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1 | INTRODUCTION

Let L/K be a finite extension of fields. A Hopf-Galois structure on L/K consists of a K-Hopf
algebra H together with an action of H on L that satisfies certain technical conditions. When L/K
is Galois with Galois group G, the prototypical example consists of the group algebra K[G] with
the usual Galois action on L; indeed, the required properties for a Hopf-Galois structure mimic
precisely those of this structure, which is called the classical structure.

Hopf-Galois theory was initially introduced in the context of purely inseparable extensions
by Chase and Sweedler [18], but after it was mainly studied for separable extensions, providing
a generalisation of classical Galois theory. In the particular case in which the extension is also
Galois, Hopf-Galois structures have been shown to be extremely useful in dealing with problems
in arithmetic. For example, as discussed by Byott in [6], there are situations in which the Galois
module structure of an extension of p-adic fields can be better described in a Hopf-Galois struc-
ture different from the classical one; see [11, 12] for a detailed analysis on the role of Hopf-Galois
theory in local Galois module theory.

© 2023 The Authors. Bulletin of the London Mathematical Society is copyright © London Mathematical Society. This is an open access
article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in
any medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

1726 wileyonlinelibrary.com/journal/blms Bull. London Math. Soc. 2023;55:1726-1748.


mailto:lorenzo.stefanello@phd.unipi.it
http://creativecommons.org/licenses/by-nc-nd/4.0/
https://wileyonlinelibrary.com/journal/blms
http://crossmark.crossref.org/dialog/?doi=10.1112%2Fblms.12815&domain=pdf&date_stamp=2023-02-25

HOPF-GALOIS STRUCTURES AND SKEW BRACES | 1727

A main role in the development of this theory was played by a groundbreaking result of Greither
and Pareigis [23]. We assume that L/K is Galois with Galois group G, which is the case of interest
in the paper, underlining that the result can be stated also for separable non-normal extensions.
Then there exists a bijective correspondence between Hopf-Galois structures on L /K and regular
subgroups of the permutation group Perm(G) of G normalised by A(G), the image of G under the
left regular representation. For example, o(G), the image of G under the right regular represen-
tation, corresponds to the classical structure, while A(G) corresponds to the so-called canonical
nonclassical structure, different from the classical one when G is not abelian. We define the type
of a Hopf-Galois structure to be the isomorphism class of the corresponding regular subgroup of
Perm(G).

This result was followed by new approaches to the theory, and problems of existence and clas-
sification have been studied by several authors; given a group N, does there exist a Hopf-Galois
structure of type N on L/K? Can we classify and count the Hopf-Galois structures on L/K? A
precise survey of the main results developed in the last years can be found in [11].

A deep problem that can be approached with Greither-Pareigis theory regards the surjectivity of
the Hopf-Galois correspondence. Given a Hopf-Galois structure on L /K with K-Hopf algebra H,
we can attach to each K-sub Hopf algebra of H an intermediate field of L/K in a natural way. The
correspondence we get is called the Hopf-Galois correspondence, which can be shown to be injec-
tive [18] but not necessarily surjective. For example, if we consider the classical structure, then we
recover the usual Galois correspondence, which is surjective. But it was proved in [23] that if we
consider the canonical nonclassical structure, then the image of the Hopf-Galois correspondence
consists precisely of the normal intermediate fields of L/K; this shows that if G is Hamiltonian
(that is, nonabelian with all the subgroups normal), then the Hopf-Galois correspondence is sur-
jective, but as soon as the group is not abelian nor Hamiltonian, we find a Hopf-Galois structure
for which the Hopf-Galois correspondence is not surjective.

More generally, given a Hopf-Galois structure on L/K with Hopf algebra H corresponding
to a regular subgroup N of Perm(G) normalised by A(G), we know that there exists a bijective
correspondence between K-sub Hopf algebras of H and subgroups of N normalised by A(G);
the first explicit proof of this fact can be found in [17, Proposition 2.2]. As there always exists
a bijective correspondence between intermediate fields of L/K and subgroups of the Galois
group G, we can translate the Hopf-Galois correspondence to find a correspondence between
subgroups of N normalised by A1(G) and subgroups of G. This means that for groups of small
order the problem can be approached from a quantitative point of view; in [26], the authors
used GAP [22] to deal with groups of order 42 and found some nonclassical Hopf-Galois struc-
tures for which the number of subgroups of the Galois group G equals the number of subgroups
of N normalised by 4(G), meaning that the Hopf-Galois correspondence for these structures
is surjective.

A look in the literature seems to suggest that these cases are not really common. Beside
these examples and the aforementioned classical structure and canonical nonclassical structure
when G is Hamiltonian, there exists only one other known class of Hopf-Galois structures for
which the Hopf-Galois correspondence is surjective; this was obtained from the study of the
connection between Hopf-Galois structures and skew braces, objects introduced by Guarnieri
and Vendramin [24], building on the pioneering work of Rump [35]. Skew braces are related
with several other topics, such as radical rings, solutions of the Yang-Baxter equation, and the
holomorph of a group. In particular, they are connected with regular subgroups of permuta-
tion groups, and in this way, also with Hopf-Galois structures. This connection, which is not
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1728 | STEFANELLO and TRAPPENIERS

bijective, was initially suggested in [3] and then made precise in the appendix of Byott and
Vendramin in [39].

Thanks to this connection, the problem of the surjectivity of the Hopf-Galois correspondence
was translated into a different language by Childs [13, 14], who showed that given a Hopf-Galois
structure on L/K with Hopf algebra H, there exists a bijective correspondence between K-sub
Hopf algebras of H and certain substructures of the associated skew brace. In this way, Childs
proved that for all the Hopf-Galois structures on a Galois extension with Galois group cyclic of
odd prime power order, the Hopf-Galois correspondence is surjective.

Despite this promising start, to the best knowledge of the authors, no further examples of this
behaviour have been found. A new approach, introduced in [16], seems to suggest how difficult it
is to find them. Namely, instead of looking for Hopf-Galois structures for which the Hopf-Galois
correspondence is surjective, one can study the failure of the surjectivity. Given a Hopf-Galois
structure on L/K with Hopf algebra H, how far is the Hopf-Galois correspondence from being
surjective? The idea is to compute (or estimate) the ratio between the number of K-sub Hopf
algebras of H and the number of intermediate fields of L /K, which was translated by Childs in a
problem regarding just the associated skew brace.

A possible explanation for the lack of new examples could be given by the fact that the substruc-
tures of skew braces studied by Childs, which seem to arise naturally from Hopf-Galois theory,
are not the usual substructures considered in the theory of the skew braces, namely, left ideals,
strong left ideals, and ideals. This issue was initially addressed by Koch and Truman [32], who con-
sidered the notion of opposite skew brace and showed that the substructures studied by Childs
coincide with left ideals of the opposite skew brace. They moved the problem to a more familiar
setting, and combined this observation with the results of [26] to describe some known properties
of Hopf-Galois structures in terms of the opposite skew brace.

