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Abstract—One of the primary challenges in quadrupedal
locomotion pertains to the robot’s ability to adapt its gait to the
surrounding environment and the desired task. This capability
allows quadrupedal robots to select suitable foothold locations
and adjust their gait for optimal performance. We address the
problem of gait adaptation using Trajectory Optimization, which
takes into account the simplified switched system’s dynamics
and optimizes the different phases of motion in which we split
the robot’s movement. The robot dynamic model is a Single
Rigid Body with a rigid contact model and foot positions. We
apply contact and friction cone constraints to ensure a physically
feasible motion of the real robot. We tackle the optimization
using the Direct Multiple Shooting method. Leveraging kinematic
inversion to map the base and feet positions into joint positions,
velocities, and accelerations, we design a controller that combines
Iterative Learning Control and Proportional Derivative feedback
control. The iterative controller compensates for the sim-to-real
gap, allowing the real robot to learn the task during the execution
of the latter. We evaluate the performance of the proposed
approach on two different quadrupedal robots and on different
terrains.

Index Terms—Legged robots, gait generation, motion phases,
Trajectory Optimization, planning with contacts, switched dy-
namics, Optimal Control, Iterative Learning Control.

I. INTRODUCTION

UADRUPEDAL robots are versatile and agile platforms

suitable for operating in unstructured environments.
These robots are inspired by their animal counterpart such
as dogs, cats, and horses, whose locomotion is efficient and
adaptable to traverse different types of terrain. Biologists have
classified animal gaits and postures to understand better their
motion [[], thus understanding why animals change gaits and
how it ties to their speed is crucial. Energy consumption is the
primary factor in these discussions. Bio-mechanic researchers
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Figure 1: Pipeline overview. The figure illustrates the two-
stage framework for planning and controlling the quadrupedal
robot movement.

have indicated that quadrupeds should transition from a walk
to a trot to a gallop to reduce their energy expenditure and
improve efficiency [2].

Quadrupedal robots have the advantage of balancing agility,
which is higher than that of wheeled robots but lower than
that of drones, with autonomy, which is higher than that of
drones but lower than that of wheeled robots [3]. These robots
often have sufficient carrying capacity for goods needed for
inspection activities [4] as well as other drones and rescue
equipment [5]. One of the key challenges in the locomotion of
quadrupedal robots is that, in most cases, they exploit a fixed
gait while moving. As a consequence, they can not adjust their
footholds to climb steps or avoid obstacles.

This research aims to enhance the autonomy of quadrupedal
robots while finding the best gait sequence for performing
a task. Trajectory Optimization (TO) [B], [7] is an approach
typically used to get optimal behaviors for quadrupedal robots.
Moreover, we leverage a control framework based on Iterative
Learning Control (ILC) and Proportional Derivative (PD) feed-
back controller to track the joint references and compensate
for the reality gap [8].

A. Related Work

In recent years, researchers have focused on understanding
how to automatize the process of foothold selection and
gait discovery in quadrupedal robots. Another challenge is
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to discover a gait while finding a feasible movement for
quadrupedal robots, which is achieved through contact-implicit
planning. In literature, various works deal with contact-implicit
methods, such as [9], [IO], [1], [T2], [T3], [T4]. In [9], a novel
method for TO, which embeds the complementarity constraints
formulation, is presented. This method defines the orthogonal
relationship between contact forces and foot position, together
with the non-penetration condition. Additionally, they do not
consider an a priori mode ordering. In [[IU], the authors tackle
TO by framing it as an optimal control problem for switched
systems, leveraging the theoretical foundations of optimal
control for such systems [I5], [Tf]. A pivotal contribution of
their work is the development of a continuous-time constrained
Sequential Linear Quadratic (SLQ) algorithm [IT], which
efficiently handles state and input equality constraints with
linear time complexity. This approach is employed in the
OCS2 framework, a TO method that extends beyond tradi-
tional techniques by optimizing the entire system trajectory
while maintaining a fixed mode sequence. This represents a
significant advancement over earlier methods that primarily
focused on control actions and switching times [I6]. As
in [9], they consider a contact-implicit method that relies
on a complementarity formulation of the contact dynamics.
Moreover, they assume that the gait sequence is predefined,
which is a restriction in finding the absolute optimal behavior
of the robot. The Authors in [[Z] use a formulation that relies
on a smooth contact model, while a gait-free whole-body TO
approach is performed. However, not all the optimized motions
and gaits can be transferred to physical systems due to either
the limitations of the real hardware or the deterministic nature
of their TO, which does not provide robustness considerations.
[[3] provides a different approach because it exploits two
optimization stages. The first one considers a continuous
dynamic model, which is simpler than the full dynamics, with
a smoothed contact model, to find the optimal gait. In the
second stage, full hybrid dynamics is used to obtain a feasible
robot’s motion that can handle the gait found in the first stage.
In contrast to the previous works, [[4] addresses a contact-
implicit TO while considering rigid contacts. Nevertheless, the
presented method is highly sensitive to the initial guess. As a
result, it may not be able to find contact sequences that differ
significantly from the initial guess.

The problem of gait discovery is also addressed using
Mixed-Integer Programming (MIP). However, MIPs optimize
over the contact sequence, without considering the contact
dynamics in the optimization problem [IZ]. In the worst case,
they are not numerically efficient, because they must explore
all the possible mode sequences to find the optimal solution.

As introduced in [3], researchers are currently emphasizing
the use of simple models to plan the movement of complex
robots. Simplifying the dynamics makes it possible to solve
quickly hard numerical problems, such as Nonlinear Program-
ming (NLP). This idea is captured in [IX], [T9], [Z0]. [IX]
presents a single TO formulation where the gait sequence,
the footholds, and the body motion are optimized. In contrast
to other works, the Authors solve an NLP enforcing the
dynamics of a Single Rigid Body (SRB) to get the motion
of the Center of Mass (CoM) of the robot. Additionally, foot

positions are optimized to get the optimal footholds, while
the optimization of the gait sequence is obtained considering
the duration of each foot configuration, i.e., contact or swing.
However, the optimal solution reached is not always feasible
for a real robot. This work uses the software TOWR as a
solver, which is specifically made to optimize the motion.
In [[Y], an SRB model is used to perform the TO over
a bipedal robot, in conjunction with hybrid systems theory.
The paper relies on sim-to-real reinforcement learning to
transfer the SRB reference trajectories to a full-order robot
model and hardware. However, there are still challenges in
crossing the sim-to-real gap, especially for high-speed gaits
and more dynamic behaviors. Other simplified models are
the Spring Linear Inverted Pendulum (SLIP) [2T], [20] and
the Soft Bilinear Inverted Pendulum (SBIP) [22]. [20] uses a
version of the SLIP, called the VHSLIP model. Because of its
inherent suitability for mitigating collisions with the terrain,
the VHSLIP model accurately represents the robot’s linear
dynamics. Moreover, [27] tackles the problem of planning with
a simplified model in the case of compliant terrain or robots
equipped with soft feet.

