

Fig. 4. Commanded left-front leg joint torques during a simulation of the
ANYmal C robot performing a walking trot. HAA, HFE, and KFE stands for
hip adduction–abduction, hip flexion–extension, and knee FE. (a) RC + RP
with rigid terrain. (b) SC + SP with rigid terrain. (c) RC + RP with soft
terrain. (d) SC + SP with soft terrain.

(a) (b)

(c) (d)

Fig. 5. Commanded left-front leg contact forces during a simulation of the
ANYmal C robot performing a walking trot. (a) RC + RP with rigid terrain.
(b) SC + SP with rigid terrain. (c) RC + RP with soft terrain. (d) SC + SP
with soft terrain.

2) Results and Discussion: Fig. 4 collects the joint torques
of ANYmal C locomoting in four different conditions.
Fig. 4(a) and (c) show the joint torques employing the
RC + RP controller over rigid and soft terrains, respectively.
Fig. 4(b) and (d) show the joint torques employing the
SC + SP controller over rigid and soft terrains, respectively.
Fig. 5 shows the contact forces in the same four cases. Similar
behaviors are obtained in the SOLO 12 simulations, but they
are not reported here for the sake of space.

In Figs. 4(a) and (b), and 5(a) and (b), it can be observed
that, in the rigid terrain case, both the joint torques and
the contact forces do not vary significantly between the two
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Fig. 6. Commanded left-front leg contact forces during a simulation of the
ANYmal C robot performing a walking trot. (a) RC + RP with soft terrain.
(b) SC + SP with soft terrain.

TABLE III
KPI RELATIVE CHANGE WITH RESPECT TO THE RC + RP

control approaches. Conversely, when locomoting on soft
terrains, more significant changes can be appreciated. When
using the SC + SP approach, the joint torques vary more
abruptly and the contact forces are higher. Indeed, due to the
characteristics of the proposed approach, the robot is forced
to respond to the terrain softness by adapting its desired
trajectory and contact forces. This causes the robot to exert
more effort but, as explained in Section VI-C, results in an
overall performance increment.

Table III summarizes the results of all the tests. In par-
ticular, it reports the percentage change of the KPI with
the SC + SP approach w.r.t. the RC + RP one, i.e.,
(KPISC SP − KPIRC RP)/(KPIRC RP). The analysis of these KPI
gives insights into our approach’s performance in two different
cases. First of all, adopting the SBIP-based MP and the
soft WBC does not produce significant changes in the four
KPI of both ANYmal C and SOLO12 while locomoting
on the rigid terrain. The KPI changes are limited to some
percentage points or even less. On the other hand, the SC + SP
approach reduces the heading RMSE by about 10% and the
lateral RMSE by an even larger margin. The slippage is
almost unchanged, while the CoT is significantly reduced. As
discussed in Section VI-C in more detail, this results in an
overall performance improvement.

The walking trot is a dynamically stable gait; it requires and
exploits statically unstable configurations to achieve higher
velocities and efficiency. Nonetheless, the base displacement
w.r.t. the support polygon gives insights into the robot’s
stability during the locomotion. Fig. 6 captures the movement
of the robot base w.r.t. the geometrical center of the support
polygon of the two approaches. From Fig. 6 it can be observed
that the proposed approach does not reduce stability, having an
average CoM displacement similar to the SoA approach and
a comparable variance. These results were consistent across
multiple runs, not reported here for brevity. It is worth noting

that the proposed approach achieves better performance and
velocity tracking (see Table III), a benefit obtained without
hindering stability.

Fig. 7 represents two sequences of ANYmal C and SOLO12
trotting on soft grounds. For more details, please refer to the
supplementary material. From them, it can be observed that
the contact feet significantly penetrate the terrain: the proposed
approach adapts by changing the desired feet trajectory and
achieves stable locomotion.

C. Performance Comparison With SoA

1) Simulation Description: Assessing the performance of
the proposed approach is particularly important, especially in
the case of very challenging soft terrains. As such, this sec-
tion provides a quantitative comparison between the proposed
approach and the SoA. The KPI are obtained by commanding
a horizontal linear velocity equal to υref = [

0.2 0
]ᵀ

m/s and
a zero yaw rate for a time duration equal to 10 s.