This intuition is at the very base of this paper, where we present a new version of the known
connection between Hopf-Galois structures and skew braces, as per the following points.

(1) Use directly the opposite skew brace.
(2) Make the connection bijective.
(3) Forget about the regular subgroup.

The idea is that using this new point of view one can explicitly see how the knowledge of the
structure of a skew brace gives useful and qualitative information for the associated Hopf-Galois
structure. In particular, the role of bi-skew braces, certain skew braces introduced by Childs [15]
and then further studied by Caranti [9] and the authors [38], seems to appear in a more transparent
way from this new perspective, for example, in order to find Hopf-Galois structures for which the
Hopf-Galois correspondence is surjective.

The paper is organised as follows. In Section 2, we introduce the necessary preliminaries on
Hopf-Galois structures, skew braces, and their connections. We also recall the tool of Galois
descent, useful throughout the rest of the paper. In Section 3, we explicitly describe the new con-
nection we propose. We remark how the known advantages of the usual connection still apply in
the new perspective, and we see how some old and new results can be explained and derived. In
Section 4, we use the new point of view to deal with the Hopf-Galois correspondence. In par-
ticular, we present new qualitative results, examples, and statements to explain why, in some
situations, the Hopf-Galois correspondence is surjective, from a more general perspective. A main
role here is played by bi-skew braces.
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2 | PRELIMINARIES
2.1 | Hopf-Galois structures

Let L /K be afinite extension of fields. A Hopf-Galois structure on L /K consists of a K-Hopf algebra
H together with an action % of H on L such that L is an H-module algebra and the K-linear map

L®g H — Endg(L), x®@h— (y x(hxy))

is bijective. (We remark that two isomorphic K-Hopf algebras whose action on L respect the
isomorphism give the same structure.) For more insights on the definition, we refer to [12].

For example, when L/K is Galois with Galois group G, the classical structure consists of the
group algebra K[G] together with the usual Galois action.

Following [18], given a Hopf-Galois structure on L/K with K-Hopf algebra H, we can attach to
each K-sub Hopf algebra H’ of H an intermediate field F of L/K, as follows:

F=ILH ={xeL|h *x=c(h)xforall ' € H'},

where ¢ denotes the counit of H'. We obtain in this way the Hopf-Galois correspondence, which
is always injective. We remark that the F-Hopf algebra F ® H' acts on L naturally and gives a
Hopf-Galois structure on L/F, and in particular, [L : F] equals the dimension of H' as K-vector
space; see also [11, Section 7] for more details.

A K-sub Hopf algebra H' of H is normal ifforallh € H and W’ € H’,

Y W' S(hp) € H', Y Shah'hg, € H,
0] D)

where, in Sweedler’s notation, the image of k& under the comultiplication A of H is A(h) =
Z(h) h(l) ® h(z), and S denotes the antipode of H. If H' is a normal K-sub Hopf algebra of H,
then by [34, Lemma 3.4.2 and Proposition 3.4.3] there exists a short exact sequence

K—-H -H—-H->K

of K-Hopf algebras, in the sense of [1, Proposition 1.2.3]. Moreover, if F = jes ', then the action of
H on L yields an action of H on F which gives a Hopf-Galois structure on F /K; see [7, Lemma
4.1].

We recall that h € H is a grouplike element if A(h) = h ® h.

One fundamental tool in this theory is given by Galois descent; we briefly recall it here for the
convenience of the reader, summarising [12, Section 2.12]. Suppose that L/K is Galois with Galois
group G. Given an L-Hopf algebra M on which G acts semilinearly, we say that M is G-compatible
if all the maps defining the structure of M as an L-Hopf algebra are G-equivariant. (Here G acts
on L via Galois action and on M ®; M diagonally.)

Denote by K the category of K-Hopf algebras, where morphisms are K-Hopf algebra homo-
morphisms, and by £ the category of G-compatible L-Hopf algebras, where morphisms are
G-equivariant L-Hopf algebra homomorphisms. Then there exists an equivalence of categories
between K and L, as follows.
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1730 | STEFANELLO and TRAPPENIERS

* If H € K, then L ®x H € L, where here G acts on the first factor of the tensor product; given a
morphism ¢ : H; — H, in K, we have thatid ®¢ : L ¢ H; = L Qg H, is a morphism in L.

« IfM € L, then M® = {m € M | G acts trivially on m} € K; given a morphism 3 : M; — M, in
L, the restriction of 3 to MY is a morphism MY — MY

* If H € K, then

H- (L®H" h~1Qh
is an isomorphism in K, and if M € L, then
L®M’ M, l@m—Im

is an isomorphism in L.
We immediately derive some consequences.

* Let M € L. Then there exists a bijective correspondence between K-sub Hopf algebras of M°
and L-sub Hopf algebras of M which are invariant under the action of G on M. Explicitly, given
such an L-sub Hopf algebra M’, the corresponding K-sub Hopf algebra is (M’)°, and M’ is
normal in M if and only if (M’)® is normal in MC.

* Let

L>A->M->B->1L

be a short exact sequence of L-Hopf algebras. If all the L-Hopf algebras are G-compatible and
all the L-Hopf algebra homomorphisms are G-equivariant, then

K- A% - M° - B° 5K

is a short exact sequence of K-Hopf algebras.

* For all M}, M, € L, we have that (M; ®, M,)? and MY @ MY are isomorphic as K-Hopf
algebras.

» LetM € L,and take h € M©. Then h is a grouplike element of M if and only if h is a grouplike
element of M.

Example 2.1. Let N be a finite group on which G acts via automorphisms, and extend this to an
action of G on L[N], where G acts on L via Galois action. Then it is straightforward to check that
L[N] € L. Here the L-sub Hopf algebras of L[N] are the group algebras L[N’] for subgroups N’
of N (see [17, Proposition 2.1]), and almost by definition, L[N’] is normal in L[N] if and only if
N’ is normal in N. We deduce that the K-sub Hopf algebras of L[N are of the form L[N"]¢ for
subgroups N’ of N invariant under the action of G, and L[N']¢ is normal in L[N if and only if N’
is normal in N. Note that moreover, the lattices of K-sub Hopf algebras of L[N]® and subgroups
of N invariant under the action of G, with the usual binary operations, are isomorphic.
If N’ is a normal subgroup of N invariant under the action of G, then, by [12, Proposition 4.14],

L— L[N'] - L[Nl - LIN/N'| > L
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is a short exact sequence of L-Hopf algebras which are G-compatible, where all the L-Hopf algebra
homomorphisms are G-equivariant, so

K - LIN'1° - LIN]® - LIN/N']® - K

is a short exact sequence of K-Hopf algebras.
Finally, as the grouplike elements of L[N] are the elements of N, we find that the grouplike
elements of L[N are the elements of N on which G acts trivially.