The problem of gait and TO involving a simplified model
and a rigid contact model is a recurring problem in the litera-
ture [IX], [23], [Z], [24]. As discussed in [29], researchers
have tackled this problem in a Direct Collocation fashion.
Nevertheless, to the best of the authors’ knowledge, there are
no relevant works that solve the same problem using the Direct
Multiple Shooting (DMS) method [26], [P7].

Once the gait is selected, the simplified model leads to
errors and mismatches in the execution of the real motion. To
compensate for the mismatches, machine learning approaches
operate by randomizing the environment variables [1T9], con-
versely, model-based techniques take advantage of anticipatory
high gains feedback loops [I0]. ILC strategies belong at the
intersection of the two worlds, they leverage data to improve
the tracking performance generating a pure feedforward con-
trol action. In literature, there are several works about ILC,
such as [ZR], [9], [30], [B1]. [2R], [29], [30] address the
problem of method generalization. They generalize to new
tasks starting from some significant knowledge, namely, the
speed of trajectory execution or the model. However, [28] does
not generalize for different trajectories, while [29] leverages
pure feedforward control action without position and velocity
tracking. [B0], [BT] introduce methods to allow the learning
despite changes in the initial conditions iteration per iteration.
Particularly, [B1] leverages neural networks to achieve those
results. Nevertheless, in the control stage, we introduce and
demonstrate an ILC based on switched systems that requires
a smaller amount of data than the one used for the NN training.

On quadrupedal robots, [BZ] introduces a novel ILC for-
mulation for nonlinear robust jumping control, enabling fast
learning of optimal actions while mitigating the need for
a full-body dynamic model. Additionally, they are the first
to combine TO and ILC for legged robots, forging a new
approach to robust jumping control. However, in their planning
strategy, the robot’s motion is optimized with a fixed gait,
whereas our pipeline allows optimizing both gait and motion.
The ILC primarily aims to enhance robustness and optimize



reference tracking for explosive tasks. Notably, the objective
of ILC does not encompass the training process of acquiring
locomotor skills.

B. Contributions

Our research develops a control pipeline for quadruped
locomotion using switched systems theory, comprising plan-
ning and control phases. The planning phase optimizes gait
sequence, footholds, and body motion via TO, enforcing fric-
tion constraints and mapping results to joint references using
kinematic inversion [B3]. The control phase integrates ILC [34]
and PD feedback for tracking. Experiments on quadrupedal
robots [35], [36] showcase flexibility. Contributions include:

1) Optimizing phase durations for gait optimization via

switched systems.

2) Using DMS [26], [277] for efficient NLP solving.

3) Deploying ILC to address sim-to-real gaps and improve

performance.

II. TRAJECTORY OPTIMIZATION FORMULATION FOR
SWITCHED SYSTEMS

Our framework addresses a TO problem exploiting the
switched systems theory. A switched system [37], [BS], [BY] is
composed of multiple modes, i.e., subsystems, and a switching
law that determines the active mode at any given time.
Defining Z as the set of indices of modes and Ny € N as the
total number of modes, a switched system is defined as [BY]

C(t) = £i(C(1) + gi(C(1))ul(t)
with i€ Z2{1,..., Ni},

where ((t) € R" is the state, u(t) € U.y € R™ is the
control input, and f;(-) : R® — R", g;(-) : R® — R™*™
are the continuous function that represent the generic active
mode i. The sequence of active modes is regulated by the
switching sequence, ie., o(-) : [0, T] — Z, where 0, T
represent the initial and final times, respectively. Since o(t)
is a piecewise constant function, we suppose that it contains
a finite number of discontinuities. These discontinuities are
known as switching instants, and they represent the times
when the system switches between modes. We define with
T=[r, T2, ..., TNy € RN the sequence of the switching
instants, where Nt indicates the total number of switching.
We denote with 45, that mode (f;, g;) stays active across the
time span [ty, txt1], where i represents the generic mode and
k is the time instant when the transition happens.

Nevertheless, our approach does not directly consider the
switching instants. Instead, we focus on the duration of each
active mode. We define the duration of each active mode., i.e.,
0, such as 0y = 741 — 7 and

D
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where §;, is the kth interval in which the time horizon of
duration T is divided.
The choice of considering the switched systems theory is
because, with (), we optimize over modes duration when

solving an Optimal Control Problem (OCP). Thus, to address
a TO problem, we solve an OCP that fulfills (0I), and therefore
we can optimize the state trajectory, the control inputs, and the

modes’ duration.

The objective function in (Bd) consists of two parts: an
integral cost contribution that depends on both the state
and controls, and a terminal cost depending on the distance
between the final state, i.e., {(¢¢), and the desired state, i.e.,
¢r. The initial state value is enforced through (Bd). We enforce
(Bd) to find a feasible optimal solution. Finally, we solve the
OCP as

Crfgna J(C(t), u(t)) (3a)
st. C(t, 8) = Forry (C() + Go(y (C()u(t)), t € [0, T(]éb)
¢(to) = Co, (3¢)
h(¢(t),u(t)) <0,t €0, T], (3d)

ueUl, (3e)

8 € AT). 36)

Our purpose is to represent the dynamic behavior of a
quadrupedal robot through a switched system, according to
(), to solve (B).

In Sec. O=Al to I=H, we explain how we address the OCP.
After, Sec. M implements a controller framework to ensure
that the robot follows the planned trajectory. The overall
pipeline is depicted in Fig. 0.