The four controllers’ configurations (i.e., RC + RP,
SC + RP, RC + SP, and SC + SP) are compared on two
different soft terrains: 1) (kp = 1750 N/m, kp = 75 Ns/m)

and 2) (kp = 1750 N/m, kp = 150 Ns/m). The first terrain has
a considerably lower damping and is much more challenging.
Three runs are performed for each configuration and terrain.

2) Results and Discussion: Fig. 8 summarizes the results
of all 24 simulations. In particular, it shows the KPI mean and
standard deviation among the three trials in the eight cases.

The heading and lateral RMSE values display that the
SC improves the tracking of the velocity command on soft
terrains, both with the rigid and soft planners. Similarly, the
SP improves the velocity tracking compared to the RP with
both TCs. Moreover, it can be observed that the improvement
is more significant with softer terrains.

The total slippage increases when using the SP compared
to the RP. However, since the SP guarantees better-velocity
tracking, the slippage normalized by the distance traveled is
reduced. The SC slightly reduces the measured slippage. In
both cases the influence on slippage is limited.

The CoT highlights that the SC improves the locomotion
efficiency by a considerable amount. On the other hand, the
SC has a much lower-observed impact on the CoT.

Finally, these results are consistent with the ones obtained
in simulations and reported in Table III.

D. Fall Performance Comparison With SoA

1) Simulation Description: The ability to maintain stability
in complex scenarios is even more fundamental than locomot-
ing rapidly and efficiently. As such, this simulations’ goal is
to evaluate the performance of the controller in this regard.

The stability performance of the robot is evaluated by
performing tests on soft terrains with a varying commanded
velocity that gradually increases. The robot starts with a null
velocity reference, and every 10 s the forward velocity is
increased by 0.1 m/s. The test stops when the robot falls, i.e.,
the robot’s base comes in contact with the terrain. The falling
speed is the speed at which the robot loses stability.
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Fig. 7. Sequences of ANYmal C (a)–(f) and SOLO12 (g)–(l) performing the walking trot on two soft grounds (kp = 2000 N/m, kd = 100 Ns/m and
kp = 400 N/m, kd = 15 Ns/m). For more details, please refer to the attached video.

Fig. 8. KPI means and standard deviations over three simulations of different
planner-controller configurations on different terrains.

TABLE IV
MAXIMUM COMMANDED VELOCITY BEFORE FALLING

The tests are performed with ANYmal C locomoting
over two particularly challenging soft terrains, which are
(kp = 2000 N/m, kd = 100 Ns/m) and (kp = 1500 N/m,
kd = 75 Ns/m) respectively. The comparison is between the
SC + SP and RC + RP configurations.

2) Results and Discussion: Table IV reports the results of
the test, showing the maximum commanded velocity before
falling in each of the four cases.

These results demonstrate that the proposed approach
achieves more stable motions over very soft terrains, enabling
the robot to maintain stability at higher speeds before failing.

VII. EXPERIMENTS

This section details the experimental validation of the
proposed control strategy, deployed on the SOLO12 [41]
quadrupedal robot. The goal of the experiments was to validate
the approach outside of a simulated environment and with
compliant elements not perfectly described by a linear contact
model. In addition, they aimed to confirm the performance
improvements granted by the control strategy in comparison to
the state-of-the-art. The experiments compared the RP + RC
and the SP + SC configurations, i.e., the state-of-the-art and
the proposed controller, respectively, during locomotion on
compliant terrains.

Due to the additional complexity introduced by soft
grounds, the robot’s pose data was obtained using the Qualisys
Arqus1 motion capture system, without relying on proprio-
ceptive state estimation. Eight cameras tracked the position of
SOLO12’s base, using the default attachment with 13 markers,
with an estimated accuracy of less than 1 mm.

The experimental setup was composed of foam rubber
sheets with a thickness of 10 cm and a density of 30 kg/m3.
The foam’s stiffness was measured to be roughly 1000 N/m.
Due to SOLO12’s low weight, layering multiple foams did not
significantly affect the ground stiffness.