We conclude by mentioning [23, Theorem 2.1], whose proof heavily relies on Galois descent,
which gives a description of the K-Hopf algebras arising in this theory. Recall that a subgroup N
of Perm(G) is regular if the map

N-G, nenli]

is a bijection. For example, A(G) and p(G) are regular subgroups of Perm(G), where for all o, 7 €
G9
Ao)t] =or, p(o)r] =107t
Then there exists a bijective correspondence between Hopf-Galois structures on L/K and reg-
ular subgroups of Perm(G) normalised by A(G); explicitly, if N is such a subgroup, then we can
consider the L-Hopf algebra L[N, where G acts on L via Galois action and on N via conjugation

by A(G), and then via Galois descent take the K-Hopf algebra L[N]°, which gives a Hopf-Galois
structure on L/K with the following action on L:

(Z am) *x =) a,(n” 1),

neN neN

As already mentioned, p(G) corresponds to the classical structure, while A(G) corresponds to the
so-called canonical nonclassical structure. We say that the type of a Hopf-Galois structure is the
isomorphism class of the corresponding regular subgroup N of Perm(G).

2.2 | Skew braces

A skew (left) brace is a triple (G, -, o), where (G, -) and (G, o) are groups and the following property
holds: for all o, 7,% € G,

cgo(t-x)=(@o1)-0" ' (o o x),

where o~! denotes the inverse of o in (G, -). We denote by o the inverse of ¢ with respect to (G, o).
It is easy to prove that for a skew brace (G, -, o), the identities of (G, -) and (G, o) coincide. The
order of a skew brace is the cardinality of the underlying set G.

For example, given a group (G, o), we have that (G, o, o) is a skew brace, which is said to be

trivial. Similarly, if we define o o,,7 = 7 o g, then (G, o, o) is a skew brace, which is said to be

op op’
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1732 | STEFANELLO and TRAPPENIERS

almost trivial. More generally, if (G, -, o) is a skew brace, then also (G, “ops o) is a skew brace, called
the opposite skew brace of (G, -, o).

Notation 2.2. Given a skew brace (G, -, o), if we want to apply a group theoretical construction
with respect to one of the group operations, then we write the operation as subscript, to avoid
ambiguity. For example, we write ¢. (o) to denote conjugation by ¢ in (G, -), for o € G.

With each element o of a skew brace (G, -, o) we can associate the bijective map
7©0):G>G, 1t ?’9r=0"1.(go1).
This yields a group homomorphism
y: (G,0) - Aut(G, -);

see [24, Proposition 1.9]. The map y, which is called the called the gamma function of (G, -, o),
gives an action of (G, o) on (G, -) via automorphisms.

For example, the gamma function of (G, -, -) is given by y(o) = id. Also, if y is the gamma func-
tion of a skew brace (G, -, o), then the gamma function of (G, - op> o)is given by t.(o)y(o), as an easy
computation shows.

Consider two skew braces (Gy,-,0) and (G,,-,0). A skew brace homomorphism is a map
f: G, —» G,suchthat f(o-7) = f(0)- f(r) and f(o o 7) = f(0) o f(7) for all 0,7 € G;. Skew
brace isomorphisms and automorphisms are defined accordingly, and we denote by Aut(G, -, o) the
group of skew brace automorphisms of (G, -, o).

Let (G, -, o) be a skew brace. A left ideal of (G, -, o) is a subgroup G’ of (G, -) that is invariant
under the action of (G, o) via the gamma function y of (G, -, o). Note that this immediately implies
that G’ is also a subgroup of (G, o), so (G/, -, o) is a skew brace, and that actually we can also replace
‘subgroup of (G, -)’ with ‘subgroup of (G, o)’ in the definition. If G’ is normal in (G, -), then we say
that G’ is a strong left ideal; if G’ is also normal in (G, o), then we say that G’ is an ideal. In this
last case, the quotient (G/G’, -, o) is a skew brace in a natural way.

For example,

Fix(G,-,0) ={r € G |"9r =t forall o € G}

is a left ideal of (G, -, 0); see [21, Proposition 1.6].

Itis clear that the characteristic subgroups of (G, -) are strong left ideals of (G, -, o). More gener-
ally, the strong left ideals of (G, -, o) are precisely the left ideals of (G, -, o) which are also left ideals
of (G, “op» o), because of the description of the gamma function of (G, “op» o).

A skew brace (G, -, o) is metatrivial if there exists an ideal G’ of (G, -, o) such that (G’, -, o) and
(G/G', -, 0) are trivial skew braces. For example, by [4, Theorem 2.12], all the skew braces that can
be obtained with [38, Theorem 6.6] are metatrivial.

Let (G4, -, o) and (G,, -, o) be skew braces. Following [39], given a group homomorphism

a: (G29 O) - Aut(G17 y 0)7

we can define a semidirect product of (Gy,-,0) and (G,,-,0) to be the skew brace (G,-,0),
where G = G; X G, as set, with (G, -) = (G;,-) X (G,, ) and (G, o) = (G, ©) X (G5, o), where the
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semidirect product is taken with respect to «. When « is the trivial group homomorphism, we
find the direct product of skew braces,

(G17 ) o) X (G27 ) O),

We can generalise the notion of direct product to any finite number of skew braces. Note that the
gamma function of the direct product of skew braces (G, -, o) is given by the gamma functions of
the skew braces (G;, -, o) in the obvious way.

If (G, -, o) is a skew brace isomorphic to a semidirect product of skew braces, then there exist
an ideal G, and a strong left ideal G, of (G, -, o) such that (G, o) is the inner semidirect product of
(G;,0) and (G,, o), and (G, -) is the inner direct product of (G, -) and (G,, -). When the semidirect
product is a direct product, also G, is an ideal of (G, -, o).

Finally, a bi-skew brace is a skew brace (G, -, o) such that also (G, o, -) is a skew brace. If (G, -, o)
is a bi-skew brace and y is the gamma function of (G, -, o), then the gamma function y’ of (G, o, -)
is given by y'(0) = y(c)~! = y(0); see [9, Section 3]. By [10, table at page 1175], a skew brace is
a bi-skew brace if and only if its gamma function has values in Aut(G, o). If (G, -, o) is a bi-skew
brace, then the left ideals of (G, -, o) and (G, o, -) coincide; see [38, Lemma 3.1].

2.3 | Hopf-Galois structures and skew braces

We recall the well-known connection between Hopf-Galois structures and skew braces. While
it was originally developed in the appendix of Byott and Vendramin in [39], we present here an
equivalent version, which does not involve explicitly the holomorph, as described in [41, Propo-
sition 2.1] (see also [11, Section 2.8]). This is based on the following result, which is a slight
reformulation of [24, Theorem 4.2].

Theorem 2.3. Let (G, -) and (G, o) be groups with the same identity. Then (G, -, o) is a skew brace if
and only if 1.(G) is normalised by 1,(G) in Perm(G).

Let L/K be a finite Galois extension of fields with Galois group (G, o).

* Consider a Hopf-Galois structure on L/K, corresponding to a regular subgroup N of Perm(G)
normalised by 1,(G). We can use the bijection

N -G, nenll]

to transport the group structure of N to G. In this way, we find a group structure (G, -) for which
it is immediate to show that 1.(G) = N. By Theorem 2.3, we conclude that (G, -, o) is a skew
brace.