A. Robot Model

The dynamic behavior of the robot is modeled through a
simplified model, instead of the full dynamics. As introduced
in Sec. I-A, the use of a 2D SRB model enables a significant
reduction in computational complexity during TO, making
it feasible to generate locomotion plans efficiently. While
this simplification does not capture the full 3D dynamics,
it allows for rapid planning and explicit modeling of the
system’s switching dynamics. The limitations of the 2D model
are compensated by a robust data-driven control strategy,
ensuring that the overall approach remains effective for the
full 3D robot. This balance between model simplicity and
control robustness is a key contribution of the work. The 2D
representation is depicted in Fig. D. Recalling (), we define
the switched SRB model as follows:

i:%ZFf, é:%Zszfg
) ) JEF; JEFi ( 4)
QZTZFJX(P]'—T‘),
jeF
where m, I, € R refer to the mass and the inertia of the robot
along Z axis, respectively.

Recalling (), the subset F; defines which feet are in contact
with the ground in each mode i. r = [z,2]  denotes the
position of the CoM in the Cartesian plane, along with its
derivatives 7, #*, while 0 is the pitch angle of the robot and 9
is its derivative. g is the gravity acceleration. There are also
two additional terms for each foot: Fj(t) = [F o F J»Z]T € R?
and p;(t) = [p";,pjf € R? representing contact forces and
foot positions, respectively.
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Figure 2: Representation of the 2D SRB model. In the back-
ground, the robot is displayed. The TO takes into account just
the CoM position, i.e., r(t), and the feet positions, i.e., p;(t).
As optimization inputs, we consider the contact forces, i.e.,
F;(t), and the feet velocities, i.e., v;(t), with ¢ € {1,2}. The
motion along the Y direction is neglected in the trajectory
optimization stage.

Equation (@) describes the CoM robot’s motion. We aug-
ment our model by including the kinematic behavior of feet
position, i.e., p;. The equations by which we describe each
foot’s kinematics are

Pt =vf +i+06(p] - 2)

. . A 5)
pi=vj +z—0(p] — ),

where [v;?,vﬂ € R? are velocity controls, with j € F;, and
the remaining part of the equations represents the influence
of the CoM on the feet. The TO problem returns the optimal
motions of both the CoM (@) and the feet (). Our model is
still simplified, but it maximizes the information considered
in the Cartesian space without implementing a full dynamics

model.

B. Motion Phases Description

A key point in solving (8) is how we consider the switching
sequence, i.e., o(t). In contrast with [I0], [13], [I6], we do not
optimize over the switching sequence, thus we do not consider
optimization strategies proposed in those works. We do not
even consider a MIP strategy to optimize contacts, because
we include the contact dynamics in the framework. Our focus
is the optimization of the active modes’ duration [A0], also
called phase sequence or switching sequence.

We note that, according to (B), successive switching times
can be equal, i.e., §y =0 = 7, = T41. This indicates that
the switching sequence will change passing from (i — 1)x_;
to (¢4 1)k+1. Consequently, the switching sequence is altered
by changing the continuous variable ¢;, rather than directly
varying the integer value ¢ in ().

For the 2D system (#), we assume that the front legs move
simultaneously, and the same goes for the back legs, i.e.,
pronking and bounding gaits can be generated. This allows
for consideration of only one contact point for the front feet
and another for the rear feet.

In this manuscript, we represent a single step of the robot
through a specific motion sequence. This results in the def-
inition of a finite number of modes that build the switched

system defined in (). We organize the mode sequence of a
step as follows: first, there is the stance phase, while both front
and rear limbs are in contact with the ground. The following
is the push phase, where only the rear limbs are in contact.
Then, we call the flight phase the mode in which the robot
has no contact with the ground. The last phase of the step,
during which the quadruped touches the ground with only its
front legs, involves the recover from the current step to the
next step, so we call it the recover phase. This process is then
repeated for a pre-specified number of steps, i.e., Nyep. The
main idea behind switched systems is to allow the robot to
perform a feasible movement despite the removal of one or
more phases as a result of the optimization process.

Through the optimization of the duration of the active mode
[20], we optimize the behavior of the robot and its gait, which
is not predefined because we provide only the initial guess for
the phase sequence. The solver is free to adapt the value of
each J; and find their optimal values to determine the robot’s
gait. It is important to note that the choice of the initial guess
of the phase sequence can influence the gait.

C. Direct Multiple Shooting

The OCP discussed in Section M is addressed using a
DMS method [Z6], [74]. This method is part of the direct
methods family, and it aims to transcribe a continuous OCP
into a finite NLP through discretization. DMS efficiently
integrates dynamics over short time intervals. This results in
a better optimization than Direct Single Shooting (DSS) [21]
because, in DSS, the state becomes highly nonlinear during
long integration periods. Furthermore, DMS optimizes over
both control and state trajectory simultaneously.

Other approaches use the Direct Collocation method (DC)
[IX], [23], where the state trajectory is approximated with a
polynomial between successive optimization instants. How-
ever, as evidenced by [5], there is a lack of significant
research addressing the topic of TO on quadrupedal robots
through DMS. This represents a significant challenge for this
work.

Furthermore, there are cutting-edge algorithms, such as
TOWR [I8] and OCS2 [I1], [I0], that leverage different
methods to address optimization problems, namely, DC and
Sequential Linear Quadratic (SLQ). A comparison of DMS
with SLQ reveals some notable differences. DMS is designed
to solve nonlinear programming (NLP) problems, whereas
SLQ is optimized for solving a sequence of linear quadratic
(LQ) problems. However, the linearization process inherent
to SLQ may introduce approximation errors. Additionally,
DMS includes the systems’s state in the optimization variables,
whereas SLQ optimizes the state only by propagating the
optimal control sequence.

DDP [&7] is a state-of-the-art optimization technique that
leverages Bellman’s Optimality Principle to compute the state
trajectory and the control input for a given predefined sequence
of contacts. As SLQ, it optimizes the state only by propagating
the optimal control sequence.



D. Optimization Variables

The state vector includes the linear and angular positions of
the robot’s CoM and their first derivatives: z, z, 6 and %, 2,
6. For the sake of clarity, we refer to the front and hind feet
using the subscripts f and A, while in Sections II=Al and [=H
we use as a subscript ¢ € {1, 2}, with ny = 2. We augment
the state vector with the linear positions of the front and hind
feet: xr, zr, xn, and z,. At the end, we obtain

C(t) = [z, 2,0, x5, 2, T, 20, 4, 2, 0] (6)
The controls are defined as

u(t) =

where Iy, I, F,, and F, denote the contact forces acting
along X and Z axis while v, v, vz, and v, represent the
velocity control utilized for the feet. Moreover, we consider
the modes duration, i.e., 4, in the optimization vector.