1) Experiment Description: The two controllers are com-
pared on three different inclinations, each experiment repeated
three times, for a total of 18 experiments. The results of the
three run were averaged to ensure the reliability of the data.
Similarly to Section VI-C, the robot is commanded to perform
a walking trot at a constant forward speed equal to 0.1 m/s
for a time duration of 10 s. To assess the robustness of the
approach and its behavior in different conditions, this was
performed with the ground inclined by 0◦, 5◦, and 10◦.

2) Results and Discussion: Fig. 9 shows some snapshots of
the robot performing the walking gait on the soft ground with
0◦ and 10◦ of inclination. It can be observed that the proposed
approach demonstrates a stable gait even in the presence of
significant terrain compliance and challenging inclinations,
showcasing its robustness and effectiveness.

1More information available at https://www.qualisys.com/cameras/arqus/.
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Fig. 9. Sequences of SOLO12 performing the walking trot on soft ground inclined by 0◦ (a)–(f) and 10◦ (g)–(l), respectively. For more details, please refer
to the attached video.

TABLE V
EXPERIMENTS KPI RELATIVE CHANGE WITH RESPECT TO THE RC + RP

Furthermore, Table V reports the relative change of the
KPIs of the proposed control approach with respect to
the RP + RC configuration. More specifically, the head-
ing (60) and lateral RMSE (61) and the CoT (63) presented
in Section VI-A are reported. The proposed approach outper-
forms the state-of-the-art in all cases, both on flat terrains
and on inclined terrains. Moreover, the obtained results are
coherent with the ones obtained in the simulation. In addition
to validating the proposed control strategy, this also confirms
the reliability of simulation data to evaluate locomotion on soft
grounds, despite employing a very simple soft-contact model.

VIII. CONCLUSION

This work extends the state-of-the-art quadrupedal locomo-
tion control to account for contact compliance. It adopts a
two-control-blocks approach and considers it in its entirety,
integrating the compliance into both blocks for the first time.
The SBIP model is proposed and employed in an MPC-based
MP. Furthermore, a Hierarchical-Optimization-based WBC
that accounts for the terrain-feet contact softness is presented.
The control approach was validated with simulations on
various robotic platforms over rigid and compliant terrains.
A quantitative analysis of the performance improvements
achieved by incorporating the compliance in the MP and the
TC, both individually and in combination, was conducted.
Finally, the proposed control architecture was experimentally
validated on a compliant terrain with the SOLO12 robot.
The results show that the proposed controller achieves better
performance than state-of-the-art model-based solutions on
terrains whose compliance is considerable.

Future works will focus on and improve the different blocks
of the proposed control architecture. The MP will be extended
to take into account a varying pendulum height, the feet’s
inertia, or the rotational effects. The TC will be adapted
by considering different soft contact models, and the terrain
parameters can be measured or estimated online. Finally, the

state estimator module, which was not considered in this work,
will be extended to consider soft contacts.

APPENDIX

The monodirectional spring damper model, used for all the
legs in contact with the terrain, is described by the following
equations (obtained from (54) for the deformation and (5) for
the forces and nonslippage constraint):

− δ̈d = Jc,nυ̇ + J̇c,nυ

Nof c = Kpδd + Kd δ̇,d

Hep̈c = He
(
Jcυ̇ + J̇cυ

) = 0

Lap̈c = La
(
Jcυ̇ + J̇cυ

) = 0. (64)

By numerically differentiating the deformations to obtain
the deformation velocity (56) and acceleration (57) and sub-
stituting those in (64), the following equations are obtained:

−δd − 2δ∗
d,k−1 + δ∗

d,k−2

�t2
= Jc,nυ̇ + J̇c,nυ

Nof c = Kpδd + Kd
δd − δ∗

d,k−1

�t
Hep̈c = He

(
Jcυ̇ + J̇cυ

) = 0

Lap̈c = La
(
Jcυ̇ + J̇cυ

) = 0. (65)

Conversely, (65) is put in matrix form to get A4 and b4
in (55). Finally, matrix C4 and d4 in (55) are obtained by
putting in matrix form δd ≤ 0.
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