* Let (4, -, o) be a skew brace with (A4, o) = (G, o). Use this bijection to transport the structure of
(A, ") to G, to find a skew brace (G, -, o) isomorphic to (4, -, o). By Theorem 2.3, we have that
N = 1.(G) is normalised by 1,(G), so we obtain a Hopf-Galois structure on L /K.

Example 2.4. Peculiarly, under this connection, the classical structure yields the almost
trivial skew brace. On the other hand, the trivial skew brace is obtained by the canonical
nonclassical structure.
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We immediately state an important and well-known consequence.

Theorem 2.5. Let N and G be finite groups. Then the following are equivalent.

* There exists a skew brace (A, -, o) with (A,-) 2 N and (A,0) = G.
* There exists a Hopf-Galois structure of type N on every Galois extension of fields with Galois group
isomorphic to G.

Remark 2.6. A bi-skew brace (A, -, o) of finite order yields not only a Hopf-Galois structure of type
(A, -) on every Galois extension of fields with Galois group isomorphic (A4, o), but also a Hopf-
Galois structure of type (A, o) on every Galois extension of fields with Galois group isomorphic to

(A’ )

We underline that the previous connection is not bijective, as distinct Hopf-Galois structures
can correspond to isomorphic skew braces. This was precisely quantified in [41, Corollary 2.4];
see also [33, Corollary 3.1] and Section 3. However, there is a way to obtain from this connection
a bijective correspondence. Indeed, as a consequence of Theorem 2.3 (see [20, Section 7]), given a
group (G, o), there exists a bijective correspondence between group operations - such that (G, -, o)
is a skew brace and regular subgroups of Perm(G) normalised by 1,(G), via

- 1.(G).

In this way, given a finite Galois extension of fields L/K with Galois group (G, o), we obtain a
bijective correspondence between operations - such that (G, -, o) is a skew brace and Hopf-Galois
structure on L/K, which is a key observation for our new point of view.

3 | THE NEW CONNECTION

We begin with our main result, in which we propose a new version of the connection between
Hopf-Galois structures and skew braces. We underline that some of the consequences, as devel-
oped in this section, can also be obtained from the usual theory, for example, from [26], together
with the observations on opposite skew braces in [32, Theorem 5.6]. However, we prefer to develop
directly the theory from this new perspective, to highlight how old and new statements can be
derived in a transparent way, without too much effort.

Theorem 3.1. Let L/K be a finite Galois extension of fields with Galois group (G, o). Then the
following data are equivalent:

* a Hopf-Galois structure on L /K;
* an operation - such that (G, -, o) is a skew brace.

Explicitly, given an operation - such that (G, -, o) is a skew brace, we can consider the Hopf-Galois
structure on L /K consisting of the K-Hopfalgebra L[G, -]©¢°), where (G, o) acts on L via Galois action
and on (G, -) via the gamma function of (G, -, o), with action on L given as follows:

(Z facr> *x =) £,0(x).

oeG ceG
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Proof. Denote by S the set of group operations - on G such that (G, -, o) is a skew brace, and by R
the set of regular subgroups of Perm(G) normalised by 4,(G). Consider the composition

S>S->R,

where the first map is the bijection that sends - to -, and the second map is the bijection that
sends - to 4.(G), as described at the end of Section 2. Since A.Op (G) = p.(G), we obtain a bijection

S—>R, - p(G),

which by Greither-Pareigis theory yields the equivalence of data in the statement.
We just need to show that the Hopf-Galois structures on L/K can be described in the claimed
way. So take an operation - such that (G, -, o) is a skew brace. Clearly (G, -) = p.(G), via the map

o p.(0).
This yields an L-Hopf algebra isomorphism L[G, -] - L[p.(G)]. Let (G, o) act on (G, -) via the

gamma function of (G, -, o). We show that this isomorphism is also (G, o)-equivariant. It is enough
to show that forall o, 7 € G,

p.(00) = 2,(0)p.(DA,(0) .

The claim follows because the left-hand side element is the unique element of p.(G) which sends
l1eGto

(}’(U)T)—l = V(U)(T—l) =g l.(cot™),
while the right-hand side element is the unique element of p.(G) which sends 1 € G to
cgo(@-tH)=(@o0a)-cl-(corH=0cl-(cg o1}

By Galois descent, we derive that L[G,-]©®°) and L[p.(G)]®°) are isomorphic as K-Hopf
algebras, and the isomorphism is given as follows:

Z £,0 Z ¢.p.(0).

geG oceG

To conclude, we need to find the action of L[G, -](©-°) on L that respects this isomorphism:

(2 fgo> *x = (Z fgp‘(o)> *x= Y £o(p.(0) " 1DX)
oceG ceCG oceG

= ) £ 0(x).
Z 0

Remark 3.2. We believe that this point of view could simplify computation. Indeed, note the simi-
larities of the Hopf-Galois action described in Theorem 3.1 with the usual Galois action. Also, an
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1736 | STEFANELLO and TRAPPENIERS

important role is played by the gamma function, which is a well-known and studied feature of a
skew brace.

Remark 3.3. Following the proof of Theorem 3.1, it should be clear that we are associating with a
Hopf-Galois structure on L/K the skew brace that is opposite to the usual one. Explicitly, given a
Hopf-Galois structure in Greither-Pareigis terms, so a regular subgroup N of Perm(G) normalised
by 4,(G), then the way to find the operation - associated to this structure is the following:

-t =v0 () (o)),
where v: N — G is the usual bijection that maps 5 to n[1].
For the rest of the section, we fix a finite Galois extension L/K with Galois group (G, o).

Notation 3.4. To lighten the notation, we associate a Hopf-Galois structure on L/K with a skew
brace (G, -, o), implicitly meaning the operation - such that (G, -, o) is a skew brace.

We immediately see that the new version of the connection fixes the peculiar behaviour
described in Example 2.4.

Example 3.5.

* Consider the trivial skew brace (G, o, o). As the gamma function in this case is given by y(o) =
id, we find that the Hopf algebra in the Hopf-Galois structure on L/K associated with (G, o, o)
is K[G, o], and we recover the classical structure.

 If instead we consider the almost trivial skew brace (G, Oops o), we find the Hopf-Galois
structure on L/K originally corresponding to A,(G), that is, the canonical nonclassical
structure.

Example 3.6. Let A and B be finite groups. Consider a group homomorphism « : B — Aut(A),
and suppose that (G, o) is the semidirect product of A and B with respect to a. Given (a,b) € G
and x € L, write (a, b)(x) for the Galois action. Finally, take (G, -) = A X B. Then by [24, Example
1.4], we have that (G, -, o) is a skew brace. We obtain a Hopf-Galois structure on L/K, which we
now describe.

First, a straightforward calculation shows that the gamma function of (G, -, o) is given as
follows:

7€ a,b) = (““Va,b).