T
[FfmFZ(?Fl’lﬂFZhvvmr?vzmvmhvUzh] ’ (7)

E. Cost Function

In this paper, the cost function consists of different terms:
the regulating cost [,(u(t)), the tracking cost [({(t)), the
clearance cost l(¢(t)) and the final cost {n(¢(T)). The
objective function J (3a), at a generic time instant ¢, is the
following

J(C(1), u(t), 8) = l(u(t)) + L(C(1)) + la(C(2)),
J(C(T), w(T), 8) = In(¢(T)).

( (t)) and [;({(t)) are used in all the experiments, while
la(¢(t)) is specifically used for encouraging a well-defined
motion.

1) Regulating Cost: The regulating cost is a quadratic term
that weights the components of the control input. Specifically,
it is designed to minimize the control input to reduce the effort
of the robot in achieving its goal.

®)

L (u(t) = / )3, ©)

where R € R"*"™ is the square matrix that weights the input.

2) Tracking Cost: The tracking cost is a quadratic term that
penalizes the distance of the state ¢(¢) from the desired state
{q. This distance is also penalized in the final time cost.

T
L(C(D) = / 1o — C(0) Bt
In(C(T)) = 16— ¢T3

where Q € R"*™ and £ € R™™" are the weight matrices
during the time horizon and at the final time, respectively.

3) Clearance Cost: No constraints are imposed on the
robot to facilitate the discovery of a particular gait. However,
we introduce a clearance cost term in the cost function that
can assist the solver in finding a feasible gait. This result is
achieved by forcing the robot to elevate its feet and avoiding
foot crawling conditions. This approach becomes crucial when
the tracking cost does not result in a reduction of the cost

(10)

associated with lifting the foot higher. The formulation of the
clearance cost is as follows.

T
lcl(C(t)):/O kullze(t) = z1l|* + k2[[zn(t) — 22 %dt, (1D

where z; and 2o denote the max foot height for front and
hind feet, respectively. Additionally, k1 and ko are tuning
parameters.

F. Feasibility Constraints

To obtain a physically feasible solution, we impose some
constraints, which are represented in the OCP by (Bd). Kine-
matic constraints are applied to link (B) and (H), relating the
movements of the CoM and feet. The distance between each
foot and its corresponding hip is explicitly restricted. This
constraint is necessary since the hip position is rigidly linked
to the CoM. We define the constraints as bounding boxes that
measure lpox in width and hpx in height, both of which are
user-defined parameters.

—lbox < l‘s(t) - xi(t) < lpox

12
min < 25 (t) — Z (t) < dmin + Pbox, (12

where x;(t) and z;(t) are the foot coordinates, with i € {f, h}.
xs(t) and z4(t) define the hip position in the world frame,
while dp, is the minimum distance allowed between hip and
foot on the Z axis, also user-defined.

Equation (Bf) shows that the vector of modes duration, i.e.,
4, has to fulfill the properties of the A(T") set defined in (D).

To determine if the robot is in contact with the ground,
we define the Myerin(z) function, which describes the shape
of the terrain. To detect ground contact, the function is then
compared to each foot’s z position at each x location. If zfyor, —
Puerrain (Thoor, ) falls below a specific threshold, then the foot is
considered in contact with the ground, otherwise there is no
contact. Additionally, other constraints are enforced to ensure
obstacle avoidance. Moreover, we set force boundaries

Fon < Fi(t) < Fpax  with i € {f, h},
where Fiay, Fnin € R? are the upper and lower force bounds
respectively. Assuming that the friction coefficient px has a
standard value and denoting the contact forces, in a 2D
scenario where the Y component is neglected, acting on a foot
as F; = [F*, F?]T, we express the friction constraints as
|EF|| < pEF  withie{f, h}. (13)

We also set velocity boundaries to limit the feet’ velocity

as

Umin <5 (1)

<wf,. withie {f, h},
[l'll[lgvl(t)S "

with i € {f, h},

. . -
where v, vZ. Vi, and v7,, are the maximum and mini-

mum allowed velocities along X and Z directions, respectively.
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Figure 3: Control strategy overview. In the figure, are depicted
the control law structure and the components involved in the
ILC and PD feedback controller architecture. The diagram
shows how the control inputs are updated and how the PD
feedback is integrated with the ILC to enhance the robots
performance in tracking the desired trajectory.

III. CONTROL FRAMEWORK

The TO problem, discussed in Section @, is incorporated
into a framework used to plan the leg movements of a robot.
As shown in Fig. [, there are two main stages: planning and
control. In the planning stage, given the initial state, the final
desired state, the task duration, and the terrain profile, the
TO calculates the optimal trajectories for the robot’s base
and feet. Additionally, it determines the optimal duration of
each motion phase, i.e., Sec. I=B. After, we deploy kinematic
inversion [33] to convert base and foot trajectories into the
joint space. Finally, position references alone are insufficient
for accurate trajectory tracking, necessitating velocity and
acceleration references for the control stage. We obtain both
joint velocities and accelerations through numerical offline
differentiation. The contact forces from () were excluded
from the controller due to performance degradation caused
by mismatches between offline-optimized and actual forces,
leading to noise and imperfect compensation.

The control framework, highlighted in red in Fig. O, is
responsible for ensuring that each joint follows its reference,
i.€., Qdes, Gdes; ddes € R™, thereby enabling the robot to move
according to the planned trajectory. As illustrated in Fig. [, the
control framework is based on an ILC+PD feedback controller
architecture, as introduced in [34], [B]. This control strategy
is applied to each joint, facilitating the robot’s learning of
the task and enhancing its performance in terms of trajectory
tracking while compensating for the unmodeled effect in the
planning phase.