In particular, the K-Hopf algebra L[G,-]©©°) we obtain consists of the elements
Z(a,b)EG ?ap)(a,b) € L[G, -] that satisty, for all (c,d) € G,

> lap@b)= Y (e d)(¢p))@a,b).

(a,b)eG (a,b)eG
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Such an element acts on L as follows:

( 2 Z’ﬂ(a,b)(a’ b)) * X = Z f(a’b)(a, b)(X)

(a,b)eG (a,b)eG

Given a Hopf-Galois structure on L/K with associated skew brace (G, -, o), we can define the
type of the structure to be the isomorphism class of (G, -); note that this coincides with the usual
definition. In particular, the known results about existence and classification can also be trans-
lated and obtained using the new point of view. Indeed, Theorem 2.5 immediately follows from
Theorem 3.1, as well as the result counting the number of Hopf-Galois structures associated with
the same isomorphism class of a skew brace. We recall this result and its proof here, which is just
a slight modification of the proof of [33, Corollary 3.1].

Proposition 3.7. Let (G, -, o) be a skew brace. Then there are

| Aut(G, o)|
| Aut(G, -, o)|

Hopf-Galois structures on L /K such that the associated skew brace is isomorphic to (G, -, o).

Proof. Consider the set S of group operations -’ on G such that (G, -/, o) is a skew brace. We need
to count for how many operations -’ € S, the skew brace (G, -/, o) is isomorphic to (G, -, o). There
is an action of Aut(G, o) on S, as follows:

$: > ol T=(¢7(0) 7@

Then the orbit of - € S consists precisely of the operations -’ such that (G, -/, o) is a skew brace
isomorphic to (G, -, o). As the stabiliser of - under this action is Aut(G, -, o), we derive the
assertion. O

We also remark that Byott’s translation [5] for Galois extensions, an extremely useful tool to
count Hopf-Galois structures, can be obtained in this fashion. We recall here the statement and
a quick proof, along the lines of the one described in [12, Section 7], but without involving regu-
lar subgroups. Let (N, -) be a group of the same order as (G, o). Denote by e(G, N) the number of
Hopf-Galois structures on L/K of type (N, -), which by Theorem 3.1 equals the number of opera-
tions - such that (G, -, o) is a skew brace with (G, -) = (N, -), and denote by f(G, N) the number of
operations o such that (N, -, o) is a skew brace with (N, o) = (G, o).

Theorem 3.8. The following equality holds:

| Aut(G, o)|

G- N) = R

f(G,N).

Proof. Consider N = {bijections ¢ : N — G}and G = {bijections ) : G — N}. Clearly, there exists
a bijection

S: N =G ool
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1738 | STEFANELLO and TRAPPENIERS

For all ¢ € N, consider (G, ‘p), Where -, is the operation obtained by ¢ via transport of struc-
ture. In particular, ¢ : (N,-) = (G, -,) is an isomorphism. Similarly, for all ) € G, one can define
(N, oy). It is straightforward to check that & restricts to a bijection

N'={pe N | (G, > ©) is a skew brace} — ¢=wed|W\N,- o) is a skew brace}.

Note that the right action of Aut(N, -) on N via composition satisfies the following properties.

* The orbits of N/ under the action of Aut(N, -) correspond bijectively to the operations - such
that (G, -, o) is a skew brace and (N, -) = (G, -).
* The action of Aut(N, -) on N is fixed-point-free.

We deduce that the cardinality of N equals | Aut(N, -)|e(G, N). A similar argument yields that
the cardinality of ¢’ equals | Aut(G, o)|f (G, N), so

| Aut(N, -)|e(G,N) = | Aut(G, o)| f(G,N). m

We describe now the structure of the Hopf algebras in terms of the associated skew braces.
Consider a Hopf-Galois structure on L/K, with associated skew brace (G, -, o).

Theorem 3.9. The K-sub Hopfalgebras of L[G, -]©©°) are precisely those of the form L[G’, -]©°) for
left ideals G’ of (G, -, o). Moreover, L[G’, 1% is normal in L[G, -]1©¢°) if and only if G’ is a strong
left ideal of (G, -, o).

Proof. This follows from Galois descent and the fact that the subgroups of (G, -) invariant under
the action of (G, o) via the gamma function of (G, -, o) are precisely the left ideals of (G, -,0). []

Consider a left ideal G’ of (G, -, o). Then G’ corresponds to an intermediate field L7 of L /K via
the Hopf-Galois correspondence, where H’ = L[G’,-]©®°). But as G’ is a subgroup of (G, o), we
have that G’ also corresponds to an intermediate field F of L/K via the usual Galois correspon-
dence. We denote both fields by LY the ambiguity justified by the following pleasant consequence
of Theorem 3.1.

Corollary 3.10. The following equality holds:

[H =F.
Proof. 1tis clear that if x € F, then x € L7 Indeed, given ) ., 7,0 € H', we have
(Z faa> * X = Z £,0(x) = Z loX = £< 2 fc,a)x.
oeG oceG oceG oeG
The assertion then follows from [L : F] = |G'| = [L : LH']. O

Asthe action of (G, o) on (G, -) is given by the gamma function of (G, -, o), we can easily describe
the grouplike elements of L[G, -](©).
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Corollary 3.11. The grouplike elements of the K-Hopf algebra L[G,-]©°) are the elements of
Fix(G, -, o).

We study now how several known notions in skew brace theory have a natural description in
Hopf-Galois theory.

Left ideals. As already mentioned, a left ideal G’ of (G, -, o) corresponds to a K-sub Hopf alge-
bra L[G’,-]©@°) of L[G, -]°), which then corresponds to an intermediate field F = LY of L/K.
The extension L/F is Galois with Galois group (G, o), and there exists a natural Hopf-Galois
structure on L/F given by the F-Hopf algebra F ® L[G’,-](®*). The skew brace associated with
this Hopf-Galois structure is precisely (G/, -, o). Indeed, by Galois descent, the natural map

F ®g L[G', 1% - L[¢, ¢

is an F-Hopf algebra isomorphism, and as both the actions of these Hopf algebras on L are
obtained by that of L[G, -](©-°), the assertion easily follows.

Strong left ideals. Suppose in addition that G’ is a strong left ideal of (G, -, o), so G’ is normal
in (G, -). In this case, L[G’, -] is normal in L[G, -]©-°), and we obtain a short exact sequence of
K-Hopf algebras

K~ L[G, ]9 - LG, 9 - L[G/G",-|“* > K.

We find a Hopf-Galois structure on F /K with K-Hopf algebra L[G /G, -](©-°).

Ideals. Finally, suppose that G’ is an ideal of (G, -, 0). Then F /K is Galois with Galois group
(G/G',-), and the Hopf-Galois structure on F /K given by L[G /G, -] is associated with the
skew brace (G /G’, -, o), because in this case the equality L[G/G’,-]¢*) = F[G/G’,-](/G"*) holds.

Semidirect products. Suppose that (G, -, o) is isomorphic to a semidirect product of skew
braces. Then there exists an ideal G, and a strong leftideal G, of (G, -, o) such that (G, o) is the inner
semidirect product of (G, o) and (G,, o), and (G, -) is the inner direct product of (G, -) and (G,, -).
Write F; = L% and F, = L. In this case, the towers K C F; C L and K C F, C L are described
exactly as before. Moreover, L[G,-] is isomorphic to L[G;, ] ®; L[G,, ] as (G, o)-compatible
L-Hopf algebras, and by Galois descent,

LG, 1@ = LIG,, 1” @ LIG,, 1)

as K-Hopf algebras.

We note moreover that because G, is an ideal of (G, -, o), the obvious isomorphism ¢ : (G,,0) —
(G/G,,0) between Galois groups is in fact an isomorphism of skew braces ¢: (G,,-,0) —
(G/G,, -, o). This implies that the Hopf-Galois structures on L /F, and F, /K given by the previous
description are associated with skew braces isomorphic in a natural way. By this observation and
Galois descent, we can also deduce that

F, @y F,[G/G, .](G/Gl’o) ~ L[G,, .](Gz,°)

as F,-Hopf algebras.
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Direct products. If the semidirect product is also direct, then the Galois group (G, o) is the
inner direct product of (G, o) and (G,, o), and we can repeat the previous analysis also for F, /K,
which is Galois in this case.

Metatriviality. Suppose now that (G, -, o) metatrivial. Consider an ideal G’ of (G, -, o) such
that (G’,-,0) and (G/G’, -, o) are trivial skew braces, and write F = LS. Then the Hopf-Galois
structures on L/F and F /K obtained by the action of L[G, -]©®°) on L are the classical structures.

Remark 3.12. There are notions of solubility and nilpotency of skew braces that generalise meta-
triviality; see, for example, [21, 31]. For Hopf-Galois structures associated with skew braces (G, -, o)
with these properties, similar conclusions, involving tower of intermediate fields of L/K, can
be derived.

We believe that the study of this kind of properties of the skew brace, together with appropriate
ramification on the extension L/K, could bring new results in Hopf-Galois module theory. For
example, in [7], a key role for the study of the Hopf-Galois module structure of a Galois extension
L/K of p-adic fields of degree p?, p a prime, was played by an intermediate normal field F of
L /K such that, given a Hopf-Galois structure on L/K, F is in the image of the Hopf-Galois cor-
respondence, and the Hopf-Galois structure on L/K yields the classical structures on L/F and
F/K.

More generally, all the skew braces obtained with [38, Theorem 6.6], which generalise several
constructions developed in recent years, are metatrivial, so similar reasonings could be repeated.

4 | THE HOPF-GALOIS CORRESPONDENCE

In this final section, we study the Hopf-Galois correspondence with respect to the new version of
the connection. We fix a finite Galois extension of fields L/K with Galois group (G, o). From the
discussion of Section 3, we immediately derive the following result.

Corollary 4.1. Consider a Hopf-Galois structure on L /K, with associated skew brace (G, -, o). Then
the Hopf-Galois correspondence for this structure is surjective if and only if every subgroup of (G, o)
is a left ideal of (G, -, o).

Specifically, if G' is a subgroup of (G,o), then L9 is in the image of the Hopf-Galois
correspondence if and only if G’ is a left ideal of (G, -, o).

Example 4.2. Consider the classical structure, with associated skew brace (G, o, o). In this case,
every subgroup of (G, o) is a left ideal of (G, o, 0), so we find, as expected, that the Hopf-Galois
correspondence for this structure is surjective.

We note the following facts, which are direct consequences of Corollary 4.1
Remark 4.3. If (G,-,0) is a skew brace and (G,-) has less subgroups than (G, o), then for
the Hopf-Galois structure on L/K associated with (G, -, o), the Hopf-Galois correspondence is

not surjective.

Remark 4.4. Suppose that (G, -, o) is a skew brace isomorphic to the direct product of skew braces
(G;, -, o) of pairwise coprime orders. If all the subgroups of (G;, o) are left ideals of (G, -, o), then
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all the subgroups of (G, o) are left ideals of (G, -, o), so for the Hopf-Galois structure on L/K
associated with (G, -, o), the Hopf-Galois correspondence is surjective.

‘We focus now our attention on Hopf-Galois structures associated with bi-skew braces. In this
case, the gamma functions take values in the automorphisms of the Galois group (G, o), so we
easily derive the following fact.

Lemma 4.5. Consider a Hopf-Galois structure on L /K such that the associated skew brace (G, -, o)
is a bi-skew brace. Let G’ be a characteristic subgroup of (G, o). Then LY isin the image of the Hopf-
Galois correspondence for this structure.

Corollary 4.6. Suppose that (G, o) is a cyclic group, and consider a Hopf-Galois structure on L /K
such that the associated skew brace (G, -, o) is a bi-skew brace. Then the Hopf-Galois correspondence
for this structure is surjective.

Example 4.7. Suppose that (G, o) is cyclic of order 8. As shown in [36], there exists a skew
brace (G, o, -) with (G, -) = Qg, the quaternion group. A straightforward calculation shows that
(G, 0,-) is a bi-skew brace. We conclude by Corollary 4.6 that for the Hopf-Galois structure on
L /K associated with the skew brace (G, -, o), the Hopf-Galois correspondence is surjective.

We remark that for a Hopf-Galois structure on L/K associated with a bi-skew brace (G, -, o),
the Hopf-Galois correspondence is surjective if and only if y(c) is a power automorphism of (G, o)
forallo € G, thatis,”@risa power of 7 in (G, o) for all T € G. Indeed, the power automorphisms
of (G, o) are precisely the automorphisms of (G, o) that map every subgroup of (G, o) to itself.

Example 4.8. Suppose that (G, o) is the direct product of an abelian group A and the cyclic group
C, of order 2. Denote by « the action of C, on A via inversion, and consider the semidirect product
(G,-) = A X C, with respect to this action. Then (G, -, o) is a bi-skew brace; see [24, Examples 1.4
and 1.5]. Here the gamma function of (G, -, o) is given as follows:

7e9a,b) = (" Ya),b),

which is either equal to (a, b) or to (a, b). In particular, y(c, d) is a power automorphism of (G, o),
and we conclude that for the Hopf-Galois structure on L/K associated with (G, -, o), the Hopf-
Galois correspondence is surjective.

We deal now with bi-skew braces (G, -, o) whose gamma functions have values in the inner
automorphism group of (G, o); these skew braces have been recently studied in [19, 20, 27, 28, 38].
Denote by Z(G) the centre of (G, o) and by N(G) the norm of (G, o), that is, the intersection of the
normalisers of the subgroups of (G, o). It is clear that (,(o) is a power automorphism of (G, o) if
and only if o € N(G).

We can apply this fact to obtain Hopf-Galois structures on L/K for which the Hopf-Galois
correspondence is surjective, as follows. Given a group homomorphism ¥ : (G, o) - N(G)/Z(G),
define

o ” T=0go [o(¢(d))f =0go ‘(p(O') oToO 1/)(0’),
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here by ¥(c) we denote any element in the coset (o) in N(G)/Z(G), with a little abuse of notation
justified by the fact that if 7 € Z(G), then ¢,(7) = id.