To enhance the robot’s performance and compensate for
the reality gap, we use ILC [B4], a method that improves
the trajectory tracking performance and the robustness of a
system by exploiting repetitions of the desired task. Recalling
Section [=Al, our pipeline allows for TO even optimizing
the robot’s gait, using the switched system theory. This
theory is also used in our control framework because the
ILC method achieves trajectory tracking for the nonlinear

switched system without complete knowledge of the robot’s
model [A3]. Figure B illustrates that ILC updates a feed-
forward law at each iteration, i.e., urLc,_ , , to refine the control
input given to the system. We also deploy a PD feedback
controller to track the joint references in a closed-loop fashion.
This control strategy facilitates the desired behavior of the
system, enhances the learning speed, and compensates for non-
repeating disturbances, thereby enabling the robot to stand
stably. Hence, the robot executes the planned motion. Our
ILC method is designed for the nonlinear switched system
class with arbitrary switching sequence [44], i.e., o(t). To
guarantee the convergence of the ILC contribute, we extend
[24, Theorem 1] demonstrating the convergence of the PD-
type ILC law, instead of the D-type, considering an arbitrary
switching sequence.

1) ILC Convergence: We here demonstrate the convergence
of the ILC law for nonlinear switched systems. Let us define
the state stacking positions and velocities of the robot’s joints,
ie., ¢ = [qT, qT]T € R?7" Thus, the dynamics can be
written as (I) and its output function, i.e.,

Cu(t) = Fi(Cu(t)) + gi(Cr(t))un(t)

Yr(t) = hi(Ce(?))
1e€T

(14)

where hy(-) : R?™ — R™, with n; is the number of actuated
joints of the quadrupedal robot. Thus, we have the number of
outputs equal to the number of inputs, i.e., a square system.
Moreover, k denotes the system evolution at k-th iteration, and
i is the active mode.

We assume for (I4) what follows.

Assumption 1. The state ¢(¢) € R™ is continuous in the time
domain, i.e., t € [0, T.

Assumption 2. The nonlinear function f;(-), g:(-), hi(+) B,

with ¢ € Z, are globally Lipschitz in {(¢) with ¢ € [0, T7, i.e.,
Vt € [0, T], 3 constants kg, kg, and ky such that

1£:(€1 () = FilG(@)] < ke[|€1(2) = Ca(D)]]
19:(€1()) = gi(C2 ()] < kg [1€1(2) = C2(B)]
17i(€1(2)) — hi(C2(®))I] < Fn (€2 (2) — C2(B)]

for any pair ({1 (t), Ca2(t)).

Assumption 3. At each iteration, the following condition is
satisfied

€k (0) = €a(0),
where (4(0) is the initial value of the desired trajectory.

Assumption 4. Given the desired state {4(t), there exists a
unique uq4(t) such that

Calt) = Fi(Ca(t)) + gi(Ca(t))ualt)
Ya(t) = hi(Ca(t)).

'Note that no information on the robot floating base is present in the state.
2For the sake of clarity, we introduce a compact notation to consider
the partial derivatives and the various dependencies of the functions,
ie. Lphir 2 (0hi(C(1)/0C) Fi(C(t)le=cy (1) Loii,k £
(Oh;i(¢(1))/9¢€) gi (C(t))le=¢r(t)s Pi, & = hi(Ch(t)), hia = hi(Ca(t)),
Fiok £ Fi(Ce(®), Fi,a = £i(&a(®), 94,k = 9:(Cr(2)),
gi,a = 9i(Ca(t))



Assumption 5. The system has relative degree r (r > 0), Vn;.

Assumption [ is a standard condition for switched systems.
It implies that the system does not have jumps, even on the
switching time instants. The maximum Lipschitz constants
for each of the subsystems are represented by the Lipschitz
constants kg, kg, and kp in Assumption D. Assumption
is the typical initial condition used with ILC. The uniform
convergence of the control profile u(t) to u4(t) indicates that
the output tracking errors and the state tracking errors will
vanish. This is based on the assertion in Assumption B that
uq(t) exists uniquely. Assumption B allows us to generalize
the method to a generic relative degree r, w.r.t. [4] which
considers just » = 1. Finally, Assumptions [0-8 do not limit
the applicability of the method.

The objective is to find a control input for (I4) such that the
output converges to the desired output, that is, yx () — ya(t)
as k — oo. In this manuscript, we consider the ILC law as

UILCryr = Uk + I Z7j (yéj)(t) - yl(cj)(t)> ) (15)
§=0

where ey (t) = ya(t) — yx(t) is the tracking error at the k—th
iteration and, recalling Fig. B, u;, € R"™ represents the control
action taken during the k—th trial. I'; € R™*"i is the learning
gain and ; € R™*™ Vj =0, ..., r are the tunable control
weights, which affect the speed of the learning but not the
convergence [45].

Theorem 1. Let us consider the nonlinear switched system
(@), the switching rule o(t), and the ILC law (I3). Under
Assumptions [-8, the output, i.e., yx(t), converges to the
desired output, i.e., yq(t), when k — oo for all ¢, if

1 ‘1— riLgiLgcj*”hi,kH <p<1,0<t<T
2) Gk(0) = Ca(0)
Proof. The proof is in Appendix Al O

For the sake of clarity, we consider the full dynamics of
the robot as a nonlinear switched system, as in [[0]. Thus, we
choose hy(-) as the selection function that extracts only the
joint positions, i.e., y = g € R™, from the entire state vector.
Taking into account this information, we get that the relative
degree r of our system is » = 2. The data and measurements
of each joint’s position, velocity, and acceleration are essential
for proving Theorem [I. To obtain these values, it is necessary
to estimate the acceleration measurements. To do so, we
differentiate the velocity measurement after each trial. Then,
we update the feed-forward law. We apply the differentiation
offline. This method allows us to use more refined differen-
tiation techniques, such as symmetrical numerical filters. The
overall structure of the control law is depicted in Fig. B. The
following is the equation of the control law

Ukl = Wil + ULChys > (16)

——
PD feedback  feedforward

The term wy1 represents the current PD feedback control
action [8], whose law is

w1 = Kyeppr + Kgépy1, (17)

where ey41, €é;+1 € R™ are the current position and velocity
joint errors, and K, and Kyq € R™>™ are the positive-
definite PD gain matrices. The wy,; does not affect the
convergence of the control method. The PD control gains
can be tuned easily to reduce arbitrarily the tracking error
and thus the control action, ie., |wii1| < by,., € R™, as
described in [26, Chapter 8.4]. Moreover, [27] demonstrates
that it is possible to implement a closed-loop system to
facilitate learning without encountering any significant issue.
It is noteworthy that in practical applications, the Lipschitz
conditions stated in Assumption D are typically satisfied as
long as the robot operates within its nominal range of motion
and avoids singular configurations.