Theorem 4.9. For all group homomorphisms : (G, o) - N(G)/Z(G), we have that (G, -y, 0) isa
bi-skew brace, and for the Hopf-Galois structure on L/K associated with (G, -, o), the Hopf-Galois
correspondence is surjective.

Proof. Lety : (G,0) — N(G)/Z(G) be a group homomorphism. By the main theorem of [37], the
quotient N(G)/Z(G) is abelian, so we can apply [38, Theorem 6.6] to derive that (G, -y, o) is a

bi-skew brace and the gamma function of (G, "o o) is given by y(o0) = t,(¥(0)). In particular, the
gamma function of (G, b o) is given by conjugation by elements of N(G) in (G, o), so by power
automorphisms of (G, o), and therefore we obtain our assertion. O

Remark 4.10. Note that distinct group homomorphisms (G, o) — N(G)/Z(G) in Theorem 4.9 yield
distinct operations, so distinct Hopf-Galois structures on L/K.

Example 4.11. Suppose that (G, o) = Qg, the quaternion group of order 8. There are 22 Hopf-
Galois structures on L/K, and six of them are of cyclic type; see [39, table 2]. As (G, o) is
Hamiltonian, we derive that N(G) = G,so N(G)/Z(G) = C, X C,. Since there are 16 distinct group
homomorphisms

Q8 b d Cz XCZ’

we obtain 16 distinct Hopf-Galois structures on L/K for which the Hopf-Galois correspondence
is surjective. We find indeed all the Hopf-Galois structures on L/K except for the six of cyclic
type, for which the Hopf-Galois correspondence is not surjective by Remark 4.3.

Example 4.12. Suppose that (G, o) is the nonabelian group of order p* and exponent p?, with p
odd prime. An easy reasoning implies that N(G) is the elementary abelian subgroup of (G, o) of
order p?, while the centre is cyclic of order p. As there are p? distinct group homomorphisms

(G’ o) - Cp’

we obtain p? distinct Hopf-Galois structures on L/K for which the Hopf-Galois correspondence
is surjective.

The following result, whose proof is immediate, shows that the behaviour of the canonical
nonclassical structure can also be assumed by other Hopf-Galois structures.

Proposition 4.13. Consider a Hopf-Galois structure on L/K such that associated skew brace
(G,-,0) is a bi-skew brace with gamma function y: (G,o) — Inn(G, o). Then every normal
intermediate field K of L /K is in the image of the Hopf-Galois correspondence for this structure.

Moreover, ify : (G, o) — Inn(G, o) is surjective, then the image of the Hopf-Galois correspondence
consists precisely of the normal intermediate fields of L /K.
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Example 4.14. Consider the canonical nonclassical structure, with associated skew brace
(G, 0gp, o). Here, y(0) = 1,(0) forall o € G. Applying Proposition 4.13, we recover the well-known
property of the canonical nonclassical structure.

Example 4.15. Suppose that (G, o) is nilpotent of class two, and define
c-t=0or=gocgoros.

Then by [20, Proposition 5.6], we have that (G, -, o) is a bi-skew brace and the gamma function
of (G, -, 0) is given by y(c) = (,(c). By Proposition 4.13, we derive that for the associated Hopf-
Galois structure on L/K, the image of the Hopf-Galois correspondence consists precisely of the
normal intermediate fields of L/K.

It is easy to see that if there exists o € G such that o o ¢ is not in the centre of (G, o), then the
Hopf-Galois structure we find is different from the canonical nonclassical structure. This holds,
for example, for the Heisenberg group of order p*, with p an odd prime.

We study now a question posed in [16]. Let L, /K; be a finite Galois extension of fields with
Galois group (G, o), and consider a Hopf-Galois structure on L, /K, with associated skew brace
(G, -, 0). We can rewrite the Hopf-Galois correspondence ratio, defined as the ratio of the number
intermediate fields of L; /K; in the image of the Hopf-Galois correspondence to the number of
intermediate fields of L, /K, as follows:

GC(L, /Ky, L,[G, 169y = |{left ideals of (G, -, o)}|‘
|{subgroups of (G, o)}|

Suppose in addition that (G, -, o) is a bi-skew brace, and let L, /K, be a finite Galois extension of
fields with Galois group (G, -). The skew brace (G, o, -) is associated with a Hopf-Galois structure
on L, /K,. Are these two Hopf-Galois structures related in some way?

The next result follows immediately from the facts that the lattices of left ideals of (G, -, o) and
K, -sub Hopf algebras of L,[G, @) are isomorphic, and the left ideals of (G, -, o) and (G, o, -)
coincide.

Theorem 4.16. The following facts hold.

* The lattices of K,-sub Hopf algebras of L,[G, -1°**) and K,-sub Hopf algebras of L,|G, o]©") are
isomorphic.

* There is the same number of intermediate fields in the images of the Hopf-Galois correspondence
for the Hopf-Galois structure on L, /K, associated with (G, -, o) and the Hopf-Galois structure on
L, /K, associated with (G, o, ).

* The following equality holds:

GC(L,/K,,L)[G,-1C)  [{subgroups of (G, ")}
GC(L,/K,,L,[G,0]G))  |{subgroups of (G, o)}|’

In particular, the ratio between the two Hopf-Galois correspondence ratios is constant and depends
only on the isomorphism classes of the Galois groups.
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Example 4.17. Suppose that (G, -, o) is the skew brace of Example 4.8 with p an odd prime and
A =Cp. Then (G, ) is dihedral of order 2p and (G, o) is cyclic of order 2p. There are p + 3 sub-
groups of (G, -) and four subgroups of (G, o), and as every subgroup of (G, o) is a left ideal of
(G, -, o), we have the following equalities:

GC(L, /Ky, Li[G,- 1)) =1,

4
GC(L,/K,,L,[G,0]C)) = ———,
(2/ 2 2[ ] ) p+3

GC(Ly/K;, L4[G, ) _p+3
GC(Ly /K, L,[G, 0]©)) 4

We conclude by focusing our attention on Hopf-Galois structures associated with skew braces
that are not necessarily bi-skew braces. We begin with the following theorem, which was proved
in [30]. We provide a quick proof for convenience.

Theorem 4.18. Let N be a group. If there exists m such that the number of characteristic subgroups
of order m of N is greater than the number of subgroups of order m of (G, o), then L /K has no Hopf-
Galois structures of type N.

Proof. If L/K has a Hopf-Galois structure of type N, then there exists a skew brace (G, -, o) with
(G,-) = N. As every characteristic subgroup of (G, -) is a left ideal of (G, -, o), so also a subgroup
of (G, o), we immediately derive a contradiction. O

On the contrary, if there exists a skew brace (G, -, o) such that the number of characteristic
subgroups of (G, -) equals the number of subgroups of (G, o), then the Hopf-Galois structure on
L /K associated with (G, -, o) assumes a nice behaviour.

Proposition 4.19. Consider a Hopf-Galois structure on L/K, with associated skew brace (G, -, o).
Suppose that the number of characteristic subgroups of (G, -) equals the number of subgroups of
(G, o). Then the Hopf-Galois correspondence for this structure is surjective.

Proof. Every characteristic subgroup of (G, -) is a left ideal of (G, -, o), so also a subgroup of (G, o).
In particular, every subgroup of (G, o) is a left ideal. 1

Example 4.20. Suppose that (G, o) is cyclic of odd prime power order, and consider a Hopf-Galois
structure on L/K, with associated skew brace (G, -, o). By [29], also (G, -) is cyclic, so by Proposi-
tion 4.19, we conclude that the Hopf-Galois correspondence is surjective; we have recovered [13,
Proposition 4.3].

Example 4.21. Suppose that (G, o) is cyclic of order 2™, with m > 1, and consider a Hopf-
Galois structure on L/K, with associated skew brace (G, -, o). We claim that the Hopf-Galois
correspondence for this structure is surjective.

If m = 1,2, then by the explicit classification in [2, Proposition 2.4], one can check that (G, -, o)
is a bi-skew brace, so the result follows from Corollary 4.6.
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Suppose now that m > 3. By [8, Theorem 6.1], necessarily (G, ) is cyclic, the dihedral group,
or the generalised quaternion group. With the unique exception of m = 3 and (G, -) = Qg, the
numbers of characteristic subgroups of (G, -) and subgroups of (G, o) coincide, so we conclude by
Proposition 4.19.

Finally, suppose that m = 3 and (G, -) = Qg. Then the centre Z of (G, -) is a characteristic sub-
group of order 2. It follows that Z is an ideal of (G, -, o). By the case m = 2, we know that (G/Z, -, o)
has a left ideal G’ /Z of order 2, which easily implies that G’ is a left ideal of (G, -, o) of order 4.

Remark 4.22. With the classification given in [2], it is easy to construct a skew brace (G, -, o)
with (G, o) cyclic of order p3, where p is a prime, such that (G, -, o) is not a bi-skew brace. Thus,
Examples 4.20 and 4.21 do not follow from Corollary 4.6.

We shall now conclude by characterising all the Galois extensions that behave like Exam-
ples 4.20 and 4.21. First, a useful lemma.

Lemma 4.23. Suppose that (G, o) is isomorphic to a direct product of groups (A, o) and (B, o),
and that there exists a skew brace (A, -, o) such that not every subgroup of (A, o) is a left ideal of
(A, -, o). Then there exists a Hopf-Galois structure on L /K for which the Hopf-Galois correspondence
is not surjective.

Proof. We can use the group isomorphism (G, o) = (A, o) X (B, o) to transport the structure of
(A,-) X (B, o) to G. We obtain a group operation - such that (G, -, o) is a skew brace isomorphic
to (A, -, 0) X (B, 0, 0). By assumption, there exists a subgroup of (G, o) which is not a left ideal
of (G, -, o), so for the Hopf-Galois structure on L/K associated with (G, -, o), the Hopf-Galois
correspondence is not surjective. O

Theorem 4.24. The following are equivalent.

* For all the Hopf-Galois structures on L /K, the Hopf-Galois correspondence is surjective.
* The Galois group (G, o) is cyclic, and for all primes p and q dividing the order of (G, o), we have
that p does not divide g — 1.

Proof. Suppose first that (G, o) is cyclic of order n and for all primes p and q dividing n, we have
that p does not divide g — 1. Consider a Hopf-Galois structure on L /K, with associated skew brace
(G, -,0).If nis even, then n has no odd prime divisors, so the result follows from Example 4.21.

If instead n is odd, then by [40, Corollary 1.7], we have that (G, -) is isomorphic to a semidirect
product of cyclic groups C, X Cp,, where a and b are coprime and ab = n. But by the assumption
on the divisors of the order of (G, o), this semidirect product is necessarily a direct product. In
particular, (G, -) is cyclic, and we can apply [21, Corollary 4.3] to deduce that (G, -, o) is isomorphic
to a direct product of skew braces of coprime odd prime power order. The assertion then follows
from Remark 4.4 and Example 4.20.

Conversely, suppose that for all the Hopf-Galois structures on L /K, the Hopf-Galois correspon-
dence is surjective. As this holds for the canonical nonclassical structure, (G, o) is either abelian
or Hamiltonian. We proceed by exclusion.

Suppose first that (G, o) is Hamiltonian. Then there exists an abelian group A such that (G, o)
is isomorphic to the direct product of Qg and A; see [25, Theorem 12.5.4]. As already mentioned,
there exists a skew brace (G/, -, o) where (G’, o) = Qg and (G’, -) is cyclic. By applying Remark 4.3
and Lemma 4.23, we derive a contradiction.

A ' €202 ‘02TZ69YT

)"00SYIRLIPUO /SNy WO |

8SUB0| 7 SUOIIOD BARRID 3|qedl|dde 8y} Aq pausenoh afe SapILe YO ‘88N J0 S9IN. 10 ARIg1T8UIUO AB]IA UO (SUOIHIPUOD-PUR-SWLBIALIOD" AB| 1M ARR1q 1 jBul Uo//:SANY) SUOIIPUOD PUe SWie 18U} 88S *[y202/2T/2T] Uo Ariqi auljuo A8|IMm ‘IRl eueIy00D AQ STEZT SWIA/ZTTT OT/I0p/woo A8 M Ariq)



1746 | STEFANELLO and TRAPPENIERS

We deduce that (G, o) is necessarily abelian. Suppose that (G, o) is not cyclic. Then there exists
a prime p such that (G, o) is isomorphic to a direct product of the form C,, X C,s X A, where
1 < s <r. Write o for a generator of Cp,r and 7 for a generator of C)s. In a slight variation of [38,
Example 6.7], there exists a skew brace (G/, -, o) such that (G’, o) equals Cpr X C s with the direct
product operation and

(O’i, Tj) . (O’a,Tb) — (Gi+a’1.j+b+ia).

Note that the subgroup C- X {1} of (G’, o) is not a subgroup of (G, -), so in particular it is not a
left ideal of (G, -, o). Again by Lemma 4.23, we find a contradiction.

We deduce that (G, o) is necessarily cyclic. Suppose that there exist primes p and q dividing the
order of (G, o) such that p divides g — 1. Let (G/, o) be the direct product of the Sylow g-subgroup
Q and the Sylow p-subgroup P of (G, o). By assumption on p and g, we can construct a nontrivial
semidirect product (G', -) of Q and P. By [24, Example 1.5], we have that (G/, -, o) is a skew brace.
Suppose that {1} x P is a left ideal of (G', -, o). Then {1} X P is not a left ideal of (G’, op» ©), because
otherwise {1} x P would be normal subgroup of (G’, -). As (G, o) is isomorphic to the direct product
of all its Sylow subgroups, we find a contradiction from Lemma 4.23. O
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