IV. RESULTS

The effectiveness of the proposed algorithm has been val-
idated with seven experiments conducted using two different
robots under different task conditions. The goal is to find a
feasible motion and an appropriate gait to reach a desired
position over a specific terrain.

The employed robots are Solo-12 [35] and Otto [Bf]. Solo-
12 is a 12 Degrees of Freedom (DoF) quadrupedal robot
with a body module and 4 identical 3 DoF legs. It is a
lightweight robot, weighing only about 2.5kg. Otto is an 8
DoF quadrupedal robot with a body module and 4 identical 2
DoF legs. Its weight is about 5 kg

Two different terrains are tested: flat terrain (Sec. [N=Al)
using Otto, and a single-step terrain (Sec. IN=Hl) using both
Otto and Solo-12. Given the differences between the two
environments, the proposed planner outputs different gaits.
The flat terrain planned trajectory is also tested under five
different conditions to test the controller’s robustness.

Our software is developed in Python with CasADi [48], an
open-source library to solve optimization problems. We use
IPOPT [4Y9] as a solver. The TO, i.e., Sec. [, and kinematic
inversion are performed offline on a laptop equipped with an
Intel Core i7 processor and 32 GB of RAM. The planner
parameters are specified in the Sec. [V=Al and Sec. IN=B.
While valuable methods like OCS2 prioritize faster online
computation, our offline optimization approach emphasizes
generating high-quality trajectories, which align better with
the objectives of our framework.

We provide only the joint position, velocity, and acceleration
references to the robot controller. To fulfill and guarantee the
convergence of the results presented in Theorem [, we use
the following gains: I'; = 0.0011,,xn;, Yo = 5001y, 5n;, Y1 =
50In_i><nJ7 Y2 = Inj><n]-

A. Experimental validation: Flat Terrain

In this section, we test the effectiveness of the proposed
method by reaching the desired robot’s position on a flat terrain
using the Otto robot. First, the reference motion is planned
given the specific environment. Then, to test the pipeline
robustness, the same reference is experimentally validated
under five different conditions: indoor terrain, indoor terrain
with iteration-varying external disturbances, outdoor grass,
outdoor gravel, and outdoor speed bump.
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Figure 4: Planning results on flat terrain

The planning is computed using a task time horizon
T = 1s, while the total distance that the CoM has to cover is
0.6 m along the X axis, world frame. We set the optimization
point number, i.e., N, equal to 80. Given the desired distance
and the robot size, we estimate four steps. For this reason,
we set the initial guess for the number of phases equal to 16
(Nt = 15), and we set them a sequence of four times the four
phases with equal duration (7'/(Nt + 1)).

Figure B depicts the results of the TO problem on flat
terrain. The planning outputs a three-step motion to reach
the desired goal position, as evidenced in Fig. Ba. Moreover,
Fig. BH provides a phase description highlighting the difference
between the initial guess and the optimal phase sequence. The
robot’ starting position is with CoM at (0.23,0.28 ) m, while
the rear and front feet are positioned at (0,0) m and (0.46,0)
m in the world frame, respectively. The robot then moves to
bring its CoM to the goal point: (0.83,0.28) m.

The actual duration of each motion phase is displayed in
Fig. B. Upon examination of the plot, the TO problem found
the pronking to be the optimal gait sequence. However, in
the initial phase, the robot lifts the front feet before the hind
feet. This transition signifies the progression from the stance
phase to the push phase and subsequently to the flight phase,
and, throughout the second and third steps, the front and hind
feet exhibit a synchronized movement. In the final part of the
task, it is observed that only the hind feet are lifted, thereby
stabilizing the robot’s final position.

For each tested condition, 15 ILC iterations were performed.
Figure B presents a comparison across the five experiments
of the Root Mean Square (RMS) joint position error over

Feet State, Flight = 1 Contact = 0
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5 1
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Figure 5: Feet state during task execution. It highlights the
precise timing when the robots feet are stationary or in motion,
reflecting the optimization results for efficient locomotion. The
figure emphasizes the importance of timing in coordinating the
robots gait for successful task completion.

e
o
1

--Speed Bump

- Gravel

» Grass

-e-Indoor

-e-Indoor with Disturbance|

=

5

S
T

I
IS
T

e
T

RMS Error [deg]

Iteration

Figure 6: RMS comparison among all the five experiments.

iterations. Results show that, despite the different conditions,
the ILC controller enables to improve the tracking performance
reducing the RMS error. The indoor experiment (violet dot-
dashed line in Fig. B) demonstrates the most effective reduction
in RMS error since the terrain conditions are the easiest. The
same experiment is repeated adding a weight of 1kg during
the learning, specifically at 6-th iteration. This is the indoor
experiment with disturbance (green line). The comparison
of the two results in Fig. B shows identical performance in
the first 5 iterations, and an offset starting from the 6-th
iteration, which is gradually reduced by the learning algorithm.
The yellow dashed line, i.e., grass terrain, shows that the
error increases until the 5th iteration. This is caused by the
unevenness of the terrain where the robot operates which
hinders the robot motion as clearly visible from the video
extension. Conversely, on the gravel and grass terrain, the
robot navigates with no evident challenges despite the terrain
roughness. This observation is further substantiated by the de-
creasing trend of the orange dashed line in Fig. B. Finally, the
blue line represents the speed bump experiment, which starts
with a high RMS error due to the unmodeled terrain feature.
However, the controller quickly adapts, reducing the RMS
error over iterations and achieving performance comparable to
the other experiments. These tests show the robustness of the
proposed pipeline, which enables the robot to traverse different
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Figure 7: Photo-sequence of the Otto experiments. Each test presents a different terrain or unmodeled external disturbance for

a single interaction.

environments with the same planned trajectory. Please refer to
the video extension too.

Figure [ shows Otto executing the planned trajectory under
four test conditions.

B. Experimental Validations: Step

In this section, we test the effectiveness of the proposed
method by climbing a step, Specifically, we used the Solo-
12 robot to climb a 7cm step and the Otto robot to climb a
10 cm step. To accomplish this task, it is necessary to include
the terrain shape as a constraint in the optimization problem as
described in Sec. [=R. It is worth mentioning that a step can
be climbed by walking or by jumping, and that the specific
motion is decided by the planner.

The duration of the task is set as T° = 2s, while the
optimization point number is set as N = 160. The initial
guess for the phase schedule is set as a single stance phase
with duration 7'. Thus, the robot initial trajectory is stationary.
We set Nt = 7, meaning that the robot can accomplish the
task using a maximum of two steps.

The results of the planner for both robots are shown in
Fig. B. The CoM and feet trajectories highlight that the planner
selects for both robots a jumping motion rather than a climbing
one. Indeed, in Fig. B there are only two contact points: one
at the beginning, and one at the end.

Figures Bd and Bd show the planned phase sequence, high-
lighting the relative duration of different phases: stance, push,
flight, and recover. Most of the task duration is a single stance
phase in which the robot crouches (lower its CoM) to prepare
for the jump. Then, the robot goes through a brief push phase
and a longer flight phase as it moves over the step. Finally,
it enters into another stance phase, touching the ground with
all four legs simultaneously over the step. No recover phase
is present.

Once the trajectory is planned, the experiment is performed
with both robots using the ILC controller. In the first iteration,
ILC contribution is null, thus only the PD feedback control is
active (blue block in Fig. B). Figure B displays the discrep-
ancy between the desired trajectory and the measured joint
trajectory during the first iteration for the front and hind legs
of the left side of the Solo-12 robot (black dashed line and
yellow line, respectively). It is worth noting that, at ~ 1.6,
the knee joint error is not negligible, and indeed, the robot
fails to complete the task. This highlights the need for ILC to
improve trajectory tracking and therefore jump performance
(complete scheme in Fig. B). Measured joint positions in the
final iteration (Fig. B, orange line) demonstrate the advantages
of implementing ILC. After ten trials, the measured joint
positions align with their references and enable the quadruped
to succesfully jump over the step. Otto joint trajectories are
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Figure 9: Front and hind left hip and knee joint trajectories:
commanded trajectory, iteration 1, and iteration 10.

analogous, and they are not reported here for the sake of space.

Figure MM shows the evolution of the RMS error over
iteration for both systems: Solo-12 and Otto. Results indicate a
decreasing trend in the joint tracking RMS error, signifying the
improvement in the robots task performance over time thanks
to the application of ILC. The stabilization of the error after 10
iterations suggests that the learning process has plateaued, and
further repetitions may not yield significant improvements. At
the end of the learning process, both robots were able to jump
over the step.

Figure [ shows a photo sequence of Solo-12 and Otto
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Figure 10: RMS error evolution across multiple iterations
during the step jump test.

successfully performing the jump at the last iteration. A more
comprehensive and detailed illustration of the completed task
can be found in the attached video.

V. CONCLUSIONS

The goal of this study is to generate a gait sequence using
the TO formulation, which depends on the task and terrain,
and deploy the planned trajectories on a quadrupedal robot.

All the experimental validations have yielded satisfactory
results in terms of performance. The robots were capable of
jumping on steps and walking on different terrains. Further-
more, the robot performed these tasks without specifying the
gait in advance. These tasks are sufficient to demonstrate the
framework’s capabilities, particularly in discovering different
gaits depending on the shape of the terrain. In the planning
stage, we perform a single large-scale offline optimization,



(b) Snapshots of the 10 cm jump experiment using Otto.

t++

Figure 11: Snapshots from the experiments on steep terrain using Solo-12 (I[Td) and Otto (IIH).

which takes approximately 10 seconds to compute a full
trajectory. This longer computation time allows the solver
to converge to an optimal solution, resulting in high-quality
trajectories that can be executed in real-time without further
optimization during deployment. Moreover, we demonstrated
that the algorithm is capable of operating with a variety of
quadrupedal robots, as evidenced in Sec. M. About ILC, we
demonstrated the convergence of the output over the iteration
domain for switched systems. The experiments demonstrated
the advantages of ILC in terms of trajectory tracking and
robustness. Furthermore, we demonstrated that implementing
ILC in the actuated joint space leads the robot to follow a
desired trajectory in the Cartesian space.

Our approach differs from online MPC methods, which
typically solve a sequence of receding-horizon problems with
a limited number of solver iterations, which may not always
reach full convergence, but are sufficient for online control.
Therefore, the current method is not intended for real-time
applications, but rather as a tool to generate high-quality
trajectories that can be executed in real-time. Future work will
focus on transitioning to an online MPC framework, where the
bottleneck of the current method lies in the number of shooting
nodes and the number of optimization variables per node.

APPENDIX A
PROOF OF THEOREM 1

The proof follows three steps. The focus of the first step
is demonstrating the output error convergence in the iteration
domain for ¢t € [0, ¢;], where mode 1 is active. Subsequently,
the second step demonstrates the output error convergence in
the iteration domain, when mode 2 is active. Here, the state
error is affected by an additional term, which highlights the
error at the switching instant, i.e., ¢ = ¢;. Step three extends all
the reasoning to each active mode for the whole time interval
telo, 7).

Proof. From Assumption B, we have

0Gk(t) =Calt) — Ci(t)
=fi (Ca(t)) — Fi (Ck(t)) + gi (Ca(t)) wa(?)
= 9i (G (1)) uk(t)
=Fi (Ca(®)) = £i (G (1)) + (gi (Ca(?))
—9i (Ck(1))) wa(t) + gi (Cr (1)) Su(t)
where 6¢i(t) = Ca(t) — Cx(t) is the state error. From (I3F) and

Assumption H, we can write the control input error for the
k+1 as

Oupir(t) = wa(t) — up41(t)

—ua(t) — () T2 > 7 (w8 () - v (1))
§=0

(18)

—buy,(t) — T Z v (L&{f’hi,d ~LPh;, k)

S (19)

i (Ck» Ca)
) (r=1)¢ . (r=1)¢
+ Ly, LS Vhi qug — TiLg, LS VR, g

= (1= DLy, LY Vhi k) Sun(t) = Tai (G, Ca)
+ T3 (Lo LY Vhik = Lo, LYV hisa) wa.
Let be n € R such that HLgiL;Tl)th — LgiLgcffl)h,;dH <
7|10¢k]|. Let Ao € R be a constant value such that
r . .
1 (G Gl = [ 35 (2 hia = Lk i)
=0

< Z HL}z)hi,d - L%)hi,kH ;]
=0

<Y el 10Ckl <> Ao l19¢k ]

Jj=0 J=0



where \; i € R are constant values such that
ﬂLSc{)hl’d — ng’)hl’kH < XZ‘JQ ||6CkH ,Vj = O7 e, T (i.e.,

ipschitz). Applying bounds and the Lipschitz requirements
to the norms on both sides of ([9), we obtain

0w ()] < (|1 =TiLy LY VR 10w )]

+ 1Tl 1A (Ck, Ca)ll

T | (202§ hick = Lo 2§ i) | lusa(exo)
< pllun(®) + br (1lua(t)] + o) 3¢ ()]

where br is norm bound for I';. We define

ki £ sup br (nlug(t)] + o),
t€[0,T]

thus (20) can be described as
[6ur1 ()] < plldwr ()] + k1 [[6¢ ()] -

Step 1: When ¢ € [0, ¢;] In this case, the subsystem 1 is active.
Writing the integral expression for {x(¢) and taking norms,
considering Assumption B and integrating (I¥), we obtain

21

t
10 =I1¢a(0) — € (0) + / (Fra+ g1.0ua)
— (fix +g1ruy))dr||
t
< / (1 frd — Fral + llgn — guel aual
0
" llgoell [Gus()]) dr

< / (ke + Kgbua) [5CKk(8) ]| + b [|6eai (£)) dr,
0

where bg, by are the norm bounds on g; ((x(t)) and wy,
respectively. We define k3 = ki+ kpby, and using the
Bellman-Gronwall lemma we have

t
10Ck ()l S/ P Dby (| Gug ()| d7, t € [0,41] . (23)
0

Combining (1) and (23) yields

t

[6ur1(®)] < plldur (@) + kle/ M) | guy (1) | dr.
0

(24)

Multiplying (Z4) by e~ ', define x £ max {kibg,k3} and

assuming A > x, we have
t

e M [|Sugp1 ()] < pe [|oun(t) +/~€/ e[S (7) |
0

x "= E=T) g7, (25

Note that for a constant ||x||y = , we obtain &

K o— 1
oun @l < |+ 35 (1= o) fowol,

= o1 [Bue (1) (26)

where p1 = p+ (k/(A — k)) (1 —el"=V1). Since p < 1,
it is possible to find a A > k that makes p; < 1, which

In this paper we use the A-norm, which is defined by || f()||,
SUP4e(o, 7] {e*>‘t lfFOI}, A>0, with f:[0, T] — R™.

leads to limy_,o ||0uk(t)||, = 0. Using (Z3), and similar
manipulations we have

t
16¢k(0)] < b / k5N | 5y (1), dr
0

= Aing (1 B

ek~ ) g (1)

Hence, one has

Jim [5G (1)][y = 0. @7)

We use the fact that hq (Cx(t)) is Lipschitz in {x(t), we also
can obtain limy_, [ya(t) — yr(t)] = 0, for ¢t € [0, ¢4].

Step 2: When ¢ € [t1, t2]. The subsystem 2 is operating in
this instance. Recalling ([[H), the state error can be expressed
as

t
50 =06 (1) + [ (ot gram)

— (fo,x + g2,ur)) dr.

Taking (E¥) and applying the norm of both sides of the
equation, we obtain

I8¢k (]| < 116k (t2)]] + / (ks + kobud) 13 (D)
by [Sun(®)]) dr.

(29)

Applying Bellman-Gronwall lemma to (Z9) produces

t
16Ck(E)I| < 116k ()| + / s (= by || Gy, ()| d7. (30)
t1

Combining (1) and (BO) yields

t
[0wpi1 (D) < pl|dur(t)] + kle/ M) || Guy (1) dr
t1

+ k1 |6¢k (t1)]] - G

Multiplying (B) by e~*t, we have

K K— 2
Joureaoll, <[p+ 5 (1= )] ot

+ ky ||5Ck (tl)H/\ (32)
=2 [|6wr @)\ + k116G (£1)]15
where s = p+(r/(A—k)) (1 — e(~V!2). We can also obtain
a A > k, which makes ps < 1, because p < 1.
Define 3¢, (t1) £ sup {6 (1) [6Cks1 (1) -
Hence, 0Ck (t1) > 0Cky1 (t1) > 0,0Ck (t1) > [|6Ck (t1)]]-



From (B2), if k£ is even, then
[0wr+1(8)]l\ <p2 |6wr(®)]l 5 + k1 [|6Ck ()] 5
<pb 6w (8)]5 + kb~ 8¢ (t1)
+ ki ph20Gs (t1) + -+ + k106G (f1)
=05 [16w1 (1) | + kaps~ 16 (t1)
ook pg 5 (1) + kP
X 6é(k/2)+1 (t1) + - + k10C (t1)

k -
<7 (10w (0l + 5hid (1)

+ k155(k/2)+1 (t1)

(33)

k ~
=7 (160 + ot (1)
- _ (k/2)—1
+ k¢ /241 () — =2 %

Taking (B3), we evaluate both sides for £ — oo, then we have

. . (k/2)
<
g, [0l = g 7

ﬁ(k/Q)—l
S _

—z t
1 5y Cik/2)+1 (t1)

(1ows (0l + §ndca () )

k—o0

(34)
Recall from step 1 that limy, , [|6¢x (t1)][, = 0, we can state
that limy_, o ¢k (¢1) = 0. Moreover, (B4) implies

Tim [[du(1)], = 0.

Similarly, we can derive that lim_,« |[du(t)||, = 0, if & is
odd.
Multiplying (BO) by e~**, we obtain
16k ()15 <110€k (21)1]
by -
+ Nk (1 —elks '\)t2> [0ur(t)]l -

Recalling that limg_,o [|6Ck (t1)]], = 0, it takes us to
consider that limy_, [|0ux(t)||, = 0. Thus, we can obtain
limy o0 [[6€k () = 0.

We use the fact that hy ((r(t)) is Lipschitz in ¢ (¢) and
this leads to limy_, o [ya(t) — yi(t)] = 0 for ¢ € [t1,ta].

(35)

Step 3: Following these steps, we can
also obtain limp_, |lex(t)], = 0 for t €
[to,t3],t € [ts,ta], ..., [tm—1,T]. Thus, we get
limy o0 [Ya(t) — yi(t)] = 0 for the entire time interval
t € [0, 7). This completes the proof. O
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